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Abstract: The independent error model is often
adopted to simplify the analysis of ARQ stra-
tegies. This assumption, however, is not true for
channels where transmission errors occur in
bursts. The limiting throughput efficiency of a
class of continuous ARQ schemes with repeated
transmissions is analysed under Markovian error
patterns. The scheme without repeated transmis-
sions, i.e. the classic go-back-N scheme, has been
analysed in a previous paper. The results show
that the throughput efficiency can be significantly
increased by transmitting multiple copies of each
data block contiguously to the receiver. The
results obtained are also compared under Mar-
kovian error patterns with those obtained under
the independent error model.

1 Introduction

Automatic repeat request (ARQ) strategies are widely
used to handle transmission errors in a two-way commu-
nication system. The basic concept of ARQ is to detect
data blocks with errors at the receiver and then to
request the transmitter to retransmit the information in
those erroneous data blocks. Stop-and-wait, go-back-N
and selective-repeat are the three most popular ARQ
schemes in use and have been extensively studied. Many
modifications of these basic techniques [2-5, 9] were pro-
posed to achieve a better performance for communica-
tions over channels having high error rates. However,
most of the results regarding the performance of ARQ
schemes were derived based on the assumption of inde-
pendent errors. This assumption, which greatly simplifies
the analysis, is not true for situations where transmission
errors occur in bursts, Markov error models are usually
used to describe such channels.

Leung, Kikumoto and Sorenson [12] analysed the
limiting throughput efficiency of the go-back-N ARQ
scheme under Markovian error patterns. By Markovian
error pattern it is meant that the probability that a par-
ticular data block arrives at the receiver with error
depends on the outcome (success or failure) of the imme-
diately preceding block. Let X, denote the outcome of the
transmission in the ith slot so that X; =0 means the
transmission was a success and X; = 1 means the trans-
mission was a failure. Then the error model studied in
Reference 12 can be described by prob [X;,, = 0|X; =
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0] = p and prob [X;,, = 1|X, =1 = q. In other words,
the channel can be in one of two states, say state 0 and
state 1. A transmission will be received without (with)
error with probability 1 if the channel is in state O (state
1). The state transition probabilities are controlled by the
two parameters p and q. In this model, the average length
of an error burst is equal to 1/(1 — ¢). The quantity
¢ = p + g was defined in Reference 12 as the clustering
coefficient of the Markov system. It was found that the
go-back-N ARQ scheme is more efficient for a Markov
system than an independent error system if and only if
(ff)p+qg=1

Lee [13] studied the throughput efficiencies of the
Sastry’s modified scheme [2] and the scheme proposed
by Moeneclaey and Bruneel [9], under the same Markov
error model. It was found that the Sastry’s modification
is outperformed by either the go-back-N scheme or the
scheme proposed in Reference 9. Moreover, the scheme
proposed by Moeneclaey and Bruneel was shown to be
more efficient for a Markov system than an independent
error system iff p+ g < 1.

2 Investigated ARQ schemes

The operation of the investigated ARQ schemes can be
described as follows. A chunk of n (n = 1) or less copies
of each data block are transmitted contiguously to the
receiver. An error detection procedure is performed at the
receiver on each received copy. A positive (ACK) or a
negative acknowledgement (NAK) is sent to the transmit-
ter according to whether the copy is received successfully
or erroncously. The data block is considered to be suc-
cessfully delivered as long as at least one of the copies is
correctly received. If all the n copies of a data block are
negatively acknowledged, then, just as in the classic go-
back-N ARQ strategy, the transmitter goes back to that
data block and sends another chunk of n or less copies of
the same data block. n = 1 corresponds to the go-back-N
scheme and n = oo corresponds to the scheme proposed
in Reference 9.

Assume all the data blocks are of fixed length and time
is divided into slots so that the duration of each slot is
equal to the transmission time of a copy of any data
block. Transmissions and retransmissions can only start
from slot boundaries. The round-trip delay r is assumed
to be fixed and is equal to an integral number of slots.
The round-trip delay is defined to be the time interval
between the end of the transmission of a copy and the
receipt of its response. The feedback channel is assumed
to be noiseless for simplicity.

