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EXISTENCE AND MULTIPLICITY OF POSITIVE RADIAL SOLUTIONS
FOR SEMILINEAR ELLIPTIC EQUATIONS IN ANNULAR DOMAINS*

SONG-SUN LINtf AND FENG-MING PAIt

Abstract. The existence and multiplicity of positive radial solutions of equation Au + f(u) =0 is studied
in annular domains in R", n = 2. It is proven that if f(0) = 0, f is somewhere negative in (0, ) and superlinear
at oo, then there is a large positive radial solutions on all annuli. If f(0) <0 and satisfies certain conditions,
then the equation has no solution if the annuli are too wide. Multiplicity results are also obtained when f
has many humps with positive areas.
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1. Introduction. In this paper we consider the existence and multiplicity of positive
radial solutions of the semilinear elliptic equation

(1.1) Au(x)+f(u(x))=0 ina<|x|<b,
(1.2) u(x)=0 on|x|=a and |x|=0b,

xeR", n=2 and fe C'((0,0))NC([0, 0)) satisfying the following hypotheses:
(H1) fis negative somewhere in (0, ©);
(H2) fis superlinear at u =00, i.e., lim,_ . f(u)/u=00.

One of the problems for semilinear elliptic equations in annular domains which
have been studied quite extensively in recent years is:

(P) Does (1.1), (1.2) possess a positive radial solution in every annulus?

The answer to (P) was proved affirmative by Nehari [20], assuming that f is
positive in (0, ©) and satisfies the condition: 38>0 such that f(u)/u'*® is monotone
increasing in (0, ).

Later, (P) was studied by Kazdan and Warner [15], Ni and Nussbaum [21],
Bandle, Coffman, and Marcus [2], Garaizar [13], and Lin [17].

In [2], Bandle, Coffman, and Marcus showed that the answer to (P) is affirmative,
provided that fis positive in (0, ) and satisfies the following conditions:

(A1) fis nondecreasing in (0, ©);
(A2)  lim,,of(u)/u=0;
(A3) lim,, o f(u)/u=oco0.

In [2], it is remarked that (A1) is not a necessary condition for existence. This
have been confirmed by Coffman and Marcus [8] and Lin [17] independently.

With a suitable change of independent variable, (1.1), (1.2) become equations of
the form

(1.3) w'(t)+G(t,u)=0, t<t<t,,
(1.4) u(ty) =0=u(ty).
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In [3], Bandle and Kwong showed that the answer to (P) is affirmative if G satisfies
the following conditions:
(G1) G is C’ in its first variable and C' in its second;
(G2) lim, . G(t, u)/u =c0 uniformly on every [1,, t,];
(G3) lim,,_,, G(t, u)/u =0 uniformly on every [{,, t,].

G(t, u) is now allowed to be negative for small positive value and G(t,0) =0 is
assumed implicitly with the limit involved exists and finite in (G3).

In this paper, we first generalize the results of Bandle and Kwong [3], showing
that (P) is affirmative if (H1), (H2), and (H3) are satisfied.

(H3) f(0)=0.

Moreover, solutions obtained are “large” in the following sense: By (H1), there exists
(uy, u*) = (0, 0) such that

(1.5) flu)z=0 in(u*, ), fu)<0 in(uy, u®), fluy) =f(u*)=0.
Let y> u* be the smallest number such that

Y
(1.6) J f(u) du=0.
U
The solution u of (1.1), (1.2) is called large if
(1.7) |lul|=max {u(x): a=|x|=b}=v.

On the contrary, Garaizar [13] showed that (P) is negative, i.e., (1.1), (1.2) has no
positive radial solution if b—a is too large, if f satisfies the following conditions:
(i) £(0)<0;
(ii) There exists @ > 0 such that F(u)=0 in (0, #) and f(u)>0 in (@, 0);
(iii) There exists k>1 and d,=d,> 0 such that d,u*=f(u)=d,u* for u large,
where

F(u)= Juf(t) dt.

We can also obtain a similar nonexistence result without assuming condition (iii),
i.e., if (H2) and the following hold true:
(H3)'(i) f(0)<0;
(ii) There exists # >0 such that F(u) <0 in (0, #] and f(u) >0 in (&, o).
On the other hand, when f changes signs, the existence of multiple positive
solutions of the equation

(1.8) Au+Af(u)=0 inQ,
(1.9) u=0 ondQ,

A=0 and Q is a bounded smooth domain in R", n=2, has been studied by many
authors (see, e.g., Brown and Budin [5], Hess [14], de Figueiredo [12], Clement and
Sweers [6], and Wang and Kazarinoff [24]).

