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Standard one-dimensional nonlinear-wave equations are modified to accommodate the growth and coupling of
nonlinear waves in droplets. The propagation direction of the nonlinear waves along the length of an optical
cell is changed so that it is along the droplet rim. The model includes radiation losses because of nonzero ab-
sorption, leakage from the droplet, and depletion in generating other nonlinear waves. For multimode-laser in-
put, the growth and decay of the first- through fourth-order Stokes stimulated Raman scattering (SRS) are
calculated as a function of the phase matching of the four-wave mixing process and the model-dependent Raman
gain coefficient. The Raman gain coefficient determines the delay time of the first-order SRS, while the phase
matching determines the correlated temporal profiles of the multiorder SRS. Both the Raman gain and the
phase matching are found to be enhanced in the droplet. The spatial distribution of the internal input-laser
intensity is calculated by using the Lorenz-Mie formalism. The temporal profile of the input-laser intensity
used in the calculations is identical to the experimentally observed laser time profile. The delay time and the
correlated growth and decay of nonlinear waves resulting from the numerical simulation compare favorably with
those of the experimental observations. Similar calculations are made for single-mode-laser input for which
the stimulated Brillouin scattering (SBS) achieves its threshold before the SRS does and subsequently pumps
the SRS.

1. INTRODUCTION

In a liquid cell, the input pump and the resultant nonlin-
ear beams are generally assumed to be one dimensional
and spatially overlapping along the copropagation direc-
tion. In a mirrorless optical cell, the growth, decay, and
coupling of the nonlinear processes, such as stimulated
Raman scattering (SRS) and stimulated Brillouin scatter-
ing (SBS), need not include feedback. For a liquid droplet,
because of the spherical liquid-air interface, three electro-
magnetic and quantum-electrodynamic (QED) effects can
occur. First, the internal-input intensity Iinput (at the
wavelength Anput) is usually concentrated (with _102 x
enhancement) in two small regions along the principal di-
ameter just within the droplet shadow and the illuminated
faces (see Fig. 1). Second, the generated nonlinear waves
circulate around the droplet rim because the droplet acts
as an optical cavity (with quality factor Q 106) for spe-
cific wavelengths that satisfy the morphology-dependent
resonances (MDR's) of the droplet cavity and are within
the spontaneous Raman (or Brillouin) gain profile. MDR's
are usually treated as standing waves' that can be decom-
posed into two counterpropagating waves traveling around
the droplet rim. Third, the spontaneous Raman (or
Brillouin) cross sections of molecules in the droplets can
be larger than those in an optical cell because of the modi-
fied density of final states for the spontaneous Raman (or
Brillouin) transition rates.2 In the droplet, the final
states are the droplet-cavity modes, which are described
by MDR's, while for the optical cell the final states are the
continuum modes of an infinite system.3

When a Q-switched Nd:YAG laser is operated in its
single-mode option, the linewidth of the green second-
harmonic output (Ainput = 532 nm) is less than that of the
SBS. For most liquid droplets, the SBS threshold is -3 x
lower than the SRS threshold.4 A time-resolved study re-
vealed a time delay between the SBS and the input-laser
pulses as well as a correlated growth and decay of the SBS
and the SRS pulses. The conclusion is drawn that the
input-laser radiation pumps the SBS wave and the resul-
tant SBS wave then pumps the SRS wave and becomes
depleted.

When the Q-switched Nd:YAG laser is operated in the
multimode option, the green second-harmonic output
(Aiput = 532 nm) has a linewidth greater than the sponta-
neous Brillouin linewidth. Consequently, for most liquid
droplets, the SBS threshold is higher than the SRS thresh-
old, and the SRS is directly pumped by the input-laser
beam. Several experiments using a multimode laser5 7

dealt with the delay time between the various-order
Stokes SRS and the input-laser pulses. The correlated
growth and decay of the jth and (j + 1)th-order Stokes
SRS waves were also noted.7

To our knowledge, there does not exist a set of
nonlinear-wave equations that can describe the experi-
mental observations of delay times and correlated growths
and decays among the SBS and the various-order Stokes
SRS waves in single droplets. In this paper the standard
one-dimensional coupled nonlinear-wave equations for
SBS and SRS in an optical cell8 are modified to describe
the growth and coupling of nonlinear waves circulating
around the droplet rim. In our heuristic model the input
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1st order Stokes SRS
A)~~S

2nd order Stokes SRS
Fig. 1. Schematic of the spatial distribution of the intensity
(shaded areas) and the rays of the input-laser first- and second-
order Stokes SRS waves in the droplet equatorial plane. The in-
tensity maximum of the input-laser beam is concentrated on the
shadow side of the droplet at = 0. The generated first- and
second-order Stokes SRS waves are on MDR's, which are repre-
sented as two counterpropagating traveling waves or standing
waves around the droplet rim. The droplet has radius a, and 4) is
the azimuthal angle.

laser is assumed to be a plane wave, and the internal input-
intensity distribution is calculated by using Lorenz-Mie
theory. The time dependence of the input intensity used
in our calculation is that of the experimentally observed
time profile. The internal-input intensity used in our
model is assumed to be undepleted by the nonlinear waves.
Furthermore, in the model the SBS (or first-order Stokes
SRS) starts from the spontaneous Brillouin (or Raman)
noise. The higher-order Stokes SRS starts from both the
spontaneous Raman noise and the parametric noise asso-
ciated with the four-wave mixing (FWM) among the multi-
order Stokes SRS waves. For each round trip around the
droplet rim, the Brillouin (or Raman) wave experiences
gain as it traverses the two internal high-intensity input-
pump regions, which are localized just within the droplet
shadow and the illuminated faces and which are along the
droplet's principal diameter (parallel to the incident laser-
beam direction). Because of the QED effect on the
spontaneous and stimulated transition rates,3' 9 the model-
dependent Brillouin and Raman gain coefficients are
adjustable parameters that can exceed the values normally
used for the liquid cell. During each round trip, the non-
linear wave experiences losses because of linear absorp-
tion, radiation leakage commensurate with the Q of the
MDR and intensity depletion resulting from nonlinear
coupling to other internal waves. The delay times for
SBS and SRS are deduced from the number of round trips
needed to achieve a total gain' of =exp(30). With slightly
enhanced values for the model-dependent Raman gain co-
efficient, the calculated delay times between the nonlinear
waves (e.g., SBS and various-order Stokes SRS) and
the laser pulse agree with the experimentally observed
delay times. In addition, with enhanced phase-matching
values the numerical simulation of the temporal behavior
of the nonlinear waves also compares favorably with the
experimental results, which exhibited correlated decay of
the nonlinear pump waves and the growth of the resultant

waves, e.g., the decay of the SBS and the growth of
the first-order Stokes SRS as well as the decay of the jth-
order Stokes SRS and the growth of the (j + 1)th-order
Stokes SRS.

