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A New Simplified Two-Dimensional Model for the 
Threshold Voltage of MOSFET’s with 

Nohuniformly Doped Substrate 
Pole-Shang Lin, Student Member, IEEE, and Ching-Yuan Wu, Member, IEEE 

Abstract-A new simplified two-dimensional model for the 
threshold voltage of MOSFET’s is derived in terms of simple 
characteristic functions. These characteristic functions are 
transformed from the exact series solution of the two-dimen- 
sional Poisson’s equation, in which the effects of a nonuni- 
formly doped substrate and a finite graded source-drain junc- 
tion depth have been included. The attractive features of the 
developed model are: 1) charge-screening effects are proposed 
to account for the weak dependence of the threshold voltage on 
the substrate bias for short-channel MOSFET’s, and 2) exact 
source and drain boundary potentials can be approximated by 
their equivalent power functions. The accuracy of the simpli- 
fied 2-D model has been verified by 2-D numerical analysis. 
Moreover, comparisons between the simplified 2-D model and 
the experimental results have been made, and good agreement 
has been obtained for wide ranges of channel lengths, applied 
substrate, and drain biases. 

NOMENCLATURE 

Two-dimensional potential distribution. 
Dielectric permittivity of Si ( SO2) .  
Substrate doping concentration. 
Nonuniform doping profile normalized by 

Metallurgical channel length and length of 

Minimum depletion depth and depth of the 

Oxide thickness. 
Gate oxide capacitance per unit area. 
Source boundary potential. 
Drain boundary potential. 
Eigenvalue of the Green function 

the Fourier coefficient of the charge density 
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Normal electric field at the depletion edge 

Threshold voltage. 
Gate-source voltage. 
Flat-band voltage. 
Drain-source voltage. 
Substrate-source voltage. 
Location of the minimum surface potential 
Minimum surface potential. 
Built-in voltage at the depletion edge with 

respect to the substrate. 
Effective doping concentration viewed from 

the Si02-Si interface. 
Effective doping concentration viewed from 

the depletion edge. 
Weighted surface potential. 
Weighted normal surface electric field. 
Depletion edge of the source (drain) junc- 

tion at the vertical boundary, as shown in 
Fig. 1. 

Built-in voltage between the source island 
and the substrate for zero substrate bias. 

Implanted dose of the ith implantation. 
Projected range of the ith implantation. 
Standard deviation (or straggle) of the im- 

Concentration of the ith box profile. 
Depth of the ith box profile. 

[ =  - ( a / a Y ) * ( x , Y ) l  ,=,,I. 

planted profile. 

I. INTRODUCTION 
OSFET device structures have become more and M more sophisticated, and the development of a two- 

dimensional analytical model has become increasingly dif- 
ficult due to the finite graded source-drain junction depth 
and the nonuniformly doped substrate. In the last decade, 
many analytical models for the threshold voltage of MOS- 
FET’s have been derived from the solution of the two- 
dimensional Poisson’s equations [ 11-[6]. However, the 
accuracy of a two-dimensional model strictly depends on 
both the degree of the approximation used for boundary 
conditions and the assumption made for obtaining the so- 
lution. 

For a given set of boundary conditions, the solution 
techniques for the two-dimensional Poisson’s equation in 
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P-Substrate I---- 

Fig. 1 .  The cross-sectional view of an n-channel MOSFET. The analytical 
solution is solved in the specified rectangular domain. 

a MOSFET basically can be divided into two groups: one 
is through the technique of Laplace reduction [ 1 ] - [ 5 ]  as 
first proposed by Ratnakumar and Meindl [ 13; the other is 
through the Green function technique as proposed by Lin 
and Wu [6]. However, the threshold voltage models ob- 
tained by these techniques are expressed in a series form, 
and their practical applications are limited. Further sim- 
plifications of the final series expression for the threshold- 
voltage reduction have been made by Ratnakumar and 
Meindl [ 11 and Pfiester et a l .  [3]. However, their simpli- 
fications only keep the first term of the solution of a re- 
duced Laplace equation and overlook the effects of the 
nonuniformly doped substrate and the graded source-drain 
junction. 

