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Abstract

In this thesis, a new Ikeda-Mackey-Glass (IMG) time-delayed system and a new
Ikeda-Lorenz (IL) system are studied. Their chaotic behaviors are presented by phase
portraits, bifurcation diagrams, and Lyapunov exponent. When one of delay times is
zero, two identical IMG systems cannot be synchronized with slightly different initial
conditions. It is found that when one of delay time is positive, different types of
synchronization can be obtained with slightly different initial conditions, such as
generalized  synchronization,  anti-synchronization, and generalized lag-
synchronization. One chaotization method is presented by using different types of
chaos signals as parameters, it can be obtained the chaotic behaviors of a new

Ikeda-Mackey-Glass time-delayed system. A new strategy to achieve chaos



generalized synchronization and chaos control by GYC partial region stability theory
is proposed. The control design method is simple and a less simulation error because
they are in lower degree than that of traditional controllers. A new IL system is used to
show the effectiveness of the scheme. Finally, estimation of parameters of a new IMG
system through synchronization is studied. By a minimization problem, a system of
differential equations governing the evolution of parameters is constructed. Two time
delay IMG systems are synchronized and their corresponding two parameters
converge to same values by solving twelve differential equations. The simulation

results are very satisfactory.
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Chapter 1

Introduction

Chaos, as an interesting nonlinear phenomenon, has been intensively investigated.
It is well known that chaotic system has sensitive dependence on initial conditions. A
chaotic system is a nonlinear deterministic system that displays complex dynamical
behaviors [1].

Due to finite signal transmission times, switching speeds, and memory effects,
time-delayed systems exist in everywhere, such as nature, technology, and society[2].
Mackey-Glass time-delayed system has been introduced as a model of blood
generation for patients with leukemia. Nowadays this model is very popular in chaos
theory[3]. The lkeda time-delayedssystem has been introduced to describe the
dynamics of an optical bistable:resonator, plays.an important role in electronics and
physiological studies and is well-known for delay-induced chaotic behavior[4-6]. In
1963, Lorenz proposed a simple model for the unpredictable behavior of the weather.
He used fluid convection theory to model the motion of a two-dimensional cell of
fluid cooled from above and warmed from below [7].A new lkeda-Mackey-Glass
(IMG) time-delayed system and a new Ikeda-Lorenz system are studied in this thesis.

There are different types of synchronization for interacting chaotic systems, such
as complete synchronization [8,9], generalized synchronization [10], phase
synchronization [11,12], lag synchronization[9,13,14], anticipating synchronization
[15,16] and so on.

To achieve synchronization, different schemes, such as the Pecora and Carroll (PC)
method [8], unidirectional coupling [9], bidirectional coupling [15], adaptive control

[17,18] and impulsive control [19-21] are proposed.



In this thesis, it is found that when one of delay time of a new time-delayed
system is positive, different types of synchronization can be obtained with slightly
different initial conditions, such as generalized synchronization, anti-synchronization,
and generalized lag- synchronization.

The theory of chaos control has developed since 1990[22-24] and today is at the
forefront of research in the field of nonlinear dynamics. Techniques have been
experimentally implemented in mechanical [25], chemical [26], electronic[27],
laser[28], communication[29], and biological[30] systems.

There are many chaos control have been proposed such as different geometric
method[31], feedback and non-feedback control[32-35], inverse optimal control[36],
adaptive control[37,38], and backstepping control[39].

In this thesis, one chaos control method is presented by using different types of
chaos signal as parameter, it=can'be obtained.the chaotic behaviors of a New
Ikeda-Mackey-Glass time-delayed system.

By using the GYC partial region. stability theory[40,41], generalized chaos
synchronization and chaos control can be obtained. A new lkeda-Lorenz system is
used as a simulation example.

Parameters estimation of chaotic system is an important issue[42-44]. Because
chaotic system is very sensitive to initial conditions, parameters cannot be exactly
known a priori. Parameter estimation through chaos synchronization is being further
investigated.[45-47] .

In this thesis, estimation of parameters of a new lkeda-Mackey-Glass system
through synchronization is studied. By a minimization problem, a system of
differential equations governing the evolution of parameters is constructed. Two time
delay Ikeda-Mackey- Glass systems are synchronized and their corresponding two

parameters converge to same values by solving twelve differential equations. The
2



simulation results are very satisfactory.