2. INTERNAL INTENSITY DISTRIBUTION
IN A DROPLET

A. Spatial Distribution
The z axis is designated by the droplet-falling direction
(along the vertical axis in the laboratory frame), and the
x axis is designated by the input-laser-beam direction
(along a horizontal axis in the laboratory frame). In the
experiment the SBS and SRS signals are collected along
the y axis. Input (at frequency Vinput = Ainput1 ) is assumed
to be a plane wave, and the internal-intensity distribu-
tion Ij.,Jr O, ) is calculated as a function of the radial
distance r, the polar angle 0, and the azimuthal angle 4) by
using the Lorenz-Mie formalism."" 2 The internal-field
calculations are purposely selected so that vjnput is not on a
MDR because, in all the experiments'-7 that measure the
delay times and correlated growth and decay characteris-
tics, the droplet radius is not deliberately adjusted so that
the input-laser radiation (at a fixed wavelength Ainput) is on
a specific MDR (i.e., on an input resonance). Because
vjnput is not on a MDR, possible self-focusing of the input-
laser intensity is not included in the model. However, the
SBS and all orders of Stokes SRS waves are on MDR's (i.e.,
on an output resonance) because the growth of these waves
occurs only if the droplet acts as an optical cavity with
high Q (e.g., in excess of 10). When the input radiation is
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Fig. 2. (a) Radially averaged internal-intensity distribution and
(b) internal-intensity distribution at r = 0.82a (continuous
curve) and at r = 0.76a (dashed curve) of the input wave Iiput(o)
as a function of the azimuthal angle (A in the droplet equatorial
plane. The droplet shadow face is located at 4 = 00 + n360',
and the droplet illuminated face is located at = 1800 + n360',
where n is an integer. The range of shown is from = 0 to
4 = 800°. The first round trip around the droplet rim is from
) = 0° to = 3600, and the second round trip is from 4 = 360
to 4 = 720°.
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not on an input resonance, Ii,,pt(r, 4)) is highly localized and
intense at 4) 00 and 4 ) 1800 and is more uniformly dis-
tributed and relatively weak around the droplet rim for
other values in the droplet equatorial plane ( = 900; see
Figs. 1 and 2).'3

The internal-field distributions of the nonlinear waves
that are on an output resonance are assumed to acquire
the internal-field distributions of the MDR's. For MDR's
with high Q's, the internal-field intensity of MDR's is radi-
ally confined between a/m(v) and a [where a is the droplet
radius and m(v) is the ratio of the index of refraction of
the liquid to that of the surrounding air at an optical
frequency v]. The peak of the internal intensity in the
radial direction is dependent on the radial-mode order I of
the MDR." In the equatorial plane ( = 90°), the MDR's,
which are usually considered as standing waves, have 2n
intensity peaks at 0' - ' 360', where n is the MDR
mode number. However, the standing-wave nature of the
MDR can be decomposed as two counterpropagating trav-
eling waves around the droplet rim. Recognizing that
MDR's can be decomposed into two traveling waves is cen-
tral to the modification of the standard one-dimensional
nonlinear-wave equations to describe the growth and
decay of nonlinear waves in droplets.

For the nonlinear waves to experience gain from
Iinput(r, 0, 4), there must be some spatial overlap between
the internal-intensity distribution of the MDR and that of
Iinput(r, 0, ). Such spatial overlap is largest for MDR's that
are localized in the equatorial plane and in all equivalent
planes that are axisymmetric with respect to the x axis.
Consequently, when viewed along the y axis and at an
input intensity just above the SBS and SRS thresholds, the
detected nonlinear waves are associated with those
waves that propagate around the equator in the ±)
directions and are in resonance with MDR's that have the
azimuthal-mode number m equal to the mode number n
(m = ±n)."i2 Experimentally, when viewed from the y
axis and when input just exceeds the SBS (or SRS) thresh-
old, the SBS (or the SRS) appears as two small green (or
red) dots4 located on the equator at x = ±a. At higher
'input, the SBS (or the SRS) appears as two green (or red)
arcs4 centered on the equator at x = ±a and extending to-
ward the two poles at z = ±a. The detected radiation
from the arc is associated with the nonlinear waves that
are in resonance with MDR's that have ml < n. For sim-
plicity, we consider in our model only those SBS and SRS
waves that circulate around the equator (i.e., with polar
angle 0 = 900, where the MDR has m = ±n).

The nonlinear wave, as it propagates around the equator
in the ± directions, experiences a spatially nonuniform
gain because Iinput(r, A) is spatially nonuniform (see Figs. 1
and 2). Furthermore, gain occurs where there is radial
overlap between Iinput(r, A) and the nonlinear wave, which,
being on a MDR, is radially confined within a/m(v) < r <
a. The radial confinement of the MDR's in the a/m(v) <
r < a region is dependent on their values. Because we
do not know the I value of the MDR that is providing the
feedback for the nonlinear wave, in our simulations we use
a radially averaged internal-input intensity that is inte-
grated along the r direction in the equatorial plane (0
900) and is dependent only on :

(Iinput (4)) a[m(V) -1]Jam(v) Iinput(r, )dr. (1)

Here the Lorenz-Mie formalism is used to calculate
Ii,0 ,t(r, ) for a droplet with a = 40 Am and m(v) = 1.33.
Figure 2(a) displays the radially averaged internal-input
intensity (Iinput(4)))r [see Eq. (1)] as a function of , where
) = 0° is along the x axis and at the shadow face and
4 = 1800 is along the -x axis and at the illuminated face.
Figure 2(b) displays Iinput(r,4) as a function of 4 at
r = 0.82a and r = 0.76a. At r = 0.82a the shadow face
of the droplet has an internal-input intensity maximum.
At r = 0.76a the illuminated face of the droplet has an
internal-input intensity maximum.

B. Temporal Distribution
The observed temporal pulse shape of the input-laser beam
'input(t) is related to the time-averaged (input)t as follows:

(Iinput)t = J Iinput(t)dt,
Tinput fO

(2)

where input is the FWHM of the temporal pulse profile of
Iinput(t). The normalized temporal profile of the input-
laser pulse Tinput(t) is defined as follows:

(3)Ti.P~t (t) iinput(t)
Vinput t

Consequently, the internal-intensity distribution in the
equatorial plane as a function of the azimuthal angle and
time Iinput(4 ) , t) can be expressed as follows:

Iinput(, t) = (Iinput(0))r Tinput(t). (4)

In our numerical simulation, we first consider the growth
and decay of the nonlinear waves with Tinput(t) set equal to
a flattop function with T

input = 7 ns. Subsequently, the
experimentally determined temporal behavior of the input
pulse Tinput(t) is used in our calculation of the time behav-
ior of the nonlinear waves.

3. WAVE EQUATIONS FOR SRS WITH A
MULTIMODE PUMP

When the output intensity from the multimode laser is
low, the SBS threshold is not reached. When viewed
along the y axis, the SRS appears as two red dots located
in the equatorial plane at x = ±a. Thus, in our heuristic
model, the detected SRS waves are assumed to be associ-
ated with the nonlinear waves that are confined to the
equatorial plane and circulating in the ±4) directions. In
order to describe the growth and decay of multiorder
Stokes SRS in a droplet, we modified the standard coupled
one-dimensional nonlinear-wave equations for the genera-
tion of multiorder Stokes SRS in an optical cell. 4 The
incremental length dz of an optical cell is transformed to
the incremental arc at the droplet rim a do. The distance
z from the front of the optical cell (z = 0) is transformed
to an arc length a starting from = 0°, where Iinput(r, ()
has a maximum. The total number of round trips around
the droplet rim is equal to 4/3600.

