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Implementation and Application of Resistive
Sheet Boundary Condition in the Finite-
Difference Time-Domain Method

Lin-Kun Wu, Member, IEEE, and Liang-Tung Han

Abstract—Use of resistive sheet boundary condition in the
finite-difference time-domain (FDTD) analysis of scattering
problems involving resistively coated dielectric object is de-
scribed. The algorithm is introduced through an analysis of
E-polarized scattering from a thin resistive strip. For the sheet
resistance R = nZ, /2 with Z, being the intrinsic impedance of
vacuum, numerical experiments indicate that algorithm stability
is ensured in all cases if §7 is chosen according to c98f < 8.
Validity of the resultant FDTD method is verified in a compari-
son of computed E-polarized scattering data for several resistive
strips with existing data. New results on the E-polarized scatter-
ing behavior of resistively coated dielectric strip as a function of
surface resistances and angle of incidence are also presented.
Finally, extension to the H-polarized case and application of the
present method to pulsed problems are briefly discussed.

1. INTRODUCTION

HE finite-difference time-domain method (FDTD) pro-

posed by Yee [1] has found applications in a wide
variety of electromagnetic wave interaction problems involv-
ing perfectly conducting and lossy dielectric and magnetic
materials [2], uniaxially anisotropic dielectric [3], and disper-
sive material medium [4], [5] in both the unbounded and
bounded regions. In this paper, we extend the capability of
FDTD to the analysis of a resistively coated dielectric object.
This important class of scattering geometry can be found in
such applications associated with radar cross-section reduc-
tion technology [6]-[9], EMP and precipitation static protec-
tion, and defogging and deicing of radomes [10].

The resistive film coating to be considered in this paper is
made of an imperfectly conducting material having a conduc-
tivity o and a thickness 7 which is smaller than the skin
depth of the material and is thus difficult to be modeled by
the FDTD. It is approximated as a zero thickness resistive
sheet having a surface resistance R = (o¢7)~! when 7 < the
skin depth 8,; R = (08,)”' becomes frequency-dependent
when 7 > §,. Although the use of impedance boundary con-
dition is common in the frequency-domain technique e.g.,
[6]-[9], this paper describes for the first time in the open
literature the implementation of the FDTD method in its
application of the impedance boundary condition associated
with a thin resistive sheet (7 < §,) [11].
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In the following, the analysis technique is first derived for
a two-dimensional E-polarized scattering problem of a thin
resistive strip. The numerical stability issue of the method is
also discussed. The FDTD technique is validated by compar-
ing the E-polarized scattering data for various resistive strips
with the data described in [6]. New results on the E-polarized
scattering behavior of a resistively coated dielectric strip are
presented. Finally, extension to the H-polarized case and
application of the present method to pulsed problems are
briefly discussed.

1. FORMULATION

Consider the problem of an E-polarized plane wave inci-
dent on a thin resistive strip of width w along the x-axis and
of resistance R = nZ,/2 (with Z, being the intrinsic
impedance of the free space) as shown in Fig. 1. The strip is
assumed to extend to infinity along +z directions. The strip
becomes a perfect electrically conducting strip when 5 = 0,
and it is nonexistent when # approaches infinity.

The infinitesimally thin, electrically resistive, sheet is char-
acterized by a jump discontinuity in the tangential magnetic
field components but no discontinuity in the tangential elec-
tric field components [11]. Since for the problem considered
here, both the incident and the total electric fields have only a
z-directed component which is tangential to the surface of the
strip, the desired resistive sheet boundary condition can be
written as [11]

E (x,y=0%)

E(x,y=0") = Ey(x,y=0)

—RJ,(x,y=0)

(M
for —w/2 <x<w/2and
J(x.y=0) = H(x,y=0%) ~ H(x,y=0") (2)

is the total (z-directed) electric current density on the surface
of the strip.

For the FDTD implementation of (1) and (2), the place-
ment of E,, H,, and H, sampling points in the 2-D FDTD
lattice surrounding the resistive strip are shown in Fig. 2. In
this way, only E_’s located on the surface of the strip need be
updated with the FDTD equivalents of (1) and (2) while the
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Fig. 1. An E-polarized plane wave illumination of a thin resistive strip of
width w and resistance R. The strip extends to infinity along + z-axis.