In this work, a new simplified two-dimensional model 
for the threshold voltage of MOSFET’s is presented. 
Based on the Green function technique [6], the exact se- 
ries solution for the two-dimensional electric-field distri- 
bution is obtained in terms of a nonuniformly doped sub- 
strate, channel length, and source and drain boundary 
potentials. In Section 11, we will present a new technique 
for reducing the complex series solution of the two-di- 
mensional electric-field distribution into simple charac- 
teristic functions, which are the integrals of the effective 
doping concentration weighted by the hyperbolic-sine 
function. Then a new analytical threshold-voltage model 
can be obtained in terms of these simple characteristic 
functions. The attractive feature of our theoretical analy- 
sis is that the effects of the depletion charge density under 
the gate perturbed by the source and drain fields are re- 
placed by an effective depletion charge density, in which 
the effects of nonuniformly doped substrate, effective 
channel length, and source and drain boundary potentials 
are included. Moreover, it will be shown that, due to the 
weighting effects of the hyperbolic-sine function, the ef- 
fective depletion charge density is not completely con- 
trolled by the gate electrode, and the depth of the gate- 
controlled region is around the value of the channel length. 
This feature, which is known as the charge-screening ef- 
fect, results in a weak substrate-bias dependence of the 
threshold voltage for a short-channel MOSFET. In Sec- 
tion 111, the source and drain boundary potentials of a 
MOSFET with a finite graded source-drain junction depth 
are discussed. Since the effects of the source and drain 
boundary potentials on the threshold voltage are ex- 

pressed in terms of their boundary integrals, two equiva- 
lent power functions for the source and drain boundary 
potentials are proposed, in which two coefficients can be 
determined by comparing the results obtained from 2-D 
numerical analysis if the source-drain boundary potential 
is given. In Section IV, the accuracy of the simplified 
2-D model has been verified by the 2-D numerical anal- 
ysis. Moreover, comparisons between the simplified 2-D 
model and the experimental results have been made, and 
good agreement has been obtained for wide ranges of 
channel lengths and applied drain-substrate biases. Fi- 
nally, conclusions are given in Section V. 

11. MODEL FORMULATION 
A cross-sectional view of a MOSFET is shown in Fig. 

1, where the x coordinate represents the direction along 
the SO2-Si interface and the y coordinate represents the 
direction perpendicular to the Si02-Si interface. The two- 
dimensional Poisson’s equation to be solved in the rect- 
angular domain is 

for0 I y 5 ylI and 0 I x I L (1) 

and is subjected to the Dirichlet boundary conditions, 

Using the Green’s function technique [6], the potential 
distribution is expressed in terms of four boundary-poten- 
tial integrals as 

* (x,  01, * (x,  y d ) ,  * ( O ,  Y ) ,  and * ( L ,  Y ) .  

* (x, U )  = sin (krnx)Bm( Y )  (2) 

where 

sinh k,,,y 2 + .  - iL \k(x’, yd)  sin (k, ,x’)  dx ’  ( 3 )  sinh (kmyd) L o 

and 

(4) 

with deriving this coefficient from the observation of par- 
ticles’ mean-square displacements or their velocity auto- 

ory. This could not have been achieved with the alterna- 
tive definition of temperature using the expectation value 

m .  ,. ..- . 4 .  * .. r . . .*- . . . , . - .  r 
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Furthermore, the top and the bottom boundary potentials, Substituting (7) and (8) into (1 l ) ,  we obtain 

and 

(12) E(& Yd) 0 (6) 

assumed to be zero. This approximation is reasonable be- 
_ _ _ ~ _ _ _  where the normal electric field at the depletion edge is 

cause the equi-potential lines in the region beyond the 
minimum depletion edge yd are nearly parallel to the y 
axis. 

Using (2), the normal electric field at the Si02-Si in- 

and 

Yd) = [ W G  0) - w, Yd)l  

sinh ( k , y )  
d y  (13) 

where 
terface and that at the depletion edge are given as 

4 
L 

E ( x ,  0) = C sin (k,x) - S,,, 

and 

4 
L 

E ( x ,  y d )  = C sin (k,,x) - D,, 

where 

The weighted top and bottom boundary potentials in the 
right side of (12)-(15), \ k ( x ,  0) and \ k ( x ,  y d ) ,  can be fur- 
ther simplified. It is known that the potential distribution 
along the x axis is a convex shape with the flat region near 
the central point ( x  = L / 2 ) ,  and the ratio of the convex 
parts to the channel region increases with decreasing the 
channel length. However, the weighting function is a con- 
cave shape with the zero values at the end points ( x  = 0, 
x = L ) .  Therefore, the results of the weighted potentials 
are almost contributed by the parts around the central point 
( x  = L / 2 )  and are slightly increased with decreasing the 
channel length. The slight increase of +(x ,  0) and 
\k (x, y d )  with respect to the decrease of the channel length 
can be neglected as compared with those in the right side 
of (12)-( 15). Therefore, the weighted potentials can be 
simply approximated by 

