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On the Capacity of Free-Space

Optical Communication Channel
Student: Lin Ding-Jie Advisor: Prof. Stefan M. Moser

Institute of Communication Engineering
National Chiao Tung University

Abstract

In this thesis we study the free-space optical communication channeld. This channel is
characterized by inputs that are nonnegative representing transmitted optical intensity, and
by outputs that are corrupted by additive whitesGaussian noise, because in free space the
disturbances arise from many independent sources.. Due to battery and safety reasons the
inputs are simultaneously constrained on'both théir average and peak power.

Our task is trying to find upper-and Idwer bounds on'the capacity of this channel. We
use a numerical approach to compute the channel capacity and compare it with previous
bounds. Based on the restlt of this comparison; we try to derive improved analytical lower
bounds on capacity.

Our numerical lower bounds are.very: close to-previous;upper bounds in lower SNR region
(below 5 dB) with improving' performance if we loosen the average-power constraint. Our

analytical lower bounds are gooddin medium SNR region (between 5 dB and 15 dB).
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Chapter 1

Introduction

In this thesis we focus on a channel model that describes a short optical communication link
in free space like, e.g., the link between a remote control and a TV. We assume that the
line-of-sight component is dominant, and-ignore ‘any effects due to multiple-path propagation
like fading or inter-symbol interference. Since in ambient light conditions the received signal
is disturbed by a high number of independent sources, we.model the noise to be Gaussian
distributed.

In optical communication not only battery-power is limited, but we have to restrict the
maximum allowed peak power for eye safety.reasons. We therefore assume simultaneously
two constraints: an average-powerfconstraint € and a limitation on the maximum allowed
peak power A. Besides, the tatio of:& to A will play an impertant role in our investigations.

In this work we study the ¢hannel capacity of such an optical communication channel.
The information channel capacity of a continuous memoryless channel [1] with input
X € R and output Y € R is defined as follows:

C2supl(X,Y) (1.1)
f
where the supremum is over all possible input distributions f. There is also an opera-
tional definition of channel capacity as the highest rate in nats' per channel use at which
information can be sent with arbitrarily low probability of error. Shannon’s second theo-
rem establishes that the information channel capacity is equal to the operational channel
capacity. Thus we drop the word information in most discussions of channel capacity.

In this work we study the channel capacity and try to find numerical lower bounds. After
comparing numerical lower bounds with previous bounds in [2], we will find that the upper
bounds in [2] are quite tight. Hence, we will concentrate our efforts on the lower bound.

Now we will introduce briefly the technics which are used in [2]. The upper bounds in

[2] were derived as follows: using a dual expression of channel capacity based on relative

!The base of the logarithm is e, the entropy is measured in nats.
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entropy, the maximum in (1.1) is changed into a minimization over output distributions. So
the problem is reduced to find an output distribution that will lead to a good upper bound.
The lower bounds in [2] are derived as follows: the supremum in (1.1) is lower-bounded by
choosing a particular input distribution. Then the expression is further simplified by the
application of the Entropy Power Inequality. Unfortunately, the Entropy Power Inequality
seems to loosen the bound, so in this work we have to find new approaches to improve on
the lower bound.

The remainder of this thesis is structured as follows. After some brief remarks about
our notation, we will define the considered channel model more in detail in the subsequent
chapter. Chapter 3 contains some mathematical preliminaries. In Chapter 4 we review those
bounds of [2] that we need for comparison. In Chapter 5 we will then show some numerical
simulations which will give us a general picture about which way we should improve our
bounds, i.e, make the upper bound lower or try to pull up the lower bound. Next, we will
present our new lower bounds and their detailed derivations in Chapter 6 and 7, respectively.

For random quantities we use.uppercase letters and for their realizations lowercase let-
ters. Scalars are typically denéted using Greek letters or lowercase Roman letters. A few
exceptions are the followingfsymbols: € stands for capacity, h denotes the differential en-
tropy, € stands for average power, A denotes peak power, and J(-) stands for the Kronecker
delta. Moreover R, f, denote probability density-functions (PDF):

e R(-) denotes a distribution on the'channel output,
e fuin(+), firi(-) denotes & distribution on the mput. signal.

We shall denote the mean-n, varianceéso? real Gatuissian random variable by Ng(n,0?). All
rates specified in this paper are in nats 'per“channel use, and all logarithms are natural

logarithms.
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Chapter 2

Channel Model

In this chapter, we will first introduce physical properties of this channel, then try to use

mathematical equation to describe this channel. This chapter is based on [2].