A. Nonlinear-Optical Wave Equations
In our model the coupled nonlinear-wave equations for the
growth and decay of the first- and second-order Stokes
SRS in a droplet are as follows:

Serpengiizel et a.
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Table 1. Parameters for the Multimode Laser Pumping SRS
Parameter Value Reference

Raman gain coefficient of nitrate ion gs = 0.15 cm/GW 16
Absorption loss (at vs) als = 0.049 mnl 17
Absorption loss (at v2s) a2S = 0.23 m-1 17
Absorption loss (at v3s) a 3S = 0.29 m-1

17
Absorption loss (at V4S) a4S = 0.43 m-1

17
Q factor of MDR's Q = 106 18
Leakage loss (at various Stokes vs) Lj = 2 7rvjsm(vjs)/Q m-1 18
Raman shift for nitrate ion vvib = 1050 cm t

1 7
Input-laser frequency vjut = 18797 cm-' 7
Time-averaged input-laser intensity (Iinpt)t = 0.8 GW/cm2 7
Droplet radius a = 40 pim 7
Refractive index of water m(v) = 1.33 17
Wave-vector mismatch for water Ak = 1037r m 7

dE1 s _ i Fgs -2) als L's 1lad I[ ('input - I2S) - - - I~l
ado 2 2 2 

-sEinp tE1s*E2s exp(iAk2saO)

2 EinputE(j-1)s*Ejs exp(iAkjsa4), (5a)

dE2 s _ gs V2S ) - 2S L2 S 1
adok [ j-(is s-- 2 - JE2s

+ gs "2sEjput*EisEis exp(iAk2 sa4)
2 inpu

- inputE(j-2)s*Ej s exp(iAk sa). (5b)
j'=3 2 v1s

The nonlinear-wave equations for third- and higher-order
Stokes SRS are similar to that for the second-order Stokes
SRS [see Eq. (5b)].

The following notations are used in Eqs. (5a) and (5b):
Einput, Eis, E2S, E 3S, and Ejs are the internal electric fields
of the input laser first-, second-, third-, and jth-order
Stokes SRS, respectively; Input, IlS, I2S, and I3s are the in-
ternal intensity of the input laser first-, second-, and third-
order Stokes SRS, respectively; v1s = Vinput - vib and
V2S = Vinput - 2 vib are the frequencies of the first- and
second-order Stokes SRS, respectively, where vib is the
vibrational frequency of the Raman mode (usually
the vibrational mode with the largest spontaneous Raman
cross section); gs is the Raman gain coefficient for the
first- and higher-order Stokes SRS; as and a2s are the ab-
sorption losses for the first- and second-order Stokes SRS,
respectively; Ls and L2s are the cavity-radiation leakage
losses for the first- and second-order Stokes SRS, respec-
tively; subscripts j and j' are integers that designate the
order of the Stokes SRS; jfinal is the highest-order Stokes
SRS included in the calculations; Ak 2 S= (k2 +
kjnput - 2k1 s) is the wave-vector mismatch among the
internal wave vectors of the second-order SRS (k2S), input
laser (kjnput), and two first-order Stokes SRS (2kis);
Akjs = [kjs + kinput - k - k(j-,)s] is the wave-vector
mismatch among the wave vectors of thejth-order Stokes
SRS (kjs), the input laser (kinput), the first-order Stokes
SRS (k1 s), and the (j - 1)th-order Stokes SRS [ )s];
and kj s = [kj s + kinput - k 2 - k(j'-2S] is the wave-
vector mismatch among the wave vectors of thej' th-order

Stokes SRS (kj,s), the input laser (kjnput), the second-
order Stokes SRS (k2S), and the (j' - 2)th-order Stokes
SRS [k(v' 2)s].

The first term on the right-hand side of Eq. (5a) corre-
sponds to the Raman gain provided by Iinput (assumed to be
undepleted), the depletion caused by generating I2s, and
the losses because of absorption and leakage from the
droplet. Initially, when a = 0, the source of Els is the
spontaneous Raman noise Iois created by input ( = 0).
The FWM process with the second-order Stokes SRS is
responsible for the depletion of Is and is described by the
second term on the right-hand side of Eq. (5a). The third
term on the right-hand side of Eq. (5a) describes FWM
processes that include higher orders than the second-order
Stokes SRS.

For the growth and decay of the second-order Stokes
SRS, E2S arises initially both from the spontaneous
Raman noise Io2S (at v2s) generated by Ils and from the
FWM process [the second term on the right-hand side of
Eq. (5b)]. The initial source of E 2S generated by the
FWM process is commonly referred to as the parametric
noise. For the jth-order Stokes SRS, there are also two
initial sources of Ejs, one from the spontaneous Raman
process and another from the FWM process. In our cal-
culation the coupled differential equations [similar to
Eqs. (5a) and (5b)] include and extend to E 3s and E 4S.
The growth and coupling of E58 and higher-order Stokes
SRS are neglected in our model.

In the droplet equatorial plane (4 = 90°), the internal
input-laser intensity has a radially averaged distribution
('input())r [see Fig. 2(a)] and a normalized time depen-
dence Tjnput(t). The SRS waves are assumed to circulate
along the ± directions. For the first round trip around
the droplet rim we numerically integrate Eq. (5), for four
orders of Stokes SRS, as a function of starting from

= 0 and ending at = 3600. During the second
round trip around the droplet rim we integrate Eq. (5)
from = 3600 to = 7200. For each round trip the
stimulated Raman waves experience gain, absorption, and
cavity-leakage losses, and intensity depletion resulting
from generating and pumping higher-order Stokes SRS.
For the first round trip the spontaneous Raman noise is
assumed to be Iols = 10-12 X linput ( = 0, t) in order to be
consistent with the optical-cell calculations, which also as-
sume" that Iols = 10-12 X Iinput(t). In our droplet calcula-
tion the value of Ils reached at the end of each round trip
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is then used as the starting value of the next round trip,
thus simulating the feedback provided by the droplet.

Table 1 lists the values of all the parameters used in
Eq. (5) for all four orders of Stokes SRS from droplets irra-
diated with a multimode-laser beam. The cavity-leakage
loss constant Ljs for the jth-order Stokes SRS is related to
the MDR Q (assumed to be Q = 106) as follows:

L_ - 27rvjsm(vjs) (6)
_ Q

In Eq. (5) the same Ljs value is assumed for all the jth-
order Stokes SRS.

B. Enhancement of the Raman Gain
Because of the QED effect,3 9 the actual Raman gain gs
can be larger than that deduced from the measurement of
spontaneous Raman intensity and linewidth Avs. In the
strong coupling regime,3 several MDR's can exist within
Avs because Avs = 13 cm-' for the nitrate ion is wider
thantheMDRlinewidthAv, = v/Q 0.02 cm' (for aMDR
with Q 106 and optical frequency v 2 X 104 cm-').
The fact that MDR-related peaks are observable in the
spontaneous Raman scattering19'20 and SRS21 from
droplets indicates that the spontaneous Raman cross
section, and thus the Raman gain coefficient gs, of the
droplet cavity, is enhanced relative to that of the bulk
liquid in an optical cell. The QED enhancement3 of the
Raman gain is '100 for x 30 and Q 104.

Detailed QED calculations are necessary before the spa-
tial dependence of the gain-enhancement factor is known.2 2

Assuming that QED affects the spontaneous Raman tran-
sition rate and the fluorescence transition rate in the
same way, the estimated ratio of the spatially averaged
enhanced Raman gain coefficient gsc of a droplet cavity
and the Raman gain coefficient gs of a bulk liquid in an
optical cell is as follows3 :

gS,(&w)/gS(() =PcG'))/VPvac((W),

For MDR's with high Q's, the mode number n is bounded
by x < n < m(co)x. From Eq. (8), the estimated enhance-
ment of the Raman gain is -40 for droplets with x = 472
and MDR's with Q 106 and n x.

4. EXPERIMENTAL OBSERVATIONS
WITH A MULTIMODE PUMP

Figure 3 shows the experimentally observed7 time profiles
of the multimode-input laser Ijnpt(t) and three orders of
SRS [I,,(t), I2 (t), and I3s(t)] in water droplets containing
5 M NH 4 NO3 . The multiorder Stokes SRS is associated
with the v vibrational mode of the nitrate ions.
The following features in Fig. 3 are noteworthy: (1) the
long delay time between Iput(t) and Ils(t), (2) the much
shorter delay time between Ils(t) and I2s(t) as well as
between I2m(t) and I3s(t) (similar findings of the delay
times have been reported when 70-ps laser pulses are
used),' (3) the valleys of Ils(t) correspond to the peaks of
I2s(t), (4) the valleys of the I2s(t) correspond to the peaks
of I3s(t), and (5) the intensity valleys do not reach zero
intensity.