~~ 

\ k ( x ,  0 )  = s' \k(x, 0) sin ( y ) d x  \k&, 0) = 45 
2L 0 

= w x , ,  Yd)  = 4y</ + vss. (17) Since the normal electric fields in (7) and (8) are ex- 
panded in terms of the eigenfunction, sin( k , x ) ,  the series 

eration: 
forms can be simplified by the following orthogonal op- Based upon the above arguments, the weighted 

surface electric field in (12) can be written as 

where the eigenfunction sin ( k , x )  is the weighting func- 
tion and g ( x )  is the function to be weighted. 
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and (14) can be expressed by and (15) can be expressed by 

The weighted normal surface electric field can also be 
obtained by substituting ( 5 )  into ( 1  1). Combining these 
two weighted normal surface fields, we obtain 

1 

For short-channel MOSFET’s, the above equation can 
be written as 

Note that the effective depletion charge density under the 
gate is obtained by weighting the effective doping con- 
centration ( N , *  ( y ) )  with an exponential decay function 
(exp ( - ( 7 r / L ) y ) ) .  Therefore, there are two factors that 
exhibit the short-channel effects in our model: one is that 
some depletion charges under the gate are terminated by 
the electric fields emanating from the source-drain diffu- 
sion island, resulting in the decrease of the effective dop- 
ing concentration ( N : (  y ) ) ,  as shown in (19); the other 
is that some electric fields emanating from the gate elec- 
trode may be terminated by the two vertical boundaries, 
and these parts increase with decreasing the channel 
length. As a result, the bulk depletion charges far away 
from the Si02/Si interface ( > L )  cannot be “seen” by 
the gate electrode, and this effect is described by the ef- 
fective depletion charge density with N,: ( y )  weighted by 
an exponential-decay function as shown in (21). There- 
fore, only the effective depletion charges near the surface 
region within the depth proportional to the channel length 
can terminate the electric field lines originated from the 
gate electrode. For this reason, if the depletion depth yd 
is much larger than the channel length L ,  the normal sur- 
face electric field in a short-channel MOSFET is insen- 
sitive to the variations of the depletion depth y d .  This fea- 
ture is called the charge-screening effect, which will result 
in a weak substrate-bias dependence for the threshold 
voltage of a short-channel MOSFET. This phenomenon 
is not well predicted by existing simplified two-dimen- 
sional models [l], [3], [7]. 

Similarly, combining (6), (13), (16), and (17), the bot- 
tom normal electric field in (1 3) can be written as 

* [*(o, Y ’ )  + *(L,  y ’ )  - 2VB.71 (23) 

where N $ (  y ’ )  is the effective doping concentration 
viewed from the bottom depletion edge and is expressed 
in terms of the substrate doping concentration, the effec- 
tive channel length, and the source and drain boundary 
potentials. Based upon different mathematical treatments, 
Skotnicki et al. [7] proposed an effective doping formu- 
lation in terms of “current-line length” and doping pro- 
file in the curvilinear coordinate system. However, the 
effects of finite graded source-drain junction depth were 
not considered in their model. Note that (22) and (23) 
relate the potential difference between the channel surface 
and the bottom depletion edge to the effective depletion 
charge density under the gate. Because some electric field 
lines emanating from the source-drain island are termi- 
nated by the depletion charges under the gate, the effec- 
tive depletion charge density ( q N , * )  under the gate is re- 
duced. Therefore, the depletion depth yd  increases as the 
channel length decreases. Moreover, it should be noted 
that the approximations made in (16) and (17) will slightly 
underestimate the final solution of yd when the channel 
length is very short. However, it has been stated previ- 
ously that the normal surface electric field in a short-chan- 
ne1 MOSFET is insensitive to the variations of yd due to 
the charge-screening effect. Therefore, errors due to the 
above approximations can be neglected. 