In [14], Hess showed that if f satisfies the following conditions:
(f,) f(0)>0;
(f,) There exist m numbers i, >d,,_,> - >#;>0 such that f(if)=0 for k=
1, -, m;
(f;) O<max{F(s):0=s=u_}<F(it), k=2,---,m,
then there exists a number A > 0 such that for all A > A, (1.7), (1.8) have at least 2m —1
positive solutions @, , u,, @y, * * *, Uy, ty, such that ||d, || <, and @, < |||, || de | < ik
for k=2,:--,m, and dy_, <l and u, <y for k=2, , m.
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Later, de Figueiredo [12] obtained the existence of 2m —1 ordered positive sol-
utions under slightly different assumptions.

In this paper, we show that if f satisfies (f,) and (f5), then there exists b,, > a such
that for any b > b,,, (1.1), (1.2) has at least m ordered positive radial solutions u;, with
|||l € (i —y, i) for k=2, -+, m. Moreover, if f(0)=0, then (1.1), (1.2) has at least
2m —1 positive radial solutions for b > b,,.

For the other related problems, note the following:

(i) Uniqueness of positive radial solution, when f(u)> 0 for u € (0, ), has been
studied by Ni and Nussbaum [21], Bandle, Coffman, and Marcus [2], Bandle and
Kwong [3], and Coffman and Marcus [8].

(ii) Symmetry breaking for positive radial solutions has been studied by Brezis
and Nirenberg [4], Coffman [7], Suzuki and Nagasaki [22], [23], and Lin [16], [18],
[19].

The methods used in this paper are shooting techniques, the phase-plane method,
and variational methods. All results obtained in this paper can also be generalized to
Jf(r, u) which satisfies certain uniformity assumptions in r as in (G2) and (G3).

The paper is organized as follows. In § 2, we obtain some preliminary results
which are useful. In § 3, we prove that (P) is affirmative when (H1) ~ (H3) are satisfied.
In § 4, we prove (P) is negative when (H1) ~ (H3)’ are satisfied. In § 5, we obtain the
multiplicity results for wide annuli.

2. Preliminaries. Since we are interested in positive radial solutions of (1.1), we
write (1.1), (1.2) in the form

n—1

2.1) u"(r)+ u'(r)+f(u(r))=0 in(a,b),

2.2) u(a)=0=u(b).

For fixed a >0, we consider the family of solutions u(-)=u(-, a) of the initial
value problem

r

(2.3) u"(r)+ n-1

" u'(r)+f(u(r))=0 forr>a,

2.4) u(a)=0 and u'(a)=aq,

where a =0 is the shooting parameter. Furthermore, (2.3), (2.4) can also be written
as a dynamical system

(2.5) u'=uv,

(2.6) v’=—":1 v—f(u),

with initial data

2.7 u(a)=0 and v(a)=a.
We define an energy function H(-)= H(u(-, a)) by

(2.8) H(r)=2%0*(r)+ F(u(r)).

Then, along each trajectory of solution of (2.5), (2.6), H is decreasing; in fact,

(2.9) H(r)= "1

u(r)=0.

Furthermore, H(r) is strictly decreasing in r if a >0.
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We first classify the solutions u(-, a).

DerINITION 2.1. For any a =0, « belongs to one of the following three disjoint
sets:

(i) ae€ P (or u(-, a) is a P-solution) if u(r, «)>0 for all r> a,

(ii) @€ N (or u(-, a)is an N-solution) if there exists b(a) > 0 such that u(r, a) >
0in (a, b(a)), u(b(a), @)=0 and u'(b(a), @) <0,

(iii) a € T (or u(-, a) is a T-solution) if there exists b(a)> 0 such that u(r, «)>0
in (a, b(a)), u(b(a), @) =0 and u'(b(a), a)=0.

We then state some simple but basic properties of solutions u(:, a).

LeMMA 2.2. (i) If a € N, then u(-, a) has only one local maximum.

(ii) If ae NU T, then H(u(r, a))>0 for re(a, b(a)).

(iii) If (H2) is satisfied and u(r, @) >0 for all r> ry= a, then u(r, a) is bounded.

(iv) N is an open set.

Proof. (i) The proof of (i), in the general case, was given by Garaizar [13]. The
main idea is using energy H(r), which decreases along the trajectory, and then obtain
the following two facts:

(a) the trajectory cannot cross (intersect) itself;

(b) the trajectory cannot be tangent to the u-axis.

