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Co-rotational formulation for the triangular plane element

with drilling degrees of freedom

Student : Yu-Cheng Lin Advisor : Dr. Kuo-Mo Hsiao

Department of Mechanical Engineering

National Chiao Tung University

ABSTRACT

A co-rotational formulation of triangular plane element with drilling degrees
of freedom is presented for the -nonlinear analysis of two-dimensional plane
problems with large rotations but.small strains. The element employed here to
implement the present method is a 3-node quadratic strain triangle (QST)
element. The element nodal parameters are chosen to be two components of
nodal displacement vector, one nodal drilling rotation, and three nodal strain
components. The nodal strains are defined in a nodal base coordinates which is
rigidly tied to the corresponding node. Element deformations and element
equations are defined in terms of element coordinates which are constructed at
the current configuration of the element. A motion process of the element is
proposed to determine the values of the element nodal parameters corresponding
to the current deformation of the element in the current element coordinates.

Benchmark examples in the literature for linear analysis are studied to
investigate the performance of the employed element. The effects of boundary

conditions and load types on the convergence rate and accuracy of solution are



also investigated. Numerical results show that the performance of the QST
element employed here is excellent.

An incremental-iterative method based on Newton-Raphson method and
arc-length control method is used for solving nonlinear equilibrium equations.
Numerical examples are studied to demonstrate the accuracy and efficiency of

the proposed method.
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00 0 0 0 1]
a0, =, v, & & 7 0 (2.56)

d K 1 & % R (contragradient law)[23]% (2.52);% ¥ 7 :

fy = Tgof, (2.57)
fB = {fm fsz fB3} (2.58)
fy={F, F, my my me om’) (2.59

AP S qena R S Er 4o By By A u St s Vi

B B
4omg s m

B N\ Yooy > B . B . B .. ¥ 4% P B v g
‘ﬁyj\mi’i/’l7 V—ijérj-f‘@v’:‘ng 8yj 7/xyjm%%aqrg\l:'4’z£”mjﬁ*§*
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& (98 e BE g 4%
fB :kBqB
kB = TéBkQTEB

Hoe Kk, LR Qe F R REL -

2,6 ~F & B F kN2 2

L3 4B o B(241)5 ~ (252 2257 F

._,\

(2.60)
(2.61)

e g BB AT G N BRRE I BiE e e

ﬁr

@E’r’
Bieg gl X, X

FEEMAET 5 Bl oEe

e dog | ey

foiEARY o S B jE KRR 0 A F L
S BE R A RS N R 8 o

2. @ELjZ RlEAd oS B H AR
YE T E el xijB o

3. HELjAE RS AH LR 2

13

X, EF#1

LS

% fﬁfﬁﬁ’{iiﬂ%ﬁl l@:i‘gﬁz—"kﬂ{'—"“ﬁj_‘lg}fj‘%’_O|X_;‘%;u% A5

AU, As A AQBA\

SEAREE - HECHE
“@§°i¢ﬂfﬁ&;b%ﬁﬁkﬁAUd~AﬁrwaA9fﬁ

T

AN A R ARG R F

& & Bl

<7 B .-
IE'JA i T H

X
J

W IE T

g

X -V "“‘iﬂ'iAﬁ? 0

[ 7 'X].4c_P AU,
X o 4o 2.2 #7om

LOx" €l plAEE



FBEHu Tl F AR REX B A R B X, L F

u =x -'x. (2.62)
) (2.63)
X; :{Xj yj} (2.64)
"X, :{Oxj Oyj} (2.65)
(2) “BE¥E,
fr 51 BeE S RARRE NERRER R HERE
Aelw i g SR AR A hE R §

g'='¢ +Ag; (2.66)

Ae ={As® As® Ayl (2.67)
Hegl 2 P ARS B F ) AFBEES L o (246)58 TV el kD
AR E B E, T
(3) &B-%7) &0,
Fla B A A AR A E R TS B O L T L SR A H A
PR 2.2 ¢ OXEIXG ik ko £ T B BB hArhe A R A R R R

PaOXT 2 SRR H AR X 2 A by B EB A PR R AR AR

0, =ay,—"ay (2.68)

27 AT R 4RSS 2 T A B

L ST SO SRS il S
¥(Q,2)=F(Q)-AP =0 (2.69)

Hoe Wi hid THed o8 o AAHIN S Frd (2580 chad §aEp 4
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fodrse@d Q3 p e A5 FEB PEgdds fFed .