The long time delay of the Ils(t) pulse with respect to
the Iinpu,(t) pulse can be divided into two time intervals.
The first interval is from the start of the input pulse
Iinput(0) to an intensity level when Iinput(t) reaches the
threshold intensity that causes the overall Raman gain to
be greater than the total loss. During the second interval,

600
400
200

0

(7)

where wo = 2,rcv is the optical frequency, pvac(r) = W2
/'7

2 c3

is the density of states per unit volume in an infinite con-
tinuum, V = 4i7a 3/3 is the volume of the droplet, c is the
speed of light in vacuum, and pc(w) = D/Ac = DQ/ is
the density of discrete MDR's with linewidth Aco and de-
generacy D. For a spherical droplet, the azimuthal degen-
eracy is D = 2n + 1, where n is the mode number of the
MDR. It is convenient to express o in terms of the size
parameter, which is defined as x = 2ira/A = wa/c, where
A is the vacuum wavelength corresponding to the MDR
with mode number n.

On substituting these expressions for pC()), Pvac(o)), and
V, one can express the enhanced Raman gain coefficient
gs,(x) in the droplet cavity relative to the gain coefficient
in the bulk liquid in terms of MDR characteristics:

gs&(x)/gs(x) = (37r/4)(2n + 1)Q/x3 .

-

Cl
-

z3_

co
L U

Z

400

200

0

600
400
200

0
(8)

The ratio of two enhanced Raman gain coefficients at two
different MDR's at x and x' (with respective mode num-
bers n and n' and quality factors Q and Q') can be ex-
pressed as

gsj(x)/g's,(x') = [(2n + 1)/(2n' + 1)](Q/Q')(X/X)3. (9)

(d) 3rd order 
l 3(t) A SRS

0 5 10 15 20

TIME (ns)
Fig. 3. Temporal profiles of the following experimentally ob-
served pulses for aqueous NH4NO3 solution: (a) input laser
Iinpi1 t(t), (b) first-order Stokes SRS Ils(t), (c) second-order Stokes
SRS I2 s(t), (d) third-order Stokes SRS I3 S(t). The multiorder
Stokes SRS is associated with the v, symmetric vibrational mode
of the nitrate ions; the time resolution is =0.4 ns. (After Ref. 7.)

(a) input laser

(t) In~~~~~~~~~~~~~~~~~~~~~~~~~~~:

, . . . . . . . ... . . . . . . . . . . .
- (C) ~~~~~2nd order-
IC ()SRS
I2

. . . . . . ....... .
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1st order
SRS
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TIME (ns)
Fig. 4. (a) Idealized square-shaped laser time profile of 7-ns du-
ration; using Eq. (5), calculated time profiles of (b) Ils(t),
(c) I2s(t), and (d) Is(t). The parameters used in the calculations
are listed in Table 1. The Raman gain coefficient of the droplet
cavity is gs = 0.31 cm/GW The wave-vector mismatch for all
FWM processes is Ak = 1031r m-1 , which corresponds to a coher-
ence time of Tcoh = 4 ps. The time-averaged input-laser intensity
is (Iinput)t = 0.8 GW/cm2 .

l 1s(t) builds up exponentially starting from the sponta-
neous Raman noise level 1ols and begins to pump the
second-order Stokes SRS. The short time delay observed
between the I2S(t) and Ils(t) pulses indicates that the
second-order Stokes SRS starts mainly from the para-
metric noise [generated by the FWM process associated
with Ijnput(t) and Is(t)] and, to a lesser extent, from the
spontaneous Raman noise [generated by the spontaneous
Raman scattering process with I(t)]. Similarly, the
short time delay between the I3s(t) and I2s(t) pulses indi-
cates that the third-order Stokes SRS starts mainly from
the parametric noise [generated by the FWM process as-
sociated with Ils(t) and I2s(t)] and, to a lesser extent, from
the spontaneous Raman noise [generated by the sponta-
neous Raman scattering process with I2s(t)]. The corre-
lations of the valleys of Is(t) and the peaks of I2s(t) as well
as the valleys of 12s(t) and the peaks of I3s(t) are indicative
that the (j + 2)th-order Stokes SRS pulse is pumped by
the (j + 1)th-order Stokes SRS pulse, which becomes de-
pleted and requires the jth-order Stokes SRS pulse or the
Iinput(t) pulse to repump the (j + 1)th-order Stokes SRS
pulse. The experimental observation that the intensity
valleys in Fig. 3 do not reach the zero-intensity level has
never been explained. The present calculation indicates
that the depth of the intensity valleys is related to the
amount of phase matching among the waves involved in
the FWM process.

5. CALCULATION OF SRS
TEMPORAL PROFILES

A. Varying the Raman Gain
The growth and depletion of the various-order Stokes
SRS is dependent on the Raman gain coefficient gs [see
Eq. (5)]. Therefore we need to investigate the dependence
of the time profiles of the Stokes SRS on the Raman gain
coefficient gs, of a droplet cavity, which is not the bulk-
liquid value gs but can be enhanced by QED effects.3

To isolate the effect of gs, on the time profiles of all the
multiorder Stokes SRS intensities Ijs(t), we initially as-
sumed in our calculation a temporally square-shaped
Ijnput(t) with a duration Tput = 7 ns. After we isolate the
effect of gs, on Ijs(t), we then use the experimentally
determined Ijnpt(t) in the computer simulations. The
Ijn,,t&kt) is modeled by multiplying the temporal profile of
the input-laser pulse Tjnpt(t) with the radially averaged
internal-input intensity (Iinput(0))r [see Fig. 2(a) and
Eq. (4)]. Therefore the value of the enhanced Raman
gain gsc will be dependent on the value of the radially inte-
grated internal-input intensity. For the calculated re-
sults shown in Figs. 4-6, the wave-vector mismatches Akjs
for all the FWM processes is selected to be equal, i.e.,
Ak = Ak2 = Ak 3 = k4 = AkbuIk. The bulk-liquid
value AkbuIk = 103ir m is calculated from the dispersion
of the index of refraction of the liquid and corresponds to a
coherence length (coh)bulk = iT/Akbulk = 103 /.tm.

Figure 4 shows Ils(t), I2s(t), and I3 s(t) for the square-
shaped Iput(t) with a time-averaged intensity of (Iinput)t =
0.8 GW/cm2. The Raman gain gs = 0.31 cm/GW is
selected so that the overall gain for the first-order Stokes
SRS is slightly greater than the total loss. After Ijnput(t) is
on, the delay of Ils(t) is associated with the exponential
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Fig. 6. Calculated time profiles of Iis(t) as a function of gsc with
the square-shaped input-laser pulse with 7-ns duration and
(Ijnput)t = 0.8 GW/cm2 kept fixed. The Raman gain coefficient is
varied from gs, = 0.15 cm/GW to gs, = 0.65 cm/GW in incre-
ments of Ags, = 0.02 cm/GW. The wave-vector mismatch is
fixed at Ak = 1037 m-1 , which corresponds to a coherence time of
Tcoh = 4 pS.

buildup of Ils(t), which starts from the spontaneous
Raman noise at vis. The exponentially rising portion of
the I1s(t) is quite evident in the calculated pulse shape
shown in Fig. 4(b). After Ils(t) becomes large, there is
significant conversion to I2s(t), which starts mainly from
the FWM-related parametric noise at V2S. After I2s(t) be-
comes large, I3s(t) soon appears. The fact that the delay
time between Ils(t) and I1n,,t(t) is much longer than the
delay time between I2M(t) and Ils(t) as well as between
I3 (t) and I2s(t) is indicative that, while Ils(t) must start
from spontaneous Raman noise, I2M(t) and I3s(t) can start
from the more intense FWM-related parametric noise.

