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Abstract.

The amortized analysis is a useful tool for analyzing the time-complexity of performing a sequence of
operations. The disk scheduling problem involves a sequence of requests in general. In this paper, the
performances of representative disk scheduling algorithms, SSTF, SCAN, and N-StepSCAN, are ana-
Iyzed in the amortized sense. A lower bound of the amortized complexity for the disk scheduling problem
is also derived. According to our analysis, SCAN is not only better than SSTF and N-StepSCAN, but also
an optimal algorithm. Various authors have studied the disk scheduling problem based on some
probability models and concluded that the most acceptable performance is obtained from SCAN. Our
result therefore supports their conclusion.
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1. Introduction.

Disk scheduling is important to operating systems and database management
systems. Many disk scheduling algorithms have been proposed, such as the First-
Come-First-Service (FCFS) [6], Shortest-Seek-Time-First (SSTF) [6], SCAN [6],
N-StepSCAN [8], and V(R) [9]. In the literature, these algorithms are analyzed
based upon probability models [4,6, 8,9, 11,22, 23]. In this paper, we shall use the
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amortized analysis techniques [18,19,20,21] to analyze three disk scheduling
algorithms: SSTF, SCAN, and N-StepSCAN.

The amortized analysis [ 18, 19,20, 21] was proposed by Tarjan. It is a very useful
tool for analyzing the time-complexity of performing a sequence of operations. Since
the disk scheduling problem involves a sequence of requests, amortized analysis is
a very suitable tool to analyze a disk scheduling algorithm which performs a se-
quence of operations on these requests.

According to our analysis, SCAN is the best among the three algorithms. We also
showed that SCAN is optimal in amortized sense. This matches the previous result
[4,6,8].

In the rest of this section, the disk scheduling problem and the technique of
amortized analysis are introduced. The amortized analysis of the three disk schedul-
ing algorithms is included in Section 2. A lower bound of the amortized complexity
for the disk scheduling problem is derived in Section 3. Section 4 compares the three
algorithms according to our analysis. Concluding remarks are given in Section 5.

L.1. The disk scheduling problem.

The disk scheduling problem can be described as follows: Consider a single disk.
Data are stored on various cylinders. At any time, there are a set of requests to
retrieve data on this disk. This set of requests is called a waiting queue and these
requests are called waiting requests. The problem is a typical on-line problem
[10,13, 14]. It selects one of waiting requests as the next request to be served.

For example, assume that initially there is a sequence of requests (waiting
requests) to access data stored on cylinder 9, 2, 8, 4 and 6 respectively. To simplify
our illustration, we assume that the disk head is initially located on cylinder 0 and no
more requests arrive afterwards.

Suppose that we use a very straight forward algorithm, namely the FCFS
algorithm, to schedule this sequence. The disk head may first move from cylinder
0to 9, then to 2, 8, 4, and 6. The total service time of this sequence of requests
9,.2,8,4,6)is|0 -9+ 19 —2|+2— 8+ |8~ 4+ 4—6=94+T+6+4+2=
28. Here we assume that the time for the disk head to move from cylinder i to j is
fi—jl

On the other hand, suppose that we use another algorithm, namely the SSTF
algorithm, to schedule this sequence. In this algorithm, the nearest request is served
next. The disk head first moves from cylinder 0 to 2, then to 4, 6, 8, and 9 with total
time 2+ 2+ 242+ 1 =9. This shows that different algorithms may produce
different results.

In this paper we consider a sequence of m requests processed by a single disk.
During the entire process, these requests may keep coming in. If the waiting queue is
longer than m, we will ignore those requests outside the m requests. In other words,
the maximum length of the waiting queue considered here is m. On the other hand,
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we assume that the minimum length of the waiting queue is W where W > 2. A disk
scheduling algorithm would select a request in the waiting queue to process. Denote
the ith service time by t;. Then the amortized complexity of a disk scheduling
algorithm is the worst case of Y 1, t;/m.

In the rest of this paper we shall assume that a disk has Q + 1 cylinder numbered
from O to Q with the disk head initially located on cylinder 0. Moreover, we shall
assume that the time for the disk head to move from cylinder i to jis |i — jl.

Since we only consider a sequence of m requests, the length of the waiting queue
will be less than W after the (m — W + 1)th servicing. To satisfy our assumption
(that the minimum length of the waiting queue is W), (W — 1) dummy requests placed
on the same cylinder of the last served request are added after the considered
sequence of requests. Note that since the dummy requests are all located on the same
cylinder of the served request, they will not increase the total service time of the
considered sequence of requests. Moreover, since the dummy requests are not
processed really, they will not increase the length of the considered sequence of
requests. These dummy requests are only added to satisfy our assumption and will
not effect the amortized complexity.

