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Abstract 

Yuan. S-M., Topological properties of supercube, Information Processing Letters 37 (1991) 241-245. 

The ,V-node Supercube is a new generalized version of Hypercube topology. Unlike the Binary Hypercube. the Supercube can 
be constructed for any number of nodes N. In addition, it maintains the connectivity and diameter properties of the 
corresponding hypercube. In this paper, we examine some topological properties of the Supercube from the graph-theory point 

of view. 
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I. u&ion 

Hypercube topology has been used to develop 
several parallel macL.ines, see [4] for references. 
The major advantage for using hypercube topol- 
ogy to design parallel computers is that it offers 
high data bandwidth and low message latency. 
However, there exists a significant drawback which 
is that the number of nodes in a hypercube topol- 
ogy must be a power of 2. Therefore, it cannot be 
constructed for any number of nodes. In the liter- 
ature, several generalized versions of the hyper- 
cube have been proposed. In [l], a topology called 
Generalized Hypercube which can be constructed 
for any number of nodes N, was proposed, where 
N can be represented as a product of mi ‘s, m, > 1 
for 1 < i < r and N = n&m,. Although this net- 
work can be constructed for any number of nodes, 
it has two major drawbacks. hen the number of 
nodes N is a prime, it reduces to a completely- 
connected graph. Also, significant changes have to 
be made for add’ a new ncde. In [2], a topology 
called Incomplet ypercube was proposed, which 

does not have the drawbacks of the Generalized 
Hypercube but has serious limitations in the con- 
nectivity. In some extreme situations, removing a 
single node may disconnect the whole system 
graph. In [S], Sen proposed a new modified hyper- 
cube called Supercube which does not have the 
drawbacks of either the Generalized Hypercube or 
the Incomplete Hypercube and has the same con- 
nectivity and diameter of the corresponding hy- 
percube. In fact, an N-node Supercube is either a 
supergraph of a (m - l)-dimensional hypercube 
when 2”-’ < N < 2” or an m-dimensional hyper- 
cube when N = 2”. Thus, the network is called 
Supercube. 

The purpose of this paper is to study the topo- 
logical properties of the Supercube network topol- 
ogy. The remainder of this paper is organized in 
three sections. In the next section, we describe the 
Supercube topology and some of its basic proper- 
ties. Section 3 derives some more topological 
properties of the Supercube. The last section CO 

tains concluding remarks. 
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2. %he SU~SCU~~ graph and its basic propeaties 

The following formal definition of the Super- 
cube graph is from [5]. Let G = ( K E) be a graph, 
where V is the set of vertices and E is the sei of 
edges in the graph. Assume that V contains N 
vertices, which are numbered from 0 to N - 1. 
Then, each vertex X ’ in V can be expressed as a 
k-bit sequence x1x2.. . xk, where k = [logzN], Vi, 
1 < i < k, x, = 0, 1, and X = &~,2~-‘. The 
vertex set V is partitioned into three subsets VI, Vz 

and V3, where 

v..=(X]XEV, X=lu, 

where u is a (k - I)-bit sequence}, 

v~=(XIXEv, x=0u,1u4v, 

where u is a (k - I)-bit sequence}, 

v, = (X/XE v, x=ou, 1uE v, 

where u is a ( k - 1)-b& sequence} . 

Before we define the edge set E, let us define a 
terra called Hamming distance. 

efinition 2.1. The Hanlntirlg disrance between 
two binary sequences u and v, denoted as 
HD( u, v), is the number of positions where the 

bit values of u and o differ. In other words. 
HD( u, u) is the bitwise XOR ’ of u and v. 

The edge set E is the union of E,, E,, E3 and 
E4. where 

E,= ((X, Y)jX, YE V, x=ou, Y=ov, 

where u, v are (k - 1)-bit 

sequences and HD( u, v) = l), 

E2= ((X, Y)lx, YE& x=lu 9 Y=lu 9 

where u, v are (k - I)-bit 

sequences and HD( u, v) = 1). 

