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摘要 

 
本篇論文以相圖、分歧圖等之數值方法來研究新延遲 Ikeda-Mackey-Glass 系統及

新 Ikeda-Lorenz 系統的渾沌行為。 發現新延遲 Ikeda-Mackey-Glass 系統不需加

入控制器,只需調整延遲項, 即可讓系統達到渾沌廣義同步、渾沌反同步及渾沌廣

義延遲同步。 接著利用此新延遲 Ikeda-Mackey-Glass 系統之渾沌訊號, 使新延遲

Ikeda-Mackey-Glass 系統實現渾沌化控制。 此外本篇論文以相圖、李亞普諾夫指

數等數值方法來研究新 Ikeda-Lorenz 系統之渾沌行為。 並應用 GYC 部分區域

穩定理論, 可以設計出較簡單的控制器使誤差較小。 以新 Ikeda-Lorenz 系統得

出渾沌廣義同步及渾沌控制, 以驗證此方法之有效。最後, 利用渾沌同步使新延

遲 Ikeda-Mackey-Glass 系統達到參數估測之效果。根據最小平方法則, 得出系統

參數之微分方程式。模擬 12 個微分方程式, 當系統達渾沌同步時, 使所估測的

兩個參數達目標值,模擬的結果非常成功。  
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Abstract 

 
In this thesis, a new Ikeda-Mackey-Glass (IMG) time-delayed system and a new 

Ikeda-Lorenz (IL) system are studied. Their chaotic behaviors are presented by phase 

portraits, bifurcation diagrams, and Lyapunov exponent. When one of delay times is 

zero, two identical IMG systems cannot be synchronized with slightly different initial 

conditions. It is found that when one of delay time is positive, different types of 

synchronization can be obtained with slightly different initial conditions, such as 

generalized synchronization, anti-synchronization, and generalized lag- 

synchronization. One chaotization method is presented by using different types of 

chaos signals as parameters, it can be obtained the chaotic behaviors of a new 

Ikeda-Mackey-Glass time-delayed system. A new strategy to achieve chaos 



 

iii 
 

generalized synchronization and chaos control by GYC partial region stability theory 

is proposed. The control design method is simple and a less simulation error because 

they are in lower degree than that of traditional controllers. A new IL system is used to 

show the effectiveness of the scheme. Finally, estimation of parameters of a new IMG 

system through synchronization is studied. By a minimization problem, a system of 

differential equations governing the evolution of parameters is constructed. Two time 

delay IMG systems are synchronized and their corresponding two parameters 

converge to same values by solving twelve differential equations. The simulation 

results are very satisfactory.  
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Chapter 1 
Introduction 

   Chaos, as an interesting nonlinear phenomenon, has been intensively investigated. 

It is well known that chaotic system has sensitive dependence on initial conditions. A 

chaotic system is a nonlinear deterministic system that displays complex dynamical 

behaviors [1]. 

   Due to finite signal transmission times, switching speeds, and memory effects, 

time-delayed systems exist in everywhere, such as nature, technology, and society[2]. 

Mackey-Glass time-delayed system has been introduced as a model of blood 

generation for patients with leukemia. Nowadays this model is very popular in chaos 

theory[3]. The Ikeda time-delayed system has been introduced to describe the 

dynamics of an optical bistable resonator, plays an important role in electronics and 

physiological studies and is well-known for delay-induced chaotic behavior[4-6]. In 

1963, Lorenz proposed a simple model for the unpredictable behavior of the weather. 

He used fluid convection theory to model the motion of a two-dimensional cell of 

fluid cooled from above and warmed from below [7].A new Ikeda-Mackey-Glass 

(IMG) time-delayed system and a new Ikeda-Lorenz system are studied in this thesis. 

   There are different types of synchronization for interacting chaotic systems, such 

as complete synchronization [8,9], generalized synchronization [10], phase 

synchronization [11,12], lag synchronization[9,13,14], anticipating synchronization 

[15,16] and so on. 

   To achieve synchronization, different schemes, such as the Pecora and Carroll (PC) 

method [8], unidirectional coupling [9], bidirectional coupling [15], adaptive control 

[17,18] and impulsive control [19-21] are proposed. 
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   In this thesis, it is found that when one of delay time of a new time-delayed 

system is positive, different types of synchronization can be obtained with slightly 

different initial conditions, such as generalized synchronization, anti-synchronization, 

and generalized lag- synchronization. 

 The theory of chaos control has developed since 1990[22-24] and today is at the 

forefront of research in the field of nonlinear dynamics. Techniques have been 

experimentally implemented in mechanical [25], chemical [26], electronic[27], 

laser[28], communication[29], and biological[30] systems. 

There are many chaos control have been proposed such as different geometric 

method[31], feedback and non-feedback control[32-35], inverse optimal control[36], 

adaptive control[37,38], and backstepping control[39]. 

 In this thesis, one chaos control method is presented by using different types of 

chaos signal as parameter, it can be obtained the chaotic behaviors of a New 

Ikeda-Mackey-Glass time-delayed system. 

 By using the GYC partial region stability theory[40,41], generalized chaos 

synchronization and chaos control can be obtained. A new Ikeda-Lorenz system is 

used as a simulation example. 

Parameters estimation of chaotic system is an important issue[42-44]. Because 

chaotic system is very sensitive to initial conditions, parameters cannot be exactly 

known a priori. Parameter estimation through chaos synchronization is being further 

investigated.[45-47] . 

In this thesis, estimation of parameters of a new Ikeda-Mackey-Glass system 

through synchronization is studied. By a minimization problem, a system of 

differential equations governing the evolution of parameters is constructed. Two time 

delay Ikeda-Mackey- Glass systems are synchronized and their corresponding two 

parameters converge to same values by solving twelve differential equations. The 
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simulation results are very satisfactory.  

 This thesis is organized as follows. In Chapter 2, the dynamic equation of a new 

Ikeda-Mackey-Glass(IMG) system is given. The phase portraits, bifurcation diagram 

of a new IMG system are presented. It is verified that the IMG system presents 

chaotic behaviors by numerical simulation. 

   In Chapter 3, synchronization scheme is given. It is found that no synchronization 

of the two identical IMG systems can be obtained with slightly different initial 

conditions when one of delay time 2τ is zero and without any control scheme or 

coupling terms. It is also found that generalized synchronization, anti-synchronization 

and generalized lag-synchronization of the two identical IMG systems with slightly 

different conditions when two of delay time are positive and without any control 

scheme or coupling terms. Only by adjusting delay time 2τ , chaos synchronization of 

the two identical IMG systems can be obtained. 

 In Chapter 4, one chaos control method is presented by using different types of 

chaos signal as parameter, it can be obtained the chaotic behaviors of a new 

Ikeda-Mackey-Glass time-delayed system.   

   In Chapter 5, a new Ikeda-Lorenz(IL) system is studied. The phase portraits, 

Lyapunov exponent of a new IL system are presented. It is verified that the IL system 

presents the chaotic behaviors by numerical simulation. 

 In Chapter 6, a new strategy to achieve chaos generalized synchronization by 

GYC partial region stability theory is proposed. Simulation results show that for the 

new IL system chaos generalized synchronization can be achieved by GYC partial 

region stability theory. 

   In Chapter 7, simulation results show that for the new IL system chaos control can 

be achieved by GYC partial region stability theory.  

 In Chapter 8, conclusions are drawn. 
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Chapter 2 

Chaos of a New Ikeda-Mackey-Glass System 

2.1 Preliminaries 

   In this chapter, the chaotic behaviors in IMG system with different parameters are 

studied numerically by phase portraits, Poincare maps and bifurcation diagrams. 

2.2 A New Ikeda-Mackey-Glass System  

A new IMG system is described by the following differential equations: 
 

1 1 1 1 1 1 2 2

2 1
2 2 2 2 1 2

2 1

( ) ( ) sin ( )+ ( )

( )( ) ( ) ( )
1 { ( )}c

x t x t x t K x t

x tx t x t b K x t
x t

α β τ τ

τα τ
τ

= − − − −

−
= − + + −

+ −

                    (2.1) 

 

where the Ikeda model 1x  is the phase lag of the electric field across the resonator;

1α  is the relaxation coefficient for the driving 1x  dynamical variable; β  is the 

laser intensity injected into the driving system. 1τ , 2τ are the delay time in the new 

IMG system, and the dynamical variable 2x  in the Mackey-Glass model is the 

concentration of the mature cells in blood at time t and the delay time is the time 

between the initiation of cellular production in the bone marrow and release of mature 

cells into the blood[10]. 2α  is the relaxation coefficient for the driven 2x  

dynamical variable, b  is the feedback rate for the driven system, and 1K , 2K  is the 

coupling rate between the driver system 1x  and the response system 2x . 

This system has a chaotic attractor shown in Fig.2.1. Fig.2.2 shows the bifurcation 

diagram, where 1α =25, β =24.8 , 1K = 14.1 , 2α =4.7, b =1.2348,c=10, 2K =8, 1τ
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=5 and 2τ =1.  

If the delay time 2τ  is zero, also it is found that there is also a chaotic behavior 

for IMG system. Fig.2.3 show the chaotic attractor of this system. Fig.2.4 shows the 

bifurcation diagram, where 1α =25, β =24.8 , 1k = 14.1 , 2α =4.7, b =1.2348, c=10, 

2K =8, 1τ =5 and 2τ =0.  
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  Fig. 2.1. An IMG chaotic attractor when the delay times 1τ =5, 2τ =1. 
 
 

    
 
  Fig.2.2. The bifurcation diagram of the IMG system when the delay times 1τ =5, 2τ

=1. 
 

1x

2x  

2x  

1K
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Fig.2.3. An IMG chaotic attractor when the delay times 1τ =5, 2τ =0. 
 
 

 
 

Fig.2.4. The bifurcation diagram of the IMG system when the delay times 1τ =5, 2τ =0. 
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Chapter 3 

Chaos Synchronization of the Two Identical 

Ikeda-Mackey-Glass Systems 

3.1 Preliminaries 

 In this Chapter, synchronization of the two identical new Ikeda-Mackey-Glass 

(IMG) systems without any control is studied. Two identical IMG system cannot be 

synchronized with slightly different conditions if one of delay time is zero and 

different types of synchronization can be obtained with slightly different initial 

conditions, such as generalized synchronization, anti-synchronization, and generalized 

lag-synchronization when two of delay time are positive. It is shown that we only 

adjust delay time 2τ , chaos synchronization of the two identical IMG systems can be 

obtained. 

3.2 Synchronization Scheme 

 Consider the time-delayed system: 

 

            ))(),(()( τ−= txtxftx                                   (3.1) 

 

where Rx∈  represents the state of the system, and 
dt
dxtx =)( . 

