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A problem of interest in low-angle radar tracking is that of
bearing estimation in the pr of a strong specular multipath
component that arrives within a beamwidth of the direct path
signal. Three-dimensional beamspace domain maximum likelihood
(3D-BDML) is a computationally simple ML bearing estimation
algorithm applicable in this scenario which operates in a 3-D
beamspace. A variation of 3D-BDML incorporating the multipath
geometry as a priori information is presented. In symmetric
3D-BDML the pointing angle of the center beam is equal to the
bisector angle between the direct path ray and the image ray,
which may be estimated a priori given only the radar height and
the target range. The effect of the inclusion of a priori information
on the performance of 3D-BDML is analyzed in terms of the
depend: on the relative phase difference between the direct and
specular path signals, the sensitivity to error in the bisector angle
estimate, and the results of operation when no specular multipath

component is present in the data. In addition, computationally
simple schemes for coherently incorporating multifrequency data
into 3D-BDML are investigated as well.
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1. INTRODUCTION

Low-angle radar tracking represents a classical
problem in radar which has been attacked by numerous
researchers for the past several decades [1-13]. The
goal is to track a target flying at a low altitude, in
relative terms, over a fairly smooth reflecting surface
such as calm sea, for example. Echoes return to
the radar site via a specular path as well as by a
direct path. Due to the relatively small differential
in length between the two paths, the direct and
specular path signals arrive overlapped in time. In
addition, the angular separation between the two
ray paths is typically a fraction of a beamwidth. It
is well known that the classical monopulse bearing
estimation technique breaks down under these
conditions. As a consequence, several alternative
maximum likelihood (ML) based bearing estimation
schemes have been proposed, each theoretically
capable of resolving two targets separated by less
than a beamwidth [2-13]. These various ML-based
estimation schemes may be classified under two major
categories: those which operate in element space
and those which operate in beamspace. Pioneering
work on the element space-based-ML estimator is
attributed to Ksienski and McGhee {2]. The major
drawback of the element space-based ML methods
is the attendant computational complexity due to the
required multidimensional search over a multimodal
surface.

The bearing estimation technique employed in
conventional monopulse radar may be interpreted as
an ML estimator based in a 2-D beamspace defined
by sum and difference beams [S]. As this technique
is extremely computationally simple, a number of
ML estimation schemes based in a suitably defined
3-D beamspace [6-9, 11-13] have been proposed for
low-angle radar tracking. These may be classified into
two categories. In the first category, the transformation
from element space to 3-D beamspace is achieved by
applying the same beamforming weight vector to each
of three identical subarrays extracted from the overall
array. The subarrays may or may not be overlapping.
An example of this type of estimation scheme is
the three-subaperture (3-APE) scheme of Cantrell,
Gordon, and Trunk [6, 9]. In the second category,
the prescription for converting to 3-D beamspace is
to apply three different beamforming weight vectors
to all of the array elements. Examples of this type of
estimation scheme include the least squares adaptive
antenna (LSAA) method of Kesler and Haykin [7-8]
and the 3-D beamspace domain maximum likelihood
(3D-BDML) method of Zoltowski and Lee {11-13].
Each of the these three methods, 3-APE, LSAA, and
3D-BDML, is computationally simplistic in deference
to the need for real time applicability.

A novel and practical approach to low-angle radar
tracking is described in the pioneering work of White
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[3]- An important aspect of the method of White is
that it incorporates a priori knowledge with regard

to the multipath geometry. The premise is that if

the surface is smooth enough to provide a specular
reflection, then it is also predictable. Simple geometry
yields the angle of the image ray corresponding to
each direct path ray in terms of the height of the
radar above the surface and the range of the target.
Although the theoretical development of the bearing
estimation procedure of White in [3] was presented

in element space terms, the actual antenna utilized
for tracking was not an array. Rather, it employed a
cluster of six horns feeding a Cassegrain dual reflector
antenna. The six horns were arranged in- three pairs
stacked in elevation, with each pair providing sum
and difference beams in azimuth. One pair yielded
beams above the boresight axis, another yielded
beams pointed to elevation boresight, while the third
pair provided beams below boresight. A combining
network provided a sum beam and a normal elevation
difference output. A second elevation difference
pattern provided an output signal that varied as

the square of the displacement from boresight. At
high angles where multipath is not a problem, only
the normal difference signal is used in forming the
elevation error signal. At low angles, a calibrated
portion of the second difference is used to generate

a second null at the expected angle of the specular
reflection. As a consequence of the exploitation of the
multipath geometry, the search process even at low
angles is only over one independent angle variable.

The performance of any bearing estimation scheme
in a low-angle radar tracking scenario is dependent on
the phase difference between the direct and specular
path signals. As a consequence of the fraction of a
beamwidth angular separation between the two ray
paths, the phase difference between the two signals
does not vary much across the array. Let A¥ denote
the phase difference between the direct and specular
path signals at the center of the array. In addition to
effectively reducing a two-dimensional (2-D) parameter
estimation problem to a one-dimensional (1-D) one,
the incorporation of the multipath geometry as a priori
information also has a favorable effect with regard to
the dependence on A¥. Without the incorporation
of such, the ML method in either element space
or beamspace experiences large errors when AV is
either 0 or 180° 3, 6, 13]. With a priori information
included, A¥ = 0° is no longer a problem and, in
fact, yields best performance. The A¥ = 180° case
still remains a problem, however. One obvious means
for overcoming this problem is to employ frequency
diversity.

Recently, Kezys and Haykin [18] describe an
ML-based bearing estimation scheme for low-angle
radar tracking which incorporates frequency diversity
as well as a priori information with regard to the
multipath geometry. A novel aspect of their method is
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that it explicitly accounts for some level of inaccuracy
in the knowledge of both the radar height and the
target range. However, the method is based in element
space and is quite computationally burdensome
involving a search with respect to ten parameters. The
computational complexity is abated somewhat by the
imposition of equality constraints which exploit the
linear dependence of the relative phase difference
between the direct and specular path signals with
respect to frequency. It should also be pointed out
that the method has been demonstrated to perform
quite well with experimental (real) data for angular
separations between the two signals as small as a
quarter of a beamwidth.

As an alternative, we here present a variation
of our earlier beamspace domain based method,
3D-BDML [11-13], which incorporates frequency
diversity and a priori information in the form of the
bisector angle between the direct path ray and the
image ray. This may be estimated given only the
height of the radar array and the range of the target
as shown in Section II. In. Section III, symmetric
3D-BDML is formulated by setting the pointing angle
of the center of three orthogonal beams, equi-spaced
in elevation, equal to the bisector angle.. It is shown
that, in effect, symmetric 3D-BDML exploits the
underlying symmetry by preprocessing in the form of
a forward-backward average of the 3 x 3 beamspace
correlation matrix formed from the three respective
beam outputs. An ML bearing estimator operating in
a 2-D beamspace is also developed in Section IIT as a
simplification of 3D-BDML for high angles in which
multipath is not a problem. In Section IV, the effects
of the forward-backward average in beamspace are
analyzed in terms of the dependence of symmetric
3D-BDML on AY¥, the performance of symmetric
3D-BDML when no specular multipath component
is present, and the degradation in performance
incurred in symmetric 3D-BDML with estimation
error in the bisector angle. A multifrequency version
of symmetric 3D-BDML is developed in Section V.
The coherent signal subspace concept of Wang and
Kaveh [11, 12} is invoked as a means for retaining the
computational simplicity of 3-D BDML in the case of
single frequency operation, while incorporating in a
coherent manner the additional data obtained at the
auxiliary frequencies. Finally, simulations are presented
in Section VI as a means of validating results derived
throughout.

ll.  BISECTOR ANGLE DETERMINATION FROM
MULTIPATH GEOMETRY

Consider the geometry of the low-angle radar
tracking scenario in the case of a flat Earth model as
depicted in Fig. 1. A target is flying at a relatively low
altitude over the sea surface. The variable R, denotes
the range of the target, A, denotes the height of the
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Fig. 1. Muitipath geometry for low-angle radar tracking scenario

for case of flat Earth model.

center of the receiving array above sea level, and A,
denotes the height of the target above sea level, i. e.,
the target altitude. Echoes return to the radar site via
a specular path as well as by a direct path. 6 is the
angle of the direct path ray measured upward with
respect to broadside to the array, while « is the angle
of the specular path ray measured downward from
broadside to the array. In this notation, the bisector
angle is 3 = (0 — a)/2. The other angles indicated in
Fig. 1 were determined from a and @ in accordance
with Snell’s law of reflection and the fact that the sum
of the angles in a triangle is 180°. Invoking the law of
sines, 5 = (6 — a)/2 may be approximated, to a high
degree of precision, with only knowledge of 4, and R,.
The appropriate development is as follows.