This thesis is organized as follows. In Chapter 2, the dynamic equation of a new
Ikeda-Mackey-Glass(IMG) system is given. The phase portraits, bifurcation diagram
of a new IMG system are presented. It is verified that the IMG system presents
chaotic behaviors by numerical simulation.

In Chapter 3, synchronization scheme is given. It is found that no synchronization
of the two identical IMG systems can be obtained with slightly different initial
conditions when one of delay timer,is zero and without any control scheme or
coupling terms. It is also found that generalized synchronization, anti-synchronization
and generalized lag-synchronization of the two identical IMG systems with slightly
different conditions when two of delay time are positive and without any control
scheme or coupling terms. Only by -adjusting delay timez,, chaos synchronization of
the two identical IMG systems e¢an.be obtained.

In Chapter 4, one chaos control imethod-is-presented by using different types of
chaos signal as parameter, it can. be.obtained the chaotic behaviors of a new
Ikeda-Mackey-Glass time-delayed system.

In Chapter 5, a new lkeda-Lorenz(IL) system is studied. The phase portraits,
Lyapunov exponent of a new IL system are presented. It is verified that the IL system
presents the chaotic behaviors by numerical simulation.

In Chapter 6, a new strategy to achieve chaos generalized synchronization by
GYC partial region stability theory is proposed. Simulation results show that for the
new IL system chaos generalized synchronization can be achieved by GYC partial
region stability theory.

In Chapter 7, simulation results show that for the new IL system chaos control can
be achieved by GYC partial region stability theory.

In Chapter 8, conclusions are drawn.



Chapter 2
Chaos of a New Ikeda-Mackey-Glass System

2.1 Preliminaries

In this chapter, the chaotic behaviors in IMG system with different parameters are

studied numerically by phase portraits, Poincare maps and bifurcation diagrams.

2.2 A New lkeda-Mackey-Glass System

A new IMG system is described by the following differential equations:

¥ (1) =—ayx, (1) - Bsinx (t— 7)) +Kxs (b -.7,)
(2.1)
X, (t—17,)

X, (1) = —a, %, (1) + 1+{6t—7)¥

+Kox (t—1,)

where the Ikeda model x, is the phase lag of the electric field across the resonator;
a, is the relaxation coefficient for the driving x, dynamical variable; g is the
laser intensity injected into the driving system.z,, z,are the delay time in the new
IMG system, and the dynamical variable x, in the Mackey-Glass model is the
concentration of the mature cells in blood at time t and the delay time is the time

between the initiation of cellular production in the bone marrow and release of mature

cells into the blood[10]. «, is the relaxation coefficient for the driven X,
dynamical variable, b is the feedback rate for the driven system, and K;, K, isthe
coupling rate between the driver system x, and the response system X, .

This system has a chaotic attractor shown in Fig.2.1. Fig.2.2 shows the bifurcation

diagram, where o, =25, =248 ,K =141, a,=4.7, b=1.2348,c=10, K,=8, 7,



=5and 7,=1.
If the delay time 7, is zero, also it is found that there is also a chaotic behavior

for IMG system. Fig.2.3 show the chaotic attractor of this system. Fig.2.4 shows the
bifurcation diagram, where «, =25, =248 ,k,= 141, «,=4.7, b=1.2348, c=10,

K,=8, r,=5and r,=0.
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Fig.2.2. The bifurcation diagram of the IMG system when the delay timesz, =5, 7,

=1.
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Chapter 3

Chaos Synchronization of the Two Identical

Ikeda-Mackey-Glass Systems

3.1 Preliminaries

In this Chapter, synchronization of the two identical new Ikeda-Mackey-Glass
(IMG) systems without any control is studied. Two identical IMG system cannot be
synchronized with slightly different conditions if one of delay time is zero and
different types of synchronization can be obtained with slightly different initial
conditions, such as generalized synchronization;anti-synchronization, and generalized

lag-synchronization when two of delay time"are positive. It is shown that we only

adjust delay time z,, chaos synchronization of the two identical IMG systems can be

obtained.

3.2 Synchronization Scheme

Consider the time-delayed system:

x(t) = f(x(t), x(t - 7)) (3.1)

where X e R represents the state of the system, and x(t) = %

To synchronize system (3.1), the form of the other system is
y(t) = f(y(), yt-7))+u (3.2)

where u is the controlling term.



In this Chapter, we find that these two lkeda-Mackey-Glass system can be

synchronized without any controller, only by changing the delay time z,andz, .