 

To synchronize system (3.1), the form of the other system is 

            utytyfty +−= ))(),(()( τ                                (3.2) 

where u  is the controlling term. 
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 In this Chapter, we find that these two Ikeda-Mackey-Glass system can be 

synchronized without any controller, only by changing the delay time 1τ and 2τ .  

Consider synchronization between two Ikeda-Mackey-Glass systems: 

 

1 1 1 1 1 1 2 2

2 1
2 2 2 2 1 2

2 1

( ) ( ) sin ( )+ ( )
( )( ) ( ) ( )

1 { ( )}

= − − − −⎧
⎪

−⎨ = − + + −⎪ + −⎩
c

x t x t x t K x t
x tx t x t b K x t
x t

α β τ τ
τα τ
τ

                    (3.3) 

 

    
1 1 1 1 1 1 2 2 1

2 1
2 2 2 2 1 2 2

2 1

( ) ( ) sin ( )+ ( )
( )( ) ( ) ( )

1 { ( )}

= − − − − +⎧
⎪

−⎨ = − + + − +⎪ + −⎩
c

y t y t y t K y t u
y ty t y t b K y t u
y t

α β τ τ
τα τ
τ

                (3.4) 

 
where the controlling term 1 2 0u u= = . 

3.2.1 Case1: If the delay time 2τ =0 

   In this Section it is shown that if the delay time 2τ is zero, no synchronization can 

be obtained. Simulation results are shown in Fig.3.1 and Fig.3.2. 

3.2.2 Case2: If the delay time 2τ =1 

    In this Section it is shown that if the delay time 2τ  is not zero, different types of 

synchronization can be obtained.  

    Fig.3.3 and Fig.3.4 show that the generalized synchronization of the two 

identical IMG systems can be obtained. Define  

 

                      

⎪
⎪
⎩

⎪
⎪
⎨

⎧

=
=

−=
−=

)(
)(

22

11

222

111

tRe
tRe

yxe
yxe

                                (3.5) 

 

)(),( 21 tRtR are two periodic functions of time. 
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  Fig.3.5 and Fig.3.6 show that the time responses of two identical IMG systems. It is 

verified that the anti-synchronization can be obtained by Fig.3.7 and Fig.3.8, where 

error  

 

                         
⎩
⎨
⎧

+=
+=

222

111

yxe
yxe

                             (3.6) 

 

  Fig.3.9 and Fig.3.10 show that the time responses of two identical IMG systems. It 

is verified that the generalized lag-synchronization can be obtained by Fig.3.11 and 

Fig.3.12, where error 

1 1 1 1( ) ( ) ( ) ( )e t x t y t F tμ= − − +                       (3.7) 
 

'
2 2 2 2( ) ( ) ( ) ( )e t x t y t F tμ= − − +                      (3.8) 

1 1.2427μ = sec, 2 1.08μ = sec, ( )F t and ' ( )F t are periodic functions of time. 
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Fig.3.1.Time responses of two identical IMG systems with  

x1(0)=1, x2(0)=0,y1(0)=-1 and y2(0)=0.5, when 2τ =0. 
 

 
 

Fig.3.2.Time responses of two identical IMG systems with  
x1(0)=1, x2(0)=0,y1(0)=-1 and y2(0)=0.5, when 2τ =0. 

t (sec)

x 2
: b

lu
e 

y 2
: r

ed
 

x 1
:b

lu
e 

y 1
:re

d 

t (sec)



12 
 

 
 

Fig.3.3. Error of two identical IMG systems with  
x1(0)=100, x2(0)=10, y1(0)=101 and y2(0)=10.001, when 2 1τ = . 

 
 

 
 

Fig.3.4. Error of two identical IMG systems with  
x1(0)=100, x2(0)=10, y1(0)=101 and y2(0)=10.001, when 2 1τ = . 
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Fig.3.5. Time responses of two identical IMG systems with  
x1(0)=1, x2(0)=0, y1(0)=-1 and y2(0)=0, when 2 1τ = . 

 

 
 

Fig.3.6. Time responses of two identical IMG systems with 
x1(0)=1, x2(0)=0, y1(0)=-1 and y2(0)=0, when 2 1τ = . 
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Fig.3.7. Error of two identical IMG systems with 
x1(0)=1, x2(0)=0, y1(0)=-1 and y2(0)=0, when 2 1τ = . 

 
 

 
 

Fig.3.8. Error of two identical IMG systems with 
x1(0)=1, x2(0)=0, y1(0)=-1 and y2(0)=0, when 2 1τ = . 
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Fig.3.9. Time responses of two identical IMG systems with 

x1(0)=1, x2(0)=0.1, y1(0)=-1 and y2(0)=0.5, when 2 1τ = , 1 1.2427μ = sec. 
 

 
 

Fig.3.10. Time responses of two identical IMG systems with  
x1(0)=1, x2(0)=0.1, y1(0)=-1 and y2(0)=0.5, when 2 1τ = , 2 1.08μ = sec. 
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Fig.3.11. Error of two identical IMG systems with  
x1(0)=1, x2(0)=0.1, y1(0)=-1 and y2(0)=0.5, when 2 1τ = . 

 
 

 

 
Fig.3.12. Error of two identical IMG systems with  

x1(0)=1, x2(0)=0.1, y1(0)=-1 and y2(0)=0.5, when 2 1τ = . 
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Chapter 4 

Chaotization of a New Ikeda-Mackey-Glass System 

by Chaos Signals as Parameters 

4.1 Preliminaries 
In this Chapter, another chaotization method is presented by using different types 

of chaos signal as parameter. A new Ikeda-Mackey-Glass system is described in 

Chapter 2.2. By using different types of chaos signals as parameters, a regular motion 

new IMG system becomes chaotic system. 

4.2 Chaotization Scheme 
Differential equations of two general delay systems are described as follows: 

 

             )),(),(( Ktxtxfx τ−=                               (4.1) 

             )),(),(( Gtytyfy τ−=                              (4.2) 

 

where x, y∈ nR  are the state vector, K =[ nkkk ... 21 ],G =[ nggg ... 21 ] nR∈  are the 

parameter vectors. The dynamics of system (4.1) is periodic motion, while the 

dynamics of system (4.2) is chaotic motion. Replacing one of the parameters of 

system (4.1) by chaotic states of system (4.2), system (4.1) becomes: 

 

              )),(),(( Ptztzfz τ−=                                 (4.3) 
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where z is the state vector, P  is the same as K , except that one of parameters of 

K is replaced by chaotic states of system (4.2). Simulations show that system (4.3) 

becomes a chaotic system. In other worlds, a delay system (4.3) becomes chaotic 

system by parameter replacement method. 

4.3 Simulation Results 

By using Eq.(4.1), the periodic motion of a new Ikeda-Mackey-Glass system is 

described as follows: 

 

   

)(
)}({1

)(
)()(

)()(sin)()(

212
12

12
222

22111111

τ
τ
τ

α

ττβα

−+
−+
−

+−=

−+−−−=

txk
tx

tx
btxtx

txktxtxtx

c

            (4.4) 

 

A periodic motion is obtained as shown by phase portraits in Fig.4.1, time 

histories in Fig.4.2 and Fig.4.3, and bifurcation diagram in Fig.4.4, where 1α =25, β

=24.8 , 1k = 13.4 , 2α =4.7, b =1.2348,c=10, 2k =8, 1τ =5 and 2τ =1. 

   By using Eq.(4.2), the chaotic motion of a new Ikeda-Mackey-Glass system is 

described as follows: 

 

         

)(
)}({1

)(
)()(

)()(sin)()(

212
12

12
222

22111111

τ
τ
τ

α

ττβα

−+
−+
−

+−=

−+−−−=

tyg
ty

ty
btyty

tygtytyty

c

              (4.5) 

 

A chaotic motion is obtained as shown by phase portrait in Fig.4.5 and bifurcation 
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diagram in Fig.4.4, where 1α =25, β =24.8 , 1g = 14.1 , 2α =4.7, b =1.2348,c=10, 

2g =8, 1τ =5 and 2τ =1. 

Replacing 1k  by 1p , Eq.(4.4) becomes: 

 

         

)(
)}({1

)(
)()(

)()(sin)()(

212
12

12
222

22111111

τ
τ
τ

α

ττβα

−+
−+
−

+−=

−+−−−=

tzk
tz

tz
btztz

tzptztztz

c

               (4.6) 

 

where 2k =8. A new Ikeda-Mackey-Glass system(4.6) is a chaotic system by 

parameter replacement method. 

CASE I: p1=y1 

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.6 and 

time histories in Fig.4.7 and Fig.4.8. 

CASE II: p1=y2 

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.9 and 

time histories in Fig.4.10 and Fig.4.11. 

CASE III: p1= 2
1y  

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.12 

and time histories in Fig.4.13 and Fig.4.14. 

CASE IV: p1= 2
2y  

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.15 

and time histories in Fig.4.16 and Fig.4.17. 

CASE V: 211 yyp =  

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.18 

and time histories in Fig.4.19 and Fig.4.20. 
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CASE VI: )(221 τ−= tyyp , where =τ 30 sec.  

 The chaotic simulation results obtained is achieved in phase portrait in Fig.4.21 

and time histories in Fig.4.22 and Fig.4.23. 

CASE VII: 211 coscos yyp =  

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.24 

and time histories in Fig.4.25 and Fig.4.26. 

CASE VIII: 21 yRp += , where R is the Rayleigh noise. 

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.27 

and time histories in Fig.4.28 and Fig.4.29 

CASE IX: 21 Ryp = , where R is the Rayleigh noise. 

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.30 

and time histories in Fig.4.31 and Fig.4.32. 
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Fig.4.1. Phase portrait of an IMG system in period 2 when 1α =25, β =24.8 , 1K = 

13.4 , 2α =4.7, b =1.2348,c=10, 2K =8, 1τ =5 and 2τ =1. 

 

 
Fig.4.2. The time history of x1 of an IMG system in period 2 when 1α =25, β =24.8 ,

1K = 13.4 , 2α =4.7, b =1.2348,c=10, 2K =8, 1τ =5 and 2τ =1. 
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Fig.4.3. The time history of x2 of an IMG system in period 2 when 1α =25, β =24.8 ,

1K = 13.4 , 2α =4.7, b =1.2348,c=10, 2K =8, 1τ =5 and 2τ =1. 

. 

 
Fig.4.4. The bifurcation diagram of an IMG system when 1α =25, β =24.8, 2α

=4.7, b =1.2348,c=10, 2K =8, 1τ =5 and 2τ =1. 
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Fig4.5. An IMG chaotic attractor when 1α =25, β =24.8 , 1K = 14.1 , 2α =4.7, b

=1.2348,c=10, 2K =8, 1τ =5 and 2τ =1. 

 

    
 
Fig4.6. An IMG chaotic attractor when parameter is a chaos signal  

for CASE I. 
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Fig4.7. The time history of z1 of an IMG system in chaotic behavior  

when parameter is a chaos signal for CASE I. 
 