Consider a particular (re)transmission of a data block.
Clearly, if the round-trip delay is larger than or equal to
n — 1, then all the n copies have to be sent before any
response of the data block arrives at the transmitter.
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However, if r <n — 1, then an ACK for the data block
may return to the transmitter before all the n copies are
transmitted. When this occurs, the transmitter will start
transmitting the next data block rather than continuing
transmitting the rest copies. Therefore, the phrase ‘or less’
was used in the description at the beginning of this
Section. Fig. 1 illustrates the operation of one of the
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Fig. 1 Operation of investigated ARQ scheme
n=6r=3

receiver

investigated ARQ schemes for n = 6 and r = 3. Notice
that all the six copies of a data block have to be transmit-
ted if the first two copies arrive at the receiver erron-
eously (for example, see the transmission of data block i).
However, it is also possible that less than the maximal
allowed number of copies (six, in this example) are
actually (re)transmitted. For example, since the first copy
of data block i + 1 is successfully received, there are only
four copies transmitted.

3 Analysis of throughput efficiency

Remember that the random variable X is used to denote
the outcome of the transmission (or equivalently, state of
the channel) in the ith slot so that X; =0 means the
transmission in the ith slot is a success and X; = 1 means
the transmission is a failure. For convenience, let

T=[p 1—p:|
1-q9 ¢

denote the channel state transition matrix. It can be
shown that the matrix T can be decomposed into

T=QAQ !

where

|1 1=p
Q‘[l q—l]

and
[1 ]
0 p+tqg—-1

Therefore, the k-step transition matrix denoted by T* is
equal to @QA*Q . After some algebraic manipulation

o ! [1 —-q 1- p]
2-(p+9ll—-q 1-p
+(p+q—1)"[1—p p—l]
2-p+qlg—-1 1—g¢g
Let t¥(i, j = 0. 1) denote the (i, j)th entry of T For conve-
mence, allow k to be zero and define t3, = ¢, = 1 and
19, =195 =0.
Consider a particular value of n. The transmission

sequence can be divided into cycles so that each cycle
starts with n consecutive 1s, ie. an unsuccessful

512

(re)transmission of a data block. Fig. 2 shows a typical
transmission sequence for n =3 and r = 4. For clarity,
spaces are inserted in Fig. 2.

Define the throughput efficiency n(n) to be

number of data blocks successfully
received by slot {

n(n) = him
o !
start of cycle cycle 2
transmission IO'IO 111 0100 000 110 001 l 111 1110 110 000 011101 [ 111 ..
n=3r=4

}e-length of cycle 1+

Fig. 2  Typical transmission sequence forn = 3 andr = 4

where ! is an integer. This definition is independent of the
code used for error detection. The actual throughput effi-
ciency is equal to 17, n(n) where o, = k/m if a (m, k) code is
used. Let a(n) and L(n) denote the average number of
data blocks successfully transmitted in a cycle and the
average length of a cycle, respectively. By the regenerative
theorem [15], y(n) = a(n)/L(n). Therefore, the remaining
work is to compute the values of a(n) and L(n).

Since each cycle starts with n consecutive ls, it is not
hard to see that the value of L{(n) is equal to ¢}, Ls(n)
+ 7, Len), where Lg(n) and Lg(n) represent the expected
cycle lengths conditioning on the transmission in the
(n + r)th slot of a cycle is a success or a failure, respec-
tively. Similarly, a(n) = t7o05 (1) + t},05(n), where ag(n)
and ax(n) denote the expected number of data blocks suc-
cessfully received in a cycle conditioning on the same
events stated for Lg(n) and Lg(n), respectively. The follow-
ing two cases should be considered separately.

Case 1, n<r+ 1: When n<r+ 1, all the n copies of
each (re)transmission have to bc sent. Let S, ,, denote the
event that the transmission in the (n + r)th slot is a
success. Let 4;,i=1,2,..., n, denote the event that the
first successful retransmission of the negatively acknowl-
edged data block occurs at the (n + r + i)th slot. Clearly,
({Jr=y A) represents the event that there is no data
block successfully received in a cycle.