Fig. 2. lustration of the placement of the field components near the strip

in the 2-D (xy-plane) FDTD lattice for E-polarization case.

conventional FDTD method is still applicable for the update
of all other field quantities elsewhere in the FDTD lattice.
The regular FDTD and the resistive boundary algorithm are
described next.

A. Regular FDTD Algorithm

In a lossless medium with permittivity e and permeability
u, Maxwell’s curl equations in the xy-plane for E-polarized
case are

0H, 1 0E, 3
ar u oy (32)
0H 1 0E

L% (30
at uw 0x

at €

JdE 1{0H J0H
‘_-( > _ ) (3¢)

ox a9y

Following the space and time discretizations of these field
quantities, their discrete representations can be denoted as [1]

F(i, j) = F(x = id, y = jb, t = ndt) 4)

where F=E,, H,, or H,, and 6 and §¢ are sampling
intervals in space and time, respectively; use of square cells
assumed. According to (4), central differencing of the spatial
and temporal derivatives in (3) result in the following FDTD

equations:
HI*V2 (i, j+1/2) = HP7'2 (i, j + 1/2)
- S[Ef(i,j+1) - EZ(i, j)]  (5a)
HIV2(i 4 1/2, j) = H V(i + 1/2, )
- S\[Ez(i, J) - EXi+ 1, /)] (3b)
E;*\(i, )
= EINi, j) + S,[HI T2 (i + 1/2, j)
—HI*V2(i—1/2,j) = HIV (i, j + 1/2)

+HIR(i, - 1/2)] (5¢)
where S, = 6¢/ud and S, = 6¢/eb. Similar FDTD equa-
tions for a general lossy dielectric/magnetic material have
been given elsewhere (e.g., [2]).

Finally, for the numerical results to remain stable, the
space and time sampling intervals have to be chosen to satisfy
the Courant stability criterion in 2-D [12]

(6)

Up,maxbt < ‘V/—2:
where v, ., is the maximum phase velocity to be expected
in the problem space. For an unbounded region problem
involving a perfectly conducting, dielectric, and/or magnetic
scatterer, v, ., i chosen as the speed of light in the
free-space region between the scatterer and the outer bound-
ary of the FDTD lattice.

B. Implementation of Resistive Boundary Condition in
FDTD

It is obvious that (5c) is incapable of incorporating the
presence of a resistive strip. In searching for an alternative
algorithm, the resistive boundary condition given in (1) and
(2) suggests that £, on the surface of the strip can be
determined if H, on the upper and lower surfaces of the strip
are known. In this paper, these latter field quantities are
approximated by H, located at half-cells above and below
the strip surface, i.e.,

H(i,0%) = H, (i, =x1/2). 7

In the FDTD, all E, and H, are assumed to be known at
ndt and (n + 1/2)6¢, respectively. Upon substituting (7)
into (2), and using the resultant J_ in (1), we obtain the
following intermediate value of E, at (n + 1/2)6t

Er+V2(i,0) = —R[H*'2(i,1/2) — H}*'2(i,- 1/2)]

(®

which is the FDTD equivalent of (1) and (2) combined.
However, for updating H, (i, + 1/2) using (5a), a knowl-
edge of E (i,0) at (n+ 1/2)é¢ is needed. By using the
values of E (i,0) at ndt and (n + 1/2)8¢ in a simple linear
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extrapolation procedure, we obtain
EZN(i,0) = —EJ(i,0) — nZo[ HIY'(i,1/2)
—H2(i,-1/2)]. (9)
Once E (i,0) on the strip is determined, all field quantities
elsewhere in the FDTD lattice can then be updated regularly
using (5a)—(5c). It is noted that a knowledge of H, at the
surface of the strip (shown by dashed arrows in Fig. 2) is no
longer needed and can thus be removed from the FD-TD
algorithm.

C. Numerical Stability Issue

While the resistive boundary algorithm appears to be rather
simple and straightforward, numerical experiments have
shown that when modeling a strip with n > 2 (i.e., R > Z,),
and 6¢ is so chosen that céf = §/2 (i.e., (6) is satisfied),
numerical instability occurs as soon as the strip begins to
interact with the incident wave. This is demonstrated in Fig.
3(a) with the rapidly exploding time waveform observed for
E at one cell to the right of the illuminated edge of the strip.
The parameters 7 =4, w =3\, ¢ = 0° & = \/40, and
cdt = 6/2 are used in this example. Reducing 6 and ¢
while still maintaining ¢6f = §/2 only results in a slower
rate of numerical breakup.