The calculated results shown in Figs. 4(b) and 4(c) indi-
cate that the rise of I2s(t) is correlated to the decrease of
Ils(t). Similarly, Figs. 4(c) and 4(d) show that the rise
of I3S(t) is correlated to the decrease of I 2S(t). At
(Iinput)t = 0.8 GW/cm2, our calculation indicates that I4s(t)
never achieves the SRS threshold and that, consequently,
there is no intensity depletion for I3s(t). Therefore, after
Ii.,ut(t) is off, I3s(t) decreases with a decay time T3s =
Q/2v-cv3s, which is characteristic of the leakage of a wave
in resonance with a MDR.

When gsc = 0.31 cm/GW is increased to gsc = 0.45
cm/GW while (Iiflput)t = 0.8 GW/cm2 is kept fixed, compari-
son of the calculated results shown in Figs. 4 and 5 indi-
cates that there is shortening of the delay time between
Ils(t) and Iinput(t). Moreover, there is a slight decrease of
the delay times between I2s(t) and Ils(t) and between I3s(t)
and I2s(t). Furthermore, by use of an increased Raman
gain, the exponential rise of Ils(t) is steeper and multiple
pulses of Ils(t) and I2s(t) appear during the 7-ns Ijnut(t).
In Fig. 5 the growth and decay of Ils(t), I2s(t), and I3m(t)
are again correlated because the growth of the (j + 1)th-

order Stokes SRS leads to the depletion of the jth-order
Stokes SRS. In our model we did not include the deple-
tion of I4s(t) (not shown in Figs. 4 and 5) because of pump-
ing I5s(t). Therefore the decay of I 4s(t) is caused only by
the linear-absorption loss (a4S) and the radiation leakage
loss from the droplet cavity (L4S). In our model we as-
sumed that L4 > a4S-

Because the appearance of the first pulses of Ils(t),
I2s(t), and I3s(t) are well within the duration of Ijpt(t) (see
Fig. 5), the decay of these first pulses results mainly from
the depletion associated with generating the next-higher-
order Stokes SRS [except the generation of I5s(t)]. The
decay of the second pulse of Ils(t) [see Fig. 5(b)] is again
due to the depletion effect. However, the decay of the
second pulse of I2s(t) [see Fig. 5(c)] is not caused by inten-
sity depletion because Fig. 5(d) shows that the second I3s(t)
pulse did not have time to grow before Iinput(t) was off.
Consequently the decay of the second pulse of I2S(t) is
caused mainly by the cavity leakage L2 S, since in our
model we also assumed that L2 s > a2S-

Figure 6 shows the temporal profile of Ils(t) as a
function of increasing gsc (in increments of Agsc =
0.02 cm/GW), starting from gsc = 0.15 cm/GW and ending
at gsc = 0.65 cm/GW. Input(t) is still selected to have a
square-shaped time profile with 1input = 7 ns and (IinPut)t =
0.8 GW/cm2. Throughout the computer simulation,
Akjs = Akbilk = 103 T m' or (lcoh)jS = (lcoh)bulk = 103 /_tm.

Note that the SRS threshold of Ils(t) is not reached for
gs < 0.23 cm/GW. As the Raman gain is increased from
gs, = 0.23 cm/GW to gs, = 0.31 cm/GW, the exponentially
rising portion of Ils(t) steepens, the peak value of Ils(t)
increases, and the I2s(t) pulse (not shown) remains weak.
As Raman gain is increased beyond gsc = 0.31 cm/GW, the
falling portion of the first Ils(t) steepens, because more
I2s(t) is generated, and the appearance of the second Ils(t)
pulse is evident. Similar observations are noted on the
rising and falling portion of the second Ils(t) pulse as the
Raman gain is increased beyond gsc = 0.31 cm/GW. For
gs, > 0.61 cm/GW, the third Ils(t) pulse appears. Not
shown are the correlated growth of I2s(t) and I3s(t), both
of which appear soon after the end of each Ils(t) pulse.

B. Varying the Phase Matching
Unlike the Raman gain, the phase matching (or the wave-
vector mismatch) is not model dependent. The role of
wave-vector mismatch Ak in the modified nonlinear-wave
equations [Eqs. (a) and (Sb)] is investigated, while
gs& = 0.45 cm/GW, (Iinput)t = 0.8 GW/cm2, and the square-
shaped time profile with Tiput = 7 ns are kept fixed.
Throughout our simulation, we assumed, that Ak =
Ak 2 S = Ak 3S = Ak4S. However, Ak is decreased from the
estimated bulk-liquid value of Akbulk= 1037T m'l
[corresponding to (lcoh)blk = 103 Am] to Ak = 107r m'l
(corresponding to lcoh = 105 ,m). The calculated time
profiles of Ils(t), I2s(t), and I3s(t) are shown in Fig. 7.
Comparison of Figs. 5 and 7 shows the following effects of
decreasing Ak: (1) the Ils(t) pulse has a shorter delay
time, a decreased intensity, and a lengthened pulse dura-
tion; (2) the I2s(t) pulse has a shorter delay time; (3) the
intensity valley of the Ijs(t) does not reach zero; and (4) the
delay time for the second and subsequent pulses of Ils(t),
I2s(t), and I3s(t) shortens.

The temporal profiles of Ils(t), I2s(t), and I3s(t) calcu-
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lated assuming that Ak = 10i m-' (shown in Fig. 7) re-
semble the experimentally observed pulse shapes (shown
in Fig. 3) better than those calculated assuming that
Ak = AkbUlk = 10%- m-' (shown in Fig. 5). Consequently
because Ak affects the time profiles of multiple SRS
pulses, we conclude that the FWM processes are impor-
tant in coupling the various-order Stokes SRS in droplets.
Furthermore, because decreasing Ak improves the agree-
ment between the calculated and the experimentally ob-
served time profiles of multiple SRS pulses, we conclude
that the phase matching of nonlinear waves in resonance
with MDR's is better than the phase matching of nonlin-
ear plane waves in an optical cell, i.e., Ak < Akbulk-

The concept of phase matching in a droplet is meaning-
ful only if the nonlinear waves generated at one region can
be partially retained in the droplet (or not leak from the
droplet) and, thereby, be summed coherently at another
region of the droplet. Because the radiation leakage from
the droplet is often expressed in terms of a cavity lifetime
(T = Q), it is convenient to express phase matching by a
coherence time 'Tcoh, which can be defined as

m(ch o c m(co)
Trcoh = coh = Lae- (10)

As Ak is decreased from the bulk value Akb,1k = 103% m-1,
the coherence time Toh lengthens. At Ak 10 m-1 ,
7Tcoh 1 ns, which is comparable with the measured cavity
lifetime T, 1 ns. As long as Tcoh < Tc, the nonlinear
waves grow as (Ucoh)2 without experiencing much leakage
loss. However, when Tcoh 2 'r, the nonlinear waves no

Serpengiizel et al.

longer grow proportionally to (lCwh)2 because the droplet
cavity can no longer retain the nonlinear wave generated
one coh away. When Tcoh becomes comparable with or
greater than the input-laser pulse duration Tiput- 7 ns
(corresponding to Ak 1 m-'), further increase of Tcoh (or
decrease of Ak) does not have any appreciable effect on
the time profiles of Ils(t), 12S(t), and I3M(t). Once
Tcoh = Tinput a further increase of Toh should not affect
nonlinear coupling because during Iinput(t) the nonlinear
waves are always phase matched.