Consider synchronization between two lkeda-Mackey-Glass systems:

% (t) = —a,x, (t) = Bsin x (t— 7,)+K %, (t - 7,)
X (t) = —azxz(t)+b%+ K, x(t-z,) (33)
y,(t) = -y, (t) - Bsiny, (t—7,)+K,y, (t—7,) + U,

J,(0) = -2,y () +b 1+{y;2“(t‘j2)}c FK Y, (-7 +u, (3.4)

where the controlling term u, =u, =0.
3.2.1 Casel: If the delay.time . -,=0

In this Section it is shown that.if the delay timez, is zero, no synchronization can

be obtained. Simulation results are shown.in-Fig.3.1 and Fig.3.2.

3.2.2 Case2: If the delay time ,,=1

In this Section it is shown that if the delay time z, is not zero, different types of
synchronization can be obtained.
Fig.3.3 and Fig.3.4 show that the generalized synchronization of the two

identical IMG systems can be obtained. Define

&=X—-Y

€, =X—Y; (3.5)
e, =R(t)

e, =R,(t)

R, (t), R, (t) are two periodic functions of time.
9



Fig.3.5 and Fig.3.6 show that the time responses of two identical IMG systems. It is
verified that the anti-synchronization can be obtained by Fig.3.7 and Fig.3.8, where

error

{el =X tY (3.6)

€, =X 1Y,

Fig.3.9 and Fig.3.10 show that the time responses of two identical IMG systems. It
is verified that the generalized lag-synchronization can be obtained by Fig.3.11 and

Fig.3.12, where error
e (t)=x(t—um)-y,(t)+F(t) (3.7

&, (1) = %, (1)~ Y, (t7.0) +F. (1) (3.8)

1, =1.2427 sec, u, =1.08sec, F(t)and F (t)are periodic functions of time.
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Fig.3.1.Time responses of two identical IMG systems with
X1(0)=1, x2(0)=0,y1(0)==1:and y,(0)=0.5, when z, =0.
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420
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Fig.3.2.Time responses of two identical IMG systems with
X1(0)=1, x2(0)=0,y1(0)=-1 and y,(0)=0.5, when z, =0.
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Fig.3.3. Error of two identical IMG systems with
x1(0)=100, x»(0)=10, y1(0)=101 and y»(0)=10.001, whenz, =1.
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Fig.3.4. Error of two identical IMG systems with
x1(0)=100, x»(0)=10, y1(0)=101 and y»(0)=10.001, whenz, =1.
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Fig.3.5. Time responses of two identical IMG systems with
X1(0)=1, x2(0)=0, y1(0)=-1 and y»(0)=0, whenz, =1.
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Fig.3.6. Time responses of two identical IMG systems with
x1(0)=1, x2(0)=0, y1(0)=-1 and y»(0)=0, whenz, =1.

13



1

08 .

06 .

04 .

02 .

€1 0
N2 .
N4F .
DB} .

NEeF =

_1 1 | 1 1 | | | 1 |
0 100 200 300 400 500 BOO 700 800 900 1000
t (sec)

Fig.3.7. Error of two identical IMG systems with
X1(0)=1, x2(0)=0, y1(0)=-1 and y»(0)=0, whenz, =1.
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Fig.3.8. Error of two identical IMG systems with
X1(0)=1, x2(0)=0, y1(0)=-1 and y»(0)=0, whenz, =1.
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Fig.3.9. Time responses of two identical IMG systems with
X1(0)=1, X2(0)=0.1, y1(0)=-1 and y2(0)z0.5, whenz, =1, 1 =1.2427 sec.
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Fig.3.10. Time responses of two identical IMG systems with
X1(0)=1, x2(0)=0.1, y1(0)=-1 and y»(0)=0.5, whenr, =1, 1, =1.08 sec.
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Fig.3.11. Error of two identical IMG systems with
X1(0)=1, x2(0)=0.1, y1(0)=z:Land y»(0)=0.5, whenz, =1.
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Fig.3.12. Error of two identical IMG systems with
X1(0)=1, x2(0)=0.1, y1(0)=-1 and y»(0)=0.5, whenz, =1.

16



Chapter 4

Chaotization of a New Ikeda-Mackey-Glass System
by Chaos Signals as Parameters

4.1 Preliminaries

In this Chapter, another chaotization method is presented by using different types
of chaos signal as parameter. A new lIkeda-Mackey-Glass system is described in
Chapter 2.2. By using different types of chaos signals as parameters, a regular motion

new IMG system becomes chaotic system.