2.1 Physical Description

In free-space optical communication—the mput signalusually is transmitted by means of
some light emitting diodes (LED) or laser diodes (LD). Conventional and most inexpensive
diodes emit light of wavelength between 850.and 950 nanometers, i.e., the light lies in the
infrared spectrum. For such high frequenties, amplitude or even frequency modulation (as
usually used in radio comnlunication).is teclmically very demanding. Therefore practical
systems often apply the muchgimpler intensity modulation where the signal is modulated
onto the optical intensity of the emitted:light.-Since the optical intensity is proportional to
the optical power, in such a system the instantaneous optical power is proportional to the
electrical input current (and not to its square as is usually the case for radio communication).

The receiver then directly measures the incident optical intensity of the incoming signal,
i.e., it produces an electrical current at the output which is proportional to the detected
intensity.

For our model we will neglect the impact of fading or inter-symbol interference due
to multiple-path propagation and assume that the direct line-of-sight path is dominant.
However, we do take into account that the signal is corrupted by additive noise. The
dominant noise source is assumed to be strong ambient light since there is no protective
medium like, e.g., a fiber cable. Even if optical filters are applied to reduce the impact of
this noise, it typically has much larger power than the actual signal and causes high-intensity
shot noise in the electrical output signal. In a first approximation this shot noise can be
assumed to be independent of the signal itself.

The maximum allowed optical peak power of the transmitted signal has to be constrained

due to eye safety reasons and due to the danger of potential thermal skin damage. Moreover,
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as battery power always is limited, we also constrain the maximum allowed optical average

power.

2.2 Mathematical Channel Model

We will now try to translate the physical channel description into a simplified time-discrete
channel model. The channel output Y}, at time k, modeling a sample of the electrical output
signal, is given by

}N/k =T + Zk, (2.1)

where V;, € R is the time-k channel output; z; € RT is the time-k channel input and
represents a sample of the electrical input current that is proportional to the optical intensity.
The random process {Z;} models the additive noise. From our description in Section 2.1
we know that this noise is mainly caused by strong ambient light and we neglect multiple-
path propagation effect. We assume that the noise is a constant intensity term n and some
intensity-fluctuations around 7. Because these fluctuations are caused by many independent
sources, e.g., shot noise or thermalnoise, itris;reasonable toassume that they are independent

and identically distributed (IID) zero-mean |Gaussian.with & given variance o2. I.e.,
{Z}} ~1ID Nig(n,d?). (2.2)

Since 7 is constant, we ‘can shiftsthestwhole expression in (2.1) by —n without loss of gen-
erality and define a new channel output, random!variable ¥ which represents the disturbance
of the electrical output signal: Moreover we note that ourschannel model is memoryless and
therefore we drop the time-index’k.

The channel output Y becomes

Y=a+72 (2.3)
where z is the channel input that is proportional to the optical intensity and cannot be
negative,

r € RY, (2.4)
and where the additive noise is
Z ~ Nz(0,02). (2.5)

It is important to note that in contrast to the input x, the output Y may very well be
negative since the noise introduced at the receiver is not necessarily positive.
The restrictions on the optical peak and average intensity are translated into a peak-

power and an average-power constraint on the input, respectively:
Pr[X > A] =0, (2.6)

E[X] < €. (2.7)
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Be aware that the average-power constraint is in this case a constraint on the mean of the
channel input and not—as is usually the case for channels modeling electro-magnetic radio
communication—on the second moment. We shall denote the ratio between average power
and peak power by «

a €

as 5 (2.8)

where 0 < a < 1. If a = 1, this means that the average-power constraint is inactive in the
sense that we can use the maximum power all the time. On the other hand, if o <« 1, it

means that the total power is limited in the sense that we have to limit our input power.
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Chapter 3

Mathematical Preliminaries

3.1 O-Function

In the following we will extensivelyiuse the so-called O-function. This is a well-behaved
function R — (0,1) which maps every { € R to the probability that a standard Gaussian

random variable Nk (0, 1) takes on a value that exceeds &.

Definition 3.1. The Q-function s defined by

a T 1 st
Q(ﬁ):/£ T dt,” - VEeR. (3.1)

The following properties of O(-) are well-knowi

Lemma 3.1. The Q-function satisfies

Q(FPRRRLL) =Ll V¢ € R, (3:2)
and )
Q(0) = 3 (3.3)
Moreover the first and second derivative of Q(-) are given by
’ 1 &2
S -5 A4
Q (§) o V¢ e R, (3.4)
and ¢
” &2
= T2 R. .
Q (&) Nk V€ € (3.5)

Thus Q is monotonically decreasing for all £ € R, concave over (—oo,0], and convex over
[0,00) Also the Q-function can be bounded by

| 1 1 ¢
\/%56 (1 - §2> < Q¢ < \/%56 , £>0, (3.6)
and L e
Q€)=ge =, €20 (3.7)

Proof. See e.g., [2, Section 3.
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3.2 Properties of the Channel Model

First, we note that it has been shown in [3] that the capacity-achieving input distribution

is unique.