For the same problem shown in Fig. 3(a), further numeri-
cal experiments indicate that numerical stability can be
achieved, as shown in Fig. 3(b), if ¢ is chosen such that
cndt < 8. By referring to (6), the empirically derived stabil-
ity criterion may also be interpreted as the presence of a
fast-traveling lattice mode which has a phase velocity v, =
cn/V2 (vp > c when 5 > v/2) when the resistive boundary
algorithm is invoked. This is possible because with H, on
the surface of the strip being ignored, and (9) being different
from (5c), the strip is actually embedded in a lattice that is
different from the regular FDTD lattice (i.e., the one that
supports (5)). A similar algorithm (in-)stability issue has been
reported for the FDTD which employs a spatially varying
grid [13]. Although a theoretical proof supporting the empiri-
cally derived stability criterion (i.e., cy6¢ < §) is not avail-
able, tests conducted so far for 2 < n < 10 yield satisfactory
results.

III. NuMERICAL EXAMPLES
A. Scattering from Single Resistive Strip

For the strip shown in Fig. 1 with w = 3\, induced
current densities along the width dimension are calculated for
n = 1,4, and 10 at edge-on incidence (¢ = 0°). As shown in
Fig. 4, our data is in good agreement with Senior’s results
[6, fig. 7]. Fig. 5 further compares the angular backscattering
cross section patterns calculated by the FDTD and the method
of moments [6] for an 1.25\-strip having » = 0, 1, 2, and 4.
Again, good agreement is observed. These comparisons con-
firm the validity of the resistive boundary algorithm derived
in this paper.

B. Scattering from Resistively Coated Dielectric Strip

Given the ability of the FDTD to model accurately the
scattering properties of a single resistive strip, we consider
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Fig. 3. Illustration of stability performance of the resistive boundary
algorithm. (a) Occurrence of numerical breakup when cd¢ = §/2 is used.
(b) Stable result obtained when cnét = 6(n = 4) is used. Data are taken for
E, at one cell to the right of the illuminated edge of the strip.

here the problem of scattering from a resistively coated
dielectric strip shown in Fig. 6. Such structures are used in
electromagnetic shielding of sensitive components and envi-
ronmental protection of radomes [10].

Consider the structure shown in Fig. 6. A lossy dielectric
strip having a width of 5.221A, a thickness of 0.05A, and
€, = 4 — j0.4, is coated on the lower side by a thin resistive
film. The scattering behavior of the composite structure is
investigated for the coating with = 0 (i.e., PEC), 1, and 4.
For the PEC strip, (9) is removed from the FDTD program
and E_ on the strip are simply set to zero at all times to
enforce the exact boundary condition. The E-polarized
backscattering pattern, calculated over the angular range of
—90° = ¢ = 90° for the three structures, are shown in
Figs. 7-9. Scattering patterns obtained for the constituting
dielectric strip (i.e., letting # = oo in Fig. 6) and resistive
strip (i.e., letting ¢, = 1 in Fig. 6) are also shown in each
figure for comparison.
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Fig. 4. Current amplitude distributions computed for resistive strips with
width = 3\ and #n = 1,4, and 10. E-polarized plane wave at edge-on
incidence.

: Senior [6]
: Present Method

——

x

10log (o/A) dB

.40 v v T T
0 20 40 60 80 100
¢ (Degree)

Fig. 5. Backscattering cross-section patterns computed for resistive strips

having width = 1.25Xand 5 = 0 (i.e., PEC strip), 1,2, and 4.
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Fig. 6. Cross-sectional geometry of a resistively coated dielectric strip
illuminated by an E-polarized plane wave at an arbitrary incidence angle.