The law of sines dictates

h,/sina R, 1
sin(@ —0)  sin(180—2a)" @

Substitution of the trigonometric identity sin(180 —
2a) = sin(2a) = 2sinacosa coupled with simple
algebraic manipulation yields

sin(a - 6) = 2% cosa. )
¢

In the low-angle radar scenario, a is rather small such
that cosa =~ 1. Incorporating this approximation yields

_0-a_ 1. _4f h
93 = TN 25111 {ZE;}. (3)
Finally, invoking the fact that &, /R, < 1 in the u =
sin(f) domain yields
h,
Up ~ —E (4)

where ug = %{sino —sina}. In the case of a flat-Earth
model, this is the estimate of the bisector angle to
be employed by the symmetric 3D-BDML bearing
estimator developed in Section III.

Now, R; is only known to within a certain
tolerance based on the dimensions of range bin in
which the target is located. Let AR, be the error in the
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range estimate. For the practical case where AR, < R,

he  _h 1
R +AR, ~ R, \1+AR/R,

h, AR, h, AR,
s [y AR _A AR s
R {1 R, } g r ©

Thus, the additive “bias” in the bisector angle estimate
due to inaccurate knowledge of the target range is
inversely proportional to the square of the target
range!! Notwithstanding, the effect of an error in

the bisector angle estimate on the performance of
symmetric 3D-BDML is examined in Section IV.

The expression for the bisector angle in (4) is
approximately equal to the angle of a ray from the
center of the array to a point on the surface directly
under the target. This observation provides the
motivation for a method of approximating the bisector
angle in long range applications where the curvature of
the Earth must be taken into account. Approximating
the Earth as a sphere with known radius, consider a
plane that is tangent to the surface at the reflection
point. To a high degree of precision, the bisector angle
may be approximated as the angle of a ray from the
center of the array to a point on this tangent plane
directly below the target. Now, the location of the
tangent point depends on the target height such that,
in the case of a spherical Earth model, the bisector
angle depends on the target height in addition to
the radar height and the target range. Fortunately,
however, the dependence is not great as demonstrated
in Table 1. Table I lists the values of the angle of
the direct path ray, the angle of the image ray, and
the bisector angle as a function of target height for
a target range of 5 nmi and a radar height of 60 ft.
Refraction effects were accounted for by using a radius
equal to 4/3 times the true radius of the Earth. It is
observed that as the target height varies from 0 to
200 ft, the bisector angle only varies by roughly plus
or minus one hundredth of a degree from the value
computed for a target height equal to the radar height
of 60 ft. Thus, in the case of a spherical Earth model,
the bisector angle estimate to be used in symmetric
3D-BDML is the angle from the array center to a
point directly under the target on the plane tangent
to the surface of the Earth at the point of reflection,
computed for a target height equal to the radar height.
Again, the effect of an error in the bisector angle
estimate on the performance of symmetric 3D-BDML
is examined in Section IV.

lil.  3-D BEAMSPACE ML BEARING ESTIMATION
FOR TWO-RAY MULTIPATH

We here present a bricf development of the
3D-BDML bearing estimator for low-angle radar
tracking. The reader is referred to [13, 22] for a more
detailed development. As a means for differentiating
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TABLE 1
Bisector Angle Estimates with Spherical Earth Model Target
Range: 5 nmi; Radar Height: 60 ft

Target Ht Elevation Angle in degrees
Feet Direct Path Image Path  Bisector Angle
10 —0.1240 —-0.1604 -0.1422
20 -0.1053 -0.1768 -0.1411
30 —0.0869 ~0.1931 ~0.1400
40 -0.0684 —0.2093 -0.1389
50 —0.0499 —0.2256 -0.1377
60 -0.0312 -0.2419 —-0.1366
80 0.0062 -0.2752 -0.1345
100 0.0438 —0.3090 -0.1326
120 0.0815 -0.3434 -0.1310
140 0.1192 -0.3783 ~0.1296
160 0.1569 —0.4136 -0.1283
180 0.1946 ~0.4491 -0.1273
200 0.2324 -0.48% ~0.1263
250 0.3268 —0.5756 —0.1244
300 0.4211 ~0.6671 ~0.1230
400 0.5979 -0.8395 ~6:1208
500 0.7859 -1.0249 ~0.1195

among the various BDML estimators to be developed
within, the estimation scheme presented in [13] is

here referred to as nonsymmetric 3D-BDML. The
development of nonsymmetric 3D-BDML is then
simply modified to incorporate a priori information
with regard to the bisector angle yielding an estimation
scheme referred to as symmetric 3D-BDML. Finally, a
2-D beamspace domain ML estimator (2D-BDML) is
derived from the nonsymmetric 3D-BDML estimator
for use in cases in which the specular multipath
component is either nil or negligible. It should be
noted that symmetric 3D-BDML works properly, i.c.,
provides accurate estimates of the target bearing angle,
even in rough sea surface scenarios where there is

no measurable specular multipath component at the
receiving array. This assertion is justified analytically
in Section III and is backed up by simulation results
presented in Section VL

A. Array Data Model

The data for the 3D-BDML estimator is the
collection of signals received at a radar antenna
array. It is here assumed that the array is linear
and composed of M elements uniformly spaced by
half the wavelength of the transmitted pulse. It is
further assumed that the array is mounted vertically
to monitor target elevation. Due to the low elevation
angle of target, assumed to be in the far-field, the
direct and specular path signals arrive overlapping
in time and angularly separated by less than the
nominal 3 dB beamwidth at broadside. In the case
of a uniformly spaced linear array (ULA) of M
elements, the nominal 3 dB beamwidth at broadside
is approximately 2/M. Let x(n) denote the M x 1
snapshot vector. The ith element of x(n) is x;(n),

i=1,...,M, the value of the complex analytic signal
outputted from the ith element of the array measured
at discrete time n. Invoking the standard narrowband
model, x(n) may be expressed as

x(n) = cy(n)an (u1) + c2(n)an (u2)
+n(n) n=1,.,N

= [au(ul)sau(uz)] [«:2:;

= Ac(n) + n(n) ©)

where ¢;(n) is the sample value of the complex
envelope of the direct path echo at the nth snapshot
and u; = sindy; 6; denotes the arrival angle of the
direct path signal. c2(n) and 6, are defined similarly
with respect to the specular path signal. In terms of the
notation in Fig. 1, §; = 0 and 8, = —a. The elements
of n(n) constitute the complex noise present at each
antenna output at the nth snapshot.

The phase angle of ci(n) is that measured at the
center of the array such that ay(u;) accounts for a
linear phase variation across the array due the planar
nature of the wavefront arriving via the direct path.
Similar comments hold with regard to role of ap(u2)
in the case of the specular path signal. For the case of
M odd such that M = 2K + 1, where X is an integer,

+n(n)

ay(u) = [e"j'K“,...,e'zi'“,e"i'“,l,
if M=2K+1.
(7a)

On the other hand, for M even such that M = 2K,
where K is an integer,

ap(u) = [e I KD o=ixG/Du g=in(w/2),

., ., . T
e;ru’eZ‘,tu’".’eﬂKu]

eI ID) (ixCIDu  oix(K=(1/D)u] T
if M=2K. ()

The subscript M on either of these entities is intended
to designate the dimension of the vector ay (u). We
note that when ay () for some specific value of u
is employed as a weight vector applied to x(n), the
operation is referred to as classical beamforming.

In the 3D-BDML scheme, a 3 x 1 beamspace
snapshot vector, denoted xg(n), is formed as

xp(n) = S}x(n) ®
where Sy is the M x 3 matrix beamformer

Sy = \/_lﬂ_l' [aM (u,— %) ;aM(uc)EaM (uc + %)]
®
with ay (1) defined previously in (7). The M x 3
beamforming matrix Sy, serves to form a center beam
pointed to u,, and two beams pointed symmetrically
above and below u, at u = u,+2/M and u = u, —
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Fig. 2. Plot of normalized array patterns associated with each of
three mutually orthogonal, classical beamformers with pointing
angles of —5.46°, 0°, and 5.46°, respectively, for case of M =21
element array uniformly spaced by a half-wavelength. Array

patterns have M — 3 = 18 nulls in common.

2/M, respectively. The three respective beam patterns
for the case of u. =0 and M = 21 are depicted in
Fig. 2. It is observed that each beam has a null in
the location of the peak of the respective mainlobe
associated with each of the other two beams. This is
a consequence of the fact that the columns of Sys are
mutually orthogonal, i.e., S Sy = 1.