Figure 8 shows the evolution of 11s(t) as Ak is decreased
from AkbUIk = 103% m'1 to Ak = 0.1r m'1 for a fixed
square-shaped input pulse with (Ijnput)t = 0.8 GW/cm2,
T

input = 7 ns, and Raman gain gsc = 0.45 cm/GW The
dominant effects of increasing Tcoh (or decreasing Ak) are
to raise the valley intensity of Ils(t) and to depress the
peak intensity of Ils(t) (see Fig. 8) and also I2s(t) and I3s(t)
(not shown). Note that the selected Raman gain coeffi-
cient for the droplet is 3x larger than that for the cell (see
Table 1). This enhanced Raman gain coefficient value is
dependent on the assumption that the MDR has a flat
radial intensity distribution in the a/m(v) < r < a region.
In our model we averaged the internal-pump intensity
along the r direction in the a/m(v) < r < a region and
used the radially averaged value of the internal input-laser
intensity (Input(O)r [see Eq. (1)] as the pump for the multi-
order Stokes SRS. Once the I value of the MDR is known,
it is possible to calculate the spatial overlap between the
internal input-laser intensity and the radial distribution

1.0

0.5

a,
._

.0

Cu
Q

-
E.

z
1-z

15

5

2

1

0.3

0.1

(a)
input
laser

IInput W

_~~~~~. 

0 2 4 6 8 10

TIME (ns)
Fig. 8. Calculated time profiles of Ils(t) as a function of Ak or
Tcoh with the square-shaped input-laser pulse with 7-ns duration
and (Iiiipt,) = 0.8 GW/cm2 kept fixed. The wave-vector mismatch
is varied from Ak = 103r m-1 to Ak = 0.1r m-l. The corre-
sponding variation of T-oh is from Tcoh = 4 ps to Toh = 40 ns. The
Raman gain coefficient is fixed at g = 0.45 cm/GW

...... ~ ~ W~ .... -

: (a)
I (ut) input laser-

I ..... .. .... . . . . . . . I ... ................... . .

-~~~~~~~~~~~~~ . .

K b) 1 st order 

l15(t SRS -
I .- .~~~~~ ~ ~ .....I 

(c) 2nd order -

- 15(). SRS I

, =4ns:(d) coh

*, 118(t) / \1st order
SRS

,,,,, .,, I_



Vol. 9, No. 6/June 1992/J. Opt. Soc. Am. B 879

1.0

0.5

0.0

0.6

0.4

0.2

0.0

0.3

0.2

0.1

0.0

0.03

0.02

0.01

0.00

(a) / inputlaser

Input (t) yJ\ st

(b) order

I (t) SRS

I I 

0 5 10 15
TIME (ns)

Fig. 9. (a) Experimentally observed laser pulse Iput(t) (normal-
ized) (after Ref. 7); using Eq. (5), calculated time profiles of
(b) Iis(t), (c) I2s(t), and (d) I3 S(t). To achieve reasonable agree-
ment with the experimental time profiles (shown in Fig. 3), the
Raman gain coefficient is adjusted to be gs, = 0.45 cm/GW and
the wave-vector mismatch is adjusted to be Ak = 2.18 m-1 (corre-
sponding to Tcoh = 6.4 ns). All other parameters used in the cal-
culations of Eq. (5) for nitrate ions in water droplets are listed in
Table 1.

of the particular MDR. Such an overlap integral of the
internal input-laser intensity and the MDR would result in
a different enhancement factor for each MDR within the
Raman gain profile.

C. Simulation of the Experimental Results
Having investigated the separate roles of gs and Ak with a
square-shaped input-laser pulse Iinput(t), the experimentally
observed time profile Iinput(t), shown in Fig. 3(a), is now
used in our numerical simulation. Figure 9(a) shows
Iinput(t) used to calculate Ils(t), I2s(t), and I3S(t) [shown in
Figs. 9(b), 9(c), and 9(d), respectively]. When we select
gs, = 0.45 cm/GW and Ak = 2.18 m'1 (corresponding to
Tcoh = 6.39 ns), the calculated I1s(t), I2s(t), and I3s(t) pulses
(see Fig. 9) compare reasonably well with the observed
time profiles of Iis(t), Is(t), and I3s(t) (see Fig. 3). For
the calculated results shown in Fig. 9, all the other pa-
rameters needed in Eq. (5) are tabulated in Table 1.

6. WAVE EQUATIONS FOR SBS AND SRS
WITH A SINGLE-MODE PUMP

When a single-mode laser is used to irradiate micrometer-
size droplets, the SBS threshold is 3X lower than the SRS

threshold. When viewed along the y axis, the SBS ap-
pears as two green dots located in the equatorial plane at
x = ±a. Thus, in our simulation, the detected SBS waves
are assumed to be associated with the nonlinear waves
that are confined to the equatorial plane and circulating
in the ± directions. In order to describe the growth
and decay of the SBS intensity IB(t) as well as Ijs(t) in
a droplet, we modified the coupled one-dimensional
nonlinear-wave equations for the generation of SBS and
multiorder Stokes SRS in an optical cell.8"4 As we did
previously for the multimode input-laser pump case, we
transformed the incremental length dz of an optical cell to
the incremental arc length ad4) at the droplet rim. The
distance z from the front of the optical cell (z 0 0) is
transformed to ao starting from = 00, where Iipujr o)
has a maximum. The total number of round trips around
the droplet rim is equal to 4)/3600.

A. Nonlinear-Optical Wave Equations
We attempt to simulate the observed time profiles of IB(t)
and Iis(t) by modifying the coupled one-dimensional wave
equations for the generations of SBS and SRS in an opti-
cal cell. The following wave equations8 " 4 are used to de-
scribe the growth and decay of the SBS and SRS waves
circulating in the ±4 directions at the droplet rim and in
the equatorial plane:

dE, IinB g9S VB j CY B _LB E

ad) [2 2input 2-is- 2 2J

_ g -E 2 S*EsEls exp(iAk2 sBa¢p)2 v~s
Jfinalga v

- -Ejs*EsE(j 1)s exp(iAkjsBao), (Ila)
j=3 2 vls

dEls Fgs s L 8 1= [(IB + Iinput - I2S) a's - 2 Els
ad4) L2 2 2 

_ 9S EinptElS*EM exp(iAk2sa)
2

- 9SEBEs*E2s exp(iAk2SBa))
2

Jfinal

E -EnputE(j_ )s*Ejs exp(iAkjsa0)
j=3 2

- E 2EBE(j_,)s*Ejs exp(iAkjsBa4).
j=3

(lib)

In addition to the notations used in Eqs. (5a) and (5b), the
following new notations are used: gB is the Brillouin gain
coefficient; B = Vinput - Vac is the Brillouin frequency,
where Vac is the acoustic-wave frequency; aB is the linear
absorption loss at the Brillouin frequency vB; LB is the
droplet-cavity loss because of the leakage of SBS from the
droplet; EB is the SBS electric field; IB is the SBS intensity;
Ak2SB = (k2S + kSBS - 2k 1s) is the wave-vector mismatch
among the internal wave vectors of the second-order
Stokes SRS (k2S), the SBS (kSBS), and the two first-order
Stokes SRS (2kls); and AkjSB = [kjs + kSBS - kis -
k(j )s] is the wave-vector mismatch among the wave vec-
tors of the jth-order Stokes SRS (kjs), the SBS (kSBS), the
first-order Stokes SRS (ks), and the (j - 1)th-order
Stokes SRS [k(j -1)s]
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SBS