Lemma 3.2. Fiz a peak power A and an average power €. Let C(A, E) denote the capacity-

cost function of the free-space optical intensity channel (2.3) given as

C(AE) :sgp I(f,W). (3.8)

where W denotes the channel law, and where the supremum is over all input distributions
f € P (RY) that satisfy the peak- and average-power constraints (2.6) and (2.7). Then there

exists a unique input distribution fj o thal achieves the supremum.
Proof. See [3].

Using Lemma 3.2 together with:the symmetry'of the channel law and the concavity of

channel capacity in the input distribution, we can make the following observation.

Lemma 3.3. Consider a peak-power constraint A.and ah @verage-power constraint £ such
that o = % > % Then the optimal input distribution in' will have average power equal to

half of the peak power

Ep[X] 1
wrrespective of a. le., the average-pawer constraint isdimactive for all o € (%, 1], and in
particular
A 1
C(A,aA)'=C A,E ; §§a§1. (3.10)

Proof. See [2, Appendix D].

3.3 Jensen’s Inequality

Lemma 3.4. (Jensen’s inequality) Consider a convex function g(-) and a random variable
X. Then
Elg(X)] > g(E[X]). (3.11)

Moreover, if g(-) is strictly convez, then equality in (3.11) implies that X = E[X]| with
probability 1 (i.e., X is a constant).

Proof. See e.g., [1, Theorem 2.6.2].
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Previous Results

CHAPTER 4

In this chapter, we review some previous results based on [2]. In Section 4.1 we review the

bounds on channel capacity with both an average- and a peak-power constraint. In Section

4.2 we review the bounds on channeliwith a strongrpeak-power and inactive average-power

constraint. In Section 4.3 we review the bounds on channel capacity just with average-power

constraint.

4.1 Bounds on Channel Capacity with both an Average- and

a Peak-Power Constraint

We use the channel model (213) defined'in Section 2:2 and assume that the input distribution
is constrained by (2.6) and (2.7). Then the channel eapacity C(A, £) is bounded as follows:

ou (1 — e M
//L*

)

(4.1)
(4.2)
% +Q (i)
e 202 —6_(A2tg> >
(4.3)
(4.4)
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the function Q(-) is defined in (3.1); and p > 0 and § > 0 are free parameters.

In [2] the authors suggest the following (suboptimal) choice for these parameters:

§=06(A) £ olog (1 + i‘) , (4.5)
p=pu(A) £ p (1 - 6_“£f2> : (4.6)

where p* is the positive solution to (4.4).
For this choice of parameters the bounds (4.1), (4.2), and (4.3) are depicted in Figures 5.1,
5.2, and 5.3.

4.2 Bounds on Channel Capacity with a Strong Peak-Power

and Inactive Average-Power Constraint

From [2] we know that for 3 < q*& 1 the average-power ¢opstraint is inactive and C(A, aA) =
C(A, %A) Thus we can obtain the results in thisssection by, simply deriving bounds for the
case o = % Indeed the lower bound-is valid for o & [%, 1} and the upper bounds are even

valid for any a € (0, 1].

C(A, aA) > %log (1 + %:02) : (4.7)
C(A, aA) < %log (1 " 22) , (4.8)
AR s (1 e (5:;%)) % 12

+Q (i) + jme‘ii. (4.9)

Here the function Q(-) is defined in (3.1), and § > 0 is a free parameter. In [2] the authors
suggest the following (suboptimal) choice for ¢:

§=03(A) £ olog (1 - i‘) . (4.10)

For this choice (4.7), (4.8), and (4.9) are depicted in Figure 5.4.