E,= ((x, y)Lw v& YE v2, x=lu y-au I 7 - 7 

where u, v are (k - I)-bit 

sequences and HD( U, V) = l}, 

’ x is an integer between 0 and Iv - 1. 
’ XOR is the exclusive or. 
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Fig. 1. A 3-dimensional hypercube. 

E4= ((X, Y)IXE I’& YE V,, X=lu, Y=Ou, 

where u is a (k - I)-bit 

sequence). 

From the above formal definition, we find that an 
N-node Supercube graph can be constructed from 
an nz-dimensional hypercube, where 2”-’ ( N < 
2”‘. Assume that nodes in an ‘n-dimensional hy- 
percube are labeled from 0 to 2’” - 1. For each 
node u, N,<tr<2”‘- 1, merging nodes u and 
u - 2”‘-’ in the m-dimensional hypercube into a 
single node labeled as u - 2”- ’ and leaving other 
nodes in the m-dimensional hypercube un- 
changed, an N-node Supercube is obtained. Fig- 
ures 1, 2 and 3 demonstrate how to construct a 

Fig. 2. Merge nodes 011 and 111 into the new 011. 
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~1 = {(0,1),(0,2),(1,3),(2,3)} 
E2 = {(4S),W)) 

ES = {WMW) 

E4 = ((0,4),(~,5),(2,6)) 

Fig. 3. The resulting 7-node Supercube. 

7-node 
cube. 

The 

Supercube from a 3-dimensional hyper- 

following basic properties of the Super- 
cubes are established in [5]. 

Theorem 1.2. The node connectivity of an N-node 
Supercube is at least [log, N ]. 

Theorem 2.3. The diameter of an N-node Supercube 
is at most [log,N]. 

Theorem 2.4. The node degree oj an N-node Super- 
cube is between k - 1 and 2k - 2, where k = 

[lo&w 

One of the major advantages of a k-dimen- 
sional hypercube is that there exist a lot of node- 
disjoint paths between any two nodes [3]. In par- 
ticular, there are at least k - 1 node-disjoint paths 
of length < k between any two nodes in a k- 
dimensional hypercube. 

There exist at least k - I node-disjoint 

pdths of length f k between any two nodes in a 
k-dimensional hypercube. 

f. From Proposition 3.2 of [3], we know that 
code-disjoint paths of length = i be- 

tween any two nodes A and B if HD( A, B) = i. 
From Proposition 3.3 of [3], we know that there 
are k node-disjoint paths of length f HD( A, B) 
+ 2 between any two nodes A and B if 
HD( A, B) < k - 1. Therefore, for any two nodes 

and B in a k-dimensional hypercube, 
if HD( A, B) = k, there exist k node-disjoint 
paths of length = k, 
if HD( A, B) = k - 1, there exist k - 1 node- 
disjoint paths of length = k - 1, 
if HD( A, B) < k - 2, there exist k node-dis- 
joint paths of length < k. 

Thus, there exist at least k - 1 node-disjoint paths 
of length <k between any two nodes in a k- 
dimensional hypercube. q 

As long as no more than k - 2 nodes or links 
failed, the distance between any two nodes in a 
k-dimensional hypercube will be at most k. Here, 
we will show that the Supercube topology has a 
similar property. 

3.2. There exist at /east k - 1 disjoint 
length < k between any two nodes in an 

N-node Supercube, where k = Ilog, N 1. 

f. There are three cases to be considered. 
Case 1. Let the source node be OS and the 

destination node be Od, where s and d are binary 
sequences of k - 1 bits. All Ox-nodes in an N- 
nodes Supercube form a binary hypercube of di- 

ension k - 1 and from [3], 
if HD(s,d)=k-1, there are k-l node- 
disjoint paths of length = k - 1, 
if HD( S, d) Q k - 2, there are k - 1 node- 
disjoint paths of length Q k ( = k - 2 + 2). 
Therefore, there exist k - 1 node-disjoint paths 

of length < k between nodes OS and Od and al1 
interior nodes of these paths are in the form of OX. 
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Since ah nodes in the form of Ox in a k-dimen- 
sional hypercube belong to the N-node Supercube, 
these k - 1 node-disjoint paths are legal paths of 
the N-node Supercube. 