4.2 Chaotization Scheme

Differential equations of two.general delay systems are described as follows:

% = f(x (0),x Cer)K) (4.1)

y =f(y )y (t-2).G) (4.2)

where x, ye R" are the state vector, K =[k, k,..k,],G=[0g, 9,..0,]e R" are the

parameter vectors. The dynamics of system (4.1) is periodic motion, while the
dynamics of system (4.2) is chaotic motion. Replacing one of the parameters of

system (4.1) by chaotic states of system (4.2), system (4.1) becomes:

2 = f(z(t),z(t - ), P) (4.3)

17



where z is the state vector, P is the same as K , except that one of parameters of

K is replaced by chaotic states of system (4.2). Simulations show that system (4.3)

becomes a chaotic system. In other worlds, a delay system (4.3) becomes chaotic

system by parameter replacement method.
4.3 Simulation Results
By using Eq.(4.1), the periodic motion of a new Ikeda-Mackey-Glass system is
described as follows:
X, (t) = —a x, (t) - gsinx, (t—7,) + Kk, X, (t—7,)
(4.4)

X, (t=7,)
1+{x,(t—7)}

X, (t) = —a, X, (t) b +K,x, (t—7,)

A periodic motion is obtained-as shown by phase portraits in Fig.4.1, time
histories in Fig.4.2 and Fig.4.3, and bifurcation diagram in Fig.4.4, where «, =25, p
=248, k,=13.4, o,=4.7, b=1.2348,c=10, k,=8, r;=5and r,=1.

By using Eq.(4.2), the chaotic motion of a new lkeda-Mackey-Glass system is

described as follows:

Vi(t) = -y, () = Bsiny, (t—7,)+9,Y,(t—7,)
(4.5)
Y,(t—7,)
1+{y,(t—7,)}

Yo (1) =—a,y, (1) +b p +0,Y,(t—7,)

A chaotic motion is obtained as shown by phase portrait in Fig.4.5 and bifurcation

18



diagram in Fig.4.4, where «,=25, =248, 9,= 141, «,=4.7, b=1.2348,c=10,
9,=8, r;=5and r,=1.

Replacing k;, by p,, Eq.(4.4) becomes:

2,(t) =—ayz,(t) - Bsinz,(t —7,) + p,2,(t —7,)
(4.6)
z,(t-7,)

Z, t) = —a,Z, (t) + b1+{22 (t— Tl)}

c + kzzl(t_fz)

where k, =8. A new lkeda-Mackey-Glass system(4.6) is a chaotic system by
parameter replacement method.
CASE I: p1=y1

The chaotic simulation results:obtainedis.achieved in phase portrait in Fig.4.6 and
time histories in Fig.4.7 and Fig.4.8.
CASE II: p1=y»

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.9 and
time histories in Fig.4.10 and Fig.4.11.
CASE IlI: p;=y;

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.12
and time histories in Fig.4.13 and Fig.4.14.
CASE IV: p;=y?

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.15

and time histories in Fig.4.16 and Fig.4.17.
CASEV:p, =Wy,

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.18

and time histories in Fig.4.19 and Fig.4.20.
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CASEVI: p,=YVY,Y,(t—7),where =30 sec.
The chaotic simulation results obtained is achieved in phase portrait in Fig.4.21

and time histories in Fig.4.22 and Fig.4.23.
CASE VII: p, =cosy, cosy,

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.24
and time histories in Fig.4.25 and Fig.4.26.
CASE VIII: p, =R+Y,, where R is the Rayleigh noise.

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.27
and time histories in Fig.4.28 and Fig.4.29
CASE IX: p, =Ry,, where R is the Rayleigh noise.

The chaotic simulation results obtained is achieved in phase portrait in Fig.4.30

and time histories in Fig.4.31 and Fig.4.32,
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Fig.4.1. Phase portrait of an IMG.system in-period 2 when «, =25, £=24.8 ,K,=

134, «,=4.7, b=1.2348,c=10, K,=8, r,=5and r,=1.
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Fig.4.2. The time history of x; of an IMG system in period 2 when «, =25, =248,

K,=13.4, a,=4.7, b=1.2348,c=10, K,=8, r,=5and r,=1.
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Fig.4.3. The time history of x, of an IMG system in period 2 when «, =25, =248,

K,=13.4, a,=4.7, b=1.2348,c=10, K,=8, r,=5and r,=1.