Substituting (6) into (8) and defining b(u) =
Siap(u) as the 3 x 1 beamspace manifold vector
yields

xa(n) = [b(ul);b(ug)] e(n) + Stin(n) = Be(n) + np(n)
(10)

where B = [S}fapm (u1): S anm (u2)] = [b(u1):b(uz)] and

np(n) = S n(n). Let us examine the structure of the

3 x 1 beamspace manifold vector b(u) = S ay ().

Invocation of the definitions of ay (u) and Sy in

(9) and (7), respectively, yields a component-wise
expression for b(u):

sin(M% (u—uc+%>)
sin(g (u—uc+-A27)) ,
sin (M%(u—uc))

sin (;(u-—uc)) ’

o (3 (- 2))]
o (5 (v-u 7))

Note that b(u) is real-valued for all u. This property
is a consequence of the conjugate centrosymmetry
of ap (u) defined in (7) and is invoked in both the

bu) =

1

nonsymmetric and symmetric versions of 3D-BDML
to be presented shortly. An additional property of
b(u) critical in the development and analysis of the
symmetric 3D-BDML estimator is

Ibu) =bQu.—u) or  Ib(u,+A) =bu.~ A)

(12)
where I3 is the 3 x 3 reverse permutation matrix
001
=010 (13)
100

The property in (12) is easily verified by invoking the
fact that r
sin (M iu)

(T
sin (Eu)
is an even function of u. Note that I in (13) satisfies
I =13 and I31; = I3. These properties of I3 are
exploited in the development and analysis of symmetric
3D-BDML.

B. Nonsymmetric 3D-BDML Bearing Estimator

Assuming the receiver generated noise at each
of the M antenna elements to be independent and
identically distributed (IID), the Central Limit
Theorem may be invoked in the practical case of M
large to adequately model ng(n) as a 3x1 multivariate
Gaussian distributed random vector with zero mean.
Recall that the columns of Sy are orthogonal. If the
expected power of the noise at each element is of
nearly equal power, it is also adequate to model the
components of ng(n) to be independent and of equal
power. As a consequence of these observations, the
3D-BDML estimates of u; and u; may be formulated
as the solution to the following nonlinear least squares
problem

N

Minimize xg(n) — B(uq,uz)e(n 2
,,.,.,z,ca,,.‘.,cm,g" 5(n) — B(uy, u2)e(n)|

(14)
where N is the number of snapshots. For the sake of
generality, we consider the general case of multiple
snapshots, although in practice the procedure may be
limited to working with a single snapshot as in the
simulations are presented in Section VI. Assuming
the signals c¢1(n) and c2(n) to be unknown but
deterministic, we invoke separability and substitute
in (14) the respective least square error solution
cis(n) = [BTB]~'BTxg(n), n = 1,...,N. This yields
N
Minimize > " xj (n)P5 (u1, u2)x5(n)
n=1

U,y

as)

where P} (u1,us) = Is — B[BTB]~'B7. P} (u1,uy) is a
projection operator onto the 1-D space orthogonal
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to the span of b(u) and b(uz). Hence, P} (uy,uz) =
w /vTv, where v satisfies

vibu,) =0, i=12. (16)

Since b(u1) and b(u2) are both real-valued, v must be
real-valued to within a complex-valued scalar multiple.
Without loss of generality, we take v to be real-valued.
At this point, we convert the search over u; and u; to
a search over v by substituting P§ (u1,u2) = w’ /vTv in
(15). This yields

et XE Wxp(n) _ VT Re{Ryp}v
- R

Minimize T
v viv
an
where R;; is the 3 x 3 beamspace domain sample
correlation matrix
L
= H
Ry = ¥ Z;xg(n)xg (n). 18)

The solution for v in (17) is that eigenvector of
Re {R;;,} associated with the smallest eigenvalue.
Given this v, the 3D-BDML estimates of u; and u;
are found via the relationship in (16). We expand on
this final point.

Substituting v = [v1,v2,v3]7 and b(y;) = SHa(u;)
into (16) and expanding yields

vTS,’f,aM(u,-)
= veal} (uc - %) () + Vol () (i)
H 2 .
+vaay | U+ o ay(u;) =0, i=12.
(19)

Without loss of generality, consider the case of M odd
such that M = 2K + 1. Factoring e~/*K% out of (19)

yields

e—inKui (Vlaf{ (uc - -MZ——) zv(Z) + v:af,(uc)zu(z.')

+ viafl (uc + %) zM(z,-)) =0, i=12
(20)
where
w(z) = [Lzi, 24, 23,..., 24T
with z; =e/™, i=12. (1

Denoting Sy v = [wo, wi,...,war_1]", it follows from
these observations that z; = e/*%, i = 1,2 are two of
the M — 1 roots of the polynomial

w(Z) +wo+wiz + w222 .+ WM-]ZM'I =0.

(22)

To simplify further, note that the respective three
beams associated with each of the columns of Sys

defined in (9) have M — 3 nulls in common. This
phenomenon is depicted in Fig. 2 for the case of

M =21 wherein we observe M — 3 = 18 nulls in
common among the three beams. This commonality
of nulls translates into a condition that each of the
three polynomials formed with a particular column
of Sy as the corresponding coefficients has M — 3
roots in common with the other two polynomials. It
is easily shown [13, 22] that the M — 3 common roots
are located on the unit circle at z,, = e/*®:+2m/M),

m =2,...,M —2. Observing (20) and (21), we note
that w(2) in (22) is simply a linear combination of the
three polynomials constructed from the columns of
Su. Thus, the two roots of w(2) in (22) of interest
are those of a quadratic equation obtained via the
polynomial division

w(z)

T2 (2 — et samia)
)

This polynomial division may be accomplished via
simple algebraic manipulation to yield expressions for
the coefficients of g(z) in terms of the components
of v and M, the number of clements. The resulting
expressions are

42 =qo+quz + @2* =

go=ei™ {_vlei(f/M) vy m-i(f/m} = q3;

q1 =2(v1 + v3)cos (-;-!—) —2voc08 (ZHF) .

A summary of nonsymmetric 3D-BDML is then as
follows. Compute v = [vq, v, V3]T as that eigenvector
of Re{Ry} associated with the smallest eigenvalue.
Form the coefficients of the quadratic equation ¢(z)
according to the expressions in (24). Compute z;
and 2 as the two roots of ¢(z). The 3D-BDML
estimates of u; and u; are #; = (1/jn)In{z;} and
2 = (1/jm)In{z2}.

It is noted that nonsymmetric 3D-BDML is
very similar to the beamspace version of MUSIC
[17] for the case of two signals and operation in a
beamspace of dimension three. The primary difference
between the two is the fact that nonsymmetric
3D-BDML computes the so-called noise eigenvector
[17] as the “smallest” eigenvector of the real part
of R;; while MUSIC computes such as the smallest
eigenvector of Ry, itself. Here smallest eigenvector
refers to that eigenvector associated with the smallest
eigenvalue. This has implications with regard
to performance in the case of a single snapshot
and/or fully correlated signals. It is well known that
MUSIC, stripped of spatial smoothing [15] and/or
forward-backward averaging [16], breaks down under
these conditions. On the other hand, as shown in
Section IV nonsymmetric 3D-BDML is able to handle
fully correlated signals as long as the relative phase
difference between the two, AV, is neither 0° or 180°.

®)
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It should be noted that MUSIC is not an ML-based
estimation scheme.

C. Symmetric 3D-BDML Bearing Estimator

The development of nonsymmetric 3D-BDML is
easily modified to incorporate an a priori estimate of
the bisector angle upg = (u1 + u2)/2. With u, = ug =
(u1 + u2)/2 in (11), invocation of the property of b(u)
in (12) yields the following relationship between b(u)
and b(u2)

b(uz) = I3b(u1) 25)

where I3 is the 3 x 3 reverse permutation matrix
defined previously in (13). The translation of (16) for
the case of u. = up = (u + uz)/2 yields the following
pair of relationships between v and uy:

vIb(1) =0 and  vIIsb(u)=0. (26)
These relationships imply that v must satisfy Isv = v,
i.e., v must exhibit centro-symmetry. Hence, the
condition U.=up dictates the incorporation of the
constraint I3v = v into the optimization problem
described by (17).

T
Minimize Y Rciﬁ,,b v
v vIv @7
subject to: Izv=v.

