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The V-node Supercube is a new generalized version of Hypercube topology. Unlike the Binary Hypercube, the Supercube can

be constructed for any number of nodes N. In addition

21101,

it maintains the t‘nnnnn!nn!y and diameter properties

diameter properties of the

corresponding hypercube. In this paper, we examine some topological properties of the Supercube from the graph-theory point

of view.
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1. Introduction
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hlgh data bandW1dth and low message latency.
However, there exists a significant drawback which
is that the number of nodes in a hypercube topol-
ogy must be a power of 2. Therefore, it cannot be
constructed for any number of nodes. In the liter-

ature, several generah'zed versions of the hy
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Dresented s a product o
forl1<i<r and N=T1/_m,. Although thlS net-
work can be constructed for any number of nodes,
it has two major drawbacks. When the number of
nodes N is a prime, it reduces to a completely-
connected graph. Also, significant changes have to
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ectivity, diameter, node-disjoint path

does not have the drawbacks of the Generalized
Hypercube but has serious hmltanons in the con-

cube called Sunercube whjch does not have the
drawbacks of either the Generalized Hypercube or
the Incomplete Hypercube and has the same con-
nectivity and diameter of the corresponding hy-
percube. In fact, an N-node Supercube is either a
supergraph of a (m — 1)-dimensional hypercube

1. Am—1 ar . ~Am LI T SO
wiien 2 < /V <. Or an m-dumnensional nyper-
ko whan Al o= M Thie tha natwarl ic callad
LUDUC WIIRLL IV — 4, F1iU), LIC IClwulih 1O vaiiva
Sunercube,

percuoc.

]oglcal propernes of the Supercube network topol-
ogy. The remainder of this paper is organized in
three sections. In the next section, we describe the
Supercube topology and some of its basic proper-
ties. bectlon j denves some more topologxcal
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2. The Supercube graph and its basic properties

The following formal definition of the Super-
cube graph is from [5]. Let G = (V, E) be a graph,
where V is the set of vertices and E is the sec of
edges in the graph. Assume that V' contains N
vertices, which are numbered from 0 to N—1.
Then, each vertex X ! in V can be expressed as a
k-bit sequence x,x,...x;, where k =[log,N1}, Vi,
1<i<k, x,=0,1, and X=XF_ x,27" The
vertex set V' is partitioned into three subsets ¥V}, V,
and V;, where

V,={X|XeV., X=1u,

where u is a (k — 1)-bit sequence},
Vo,={X|XeV, X=0u,lugV,

where u is a (k — 1)-bit sequence},
Vi={X|XeV, X=0u,luev,

where u is a (k — 1)-bit sequence}.

Before we define the edge set E, let us define a
terr called Hamming distance.

Definition 2.1. The Hamming distance between
two binary sequences u# and v, denoted as
HD(u, v), is the number of positions where the
bit values of u and v differ. In other words,
HD(u, v) is the bitwise XOR ? of u and v.

The edge set E is the union of E,, E,, E, and
E,, where

E={(X.Y)|X,YeV, X=0u, Y=0v,
where u, v are (k — 1)-bit
sequences and HD(u, v) =1},

E,={(X.Y)|X.YEV, X=1u, Y =10,
where u, v are (k — 1)-bit
sequences and HD(u, v) =1},

E;={(X,Y)|XEV,.YEV,, X=1u, Y=00

where u, v are (k — 1)-bit

L)

sequences and HD(u, v) =1},

: X is an integer between 0 and N —1.
~ XOR is the exclusive or.
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E,={(X.Y)|XEV,, YEV,, X=1u, Y=0u,
where u is a (k — 1)-bit

Fig. 1. A 3-dimensional hypercube.

sequence } .

From the above formal definition, we find that an
N-node Supercube graph can be constructed from
an m-dimensional hypercube, where 2"~ ! < N g
2", Assume that nodes in an .n-dimensional hy-
percube are labeled from 0 to 2" — 1. For each
node u, N<u<22"-1, merging nodes u and
u—2""" in the m-dimensional hypercube into a
single node labeled as u — 2™ ! and leaving other
nodes in the m-dimensional hypercube un-
changed, an N-node Supercube is obtained. Fig-
ures 1, 2 and 3 demonstrate how to construct a

Fig. 2. Merge nodes 011 and 111 into the new 011.
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Er ={(0,1),(0,2),(1,3),(2.3)}

E; ={(45),(4,6)}

Ey ={(3,5),3,6)}

E, = {{0,4),(1,5),(2,6)}

Fig. 3. The resulting 7-node Supercube.

7-node Supercube from a 3-dimensional hyper-
cube.

The following basic properties of the Super-
cubes are established in [5].

Theorem 2.2. The node connectivity of an N-node
Supercube is at least |log, N |.

Theorem 2.3. The diameter of an N-node Supercube
is at most |log, N |.