      
Fig.4.8. The time history of z2 of an IMG system in chaotic behavior  

when parameter is a chaos signal for CASE I. 
. 
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Fig.4.9. An IMG chaotic attractor when parameter is a chaos signal  

for CASE II. 
 

     
Fig.4.10. The time history of z1 of an IMG system in chaotic behavior 

when parameter is a chaos signal for CASE II. 
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    Fig.4.11. The time history of z2 of an IMG system in chaotic behavior when 

parameter is a chaos signal for CASE II. 
 

      

      Fig.4.12. An IMG chaotic attractor when parameter is a chaos signal 
for CASE III. 
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      Fig.4.13. The time history of z1 of an IMG system in chaotic behavior when 

parameter is a chaos signal for CASE III. 
 

 
   Fig.4.14. The time history of z2 of an IMG system in chaotic behavior when 

parameter is a chaos signal for CASE III. 
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Fig.4.15. An IMG chaotic attractor when parameter is a chaos signal 

for CASE IV. 
 

 

Fig.4.16. The time history of z1 of an IMG system in chaotic behavior when parameter 
is a chaos signal for CASE IV. 
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Fig.4.17. The time history of z2 of an IMG system in chaotic behavior when parameter 

is a chaos signal for CASE IV. 
 

    
    Fig.4.18. An IMG chaotic attractor when parameter is a chaos signal 

for CASE V. 
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Fig.4.19. The time history of z1 of an IMG system in chaotic behavior when parameter 

is a chaos signal for CASE V. 

     
Fig.4.20. The time history of z2 of an IMG system in chaotic behavior when parameter 

is a chaos signal for CASE V. 
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Fig.4.21. An IMG chaotic attractor when parameter is a chaos signal for CASE VI. 
 

 
Fig.4.22. The time history of z1 of an IMG system in chaotic behavior when parameter 

is a chaos signal for CASE VI. 
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       Fig.4.23. The time history of z2 of an IMG system in chaotic behavior when 

parameter is a chaos signal for CASE VI. 

   

Fig.4.24. An IMG chaotic attractor when parameter is a chaos signal for CASE VII. 
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     Fig.4.25. The time history of z1 of an IMG system in chaotic behavior when 
parameter is a chaos signal for CASE VII. 

 

     
        Fig.4.26. The time history of z2 of an IMG system in chaotic behavior when 

parameter is a chaos signal for CASE VII. 
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Fig.4.27. An IMG chaotic attractor when parameter is a chaos signal for CASE VIII. 

 

       
       Fig.4.28. The time history of z1 of an IMG system in chaotic behavior when 

parameter is a chaos signal for CASE VIII. 
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    Fig.4.29. The time history of z2 of an IMG system in chaotic behavior when 

parameter is a chaos signal for CASE VIII. 
 

   

Fig.4.30. An IMG chaotic attractor when parameter is a chaos signal for CASE IX. 
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       Fig.4.31. The time history of z1 of an IMG system in chaotic behavior when 

parameter is a chaos signal CASE IX. 

       
       Fig.4.32. The time history of z2 of an IMG system in chaotic behavior when 

parameter is a chaos signal CASE IX. 
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Chapter 5 

Chaos of a New Ikeda-Lorenz System 

5.1 Preliminaries 

   In this Chapter, given the equations of a new Ikeda-Lorenz system and verified the 

chaotic behavior by phase portraits and Lyapunov exponent.  

5.2 Ikeda-Lorenz System 

The Ikeda-Lorenz system is described as follows: 

 

         
1 1 1 1 1 2 1

2 2 1 2 1 1 1 3 2

3 3 1 3 1 1 2 3

sin ( )
sin
sin

= − − + −
= − − + − −
= − − + −

x a x b x x x
x a x b x rx x x x
x a x b x x x cx

σ
                           (5.1) 

 

which is a combination of Ikeda system without time delay and Lorenz system. The 

parameters a1=0.1, b1=1,σ =16, a2=0.2, b2=0.3, r=45.92, a3=0.05, b3=1.8, c=4 are 

used. The chaotic attractor and Lyapunov exponents of the new Ikeda-Lorenz system 

are shown in Fig.5.1 and Fig.5.2. 
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Fig.5.2. Lyapunov exponents of new Ikeda-Lorenz system with parameters a1=0.1, b1=1,

σ =16, a2=0.2, b2=0.3, r=45.92, a3=0.05, b3=1.8, c=4 and initial conditions 

x1(0)=1,x2(0)=2,x3(0)=3. 

 

Fig.5.1. The chaotic attractor of a new Ikeda-Lorenz system with parameters a1=0.1, 

b1=1,σ =16, a2=0.2, b2=0.3, r=45.92, a3=0.05, b3=1.8, c=4 and initial conditions 

x1(0)=1,x2(0)=2,x3(0)=3. 
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Chapter 6 

Chaos Generalized Synchronization of New 

Ikeda-Lorenz Systems by GYC Partial Region 

Stability Theory 

6.1 Preliminaries 
The GYC partial region stability theory is proposed. By using the new strategy, 

the Lyapunov function is a simple linear homogeneous function of error states and the 

controllers are more simple and have less simulation error because they are in lower 

order than that of traditional controllers. Simulation results show that the new 

Ikeda-Lorenz system can be achieved chaos generalized synchronization by GYC 

partial region stability theory. 

6.2 Chaos Generalized Synchronization Strategy 

Consider the following unidirectional coupled chaotic systems  

 

uythy
xtfx
+=

=
),(
),(

                                     (6.1) 

 

where nT
n Rxxxx ∈= ],...,,[ 21 , [ ]1 2, , , T n

ny y y y R= ∈  denote two state vectors, f 

and h are nonlinear vector functions, and nT
n Ruuuu ∈= ],...,[ 21  is a control input 

vector. 

The generalized synchronization can be accomplished when t →∞ , the limit of 

the error vector T
neeee ],...,,[ 21=  approaches zero: 
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0lim =
∞→

e
t

                                       (6.2) 

 
where 
 

yxGe −= )(                                        (6.3) 

 

By using GYC partial region stability theory, the positive definite Lyapunov 

function is a homogeneous linear function of error states and the controllers can be 

designed in lower order than that of traditional controllers. 

6.3 Simulation Results 
Two new Ikeda-Lorenz systems with the unidirectional coupling are presented as 

follows: 

 

1 1 1 1 1 2 1

2 2 1 2 1 1 1 3 2

3 3 1 3 1 1 2 3

sin ( )
sin
sin

= − − + −
= − − + − −
= − − + −

x a x b x x x
x a x b x rx x x x
x a x b x x x cx

σ
 

                                                                 (6.4) 

1 1 1 1 1 2 1 1

2 2 1 2 1 1 1 3 2 2

3 3 1 3 1 1 2 3 3

sin ( )
sin
sin

= − − + − +
= − − + − − +
= − − + − +

y a y b y y y u
y a y b y ry y y y u
y a y b y y y cy u

σ
 

 

CASE I. The generalized synchronization error function is 

 

90+−= iii yxe ,  (i=1,2,3)                           (6.5) 

 

Our goal is  
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90+= xy , i.e. 0)90(limlim =+−=
∞→∞→

yxe
tt

                (6.6)   

                                 

The error dynamics becomes 

 

1 1 1 1 1 1 1 1 1 2 2 1 1 1

2 2 2 2 1 1 2 1 1 1 1 1 3 1 3

2 2 2

3 3 3 3 1 1 3 1 1 1 2 1 2

( ) (sin sin ) [( ) ( )]
( ) (sin sin ) ( ) ( )

                     ( )
( ) (sin sin ) (

= − = − − − − + − − − −
= − = − − − − + − − −

− − −
= − = − − − − + −

e x y a x y b x y x y x y u
e x y a x y b x y r x y x x y y

x y u
e x y a x y b x y x x y y

σ

3 3 3) ( )− − −c x y u

    (6.7) 

 

Let initial states be 1 2 3( (0), (0), (0)) (1,2,3)=x x x , 1 2 3( (0), (0), (0)) (3.5,4,1)=y y y  and 

system parameters a1=0.1, b1=1,σ =16, a2=0.2, b2=0.3, r=45.92, a3=0.05, b3=1.8 and 

c=4, we find the error dynamics always exists in first quadrant as shown in Fig.6.1. 

By GYC partial region asymptotical stability theorem, one can choose a Lyapunov 

function in the form of a positive definite function in first quadrant: 
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1321 >+++++= eeeeeeV                     (6.8)

   

Although V contains quadratic terms 2 2 2
1 2 3

1 ( )
2

e e e+ + , the degree of terms of 

following three controllers remain unchanged as that of 1 2 3V e e e= + + . 

Its time derivative is 
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 (6.9) 
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Choose  

 

1 1 1 1 1 1 1 2 2 1 1 1

2 2 1 1 2 1 1 1 1 1 3 1 3 2 2 2

3 3 1 1 3 1 1 1 2 1 2 3 3 3

( ) (sin sin ) [( ) ( )]
( ) (sin sin ) ( ) ( ) ( )
( ) (sin sin ) ( ) ( )

= − − − − + − − − +
= − − − − + − − − − − +
= − − − − + − − − +

u a x y b x y x y x y e
u a x y b x y r x y x x y y x y e
u a x y b x y x x y y c x y e

σ
    (6.10) 

We obtain 

 

0)1()1()1( 332211 <+−+−+−= eeeeeeV                      (6.11) 

 

which is a negative definite function in first quadrant. Three state errors versus time 

and time histories of states are shown in Fig.6.2 and Fig.6.3. 

CASE II. The generalized synchronization error function is            

 

80cossin 2 ++−= ttyxe iii , (i=1,2, 3)                     (6.12)   

                                   

Our goal is  

 

,80cossin 2 ++= ttxy ,   

                                                     (6.13) 

 i.e. 0)80cossin(limlim 2 =++−=
∞→∞→

ttyxe
tt

,( 1, 2,3i = )   

                 

The error dynamics become    
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ttt

uyxcyyxxyxbyxae
tttuyx

yyxxyxryxbyxae
ttt

uyxyxyxbyxae

32
33321211131133

32
222

3131111111122

32
111221111111
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)()()sin(sin)(
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)()()sin(sin)(
sincossin         

)]()[()sin(sin)(

−+

−−−−+−−−−=
−+−−−

−−−+−−−−=
−+

−−−−+−−−−= σ

        (6.14) 

 

Let initial states be 1 2 3( (0), (0), (0)) (1,2,3)=x x x , 1 2 3( (0), (0), (0)) (3.5,4,1)=y y y  and 

system parameters a1=0.1, b1=1,σ =16, a2=0.2, b2=0.3, r=45.92, a3=0.05, b3=1.8 and 

c=4, we find the error dynamics always exists in first quadrant as showen in Fig.6.4. 