Since v is constrained to be centro-symmetric, we may
express the objective function in (27) in an alternative
fashion as:

IV [Re{R;,} + I3Re{ Ry }is)v

Minimize Ty —
v 3V I+ I:13)v
_ vIRe{R[}v (28)
- vly
subject to: Tv=v
where
ﬁ,{,’: = %{ﬁbb + i3ﬁbbi3} (29)

may be interpreted as a forward-backward averaged
beamspace sample correlation matrix [16]. It can be
shown [22] that two of the eigenvectors of Re{R/}}
exhibit centro-symmetry while the third exhibits
centro-antisymmetry. Thus, the minimizing v in (28)
is that centro-symmetric eigenvector of R':.{ﬁ{,f }
associated with the smaller eigenvalue.

Given v = [vy,v2,v1]7 obtained from this procedure,
we may proceed to find the symmetric 3D-BDML
estimate of u; using the same approach as in
nonsymmetric 3D-BDML. The variable z; = e/**!
and z; = e/ are found as the two roots of ¢(z)
determined via a polynomial division of the form in
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(23) with v3 = v;. Consequently, the coefficients of
q(z) are given by (24) with v3 = vy:

qgo = e/%ue {V2 —2vjcos (—;7)} =45

q1 = 4vicos (%) —2vyco8 (%’{—r) .

It is easily shown that if |¢1/qo| < 2, the roots of g(z)
lie on the unit circle and may be expressed in terms of

(30)

q and gy as
—q1% /47 — 41902
Z12 =
240
_eja’ue {“Qlijv 4q0r_q12} (31)
- 240,

where gqq, = v2 — 2vycos(t/M). If |q1/qo| > 2, the two
roots of g(z) have the same phase angle, mu,, with
the magnitude of one equal to the reciprocal of the
other; this is an indication that the direct and specular
path signals have not been resolved. If |g1/go| < 2, the
quantity in brackets in the far right-hand side (RHS)
of (31) lies on the unit circle such that the two roots
lie on the unit circle and are equi-distant from the
point z = e/*“, Equating the phase angle of the far
RHS of (31) with that of z; = ¢/** yields, after some
algebraic manipulation, an expression for 2, in terms
of M and the components of v = [v;,v2,11]7, the
centro-symmetric eigenvector of Re{ﬁ,{,’,’ } defined by
(29) associated with the smaller eigenvalue:

x 2
v2—2v1cos(—)
01 =u.+ > tan~! M -1
T 2 cos(zz) —2v1cos(l)
P \M M

32

D. 2D-BDML Bearing Estimator

The development of nonsymmetric 3D-BDML may
be simply modified to yield a 2D-BDML estimator of
the target bearing for cases in which the contribution
to the beamspace outputs due to specular multipath is
either nonexistent or negligible. This may be the case
when either the target is at an elevation of a couple
of beamwidths above broadside, corresponding to
the initial stages of tracking in certain applications,
or when the sea surface is very rough. Although the
symmetric 3D-BDML estimator still performs properly
under these conditions, as is shown in Section IV,
higher quality estimates may be obtained by employing
the 2D-BDML estimator. This is demonstrated and
explained in Section VI. On the other hand, the
2D-BDML estimator performs rather poorly when
a specular multipath component is present in the
mainlobe of either of the two beams.
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In heuristic terms, the 2D-BDML estimator is
effectively derived from the nonsymmetric 3D-BDML
estimator by shutting off the beam pointed to u = u, —
2/M. u, is then chosen to be an angle in the general
vicinity of the pointing angle of the transmission
beam. The transformation from element space to
beamspace is accomplished by applying the M x 2
matrix beamformer

Sy = [aM(u,,)gaM (uc + %)]

to each snapshot; the superscript r stands for reduced
dimension. This produces the 2 x 1 beamspace
snapshot vectors xj(n) = Si¥x(n), n = 1,...,N, from
which the 2 x 2 bcamspaoc correlation matnx is
formed as R}, = (1/N)TN_ x5, (n)x3H (n). Again, we
are primarily concerned with N = 1.

A development similar to that which lead to
the nonsymmetric 3D-BDML bearing estimation
scheme yields a similar two-step procedure. In the first
step, v" = [v],v3] is computed as the eigenvector of
Re{R,} associated with the smallest eigenvalue. In
the second step, 2; is determined as that value of u, in
the vicinity of the angular region encompassed by the
mainlobes of the two beams, satisfying v'7b’(u;) = 0,
where b"(u1) = Siap(u1). Similar to the case with
nonsymmetric 3D-BDML, the second step may be
formulated in terms of the root of a simple linear
equation. This is accomplished by observing that
the (M — 1)th order polynomial formed using the
first column of S}, as the coefficient vector has
M — 2 roots in common with that using the second
column. In addition to the M — 3 common roots z,, =
ei7+@m/M) =2 ... M —2 cited previously, these
two polynomials each have a root at z = e/*(~(2/M)
as well. Let d(z) = do + d1z be the linear polynomial
for which 2; = e/*% is the root. It is easy to verify that
d(z) may be obtained via the polynomial division

(33)

+qiz + g} 2°

- _ 9%
dz)=do+diz= 7 — eI /M) (34)
where qo and ¢ are given by (24) with v; =0, vj = vy,
and v; = v, ie.,
o = /™ { v — v;e—f(r/m};
= 2v’c0s( T ) 2v5cos 2 *
h1=n M 2 M)

Cross-multiplying by z — e/*®:=/M)) in (34) and
equating the coefficients of z° and z2 on both sides
yields the relationships

Now, the root of dg + dyz is simply 2; = —dy/d;.

Invoking the relationships in (36), this root may be

expressed as d

8y = — 20 = pin(-ucr@/M) A0, 67
d 9%

It is obvious from this equation that 2; lies on the unit
circle. As the phase angle of 2; is 7, (37) dictates

2 1
0 =—-u.+ 4 + 7?Zarg{qo} (33)

arg{qo} is simply determined by manipulating the
expression for qp in (35)

go = eJTueg=ix/2M) {_v;e—j(r/zu) + vgei(r/m)}

= el'“ce'l("/m){(vl —_ V2)COS (ZM)
+ j(v3 + v{)sin (ZM)}
such that
ey T -1 ffvitvs .
arg{qo} = Tu, ZM + tan {[v;—v{,] tan(ZM)}.

(39)
Substitution of (39) in (38) yields

cur Ly 2t [[HHY] (T
01—u¢+M+n_tan {[v{—v;]mn(ZM)} (40)

where v’ = [v],v5] is the eigenvector of Re{R},}
associated with the smallest eigenvalue. Note that
the angle u = u, + 1/M is the midpoint between the
pointing angles of the two beams, u, and u. +2/M.

IV. EFFECTS OF FORWARD-BACKWARD
AVERAGING IN SYMMETRIC 3D-BDML

Recall that A¥ denotes the phase difference
between the direct and specular path signals at the
center of the array. We here demonstrate analytically
that nonsymmetric 3D-BDML breaks down when
AV is either 0° or 180° while symmetric 3D-BDML
exhibits no such breakdown phenomenon. Let p denote
the magnitude of the reflection coefficient; for a
smooth surface of reflection p ~ 0.9 [19]. The expected
value of the 3 x 3 sample beamspace correlation
matrix, Ry, defined in (18) has the form

N
= 1 H = T, 2
Rpp = E{ﬁ "deB(n)xB (n)} =BR,B" +0;,13
(41)

where o2, is the mean square value of the noise
present at each of the three beamspace ports and

=2 —jaw=2
& peitvE
= _Zc(n)cH(n) = [ peidVg 2 ]

n=1

=5 [ ejA\Iv] [1,pe~742¥]

c(n) = [cl(n) cz(n)]T as prescribed previously in (6)
and 7 = (1/N)YN_, |c1(n)|%. Recall that ¢y(n) and

(42)
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c2(n) are here viewed as deterministic but unknown
sequences. Also, the form of R;, in (42) assumes that p
and AV¥ are constant over the interval in which the
N snapshots are collected; the basic assumption is
that N is small, typically one as implied by the term
“monopulse”.