Theorem 2.4. The node degree of an N-node Super-
cube is between k—1 and 2k —2, where k=
flog,N1.

3. Distances and paths in supercube

One of the major advantages of a k-dimen-
sional hypercube is that there exist a lot of node-
disjoint paths between any two nodes [3]. In par-
ticular, there are at least k — 1 node-disjoint paths
of length <k between any two nodes in a k-
dimensional hypercube.
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Lemma 3.1. There exist at least k — 1 node-disjoint
puaths of length < k between any two nodes in a
k-dimensional hypercube.

Proof. From Proposition 3.2 of [3], we know that

there are / code-disjoint paths of length =i be-

tween any two nodes 4 and B if HD(A, B)= .

From Proposition 3.3 of [3], we know that there

are k node-disjoint paths of length < HD(A, B)

+ 2 between any two nodes A and B if

HD(A, B) <k — 1. Therefore, for any two nodes

A and B in a k-dimensional hypercube,

e if HD(A, B) =k, there exist k node-disjoint
paths of length =k,

e if HD(A, B)=k — 1, there exist k —1 node-
disjoint paths of length =k -1,

e if HD(A, B) <k — 2, there exist k node-dis-
joint paths of length <k.

Thus, there exist at least kK — 1 node-disjoint paths

of length <k between any two nodes in a k-

dimensional hypercube. O

As long as no more than k — 2 nodes or links
failed, the distance between any two nodes in a
k-dimensional hypercube will be at most £. Here,
we will show that the Supercube topology has a
similar property.

Theorem 3.2. There exist at least k — 1 disjoint
paths of length <k between any two nodes in an
N-node Supercube, where k = [log,N].

Proof. There are three cases to be considered.
Case 1. Let the source node be Os and the

destination node be 0d, where s and d are binary

sequences of k —1 bits. All Ox-nodes in an N-

nodes Supercube form a binary hypercube of di-

mension k — 1 and from [3],

e if HD(s,d)=k—1, there are k—1 node-
disjoint paths of length =k —1,

e if HD(s, d)<k—2, there are k—1 node-
disjoint paths of length <k (=k—-2+2).
Therefore, there exist kK — 1 node-disjoint paths

of length <k between nodes Os and 04 and all

interior nodes of these paths are in the form of Ox.
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Since all nodes in the form of Ox in a k-dimen-

sional hypercube belong to the N-node Supercube,

these k — 1 node-disjoint paths are legal paths of
the N-node Supercube.

Case 2. Let the source node be 1s and the
destination node be 1d. Similar to Case 1, there
are k — 1 node-disjoint paths of length <k be-
tween ls and 14 and all interior nodes of these
paths are in the form of 1x in a k-dimensional
hypercube. It is known that not all nodes in the
form of 1x in a k-dimensional hypercube belong
to the N-node Supercube. For any path P: 1s = x,
—Xx;—Xx,— --- —x,,=1d contains some nodes
1x not in the N-node Supercube, let nodes
1x;, 1x,,...,1x; be the only nodes in P not in
the Supercube ﬁy replacing each 1x; by Ox, , we
obtain another path P.. Since for each 1x not in
the Supercube, the O0x must be in the Supercube.
Thus, all nodes in the path P, are in the Super-
cube. If all adjacent nodes in P, have an edge
between them in the Supercube, then P, is a legal
path of the Supercube. There are the following
cases:
® The adjacent nodes are Ou and 1v. Since 1« and

1v are adjacent nodes in a k-dimensional hyper-

cube, HD(u, v) = HD(1lu, 1v) = 1. Because lu
is not in the Supercube, the edge (Ou, 1v) is in

E..

e The adjacent nodes are 1u and Ov. Similar to
the previous case, the edge (1u, Ov) is in E;.

@ The adjacent nodes are Ou and Ov. Since 1 and
1v are adjacent nodes in a k-dimensional hyper-
cube, HD(u, v) = HD(Ou, Ov)=1. Thus, the
edge (Ou, Ov) is in E,.

Since the k — 1 P paths are node-disjoint in the
k-dimensional hypercube and all interior nodes
are in the form of 1x, the k~1 paths P, are
constructed by replacing each 1x in P, by either
Ox or 1x, the resulting k —1 P, paths are node-
disjoint in the Supercube.

Case 3. Let the source node be 1s and the
destination node be 0d. We need to consider the
following cases: (a) HD(s, d) < k — 3, (b)
HD(s, d)=k~2and (c) HD(s, d)=k - 1.

(@) HD(s, d) <k — 3. From[3), there are k — 1
node-disjoint paths of length <k — 1 between s
and 4 in a (k — 1)-dimensional hypercube. Thus,
there are k — 1 paths of the following form be-
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tween 1s and 04 and all interior nodes are in the
form of Ox.

1ls—0s—0u— --- —0d

The node Os is the only common node in these
k — 1 paths. Now transform these k — 1 paths so
that at most one of them contains node Os without
introducing other common nodes. Since all Ox’s
except Os in these paths only appear in at most
one path, if the transformation replaces some Ox
by 1x, then the 1x only appears in at most one
path.