The values of Lg(n) and Lg{n) can now be computed.
Notice that, as far as the length of a cycle is concerned,
there is no difference if the leading (n + r) slots of the
cycle are deleted and the following (n + r) slots added
(see Fig. 2). A recursive formula for Lg(n) can therefore be
expressed as

Ly(n) = Z prob (4;S,.)[n + g’ Ls(n)
+ 637 L] + (1 — p)g" '(n + 1)
Since
_Jp i=1
prob (Aif5,+) = {(1 -pgd Al —q) 2<i<n
then
Lg(n) = p[n + tho 'Lg(n) + 137 ' Lm] + (1 — p)
x (1 — q)[n + thy2Ls(n) + tp7*Le(n)]
+ (1 —p)(l —g)[n + 15 3Ls(n) + 1373 Lgn)

+ o+ (L =pig" ¥ —g)

% [+ too Lg(n) + to, Le(m] + (1 — p)g"~?

x(I—gn+Lml+ (1 —p}g" '(n+r (1)
IEE PROCEEDINGS-1, Vol. 138, No.6, DECEMBER 1991



After some algebraic manipulations, eqn. 1 reduces to

ay Ldn) + a, Le(n) =n+r(l = p)g"~* @

where

n-2
ap=1- [Pti')&l +1-pd-q qit'éﬁz_i] 3)

=0

and
n—3
a3 = — [Pt’éI‘ + (1 —pXt — q).;]q‘t?)fz"':l @)

Similarly, a recursive formula for Lg(n) can be derived
and another equation of Lg(n) and Lg(n) can be obtained:

ay1Ls(n) + az; Le(n) = n + rq" (%)
where
n-2 X .
a3 = —[(1 = oo’ +a(l ~q) Y g'tse* 7] (6
i=0
and

n-3
ay=1- [(1 — Qo' +q(l - q)_Zoq"ts;z*‘} U]

As for the computation of a(n), since a(n) = t7,agn)
+ t,26(n), only the values of ag(n) and ag(n) are required.
By similar derivations

anastn) + agp0p(n) = 1 — (1 - p)g" ! ®)
and
azlas(n) + ay; ap(n) =1— qn (9)

It can be verified that agn) > agn) iff [1—(1
— P)g" " W@z + a33) — (1 — g"¥ay, + ay;) 2> 0. Since a,,
+ay;=¢" and a;; +a;, =(1 —p)g"" ", then ag(n) >
ap(n) iff p+ q > 1. Similarly, it can be verified that
Lg(n)> Lg(n) iff p+q=>1. Let n(n) represent the
throughput efficiency for values of n belonging to case 1.
Then

thoas(n) + t7;2(n)
tio Ls(m) + t7, Lp(n)
where Lg(n) and Lg(n) can be computed by solving eqns. 2

and 5 and ag(n) and ox(n) can be computed by solving
eqns. 8 and 9.

74(n) =

Case 2, n>r+ I: When n > r + 1, the transmitter may
receive an ACK before all the n copies of a data block are
transmitted. Therefore, the recursive formula for Kg(n)
can be expressed as

Lg(n) = plr + 1 + too Ls(n) + to,Le(n)] + (1 — p)
X (1 —q)lr + 2 + tho Ls(n) + t5, Le(n)]
+ (1 = p)g(l — @r + 3 + 150 Ls(n) + 15, Le(n)]
+o+(L=pg" T HL—q)
x [n + tho Ls(n) + o Le(m)] + (1 — P)‘firil
x (1 — g)ln + o' Lo(n) + 57" Le(n)]
+ o+ (1 = p)g" (1 — g)ln + Lg(n)]

+(1=pg" i+ (10)
After some manipulations, eqn. 10 can be reduced to
by Ls(n) + byp L(n) = X (11)
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where
n—r—2
by =1 —{[p+(1 —-pXl—g) i;} 4‘] %0
n—2
+1-p-a X ﬂq‘tsaz"} (12)
n—r—2
b= — {[p +(1=pXl—q) ;0 q‘]ﬂn
n—3
+(1 —pNl — q)_= Z_lq‘t'éiz‘i} (13)
and
n—r—2
X=pr+1)+(1-pXl—gq gdr+2+9
i=0
n—2
+(1—p)l — 9 Z_lmf +(1—pg '+

(14)

A recursive expression for Lg(n) can be similarly der.ived
and another equation of Lg(n) and L{(n) can be obtained.
The result is shown in the following equation:

by Ls(n) + bys Le(n) = Y (15)

where

n—r—2
by = — {[(1 - +4ql—q ) qi]troo

i=0

+q0 - q)iz:iilq"taa“} (16)
bz =1~ {[(1 —q) + 4l ~ q)”l;zq*]:al
+4q(1 - q)._"filq"t'ﬁz"} (17)
and o
Y=(01-gr+1)+q(- q)n:g)zqi(r +2419)
+all - 4)22 it as)