In nonsymmetric 3D-BDML, v is computed as the
cigenvector of Re{Ry,} associated with the smallest
eigenvalue. Recall that B is real such that

Re{Ry,} = BRe{R,}BT + 02,13 43)
where
2 1 pcos(AY)
Re{R.,} = 72 [pcos( sy o |- @

We state without proof some important properties
with regard to the eigenstructure of Re{Rs;}. The
proof of each of these properties is straightforward
and may be found in [22]. First, the smallest eigenvalue
of Re{Rys}, denoted A% . is equal to o2,. Second, if
Re{R,,} is of rank two, the eigenvector of Re{Rs }
associated with A”%. = g2, is orthogonal to both b(u;)
and b(uz). Thus, if Re{R,;} is of rank two, execution
of nonsymmetric 3D-BDML with either the expected
value or the noiseless version of Rep provides the true
values of u; and up. Observing (44), Re{R,,} is of full
rank equal to 2 so long as A¥ does not equal to either
0° or 180°. In these two cases, Re{R,} is of rank
1 such that the smallest eigenvalue A%, = o2, is of
multiplicity 2 and the corresponding 2-D eigenspace is
orthogonal to the 1-D space spanned by b(u1) £ pb(u2),
where “+” is for the case A¥ = 0° and “—” is for the
case A¥ = 180°. Under either of these two conditions,
neither of the two vectors chosen to span the 2-D
eigenspace associated with A2, = 02, is orthogonal
to b(u1) and b(u2) individually. Thus, the method
breaks down when either A¥ =0° or A¥ = 180°.
This phenomenon is demonstrated in the simulations
presented in Section VI

We next consider the execution of symmetric
3D-BDML when supplied with either the expected
value or the noiseless version of Ry,. In the first
analysis, we consider u. to be exactly equal to the
bisector angle up. Symmetric 3D-BDML dictates that
v be computed as that centro-symmetric eigenvector
of Re{R/?} associated with the smaller eigenvalue,

where R/} is defined in (29). Recall that with u, =
ug, the two columns of B are related according to
b(uz) = Isb(u;) such that I3BI, = B. Exploitation of
this property yields

Re{R[;} = iRe{Ry + LRy 1s}
= 1 {BRe{Rw}B” + L;BLL; Re(R.,}TI,B";}
+ 07,03 = BIRe {R,, + LR, 1.} B + 01,15
(45)
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where we have invoked the property I, = I. Thus,
Re{R/}} can be expressed in the form BRe{R/?}BT +
02,13, where

1 - =
Rf; = 5 {Rys + 2RIz}

2
=5} o (46)
pcos A¥ 2p

where we have substituted (42) for Ry,. In contrast to
the situation with Re{R,} in (44), which is of rank
one for all values of p when AV is either 0° or 180°,

f,,b is of rank two except when either A¥ = 0° and,
at the same time, p = 1, or when A¥ = 180° and, at
the same time, p = 1. That is, denoting p. = pe/2¥, the
only values of p. for which Rf! in (46) is of rank one
are p. =1 or p. = —1. Thus, as long as p. is neither
1 or —1, execution of symmetric 3D-BDML in the
asymptotic or noiseless cases provides the true value
of uy.

As a practical matter, the magnitude of p., p, is
always less than one due to losses incurred at the
surface of reflection [19]. Notwithstanding, symmetric
3D-BDML does not break down when A¥ = 0° and
p =1, ie., when p. = 1, despite the rank deficiency
problem. In this case, BRc{R{,b }BT is of rank one
such that the smallest eigenvalue of Re{R{,f LA, =
02, is of multiplicity 2 and the corresponding 2-D
eigenspace is orthogonal to the 1-D space spanned by
b(u1) + b(uz) = b(u1) + I3b(uy). Since b(u1) + Isb(u1)
is centro-symmetric, one of the eigenvectors associated
with A8 = 02, is centro-symmetric while the other is
centro-antisymmetric. In accordance with symmetric
3D-BDML, v is chosen as the centro-symmetric
eigenvector associated with A2 = ¢2,. Invoking the
centro-symmetry of v yields

vI {b(uy) +b(uz)} = v7 {b(u;) + I3b(u1)}

=2vIb(u;) =0 @7

which indicates that v is orthogonal to b(u;). This
implies that in the asymptotic or no noise cases,
symmetric 3D-BDML provides the true value of u;
even in the extreme case of A¥ =(0° and p = 1.
Note that the argument above signified by (47)
does not work for the case of A¥ = 180° and
p=1,ie., p. = —1. Symmetric 3D-BDML breaks
down under these extreme conditions. In general,
poor performance is obtained in the case of A¥ =
180° when p = 1. The use of frequency diversity to
overcome this problem is explored in the next section.

A. Operation With No Specular Multipath

The previous analysis provides a simple means
for examining how symmetric 3D-BDML performs

449




when no specular multipath component is present. The
absence of a specular multipath component is signified
by setting p equal to zero. With p = 0 in (45) and (46),
Re{R]} may be expressed as BRe{R/?}BT + 02, I,
where R{,” = %Ff[z and

B= [b(ul)gigb(ul)] = [b(ul)gigb(Zuc ~u)]  (9)

where we have invoked the property of b(u) described
by (12). It is deduced that despite the absence of
specular multipath, the process of forward-backward
averaging according to (29) effectively creates an
artificial source at u = 2u. — u; of equal power. Thus,
even without a specular multipath component present,
symmetric 3D-BDML must nevertheless resolve two
sources angularly separated by |u; — Qu, — u1)| =

2|u, — u|. Hence, the closer u, is to uy, the “harder”
symmetric 3D-BDML must work to resolve the actual
source and the artificial source. This phenomenon

is illustrated in simulations presented in Section VI.
Nevertheless, since R = 1531, is of rank 2, it follows
that in the asymptotic or no noise cases symmetric
3D-BDML provides the true value of u;.

B. Effect of Error in Bisector Angle Estimate

The formula for the bisector angle given by (4) was
based on a flat-Earth model and the approximation
that cos(a) = cos(f2) ~ 1. In the case of a spherical
Earth model, the bisector angle is approximated as the
angle from the array center to a point directly under
the target on the plane tangent to the surface of the
Earth at the point of reflection, computed for a target
height equal to the radar height. Although the bisector
angle estimates provided by these procedures are quite
accurate, an assessment of the sensitivity of symmetric
3D-BDML to an error in the bisector angle estimate is
in order. Although symmetric 3D-BDML is a nonlinear
estimator, a simple analysis leads to the intuitively
satisfying conjecture that an error in the bisector
angle estimate translates into a bias in the symmetric
3D-BDML estimator of the same magnitude. The
argument is as follows.

Consider u, # up such that u, = ug +46. It is
assumed that the deviation § is a very small fraction of
a beamwidth, i.e, 6 < 2/M. Now, since up is the true
bisector angle, u; = up + A and u = ug — A. Invoking
the property of b(u) in (12) yields

Ib(u1) = bQu, — u1) =bQRup+26—up—A)
=b(up — A +26) = b(uz + 26). 49)

Similarly, Isb(u2) = b(u; + 26). Hence, in the case

of u. # upg, the expected value of Re{R{,f } may be
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expressed as
b T
Re{Rf}} = } [B(u1):b(us)] Re{Ro} [bur):b(uz)]
+§ [bluz +26):b(us +26)| RefRo.}

x [b(uz +26):b(us +26)] "ok (50)

The forward-backward averaging process has
effectively created two artificial sources, one at u =

u; + 26 and another at u = uz +26. As p = 1, the four
sources, the two actual sources and the two artificial
ones, are of nearly equal strength. In the practical case
where 6 is a very small fraction of a beamwidth, it is
conjectured that symmetric 3D-BDML cannot resolve
the actual source at u = u; and the artificial source at
u = u; + 26 and, in light of their equal power, yields
(on average) an estimate equal to the center value of
u = uy + 6. This, in turn, leads to the conjecture that
an error in the bisector angle estimate translates into a
bias in the symmetric 3D-BDML estimator of the same
magnitude. This conjecture is validated by simulations
presented in Section VI

V. FREQUENCY DIVERSITY

Advances in radar technology have progressed
to the point where the use of frequency diversity
in tracking systems has become increasingly more
commonplace. Depending on the system hardware,
the pulses at the various frequencies may be
transmitted simultaneously and/or in rapid succession
corresponding to frequency hopping. An example
of a real radar system where frequency diversity
is employed is the multiparameter adaptive radar
system (MARS) described by V. Kezys and S. Haykin
[18]. This experimental bistatic radar array consists
of a 32-element, horizontally polarized linear array
operating coherently over the band 8.05 to 12.36 GHz.
Each antenna element is followed by two receiver
channels allowing for simultaneous reception on two
separate frequencies: one fixed at 10.2 GHz and the
other agile over the band 8.05 to 12.36 GHz in 30 MHz
steps. We cite the MARS radar system as an example
of what is feasible in the way of multifrequency
transmission with current technology.