4.3 Bounds with an Average-Power Constraint CHAPTER 4

4.3 Bounds on Channel Capacity with an Average-Power
Constraint

Finally, we consider the case with an average-power constraint only. Here we change our

notation C(A, aA) to C(E). The channel capacity C(£) is bounded as follows:

1 g2
C(€) > - log <1 + 2770_62) , (4.11)

2
C(€) < log (ﬁe‘z‘fz +V210Q (f_)) —log(Vv2ro)

g (1-0(5)-5e(2))
;<g+ﬁ> 5§_%’ (4.12)

C(€) < log (ﬁe 7 + V100 (D) ( )

X <“5>>

1 52
+— ¥ E+ T3 ——1 2red?, 5> 0. 4.13
5( me ) 5,108 271€0 > (4.13)

where 5 > 0 and ¢ are free'parameters. Note that bound (4.12) only holds for § < —oe

1

-1
while bound (4.13) only helds for ¢ > .0.7A suboptimal chéice for the free parameters in
bound (4.12) is

§=46(E) & 204 llog%, for g— <ot ~ —04 dB, (4.14)
s 1 o
41 <5+">2+4<5+") \/%aeﬁQ<5) (4.15)
2 Vor Vor o)’ '

and for the free parameters in bound (4.13) is

§=6(8) & olog <1 + g> , (4.16)
o
a2l o -5
=3 <5+5+ TWG 20
1 o _s2\?
- v
+ 5 ((5-1—5—1— me 2 )

4<5+5+me 2a>\ﬁaeza2g< ))2 (4.17)

For this choice of parameters the bounds (4.11), (4.12), and (4.13) are depicted in Figure 5.5.

10
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Chapter 5
Numerical Lower Bounds

In this chapter, we will use a numerical approach to compute the channel capacity and
compare it with previous results, in particular, with the bounds shown in Chapter 4. In
Section 5.1 we will give readers a rough picture about how we programed the simulation.
In Section 5.2 we will introducg’seme input distributions.and show that these distributions
satisfy the peak- and average-power constraint. In Section: 5.3.4 we present the numerical

results and make some cominents.

5.1 Introduction

The process of calculating the lower bound.is-based on the:following ideas: considering the

definition of capacity from Lemma. 3.2
CAE) =sup I(f, V) (5.1)
f

where the supremum is over all distributions f on the channel input that satisfy the power
constraints, we drop the optimization and choose one particular f. This leads to a natural

lower bound on capacity.

C(Aa 8) = Sup[(fa W) (52)
f

> I(f? W)’for a specific f (53)

= (h(Y) - h(Y’X))’for a specific f (54)

= h(X + Z)‘for a specific f h(Z) (55)

Now we need to choose a distribution f that is reasonably close to the capacity-achieving
input distribution in order to get a tight lower bound. However, we might still have the
problem that the evaluation of h(Y') is hard and complicated. The reason for this is that
even for relatively “easy” distributions f, the corresponding distribution on the channel

output may be difficult to compute, let alone h(Y).

11
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So we use a numerical approach to get an impression of the channel capacity. The idea

is as follows: remember the definition of entropy
hY) =~ [ R()-log Ry dy (56)

where R(y) is the output distribution. We can choose a simple input distribution which we
describe our choices in Section 5.2 and then calculate the corresponding output distribution.
We then use MATLAB to numerically evaluate the integration in (5.6). Because the output
distribution is a continuous function, we can use the command “quad” in MATLAB to
compute the entropy.

Note that we often experience numerical problems: When we calculate some parts of
the entropy, e.g., the probability of the tail and the probability of a “valley” between two
“mountains”, it might happen that the calculations result is a Not-a-Number value. We

know that they are very small values, so we can ignore them and set them to zero.

5.2 Input Distributions

5.2.1 Input Distributions in the.Situation of an Average- and a Peak-
Power Constraint

In this section we will introduce two input distributions with peak-power constraint. First,
we use the binary distribution which-is_thesmost-basic distribution and easy to handle. The

distribution is defined as follows:

fbi?(l.)
]ik
e ] — p
p
I } >~

0 sA A

fon(X) = (1=2) -8@) + 2 6@ —sA),  a<s<1: (5.7)
E[X]:(1—§).o+§.sA:pA. (5.8)

From (5.7) we can see that we fix one symbol at 0 and change another symbol from oA
to A. The parameter s is limited by the peak-power constraint and by the basic property
of probability that the summation of all events must be one. From (5.8) we check that the

distribution satisfies the average-power constraint.

12
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Next, we introduce a more elaborate distribution, the ternary input distribution. Note
that our purpose here is not to find the maximum input distribution which achieves the
channel capacity. Thus our choice is not necessarily optimal. We fix two of the three sym-
bols at 0 and A, so we can only modify the position of the third symbol. The distribution

is defined as follows:

ftr‘i(x)
1Ak
¢+l —p1—p2
p1
I Ipz
! ‘ ~T
0 sA A
Jui(x) = (1 —p1 —pa)d(x) £ p1- o(m— sA) +p2-d(z —A); (5.9)
p1=a;p2, (a0 —pa) < s <15 (5.10)
p2 < a; (5.11)
E[X] = (Is= pr.=p2) -0 +p1 - A pa - A
:a;p2-5A+p2~A=aA. (5.12)

The basic structure is the same ‘as‘for the bhinary distribution, but now we have one
more symbol. We use ps to.control how much poweryweswant to give the symbol which
costs most power, then we use § to'control how much.of the remaining power we want to
give the symbol which costs fewer power. Note that we need to satisfy (5.11) and (5.10) in
order to guarantee that our distribution satisfies the average-power constraint and the basic
property of probability that the summation of all events must be one. From (5.12) we check

that the distribution satisfies the average-power constraint.