Therefore, (i) can be proved. For the details, see [13, Lemma 1].
(ii) Since H(u(b(a), a))=0, (ii) follows.
(iii) Since
H(u(r, @))=3u"*(r)+ F(u(r, a))= H(u(a, a)) = a?/2,

we have F(u(r, @))=a?/2 for all r=r,. Therefore, (H2) implies u(r, a) is bounded.

(iv) By the Implicit Function Theorem, b(a) is continuously differentiable in N
and N is an open set. 0

The following lemma indicates there is a great difference between cases f(0) =0
and f(0) <O.

LemMA 2.3. If f(0)=0, then T = ¢. Furthermore, if a € T then u(r, a)> 0 for all
r>b(a).

Proof. If f(0) =0, then (u, v) = (0, 0) is an equilibrium. Hence, T = ¢. If f(0)>0
and there were a € T, then u"(b(a), a) = —f(0) <0. Therefore, u(r, a) <0 for r < b(a)
and sufficiently close to it, a contradiction. This proves T = ¢.

If a € T, then it is necessary that f(0) <0. Since H(u(b(a), a)) =0 implies that
H(u(r,a))<0 for all r>b(a), then u"(b(a), a)=—f(0)>0 implies that u(r, a)>0
for all r> b(a). 0

The following lemma plays a crucial role in the study of problem (P).

LEMMA 2.4. If there is a sequence {a,} = N U T such that

a>a@>0 and b(ay)>©

as k-0, then @ae P and u( -, &) satisfies the following monotonicity property:
(M) (i) u(r, @) is either strictly increasing in (a, ) or there exists a, > a such that
u(r, &) is strictly increasing in (a, a,) and strictly decreasing in (a,, ).
(ii) u(r, @)~ 1 as r-> oo where f(i) =0.

Proof. First, we observe that u(-, @) cannot have a local maximum followed by
a local minimum. Otherwise, by continuous dependence of ordinary differential
equations (o.d.e.), for k sufficiently large, u(r, a;) will have at least two local maxima
in (a, b(ay)), a contradiction to Lemma 2.2(i). It is also clear that u(r, &) cannot be
constant on any finite interval of (a, ). Hence, u(-, &) satisfies (M)(i). Condition
(M)(ii) follows by Lemma 2.6 which will be proved later.
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As in [2], [3], and [17], it is sometimes convenient to study the existence problem
in the form of (1.3), (1.4).
For n=3, in terms of variables

(2.10) s=r" and w(s)=u(r),
equations (2.1), (2.2) can be rewritten as

(2.11) w"(s)+p(s)f(w(s))=0 in (s, s,),
(2.12) w(so) =0=w(s,),

where p(s)=(n—-2)"2s"% k=(2n-2)/(n-2), so=b>", and s,=a*". For n=2, in
terms of variables

s=3—loga+logr and w(s)=u(r),

equation (2.1) can also be written as (2.11) with p(s)=a%e* !, so=3% and s,=

—31—log a+log b. In the remaining part of the section, we only treat the case n=3;
the case n =2 can also be treated analogously.
The associated initial value problem, now backward shooting in an s-variable, is

(2.13) w'(s)+p(s)f(w(s))=0 fors<s,,
(2.14) w(s;)=0 and w'(s;)=-8,

where B8 =0 is the shooting parameter and s, = a* " is a fixed number.
It is easy to check that (2.13), (2.14) is equivalent to

(2.15) w(s)=B(s1—s)—JSI(t—s)p(t)f(w(t)) dt fors<s,,
and the solution w(-, B) also satisfies the following equation:
(2.16) w(s)=w(s)+ w’(§)(s—§)+4[_s(t—s)p(t)f(w(t)) dt for0<s, §<s,.

The associated energy function V is defined by
(2.17) V(s)=V(w(s, B)) =3w"(s)+p(s) F(w(s)).
It is clear that
V'(s)=p'(s)F(w(s)),

and so

s

(2.18) V(s)= V(§)+I_ p'(t)F(w(t)) dt

s

for 0<s, §<s;.
If w has a zero in (0, s,), denote

so(B) =inf {so: w(s, B)>0in (so, 51)},
and v(B) € (so(B), s,) satisfies
w(v(B), B) =max {w(s, B): s € (so(B), s1)}.

With a modification of the argument used in Lin [17], we can prove that s,(8)
and v(B) are well defined for sufficiently large B8 and tend to s, as B—>oco. For
completeness, we also give a full proof here.
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LemMMA 2.5. If condition (H2) is satisfied, then s,(B) and v(B) are well defined for
sufficiently large B. Moreover,

(2~19) ;i_l};lo V(B)=Sl’

(2.20) lim so(B) = sy,
B>

and

(2.21) [1313}0 w(v(B), B) =co.