1st order Stokes SRS s(o
Fig. 10. Schematic of the spatial distribution of the intensity
(shaded areas) and the rays of the input-laser, SBS, and first-
order Stokes SRS waves in the droplet equatorial plane. The in-
tensity maximum of the input-laser beam is concentrated on the
shadow side of the droplet. There is a spread of the input-laser
wave vector kut. The generated SBS and SRS waves are on
MDR's, which are represented as two counterpropagating travel-
ing waves around the droplet rim. The wave vectors of the SBS
(kSBS) and SRS (k1 s) are always tangential to the droplet rim
since both waves are on MDR's. The Brillouin gain coefficient
and the Brillouin frequency are functions of the angle between
kSBs and kinput.

and the waves of the SBS and the SRS inside the droplet.
The intensity of the input-laser beam is concentrated
mainly on the shadow side of the droplet. The generated
SBS and SRS waves are on two different MDR's, which are
both localized around the droplet rim but have different
radial distributions. The SBS wave vector kSBS is always
tangent to the droplet rim. The angle 4OB between the
input-laser wave vector kinput and kSBs affects B and gB.
The same numerical methods used in calculating the time
profiles of Ijs(t) with a multimode Ijpt(t) can be repeated
for the case of the single-mode Iinput(t) pumping IB(t), and
Iinput(t) together with IB(t) pumping Ils(t).

B. Brillouin Frequency Shift and Gain
In contrast to the Raman frequency Vis, which is a prop-
erty of the medium and constant throughout the droplet,
the Brillouin frequency B is a function of the acoustic
phonon wave vector kac and frequency aC, which are not
constant throughout the droplet. The Brillouin frequency
VB= Vinput - Vac is dependent on the angle between kinput
and the wave vector of the Brillouin wave kB. The maxi-
mum B occurs for backward scattering (B = ir) and is
related to the input-laser frequency VinpUt as follows8 2 3:

VB(41B = T) = Vinput - VacJB = 70, (12a)

where

In the droplet, B starts from the spontaneous Brillouin
noise B (at B), which is generated predominantly in the
region of enhanced laser intensity Iinput(k = 0) inside the
droplet. Based on spontaneous Brillouin and Raman
scattering experiments in an optical cell,23 gB > gs. In
droplets, gB is also deduced to be greater than gs because
the threshold for SBS is lower than that for SRS and the
delay time of the IB(t) pulse is shorter than that of the
I1 s(t) pulse.'

The depletion of EB because of pumping SRS is de-
scribed by the (-gsvBIsEB/ 2 vS) term in Eq. (la). The
coupled wave equation for Es [see Eq. (lib)] now incorpo-
rates the gain from the SBS pump (gSIBEls/2 term) and
the single-mode input-laser pump (gsIinputEjs/2 term).
Similar to the wave equation for the multimode IptW
pumping Is(t), the depletion of Es is caused by pumping
I2s(t) [-gsI 2sEjs/2 term in the Eq. (lib)]. The Ils(t)
starts from the spontaneous Raman noise Ils (at v1s) that
is generated in the following two regions: (1) the two lo-
calized regions of enhanced laser intensity Iipj(ck, t) inside
the droplet (see Fig. 2) and (2) a uniform region around
the droplet rim where the SBS waves are confined.

The wave equation for E2S, with single-mode input-laser
pumping, remains the same as Eq. (5b) with multimode
input-laser pumping. The FWM process involving E2 is
incorporated into the second term on the right-hand side
of Eq. (la). The third terms in Eqs. (la) and (b) are
FWM terms associated with the jth-order Stokes SRS,
where j 3. For the generation of the jth-order Stokes
SRS, there are always two initial sources of Ejs, one from
the spontaneous Raman noise and another from the FWM-
related parametric noise. In our simulation, with single-
mode input radiation, we neglected the growth of E3 s and
higher-order Stokes SRS waves.

Figure 10 illustrates the rays of the input-laser beam

Vac('kB = 7T) = kac(40B = r)/2r kinput/ 2VinputM(Vinput)

(12b)

The acoustic wave vector for backward scattering is
kaC(5OB = 7). For most liquids ac(OB = = 0.2 cm-'.
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Fig. 11. Temporal profiles of the experimentally observed pulses
of (a) I1jpt(t), (b) IB(t), and (c) Is(t) for ethanol droplets, with a
time resolution of -0.1 ns. (After Ref. 4.)
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Fig. 12. (a) Experimentally observed time profile (after Ref. 4)
of the input-laser pulse Ipinpt(t) (normalized); calculated time pro-
files of (b) IB(t) and (c) Iis(t). All the other parameters used in
the calculations of Eq. (11) for ethanol droplets are listed in
Table 2. To achieve reasonable agreement with the experimental
time profiles (shown in Fig. 11), the Raman gain coefficient is ad-
justed to be gsc = 2.0 cm/GW, and the Brillouin gain coefficient is
adjusted to be gB, = 3.0 cm/GW. The wave-vector mismatch is
Ak = 10 i m-1 (corresponding to Tcoh = 4 ps).

As a function of the angle OB, the Brillouin shifts are
Vac( 4)B) = Vac(JB = 7r)sin(OB/ 2 ). However, because of
refraction of the input-light rays caused by the droplet
morphology, there is a spread of angles for kinput. Conse-
quently 4B is distributed around (AB = 90° and extends
from 4)B = 430 to 4)B = 1370 (i.e., a spread A4B = 94°)-
This spread of A4B gives rise to a range of Brillouin shifts
AVaC(A4)B) 0.1 cm-'. Therefore the inhomogeneously
broadened 2 3 Brillouin linewidth is Avac(A4)B) 0.1 cm'1,
whereas the homogeneously broadened Brillouin linewidth
is typically 0.02 cm-'.

In contrast to the Raman gain coefficient gs, which is
constant (although enhanced to gsc) near the droplet rim,
the Brillouin gain coefficient gB is a function of kac and vac
and therefore is not constant near the droplet rim. The
experimental value8 determined in an optical cell is
gB(4B = 7) = 13.0 cm/GW with kinput = 632.8 nm.

The QED effect, which can enhance the Raman gain gs

of liquids in the form of micrometer-size droplets, can also
enhance the Brillouin gain gB. However, there may be
differences between the QED treatment of the Raman and
Brillouin processes. For the Raman case, the homoge-
neously broadened vibrational linewidth (i.e., with optical
phonon lifetime limited) is typically Avvib 10 cm'1.
Thus Avvib >> Ave, where Av, is the droplet cavity or MDR
linewidth, which is Av, = v/Q 0.02 cm-', for a MDR
with frequency v = 2 x 104 cm-' and Q _ 106. How-

ever, for the Brillouin case the acoustic-phonon lifetime-
broadened homogeneous-Brillouin linewidth AVac #
0.02 cm 1' is comparable with Av, = v/Q 0.02 cm-'.
Thus the Brillouin process is in the critical coupling QED

regime,3 while the Raman process is in the strong-
coupling QED regime. Consequently the QED enhance-
ment factor for gB may not be the same as for gs. Because
we are not able to estimate the QED enhancement factor,
we should treat the Brillouin gain gBc in the droplet cavity
as an adjustable parameter in our model.