#= b4 L ghasi= % 4p B (configuration dependent)si¢t 4 > PP A& — B &
* g p
Ay B RO L ATe A2 13 E fFd Wb weighted Euclidean norm 5 T 7%
R aniA RE 0 2 ltm BRI AT &
ki
e= 11 ¢ (2.70)
AWN][P|

He NS 2 gl i o R 6, 5 - BRNFFFLE
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5% HEVFE- oA

A2 fE(2.69)58 cnZha L AR N Ar g H T fmid (N @3 g
i A 2 Er[38] Poirde A ALt 2 H 3 A5 & (Newton-Raphson) iz fran
F

+ ¥y #l(arc length control)z s £ 3% 7% o 5 7 A2 e FEM > 0T B

@Eﬁxéﬁﬁmﬂﬁ Ve B R R G R SRR

AE Rl
ERIBHENTFEEE s LHEBBELQ, ~ § ik
S4B E I+l BE B AR LH R S s BAQ 0 T AT £ P AR
i#_(Euler predictor) ¥ [39]
AQ = Adry 3.1)
=K )'P (3.2)
Ho AL S A4 B )i 5l Ki sl BT 5§ ok s AU B 4B

oo (B ¥ AL T 1 T Nk di[38]

At =+Al/(rr ) (3.3)
A0 p g pRmAT L R 12| BHE &R B L Roa
BIBAE 2 TN ERE RIAAGD § B fcs | BREFR 5 2
BERAEARE c Al 275 | +1BHBE R ERL > B &7 40T b
Z[38]

A=Al (35/3, ) (3.4)

B Jp s pR AW LSS

gh‘ﬂ
%_p\
=&
s
(3
\fﬁ%
T
=3
Pt
o

\%‘—

Ehag AR5 I BHEAHERE o A2 - BHEDRENRL

Al 2 d T

16



(3.5)

%12/};5;‘/7]‘“;

1

Ry

Wy

i
2 o A

v PiE* ™ ok %uadfZ 2 Euclidean norm @ | 5 %

Ik

UéRﬂﬁﬁféﬁaﬁgiiﬁﬁﬁo
s R | B h R B R AQE HE R
%Aﬂ,‘; :{-\'_"EE ’ E; Q|+1:Q| +AQ ) ﬂ.|+1:i| +Aﬁ » 2 23 :1:—';23 2.6 a:

o

Gk BT L RE AR AR At B A d B SIS 8
BRAE LA 24§02 2 LEFHAF AL OSP4 2 RIAR
o god 2.5 80 3 D g R e g T F R R & A AR
g Eh 4 B R R AR o F Ok Ap 4 E b4 RIFE S KA T RS
£7 004 (2.69)58 £78

¥, _T(Q|+1v |+1) (Q|+1) e (3.6)
#2695 A=A, QEQUEEEFER SRR

Fe b QéQ &+0%Qm,m)<> (3.7)
( 411 |+1)?‘":7uPmrs:fi?’é‘Qmiﬁﬁﬂl“ﬁ;'} T01%
=X 37 o 4235(2.69)5¢ 5 (3.7)5 ¢ hOW/0Q 22 O¥/OA ¥
Qz:@QKT (3.8)
oQ 0Q
oY
=-P 3.9
Y (3.9)