There are a number of advantages to employing
frequency diversity for tracking purposes. For
our purposes here, frequency diversity translates
into phase diversity, i.c., diversity in the phase
difference occurring at the center of the array.
Accordingly, multifrequency operation diminishes the
pejorative effect of a 180° phase difference at any one
transmission frequency. With judicious processing,
the use of multiple frequencies also allows us to
achieve a large effective signal-to-noise ratio (SNR).
This is accomplished by coherently combining the
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additive component of the 3 x 3 beamspace correlation
matrix at each frequency due solely to the direct and
specular path signals; the additive components of

the beamspace correlation matrix at each frequency
due to receiver noise and cross-products between
signal and noise are incoherently combined. The
coherent combination of the signal-only (no noise)
component of the beamspace correlation matrix

at each frequency is accomplished through the use

of focusing transformations in accordance with the
coherent signal subspace (CSS) processing method of
Wang and Kaveh [20-21). A multifrequency version of
3D-BDML incorporating CSS is developed below.

A discussion of multifrequency operation requires
the introduction of some notation. The transmission
frequencies are denoted f;, j = 1,...,J, where J is
the total number of such frequencies. fo denotes the
frequency for which the M elements of the array are
spaced by a half-wavelength; fo may or may not be
one of the transmission frequencies. At frequency f;,
we allow the option of operating with an array of M;
contiguous elements extracted from the overall array
of M elements. The formulation is general; M; may be
equal to M or it may be less than M. There are two
advantages to operating with an effective subaperture
equal to that associated with a subarray of M; elements
at frequency f;. First, it leads to a criterion for the
selection of transmission frequencies which makes
the job of coherently combining the signal-only
component of Ry (f;), the 3 x 3 beamspace correlation
matrix formed at f;, a very simple procedure. This
criterion is discussed shortly. Second, with M; < M,
there are M — M; + 1 identical subarrays of M; < M
contiguous clements allowing for spatial smoothing
[15] at frequency f;. The process of spatial smoothing
in addition to CSS processing further diminishes the
sensitivity of 3D-BDML to the phase difference at any
one frequency.

The element space manifold vector/classical
beamforming vector associated with frequency f; and
a subarray of M; contiguous elements is denoted
ay; (u; f;). am(u) in (2), now denoted ap (u; fo),
is easily generalized for arbitrary frequencies of
operation and subarrays of length M;:

ay (4 ;) = [c-i"(Mj—l)/Wj/fo)"’c-j"(M,'—3)/2(fj/fo)"w.,
]
T
1,_,_,ejfr(M,f—s)/Z(f,-/fo»'efr(Mj—l)/z(f,-/fo)u]
if Mj is odd
ay,(u; fj) = [c—j"(Mj—l)/ZUj/fo)",". e— iU/ 2ok
i , ,
T
ei’f(f,'/l’fo)'l,m'ei’f(Mj-i)lz(f,‘/fo)“]

it Mj is even.

(C2Y)
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Let Sp;(f;) denote the M; x 3 beamformer to be
applied to each of M — M; + 1 identical subarrays of
M; < M contiguous elements at frequency f;.

2
Su;(fj) = ﬁ ay; (“c— %E;ﬁ) :au; (U ff)

o (14 30
i=1...,1.

Given the definition of ay;, (u; f;) in (51), it is easily
verified that the columns of Sy, (fj) are mutually
orthonormal. It is also easily verified that each of the
three polynomials formed with a particular column of
Su;(f;) as the corresponding coefficients has M; —3
roots in common with the other two polynomials.

The first step in multifrequency 3D-BDML
incorporating CSS is to form a spatially smoothed
[15], beamspace correlation matrix, denoted Res(f;),
at each frequency in the following manner. The overall
array is decomposed into M — M; + 1 overlapping
subarrays of M; < M contiguous elements. Sy (f;)
is applied to each subarray, and Ry (f;) is formed
as the arithmetic mean of the outer products of
the M — M; +1 3 x 1 beamspace snapshot vectors
thus created. The second step is to apply a focusing
transformation on both the left and right of each
Rys(fj), j =1,...,J, so that the signal-only component
of each may be coherently combined at some common
frequency. Let the common frequency be fi, where
fx € {fisf2,---,[1}. The focusing transformation to
be applied to Ry(f;) is denoted T%, j =1,...,J. As
fi € {fi,f2---,f1}, the notation implies T} = I;. We
quantify the role of the focusing transformations more
precisely as well as discuss methods for constructing
such shortly. Given the appropriate set of focusing
transformations, the CSS averaged correlation matrix,
denoted {Rps}, is computed via the simple sum

(52)

J
Ris = 7 3 TR ()T, (53)
j=1

A summary of the multifrequency version of
nonsymmetric 3D-BDML is then as follows. Compute
v = [v1,vp,v3]T as that eigenvector of Re{Rss},
computed in the metric T = 1/J E§=1T$‘T{"T’
associated with the smallest eigenvalue. Form the
coefficients of the quadratic equation ¢(z) according
to

qo = e/Tue {_vle—i(fo/fk)("/MA) +vy— vwi(fo/fk)("/"k)} =q
(54a)

- for ) _ Jo 21
g1 = 2(vy + v3)cos ( o M 2v; cos fo My (54b)

where the scaling factor fy/fx accounts for operation
at a frequency other than that for which the elements
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are spaced by a half-wavelength. Next, compute z;
and 2> as the two roots of ¢(z). The estimates of
u; and u, are then &; = (fo/fi)(1/j*)In{z;} and
2 = (fo/ fi)(1/ jm) In{22}.
The multifrequency version of symmetric

3D-BDML is similar except that Ry, is replaced by
R{,, = Q{R,,,, + LRy I3} v =[v,vo,n] is computcd
as that centro—symmetnc eigenvector of Re{R,,,,},
the metric T = 1/J Y], T¥T¥7, associated with the
smaller eigenvalue. With v3 = v; in (54), the remaining
steps are the same. Of course, use of symmetric
3D-BDML implies that u, in (52) is equal to an
estimate of bisector angle.

With the phase diversity achieved with frequency
diversity, one might question the need for symmetric
3D-BDML in the case of multifrequency operation.
Of course, the differential in performance between
the symmetric and nonsymmetric cases will depend
on the specific values and total number of frequencies
employed. For most practical applications in which the
number of transmission frequencies is rather small (2,
3, or 4) and the inter-frequency spacings not so great,
symmetric 3D-BDML can be expected to significantly
outperform nonsymmetric 3D-BDML. Simulations are
presented in the next Section backing this claim.

® quantify the role of T4 more precisely, let
b(u; f;) denote the 3 x 1 bcamspacc manifold
vector associated with frequency fj, i.e., b(y; f;) =
Si, Uam;(u; f;), j = 1,...,J. Given the definitions of
ay; (u; fj) and Sp;(fj) in (51) and (52), respectively,
it is easy to verify the following component-wise
expression for b(u; f;)

b(u; f;) = Sif, (F)an; (s f)
o [ (5 (e nr B37))
M; sm(z;")(u—uc+%1—%)) ,
s (03 - w0)
sn(Ffu-uo)
a5 (wmn )]
(35 (e fm)
Further, define B(f;) = [b(u1; fj):b(u2 fj)), j = 1,...,J.

In accordance with the CSS methodology of Wang and
Kaveh, the focusing matrices must satisfy

(55

B(fi) =T:B(f}), j=1....J. (56)
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Again, T} = Is. In general, construction of the
appropnate set of focusing matrices satisfying (56)
requires knowledge of uy and uy, i.e., the angles

we are trying to estimate. Accordingly, Wang and
Kaveh [20-21] propose an iterative procedure which
commences with an initial set of focusing matrices
based on some coarse estimates of the angles. One
possibility for initialization is to take the pointing angle
of the center beam u, as an estimate of both angles.
In a tracking situation, it makes sense to use the

most recent bearing estimates as the initial estimates.
Proceeding with the initial set of focusing matrices
yields updated estimates of the angles corresponding
to the first iteration. The new pair of angles are used
to construct an updated set of focusing matrices which,
in turn, yield the estimates of the angles at the second
iteration. This procedure is iterated until the absolute
value of the difference between respective angle
estimates obtained at the (k + 1)th and kth iterations
is less than some threshold. A number of methods for
constructing the focusing matrices have been proposed
[20-21].