5.2.2 Input Distribution in the Situation of an Average-Power Constraint
Only

In this section we will introduce a distribution just with average-power constraint. This
is slightly different from Section 5.2.1. Without peak-power constraint, we can use higher
transmit power to combat the noise in order to get more capacity. Note that the capacity
here is higher than in the situation with both an average- and a peak-power constraint. We

define the distribution as follows

13
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fn?(x)
1Ak
41 - ¢
P
Ip
0 £ e
fno(X) = (1—?) '(5((6)4—2-(5(33—2), 0<p<l; (5.13)
E[X]:<1—g>-0+p-€:5. (5.14)
p p

The basic structure is the same as for the binary distribution, but now we have no peak-
power constraint. So we remove the notation A, then change to £ and use p to satisfy the
average-power constraint. From (5.14) wejcheck that the distribution satisfies the average-

power constraint.

5.3 Simulation Results

We will now use the input distributions in Sections 5.2.1 and 5.2.2 to compute numerical
lower bounds. In the first case'we have ansaverage- and a peak-power constraint. We will use
three different o values to'show how much-capacity we lose. Before we start to introduce
our simulation results, we fitst explain how the o valueseffects our capacity. Recall the

expectation of binary distributien in.(5.8) and set siequal 1 as follows:

EX] = 32
=1-p)-04+p-A=pA, (5.15)

and recall the definition of a as follows:

a= £:>S:aA. (5.16)
A

By (5.15) and (5.16) we can see that p = « in this distribution. If «v is very small, we have
fewer chance to transmit signal. Although in high-SNR region we can not use peak-power to
transmit, that means we set s small than 1 in order to get higher chance to transmit. But in
the low-SNR region, if we do the same way as the high-SNR region. The noise will destroy
the signal, because the signal power is small than noise too much. Now we use @ = 0.02
to represent strong average-power constraint, o = 0.1 to represent normal average-power

constraint, and a = 0.4 to represent loose average-power constraint.
In the second case we have a strong peak-power and an inactive average-power constraint.
According to Lemma 3.3, we just use o = % to compute the channel capacity, because it

can achieve the maximum lower bound when a equals %

14
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Finally we ignore the peak-power constraint and just focus on the average-power con-

straint.

5.3.1 Simulation Results in the Situation of an Average- and a Peak-
Power Constraint

Now we start from first case: the input distribution satisfies both average- and peak-power
constraint. From Figure 5.1 with a = 0.02, we see that the numerical lower bound is almost
the same as (4.2) in the region below 5 dB. When the peak power is larger than 5 dB, we
can observe that the gap between numerical lower bound and upper bound becomes larger
and larger.

From Figure 5.2 with o = 0.1, we can see that when the peak power is lower than 5
dB, the upper bound (4.2) is still very close to numerical lower bound. Besides, the ternary
input distribution starts to exceed the binary input distribution about 6 dB, in the sense
that we can get a tighter bound due_te the more.complex input distribution.

From Figure 5.3 with a = 0.4y the upper bound (4.2) is still a nice approximation of
channel capacity below 5 dB and we observe that.the ternary input distribution is not only
close to the upper bound (4:2); but also to-the upper.bound (4.3) above 5 dB. This shows
that when « is large, the upper.bound (4.3) is als6 tight.forrmedium SNR.

5.3.2 Simulation Results in the Situation of asPeak-Power Constraint
Only

The second case is the input distribution with strong péak-power and inactive average-power
constraints. From Figure 5.4 with e = 0:5;we see that the numerical lower bound is almost
the same as the upper bound (4.8) in the region which is below 5 dB. The upper bound (4.9)
is also close to the ternary input distribution after 6 dB. The whole situation is similar to

the previous case with a = 0.4.

5.3.3 Simulation Results in the Situation of an Average Peak-Power Con-
straint Only

The last case is the input distribution just with a average-power constraint. From Figure 5.5,
we can see that the numerical lower bound is not as tight as in the previous cases in the
Sections 5.3.1 and 5.3.2, but the upper bound (4.12) becomes close only for values below
—20 dB.