By GYC partial region asymptotical stability theorem, one can choose a Lyapunov 

function in the form of a positive definite function in first quadrant: 

 

 0)(
2
1 2

3
2
2

2
1321 >+++++= eeeeeeV                       (6.15) 

 

Its time derivative is 

  

))(1sincos2sin      
)()()sin(sin)((      
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σ

     (6.16) 
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Choose  

 

 sincos2sin      
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)()()()sin(sin)(

      sincos2sin        
)]()[()sin(sin)(

3

3321211131133

2

223131111111122

1

11221111111
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yxcyyxxyxbyxau
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yxyyxxyxryxbyxau

ett-t
yxyxyxbyxau

++
−−−+−−−−=

++
−−−−−+−−−−=

++
−−−+−−−−= σ

    (6.17) 

 

We obtain 

 

0)1()1()1( 332211 <+−+−+−= eeeeeeV                   (6.18) 

 

which is a negative definite function. Three state errors versus time and time histories 

of 80− +i ix y  are shown in Fig.6.5 and Fig.6.6.  

CASE III. The generalized synchronization error function is  

 

21 100
30

= − +i i ie x y , (i=1, 2, 3)                        (6.19) 

 

Our goal is  

 

100
30
1 2 += ii xy , (i=1, 2, 3) 

                                                   (6.20) 

i.e. )3,2,1(,0)100
30
1(limlim 2 ==+−=

∞→∞→
iyxe iitit
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The error dynamics become 

 

23211313

321131333333

223111212

2311121222222

1121111

12111111111

)sin(                             

)sin(
15
1

15
1

)sin(                             

)sin(
15
1

15
1

))(sin(                             

))(sin(
15
1

15
1

ucyyyybya

cxxxxbxaxyxxe

uyyyryybya

xxxrxxbxaxyxxe

uyyybya

xxxbxaxyxxe

−−+−−−

−+−−=−=

−−−+−−−

−−+−−=−=

−−+−−−

−+−−=−=

σ

σ

               (6.21) 

 

Let initial states be 1 2 3( (0), (0), (0)) (1,2,3)=x x x , 1 2 3( (0), (0), (0)) (3.5,4,1)=y y y and 

system parameters a1=0.1, b1=1,σ =16, a2=0.2, b2=0.3, r=45.92, a3=0.05, b3=1.8 and 

c=4, we find the error dynamics always exists in first quadrant as shown in Fig.6.7. 

By GYC partial region asymptotical stability theorem, one can choose a Lyapunov 

function in the form of a positive definite function in first quadrant: 

 

0)(
2
1 2

3
2
2

2
1321 >+++++= eeeeeeV                       (6.22) 

 

Its time derivative is 
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)sin()sin(
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1[
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+−

−+−−−−+−−= σσ

   (6.23) 
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Choose  

 

         

)sin()sin(
15
1

)        

sin()sin(
15
1

            

))(sin())(sin(
15
1

3

3211313321131333

2231

112122311121222

1

12111112111111

e

cyyyybyacxxxxbxaxu

eyyy

ryybyaxxxrxxbxaxu

e

yyybyaxxxbxaxu

+

−+−−−−+−−=

+−−

+−−−−−+−−=

+

−+−−−−+−−= σσ

     (6.24) 

 

 

We obtain 

 

0)1()1()1( 332211 <+−+−+−= eeeeeeV                      (6.25) 

      

which is a negative definite function in first quadrant. Three state errors versus time 

are shown in Fig.6.8.  

 

CASE IV. The generalized synchronization error function is  

 

zyxe +−= +K                                    (6.26) 

 

where z is the chaotic state vector of Genesio system[48], K=[100 100 100]T. 

The goal system for synchronization is Genesio system and initial states is (1, 1, 

1), system parameters a4=6, b4=2.92, c4=1.2.  
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1 2

2 3
2

3 1 4 1 4 2 4 3

z z
z z

z z a z b z c z

=
=

= − − −

                            (6.27) 

 

We have  

 

++−=
∞→∞→

zyxe
tt

(limlim K)=0                            (6.28) 

 

The error dynamics becomes 

 

1 1 1 1 1 1 1 2 2 1 1 1

2

2 2 1 1 2 1 1 1 1 1 3 1 3 2 2 2

3

3 3 1 1 3 1 1 1 2 1 2 3 3 3
2

1

( ) (sin sin ) [( ) ( )]
       +

( ) (sin sin ) ( ) ( ) ( )
       +

( ) (sin sin ) ( ) ( )

       +

= − − − − + − − − −

= − − − − + − − − − − −

= − − − − + − − − −

−

e a x y b x y x y x y u
z

e a x y b x y r x y x x y y x y u
z

e a x y b x y x x y y c x y u

z

σ

4 1 4 2 4 3− −a z b z c z

   (6.29) 

 

Let initial states be 1 2 3( (0), (0), (0)) (1,2,3)=x x x , 1 2 3( (0), (0), (0)) (3.5,4,1)=y y y and 

system parameters a1=0.1, b1=1,σ =16, a2=0.2, b2=0.3, r=45.92, a3=0.05, b3=1.8 and 

c=4, we find the error dynamics always exists in first quadrant as shown in Fig.6.9. 

By GYC partial region asymptotical stability theorem, one can choose a Lyapunov 

function in the form of a positive definite function in first quadrant: 

 

0)(
2
1 2

3
2
2

2
1321 >+++++= eeeeeeV                      (6.30) 
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Its time derivative is 

 

))(1      

)()()sin(sin)((      
))(1)(      

)()()sin(sin)((      
      )1)(      

)]()[()sin(sin)((

3342414
2
1

3332121113113

23222

313111111112
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ezuyx
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ez

uyxyxyxbyxaV

++
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−−−+−−−−+
++

−−−−+−−−−= σ

      (6.31) 

 

Choose 

 

1 1 1 1 1 1 1 2 2 1 1

2 1

2 2 1 1 2 1 1 1 1 1 3 1 3

2 2 3 2

3 3 1 1 3 1 1 1 2 1 2 3 3
2

1 4 1 4

( ) (sin sin ) [( ) ( )]
       +

( ) (sin sin ) ( ) ( )
       ( )

( ) (sin sin ) ( ) ( )

      

u a x y b x y x y x y
z e

u a x y b x y r x y x x y y
x y z e

u a x y b x y x x y y c x y

z a z b

σ= − − − − + − − −
+

= − − − − + − − −

− − + +

= − − − − + − − −

+ − − 2 4 3 3z c z e− +  

 

We obtain 

 

 0)1()1()1( 332211 <+−+−+−= eeeeeeV                    (6.33) 

 

which is a negative definite function in first quadrant. Three state errors versus time 

and time histories of 100i ix y− + , (i=1,2,3) are shown in Fig.6.10 and Fig.6.11. 

 

 

 

 

(6.32) 
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Fig. 6.1. Phase portrait of error dynamics for CASE I. 

 

Fig. 6.2. Time histories of errors for CASE I. 
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Fig.6.3. Time histories of x1, x2, x3, y1, y2, y3 for CASE I. 

 

 

Fig.6.4. Phase portrait of error dynamics for CASE II. 
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Fig.6.5. Time histories of errors for CASE II. 

 

 

Fig.6.6. Time histories of 80i ix y− +  and - 2sin cos⋅t t  for CASE II. 

 

 



52 
 

 

Fig.6.7. Phase portrait of error dynamics for CASE III. 

 

 

Fig.6.8. Time histories of errors for CASE III. 
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Fig.6.9. Phase portrait of error dymanics for CASE IV. 

 

 

Fig.6.10. Time histories of errors for CASE IV. 
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Fig.6.11. Time histories of 100+− yx  and z− for CASE IV. 
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Chapter 7 

Chaos Control of a New Ikeda-Lorenz System by 

GYC Partial Region Stability Theory 

7.1 Preliminaries 
   By using the GYC partial region stability theory in Appendix, the Lyapunov 

function is a simple linear homogeneous function of error states and the controllers 

are more simple and have less simulation error because they are in lower order than 

that of traditional controllers. Simulation results show that for a new Ikeda-Lorenz 

system can be achieved chaos control by GYC partial region stability theory. 

7.2 Chaos Control Scheme 

Consider the following chaotic systems 

 

( , )x f t x=     (7.1) 

 

where [ ]1 2, , , T n
nx x x x R= ∈  is a the state vector, : n nf R R R+ × →  is a vector 

function.  

The goal system which can be either chaotic or regular, is  
 

( , )t=y g y  (7.2) 

 

where [ ]1 2, , , T n
ny y y R= ∈y  is a state vector, : n nR R R+ × →g  is a vector 

function. 
 



56 
 

    In order to make the chaos state x  approaching the goal state y , define 

e x y= −  as the state error. The chaos control is accomplished in the sense that 

[41,49-55]: 

lim lim( ) 0
t t

e x y
→∞ →∞

= − =                                  (7.3) 

By using GYC partial region stability theory, the positive definite Lyapunov 

function is a homogeneous linear function of error states and the controllers can be 

designed in lower order than that of traditional controllers. 

7.3 Simulation Results 
The following chaotic system is a new Ikeda-Lorenz system of which the old 

origin is translated to )150,150,150(),,( 321 =xxx and the chaotic motion always 

happens in the first quadrant of coordinate system 1 2 3( , , )x x x :  

 

)150()150)(150())150(sin()150(
)150(        

)150)(150()150())150(sin()150(
))150()150(())150(sin()150(

32113133

2

31112122

1211111

−−−−+−−−−=
−−

−−−−+−−−−=
−−−+−−−−=

xcxxxbxax
x

xxxrxbxax
xxxbxax σ

  (7.4) 

 

This Ikeda-Lorenz system is presented as simulated examples where the initial 

conditions are x1(0) =1, x2(0) =2, x3(0) =3, a1=0.1, b1=1,σ =16, a2=0.2, b2=0.3, 

r=45.92, a3=0.05, b3=1.8, c=4. The chaotic motion is shown in Fig.7.1. 

In order to lead (x1, x2, x3) to the goal, we add control terms u1, u2 and u3 to each 

equation of Eq. (7.4), respectively. 
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31112122

11211111

)150()150)(150())150(sin()150(
)150(        

)150)(150()150())150(sin()150(
))150()150(())150(sin()150(
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+−−

−−−−+−−−−=
+−−−+−−−−= σ

(7 .5) 
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CASE I. Control the chaotic motion to zero. 

In this case we will control the chaotic motion of the Ikeda-Lorenz system (7.4) 

to zero. The goal is 0y = . The state error is e x y x= − =  and error dynamics 

becomes 

 

3321131333
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311121222

112111111

)150()150)(150())150(sin()150(
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)150)(150()150())150(sin()150(
))150()150(())150(sin()150(

uxcxxxbxaxe
ux

xxxrxbxaxe
uxxxbxaxe

+−−−−+−−−−==
+−−

−−−−+−−−−==
+−−−+−−−−== σ

 

 

In Fig.7.1, we see that the error dynamics always exists in first quadrant. 