The threshold voltage is defined as the gate voltage at 
which the MOSFET is at the onset of strong inversion, 
i.e., +s = +,\ ,,,. Combining (20) and (22), the threshold 
voltage is given by 

E -  
VT = VFB + *(x, O),,, + -X E ( x ,  O),,, (24) 

c o x  

where the subscript “inv” denotes the onset of strong in- 
version. If \k (0, y )  and \k ( L ,  y )  are known, the minimum 
depletion depth yd can be determined from (22). Then, 
substituting yd  into (18), E ( x ,  O),,, can be calculated. It 
will be shown in Section 111 that *(x, O),,, in (24) can be 
simply replaced by +s and the lost term (*(x, O),,, - 
+s can be incorporated into the formulation of equiv- 
alent source-drain boundary potential. 

Furthermore, it should be noted that the effective de- 
pletion charge density is weighted by a hyperbolic-sine 
function, and the transformed one-dimensional relation 
between the depletion charge density and the electric field/ 
potential is quite different from that derived from the con- 
ventional 1-D coordinate system. However, for the long- 
channel case, (20) and (22) can be automatically reduced 
to those of the one-dimensional case derived by Brews 

- -- ~ _ _ ~  ___. .~ - T T  T 
with deriving this coefficient from the observation of par- 
ticles’ mean-square displacements or their velocity auto- 

ory. This could not have been achieved with the alterna- 
tive definition of temperature using the expectation value 

n ..- . 4 .  m .  , . - .  r * .  r . . .*- . . . 
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and (22) can be analytically integrated. For simplicity, n is 
taken to be 2 and 3 for the substrate with uniform doping ?a 

[VGS - VFB - & I  CO, = q lo NABf( y ’ )  dy’. (26) and nonuniform doping, respectively. 

111. SIMPLIFIED SOURCE AND DRAIN BOUNDARY 
POTENTIALS 

The threshold-voltage model presented in the previous 
section has been derived in terms of the surface, the 
source, and the drain boundary potentials. For a MOS de- 
vice with a nonuniformly doped substrate and finite depth 
of graded source-drain junction, the exact source and 
drain boundary potentials are difficult to analytically de- 
termine due to their two-dimensional nature [5]. It seems 
that this difficulty will limit the application of the derived 
threshold-voltage model. However, the derived threshold 
voltage expression depends only on the weighting values, 
namely, the weighted surface potential \k (x ,  0),,, and the 
weighted source-drain boundary potential. Since the 
weighting procedure is done through the integral opera- 
tion and may smear the detailed form of the function, it 
is plausible to represent the exact source-drain boundary 
potential by an equivalent power function with the same 
integral value. Furthermore, the weighted surface poten- 
tial \k(x, O),,,, as discussed in the previous section, in- 
creases weakly with decreasing the channel length, and 
the potential \ k ( x ,  O),,, itself is a weighted function of 
the drain boundary potential [6] .  Therefore, the term 
\k(x, O),,, in (24) can be simply replaced by and the 
lost term ( \k ( x ,  O),,, - $s ) can be incorporated in the 
formulation of the drain boundary potential. As a result, 
the threshold voltage in (24) can be simplified as 

where the source and drain boundary potentials are rep- 
resented by the equivalent power functions as 

and 

fory’ I yjD. (29) 
Note that the parameters a and 0 are introduced to adjust 
the weighted power functions to be equivalent to those 
calculated by the exact boundary potentials. Moreover, 
the parameter a is also used to correct the effect of the 
neglected term (9 (x ,  O)inv - Gs inv )  in the original thresh- 
old voltage model (24). Therefore, the parameter a is less 

IV. RESULTS AND DISCUSSIONS 
In order to test the accuracy of the simplified threshold 

voltage model, comparisons with 2-D numerical analysis 
and experimental data have been made. The threshold 
voltage of the MOSFET’s is deduced by the conventional 
extrapolation method at a drain voltage of 0.1 V, and the 
value of the drain current at the threshold voltage is de- 
noted as the threshold current I,,,. For the large drain 
bias, the threshold voltage is determined as the gate volt- 
age at which the normalized drain current is equal to the 
normalized threshold current &,L/ W. The inversion cri- 
terion 9, ,,, used in the threshold voltage model is deter- 
mined by the extrapolation on the plot of inversion charge 
density versus VGS [8], 191. From the determined thresh- 
old voltage and inversion criterion GS the channel pro- 
file is approximated by a Gaussian profile, and its param- 
eters can be determined and are listed in part (a) of Table 
I. For easy calculation of our threshold voltage model, 
the Gaussian profile can be further transformed into the 
equivalent box-profile [ 101 with the parameters listed in 
part (b) of Table I. 