The two simultaneous equations of agn) and ax{n) which
are obtained from their recursive expressions can be simi-
larly derived. The results are

bias(n) + braagn) =1 —(1 — p)g" ! 19
and
baas(n) + byaan) =1 —¢" (20)

Again, it can be verified that agn) > ag(n) and Lg(n) >
Lgn) iff p + q > 1. Moreover, the throughput efficiency
for values of n belonging to case 2, denoted by #,(n), can
be computed by

_ thoas(n) + 7 ,axn)
T2 = o L) + 01y Leln)

where Lg(n) and Lgn) should be computed by solving
eqns. 11 and 15 and ag(n) and a-(n) should be computed
by solving eqns. 19 and 20.

It can be easily verified that a;=1b; (i, j=1, 2),
X=n+r(l—pqg", and Y=n+rq" when n=r+ 1.
Therefore, n,(r + 1) = 5,(r + 1), which is a verification of
the derivations. Besides, when n = 1, which belongs to
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case 1, the throughput efficiency # (1) is given by

(l—-gll—(+q—-1)""]
r+HR2-(@+ 910 —p)
+1-qlp+q-1""]
the same as eqn. 2.10 obtained in Reference 12. Finally,
when p + g = 1, which corresponds to the independent

error model, the expressions of #,(n) and #5,(n} can be
reduced to

() = @y

g
ni = )
and
nan) = (1-a0 g 23)

Ml—q+rl—gq"+1-4q""

which were also obtained in Reference 11.

The above derivations for case 2 cannot be used to
compute the throughput efficiency for the case when
n = oo because all the values of Ly(n), Li(n), as(n), and
ax(n) become infinity for this case. A different approach is
used here to compute #,(c0). When n = o0, a new data
block will not be transmitted until an ACK for the imme-
diately preceeding data block arrives at the transmitter.
The transmission sequence can therefore be divided into
cycles so that each cycle ends with a 0, i.e. a successful
transmission. Fig. 3 illustrates a typical transmission

cyclel cycle 2 cycle3

start of

transmission | 1111110 { 0101 111111111 0 | 0001 O .’111 .
r=4 r=4

Fig. 3  Typical transmission sequence for n = oc and r = 4

sequence for this particular ARQ strategy. Let 85 and Br
denote the average cycle lengths conditioning on the
transmission in the rth slot of a cycle is a success or a
failure, respectively. Then

Bs=r+p+21—pKl —g) +3(1—-p)
x gl ~q)+ 41l —p)g*(l —q)+ -~ (24)
After some manipulation

1—p
= 1+—
Bs=r+ 1+ — . (25)
The value of fi; can be similarly computed and the resuit
is

q

p=r+1+ '1—‘_—; (26)
It can be verified that fg<f, iff p+g=1. Since
12(0) = 1/ (tho Bs + 151 8F)
1 g2—(p—
ny(o0) = (1 —92—-(—qg)] @7

T+ UR2— -9l - g
+(=pll—(p+qg—1y*Y)

The same result was given in Reference 13 without deri-
vation.

4 Numerical results

In this Section some examples are studied and the results
for Markov systems are compared with those for inde-
pendent error systems. For a Markov system with state
transition matrix

T:[p l—p]
l—-qg ¢
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the stationary probability distribution is given by
[t —g 1—~pl/2—p—q). The effective block error
probability for the corresponding independent error
system is therefore equal to (1 — p)/(2 — p — q).

Fig. 4 shows the comparison of the throughput effi-
ciencies of a Markov system and its corresponding inde-
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Fig. 4  Throughput efficiency against maximal number of copies
r=5p=01

- Markov error model
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pendent error system for round-trip delay r =5 with
p=0.1and g =0.1, 0.5, and 0.9. There is only one curve
for g = 0.9 because a Markov system is identical to its
corresponding independent error system if p+q=1.
The classic go-back-N ARQ scheme (n = 1) is less effi-
cient for a Markov system than its corresponding inde-
pendent error system when p + g < 1 [12]. The curve for
g = 0.9 can be shown [11] to be monotonically increas-
ing with #,(c0) = 1/15. Besides, the maximum throughput
efficiency of a Markov system is larger than that of its
corresponding independent error system under the con-
sidered values of p and ¢q. For example, the maximum
throughput efficiency is equal to 0.41 (which occurs at
n =2) for the Markov system and is equal to 0.241
(which occurs at n = 3) for its corresponding independent
error system when p = g = 0.1.