4apik > Fr (BN P D S U g K IE 0 T #(3.8) 1 2 (3.9)5% &

ar oo TR o

T|+1+KTF_5AP:0 (3.10)
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Hor=0Q:i#iEr#izr & FEAGI0);  7EHesS3L R
r=-K;' (¥, —SAP)=r, + Sir, (3.11)

-1 Y b p = [N 2 _\ = A
ddpr =KV, s BELHEZNEHEZIE L 32107 ¢ 2K

G135 e dr i 1 £ OAF FI* < jR[38]¢ #rik N eh R K
rdlziade o 22205 - BHEY FTHHE =4 v £ 7 Euclidean

norm % — %Al o # e £ 8 % £ (AQ+r) T 18 5]

=(AQ+r)(AQ+Tr) (3.12)
2(3.11)5% &~ (3.12)58 7 12 18 3

=(AQ +r, +84r, ) (AQ +r, + SAr, ) (3.13)
(3.13);V G I {8 7 2 17 FLOA faaan B FE N
a0l +a,0l+a, =0 (3.14)
He
a, =rr; (3.15)
a, =2(AQ+r,)r, (3.16)
a, =(AQ+r,) (AQ+r,)—Al’ (3.17)

FQADF KT L HE BB LR GUA)S RE LT R 2
BOA4e » P B A2 AQE ALY T I EFIRTAH R o B EHE
firsl P T - B R B RERR- EE

A TR e 2% K(2.70):% arfrac R Sk o

33 EEAR
AR EERZZFERLAT S L2 BRI

R R e R
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@ » S FTH - FRE R R f T

bEHE- BLLTpd B> LTI F P d BRET M o

OFXERE S ¢ IEERCIES QF /R STRNES Tl St -0 S i

(d)75 % & Zeh] B 4B ¥ R (3.5)58 ¢ ehR, o

@EF1* 3.8 ~ B3N EGBIHNFEA L TSP E AT

fm Sl % - IR ERE o

CEE CRNEN . B RELLS Y

(a)d 2.6 &2 o 1% ¢ e BB REE B A E e B

q, TFEQADN Y ~F e Rp 4 0 EFEI 25 & R ER R,

FI* QST EH D f R sk~ F &g ) 4 e & S84 ke gk

nA4F o

(b):+ & (2.69);8 3 T =4 W o

(C) ¥ 4 (2.70)5% e ac B B> 35 i RRE> % 3384 5 F Rk A

B dok R R 2 R il adie R T I(D) BRI R E

BRE T NGDAEQGHN B E oS R M E foF S
I FR(@)E AT E

A GINFECIHN T EHRE B EEHE ) FEEBD

2w IHA@LATE o

P ET IR ET T

Qe SFTpd RPEHBELEFFHEIHRLT e ELLE - F°

E I RE R B AL 1F 5 F R T S (D) -

b EGIDS P @b RELK, - A2 ¢ K a3t8 22 4

PE BRI P B REATFE QAN A F R AR e
ke rﬁ% %ﬂlgﬁ?}“-fﬁ%ﬂjgﬁp\g&)@% A% KRB
S AU 2.5 & Ak 1 (2615w T ko
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fhan AW RAELK, e 3 B4k B R ELK, -
©F1* GD ~GHFECHF P H T - AHEAHE =B E
HEfFFBEHENRL -

(d)w 3] % 2 M FE R (Fo

\\\?{r
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SARMELITE SRR L HTA L > AP A FT RN A -1
FoRPHRESZETG AF A PRSP
Rk A R
i>2 I—qik

v R bAL o T8
= 4T g ~Fajrartt s

T HI AT AR R P RPIKE S EERAEZ A26
PRNNAE SR SR AT EAITE A S S 2 25
RDT o ERPAL B2 b % B F ot hig St o P AT 26 &
P A R VB RN