The need for focusing matrices in multifrequency
3D-BDML may be eliminated if the transmission
frequencies, fj, j = 1,...,J, and corresponding subarray
lengths, M;, j = 1,...,J, are selected such that the
product f;M; is the same for each frequency, ie.,
fiM; = constant, j = 1,...,J. This assertion is justified
by approximating each of the array patterns comprising
the components of b(u; f;) in (55) as a sinc function
in the vicinity of the respective mainlobe and first few
sidelobes:

b(u; f;) = Sig;(f)an; (43 £;)
AEMSi (L, LT
o o (2 fo (u f,M,))
~ M LY 2)) ’
(2(“ M

sin (%M% (u- uc))

(2
T
sin (%%‘ﬁ (u—uc + %%))

(5 (w-n-22))
7)

It is thus apparent that if f;M; =a, j =1,...,J, the
beamspace manifold vector b(u; f;) is approximately
identical, to a high degree of precision, for each
transmission frequency!! With regard to (56), under
these conditions B(fi) =~ B(f;), j = 1,...,J, eliminating
the need for focusing matrices. In effect, with
frequencies satisfying this criterion, the appropnate
focusing matrices are identity matrices, i.c., T =1,
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Fig. 3. Performance comparison: Nonsymmetric 3D-BDML versus
symmetric 3D-BDML using true bisector angle. M = 21 elements
and N =1 snapshot. Direct path: §; = 1° and SNR = 20 dB.
Specular path: 6, = —1.5° and p = 0.9. Single frequency operation.
SMEANSs/SSTDs computed from 150 independent trials.

(a) Direct path sample means. (b) Direct path sample STDs.

j=1,...,J. Also, observing (54), it is apparent that
with fiM; =aq, j=1,...,J, any of the transmission
frequencies may serve as the reference frequency

f«. Hence, CSS averaging is simply accomplished by
summing the spatially smoothed beamspace correlation
matrices formed at each frequency. This represents a
dramatic simplification.

Some practical issues with regard to the selection
of transmission frequencies are discussed in Section
VI. The sensitivity of this multifrequency method
to deviations in the product f;M; from frequency to
frequency is examined as well.

VI. COMPUTER SIMULATIONS

Computer simulations were conducted to assess
the performance of the various BDML bearing
estimation schemes developed within in a simulated
low-angle radar tracking environment. The following
parameters were common to all test cases. First,
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Fig. 4. Sensitivity of symmetric 3D-BDML to errors in the
bisector angle estimate. Simulation parameters are same as those
described in caption to Fig. 3. (a) Direct path sample means.
(b) Direct path sampie STDs.

the array employed was linear consisting of M = 21
elements uniformly-spaced by a half-wavelength at
fo. The nominal 3 dB beamwidth for this array is

Z rads = 5.46°. The direct and specular path signals
were angularly located at 8; = 1° and 6, = —1.5°,
respectively, corresponding to an angular separation of
0.46 beamwidths and a bisector angle of 85 = —0.25°.
In the u = sin(6) domain, the relevant bisector quantity
is up = }{sin#; +sind,} = —0.00436. The noise was
additive, spatially white, and uncorrelated with the
direct and specular path signals. The SNR of the
direct path signal was 20 dB (per element). The ratio
of the amplitude of the specular path signal to that
of the direct path signal, p, was 0.9. In the case of
single frequency operation at fy, corresponding to

the simulations presented in Figs. 3 through 5, each
independent trial involved a single snapshot of data,
N = 1. For each simulation example, the respective
performance of the particular 3D-BDML algorithm
employed was examined at nine equi-spaced values
of A¥, the phase difference between the direct and
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Fig. 5. Performance comparison: Symmetric 3D-BDML versus
2D-BDML as function of pointing angle of center beam in case of
no specular multipath. Simulation parameters are same as those
described in caption to Fig. 3 except p = 0. (a) Direct path sample
means. (b) Direct path sample STDs.

specular path signals at the center element at fp,
over the interval from 0° to 180°. Multifrequency
operation with three frequencies satisfying f;M; =
constant, j = 1,2,3, is examined in Figs. 6 and 7. In
this case, each independent trial involved the execution
of the simplified multifrequency version of either
symmetric 3D-BDML or nonsymmetric 3D-BDML
given a single snapshot of data, N = 1, at each of the
three frequencies. Finally, in all cases, sample means
(SMEANS) and sample standard deviations (SSTDs)
were computed from the results of 150 independent
trials.

The first simulation results presented in Fig. 3
compare the performance of nonsymmetric 3D-BDML
with that of symmetric 3D-BDML employing the
actual bisector angle. The breakdown of nonsymmetric
3D-BDML in the respective cases of A¥ = 0° and
AW¥ =180° is apparent. Interestingly enough, the
performance achieved with A¥ = 0° is worse than
that achieved with A¥ = 180°. No such breakdown

~——0O— symmetric
—&— nonsymmetric

Sample Means (Degrees)

AY

@

—O0— symmetric
—— nponsymmetric

.01

Sample STD's (Degrees)

T v T
° 45 90 135 180
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(b

Fig. 6. Performance comparison: Nonsymmetric 3D-BDML versus
symmetric 3D-BDML using the true bisector angle in the case of
multifrequency operation. Simulation parameters are same as those
described in caption to Fig. 3. Transmission frequencies: f; = fp,

f2=%fo, and f3 = 3 fo, where fo denotes frequency for which

elements are spaced by A/2. A¥ denotes phase difference at
aperture center at fo. (a) Direct path sample means.
(b) Direct path sample STDs.

phenomenon is observed with the symmetric
3D-BDML estimator. However, the sample STD of
the symmetric 3D-BDML estimator steadily increases
from a value of 0.07° at A¥ = (° to a value of 0.94° at
A¥ = 180°. The sample STD obtained with symmetric
3D-BDML is observed to be substantially smaller than
that obtained with nonsymmetric 3D-BDML for A¥
equal to 0°, 22.5°, 45°, 67.5°, and 180°.

The simulation results presented in Fig. 3 indicate
that symmetric 3D-BDML significantly outperforms
nonsymmetric 3D-BDML for most values of A¥. This
may be attributed to the use of a priori information
by symmetric 3D-BDML with regard to the bisector
angle. An indication of the sensitivity of symmetric
3D-BDML to error in the estimated bisector angle
may be gleaned from observing the simulation results
plotted in Fig. 4. For a given test case, the error cited
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Fig. 7. Sensitivity of Symmetric 3D-BDML in case of
multifrequency operation to deviations (in GHz) from the
prescription f; = (M /M;)fo, i = 2,3, where fo =10 GHz, M; =19
and M, =17, for the two auxiliary frequencies employed in the
simulations presented in Fig. 6. Simulation parameters are same as
those described in caption to Fig. 6. (a) Direct path sample means.
(b) Direct path sample STDs.

in the legend is defined as 6p — 6., where 6, is the
pointing angle of the center beam and 6 is the actual
bisector angle equal to —0.25° in this example. The
performance statistics plotted for the no-error case
are exactly the same as those associated with the
symmetric 3D-BDML estimator plotted in Fig. 3. (Note
the change in scale, however, between the vertical axes
in Figs. 3(a) and 4(a), respectively.) For the error levels
tested, which in view of the result in (5) correspond
to fairly gross errors, very little difference is observed
among the respective sample STD curves. On the other
hand, an examination of the respective sample mean
curves substantiates the conjecture made in Section III
that the error in the bisector angle estimate translates
into a bias in the symmetric 3D-BDML estimator of
the same magnitude.

As an illustrative example, consider the case 6. =
—0.15°, which corresponds to an error of 65 — 8, =
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0.1°. In accordance with the discussion in Section III,
the process of forward-backward averaging creates an
artificial source at 20, — 6 = 2(—0.15°) —1° = -1.3°
and another at 26, — 6, = 2(-0.15°) — (-1.5°) = 1.2°.
Symmetric 3D-BDML cannot resolve the actual
source at 1° and the artificial source at 1.2°, as they
are angularly separated by 0.036 beamwidths, and

in light of the nearly equal strength among the two
sources, “sees” a single source at 3{1° +1.2°} = L.1°.
Correspondingly, we observe that with an error in
the bisector angle of 0.1°, the sample mean obtained
with symmetric 3D-BDML estimator of the direct path
angle is 1.1° for most of the nine phase values tested.

The sample mean curves in Fig. 4(a) also suggest
that an error in the bisector angle estimate pejoratively
effects performance rather substantially in the case of
AY = 180°. However, it should again be noted that
the error levels tested represented gross deviations. In
addition, the use of frequency diversity should remedy
this problem.