5.3.4 Summary

After we compare these numerical lower bounds with the previous results in [2], we learn

that the lower bounds in [2] are too loose, while the upper bounds seem tight. Hence, we

15
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need to find an analytic way to improve on the lower bounds.

16
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Figure 5.1: Bounds on the capacity of the free-space optical intensity channel with average-

and peak-power constraints for a = 0.02.
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Chapter 6
Analytical Lower Bounds

According to Chapter 5, we know that the upper bounds in [2] are pretty tight in the low-
SNR region. It is hard to improve the upper bounds, but the gap between the lower bounds
and the numerical results is still large: \We will nowrstate new lower bounds on the capacity
of the channel defined in Section 2.2.

6.1 Lower Bounds with both'an Average- and a Peak-Power

Constraint

Theorem 6.1. Assume the channelanodet=(2=3)=defined in Section 2.2 and assume that the
input is constrained by (2.6) and (2'7) where the average-to-peak-power ration o = % lies
in (0,1]. Then the channel capacity-C(A,E) is bounded as follows:

(57 209 )

C<A’O‘A)2_log<(2;\2 TovE T ovE

1
~3 log (2mec?), (6.1)

(1—p1 — p2)? P12 p2>
> _
C(A, aA) = —log ( 20T + 20/ + 20T

pi(l —p1 —p2) 7%+p2(1—p1—p2) A2

e a € 4o
o\ o\
_(sA+A)? 1
+ D2 - > — ilog (2mea?). (6.2)

o\

where s € (a, 1) in (6.1) and p2 € (0,), s € (o — pa, 1) in (6.2) are free parameter.

[} 402

+

The new lower bounds (6.1) and (6.2) are depicted in Figure 6.1, 6.2, 6.3, and 6.4. In
these plots we have chosen the free parameters by numerical optimization.
Now we compare our new lower bounds with the previous results in [2] and see how

much we have improved.
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We start from the first case: input distribution satisfying average- and peak-power con-
straint. From Figure 6.1 with @ = 0.02, we can see that we can get a little gain between
12 dB and 20 dB, but the bound is useless for SNR value below 12 dB.

From Figure 6.2 with o = 0.1, we can get more gain starting from 5 dB and the negative
value region is reduced. Besides, the ternary input distribution start to exceed the binary
input distribution about 12 dB.

From Figure 6.3 with @ = 0.4, we can get even more gain starting from 2 dB and the
analytic lower bounds are getting close to the numerical lower bounds. Unfortunately, there
are still negative values below 2 dB, but in the region between 2 dB and 8 dB, we almost
reduce half of the distance between upper bound (4.2) and lower bound (4.1).

As the next case we describe input distributions which satisfy a strong peak-power and
an inactive average-power constraint. From Figure 6.4 with a = 0.5, we know that we can
reduce half of the distance between upper bound (4.8) and lower bound (4.7) in the region
between 2 dB and 9 dB, but we still have negative values below 1 dB.
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6.2 Lower Bounds with an Average-Power Constraint Only

Theorem 6.2. Assume the channel model (2.3) defined in Section 2.2 and assume that
the input is constrained by an average-power constraint (2.7) (but no constraint on the peak
power). Then the channel capacity C(E) is bounded as follows:
_ )2 2 _ 2
A=p)®  »° PP 55
20/ 20T o\
1
—5 log (2mec?), (6.3)
& & 2p0 £
ce)z - [1-p-0 (o) +me (L) + e
©) [ b 2po b po ENV2rm
2p(1 —p)o  2p%c 5222} ( £2>
— — e 20?92 | .log (1 —p+pe 2022
EV2m EV2m 8 pp

&2 £ £ __£2_
— 8p2o2 . 4
2U%ﬁez<2pa) o (6.4)

where p € [0,1] in the (6.3) andy(6:4) are free parameters.

a&24%<

The new lower bounds (6:3) and (6.4)are depicted.in Figure 6.5, where the free parameter
have been chosen by numerical optimization,

Next we discuss the input digtribution which satisfies average-power constraint only. We
try two ways to find a newrlower bound. Iu order to derive (6:3), we use Jensen’s inequality
in Lemma 3.4 to simplify the computation-of-entropy.- From Figure 6.5 we improve the lower
bound between —5 dB and 3°dB; but, we have'negative values below —5 dB.