If 15— 05 — 0d is one of the paths, it remains
unchanged, as the only path that will contain
nodes Os. For each path of 1s—0s — Qu— --- —
04, if 1u is in the Supercube, then 1s - lu — Ou
— +-+- —0d is used to replace the original path
because HD(1s, 1u) = HD(s, u)=1. If 1u is not
in the Supercube, then 1s — Qu — - -+ — 04 can be
used to replace the original path because the edge
(15, Ou) is in Ej;. Since the transformation does
not increase the length of paths, the path length of
the resulting k — 1 node-disjoint paths is <k —1
+1=k.

(b) HD(s, d) =k — 2. Since HD(s, d) =
k—2, HD(1s,0d) = k — 1. From Proposition 3.2
of [3], there are k — 1 node-disjoint paths of length
=k —1 between 1s and 04 in a k-dimensional
hypercube. Since HD(s, d)=k -2, if s=s,5,

* Sx-1 and d=d\d, --- d,_,, then there exists
an integer j, 1 <j<k—1 such that s;=d;=y
andVi,1<i<k—-1,i#j, s;=d,. Let so—land
dy=0, then 1s=sys, --- 5,_, and O0d =dd, - -
dk_,. These k —1 node-disjoint paths of length
=k — 1 are as follows.

Vi,1<i<}j, Path P;:

nOdeO=S0S1 M Si_zs,»_lsi A Sj—]
VSjpqtt S =1s

node 1 =545, -+ 5,_,d,_s, -+ i1
Yjer "0 St

node 2 =sos; « -+ 5;_od,_1d;s; - Si—1
YSje1 "7 Sk

l'lOde'-i’i' 1 =S0sl e Si_zd,»_] e dj_]

YSjv18j42 "0 Sk
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node j—i+2==s05 - 5,_od;_y---d;_,
Y 18i00 0 Sk
node k —i=s¢8, - 8;_d;_y -+ d;_4
ydjy o dey
node k+1—i=dysy -+ 5_,d;_y -+ d;_,
djq o diy

node k—2=dy---d;,_35,_,d;_{ " dj_1
}’d,-+1 credyy

node k-1=d0"'dj—]ydj+l . 'dk_1=d (1)

Vi, j+1<i<k-1,Path P;:
node 0 =545 * - $;_1¥S;41 """ Siq

Si...sk—].:ls

node 1 =548y * - §;_1¥8;41 * " Sy
d;Siv1 " Sk—1
nOde 2=SOS1 e Sj_lij_,_l A S,-_l

did; 18i02 " Sk

node k —i=1s¢8; *** $;_1¥5;11
cSiad; e diy
node k—i+1=dgys; - 5;_1¥5;41
Siqd;cdyy

nOdC k_i+j=d0d‘l M dj_lysj+l

" Siad; e dyy
node k_i+j+1 =d0d1 b dj‘]ydj+1sj+2
e si_qd; e dyy

nOde k"‘2=d0d1 e dj—lydj+l e d,-_z
Si—1d; 0 dyy

node k-1 =d0d1 et dj—‘lydj‘f'] e dk—l =d

()

From the definition of the P,’s, we can observe
that if a node 1x belongs to a path P, then the
node Ox either belongs to P; or does not belong to
any path. Furthermore, if 1x and Ox belong to a
path P, then P, must be in the form of 1s
— e =1x—0x— --- —0d.
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Since some of the nodcs in these paths do not
belong to the Supercube, we now show how to
convert these k — 1 paths so that all interior nodes
are in the Supercube without introducing any
common nodes. We first replace all nodes 1x not
in the Supercube by Ox. We then remove all
duplications in the resulting paths. From the same
argument as in Case 2, we know that all adjacent
nodes in the resulting paths are directly connected
in the Supercube.

(c) HD(s, d)=k—1. Since HD(s,d)=k -
1, from [3], there are k — 1 node-disjoint paths of
length=k—1 between s and 4 in a (k —1)-
dimensional hypercube. Thus, there are k-1
paths with length =k — 1 of the following form
between 1s and Od and all interior nodes are in
the form of Ox.

1s—0s—0u— --- —0d

The node 0s is the only common node in these
k — 1 paths. From the same argument as in Case
3(a), we can convert these k — 1 paths into k —1
node-disjoint paths of length <k. O

4. Concluding remarks

We have shown some topological properties of
Supercube network topology that sheds light upon
some of the reasons why the Supercube is attrac-
tive. Because the Supercube can be constructed for
any number of nodes and have all the nice proper-
iies of Hypercube such as O(log, N ) node connec-
tivity, O(log, N) diameter, and [log,N]— 1 node-
disjoint paths of length <[log,N] between any
two nodes, it becomes an ideal network for fault-
tolerant and parallel computer designs.
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