1.2. Technique of amortized analysis.

The “potential function” technique [ 18, 19,20, 21] is useful in amortized analysis,
and is employed in our analysis. Consider a disk scheduling algorithm X. Let
X , and ®F be the potentials before and after the ith handling of the requests,
respectively. The amortized time af of this is defined as

(1) af =tf + of — %,

where ¢} is the actual service time of the ith request. Summing the amortized time of
all m requests, we have

(2) Ya=Y @+ - )=Y +o- 95
i=1 =1 i=1

1

By deriving an upper bound A% of af, we obtain an upper bound of 7., tf as
follows:

af + &Ff — X <m-A* + &F — @),

M=

tf =
1 i

M=

€

1

To prove that this upper bound cannot be tightened, a case in which Yot s
exactly equal to the upper bound must be given. Thenm - A* + &F — &} isshown to
be the worst case of y 1=, t}. Averaging this result by m, the amortized complexity of
the disk scheduling algorithm X is then obtained.
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2. Amortized analysis for SSTF, SCAN, and N-StepSCAN.
2.1. Analysis of Shortest-Seek-Time-First.

In SSTF, the nearest request is always served next. In the case where more than
one nearest request appears in the waiting queue, we assume, without loss of
generality, that the one with the smallest cylinder number is selected. The direction
toward the nearest request is called the service-direction.

Consider the status after the ith servicing, where 0 < i < m. Let N}* be the number
of waiting requests located in the service-direction, I the distance (in number of
cylinders) between the disk head and the nearest request, and D{® the number of
cylinders in the service-direction. The definition of I and D can be seen clearly in
Figure 1. The potential function of SSTF is defined as

_ . disk head  the nearest
after the ith servicing request

service-direction (—)

| | | |
T

13

I D

t

.

Fig. 1. The definition of £} and D}*,

@?s = Ef Dss ifN?s = 15
min(lff, 2 ) if N¥ > 1.

Three properties associated with @§° are stated in the following lemmas:
LemMa 1. ¥ >0where0<i<m.

Proor. Holds trivially since N{*, I} and Df* are all > 0. |
%

LemMMaA 2. @ < 5 where0 <i<m.

Proor. Consider the case that N%* = 1. Since W > 2, there is at least one waiting
request located in the opposite direction (with respect to the service-direction).
Assuming that the time needed for disk head moving in the opposite direction for the
nearest request in that direction is ¢/, it is clear that Iff < ¢’ or the disk head will move
in the opposite direction. Thus, we have I+t < Q. However, since
L <t, 2Ef < Q,ie., I < Q/2. Therefore, & < Q/2 when N¥* = 1.

In the case when N} >2, since Df <Q, we have &F = min (L, DS/2) <
D2 < Q)2. |
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LemMA 3. &7 < I} where0 <i<m.
Proor. Holds trivially by the definition of @° |

The above three lemmas are used in deriving the amortized complexity of SSTF in
the following theorem.

TueorREM 1 (Amortized Complexity of SSTF). The amortized complexity of SSTF
is{m+ 1)Q/2m.

Proor. Consider the ith transaction, where 0 < i < m. The actual service time to
treat this request is £° and the amortized time is af® = §* + & — ¢{2 ;. To derive an
upper bound A* of af*, the following three cases are considered:

[Case 1]. Nii, =1
In this case, ., = L;_, by the definition of potential function. Then

a =1+ ¢F — I, according to (1),

=+ o7 — L, since ¢, = I_, by definition,

<8+ QR -6, since @ < Q/2 by Lemma 2,
<Q/2 since L5;_, = 1.

[Case 2]. N, > land I _, < D¥ /2.
In this case, @ , is also equal to f_,. Hence a;; < Q/2 as in Case 1.

[Case 3]. N, > land | > D{* /2.
In this case, & , = D{_,. Since Ni* ; > 1, there are some requests, other than the
nearest request, located in the service-direction. Let ¢” be the distance (in cylinders)
between the nearest request and the second nearest one among all requests located
in the service-direction. D¥_,, I5}_,, and t” are shown in Figure 2. After the ith

i—1s Mi-12

_,, disk head second
before.the ?th Servicing  pearest  nearest
service-direction {—) request  request
{ —
T i
| 1 ! |
o bl 1

Fig. 2. The disk system before the ith transaction.
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disk head «
after the ith servicing nﬁ;‘;ﬁf

service-direction (—)  request”