By GYC partial region asymptotical stability theorem, one can choose a Lyapunov 

function in the form of a positive definite function in first quadrant: 

 

0)(
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1 2

3
2
2

2
1321 >+++++= eeeeeeV                       (7.7) 

 

Although V contains quadratic terms 2 2 2
1 2 3

1 ( )
2

e e e+ + , the degree of terms of 

following three controllers remain unchanged as that of 1 2 3V e e e= + + . 

Its time derivative is 
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     (7.8) 

 

 

(7.6) 
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Choose  

 

=1u 1121111 ))]150()150(())150(sin()150([ eeeebea −−−−+−−−−− σ     

22

31112122

)]150(        
)150)(150()150())150(sin()150([

ee
eeerebeau

−−−
−−−−+−−−−−=

     (7.9) 

332113133 )]150()150)(150())150(sin()150([ eeceeebeau −−−−−+−−−−−=  

 

We obtain 

 

0)1()1()1( 332211 <+−+−+−= eeeeeeV   (7.10) 

 

which is a negative definite function in first quadrant. Simulation results are shown in 

Fig.7.2. the motion trajectories approach the origin after 40sec. 

CASE II. Control the chaotic motion to a periodic function. 

In this case we will control the chaotic motion of the Ikeda-Lorenz system (7.4) to a 

periodic function of time. The goal is tFy ω2sin= . The equation  

 

tFxe ω2sin−=                                  (7.11) 

 

)sin(limlim 2 tFxe iitit
ω−=

∞→∞→
, i=1,2,3.                    (7.12) 

and tFxe iiiii ωω 2sin−= , (i=1,2,3), and 10321 === FFF , 5.01 =ω , ,22 =ω  

2.03 =ω . 

The error dynamics is  
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ωω
ωω

ωω
ωω

ωω
σωω

 

 

Let initial states be 1 2 3( (0), (0), (0)) (1,2,3)=x x x , 1 2 3( (0), (0), (0)) (3.5,4,1)=y y y  and 

system parameters a1=0.1, b1=1,σ =16, a2=0.2, b2=0.3, r=45.92, a3=0.05, b3=1.8 and 

c=4, we find that the error dynamics always exists in first quadrant as showen in 

Fig.7.3. By GYC partial region asymptotical stability theorem, one can choose a 

Lyapunov function in the form of a positive definite function in first quadrant: 
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2
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2
1321 >+++++= eeeeeeV                    (7.14) 

 

Its time derivative is 
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(7.13)
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Choose  

 

1 1 1 1 1 2 1

1 1 1

2 2 1 2 1 1 1 3

2 2 2 2

3 3 1 3 1

[ ( 150) (sin( 150)) (( 150) ( 150))
       sin 2 ]

[ ( 150) (sin( 150)) ( 150) ( 150)( 150)
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u a x b x x x
F t e

u a x b x r x x x
x F t e

u a x b x

σ
ω ω

ω ω

= − − − − − + − − −
− −

= − − − − − + − − − −

− − − −
= − − − − − + 1 2 3

3 3 3

150)( 150) ( 150)
      sin 2 ]

x x c x
F t eω ω

− − − −

− −

   (7.16) 

 

We obtain 

 

0)1()1()1( 332211 <+−+−+−= eeeeeeV                    (7.17) 

 

which is a negative definite function. The numerical results are shown in Fig.7.4 and 

Fig.7.5. After 40 sec, the errors approach zero and the motion trajectories approach to 

the periodic functions. 

CASE III. Control the chaotic motion of a Ikeda-Lorenz system to chaotic motion of a 

Genesio system[48]. 

In this case we will control chaotic motion of Ikeda-Lorenz system (7.4) to that 

of a Genesio system. The goal system is Genesio system: 

 

1 2

2 3
2

3 1 4 1 4 2 4 3

z z
z z

z z a z b z c z

=
=

= − − −

                             (7.18) 

 

The error equation is zxe −= , Our aim is 0lim =
∞→

e
t

. The error dynamics become 

The error dynamics become 
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      (7.19) 

 

Let initial states be 1 2 3( (0), (0), (0)) (1,2,3)=x x x , 1 2 3( (0), (0), (0)) (3.5,4,1)=y y y and 

system parameters a1=0.1, b1=1,σ =16, a2=0.2, b2=0.3, r=45.92, a3=0.05, b3=1.8 and 

c=4, we find that the error dynamics always exists in first quadrant as shown in 

Fig.7.6.  

By GYC partial region asymptotical stability theorem, one can choose a Lyapunov 

function in the form of a positive definite function in first quadrant: 
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1321 >+++++= eeeeeeV  (7.20) 

 

Its time derivative is 
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Choose  
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   (7.22) 

 

We obtain 

 

0)1()1()1( 332211 <+−+−+−= eeeeeeV       (7.23) 

which is a negative definite function. The numerical results are shown in Fig.7.7 and 

Fig.7.8. After 40 sec, the errors approach zero and the chaotic trajectories of 

Ikeda-Lorenz system approach to that of the Genesio system. 
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Fig. 7.1. Phase portrait of error dynamics for CASE I. 

 

 

Fig. 7.2. Time histories of errors for CASE I. 
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Fig.7.3. Phase portrait of error dynamics for CASE II. 

 

 
Fig.7.4..Time histories of errors for CASE II. 
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Fig.7.5. Time histories of errors for CASE II. 

 

 

Fig.7.6. Phase portrait of error dynamics for CASE III. 
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Fig.7.7. Time histories of errors for CASE III. 

 

 

Fig.7.8. Time histories of errors for CASE III. 
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Chapter 8 

Estimation of Parameters of a New Ikeda-Mackey- 

Glass System through Chaos Synchronization with 

Random Disturbance 

8.1 Preliminaries 

 Estimation of parameters of a new IMG system by using a least square approach is 

achieved. When the corresponding parameters converge to same values, two time 

delay Ikeda-Mackey-Glass systems are synchronized. 

8.2 Chaos Synchronization Scheme 

Differential equations of a general delay system are described as follows [56]: 

 

        ( ( ), ( ), )x f x t x t τ β= −                                        (8.1) 

 

where x∈ nR  is the state vector, β mR∈  is the parameter vector which is to be 

estimated. 

Let  

 

         ˆ( ( ), ( ), )y g y t y t τ β= −                                       (8.2) 

 

be coupled to Eq.(8.1), where y∈ nR  is the state vector, β̂ mR∈  is the parameter 

vector. The state vector y is asymptotically synchronized with x when β̂  approaches 
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β . 

The general representation of the feedback coupling is 

 

          ˆ( ( ), ( ), )y g y t y t τ β= − - [ ]TBG y x−                           (8.3) 

 

where B is a constant vector and G is the gain vector. Next we construct a mechanism 

that drives the measured synchronization error y-x to zero so that (y, β̂ )→ (x, β ) as t

→ ∞ . For that we consider the following minimization problem to construct a system 

of differential equation governing the evolution of the model system parameter β̂ , 

 

                                                                 (8.4) 

 

The parameter vector β̂  is to be suitably tuned so that the system (8.3) 

asymptotically synchronizes with the system (8.1) through the choice of function 

given by Eq.(8.4). By the minimization problem, a system of differential equations 

governing the evolution of β̂  is constructed: 

 

 ˆ 2( )ˆ ˆ
i

j i i
j j

yF y xβ
β β

∂∂
= − = − −

∂ ∂
 , j=1,…,m                        (8.5) 

 

The variational derivatives ˆ
i

j

y
β
∂
∂

 for i=1,…,n and j=1,…,m are to be known for 

solving this system of equations. These derivatives are given by 

       

}]min{[)ˆ( 2xyF −→β
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1

( )ˆ ˆ ˆ ˆ
n

Ti i k i k

k kj j j j

y g y g yd BG
dt yβ β β β=

∂ ∂ ∂ ∂ ∂
= + −

∂∂ ∂ ∂ ∂
∑   for i=1,…,n and j=1,…,m      (8.6) 

 

In Eq.(8.5), a vector of parameters ε  is added, which is needed for controlling the 

stability of the overall system and rate of synchronization:  

 

       ˆ 2 ( )ˆ ˆ
i

j j j i i
j j

yF y xβ ε ε
β β

∂∂
= − = − −

∂ ∂
, j=1,…m                       (8.7) 

 

Finally we have to solve Eqs.(8.1), (8.3), (8.6), (8.7) altogether. 

So an extended system consisting of (n+m+nm) equations is to be solved in order 

to estimate m parameters and simultaneous synchronization of the n-dimensional 

system. 

8.3 Parameters Estimation of a New Ikeda-Mackey 

-Glass System without Disturbance 

  In this Section, a new Ikeda-Mackey-Glass system is used for the chaos 

synchronization scheme to estimate parameters, 

   

1 1 1 1 2 2

2 1
2 2 1 210

2 1

( ) 25 ( ) 24.8sin ( )+14.1 ( )

( )( ) 4.7 ( ) 1.2348 8 ( )
1 { ( )}

x t x t x t x t

x tx t x t x t
x t

τ τ

τ τ
τ

= − − − −

−
= − + + −

+ −

                (8.8) 

 

According to Chapter 2, we know that for a new Ikeda-Mackey-Glass system, chaotic 

motion can be obtained when 1τ =5, 2τ =1. 
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Using chaos synchronization scheme in Section 8.2, the equations are described as 

follows: 

 

1 1 1 1 2 2( ) 25 ( ) 24.8sin ( )+14.1 ( )x t x t x t x tτ τ= − − − −                    (8.9) 

 

2 1
2 2 1 210

2 1

( )( ) 4.7 ( ) 1.2348 8 ( )
1 { ( )}

x tx t x t x t
x t

τ τ
τ

−
= − + + −

+ −
              (8.10) 

 

       1 1 1 1 1 2 2 1 1 1
ˆ( ) 25 ( ) sin ( ) 14.1 ( ) [ ( ) ( )]y t y t y t y t G y t x tβ τ τ= − − − + − − −     (8.11) 

 

2 1
2 2 2 1 2 2 2 210

2 1

( )ˆ( ) ( ) 1.2348 8 ( ) [ ( ) ( )]
1 ( )

y ty t y t y t G y t x t
y t

τβ τ
τ

−
= − + + − − −

+ −
 (8.12) 

        

1
1 1 1 1

1

ˆ ( ) 2 [ ( ) ( )] ˆ
yt y t x tβ ε
β
∂

= − −
∂

                                 (8.13) 

 

2
2 2 2 2

2

ˆ ( ) 2 [ ( ) ( )] ˆ
yt y t x tβ ε
β
∂

= − −
∂

                                (8.14) 

 

       