Case 2. Let the source node be 1s and the 
destination node be Id. Similar to Case 1, there 
are k - 1 node-disjoint paths of length < k be- 
tween 1s and Id and all interior nodes of these 
paths are in the form of lx in a k-dimensional 
hypercube. It is hewn that not all nodes in the 
form of lx in a k-dimensional hypercube belong 
to the N-node Supercube. For any path P: 1s = x0 
-x, -x* - **. -x, = Id contains some nodes 
lx not in the N-node Supercube, let nodes 
lx,, 9 lx,,, . * * 7 lx, be the only nodes in P not in 
the Sup&cube. 6y replacing each lXi, by Ox, , we 
obtain another path P,. Since for each lx not in 
the Supercube, the Ox must be in the Supercube. 
Thus, all nodes in the path P, are in the Super- 
cube. If all adjacent nodes in P, have an edge 
between them in the Supercube, then P, is a legal 
path of the Supercube. There are the following 
cases: 

The adjacent nodes are OU and lv. Since lu and 
lv are adjacent nodes in a k-dimensional hyper- 
cube, HD(u, v) = HD(lu, lo) = 1. Because lu 
is not in the Supercube, the edge (OU, lv) is in 

E3. 

The adjacent nodes are lu and Ov. Similar to 
the previous case, the edge (lu, 0~) is in EJ. 
The adjacent nodes are Ou and Ov. Since lu and 
lv are adjacent nodes in a k-dimensional hyper- 
cube, HD(u, v) = HD(Ou, 00) = 1. Thus, the 
edge (Ou, Ov) is in E,. 
Since the k - 1 P paths are node-disjoint in the 

k-dimensional hypercube and all interior nodes 
are in the form of lx, the k - 1 paths P, are 
constructed by replacing each lx in P’ by either 
Ox or lx, the resulting k - 1 Bs paths are node- 
disjoint in the Supercube. 

&se 3. Let t source node be 1s and the 
destination node Od. We need to consider the 

(a) ND@, d) G k - 3, (b) 
and (c) HD(s, d) = k - 1. 
k - 3. From [3], there are k - 1 

node-disjoint paths of length \< k - 1 between s 
and d in a (k - I)-dimensional hypercube. Thus, 
there are k - B following form be- 

tween 1s and Od and all interior nodes are in the 
form of ox, 

Is-OS-QU- *** - 

The node OS is t 

s. Now transform these k 
t one of them contains node OS without 

er common nodes. Since all Ox’s 
ese paths only appear in at most 

one path, if the transformation replaces sOme Ox 
by lx, then the lx only appears in at most one 
path. 

If 1s - OS - Od is one of the paths, it remains 
unchanged, as the only path that will contain 
nodes OS. For each path of 1s - OS - Ou - l . l - 

Od, if lu is in the Supercube, then Is - lu - Ou 
- . . . - Od is used to replace the original path 
because HD(ls, lu) = HD(s, u) = 1. If lu is not 
in the Supercube, then 1s - Ou - . . . - Od can be 
used to replace the original path because the edge 
(Is, Ou) is in E3. Since the transformation does 
not increase the length of paths, the path length of 
the resulting k - 1 node-disjoint paths is G k - 1 
+l=k. 

(b) HD(s, d) = k - 2. Since HD(s, d) = 
k - 2, HD(ls, Od) = k - I. From Proposition 3.2 
of [3], there are k - 1 node-disjoint paths of length 
= k - 1 between 1s and Od in a k-dimensional 
hypercube. Since HD(s, d) = k - 2, if s = sls2 

. . . s~_~ and d = d,d, l . . d,_,, then there exists 
an integer j, 1 d j < k - 1 such that si = dj = y 
and Wi, 1 < i < k - 1, i #j, Si = di. Let SO = 1 and 
do = 0, then 1s = sosl .=. s~_~ and Od=d,d, .== 
d &__ I’ TheFe k - 1 node-disjoint patks of length 
= k - 1 are as follows. 