A.  Comparisons with 2 - 0  Numerical Analysis 
The 2-D numerical analysis for MOSFET devices has 

been performed by an efficient MOS simulator-SUM- 
MOS.’ The channel profile used is a double Gaussian dis- 
tribution, and its parameters for numerical simulation are 
listed in part (a) of Table I. For generality, the graded 
source-drain diffusion island with the junction depth Rj of 
0.3 pm is taken. The numerical results for the drain 
boundary potential versus the vertical depth are shown in 
Fig. 2, in which the drain bias is 5.0 V and the substrate 
bias is varied from 0 to -4  V. The parameters a and 0 
(0 < a and 0 c 1)  in our simplified threshold voltage 
model are independent of device geometry, which can be 
determined simply by the trial-and-error approach or au- 
tomatically searched by the nonlinear optimizer [ 111. 
Comparisons between the 2-D numerical analysis and the 
developed threshold-voltage model are shown in Figs. 3 
and 4.  Fig. 3 shows the threshold voltage versus the sub- 
strate bias for different channel lengths, and Fig. 4 shows 
the threshold voltage versus the channel length for differ- 
ent substrate biases. It is clearly seen that good agreement 
has been obtained for wide ranges of substrate biases and 
channel lengths. Note that the parameter a ( =0.47) used 
for simulation is smaller than 1. The reasons are mainly 
due to the effects of the graded source-drain junction and 
the correction of the omitted term ( \ k (x ,  O)inv - $s 
Fig. 5 shows comparisons of the threshold-voltage reduc- 

than 1 even for the case of the source-drain island with 
an n t  uniform doping profile* Furthermore, the Order is 
taken to be an integer SO that the formulations in (18) and 

, The SUMMOS simulator is an efficient MOS device simulator devel- 
oped by the Advanced Semiconductor Device and Technology Research 
Division, National Chiao-Tung University, Taiwan, Republic of China. 
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SUMMOS DATA 
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-5.0 ' 8  I 8 '  1 I I 3 

0 

Fig. 2. The drain boundary potential " ( L ,  y )  versus the depth. The drain 
bias is 5.0 V and the substrate biases are 0, -2. and -4 V. 

0 - 1  -2 -3 - L  -5 
0.2 

Substrote-Sarrce Voltage (Volt) 

Fig. 3. The threshold voltage versus the substrate bias at a drain voltage 
of 5.0 V.  

TABLE I 
(a) THE GAUSSIAN PARAMETERS USED FOR 2-D 

NUMERICAL SIMULATION. (b)THE EQUIVALENT BOX- 
PROFILE PARAMETERS USED FOR THE SIMPLIFIED 

THRESHOLD-VOLTAGE MODEL 

Device Value 
Parameter 

N A B (  I O i 4  cm-') 3.00 
N ~ / , ( I o "  cm-') 1.75 
AR,,( IO-' cm) 0.74 

(a) R,, ( IO-' cm) I .27 

AR,,?( IO-' cm) 2.34 
R,?( IO-' cm) 5.56 

~ ~ ~ ~ ( 1 0 "  cm-*) 3.43 

N A B (  lo i4  cm-') 3.00 
NASI ( I O i 6  cm-') 2.753 

(b) ~ ~ , ( i o - ~ c m )  0.231 
N~~~ ( 10'' cm-' ) 0.448 
Y,(lo-4cm) 0.932 

tion contributed by the drain voltage, and the threshold- 
voltage reduction is defined as 

0.2/3 

Channel - Length (rm) 

Fig. 4. The threshold voltage versus the channel length at the drain voltage 
of 5.0 V. 

A WMMOS 
Analytical Model 

-047 bO.95 n-3 
--- 

Channel- Length ( vm) 

Fig. 5. The threshold-voltage reduction versus the channel length for dif- 
ferent substrate biases. 