Fig. 7 shows that PEC strip has much stronger backscatter
than the dielectric strip at all angles. As a result, scattering
from the PEC-coated dielectric strip resembles that of the
PEC alone. In this case, data obtained for the PEC strip alone
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Fig. 7. Comparison of E-polarized backscattering cross-section patterns
calculated for a PEC coated dielectric strip and the constituting PEC and
dielectric strips. The dielectric strip has a thickness of 0.05A and ¢, = 4 —
j0.4.
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Fig. 8. Comparison of E-polarized backscattering cross-section patterns
calculated for a resistively coated dielectric strip and the constituting resis-
tive and dielectric strips. The resistive strip has a n = 1, and the dielectric
strip has a thickness of 0.05\ and ¢, = 4 — j0.4.

are in excellent agreement with the corresponding data re-
ported in [14]. In Fig. 8, the resistive strip with n =1
exhibits slightly larger backscatter than the dielectric strip at
angles away from grazing. The scattering behavior of the
coated dielectric strip resembles that of the resistive strip.
When surface resistance increases further to n = 4, results
shown in Fig. 9 indicate that the backscatter from the resis-
tive strip alone is less than that from the dielectric strip. The
resulting composite structure also has a backscatter pattern
similar to that of the dielectric strip except for the lobe
structure near grazing. Near grazing, it appears that the
shape and the strength of the lobe are influenced by the
resistive film and the dielectric, respectively.

Furthermore, it is interesting to point out that these results
also indicate that slightly larger echo widths are observed
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Fig. 9. Comparison of E-polarized backscattering cross-section patterns
calculated for a resistively coated dielectric strip and the constituting resis-
tive and dielectric strips. The resistive strip has a n = 4, and the dielectric
strip has a thickness of 0.05\ and ¢, = 4 — j0.4.

when the coated side of the composite structure is illuminated
directly (i.e., ¢ < 0°) than when the wave is incident from
the dielectric side (i.e., ¢ > 0°); the difference becomes
more obvious as 7% increases (i.e., resistive film becomes
more transparent to the incident wave). To explain this latter
observation, let us consider the problem of reflection from a
resistively coated dielectric slab of infinite extent in both x-
and z-direction. The thickness and dielectric constant of the
slab and the surface resistance of the coating are chosen to be
the same as the corresponding strip cases. At ¢ = —90°, the
infinite slab model yields power reflection coefficients of 0,
—~4.76, and —7.35 dB, respectively for n = 0, 1, and 4. On
the other hand, power reflection coefficients of —0.09,
—17.02, and —9.48 dB are calculated at ¢ = 90° and 5 =
0, 1, and 4, respectively. Results of these calculations exhibit
similar behavior as the backscatter data at ¢ = 90° and,
therefore, indicate that the above observation is valid.

IV. CoNncLusION

Use of the resistive sheet boundary condition in the
finite-difference time-domain method for the analysis of E-
polarized scattering problems involving thin resistive strip is
described in detail. Changes occuring to the lattice structure
when the resistive boundary algorithm is invoked may have
resulted in the presence of a spurious lattice mode which has
a higher phase velocity than the speed of light in free space.
Its effect on the solution growth factor can be suppressed,
however, when a more stringent stability criterion, which
requires 6¢ to be chosen for c¢nét < 6 over the range of
2 < 5 < 10, is used. Although an exact theoretical proof is
not available, the empirically derived stability criterion has
been found to yield stable result.

Validity of the resulting FDTD method is confirmed by the
excellent agreement observed between scattering data of vari-
ous resistive strips calculated by the present method and the
data given in [6]. Application of the resistive boundary

algorithm to the analysis of scattering behavior of several
resistively coated dielectric strips has resulted in the follow-
ing interesting observations. Notably, the echo width of a
resistive strip, illuminated by an E-polarized plane wave
from the edge-on direction, could be altered significantly in
the presence of a thin dielectric strip. In addition, different
scattering behavior results whether one or the other side of
the coated dielectric strip is illuminated.

Finally, the resistive boundary algorithm described in this
paper for the E-polarized scattering problem can be extended
easily to model the H-polarized problem. In addition, for a
given material conductivity, the surface resistance of a resis-
tive sheet is ideally frequency independent as long as the
sheet thickness is smaller than the skin depth of the material.
Thus, the FDTD method described here is applicable for both
single-frequency and broad-band pulsed scattering problems.
For the latter, the upper frequency (f,) is limited to the
frequency where the sheet thickness equals the skin depth,
i.e., 7= (wf,u0)""*; beyond which, dispersion in the sur-
face resistance must be considered.
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