Proof. We first prove (2.19). If (2.19) were false, then there would be a point
1€ (0, s;) and a sequence B, - o with

(2.22) wi(s)>0 and wi(s)=0 in (v, 5y),

where wi(s) = w(s, Bi).
Letting §=(v,+s,)/2, we claim that

(2.23) lim sup w(§) = 0.

k-0
Suppose this is not the case; then there exists a constant M >0 such that
(2.24) wi(5)=M for all k.
Now, by (2.16) and (2.24), we have

wil(5) =3 Bulsi - vO)-j_ (1= (Of o0y (1) di =3 By(s, = 79) = G

for some constant C = 0. But, by (2.24), this is impossible. Therefore, (2.23) holds.
By choosing a subsequence of B, if necessary, we may assume that

(2.25) ll(im wi(§) = 0.

Denote
hi(s) = f(wi(s))/ wi(s)
in (v, §) and
my =inf {h(s): s €[ v, §1}.
By (2.25) and (H2),

(2.26) lim my = o,
Now wi(s)+ p(s)h(s)wi(s)=0in (¥,, §) with p(s)h (s) = p(5)m, in (v, §). By (2.26)
and the Sturm Comparison Theorem, w;, has zeros in (v,, §) for sufficiently large k.
But by (2.22) this is impossible. This proves (2.19).

Next, we prove (2.21). By (2.18), we have

s

%Bi = p(vi) F(u(vi)) + j (1) F(we(1)) di,

Vk

where v, = v(B;), which implies that F(w,(»,))-> 0 as k—>co. By (H2), (2.21) follows.
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Finally, we prove (2.20). If (2.20) were false, then there would be a point s, € (0, s,)
and a sequence B~ with
(2.27) wi(s)>0 in (5o, ).
Denote §=3(so+ s;). By (2.19), we may assume that § < v, for all k. We first claim that

(2.28) lim sup w(5) <co.

k00
Let

L,=min {w,(s): se[5, v ]}.
Then, there exists L> 0 such that
(2.29) L,=L forall k.

Otherwise, by the Sturm Comparison Theorem again, w, has a zero in (5, v), a
contradiction to (2.27).

If w(5)= L, then (2.28) holds.

If wi(5)> Ly, let s, € (5, vi) such that wi(s¢) = Li. Denote r, = si/*™, 7=
and u, = w,. Then u;(r,) =0, and we have

H (u, (1)) = F(Ly) = H(w (7)) = F(u(7)).

51/(2—n)’

By (H2) and (2.29),
uk(f‘) =M

for some constant M > 0. This proves (2.28).
By (H2), there exists u™> 0 such that f(u)> 0 for all u> u*. Denote

A ={s€(0, 7): we(s)=u™}.

Then by (2.16), we have

wi(vi) = wie(85) + wi(5) (v — 5) + Jyk (t=w)p()f(wi(t)) dt

s

= wi(8) + wi(5)(m —5) + L (t=w)p () f(wi(1)) dt

=we(5)+wi(8)(p—5)+C
for some constant C =0. Hence, by (2.20), we have

(2.30) ,l(im wi(§) = 0.
On the other hand, by (2.16) again, we have

W(50) = Wi () + W(5) (50— 5) + j (1= s)p(1)f (W (1)) dt
= W) =3 wh() (51— 50— L (t=50)p (O (wi (1)) dt

éwk(s-)—i(sl—so>w;(§)+cl
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for some constant C; =0. By (2.28) and (2.30), w,(sy) > —0 as k-0, a contradiction
to (2.27). This proves (2.20). O
LemMa 2.6. If u(r, @) >0 for r>ry= a, then

(2.31) lim inf |u(r, @) — Z| =0,
where Z={i=0:f(ii)=0} and |u—2Z|=inf{lu—id|:deZ}. In particular, if

lim,, . u(r,a)=u=0, then f(ii)=0.
Proof. If (2.31) were false, then there would be an £ > 0 such that

|f(u(r, a))|ze.
Denote w(s, 8) =u(r, ). Then by (2.15)
|w(s, B)|>© ass—>0".
This is impossible in viewing w(s, 8)>0 and Lemma 2.2(iii). 0

3. Existence of large solutions when f(0)20. In this section we shall prove that if
(H1)~ (H3) are satisfied, the answer to (P) is affirmative. We first prove the following
lemma.