15 T T T T T

=
m
T

15 I 1 1 1
13 13.2 13.4 13k5 13.8 14 14.2
1

Fig.4.4. The bifurcation diagram of an IMG system when «, =25, f=24.8, «,

=4.7, b=1.2348,c=10, K,=8, r,=5and r,=1.
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Fig4.5. An IMG chaotic attractor when ¢, =25, =248 ,K =141, «a,=4.7, b

=1.2348,c=10, K,=8, r,=5and r,=1.
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Fig4.6. An IMG chaotic attractor when parameter is a chaos signal
for CASE I.
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Fig4.7. The time history of z; of an IMG system in chaotic behavior
when parameteris@a chaos signal for CASE |I.
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Fig.4.8. The time history of z, of an IMG system in chaotic behavior
when parameter is a chaos signal for CASE |I.
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Fig.4.9. An IMG chaotic attractor when parameter is a chaos signal
for CASE 1.
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Fig.4.10. The time history of z; of an IMG system in chaotic behavior
when parameter is a chaos signal for CASE II.
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Fig.4.11. The time history.of z, of an IMG system in chaotic behavior when
parameter Is a chaos signal for CASE II.
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Fig.4.12. An IMG chaotic attractor when parameter is a chaos signal
for CASE II1.
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Fig.4.13. The time history of zy0f an:lMG system in chaotic behavior when
parameter i$ a chaos signal for CASE I11.
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Fig.4.14. The time history of z, of an IMG system in chaotic behavior when
parameter is a chaos signal for CASE I11.
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Fig.4.15. An IMG chaotic attractor when parameter is a chaos signal
for. CASE: V.

15F -

_2 1 1 1 | 1 1 1 1 1
3900 3910 3920 3930 3940 3950 3960 3970 3980 3890 4000
t(sec)

Fig.4.16. The time history of z; of an IMG system in chaotic behavior when parameter
is a chaos signal for CASE IV.
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Fig.4.17. The time history of z, of an IMG.system in chaotic behavior when parameter
is a:chaos signal for CASE 1V.
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Fig.4.18. An IMG chaotic attractor when parameter is a chaos signal
for CASE V.
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Fig.4.19. The time history of z; of an IMG system in chaotic behavior when parameter
is a chaos signal.for CASE V.
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Fig.4.20. The time history of z, of an IMG system in chaotic behavior when parameter
is a chaos signal for CASE V.
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Fig.4.22. The time history of z; of an IMG system in chaotic behavior when parameter
is a chaos signal for CASE VI.
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Fig.4.23. The time history of.z; of:'an IMG system in chaotic behavior when
parameter is a chaos,signal for CASE VI.
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Fig.4.24. An IMG chaotic attractor when parameter is a chaos signal for CASE VII.
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Fig.4.25. The time history of zg ofian IMG system in chaotic behavior when
parameter is:a chaos signal for CASE VII.
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Fig.4.26. The time history of z, of an IMG system in chaotic behavior when
parameter is a chaos signal for CASE VII.
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Fig.4.27. An IMG chaotic attractor when par%meter is a chaos signal for CASE VII|I.

0.8

0.6 ' ' ] EM

0.4

025
z, Of 1

0.2y T

04f -

06 Y | | l | g

_DB | | | | | | | | |
J900 3100 39200 39300 3840 3950 3950 3970 3880 3950 4000
t{zec)

Fig.4.28. The time history of z; of an IMG system in chaotic behavior when
parameter is a chaos signal for CASE VIII.
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Fig.4.29. The time history.of z, of an.IMG System in chaotic behavior when
parameter-is a chaos signal for CASE VIII.
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Fig.4.30. An IMG chaotic attractor when parameter is a chaos signal for CASE IX.
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Fig.4.31. The time history of z;,0f an.IMG system in chaotic behavior when
parameter is a chaaos signal CASE IX.
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Fig.4.32. The time history of z, of an IMG system in chaotic behavior when
parameter is a chaos signal CASE IX.
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Chapter 5
Chaos of a New Ikeda-Lorenz System

5.1 Preliminaries

In this Chapter, given the equations of a new Ikeda-Lorenz system and verified the

chaotic behavior by phase portraits and Lyapunov exponent.