1 1 1 1 1 1 1
1 1

11 1

1 2 2 2 2
1 1

21 1 1

ˆ ( ) cos ( ) ( )[ ] [ 25 ] 2sin ( )ˆ ˆ( )
14.1 ( )                 - ˆ ˆ ˆ( )

y t y t y t yd y t
dt y t

y y t y yG G
y t

β τ τ τ
β β

τ
β β β

∂ − − ∂
= − − − −

∂ ∂
∂ − ∂ ∂

+ −
∂ ∂ ∂

     (8.15) 

 

2 1 2 1 1
2 2

12 2 2
10

2 1 2 1 2 2
2 210 2

2 2 1 2 2

( )[ ] 8 2 ( )ˆ ˆ ˆ( )

1.2348 ( ){1 9 ( ) }ˆ                [ ] -ˆ ˆ( ){1 ( ) }

y y t y yd y t G
dt y t

y t y t y yG
y t y t

τ
β β β

τ τβ
τ β β

∂ − ∂ ∂
= − − +

∂ ∂ ∂

− − − ∂ ∂
− +

+ − ∂ ∂

         (8.16) 
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1 1 1 1 1 1 1 1
1

12 2 2

2 2 2 2
1

2 2 2

ˆ ( ) cos ( ) ( )[ ] [ 25 ]ˆ ˆ ˆ( )
14.1 ( )                 ˆ ˆ( )

y t y t y t y yd G
dt y t

y t y yG
y t

β τ τ
β β β

τ
β β

∂ − − ∂ ∂
= − − −

∂ ∂ ∂
− ∂ ∂

+ −
∂ ∂

          (8.17) 

 

2 1 2 1 1
2

11 1 1
10

2 1 2 1 2 2
2 210 2

2 2 1 2 1

( )[ ] 8ˆ ˆ ˆ( )

1.2348 ( ){1 9 ( ) }ˆ                 [ ] ˆ ˆ( ){1 ( ) }

y y t y yd G
dt y t

y t y t y yG
y t y t

τ
β β β

τ τβ
τ β β

∂ − ∂ ∂
= − +

∂ ∂ ∂

− − − ∂ ∂
− + +

+ − ∂ ∂

     (8.18) 

 

where  

 

1 1 1 1 1 1 1 2 1 2

1 1 1 1 1

ˆ( ) 25 ( ) sin ( 2 ) 14.1 ( ( ))
                 [ ( ) ( )]
y t y t y t y t

G y t x t
τ τ β τ τ τ

τ τ
− = − − − − + − +

− − − −
      (8.19) 

 

2 1
2 1 2 2 1 1 1 210

2 1

2 2 1 2 1

( 2 )ˆ( ) ( ) 1.2348 8 ( ( ))
1 ( 2 )

                  [ ( ) ( )]

y ty t y t y t
y t

G y t x t

ττ β τ τ τ
τ

τ τ

−
− = − − + + − +

+ −
− − − −

   (8.20) 

 

We tried to estimate the parameters 1β̂  and 2β̂  of the system. The results show 

that the parameter 1β̂  and 2β̂  converges to their actual values when the master and 

response systems are synchronized. The simulation results are shown in Fig.8.1, 

Fig.8.2, Fig.8.3 and Fig.8.4. 

8.4. Parameters Estimation of a New Ikeda-Mackey 

-Glass System with Random Disturbance 

Parameters estimation of a new Ikeda-Mackey-Glass system is studied when there 

exists random disturbance.  
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CASE I: Disturbance ϕ  exists in the state y1, where ϕ  is the the Rayleigh noise: 

 

               
2

2

t(t)= exp( ) 
2
tϕ

σ σ
−                                   

 

where 2σ is known as the fading envelope of the Rayleigh distribution. 

The equations are described as follows: 

 

1 1 1 1 2 2( ) 25 ( ) 24.8sin ( )+14.1 ( )x t x t x t x tτ τ= − − − −                   (8.21) 

 

2 1
2 2 1 210

2 1

( )( ) 4.7 ( ) 1.2348 8 ( )
1 { ( )}

x tx t x t x t
x t

τ τ
τ

−
= − + + −

+ −
              (8.22) 

 

       1 1 1 1 1 2 2

1 1 1

ˆ( ) 25 ( ) sin ( ) 14.1 ( )
           [ ( ) ( ) ]
y t y t y t y t

G y t x t
β τ τ

ϕ
= − − − + −
− − −

                  (8.23) 

 

2 1
2 2 2 1 2 2 2 210

2 1

( )ˆ( ) ( ) 1.2348 8 ( ) [ ( ) ( )]
1 ( )

y ty t y t y t G y t x t
y t

τβ τ
τ

−
= − + + − − −

+ −
 (8.24) 

        

1
1 1 1 1

1

ˆ ( ) 2 [ ( ) ( ) ] ˆ
yt y t x tβ ε ϕ
β
∂

= − − −
∂

                              (8.25) 

 

2
2 2 2 2

2

ˆ ( ) 2 [ ( ) ( )] ˆ
yt y t x tβ ε
β
∂

= − −
∂

                                (8.26) 

 

       

1 1 1 1 1 1 1
1 1

11 1

1 2 2 2 2
1 1

21 1 1

ˆ ( ) cos ( ) ( )[ ] [ 25 ] 2sin ( )ˆ ˆ( )
14.1 ( )                 - ˆ ˆ ˆ( )

y t y t y t yd y t
dt y t

y y t y yG G
y t

β τ τ τ
β β

τ
β β β

∂ − − ∂
= − − − −

∂ ∂
∂ − ∂ ∂

+ −
∂ ∂ ∂

     (8.27) 
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2 1 2 1 1
2 2

12 2 2
10

2 1 2 1 2 2
2 210 2

2 2 1 2 2

( )[ ] 8 2 ( )ˆ ˆ ˆ( )

1.2348 ( ){1 9 ( ) }ˆ                [ ] -ˆ ˆ( ){1 ( ) }

y y t y yd y t G
dt y t

y t y t y yG
y t y t

τ
β β β

τ τβ
τ β β

∂ − ∂ ∂
= − − +

∂ ∂ ∂

− − − ∂ ∂
− +

+ − ∂ ∂

         (8.28) 

 

1 1 1 1 1 1 1 1
1

12 2 2

2 2 2 2
1

2 2 2

ˆ ( ) cos ( ) ( )[ ] [ 25 ]ˆ ˆ ˆ( )
14.1 ( )                 ˆ ˆ( )

y t y t y t y yd G
dt y t

y t y yG
y t

β τ τ
β β β

τ
β β

∂ − − ∂ ∂
= − − −

∂ ∂ ∂
− ∂ ∂

+ −
∂ ∂

          (8.29) 

 

2 1 2 1 1
2

11 1 1
10

2 1 2 1 2 2
2 210 2

2 2 1 2 1

( )[ ] 8ˆ ˆ ˆ( )

1.2348 ( ){1 9 ( ) }ˆ                 [ ] ˆ ˆ( ){1 ( ) }

y y t y yd G
dt y t

y t y t y yG
y t y t

τ
β β β

τ τβ
τ β β

∂ − ∂ ∂
= − +

∂ ∂ ∂

− − − ∂ ∂
− + +

+ − ∂ ∂

     (8.30) 

 

where  

 

1 1 1 1 1 1 1 2 1 2

1 1 1 1 1

ˆ( ) 25 ( ) sin ( 2 ) 14.1 ( ( ))
                 [ ( ) ( ) ]
y t y t y t y t

G y t x t
τ τ β τ τ τ

τ τ ϕ
− = − − − − + − +

− − − − −
      (8.31) 

 

2 1
2 1 2 2 1 1 1 210

2 1

2 2 1 2 1

( 2 )ˆ( ) ( ) 1.2348 8 ( ( ))
1 ( 2 )

                  [ ( ) ( )]

y ty t y t y t
y t

G y t x t

ττ β τ τ τ
τ

τ τ

−
− = − − + + − +

+ −
− − − −

   (8.32) 

 

Simulate the twelve equations (8.21-8.32), parameters 1̂β  and 2β̂  can converge to 

their actual values ( 1 1β̂ β= , 2 2β̂ β= ) when master system ( 21, xx ) are synchronized 

with the response system ( 21, yy ). The simulation results are shown in 

Fig.8.5,Fig.8.6,Fig.8.7 and Fig.8.8. 
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CASE II: Disturbance ϕ  exists in the state y2, where ϕ  is the the Rayleigh noise. 

The equations are described as follows: 

 

1 1 1 1 2 2( ) 25 ( ) 24.8sin ( )+14.1 ( )x t x t x t x tτ τ= − − − −                   (8.33) 

 

2 1
2 2 1 210

2 1

( )( ) 4.7 ( ) 1.2348 8 ( )
1 { ( )}

x tx t x t x t
x t

τ τ
τ

−
= − + + −

+ −
              (8.34) 

 

       1 1 1 1 1 2 2

1 1 1

ˆ( ) 25 ( ) sin ( ) 14.1 ( )
           [ ( ) ( )]
y t y t y t y t

G y t x t
β τ τ= − − − + −

− −
                  (8.35) 

 

2 1
2 2 2 1 210

2 1

2 2 2

( )ˆ( ) ( ) 1.2348 8 ( )
1 ( )

           [ ( ) ( ) ]

y ty t y t y t
y t

G y t x t

τβ τ
τ

ϕ

−
= − + + −

+ −
− − −

               (8.36) 

        

1
1 1 1 1

1

ˆ ( ) 2 [ ( ) ( )] ˆ
yt y t x tβ ε
β
∂

= − −
∂

                                 (8.37) 

 

2
2 2 2 2

2

ˆ ( ) 2 [ ( ) ( ) ] ˆ
yt y t x tβ ε ϕ
β
∂

= − − −
∂

                             (8.38) 

 

       

1 1 1 1 1 1 1
1 1

11 1

1 2 2 2 2
1 1

21 1 1

ˆ ( ) cos ( ) ( )[ ] [ 25 ] 2sin ( )ˆ ˆ( )
14.1 ( )                 - ˆ ˆ ˆ( )

y t y t y t yd y t
dt y t

y y t y yG G
y t

β τ τ τ
β β

τ
β β β

∂ − − ∂
= − − − −

∂ ∂
∂ − ∂ ∂

+ −
∂ ∂ ∂

     (8.39) 
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2 1 2 1 1
2 2

12 2 2
10

2 1 2 1 2 2
2 210 2

2 2 1 2 2

( )[ ] 8 2 ( )ˆ ˆ ˆ( )

1.2348 ( ){1 9 ( ) }ˆ                [ ] -ˆ ˆ( ){1 ( ) }

y y t y yd y t G
dt y t

y t y t y yG
y t y t

τ
β β β

τ τβ
τ β β

∂ − ∂ ∂
= − − +

∂ ∂ ∂

− − − ∂ ∂
− +

+ − ∂ ∂

         (8.40) 

 