LEMMA 3.1. If a € N and ||u|| = y then

(3.1) full >,
where vy is in (1.6). A similar result holds for a € T with
3.2) max {u(r,a):rela, b(a)l}=y.
Proof. If a € N, by Lemma 2.2(i), there exists a unique 7(a) € (a, b(a)), such that

(3.3) u(r(a), @)= |lul.
Let r,(a) e (7(a), b(a)) such that

u(n(a), a) =u,,
where u, is in (1.5). Then

H(u(7(a))) = F(u(r(a)))> H(u(r\(a)))> F(uy),

which implies

u(7r(a))
J f(u) du>0.

Us
Hence u(7(a))>v. This proves (3.1). By the same argument, we can obtain (3.1) if
a € T and (3.2) holds. 0
LemMMA 3.2. Assume conditions (H1) ~ (H3) are satisfied. Then

3.4) Ny={ae N:|u(-, a)|> v}

is a nonempty open set.

Proof. By Lemmas 2.3 and 2.5, N, is nonempty. By Lemma 3.1 and continuous
dependence of o.d.e., N, is an open set. 0

We can now prove the main result of this section.

THEOREM 3.3. Assume conditions (H1) ~ (H3) are satisfied. Then for any b> a >0,
there exists a positive radial solution u(r) of (2.1), (2.2) with |u| > v.

Proof. By Lemma 3.2, there exists a*=0 such that N, > (a*, ) with a*¢ Nj.
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By Lemma 2.5, it suffices to show that
(3.5) lim b(a)=0c0.

a->(a*)”
We shall prove the theorem according to f{(0)>0 and f(0)=0.

If £(0)> 0, we claim that a®> 0. In fact, u"(a, 0) = —f(0) <0. Hence, there is an
£ >0 such that u(r,0) <0 for re (a, a+¢). This implies a®> 0. We claim that a™ € P.
If a* ¢ P, then (0,0)=N U P implies a* € N. Since a* € N;, we have u(r(a*), a*)=y.
By Lemma 3.1, a*€ N, a contradiction. Therefore, a* € P and (3.5) follows.

If f(0) =0, then either a*>0 or a®*=0. If a*>0, then the previous argument
also works and then (3.5) holds. If a* =0 and (3.5) are false, then there are by> a
and &> 0 such that b(a)= b, for all a € (0, §). Since 7(a)€ (0, by) for all a € (0, ),
there exists a sequence a; —> 0 such that 7(a;) - 70 €[0, by). Since u(7(ay), ax) > v, we
have u(7,, 0) = v, a contradiction to u(r, 0)=0. Hence, (3.5) holds. O

COROLLARY 3.4. Assume conditions (H1) ~ (H3) are satisfied and f(0) > 0. Then
for any a> 0, the equation

n—1

(3.6) u"(r)+ u'(r)+f(u(r))=0 in (a,0),

r
3.7) u(a)=0 and u(r)>0 forr>aq,

has a solution u which satisfies (M).
Proof. In the proof of the previous theorem, we have N, > (a®, ) with a*>0
and a™*e P. By (3.5) and Lemma 2.4, u(-, o*) satisfies (M). |

4. Nonexistence on wide annuli when f(0)<0. In this section we shall prove that
if (H2) and (H3)' are satisfied, then (2.1), (2.2) has no positive solution when b—a is
too large.

We first show that P # ¢ when f(0) <O.

LemmMmA 4.1. If f(0) <O, then there exists a, >0 such that [0, a )< P.

Proof. We first prove 0e P. In fact, u”(a,0)=—f(0)>0 and H(u(a,0))=0>
H(u(r,0)) for r>a implies u(r,0)>0 for r> a. Hence 0 P.

Next, let uy,> 0 such that f(u) <0 in [—u,, uo]. Then there exist £ >0 and ay>0
such that for all @ €[0, @,], we have |u(r, @)|=u, in [a, a+¢]. Therefore, for all
LAS [0’ aO]a

n—1

u"(r)+ u'(r)>0 in[a,a+¢],

r
which implies u(r, )>0in (a, a+¢].

On the other hand, if H(u(a + ¢, 0)) <0, by continuous dependence of 0.d.e., there
exists ay € (0, ay) such that H(u(a+e¢, a)) <0 for all @ €(0, a,). Therefore, for any
aec(0,a,), H(u(r,a)) <0 for r>a+¢, which implies u(r, a)>0 for r>a+e. This
proves (0, a,) < P. 0

We now prove the main result of this section.

THEOREM 4.2. Assume conditions (H2) and (H3)' are satisfied. Then there exists
b*> a such that for any b> b*, (2.1), (2.2) has no positive solution.