7

~~

R A

Eilri o #

£

$7

:‘gl._— ¥ /,
L'—

gx‘{

Blal : 23 2% RD7r LH > A2 ¢ fid Bl 41 ¢ mAF =k
- RRE > R 4.1(a) 5 4x2x2 R o

B 4.1(b) 5 4x1x2 34
- ERH o i R RS

B =

deH L 2 2351 % > 4rE@l 4.1
cR T BT R Rl AR AR LY IXIERT L A

= 2
IXIx 2t o dg ¢ oh 400 A AR SRR ¥ s C ens 2 0 BH
REEES o AR Y R IIZFRR ) OAF AL = Rz £ AR R L
%’2"“ —»/ ‘_% =

S Ak
8l g EW/,L,.% ) xlfj CST ~ % ¢t y & — fé;b—% SR S R
B2~ B -

4.1 JpA

411 BEPR £ DPAEET (LA )
Bl 4.2(a) 5 B AF 3R

FHTELERZEH
[7]4% & eh b 48 - & AP 2 E

7

EETSUER = -F =3 L -l

,)!%
BL=32>3Rh=2>Eart=1> 4 ki
E =768+t v =0.25 - 4- B 4.2(a) 771 » & AF
T e R

b

I =3 5 Fl4&(fixed end) -
M =100 €% p¥ > f o =57 BLCehdkd 7 % 7 5 [40]



ML?
V. =——=100 4.1
c = 5g (4.1)

@ 4.2(b) B 4.2(C) > A BIRER * T A 5 A A 0 ML gt 5
T8 LR A > MI2 ERR G E - 2 e a4
PEER R BN RS A FERA2d)A 4 a5 HEE
EEH > AT T A f e f e LNS S Rl 4.2(d)= 4~ 5 4 5 f

7 M1S B % B 4.2(e)° chiB s ¥ 4 55> (¥ 3t p d 2P 8L Co H AR

=k
W
W
g

‘Jra
RS
s
N

& 8L % 4w 5 (2.56) 58 ¢ h P o

AV AFTH AR T B AN E TR S F 0 F R E T
Pl nE B Sl fo B A E S R R o Gl4e ALL-3I[9] -
FF84[7] ~ LST-Ret[4] ™2 2 OPT[4]~ % 3% 4 = & 8hehz 4754 > H $ 8%
BiAdBrSE - BB REBREEXRTE BC12: U=0=0X=0
2V =086X=Y=0-CST[l]> &g 2@c:a Bis wEFRHiER
XE5H BCLL:U=0aX=02V=0paX=Y=0-42i7*Hhrzds
BEAHCLA B - BEENE - RS LA R TLBEERER - A
P AFE R RS RS BCI3:U=y,=0=06X=02V=0%
X=Y=0#% BCl4:U=0=0%aX=0-y,=0%(XY)=(0th/2)z
V=08&X=Y=0- %2R AnfE7fE A b3 AT T2 F 4 a5 2R
42(d)z 1% 4 b ARl > F A F T - REEDEGEA > R
T EE PR EREEE 4 2 L R PG B ABCTE R kMR d e C
FE NG| Rk iE 2 5 BC13 o

2 AL G AGHEY At LR FRIFE R TR gk by
Brtgied 2 ALV UE A L B S 8 R T enf2 4T (23040 F 3T
R OBEH A AF B ERET A > L FLNS 2R 2 S A

- % el M fiF s LNS 2 R 52 5 BCI3 p » 4 < ch
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RS RIG RTE - R 2 R[A]Y S AR RS el s - H
PR Ad B- TERDE R LILEISGOHLERSEST BLER
FH R ALSIABZEGAE > TERBHE -eRY 4 BLER DL
= 4 Aj(four half-thickness overlaid triangles) ~ % ‘e = o § =~ % . 8 = 5 &
B A5 % RR[AJ#E P OPT ~ % % @ 4R e phy TAgfa > #rid 2 417 1
HIOPT Ak & A BTG g od 2 4177 g7 OPT 2% #h)