1 1 1 1 1 1 1 1
1

12 2 2

2 2 2 2
1

2 2 2

ˆ ( ) cos ( ) ( )[ ] [ 25 ]ˆ ˆ ˆ( )
14.1 ( )                 ˆ ˆ( )

y t y t y t y yd G
dt y t

y t y yG
y t

β τ τ
β β β

τ
β β

∂ − − ∂ ∂
= − − −

∂ ∂ ∂
− ∂ ∂

+ −
∂ ∂

          (8.41) 

 

2 1 2 1 1
2

11 1 1
10

2 1 2 1 2 2
2 210 2

2 2 1 2 1

( )[ ] 8ˆ ˆ ˆ( )

1.2348 ( ){1 9 ( ) }ˆ                 [ ] ˆ ˆ( ){1 ( ) }

y y t y yd G
dt y t

y t y t y yG
y t y t

τ
β β β

τ τβ
τ β β

∂ − ∂ ∂
= − +

∂ ∂ ∂

− − − ∂ ∂
− + +

+ − ∂ ∂

     (8.42) 

 

where  

 

1 1 1 1 1 1 1 2 1 2

1 1 1 1 1

ˆ( ) 25 ( ) sin ( 2 ) 14.1 ( ( ))
                 [ ( ) ( )]
y t y t y t y t

G y t x t
τ τ β τ τ τ

τ τ
− = − − − − + − +

− − − −
      (8.43) 

 

2 1
2 1 2 2 1 1 1 210

2 1

2 2 1 2 1

( 2 )ˆ( ) ( ) 1.2348 8 ( ( ))
1 ( 2 )

                  [ ( ) ( ) ]

y ty t y t y t
y t

G y t x t

ττ β τ τ τ
τ

τ τ ϕ

−
− = − − + + − +

+ −
− − − − −

   (8.44) 

 

Simulate the twelve equations (8.33-8.44),  parameters 1̂β  and 2β̂  can converge to 

their actual values ( 1 1β̂ β= , 2 2β̂ β= ) when master system ( 1x , 2x ) are synchronized 

with the response system ( 21, yy ). The simulation results are shown in Fig.8.9, 

Fig.8.10, Fig.8.11 and Fig.8.12. 
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CASE III: Disturbance ϕ  exists in the state y1 and y2, where ϕ  is the Rayleigh 

noise. 

The equations are described as follows: 

 

1 1 1 1 2 2( ) 25 ( ) 24.8sin ( )+14.1 ( )x t x t x t x tτ τ= − − − −                   (8.45) 

 

2 1
2 2 1 210

2 1

( )( ) 4.7 ( ) 1.2348 8 ( )
1 { ( )}

x tx t x t x t
x t

τ τ
τ

−
= − + + −

+ −
              (8.46) 

 

       1 1 1 1 1 2 2

1 1 1

ˆ( ) 25 ( ) sin ( ) 14.1 ( )
           [ ( ) ( ) ]
y t y t y t y t

G y t x t
β τ τ

ϕ
= − − − + −
− − −

                  (8.47) 

 

2 1
2 2 2 1 210

2 1

2 2 2

( )ˆ( ) ( ) 1.2348 8 ( )
1 ( )

           [ ( ) ( ) ]

y ty t y t y t
y t

G y t x t

τβ τ
τ

ϕ

−
= − + + −

+ −
− − −

               (8.48) 

        

1
1 1 1 1

1

ˆ ( ) 2 [ ( ) ( ) ] ˆ
yt y t x tβ ε ϕ
β
∂

= − − −
∂

                              (8.49) 

 

2
2 2 2 2

2

ˆ ( ) 2 [ ( ) ( ) ] ˆ
yt y t x tβ ε ϕ
β
∂

= − − −
∂

                             (8.50) 

 

       

1 1 1 1 1 1 1
1 1

11 1

1 2 2 2 2
1 1

21 1 1

ˆ ( ) cos ( ) ( )[ ] [ 25 ] 2sin ( )ˆ ˆ( )
14.1 ( )                 - ˆ ˆ ˆ( )

y t y t y t yd y t
dt y t

y y t y yG G
y t

β τ τ τ
β β

τ
β β β

∂ − − ∂
= − − − −

∂ ∂
∂ − ∂ ∂

+ −
∂ ∂ ∂

     (8.51) 
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2 1 2 1 1
2 2

12 2 2
10

2 1 2 1 2 2
2 210 2

2 2 1 2 2

( )[ ] 8 2 ( )ˆ ˆ ˆ( )

1.2348 ( ){1 9 ( ) }ˆ                [ ] -ˆ ˆ( ){1 ( ) }

y y t y yd y t G
dt y t

y t y t y yG
y t y t

τ
β β β

τ τβ
τ β β

∂ − ∂ ∂
= − − +

∂ ∂ ∂

− − − ∂ ∂
− +

+ − ∂ ∂

         (8.52) 

 

1 1 1 1 1 1 1 1
1

12 2 2

2 2 2 2
1

2 2 2

ˆ ( ) cos ( ) ( )[ ] [ 25 ]ˆ ˆ ˆ( )
14.1 ( )                 ˆ ˆ( )

y t y t y t y yd G
dt y t

y t y yG
y t

β τ τ
β β β

τ
β β

∂ − − ∂ ∂
= − − −

∂ ∂ ∂
− ∂ ∂

+ −
∂ ∂

          (8.53) 

 

2 1 2 1 1
2

11 1 1
10

2 1 2 1 2 2
2 210 2

2 2 1 2 1

( )[ ] 8ˆ ˆ ˆ( )

1.2348 ( ){1 9 ( ) }ˆ                 [ ] ˆ ˆ( ){1 ( ) }

y y t y yd G
dt y t

y t y t y yG
y t y t

τ
β β β

τ τβ
τ β β

∂ − ∂ ∂
= − +

∂ ∂ ∂

− − − ∂ ∂
− + +

+ − ∂ ∂

     (8.54) 

 

where  

 

1 1 1 1 1 1 1 2 1 2

1 1 1 1 1

ˆ( ) 25 ( ) sin ( 2 ) 14.1 ( ( ))
                 [ ( ) ( ) ]
y t y t y t y t

G y t x t
τ τ β τ τ τ

τ τ ϕ
− = − − − − + − +

− − − − −
      (8.55) 

 

2 1
2 1 2 2 1 1 1 210

2 1

2 2 1 2 1

( 2 )ˆ( ) ( ) 1.2348 8 ( ( ))
1 ( 2 )

                  [ ( ) ( ) ]

y ty t y t y t
y t

G y t x t

ττ β τ τ τ
τ

τ τ ϕ

−
− = − − + + − +

+ −
− − − − −

   (8.56) 

 

Simulate the twelve equations (8.45-8.56),  parameters 1̂β  and 2β̂  can converge to 

their actual values ( 1 1β̂ β= , 2 2β̂ β= ) when master system ( 21, xx ) are synchronized 

with the response system ( 21, yy ). The simulation results are shown in Fig.8.13, 

Fig.8.14, Fig.8.15 and Fig.8.16. 
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Fig.8.1. Error of master system state 1x  and response system 1y  

without disturbance. 

 

 

Fig.8.2. Convergence of the estimated parameter 1̂β  to its actual value 

without disturbance in this system. 

1β̂  

11 yx −  
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Fig.8.3. Error of master system state 2x  and response system 2y  

without disturbance. 

 

 

Fig.8.4. Convergence of the estimated parameter 2β̂  to its actual value 

without disturbance in this system. 

2β̂  

22 yx −  
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Fig.8.5. Error of master system state 1x  and response system 1y  

with disturbance for CASE I. 

 

 

Fig.8.6. Convergence of the estimated parameter 1̂β  to its actual value  

with disturbance in the system for CASE I. 

1β̂  

11 yx −  
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Fig.8.7. Error of master system state 2x  and response system 2y   

with disturbance for CASE I. 

 

 

Fig.8.8. Convergence of the estimated parameter 2β̂  to its actual value 

with disturbance in the system for CASE I. 

2β̂  

22 yx −  
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Fig.8.9. Error of master system state 1x  and response system 1y  

with disturbance for CASE II. 

 

 

Fig.8.10. Convergence of the estimated parameter 1̂β  to its actual value 

with disturbance in the system for CASE II. 

1β̂  

11 yx −  
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Fig.8.11. Error of master system state 2x  and response system 2y  

with disturbance for CASE II. 

 

 

Fig.8.12. Convergence of the estimated parameter 2β̂  to its actual value 

with disturbance in the system for CASE II. 

2β̂  

22 yx −  
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Fig.8.13. Error of master system state 1x  and response system 1y   

with disturbance for CASE III. 

 

 

Fig.8.14. Convergence of the estimated parameter 1̂β  to its actual value 

with disturbance in the system for CASE III. 

1β̂  

11 yx −  
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Fig.8.15. Error of master system state 2x  and response system 2y  

with disturbance for CASE III. 

 

 

Fig.8.16. Convergence of the estimated parameter 2β̂  to its actual value 

with disturbance in the system for CASE III. 

2β̂  

22 yx −  
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Chapter 9 
Conclusions 

In this thesis, a new Ikeda-Mackey-Glass (IMG) and a new Ikeda-Lorenz (IL) 

system are studied. In Chapter 2, we show that the chaotic motion of a new IMG 

system by phase portraits and bifurcation diagrams.  

In Chapter 3, chaos synchronization of a new IMG system is studied. To achieve 

chaos synchronization by tuning delay time 2τ . Chaos synchronization of the two 

identical chaotic IMG systems can be obtained with slightly different initial 

conditions when the delay time 2τ is not zero.  Simulation results show that for this 

chaotic system generalized lag-synchronized, anti-synchronized and generalized- 

synchronized without any control can be obtained.  

In Chapter 4, another chaotization method is presented by using different types of 

chaos signals as parameters. A new IMG system is a time delayed system. By using 

the chaotization method, this new IMG system chaotic behaviors can be obtained. 

In Chapter 5, we study a new Ikeda-Lorenz system that is a non-time delayed 

system and presents the chaotic motion by phase portraits and Lyapunov exponent. 

   In Chapter 6 and in Chapter 7, a new GYC partial region stability strategy is 

proposed. By using the GYC partial region stability theory to achieve chaos 

generalized synchronization and chaos control. The new Ikeda-Lorenz system and 

Genesio system are used as simulation examples which effectively confirm the 

synchronization scheme and chaos control scheme. 