Proof. By Lemma 2.5, there exist a* >0 and b,>> a such that (a*, 0)c NU T and
b(a)=b, for all a €(a*, ). On the other hand, by Lemma 4.1, there exists a, >0
such that [0, a,) < P. Therefore, it suffices to show that there exists b,> a such that

(4.1) b(a)=b, forany ae[a,,a*]N(NUT).
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If (4.1) were false, then there would be a sequence a; €[ay, a*]N(NUT) and
a€la,, a*]such that oy > @ and b(ay) > oo as k0. By Lemma 2.4, @e P and u(-, @)
satisfies (M). Now, (H3)'(ii) and u(r, @) - 4 as r > co with f{&i) = 0 implies H (u(r, @)) -
F(i1) <0 as r-co. Therefore, there exists ;> a such that H(u(r,, @))<0. By con-
tinuous dependence of o.d.e., we have H(u(r,, a;)) <0 for k sufficiently large, a
contradiction to Lemma 2.2(ii). This proves (4.1). ]

5. Multiplicity results on wide annuli. In the previous sections we studied the
existence of large (and nonexistence of) positive solutions for (2.1), (2.2) under the
various assumptions of f. In this section we shall study the existence of ‘“‘intermediate
size” solutions of (2.1), (2.2) when f may change signs several times and satisfies
condition (f3) in § 1, i.e., f satisfies the following hypothesis:

(H4) there exist m successive numbers i, > l,,_, >+ + - > #; >0, which satisfy
(i) f(@#)=0 for k=1,---,m; and
(ii) 0<max {F(s):0=s=u_}<F(&#) for k=2,---, m.
Let vy, be the least number in (#;_,, %) such that

5.1) [ F(u) du=0,

for k=1, -, m, where &1,=0. We first prove the following lemma.
LEMMA 5.1. Assume there exists an 4 >0 such that

(5.2) f(u)=0 foruz=a.

Then we have the following conditions:
@G) if u(r,, @)=u and u'(r,, @) =0 for some r,> a, then for r>r,,

1 1
(5.3) u(r,a)=ia+——ru'(r, a)— iy, a)
n—2 n—

2
(ii) let U={a € (0,): u(r,, a) =1 for some r,> a}; then there exists a®>0 such
that U 2 (a*, ).
Proof. (i) By (5.2), we have

(5.4) w(r)+ 2=

u'(r)=0
r

as long as u(r, @) Z ii. Therefore, by solving (5.4) with initial condition u(r,, a)=14
and u'(r;, a)=0, (5.3) follows.

(ii) We shall prove (ii) by using the method of backward shooting. If (ii) were
false, there would be a sequence B, - 0 such that

(5.5) wi(s)<u as long as w, remain positive,
where wi(s)= w(s, Bi). Let

v, =inf{§€(0, 5,): we(s)>0 and wi(s)=0in (5, 5;)}.
We claim that

(5.6) ,l(im Vi = 8.

If (5.6) were false, there would be v,<s, and a subsequence of v, (for simplicity,
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rename it v;), such that v, = v, for all k. Therefore, by (2.15) and (5.5), we have
S1

wi(vo) = Br (51— o) —J (t=vo)p()f(wi(1))

= Bk(sl - VO) - C9

for some constant C =0, a contradiction to (5.5). Hence (5.6) holds.
On the other hand, by (5.5) again, we have

w'(m) = *Bk+J. ‘ p(t)f(wi(t)) dt

Tk

=-B+C

for some C =0. Therefore, w'(7,) <0 if k is large enough, a contradiction to the
definition of . This proves (ii). O
The (energy) functional we want to minimize is

b
J(u)= J r"_l{% u(r)— F(u(r))} dr
in Hy((a, b)), where H((a, b)) ={u:u is absolutely continuous in [a, b] with u(a)=
0=u(b) and u, u'e L*(a, b)}.

Since f may change signs, the minimizer u, of J is not necessarily positive.
However, for fixed q, if b is sufficiently large and (H4) is satisfied, then we can prove
u, is positive. To make the proof more transparent, we begin with the study of two
simple cases.

LeEMMA 5.2. If f satisfies the following:

(HS)(3) f(0)=0;

(ii) There exists >0 such that f(i) =0 and f(u)>0 in (0, it), then, we have
the following results:

(i) There exists b* > a such that for any b> b*, (2.1), (2.2) has a positive solution
u,, that is also a local minimizer of J(u) over Hi((a, b)). Moreover,

(5.7) 0<u,<u in(a,b),
and

b" _ b" .
(5.8) —— F(@)=J(up) S —— F(@)+ C(b" ' +1)

for some positive constant C which is independent of b.