Fig. 3. The disk system after the ith turn.

transaction, the disk system can be illustrated by Figure 3. Because of the “second
nearest request”, the service time of the (i + 1)th turn is bounded by ", i.e., [f < t".
Therefore, we have

@ E<t"<Df, -,
Then, a =1+ &F — P,
<B4 - OF by Lemma 3,

S+ - B ] -9, by,
<D¥,— ¥, since I}, = t¥,
=D$ /2 < Q)2 since ¥72; = D /2,

Hence 4% = Q/2.
The total service time T* to serve a sequence of m requests is then obtained by (3)

as follows:
T =Y i =L 0 + 05 — o)
<m-Q2+ &5 — &5 since af* < 4% = Q)2
<(m+1)-Q/2 since, by Lemma 1 and Lemma 2,

the maximum of &3 is /2 and
the minimum of & is 0.

To show that the upper bound (m + 1) @/2 cannot be tightened, consider a se-
quence of m requests located on cylinders as follows:

(Q/2,0,(0,0/2)™¥72,0),

y

mrr——"———— .. .
where X” means (X, X,,. .., X). Suppose that the number of waiting requests is 2 at
any time and m odd. Then this sequence of requests would be processed as follows:

Q72,0172 Q).
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Hence the total service time of this sequence is (m + 1)- @/2, which is just equal to
the upper bound of T*%. The amortized complexity of SSTF is therefore
(m + 1)Q/2m. u

2.2. Analysis for SCAN.

SCAN is similar to SSTF except that it chooses the nearest request in the
sweepdirection. Assuming that initially the sweep direction is outward, SCAN will
not change this direction until the disk head reaches the outermost cylinder or until
there is no waiting request in this direction, and vice versa.

Consider the status after the ith transaction, where 0 <i < m. If the sweep-
direction is not changed, N¥* is defined as the number of requests having been served,
and D¥ is defined as the distance which the disk head has been moved in the current
sweep (including this transaction); otherwise, Ni° and D{° are set to zero. Ng and
D¥ are zero intuitively. The potential function of SCAN is then defined as

oF = Ny Q/W — D

THEOREM 2 (Amortized Complexity of SCAN). The amortized complexity of
SCAN is Q(m — 1)/ Wm + Q/m.

PROOF.

Consider the ith serving, where 0 < i < m. Suppose that the actual service time to
serve this request is £, the amortized time is af°, and an upper bound of a}* is 4*. To
derive A%, the following two cases are considered:

[Case 1]. The sweep-direction is not changed after serving this request. In this
case, N¥ = N | + land DY = D2 + tf. Then

g =t + o — B,
= ¢ + [NFQ/W — DF] — [N /W — DE,]
= 6 + [Ny + 1) Q/W — (DI, + 6] — [N, Q/W = Dit]
= Q/W.

[Case 2]. The sweep-direction is changed after serving this request. In this case,
N¥=0and Di =0. &F =0.

a = + PfF — P¥.,
=6+ [0] — [N}, Q/W — D]
= — [N&, Q/W — Di ],

Since the minimum length of the waiting queue is W by assumption, the minimum
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number of requests served in one sweep is also W. That is, the sweep-direction
cannot be changed when the number of requests served in the current sweep is less
than W. Therefore, Ni* | > (W — 1) and

g <t —[(W-1)Q/W - D]
<[+ Dty — Q1+ Q/W.

Moreover, since the maximum distance which the disk head moves in one sweep is
Q, tf + D | < Q. Therefore, af* < Q/W.

According to the above discussions, A% = @/W. Let T* be the total service time to
serve a sequence of m requests. Then

T =0t
=", @ + & — & by (3),
<SmQ/W + & — & since a < A4* = Q/W.

Since both N§ and D are zero, ¢§ = 0 and hence T < m Q/W — &%, Moreover,
if Ny=0, then Di=0 and & =0. Otherwise, D¥e[0,0] and
&, = Ny, Q/W — Dy > Q/W — Q. Since Q/W — Q <0, the minimum of &% is
Q/W — Q. Accordingly,

T <mQ/W - (Q/W-Q)<(m—-1Q/W +0Q.
Consider a sequence of m requests which are respectively located on cylinders

(@*, 04"~ 1%, g)

and the number of waiting requestsis 4 at any time. Let W = 4. Suppose that (im — 1)
is a multiple of 8. Then, this sequence of requests should also be scheduled and
processed by the sequence ((Q*, 0)™~ /8 Q). The total service time of this sequence
is 20(m—1)/8 +Q=2Q(m—1)/2W + Q = (m — 1)-Q/W + Q, which is just
equal to the upper bound of T* obtained. Therefore, the amortized complexity of
SCAN is Q(m — 1)/Wm + Q/m. |

2.3. Analysis for N-StepsSCAN,

In N-stepSCAN, requests arc grouped in size of N or less (if less than N requests
remain)according to their arriving order, and are served group by group. A group of
requests is served as follows [8]: (a) Select the direction with nearer farthest request
and move the disk head to this farthest request processing the requests on its path.
(b) Scan back to serve the remaining requests. If no requests remains, (b) is unnecess-
ary. Thus, for each group, at most two sweeps are needed.