Note that the term ( 9 ( x ,  O)inv - & is omitted in our 
simplified model, and its effect is incorporated in the 
equivalent drain boundary potential. The comparisons 
shown in Fig. 5 ,  confirm our statement on the equivalent 
source-drain boundary potential in Section 111. The 
charge-screening effect calculated from the developed 
threshold-voltage model is illustrated in Fig. 6, in which 
VQ is the term contributed by the depletion charge density 
under the gate and is given by 

Note that the function Ve is almost independent of the 
substrate bias for short-channel MOSFET's, due to the 
charge-screening effect. The weak dependence of the 
threshold voltage on the substrate bias, as shown in Figs. 
3 and 4, is due to the fact that the distribution of the 

~ -__ _ _ _ _ _ _ _  - T T  -7 
with deriving this coefficient from the observation of par- 
ticles' mean-square displacements or their velocity auto- 

ory. This could not have been achieved with the alterna- 
tive definition of temperature using the expectation value 

* .  r . . .*- . . . , . - .  r m .  ,. ..- . 4 .  
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a=0.53 p-0.85 
- * Experimental Data 

-_-- Model (Vm=S.OV) 
-Model (vDS=o.lv) 

L = 26.7 lrm 
- 

0 5, 0 -  

Substrate-%urce Voltage (Volt) 

0 . 5 -  

E 

0.0 

Fig. 6.  The equivalent voltage Vu contributed by the depletion charge den- 
sity under the gate versus the substrate bias for different channel lengths. 

~ I I I , I I I ~ l  

source-drain boundary potential near the Si0,-Si inter- 
face is a weak function of the substrate bias, as illustrated 
in Fig. 2. 

B. Comparisons with the Experimental Results 
In this section, the results of the simplified threshold- 

voltage model are compared with the experimental data 
measured from long- to short-channel n-MOSFET's with 
double-channel-boron implantations. The gate-oxide 
thickness (Tax) and the source-dr!in junction depth of the 
fabricated MOS devices are 250 A and 0.33 pm, respec- 
tively. The double-channel-boron implantations were per- 
formed through the gate oxide with an energy of 25 keV 
and a dose of 7.5 X 101'/cm2 for shallow implantation 
and an energy of 150 keV and a dose of 4.0 x 10"/cm2 
for deep implantation. The source-drain junctions were 
implanted through thin oxide by using the energy of 60 
keV and a dose of 6.0 x 1015/cm2. The parameters for 
the channel profile are listed in part (b) of Table I. Fig. 7 
shows comparisons of the substrate-bias dependence of 
the threshold voltage between the simplified model and 
the experimental data for V,, = 0.1 and 5 V. The depen- 
dence of the threshold voltage on the drain bias is also 
shown in Fig. 8,  where the theoretical curves are obtained 
by linearizing the calculation points in Fig. 7 .  Note that 
the parameter (Y used for simulation is 0.53 ( < 1 ), which 
is also used to compensate the effect of (\k ( x ,  O)inv - 

,,,") on the threshold voltage reduction, as discussed in 
Section 111. It is clearly seen that good agreement has been 
obtained for wide ranges of channel lengths, applied sub- 
strate and drain biases. In particular, the very weak-sub- 
strate-bias dependence of the threshold voltage for a short- 
channel MOSFET (for example, L = 0.9 pm) is well pre- 
dicted by our newly developed model. 

V. CONCLUSION 
A new simplified two-dimensional threshold-voltage 

model is presented in which the effects of channel length, 
nonuniformly doped substrate, and finite source-drain 
junction depth are included and characterized by simple 

v==-3.0 ==0.53 P=O.85 
* Experrr"eal h t a  

1 7  

0 1.0 2.0 3.0 4.0 5.0 
051 I I I I I , I I I 1 

Dram -Source Voltage , VDS (Volt) 

Fig. 8. The threshold voltage versus the drain voltage for different channel 
lengths and the substrate bias of - 3  V .  

characteristic functions. The source and drain boundary 
problems for modeling MOSFET's with a finite graded 
source-drain junction depth are treated by the equivalent 
power functions. One of the attractive features is that the 
maximum depth of the effective depletion region belong- 
ing to the gate electrode is approximately equal to the 
value of the channel length. This effect is known as the 
charge-screening effect and results in a weak dependence 
of the threshold voltage on the substrate bias for short- 
channel MOSFET's. The accuracy of the simplified 
threshold-voltage model for wide ranges of channel 
lengths and applied substrate-drain biases has been veri- 
fied by comparison with the results of the 2-D numerical 
analysis and experimental MOSFET's having a nonuni- 
formly doped substrate and a finite source-drain junction 
depth. 
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~~ ~ ~~ 7-r- 
with deriving this coefficient from the observation of par- 
ticles’ mean-square displacements or their velocity auto- 

ory. This could not have been achieved with the alterna- 
tive definition of temperature using the expectation value 
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