M AR el it R LR AL

412 REFRZ DT 4 1% (RIEL47)
Bl 4.3() s BAFR BT LME Lor o2 ¥4 (R A~ bR
[B]F 24 dienb4g - AR E RAL=48> 3 Ah=12 > EARt=1> =ik

g

#E =30000 > F4>1t v =0.25" 4cWid.3(@) 77 » BAE 245 FE > +
HMEPpD o ARFEp A AL Bt w4 > HEA LR
P=40 P& T 6 g4 Bk FTada? BBCohLd =87 &7 5 [40]
PL® (4+5v)PL
Ve = +( o) =0:3553 (4.2)

3EI 2ENt

Hid2 FAdhGia oG NE - gL HiEed o KEEER

g B A1 3480 B 43(0) A4 2 B 4.3() 7 b 4x10 4
oo RGIRET 4 J Lo A G4 o MHiR@A2N Y i K iEe v
FlEh 0 TR AR AR A R GREERR Y T L e B i
o fe[4,41] 0 ¥ R iE = BC2L: U=V =08 X =0 % jx[42,43]5 * £
g BC22:U =V =0%&(X,Y)=(0~h/2)2 U =02%(X,Y)=(0,h/2) -
A2 F A AERIEE TBC23:U=V=6=y,=0=0aX=02
BC24:U=V=¢g=0=0%X = O£yW—OﬂOCH=®¢mQyw§%§

{féﬂ“PB@4m*Wﬁﬂ G RFE S B REL L T A A
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POF LS TR GIAEER Y R E 2 BC23 2 BC24» et B S P2 (4.2)
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B ks BREAE L AT N ARSI Sl LRI BREA
EAEAQR3B)F Y T RN EFE IS BRS AL D B 44 IH 46T
PUB TRk ¥ e S 21T 2 AR AR AT 0

4.1.3 Cook #]4g[21]

Bl 47(2) 5 SHE 7 LB AR AT D208 4§ R 2 BIATA Y R[21] 5

BIFRZER 2 e FA A F /e LHREL VR BT A IEF T 0T
BorIE R R o X R e W AT(0) 5 A GIATR P e 2x2 etk v gk
[Al e d] A e B A GIAEARR 2 WRE - R H A X8 ABIE-
A Bz A ARE o AGIRET 4 f A A o Y Rl R
=4 +BC31:U=V=0&X=0;BC32:U=V=g=y,=0=0=%
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(044) - % 432 4 44 % 2= 2 v R[4l S 0 d A A3 T R
RBPFEAERELEUE T A GO IRART R KA
AT LA E RS R R iE 2 BC32 B E 2 BE 4 % 5 F D

FEAEIA LR B Gl ae £ 44 5 ABE S DY Oy,
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L=1000 > # #h=10 > B R t=1 > <~ & E=10" > F 1t v=02
v=025 - BAEzHT> 28 E 3T LR xR}
wae— BEEM o B 4.9(0) 5 & GlATRe 8x1 hr BB 0 A GIRLA 9P T
i@ % engetth 1 20x150x1~ 100x1 = fE e GIALY RS AL B
7 LNS % Bl 4.9(C)® ea 4 5 £ 7 MAV 5 B 4.9(d)® % 3t 378 gk +
B Y 4 AR e AR T HFE Ay L 851070 0 B 410 Fot g i
PRt EEr o % 8 f 7 LNS 2y =07 4247 - At 20x1
L FTEARY R T 6 BHE > FBHENTISEE AT EYS 105 AR
50x1 e 4742 @ % 7 4 BHE 0 F BRI DTIHEAIHEKGL 65 &
Pt 100x1 cha 5iEARY @ % 0 3 BHRE & f]}i\‘g'fé_ﬁ’:—‘?i’aﬁ (I ok I
10-d B 4107 L AGAEPEE BT A Z A% 80 & 4.7 E 411
vt f AR T g > P ehd e 20x1 By =07 A4 o
i f dm LNS ena 7R Pt 5 6 B & > & BHW & T2 Ak i
105 &g jm MAV ehs 474 2o id 6 B & - & B & 0T 151 =0k
95 909 B ALl hd % 7 i NS & f 7 MAV $1 2% 187 % - B
412 Pl BB H B Rt T e % o @ % g e 20x1 & f 47 LNS &
Fatre y=0dao 474" % 7 6 BHE > F BHE TS N
H5 10 v=0254 742" % 7 6 BRE > & BT TR
THE 10 d F§]412m¢iﬁc‘7frphv}\u-4ﬁ4%m LERR & o