(ii) If f(0) >0, then there exists a positive solution 4 of (3.6), (3.7) and 1 is strictly
increasing in (a, ) and u(r)-> 4 as r-> o,

Proof. We first modify the function outside [0, i] as Clément and Sweers did in
[6]. Denote

0 u=1,
(5.9) filu)= fu) uel0,a],
2f(0)—f(—u) ifu<O,

b

F(u)= juﬁ(t) dt and J(u)= J r""{% u’z(r)~F,(u(r))} dr.

It is easy to verify that
(5.10) Fy(lu|) = F,(u)+2f(0)|u| for u<o0.
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Hence, for any ue Hy((a, b)),
(5.11) J1(I“|)§Jl(u)-

Since f(u) is bounded, the minimizer of J,(u) over Hy((a, b)) is achieved, say
u,, which is a solution of (2.1), (2.2). By (5.11), u, can be chosen to be nonnegative.
If u,#0 in (a, b), then by Lemma 2.3, u, >0 in (a, b).

If £(0) >0, then u, >0 in (a, b). If f(0) =0, we want to prove that u, >0 in (a, b)
if b is large enough. This can be done by choosing appropriate test functions uf e
H{((a, b)) as follows:

(r—a)a forrefa,a+1],
(5.12) uf(ry={a forre[a+1,b-1],
(b—r)u forre[b—1,b].

Then
n

(5.13) J,(u’,f)é—%F(ﬁ)+ C(b"'+1)

for some constant C which is independent of b. Therefore, if b is large enough, then
u,>01in (a, b), and by Lemma 5.1(i), u, <# in (a, b). By (5.13), (5.8) follows. This
proves (i).

To prove (ii), we first note that f(0)>0 implies there exists a, >0 such that
(0, a,)= N and
(5.14) lim+ b(a)=a

a->0

(see Lin [18]). On the other hand, by Lemma 5.1(ii), there exists a*> a,, such that
U o (a*, ). Therefore, for any b>b*, there exists a(b) € (0, «*] such that u(-, a(b))
is a minimizer of J,(u). Therefore, by (5.14) there exists & > 0 and a sequence b, > ©
such that a(b,) > @ as k> . By Lemma 2.4, @< P and u( -, @) satisfies (M). By Lemma
5.1(i) and (HS5)(ii), u(-, @) is strictly increasing in (a, c©). This proves (ii). 0

Next, we treat the case f{0) <O0.

LeMmMA 5.3. If f satisfies the following conditions:
(H5)'(1) f(0)=0;

(ii) There exist w>u>0 such that f(u)=f(i1)=0 and f(u)<0 in (0,u) and

F(w)>0 in (u, @),
(iii) Jo f(u) du>0,

then there exists b*> a such that for any b> b* there exists a positive solution u, of
(2.1), (2.2) with ||uy| € (v, @), where

(5.15) Jyf(u) du=0.

Proof. If f(0) =0, then the arguments in Lemma 5.2 also work and give the result
as in Lemma 5.2(i). Note that (H5)'(iii) implies J,(u¥) <0 in (5.13) when b is large
enough.

If £(0) <0, then (5.10) implies the extension f; in (5.9) is no longer suitable to
the minimization problem. Therefore, we want to modify f in a different way and use
super- and subsolution methods to obtain solutions for (2.1), (2.2).

Since f(0) <0, we can extend f into (u,, 0) such that

(5.16) f(ug) =0, f(u)<0 in(u,,0)



Downloaded 04/28/14 to 140.113.38.11. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1512 SONG-SUN LIN AND FENG-MING PAI

and

(5.17) Juf(u) du>0.
Let v =u —u, and denote v, = u —u, and v, =4 —u,. Let
g(v)=f(u) in[0, v,].
Then g(0) = g(v)) = g(v2) =0,
g(v)<0 in(0,v,) and g(v)>0 in (v, v,).
We then extend g outside [0, v,] by making
g(v)=0 forv>uv,
and
g(v)=—g(-v) forv<o0.
Denote

G(v)= Jv g(1) dt.

0
Then, as in (5.10),
G(|v])=G(v) forallv<0

and (5.17) can be rewritten as

(5.18) G(u2)=jvz g(t) dt=juf(u) du>0.
Define
(5.19) F(v) = j ot {% 0?(r) — G(v(r))} dr

in Ho((a, b)).
Let v} be defined as u¥ in (5.12), but replace @ by v,. Then

(5.20) f(vi,")é—b;nc(vm C(b"'+1)

for some positive constant C which is independent of b. Therefore, there exists b*> a
such that for any b> b*, the equations

n—1

(5.21) v"(r)+ v'(r)+g(v(r))=0 in(a,b),

;
(5.22) v(a)=0=1v(b)

have a positive solution v, which is also a minimizer of J with
. b"
J(vp,) = - G(v)+C(b" ' +1)

and

(5.23) fos || € (v — uo, v2).
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Let i, = uy,+ v,; then
Adi, +f(f1,) =Av,+g(v,) =0 ina<|x|<b,
and
U, =u,<0 onl|x|=a and |x|=b.