The next set of simulation results examine the
effect of removing the specular multipath component
from the data, corresponding to p = 0. As discussed in
Section III, the process of forward-backward averaging
in the execution of symmetric 3D-BDML nevertheless
creates an artificial source at 20, — 6, where 6. is the
pointing angle of the center beam. Thus, despite the
absence of specular multipath, symmetric 3D-BDML
must nevertheless resolve two sources separated by
2(6. - 61). Hence, the closer 6, is to 6, the “harder”
symmetric 3D-BDML must work to resolve the actual
source and the artificial source. This translates into an
increase in the sample STD of the bearing estimates
as the separation between 6, and 6. decreases, as
illustrated in Fig. 5(b). For purposes of comparison,
the sample means and sample STDs achieved with
2D-BDML for the same set of parameters are plotted
in Figs. 5(a) and 5(b), respectively, as well. The
absence of a specular multipath component renders
2D-BDML a viable bearing estimation procedure.
With 2D-BDML, resolution is not an issue and, as a
consequence, the sample STD does not vary much
with respect to the location of the pointing angles
of the two beams employed. Also, as expected, the
sample STDs achieved with 2D-BDML are significantly
lower than the respective sample STDs achieved with
symmetric 3D-BDML for each of the different beam
locations tested.

The simulation results presented in Fig. 6 compare
the performance of nonsymmetric 3D-BDML with that
of symmetric 3D-BDML employing the true bisector
angle in the case of multifrequency operation. J =3
frequencies satisfying f;M; = constant were employed
with fi = fo and M; = M. This corresponds to no
spatial smoothing and, hence, use of the full aperture
at fo. In turn, this automatically dictates that the
other two frequencies satisfy fiM; = fiM; = 21f,, or
fi = Q1/M;))fo, j = 2,3, where M; is an integer strictly
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less than 21. The specific selections were Mz = 19 and
M =17 yielding the frequencies f, = & f, = 1.105f
and f; = 4 fy = 1.235f. Let AY;, i = 1,2,3, denote
the phase difference occurring at the center element,
modulo 360°, at the respective frequency f;, i =1,2,3.
Further, let A¥qr denote the total phase difference
between the direct and specular path signals at the
center element at f; = fy counting integer number

of wavelengths delays, i.e., without the modulo by
360° operation. The values of AVY;, i = 1,2,3, were
determined from A¥gr according to

.y -
AY; = {fo{A\I’qT 180°} +180°,m0d(360°)}

i=123 (58)
in accordance with the low-angle radar model
described by Skolnik [19]. Note that this formula
accounts for a 180° phase shift occurring at the surface
of reflection. The phase shift occurring at the point of
reflection is a phenomenon discussed by Skolnik [19]
and Barton [1]. Note that in Fig. 6 (and Fig. 7 as well),
AY, is simply denoted AV,

The performance statistics plotted in Figs. 6(a)
and 6(b) demonstrate the robustness to the phase
difference at any one frequency achieved with
multifrequency operation. Although this is true
for both nonsymmetric 3D-BDML and symmetric
3D-BDML, it is observed that the sample STDs
achieved with symmetric 3D-BDML are smaller
than the respective sample STDs achieved with
nonsymmetric 3D-BDML for all nine values of A¥; =
AV tested, with the differential between the two quite
substantial for values of A¥ near zero. It is noted that
in all cases the sample bias achieved with symmetric
3D-BDML is less than 0.015° and the corresponding
SSTD is less than 0.07°.

To emphasize the computational simplicity of
symmetric 3D-BDML with multiple frequencies
satisfying f;M; = constant, we summarize the specific
form of the algorithm employed in the simulations
presented in Fig. 6. Recall that f; = f; and M) = M.
Su, (f2), with f, = 3 fo and M = 19, is applied to
each of two overlapping subarrays of 19 contiguous
elements and R,,b(fz) is formed as the arithmetic mean
of the outer products of the two 3 x 1 beamspace
snapshot vectors thus created. Similar processing
occurs at f3 = & fo with Mz = 17 to create Ry, (f3).
With Ry, = %Z?ﬂfl‘,b(fj), RY; is formed as RI; =
%{i{,b + i3§bbi3}. v = [vy,vy, V1]T is then computed
as that centro-symmetric eigenvector of Re{Rp,}
associated with the smaller eigenvalue. Finally, &, is
computed according to (32) since f; = fo and M; = M.

In a real-world application, the actual value of a
transmission frequency will only match the desired
value to within a certain tolerance. For example, in
the MARS system described previously, the smallest
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increment the frequency of the agile transmitter may
be stepped is 30 MHz. Suppose that specific values:
of fi and M, are sclected, say f; = fo = 10 GHz and
M; = M =21, for example. Further, in determining
two auxiliary frequencies to satisfy f;M; = constant,
we select Mz = 19 and M3 = 17 as above, such that
fo=%fo=11.05GHz and f3 = 4 fy = 12.35 GHz.
These frequencies are in the range of the agile
transmitter in the MARS system. The best we can do
is synthesize these frequencies to within a tolerance of
+15 MHz = +.015 GHz. For the sake of illustration,
consider that instead of f> = 11.05 GHz and f; = 12.35
GHz, the actual transmission frequencies are f] =
f2+0.015 = 11.065 GHz and f] = f3 — 0.015 = 12.335
GHz. And, despite the fact that fi’ M; #£21f, j =2,3,
we nevertheless employ the simplified multifrequency
version of symmetric 3D-BDML outlined above.
The resulting performance is plotted in Fig. 7 and
compared with the performance achieved with f, and
f3 equal to the desired values of 11.05 GHz and 12.35
GHz, respectively, signified by the “no errors” label
in the legend. The difference between the respective
sample mean curves is practically negligible, as is the
difference between the respective sample STD curves.
To really demonstrate the robustness of the
method, the magnitude of the respective error in the
two auxiliary frequencies was increased by a factor
of ten, to 150 MHz, yielding the actual transmission
frequencies f; = f+0.15=112 GHz and f; =
f3—0.15 = 12.2 GHz. Again, very little difference
between the respective sample STD curves is observed.
However, the corresponding sample mean curve
does reveal a phase dependent bias: the sample bias
is negative for values of A¥ less than or equal to
90° and positive for values of A¥ greater than 90°.
A phase dependent sample bias curve of similar
shape is obtained if the magnitude of the respective
error in the two auxiliary frequencies is further
increased by a factor of two, to 300 MHz, yielding the
actual transmission frequencies f] = f, + 0.3 = 11.35
GHz and f] = f3— 0.3 = 12.05 GHz. As might be
expected, the maximum sample bias obtained with
these frequencies is about twice that obtained with
f=£+015=112GHzand ff = - 0.15=122
GHz.

VI. CONCLUSIONS

3D-BDML is a computationally simple ML bearing
estimation algorithm for low-angle radar tracking
which operates in a 3-D beamspace generated by three
orthogonal, classical beamformers with equi-spaced
pointing angles. In symmetric 3D-BDML the pointing
angle of the center beam is equal to the bisector
angle between the direct path ray and the image
ray, yielding a 1-D parameter estimation problem.
The bisector angle may be accurately estimated a
priori given the height of the receiving array and
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an estimate of the range of the target. In contrast,
nonsymmetric 3D-BDML does not account for the
multipath geometry and effectively solves a 2-D
parameter estimation problem. As a consequence, we
find that that nonsymmetric 3D-BDML breaks down
when AV, the phase difference between the direct and
specular path signals at the aperture center, is either
0° or 180°. In contrast, symmetric 3D-BDML can
theoretically handle any value of A¥ with A¥ = 0°
yielding best performance.

In terms of processing, the only difference between
symmetric 3D-BDML and nonsymmetric 3D-BDML
is the forward-backward averaging of the 3 x 3
beamspace correlation matrix performed in symmetric
3D-BDML. If the pointing angle of the center beam
is not equal to the bisector angle, the process of
forward-backward averaging serves to effectively create
artificial sources at the mirror images of the actual
sources about the pointing angle of the center beam.
A simple analysis of this phenomenon reveals that
an error in the bisector angle estimate translates into
a bias in the symmetric 3D-BDML estimator of the
same magnitude. In the case of no specular multipath,
this phenomenon makes the symmetric 3D-BDML
estimator nevertheless have to resolve two sources
separated by less than a beamwidth. The 2D-BDML
estimator may be used under these conditions to
achieve better performance.

Although symmetric 3D-BDML is theoretically
capable of handling any value of AW, performance
in the case of A¥ = 180° is rather poor. An obvious
means for overcoming this problem is to employ
frequency diversity. It has been shown that if the
transmission frequencies satisfy f;M; = constant,
j=1,...,J, where M; < M is the number of elements
comprising the subarray employed at f;, coherent
signal subspace averaging is achieved by simply
summing the (spatially smoothed) beamspace
correlation matrices formed at each frequency. The
multifrequency version of symmetric 3D-BDML is then
simply the single frequency version executed with the
coherently averaged beamspace correlation matrix thus
obtained. Simulations demonstrating the method to
be rather robust to relatively large deviations in the
product f;M; from frequency to frequency suggest that
the procedure may indeed be practicable.
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