Vi, 1 \< i \< j, Path Pi: 

node 0s ~0.~1 l *. si_2si_1si l l * s,_* 

Ys,+l l ** Sk-1 = 1s 

node 1 -sosl 0.9 S,_Zdi_1Si a** sj-1 

p, f, . * * s,: 1 

node 2 = ~0~1 - - - Si_.zd,_,d,si+, * * . s 
J-1 

Ysj+l "'sk-l 

. . . 

node j-i+ 1 =sosl ~.~~~_2d~_~ ---dj_, 

Ysj+lsJ+2 *'* sk-] 
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node j- i + 2 = sosl l l l s,_Zdi_l - l - d,_, 

Ydj+Isj+2 ’ a a sk-l 
. . . 

node k - i =s~s* l *. si_zdi_l - 2 l dj_1 

Ydj+l ‘. l dk-l 

node k + 1 - i = dosl l l l Si_zdi_1 l . l dj_1 

Ydj+l a.9 dk-l 
. . . 

node k - 2 = do l l 9 di-3si-2di-1 l . . dj_1 

Ydj+l l ‘* dk-l 

node k-l=do l ** dj_lydj+l l ** dk_l=d (1) 

Vi, j+l<i<k-1,Path Pi: 

node O=S~S, l ‘0 Sj_lySi+l 9 l l Si_1 

Si l w l Sk-l = IS 

node 1 =sOS~ l l . Sj_lYSi+l l l . Si,1 

diSi+* l l . Sk-1 

node ~=sOS~ l . . sj_IySj+l l .* Si_1 

didi+lsi+s l l l Sk-l 

. . . 

node k - i = SOS* l l * sj_1YSj+l 

l -9 Si_Idi .*. dk_1 

node k - i + 1 = dosl l l l Sj_lYSj+l 

. . * 

. . . si-ldi .* = d,_l 

node k-i+j=d,d, l ** dj_lySj+* 

l l 9 si_ldi - _ 2 dk_1 

node k - i + j + 1 = dad, l = l dj_1ydj+lsj+f 

l l l s. r-l i” d ’ dk-l 

. . . 

node k-2=dodl l . l dj_,ydj+, l * l di-2 

Si-ldi l l ’ dk+ 

node k-l=dodl l ** dj_lydj+l l ** dk_,=d 

(2) 

From the definition of the Pi’s, we CZUI observe 
that if a node lx belongs to a 
node Ox either belongs to Pi or 
any path. Furtherm 
path Pi, then Pi 
- . . . -lx-ox- . . . -()d_ 

Since some of the nodes in these paths do not 
belong to the Supercube, we now show how to 

convert these k - 1 paths so that all interior nodes 
are in the Supercube without introduci;rg any 
common nodes. We first replace all nodes lx not 
in the Supercube by Ox. We then remove alI 
duplications in the resulting paths. From the same 
argument as in Case 2, we know that all adjacent 
nodes in the resulting paths are directly connected 
in the Supercube. 

(c) HD(s, d)=k-1. Since HD(s, d)=k- 
1, from [3], there are k - 1 node-disjoint pat 
length = k - 1 between s and d in a (k 
dimensional hypercube. Thus, there are k - 1 

paths with length = k - 1 of the following fo 
between 1s and Od anQ all interior nodes are in 
the form of Ox. 

1s - OS - Ou - l l . - Od 

The node OS is the only common node in these 
k - 1 paths. From the same argument as in Case 
3(a), we can convert these k - 1 paths into k - 1 

node-disjoint paths of length < k. CI 

We have shown some topological properties of 
Supercube network topology that sheds light upon 
some of the reasons why the Supercube is attrac- 
tive. Because the Supercube can be constructti for 
any number of nodes and have all the nice proper- 
ties of Hypercube such as O(log,N) node CoMeC- 
tivity, O(logzN) diameter, and [log,N] - 1 node- 
disjoint paths of length < [log,Nl between any 
two nodes, it becomes an ideal network for fault- 
tolerant and parallel computer designs. 
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