Hence, 4, is a subsolution of (2.1), (2.2). Since # is a supersolution and i > 4,, by
monotone iteration scheme (see, e.g., [11], [18]), there is a positive solution u, of
(2.1), (2.2) and u, satisfies 4, <u, <#, which also implies ||u,| € (v, @). 0

Now, we can prove the following multiplicity result for general case.

THEOREM 5.4. Assume condition (H4) is satisfied. Then, we have the following
results:

(i) If f(0)=0, then there exists b* < a such that for any b> b*, (2.1), (2.2) has at
least 2m — 1 positive solutions Uy, u, Uy, * * * , Upm, U, With i, <ty and y, <, in (a, b),
and | u|l, || dcll € (v, tix) for k=2, , m.

(ii) Iff(0) <O, then there exists b*> a such that for any b> b*, (2.1), (2.2) has at
least m positive solutions 1, <- - - <4, with ||| € (yk, th) fork=1,-- -, m.

Proof. We shall prove the theorem by induction on m.

For m =1, the results were proved in Lemmas 5.2 and 5.3 under the conditions
(H5) and (HS)', respectively. The arguments used in the last two lemmas are also valid
for general cases; thus the details are omitted.

We first study the case f(0)=0. For j=2, - -, m, denote

f(u) foruel0, @],
fi(u)=40 for u e [4;, ),
2f(0)— f(—u) foru<o,

F,~<u>=rﬁ-<t) i,

and

Ji(u)= Jb r! {% u(r)— Fj(u(r))} dr.

It is clear that f., is an extension of f; and
(5.24) if |ul| <@, then Jiy,(u)=J;(u)

forj=1,---, m—1.
Assume m = j(z1) is true. Then there exists a b¥>a such that for any b> b¥,
Ji(u) has a minimizer 4;, which is a positive solution of (2.1), (2.2) and satisfies

(5.25) ld.sll € (v, %)
and

b" — ~ - bn - n—1
(5.26) —7 Fj(uj)é.lj(uj,,,)_—_—I F(#)+C(b" " +1)

for some positive constant C; that is independent of b.
Let uf,,, be as in (5.12) with @ replaced by #,,,. Then

n

b _
(5.27) Jj+1(u;’k+1,b)§_7 j+1(aj+1)+cj+1(bn l"’1)
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for some positive constant C;., independent of b. Therefore, by (5.24) ~ (5.27), there
exists b¥,, = b¥, such that for any b> b}, minimizer %, , of J;,, satisfies

Jj+1(ﬁj+1,b) < J;('Zjb)

Hence, ., # 4, and ”aj+1,b" € (Y41, Hiz1)-
Let

Nia={ae N: yp <|u| <@}

Then N;., is an open set and nonempty according to the last paragraph. Therefore,
by Lemma 5.1, there exist two positive numbers &;,> a;.;, such that (a;.,, @) <
Nit1, 2112 Ny and &£ N;;,. By Lemma 2.4, a;,, and &;,, belong to P. Hence,

lim b(a)=0= lim b(a),

a=>(aj4)" a->(&j+1)”

and then both u(-, a;,,) and u(-, @.,) satisfy (M). Therefore, there exists b, = 5}'1, ,
such that for any b>b},, (2.1), (2.2) has at least two positive solutions having
maximum value in (¥+,, %-,). Since #;,, is a supersolution, there exists the maximum
positive solution ;,, of (2.1), (2.2) having maximum value in (¥;4,, #.,). This proves
@3).

Condition (ii) can be proved by using the arguments used in (i) and Lemma 5.3;
thus details are omitted. 0

In the proof of last theorem, we obtain the following results for (3.6), (3.7).

COROLLARY 5.5. Assume condition (H4) is satisfied. Then, we have the following
results:

(i) If f(0)> 0, then there exist at least 2m — 1 positive solutions t,, Y,, Uy, * * * , Up
of (3.6), (3.7) and w;(r)~> @ as r>© for j=1,---,m.

(ii) If f(0)=0, then there exist at least 2m —2 positive solutions y,, i,, - * * , U, of
(3.6), (3.7) and 4;(r) > @; as r >0 for j=2,-- -, m.
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