5.2 Ikeda-Lorenz System

The Ikeda-Lorenz system is described as follows:

% ==2ax =D sinx, + (X, —x,)

X, =—a,X —b, Sin X, +£ X, =X, X; =X, (5.1)

X; = —a,X, — D, Sin X, % X X, — CX,
which is a combination of Ikeda system.without time delay and Lorenz system. The
parameters a;=0.1, b;=1,0 =16, a,=0.2, b,=0.3, r=45.92, a;=0.05, b3=1.8, c=4 are
used. The chaotic attractor and Lyapunov exponents of the new Ikeda-Lorenz system

are shown in Fig.5.1 and Fig.5.2.
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Fig.5.1. The chaotic attractor of a new Ikeda-LLarenz system with parameters a;=0.1,
bi1=1, 0 =16, a,=0.2, b,=0.3, r=45.92, a;=0.05, bg=1.8, c=4 and initial conditions

X1(O):1,X2(O)=2,X3(0)=3.
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Fig.5.2. Lyapunov exponents of new Ikeda-Lorenz system with parameters a;=0.1, b;=1,
o =16, a,=0.2, b,=0.3, r=45.92, a;=0.05, b3=1.8, c=4 and initial conditions

Xl(O):l,Xz(O):Z,Xg(O):?).
38



Chapter 6

Chaos Generalized Synchronization of New
Ikeda-Lorenz Systems by GYC Partial Region
Stability Theory

6.1 Preliminaries

The GYC partial region stability theory is proposed. By using the new strategy,
the Lyapunov function is a simple linear homogeneous function of error states and the
controllers are more simple and have less simulation error because they are in lower
order than that of traditional controllers.”Simulation results show that the new
Ikeda-Lorenz system can be achieved chag@s generalized synchronization by GYC

partial region stability theory.
6.2 Chaos Generalized Synchronization Strategy

Consider the following unidirectional coupled chaotic systems

%= f(tx)

y=h(t,y) +u 61

where X =[x, X,,...,X,]" €R", y:[yl,yz,...,yn]T e R" denote two state vectors, f

and h are nonlinear vector functions, and u =[u,,u,,..u,]" € R" is a control input

vector.

The generalized synchronization can be accomplished when t — oo, the limit of

the error vector e =[e,,e,,....e,]" approaches zero:
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lime=0 (6.2)

t—oo

where

e=G(x)-y (6.3)

By using GYC partial region stability theory, the positive definite Lyapunov
function is a homogeneous linear function of error states and the controllers can be

designed in lower order than that of traditional controllers.

6.3 Simulation Results

Two new lkeda-Lorenz systems with the unidirectional coupling are presented as

follows:

X =—ax —bsinx +o(x; =)
X, =—a,X —b, SINX F=RG=XX; — X,
X; = —a,X, — b, Sin X, + X, X, —CX,

(6.4)
Vi =-ay,—bsiny +o(y,-y)+y,
Y, =—a,y,—b,siny, +ry,—y,y; -y, +U,
Y3 =—a5y, —b;siny, +y,y, —cy; +U,
CASE I. The generalized synchronization error function is
e, =x -y, +90, (i=1,2,3) (6.5)

Our goal is
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y=x+90, i.e.!ime:!im(x—y+90):0 (6.6)

The error dynamics becomes

& =% -y, =-a(x—Y)-b(sinx —siny,)+ol(x, - y,) - (= y)I-u

€, =%~ ¥, =—a,(X — ¥;) =b,(sinx —siny,) + r(x, — y,) = (XX; = ¥ ¥5)
_(Xz_yz)_uz

€y =X — Y3 =—a5(% — ¥,) —0,(sin X, —siny,) + (XX, — ¥, ¥,) —C(X; — Y5) —Us

(6.7)

Let initial states be (x,(0), x,(0), x,(0)) =(L2,3), (y,(0), y,(0), y,(0)) =(3.5,4,1) and
system parameters a;=0.1, b;=1, 0 =16, a,=0.2, b,=0.3, r=45.92, a;=0.05, b3=1.8 and
c=4, we find the error dynamics always exists in first quadrant as shown in Fig.6.1.
By GYC partial region asymptotical stability theorem, one can choose a Lyapunov

function in the form of a positive definite function.in first quadrant:

V:e1+ez+e3+%(ef+e§+e§)>0 (6.8)

Although V contains quadratic terms %(el2 +e; +¢€}), the degree of terms of

following three controllers remain unchanged as that of V =¢, +e, +e,.