422 RAFR X DI AEER (LA I7)

Bl 413) s RAFZSHT LHE Hor5 Dl P2 ) FH > BRFRL
L =1000 2 10000+ % A h=10" 5 & t=1> 1§ < 4#E =10 >+t v =0
2yv=025 - RAEE K AR LHE DA hpdE - BE

M o & GIREHR* 3 fEiad]4 > B 4.13(b) 5 M61 %45 8x1 2 8x2 7 &, B »
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B 4.13(C) 5 M62 4. 8x1 22 8x2 7 A Bl o A XY A M FAM > 77
LNS % B 4.13(d)#rm & & 4 - § 47 M2V % Bl 4.13()*rm & B & 7 4 &4
wiEr s Aghs BEh b oo f g LNS 5 - 2 %351 % 4p B (configuration
dependent)esr f fm > H 2 e 22 w2 A28 HABFEE o A 4
B2 o @R irE A 044117 7BCI3: U=0=y,=0aX=0%
V=0&X=Y=0-koj4g5"* 8 & 2dap> fd =39 9C iz &4
FEFEAIP D A HBA S B2 2 4T I5E o

A 4E2 T A ey s 5107 B 4.14 1 B 4.16 €_L =1000 -
v=02ZRAEExfjm LNS pF¥ 2 0 H & R 447058 % IR fE ot
Fo A BURE e s 20x1(MBL) e i AR @ % 7 A3 B E 0 & B E
T o N s 195 At 20x1L(MB2) A 7B AR Y € % 7 55 BH E o
& BHE T IoE S g 17 4 R 50xL(MBL)A 45 B AR Y & * 0
26 B3 £ & B3 EhT s Rl & O e 50x1(M26) s 4738 A2
P 22 BHE o F B BT R # L 95 Atk 100x1(M61)
AR @ 7 19 BH B ERR E TS A KOS 9 ARk
100x1(M62) e 4734z @ # % 7 20 B3 £ > & BH £ T30 A=y 5
o PR ME T AP AT FROCFFTERI WM I Z E N d B
414 2 B 416 7 5 41§ M61 2 M62 4t 5 20x1 & ML/EI <2p% > & 2 &>
SRRt &0 et i 50x1 &ML/EI <4pF> A2 et
SR & 5 F et s 100x1 &ML/EI<6pF » A< thid % @2 1m134p
FE o BRI BR G RAEH IO R g T
ARV PE S EF A b BB % £ bR AL FEfR -

Bl 417 2B 419 5 L=1000 - v=0z BAFE 27 b H &k 22 ik e
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fodm % LNS f j7 o * 532 20x1 2 40x2 ch~ 4% 5 40 Ie chif & ¢ (aspect
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8o vt b HIRAE T H Kol R R AR TR PRE AL 5o
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210B TFERERARE L BEFLRAP AR EDH AT D 2 F
W
B 4.21 £ @A E £ A L=1000 ~ F9t v=0> %3 5 100x1(M61)
bR E R TaE R if i LNS e frifder % 1 10 BHE > =
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Mesh Load Mesh subdivisions