In order to derive (6.4), we'try to use bounds to.simplify the computation of h(Y"). We
divide the integration into several‘parts and-find a.close mathematical expressions for all
parts separately, then integrate them in order to get a approximate entropy. Although we
just get a little gain between —15 dB and —1 dB, we indeed improve our lower bound in

the region where we used to have negative values.
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Chapter 7

Derivation of the Lower Bounds

The derivation of the lower bounds presented in Section 6 rely strongly on the Jensen’s
inequality in Lemma 3.4.
More specifically, the derivationiof .the lower bounds is based on the following ideas:

recall the definition of entropy

= / e h T (7.1)

It is hard to integrate the log(:) term, especially when f(«) is a summation of several
distributions. However, we observe| that =log(:).is a convex function. So we can use

Jensen’s inequality to simplify the problem.

7.1 Lower Bound of Theorem. 6.1

7.1.1 Lower Bound (6.1)

First we use the same input distribution as in (5.7) to calculate the output distribution. Us-
ing that the input distribution is independent of the noise, we can get the output distribution

from (2.3) as follows:

Runly) = [ fuly=2) - 1.(2) dz (7.2)
1—-92 2 L w-sA)?
= Se 22 4+ —S—¢ 22 (7.3)
2o 2ro

We calculate the differential output entropy using Jensen’s inequality:

h(y) = — / h Rpin(y) - log Ryin(y) dy

— 00

> log ( | Rnw) Rl dy) | (7.4)

—0o0

l1
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We next expand [; as follows:

/ h Rpin(y Rbm( ) dy
-1

(1-2)? _2  (2) =y
o0

271'0 2mo?

a)? o _ o 272
-9 (@) 20 e 5

Finally we get

C(A,0A) = h(Y) — h(Y|X)

= W(Y) - h(Z)
ARERRRlr, < (1-2) _oa
>4 O 20 C
= % log (2mea?) (7.6)

where s is chosen by computer!simulation.

7.1.2 Lower Bound (6.2)

Next, we will calculate the térnary input distribution. ‘We.tise the same way as (7.2) to get

the output distribution.

1—p — _ne = (y=sA)? _w-A?
Risi( )Zwe 207 JL LR e L D2 (7.7)

2ro 2o V2o

We calculate the output entropy using Jensen’s inequality:
oo
h(y) = — / Ruxi(y) - log Rei(y) dy
—0o0

> —log ( / Z Ruri(y) - Reri(y) dy> : (7.8)

l2

We next expand [y as follows:

l2 = / Rtri(y) : Rtri(y) dy

—00

_/Oo ((1—p1—p2)26—£+ P’ 6_7(%‘;;*\)2 n po? 6_7@;@)2
- 2
—0o0

2702 2no 2702
2 — S, —_ pa— 2 —
I et b 2 e o I Gl et 2 e P
o2 )
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W=sA)2+(y=A)

+ p71p22 e e ) dy
o
— (1—p1—p2)° n p1? n po? n p1(1—p1 —Pz)e—%
20T 20T 20T o\
1—p — A2 _ (sA=A)2
L popimpe) 3 pipe SCAE (7.9)
o\/m o\T
then we get
C(A,aA) =h(Y) — h(Y|X)
=nY)—n(Z)
_ _ 2 2 2
> Qg (ULZPi=p)” P P
207 20/ 20T
L =piopy) S p(l=p—pa) 2
o\ o\
s 2
4 D2 e‘%)
an/m
1
— 5log(2reo’). (7.10)

where s and ps are chosen by computer simulation:

7.2 Lower Bound of Theorem 6.2

7.2.1 Lower Bound (6.3)

First we use the input distribution:(5.13) to calculatethe output distribution. By (2.3)

and we know that the input distribution is independent of noise, we can get the output

distribution:

_£)2
42 =)

1_p8_ﬁ+

Rno(y) =

We calculate the output entropy using Jensen’s inequality:

h(y) = — / " Ruo(y) - log Ruo(y) dy

—00

We expand [3

ls = / Ruo(y) - Ruo(y) dy
_ /oo (1- p)267%2 . p2 ef(ytém
oo \ 2w 2702
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Then we get

where p is chosen by computer simulation.

7.2.2 Lower Bound (6.4)

We use the output distribution (7.11) and calculate the differential entropy.

00 _ 2 (y= £)?
WY) = _/ L_pe*;’? + . il
o 2ro 2ma
- | 2 (y—£)?
log ( : T3z P =55 )
O 2To

1 1
= ; log 2ma” + 5.2E (V2]

Y =
2

©.¢) gy .
—/ RnO(y)'log(l—p+pePT m) dy

and the second moment of y is as follows

E[y?] = (1—p)02+p<02+ (i)) _o2y &

D
and hence
1 1 g
hY) = Zlog2ro? + =
(V) =g log2mo” + 5+ 5.
o0 Ey g2
I it (1 (1555 )
— 00

9(y)

We expand ¢(y) and try to find some bounds in different region of y.