For the Raman case it is always possible to find MDR's
within the spontaneous Raman linewidth (10 cm-') be-
cause the density of MDR's"1 is typically two MDR's within
a 1-cm-l interval. So the QED can enhance the maxi-
mum of the Raman gain profile gs(v). For the Brillouin
case, even the inhomogeneously broadened Brillouin
linewidth AVac(A0B) 0.1 cm-' is less than the average
spacing of MDR's. Thus it is not always possible to find
MDR's within the Brillouin linewidth. The QED can en-
hance the Brillouin gain gB(v) only if there is some fre-
quency overlap between the inhomogeneously broadened
Brillouin gain profile and a MDR, which may not neces-
sarily be at the frequency corresponding to the maximum
of gB(v). Depending on the frequency overlap of the MDR
and the Brillouin gain profile, only a fraction of the kinput is
effective in pumping the SBS. Consequently the effective
Iinput(4 ) ) for pumping the SBS in the single-mode laser ex-
periment can be lower than that for pumping the SRS in
the multimode-laser experiment.

During the round trip in the ±4 directions around the
droplet rim, the SRS wave experiences a +-dependent
Raman gain because of the 4 dependence of linput(4) and a
+-independent gain because IB(4 ) ) is on a MDR. However,
the SBS wave experiences a +-dependent gain not only be-
cause of Iinput(4)) but also because the Brillouin gain coeffi-
cient gB is dependent on OB. In our numerical simulation
of the nonlinear waves in a droplet, we assumed a constant
angularly averaged gBc because we are unable to account
for the 4 dependence of gBc. Consequently we assumed
that the overall Brillouin gain and Raman gain depend
only on IinpUt(4 )).

7. EXPERIMENTAL OBSERVATIONS WITH A
SINGLE-MODE PUMP

When the second-harmonic output of a single-mode
Q-switched Nd:YAG laser is used to irradiate ethanol
droplets, the observed SBS spectra are analyzed with a
Fabry-Perot interferometer. 4 The temporal profiles of
the laser, SBS, and SRS pulses from ethanol droplets are
simultaneously detected with a streak camera. The first
SBS pulse always occurred earlier than the first SRS
pulse, i.e., the time delay between IB(t) and Iin,.t(t) is
shorter than that between I1s(t) and Ii,,ut(t). Further-
more the subsequent pulses of SBS and SRS are tempo-.
rally correlated; i.e., the minimum of the (n + 1)th SBS
pulse occurs when the nth SRS pulse reaches a maximum.
The experimentally observed4 time profiles of Iinput(t),
IB(t), and Iis(t), all with a single-mode input laser, are
shown in Figs. 11(a), 11(b), and 11(c), respectively.

8. CALCULATION OF SBS AND SRS
TEMPORAL PROFILES

Figure 12(a) shows the experimentally observed temporal
profile of Ijn0 ut(t), and Figs. 12(b) and 12(c) show the calcu-
lated SBS and SRS pulses, respectively. All the parame-
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Table 2. Parameters for the Single-Mode Laser Pumping SBS and SRS
Parameter Value Reference

Brillouin gain coefficient of ethanol gB(OSBS = V) 13.0 cm/GW 8
Raman gain coefficient of ethanol gs 5.11 cm/GW 14
Absorption loss (at vB) aB = 0.1 m- 24
Absorption loss (at Pis) als = 0.133 m'1 24
Absorption loss (at 2S) a2S = 0.2 m-1

24Q factor of MDR's Q = 106 18
Leakage loss (at B) LB= 2 irvBm(vB)/Q m1l 18
Leakage loss (at various Stokes vjs) Ls 2 rvsm(vjs)/Q m- 1

18
Brillouin shift for ethanol Vac 0.142 cm-' 4
Raman shift for ethanol Vib 2928 cm- 4
Input-laser frequency vipt 18797 cm-' 4
Time-averaged input-laser intensity (Ijipu.)= 0.3 GW/cm2 4
Droplet radius a 45 m 4
Refractive index of ethanol m(v) 1.36 25
Wave-vector mismatch for ethanol Ak =03r m-1 26

ters needed to solve Eq. (11) are listed in Table 2. Reason-
able agreement between the experimentally observed and
calculated time profiles of IB(t) and Ils(t) is obtained if we
adjust gB,(kB = ) = 3.0 cm/GW and gsc = 2.0 cm/GW.
The Brillouin gain coefficient is lower than the cell values
calculated for the range of B'S in the droplet. However,
our model assumes that all the incident input-laser
rays can pump SBS and does not include the kput depen-
dence of gBc. In reality only a fraction of the (Iinput) =
0.3 GW/cm2 can be used to pump SBS. A lower effective
value of (Iinput)t will correspondingly increase the value
of gB0 .

In Eq. (11) the SRS wave is assumed to be pumped by
the SBS wave as well as by the input laser. On the basis
of our numerical simulations, we deduced that strong cor-
relation between the SBS and SRS pulses exists only if the
SBS wave mainly pumps the SRS wave. That is, the SRS
wave is only weakly pumped by the input laser. In fact, a
similar deduction can be made from the experimental re-
sults.4 Note from Fig. 11(c) the first SRS pulse reaches a
maximum after the first SBS pulse is depleted, and the
more intense second SRS pulse occurs after the second
SBS pulse is depleted.

9. CONCLUSIONS

We modified the standard one-dimensional coupled
nonlinear-wave equations in an optical cell to accommo-
date the droplet geometry and the droplet-cavity charac-
teristics. We used a heuristic model to simulate the
generation and coupling of nonlinear waves in droplets.
In particular, we calculated the time profiles of various
orders of Stokes SRS pulses and of SBS pulses from
droplets. The agreement between the calculated and the
experimentally observed delay times as well as the corre-
lated growth and decay of nonlinear pulses is reasonable if
the gain coefficients and the wave-vector mismatch are
two adjustable parameters.

For multimode-laser input, the growth and decay of the
first- through fourth-order Stokes SRS are calculated as a
function of the Raman gain coefficient and wave-vector
mismatch for FWM. Raman gain coefficient is adjusted
until the calculated and the experimentally observed delay
time between the first-order Stokes SRS pulse and the
input-laser pulse agree. The adjusted Raman gain coeffi-

cient is noted to be 3x larger than the Raman gain coeffi-
cient for nitrate ions in an optical cell of water. It is
uncertain at this time whether the enhancement of the
Raman gain coefficient in droplets is consistent with that
predicted from QED enhancement effects. The enhanced
Raman gain coefficient value is dependent on the assump-
tion that the MDR, which provides the necessary feedback
for the nonlinear waves, has a flat radial distribution in
the a/m(v) < r < a region of the droplet. A model using
the actual radial-intensity distribution of the MDR would
have resulted in a different enhancement factor. The
wave-vector mismatch (or the coherence time) for the
FWM process is adjusted until reasonable agreement is
achieved between the calculated and the experimentally
observed temporal correlation among the various-order
Stokes SRS. The adjusted coherence time is noted to be
103x longer than for water in an optical cell. The im-
provement of Ak (or the coherence time) is an indication
that phase matching among droplet MDR's is improved
relative to phase matching among plane waves in an opti-
cal cell of water.

For single-mode laser input, the growth and decay of
the SBS and SRS are calculated as a function of the angle-
averaged Brillouin gain coefficient. The Brillouin gain
coefficient is adjusted until the calculated and the experi-
mentally observed delay times between the SBS pulse and
the input-laser pulse agree. The optimum angle-averaged
Brillouin gain coefficient is 0.2X the maximum Brillouin
gain coefficient gB(GB = v) measured in the backscatter-
ing direction in an optical cell of ethanol. This decrease
of the Brillouin gain coefficient for a droplet may be
caused by the angular spread of the (AB and the possibility
that the MDR is not at the maximum of the inhomoge-
neously broadened Brillouin gain profile. The numerical
simulation is consistent with the experimental observa-
tion that the SBS wave is more effective than the input-
laser beam (unfocused and not on an input resonance) in
pumping the SRS wave.
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