Element Type BC Type 1x2 2x2 4x2 8x2  16x2  32x2

ALL-3I [4] - BC12 LNS - 0.39 542 38.32 76.48 87.08

CST [4] - BC11 LNS - 1.28 482 1575 36.36 54.05

FF84 [4] - BC12 LNS - 96.27 96.34 96.58 97.17 98.36

LST-Ret [4] - BC12 LNS - 946 2893 59.58 81.04 89.05

OPT [4] - BC12 LNS - 100.07 99.96 99.99 99.99 99.99

Present M1l BC11 LNS 100.09 99.95 100.54 101.32 102.49 104.14
M11 BC11 MI1S 100.39 100.55 100.90 101.52 102.65 104.37
M12 BC11 LNS 100.09 100.12 100.49 101.10 102.18 103.81
M12 BCl11 M1S 100.45 100.52 100.70 101.24 102.33 104.01
M11 BC12 LNS 100.02 100.04 100.03 100.12 100.47 101.16
M1l BC12 M1S 100.37 100.64 100.39 100.33 100.64 101.39
M12 BC12 LNS 100.03 100.06 100.04 100.11 100.39 100.97
M12 BC12 MI1S, 10043, .100.45 100.25 100.25 100.53 101.17
M11 BC13 LNS 100.00. 100.00 100.00 100.00 100.00 100.00
M11 BC13 M1S 100.33 :100.60 100.36 100.21 100.17 100.23
M12 BC13 ZLNS" 100.00 100.00 100.00 100.00 100.00 100.00
M12 BC13 ‘™IS 100738710041 100.21 100.14 100.15 100.21
M1l BC14 LNS..100.00..-99.99 99.99 100.02 100.09 100.22
M1l BC14 M1S 100.33 100.58 100.35 100.23 100.26 100.44
M12 BC14 LNS 100.00 99.99 99.99 100.03 100.12 100.29
M12 BC14 M1S 100.38 100.40 100.20 100.17 100.27 100.49

BC11 U=0at X=0 and V=0 at X=Y=0

BC12 U=6=0 at X=0 and V=0 at X=Y=0

BC13 U=y,=60=0a X=0and V=0 at X=Y=0

BC14 U=60=0 at X=0, y,=0 at (X,Y)=(0xh/2),and V =0 at
X=Y=0

LNS linear distributed normal stresses at free end, see figure 4.1(d).

M1S concentrated moment applied at mid-point of the side, see figure 4.1(e).

ALL-31[9]  Allman triangle element integrated by 3-point interior rule, published in
1988.

CST[1] constant strain triangle element.

FF84 [7] free formulation triangle element, published in 1984.

LST-Ret [4] retrofitting linear strain triangle element.

OPT [4]

optimal membrane triangle element.
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Mesh subdivisions

Element BC 2x1 2x2 4x1 8x2  16x4  32x8  4x1°

ALL-31[4] Bc21” - 0.1514 - 0.3432 0.3510 0.3546 -

CST [4] BC21 - 0.0635 - 0.1961 0.2940 0.3379 -

FF84 [4] BC21 - 0.3179 - 0.3530 0.3550 0.3555 -

LST-Reta [4] BC21" - 0.2019 - 0.2523 0.3243 0.3485 -

OPT [4] BC21 - 0.3284 - 0.3620 0.3571 0.3561 -

Present BC21 0.3574" 0.3561 0.3729" 0.4073 0.3804 0.3641 0.3709"
BC23 0.3331" 0.3325 0.3474" 0.3529 0.3549 0.3556 0.3459"
BC24 0.3331" 0.3350 0.3474" 0.3572 0.3558 0.3557 0.3459"

AQ [42] BC21 - - 0.3283 - - - 0.3379

MQ3 [43] BC22 - - 0.3491 0.3524 0.3545 - 0.3212

SD6 [44] BC22 - - 0.3514 - - - 0.3454

BC21 U=V =0at X=0

BC22 U=V =0 at (X,¥)=(0-h/2) and U =0 at (X,Y)=(0,h/2)

BC23 U=V=¢ =y,=0=01at X=0

BC24 U=V=¢=0=0at X=0 and %,=0 at (X,Y)=(0£h/2)

ALL-3I1[9] Allman triangle element integrated by 3-point interior rule, published in
1988.

CST[1] constant strain triangle element.

FF84 [7] free formulation triangle element, published in 1984.