Its time derivative is

V=¢l+e)+é,1+e,)+6,(1+e,)
= (_al(xl - yl) _bl(Sin Xy —sin yl) + G[(Xz - yz) - (Xl - yl)]_ul)(1+ el)
+ (—8.2 (Xl - yl) - bz (Sin X —sin yl) + r(xl - yl) - (X1X3 - yly3) - (Xz - yz) (6-9)
—uy)(1+ey)
+ (=35 (X, — ¥1) =Dy (sinx, =siny;) + (XX, = Y;1Y,) —C(X3 = ¥3) —Uz)(L+€;5)
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Choose

Uy =—a (% —y)-b(sinx —siny)+ol(x, - y,) - (% - y)]+&

U, =—2,(% — Y,) —b,(sin %, —sin y,) + (%, = ¥,) — (4%, — ¥,Y:) — (X, - y,) +&,  (6.10)
U, =—a,(X, — Y,) —by(sinx, =siny,) + (XX, =V, ¥,) —C(X; — ¥5) + &

We obtain

V=-—-(l+e)-e,(+e,)-e,(1+e,)<0 (6.11)

which is a negative definite function in first quadrant. Three state errors versus time
and time histories of states are shown in Fig.6:2.and Fig.6.3.

CASE I1. The generalized synchronization error function is

e, =X -y, +sin“tcost +80,(i=1,2, 3) (6.12)

Our goal is

y = X+sin®tcost + 80, ,
(6.13)

i.e. lime=Ilim(x—y+sin®tcost+80)=0,(i=12,3)

t—o0 t—oo

The error dynamics become
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é =-a,(x, —y,)—b(sinx, —siny,)+o[(x, = ¥,) — (% = y;)]-u,
+sintcost —sin®t

&, =—a,(X —Y,)—b,(sinx, —siny,)+r(x, —y;) — (X, X; = ¥, ¥3)
—(X, —y,)—U, +sin’tcost —sin’t

€, =—a,(X, —y;)—by(sinx; —siny;) + (X, X, = Y, Y¥,) —C(X; — Y3) — U,
+sin®tcost —sin®t

(6.14)

Let initial states be (x,(0), x,(0), x,(0)) = (L, 2,3), (y,(0), y,(0), y,(0)) =(3.5,4,1) and
system parameters a;=0.1, b1=1, o =16, a,=0.2, b,=0.3, r=45.92, a;=0.05, b3=1.8 and
c=4, we find the error dynamics always exists in first quadrant as showen in Fig.6.4.
By GYC partial region asymptotical stability theorem, one can choose a Lyapunov

function in the form of a positive definite function in first quadrant:
— 1 2 2 2
V—e1+e2+e3+5(el+e2+e3)>0 (6.15)
Its time derivative is

V=¢(l+e)+é,(1+e,)+e,(1+e,)
= (_al(xl - yl) _bl(Sin X1 —sin yl) + G[(Xz - yZ) - (Xl - Y1)]_u1
+sin 2tcost-sint)(1+¢,)
+ (_az (Xl - yl) - bl(Sin X1 —sin yl) + r(xl - Y1) - (Xlxs - Y1y3) (6-16)
—(x, —y,)—u, +sin2tcost-sint)(1+e,)
+ (—ag (X, —y;) —by(sinx, —siny, ) + (XX, = ¥, ¥,) —C(X; — Y;) — U,
+sin 2tcost-sint)(1+e,)
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Choose

u, =—a,(x, —y,)—b,(sinx, =siny,) +ol(x, = y,) — (X, = y,)]
+sin 2tcost-sint +e,

U, = _az(xl - yl) _bl(Sin Xy —sin yl) + r(xl - yl) - (X1X3 - ylyS) - (Xz - yz)

. : (6.17)
+sin 2tcost-sint + e,
Uy =—85(X; = Y;) =By (sin X, =siny,) + (XX, = ¥;Y,) —C(X; = Ys)
+sin 2tcost-sint + e,
We obtain
V=-—g(+e)-e,(l+e,)—e,(1+e,)<0 (6.18)

which is a negative definite function. Three state errors versus time and time histories

of x. —y,+80 areshown in Fig.6.5 and Fig.6.6.