Consider the status after the ith turn, where 0 < i < m, and assume that this serves
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a request belonging to the kth group. Let P be the disk head position after the
(k — Dth group of requests is completed, and P’ that after the ith transaction.
Suppose that this is not the last of the kth group. Then F}* is defined as the smaller of
the distance from P to both ends of the disk, i.e., FI* =min(P,Q — P). NMis
defined as the number of requests having been served and D is defined as the
distance which the disk head has been moved in processing the kth group. Other-
wise, FI* = min(P',Q — P)and N* = D¥ = 0. N}°and D§ are also zero intuitive-
ly. The potential function of N-StepSCAN is then defined as

@} = NN/ — DP* + FP°,

where & = min(N, W).
Before analyzing N-StepsSCAN, an important lemma concerning the F* is
proved below.

LemMa 4 (Property of the F*). Consider the processing of a group of requests in
N-StepSCAN. Let this group be the kth group of requests and end with the xth
transaction. D, is the total distance of the disk head moving in the k group. Then,
D+ FF<Q+FE,.

Proor. Consider the case requiring only one sweep to serve this group of
requests. Let P and P’ be the positions of disk head just after the processing of the
(k — Dthand the kth groups of requests. D, = |P — P'|and Fy® = min(P', @ — P')by
definition. Then we only have to consider the following four cases:

[Case1]. P=Pand P =(Q — P).

Inthiscase,Dy + F* =P — P +(Q — P)=P +(Q — 2P).Since P’ 2 (Q — P)),
D,+FF<P<Q

[Case2]. P = Pand P' < (Q — P).

In this case, D + F* = P — P’ + P’ = P. Therefore, D, + F;* < Q.

[Case 3]. P< P'and P = (Q — P).

Then, D, + F¥ =P —~P+(Q—-P)=Q—-P<Q.

[Case 4]. P < P and P <(Q — P)).

In this case, D, + F* =2P' — P.Since P’ <(Q - P), D +F<Q—-P<Q.

From the discussions above, we may conclude that D, + FP® < Q if only one
sweep is needed to process the group of requests.

Consider the case requiring two sweeps. Let D, + Dy = Dy, and D, < F{% | since
the distance between the disk head and the nearer farthest request is Fy~ ;. On the
other hand, the second sweep can be analyzed as it were from a single sweep, which
we did in the above four cases. Therefore, D, + Fi° < Q. Then

D+ F=D,+Dy+Fs<F +Qsince D, <F and D+ F*<Q. B

The amortized complexity of N-StepSCAN is derived in the following theorem.
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THEOREM 3 (Amortized Complexity of N-StepSCAN). The amortized complexity
of N-StepSCAN is (Q/m)[(m — 1)/a + 1].

Proor. Consider the ith serving, where 0 < i < m. Suppose that the actual service
time to service this request is t7*, the amortized time is a, and an upper bound of
a?® is A™. Consider the following two cases:

[Case 1]. This request is not the last served in the current group. In this case,

=F,, NF¥=N,andDF =D, +1"

Therefore, a* =° + &7 — P |
=1 + [N -Q/a — D + F*] — [N, Qo — DI | + F ]
="+ [(N®, + 1) Qla— (D=, + 5+ F* ]

~ [N - Qfa— D™ | + Fr,]
= Qo

[Case 2]. This request is the last served in the current group. In this case, N* = 0
and D¥ = 0.

ap =t + OF - B,
= £ + [N Qo — DI + FP] — [NI%,-Qfoc = DI, + F2]
=+ (] — NP, QJa— DIy + FI2 4]

Consider the size of a group: If N < W, itis N; otherwise it is at least W, It is clear
that the size of a group is at least «(= min(N, W)). Hence N , > (¢ — 1), and

af <67+ F° — [(@— 1) Qo — D2y + Fi2,]
<[P+ D)+ F°+ F—Q— F2, 1+ Qfe.