LST-Ret [4] retrofitting linear strain triangle element.

OPT [4] optimal membrane triangle element.

AQ [42] Allman-type quadrilateral obtained from an eight-node quadrilateral.

MQ3 [43] quadrilateral element with cubic displacement interpolation.

SD6 [44] a practical quadrilateral membrane element.

" Requires one drilling freedom to be fixed, else stiffness is singular.
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Mesh subdivisions

Element BC 1x1 2x2 4x4 8x8 16x16 32x32  64x64

ALL-3I [4] BC31" - 2161 23.00 2366 23.88 23.94 -

CST [4] BC31 - 1199 1828 22.02 2341 - -

FF84 [4] BC31 - 20.36 2242 2341 2379 2391 -

LST-Reta[4] BC31 - 19.82 22.62 2358 2386 23.94 -

OPT [4] BC31 - 2056 2245 2343 2380 2391 23.95

Present BC31 32.93" 2565 2486 2429 2408 2401 2398
BC32 23.000 2359 2400 2399 2397 2397 2397
BC33 23.00' 2308 2378 2389 2393 2395 23.96

BC31 U=V=0at X=0

BC32 U=V=¢=y,=0=0at X=0

BC33 U=V=¢=60=0at X=0 and y,=0 at (X,Y)=(00),044).

ALL-3I [9] Allman triangle element integrated by 3-point interior rule, published in
1988.

CST[1] constant strain triangle element.

FF84 [7] free formulation triangle element; published in 1984.

LST-Ret [4] retrofitting linear strain triangle element.

OPT [4] optimal membrane triangle-element.

" Requires one drilling freedom to be fixed, else stiffness is singular.

' Ve :(VD +VE)/2
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O A(max) O'g(min)
Element BC 2x2 4x4 8x8 2x2 4x4 8x8
CST [4] BC31 0.0760 0.1498 0.1999 -0.0360  -0.1002 -0.1567
FF84[4] BC3 0.1700 0.2129 0.2309 -0.1804  -0.1706 -0.1902
Present BC32 0.2302 0.2380 0.2386 -0.1724  -0.2047 -0.2039
BC33 0.2301 0.2331 0.2363 -0.1861 -0.2066 -0.2041
BC34  0.2077 0.2322 0.2364 -0.1914  -0.2067 -0.2040
SD6 [44] BC31  0.1955 0.2308 0.2360 -0.1856  -0.1930 -0.1998

BC31 U=V=0a X=0

BC32 U=V=¢=y,=0=0 at X=0

BC33 U=V=¢=0=0at X=0 and »,=0 at (X,Y)=(00),(044).

CST [1] constant strain triangle element.

FF84 [7] free formulation triangle element, published in 1984.

SD6 [44] a practical quadrilateral membrane element.
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Element Mesh Load Center displacement End rotation
MQ3 [43] M41 CM 1.5000 0.6000
M42 CM 1.2625 0.6172
M41 M4V 1.5003 0.7056
M42 M4V 1.4160 0.6843
SD6 [44] M41 CM 1.5000 0.6000
M42 CM 1.4473 0.5879
M41 M4V 1.5104 0.6519
M42 M4V 1.4556 0.6595
Present’ M41 CM 1.5036 0.6301
M42 CM 1.5078 0.6342
M43 CM 1.5098 0.6117
M41 M4V 1.5343 0.7451
M42 M4V 1:5435 0.7651
M43 M4V 1.5710 0.6518
M41 LNS 1.5000 0.6000
M42 LNS 1.5000 0.6000
M43 LNS 1.5000 0.6000
CM couple moment applied-at twe-ends of beam, see figure 4.7(c).
M4V concentrated moment applied at the four vertices, see figure 4.7(c).
LNS linear distributed normal stress, see figure 4.7(c).

MQ3[43] quadrilateral element with cubic displacement interpolation.
SD6 [44]  shear wall element of six degrees of freedom.

" Center displacment = (V, +V; )/2, End rotation =-6 .
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