Fig. 5 shows another comparison for p =0.5. The
same properties as stated for the curves shown in Fig. 4
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Fig. 5  Throughput efficiency against maximal number of copies
r=5p=05

---——  Markov error model
- - - - independent error model

can be observed in this Figure. The only exception is that
the maximum throughput efficiency of the Markov
system is smaller than that of its corresponding indepen-
dent error system when p=09. Fig. 6 shows the
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throughput efficiencies for p = 0.9. It can be seen that,
under such a large value of p, the go-back-N scheme is
the optimal choice for the Markov system. However, the

0.6

0.2

throughput efficiencyn(n}

0 2 4 6 8 10 12 14 16
maximal number of copies n

Fig. 8  Throughput efficiency against maximal number of copies
r=5p=09

- - Markov error model

——— - independent error model

optimal value of n could be greater than unity for the
corresponding independent error system. Again, the
maximum throughput efficiency of the Markov system is
larger than that of its corresponding independent error
system under the considered values of p and q.

Figs. 7-9 show similar results for round-trip delay
r=10. The maximum throughput efficiency of the

0.4
[
03r

Q.21

throughput efficiency n(n)

0 2 4 6 8 10 12 14 16 18 20
maximal number of copies n
Fig. 7 Throughput efficiency against maximal number of copies
r=10;p =01
-— Markov error model
- - - independent error model
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Fig. 8  Throughput efficiency against maximal number of copies
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Markov error model
- - - — independent error model
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Markov system is again smaller than that of its corre-
sponding independent error system only when p=0.5
and ¢ = 0.9 (Fig. 8).

Figs. 4-9 show that the maximum throughput effi-
ciency is in general greater than #,(1), the throughput effi-
ciency of the classic go-back-N ARQ scheme. Moreover,
the function #,(n) converges rapidly to #,(cc). Consider
the curve for ¢ = 0.1 in Fig. 9. This curve is a monotonic
decreasing function of n of n > 10 with #,(cc) = 0.09.
Consider the values of n,(11) and #,(20). Intuitively,
n(11) can be approximated by 1/11 = 0.091 because for
r = 10 all the 11 copies have to be sent in each transmis-
sion and the probability that at least one of the 11 copies
will be received successfully is equal to 1 — (0.1)'F ~ 1,

05[

O4r
G3r

0.2r

throughput efficiency n (n)

0.1F

L s _

0 2 4 6 8 10 12 14 16 18 20
maximal number of copies n

Fig. 9  Throughput efficiency against maximal number of copies

r=10: =09

—-- - Markov error model

- - - - independent error model

Similarly, #,(20) can be approximated by 1/[0.9

1001y 71 (10 + i) + 20x(0.1)'°] ~ 0.090. The values of
n,(11) and 7,(20) reveal that 5,(n) does converge to #7,(oc)
very fast for this example. Similar arguments can be
applied to the curves in the other Figures. As a result,
n,(cc) can be used as a good approximation of n,{n) as
long as n is moderately larger than r. This observation is
very helpful in searching for the optimal value of n. A
final point which is worth mentioning is that, given the
state transition matrix 7, the optimal value of n tends to
be larger as the round-trip delay increases. For example,
when p = g = 0.5, the optimal value of n is equal to 3 for
r = 5 and is equal to 4 for r = 10.

5 Conclusions

The limiting throughput efficiency of a class of contin-
uous ARQ schemes with repeated transmissions has been
analysed. It was shown that the throughput efficiency can
be significantly increased by transmitting multiple copies
of a data block contiguously to the receiver, especially for
channels having large round-trip delays. The function
n,(n) seems to be convex (if n is considered as a continu-
ous variable) and the function #,(n) seems to be either
monotonically increasing or decreasing. However, to for-
mally prove these properties seems very difficult unless
p+q=1 The performance of investigated ARQ
schemes under other related error patterns can be further
studied.
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