   In Chapter 8, estimated parameters of a new Ikeda-Mackey-Glass system through 

synchronization can be obtained with the following results: 

1. Estimated parameter 1β̂  and 2β̂  through synchronization can converge to their 

actual values rapidly when the Ikeda-Mackey-Glass system has no disturbance. 
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2. When a new Ikeda-Mackey-Glass system has Rayleigh noise disturbance, two 

transient error states and two transient parameter errors are larger than that of the 

system without disturbance. However parameters 1β̂  and 2β̂  through 

synchronization still converge to their actual values successfully. 
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Appendix 

GYC Partial Region Stability Theory [40,41] 
Consider the differential equations of disturbed motion of a nonautonomous 

system in the normal form 

1( , , , ), ( 1, , )s
s n

dx X t x x s n
dt

= =  (A1) 

where the function sX  is defined on the intersection of the partial region Ω  

(shown in Fig.A1) and 

2
s

s
x H≤∑  (A2) 

and 0t t> , where 0t  and H are certain positive constants. sX which vanishes when 

the variables sx  are all zero, is a real valued function of t, 1, , nx x . It is assumed 

that sX  is smooth enough to ensure the existence, uniqueness of the solution of the 

initial value problem. When sX  does not contain t explicitly, the system is 

autonomous. 

Obviously, 0 ( 1, )sx s n= =  is a solution of Eq.(A1). We are interested to the 

asymptotical stability of this zero solution on partial region Ω  (including the 

boundary) of the neighborhood of the origin which in general may consist of several 

subregions (Fig.A1). 

Definition 1: 

For any given number 0ε > , if there exists a 0δ > , such that on the closed 

given partial region Ω  when 

2
0 , ( 1, , )s

s
x s nδ≤ =∑  (A3) 

for all 0t t≥ , the inequality 

∑ <
s

sx ,2 ε    ),,1( ns ⋅⋅⋅=  (A4) 
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is satisfied for the solutions of Eq.(A1) on Ω , then the disturbed motion 

0 ( 1, )sx s n= =  is stable on the partial region Ω . 

Definition 2: 

If the undisturbed motion is stable on the partial region Ω , and there exists a 

' 0δ > , so that on the given partial region Ω  when 

2 '
0 , ( 1, , )s

s
x s nδ≤ =∑  (A5) 

The equality 

2lim 0st s

x
→∞

⎛ ⎞ =⎜ ⎟
⎝ ⎠
∑  (A6) 

is satisfied for the solutions of Eq.(A1) on Ω , then the undisturbed motion 

0 ( 1, )sx s n= =  is asymptotically stable on the partial region Ω . 

    The intersection of Ω  and region defined by Eq.(A5) is called the region of 
attraction. 

Definition of Functions 1( , , , )nV t x x : 

Let us consider the functions 1( , , , )nV t x x  given on the intersection 1Ω  of 

the partial region Ω  and the region 

2 , ( 1, , )s
s

x h s n≤ =∑  (A7) 

for 0 0t t≥ > , where 0t  and h are positive constants. We suppose that the functions 

are single-valued and have continuous partial derivatives and become zero when 

1 0nx x= = = . 

Definition 3: 

If there exists 0 0t >  and a sufficiently small 0h > , so that on partial region 

1Ω  and 0t t≥ , 0V ≥  (or 0≤ ), then V is a positive (or negative) semidefinite, in 

general semidefinite, function on the 1Ω  and 0t t≥ . 
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Definition 4: 

If there exists a positive (negative) definitive function 1( )nW x x…  on 1Ω , so 

that on the partial region 1Ω  and 0t t≥  

0 ( 0),V W or V W− ≥ − − ≥  (A8) 

then 1( , , , )nV t x x…  is a positive definite function on the partial region 1Ω  and 

0t t≥ . 

Definition 5: 

If 1( , , , )nV t x x…  is neither definite nor semidefinite on 1Ω  and 0t t≥ , then 

1( , , , )nV t x x…  is an indefinite function on partial region 1Ω  and 0t t≥ . That is, for 

any small 0h >  and any large 0 0t > , 1( , , , )nV t x x…  can take either positive or 

negative value on the partial region 1Ω  and 0t t≥ . 

Definition 6: Bounded function V 

If there exist 0 0t > , 0h > , so that on the partial region 1Ω , we have 

1( , , , )nV t x x L<…                                    (A9) 

where L is a positive constant, then V is said to be bounded on 1Ω . 

Definition 7:  Function with infinitesimal upper bound 

If V is bounded, and for any 0λ > , there exists 0μ > , so that on 1Ω  when 

2
s

s
x μ≤∑ , and 0t t≥ , we have 

1( , , , )nV t x x λ≤…                                   (A10) 

then V admits an infinitesimal upper bound on 1Ω . 

Theorem 1 

If there can be found for the differential equations of the disturbed motion a 

definite function 1( , , , )nV t x x…  on the partial region, and for which the derivative 

with respect to time based on these equations as given by the following : 



91 
 

1

n

s
s s

dV V V X
dt t x=

∂ ∂
= +
∂ ∂∑  (A11) 

is a semidefinite function on the partial region whose sense is opposite to that of V, or 

if it becomes zero identically, then the undisturbed motion is stable on the partial 

region. 

Proof: 

Let us assume for the sake of definiteness that V is a positive definite function. 

Consequently, there exists a sufficiently large number 0t  and a sufficiently small 

number h < H, such that on the intersection 1Ω  of partial region Ω  and 

2 , ( 1, , )s
s

x h s n≤ =∑ …                              (A12) 

and 0t t≥ , the following inequality is satisfied 

1 1( , , , ) ( , , ),n nV t x x W x x≥… …                          (A13) 

where W is a certain positive definite function which does not depend on t. Besides 

that, Eq. (A7) may assume only negative or zero value in this region. 

Let ε  be an arbitrarily small positive number. We shall suppose that in any case 

hε < . Let us consider the aggregation of all possible values of the quantities 

1, , nx x… , which are on the intersection 2ω  of 1Ω  and 

2 ,s
s

x ε=∑                                         (A14) 

and let us designate by 0l >  the precise lower limit of the function W under this 

condition. by virtue of Eq. (A5), we shall have 

1( , , , )nV t x x l≥…  for 1( , , )nx x…  on 2ω .              (A15) 

We shall now consider the quantities sx  as functions of time which satisfy the 

differential equations of disturbed motion. We shall assume that the initial values 0sx  

of these functions for 0t t=  lie on the intersection 2Ω of 1Ω and the region 

2 ,s
s

x δ≤∑                                         (A16) 
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where δ  is so small that 

0 10 0( , , , )nV t x x l<…                                 (A17) 

By virtue of the fact that 0( ,0, ,0) 0V t =… , such a selection of the number δ  is 

obviously possible. We shall suppose that in any case the number δ  is smaller than 

ε .Then the inequality 

∑ <
s

sx ,2 ε                                         (A18) 

being satisfied at the initial instant will be satisfied, in the very least, for a sufficiently 

small 0t t− , since the functions ( )sx t  very continuously with time. We shall show 

that these inequalities will be satisfied for all values 0t t> . Indeed, if these 

inequalities were not satisfied at some time, there would have to exist such an instant 

t=T for which this inequality would become an equality. In other words, we would 

have 

2 ( ) ,s
s

x T ε=∑                                       (A19) 

and consequently, on the basis of Eq. (A11) 

1( , ( ), , ( ))nV T x T x T l≥…                             (A20) 

On the other hand, since hε < , the inequality Eq.(A4) is satisfied in the entire 

interval of time [t0, T], and consequently, in this entire time interval 0dV
dt

≤ . This 

yields 

1 0 10 0( , ( ), , ( )) ( , , , ),n nV T x T x T V t x x≤… …                 (A21) 

which contradicts Eq.(A18) on the basis of Eq.(A17). Thus, the inequality Eq.(A1) 

must be satisfied for all values of 0t t> , hence follows that the motion is stable. 

Finally, we must point out that from the view-point of mathenatics, the stability 

on partial region in general does not be related logically to the stability on whole 

region. If an undisturbed solution is stable on a partial region, it may be either stable 

or unstable on the whole region and vice versa. From the viewpoint of dynamics, we 
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wre not interesting to the solution starting from 2Ω  and going out of Ω . 

Theorem 2 

If in satisfying the conditions of theorem 1, the derivative dV
dt

 is a definite 

function on the partial region with opposite sign to that of V and the function V itself 

permits an infinitesimal upper limit, then the undisturbed motion is asymptotically 

stable on the partial region. 

Proof: 

   Let us suppose that V is a positive definite function on the partial region and that 

consequently, dV
dt

 is negative definite. Thus on the intersection 1Ω  of Ω  and the 

region defined by Eq.(A7) and 0t t≥  there will be satisfied not only the inequality 

Eq.( A8), but the following inequality as will: 

1 1( , ),n
dV W x x
dt

≤ − …                                 (A22) 

where 1W  is a positive definite function on the partial region independent of t. 

Let us consider the quantities sx  as functions of time which satisfy the 

differential equations of disturbed motion assuming that the initial values 0 0( )s sx x t=  

of these quantities satisfy the inequalities Eq.(A16). Since the undisturbed motion is 

stable in any case, the magnitude δ  may be selected so small that for all values of 

0t t≥  the quantities sx  remain within 1Ω . Then, on the basis of Eq.(A22) the 

derivative of function 1( , ( ), , ( ))nV t x t x t…  will be negative at all times and, 

consequently, this function will approach a certain limit, as t increases without limit, 

remaining larger than this limit at all times. We shall show that this limit is equal to 

some positive quantity different from zero. Then for all values of 0t t≥  the following 

inequality will be satisfied: 

1( , ( ), , ( ))nV t x t x t α>…                               (A23) 
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where 0α > . 

Since V permits an infinitesimal upper limit, it follows from this inequality that 

2 ( ) , ( 1, , ),s
s

x t s nλ≥ =∑ …                            (A24) 

where λ  is a certain sufficiently small positive number. Indeed, if such a number λ  

did not exist, that is , if the quantity ( )s
s

x t∑  were smaller than any preassigned 

number no matter how small, then the magnitude 1( , ( ), , ( ))nV t x t x t… , as follows 

from the definition of an infinitesimal upper limit, would also be arbitrarily small, 

which contradicts(A23). 

If for all values of 0t t≥  the inequality Eq. (A24) is satisfied, then Eq. (A22) 

shows that the following inequality will be satisfied at all times: 

1,
dV l
dt

≤ −                                          (A25) 

where 1l  is positive number different from zero which constitutes the precise lower 

limit of the function 1 1( , ( ), , ( ))nW t x t x t…  under condition (Eq. (A24)). Consequently, 

for all values of 0t t≥  we shall have: 

0
1 0 10 0 0 10 0 1 0( , ( ), , ( )) ( , , , ) ( , , , ) ( ),

t

n n nt

dVV t x t x t V t x x dt V t x x l t t
dt

= + ≤ − −∫… … …
 

 

which is, obviously, in contradiction with Eq.(A23). The contradiction thus obtained 

shows that the function 1( , ( ), , ( ))nV t x t x t…  approached zero as t increase without 

limit. Consequently, the same will be true for the function 1( ( ), , ( ))nW x t x t…  as well, 

from which it follows directly that 

lim ( ) 0, ( 1, , ),st
x t s n

→∞
= = …                            (A27) 

which proves the theorem. 

 

(A26) 
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Fig.A1. Partial regions Ω  and 1Ω  
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