A Sfy_igz
g9(y) =log (1 —p+pere® 227

Ey £? ) Ey &?

=1 1—p)- - = R A
og | p+(1-p) eXp< s R s Rl g

k1

ko
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In the first region we focus on k1: when k1 > 0, it will make the exponential term larger than
one and then ko will be positive. When k; < 0, it will make the exponential term smaller
than one and then k9 will be negative. So we now derive which y will make k; smaller than

Z€ero.

&y & po’ & _ &
E 2022 2’

AT 7.18
po?  20%p? — (7.18)

We approximate g(y) by linear functions as follows:
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Figure 7.1: Approximation of g(y) with p = 0.1 and £ = 0.1 dB

_ &
log (1—p+pe 2021’2), y <0,
__£&
9() < —10g<1—p+pe 2“2”2) (2%3’—1)7 0<y<5,
E 2
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We define the shorthand & £ log (1 —p+ pe 20792 ) Then we get for the region [5 oo)

%7
oo gy 52
o e (= g )

2p
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[e’¢) _ 2 -£)? 2
:/ L pe_'gﬁ—i—ip 6_% (Sy ¢ >d
£ \V2mo? V27ro? po*  20°p?
. 2 |00 201 _
S )L RS 1 L e Dy
V2ro2po? £ 20°p 2po
(e e e
+/2gp 27r026 2 <p02 " p*o?  2p?o? &
I L g L5 (5) PR N (R Y
V2rop 202p? 2po V2ropo?
Ep E
1 _ -
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7.2 Lower Bound of Theorem 6.2 CHAPTER 7

_ “(12_ P) ¢ 0 (;o%) (7.21)

Finally we plug (7.19), (7.20),and (7.21) into (7.16) and combine this with (7.14) we get the

following bound:
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where p is chosen by computer simulation.
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Chapter 8

Conclusion

In this thesis, we try two ways to obtain bounds on the channel capacity of the free-space
optical intensity channel. We first numerically evaluate a lower bound to capacity for small
to medium SNR. Comparing this beund - with existing analytical upper and lower bounds we
realize that these known analytical upper bounds are relatively tight, while the analytical
lower bounds seem looser. Hence, we try to improve on the analytical lower bounds.

To that goal we try varieus appreachessto simplify the task of computing the differential
entropy of the channel output' under the assumption of a binary input distribution. One
approach is based on Jensen's inequality. .This turns out to.be less powerful, particularly,
because we are interested in the low tormedium SNR regime: Another way is to find linear
functions that closely approximate from ‘above some difficult.logarithmic term in the entropy
expression. This approach proved:successful for a certain*SNR, regime.

A possible extension for future work-is-to-use an input distribution having a slightly
larger alphabet size. It also would be interesting to find new approaches that could replace

the weak Jensen’s inequality.
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Appendix A

Jensen-Shannon Divergence

In this appendix, we will introduce an idea about improving our lower bound. From Chap-
ter 6 and 7, we know that Jensen’s inequality can help us to pull up medium SNR region’s
lower bound, but it also make the lewer.-bound'becoming negative in low SNR region. Here
we provide an idea which is potential to get a new lower.bound.

After we doing numerical simulation in Chapter 5; we know that the discrete input
distribution performs well in low SNR-region. ‘So weitry to analytical calculate this entropy,
but combinative distribution is not easy to calculate. From [4] and [5], the authors provide
a new way to calculate entropy of mixture. of.probability distributions. The way is Jensen-

Shannon divergence and the definitionsas-follows:

Zav (PollQ) — (Z ay Py ||Q> (A1)

where D(-||-) is Kullback-Leibler divergence. From (A.1) we can modify some term and then
get the following result:

Z aUD(PU”P Z a,D P HQ <Z ay Py HQ) (AQ)
=H (Z aUPU> - Z o, H(P,) (A.3)

where P = >y 0w Py In our situation, P represents the output distribution, o, P, represents
the distribution of particular input signal which was disturbed by noise and @ is a free
parameter. So we can combine the definition of channel capacity and rewrite these equation

as follows:

C>I(X;Y)
= H(Y) - HY|X)

=H (Z aUPU> =) a,H(P,) (A.4)
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So we can combine (A.1) and (A.4), and we can get the capacity.
Unfortunately, the way from [4] and [5] only works for discrete system, but our noise
is continue Gaussian noise. It can not help us in this situation, but if we can modify this

method, we may get a nice lower bound.
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