Moreover, since i + D72, is the total distance of the disk head moved in the process
of the group, (f° + D}2,) + F{* < Q + F/* , by Lemma 4. Therefore, (7 + D ,) +
F% —Q—F*, <0andd < Q/a.

According to the discussions above, 4™ = Q/u.

Let T™ be the total service time of a sequence of m requests. Then

ie=]1 %
<mQfo + PF — D since A™ = Q/u
<m-Qfn — o since &F =0 (e, N’ =D¥F = F&* = ().

Moreover, if N’ = 0, then D} = Oand 9 = F2* > 0. Otherwise, D™ e [0, Q] and
@y =Ny Qo — Dy + F? > Qfa — Q + Fif > Q/a — Q. Since Q/x — Q < 0, the
minimum of ¢ is @/a — Q. Therefore,

T™<m Qla—(Qfe—Q)<(m—1)Q/a+ Q.
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To show that the upper bound (m — 1}-Q/x + Q cannot be tightened, consider
the following case. Suppose N = 5 and the number of waiting requests is 4 at any
time. Let W = 4. Then a = min(N, W) = min(5,4) = 4. Suppose a sequence of
mrequests which are respectively located on cylinders (Q*, 04~ "8 Qyand (m — 1)
is divisible by 8. By the scheduling of N-StepSCAN, this sequence of requests should
also be processed as follows:

(Q*, 04"~ 1rE, g).

The total service time of this sequence is therefore 2Q0(m — 1)/8+ Q =
(m — 1)- Q/a + Q, which is just equal to the upper bound of T™ obtained. The same
result is obtained if we choose N < W in this case. Therefore, the amortized
complexity of N-StepSCAN is (Q/m)[(m — 1)jo + 1]. n

3. A lower bound of amertized complexity for the disk scheduling problem.

To explore how the best scheduling algorithm will behave, a lower bound of the
amortized complexity of disk scheduling problem is derived in the following the-
orem.

THeOREM 4 (Lower bound of the disk scheduling problem). The amortized complex-
ity of any disk scheduling algorithm must be > Q/W.

Proor. To prove the amortized complexity is lower-bounded by Q/W, suppose
that there is a scheduling algorithm with amortized complexity less than Q/W.

Consider a sequence of requests (Q%, 0%)") for arbitrarily large k. Suppose the
number of waiting requests in W at any time. This sequence should also be
scheduled and processed by the sequence (@%, 0% ). The length of this sequence is
2Wk. Since the disk head is initially placed on cylinder 0, the total service time of this
sequence is 2Qk. The average service time of this sequence is then Q/W which
contradicts our previous assumption. u

4. Comparisons.

Here comparisons are made among SSTF, SCAN, and N-Step-SCAN with
respect to their amortized complexities. The results obtained in the previous section
are listed in the first column of Table 1. Note that another famous disk scheduling
algorithm FCFS is actually the 1-StepSCAN. Therefore the row 1-StepSCAN in
Table 1 can be viewed as the complexities of FCFS.

It is difficult to compare these disk scheduling algorithms for arbitrary m from the
first column of Table 1. However, as m — oo, the second column shows that both
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Table 1. Amortized complexities of disk scheduling algorithms.

Method Amortized Complexity Amortized Complexity
{m — o)
SSTF (m+ 1)-Q/2m 02
SCAN (m — )/m-Q/W + Q/m o/w
1-StepSCAN(FCFS) (m~—1)m-Q+ Q/m Q

N-StepSCAN(N < W) (m—1m-Q/N + Q/m Q/N
N-StepSCAN(N = W) (m— 1)/m-Q/W + Q/m o/w
Lower Bound o/w o/w

SCAN and N-StepSCAN with N > W are optimal in amortized complexity, but
N-StepSCAN is not optimal when N < W. We conclude that SCAN is the best disk
scheduling algorithm among SSTF, SCAN, and N-StepSCAN in amortized sense.
The 1-StepSCAN (FCFS) is the worst among them.

5. Conclusion.

The performance of three representative disk scheduling algorithms, SSTF,
SCAN, and N-StepSCAN, are analyzed in amortized sense. A lower bound of the
amortized complexity for the disk scheduling problem is also derived. According to
our analysis, SCAN is not only better than SSTF and N-StepSCAN, but is also an
optimal algorithm. Various authors have studied the disk scheduling problem based
on probability models [4, 6, 8] and concluded that the most acceptable performance
is obtained from SCAN. Our result therefore supports their conclusion.

As far as the authors know this is the first paper performing amortized analysis on
a set of practical algorithms for computer systems. We believe that we have opened
a new field, namely, applying amortized analysis to many existing algorithms
involving a long sequence of operations.
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