CASE I11. The generalized synchronization error function is

e :%xi2 —y,+100, (i=1, 2, 3) (6.19)

Our goal is

1, :
- =—x+100, (i=1, 2,3
Vi =35% ( )
(6.20)

i.e. lime, = Iim(ixi2 — vy, +100) = 0,(i =1,2,3)
t—o too 30
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The error dynamics become

€ = %Xlxl -Y, = %Xl(_alxl - bl sin Xy + G(Xz - Xl))
—(—ay, —b;siny, +o(y, - y,))—u,
€, =—X,X, — Y, :ix2 (—a,X%, —b, sin X, +rx, —X;X; —X,)
15 15 (6.21)
—(-a,y, b, siny, +ry, —y,y; - y,) - U,
€, =—XX; — Y5 :ix3(—a3x1 —b, sin X, + XX, —CX;)

15 15
—(-a3y, —bgsiny, +y,y, —cy;) - U,

Let initial states be(x,(0), x,(0), x,(0)) = (L 2,3), (y,(0), y,(0), y,(0)) =(3.5,4,1) and
system parameters a;=0.1, b1=1, o0 =16, a,=0.2, b,=0.3, r=45.92, a;=0.05, b3=1.8 and
c=4, we find the error dynamics always existsin:first quadrant as shown in Fig.6.7.
By GYC partial region asymptotical stability theorem, one can choose a Lyapunov

function in the form of a positive definite-function in-first quadrant:
_ 12, 22, a2
V—e1+e2+e3+5(el+e2+e3)>0 (6.22)

Its time derivative is

. 1 . )
V= [E X, (—a, X, — b sinx, + o (X, —x,)) - (-a,y, —b;siny, +o(y, - y,))
-u,]J1+e)
1 . .
+ [E X, (—a,X, —b, sin X, + X, =X, X; —X,) —(-a,y, —b,siny, +ry, (6.23)
—Yi¥s — y?_) _Uz](l+ ez)
1 . .
+[EX3(_a3X1 —bysinX, + XX, —€X;) = (—a,y, —b;siny, +y,y, —cy,)

—uy](1+e;)
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Choose

1 . .
u, = Exl (—a,x, —b,sinx, + o (X, — X)) - (—a,y, —b;siny, +o(y, - y,))

+e
1 . )
u, = EXZ (—a,x, —b, sin X, + rx, — X, X; — X,) —(-a,y, —b,siny, +ry, (6.24)
- Y1y3 - yz) +e2
1 . )
U = EX3 (—ayX%, —bysin X, + X, X, —CX;) — (—a,y, —b,siny, +y,y, —cy,)
+e,
We obtain
V=-—e(+e)-e,t+e;)—e,(1+e,)<0 (6.25)

which is a negative definite function ‘in‘first:quadrant. Three state errors versus time

are shown in Fig.6.8.

CASE V. The generalized synchronization error function is

e=X-y+z+K (6.26)

where z is the chaotic state vector of Genesio system[48], K=[100 100 100]".

The goal system for synchronization is Genesio system and initial states is (1, 1,

1), system parameters a,=6, b,=2.92, c4,=1.2.
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7,=1, (6.27)

2,=2°-a,z,-b,z,-c,z,
We have

Iime:!im(x—y+z+K):O (6.28)

t—oo

The error dynamics becomes

& =—a,(x —y,)—b(sinx, —siny,) + ol(x, — y,) — (%, — ¥,)]- U,

+Z2

éz =-q, (X1 - yl) _bz (Sin X —sin y1)+ r()(1 = | yl) B (X1X3 - yly3) - (Xz - yz)_uz

. (6.29)

3
é3 = _as(x1 - yl) _bs(Sin X —sin y1) + (X1X2 - y1y2) _C(XS - y3) — U,
? -, _b422 —C4Z;

+Zl
Let initial states be(x, (0), x,(0), X;(0)) =(L2,3), (y.(0), y,(0), y;(0)) =(3.5,4,1) and
system parameters a;=0.1, b1=1, o0 =16, a,=0.2, b,=0.3, r=45.92, a;=0.05, b3=1.8 and
c=4, we find the error dynamics always exists in first quadrant as shown in Fig.6.9.
By GYC partial region asymptotical stability theorem, one can choose a Lyapunov

function in the form of a positive definite function in first quadrant:

V=e1+e2+e3+%(ef+e§+e§)>0 (6.30)
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Its time derivative is

\/ = (_al(xl - yl) - bl(Sin Xy —sin yl) + O'[(Xz - yz) - (Xl - yl)]_ul
+2,)(1+¢)

+ (_az (Xl - yl) - bl(Sin X1 —sin yl) + r(xl - Y1) - (X1X3 - Y1y3)

(6.31)
- (Xz - yz) —U2 + 23)(1+ ez)
+ (_a3(xl - yl) - bs (Sin X1 —sin yl) + (XlXZ - ylyz) _C(Xa - y3) - u3
+22-a,2,-b,2,-¢,2,)(1+e,)
Choose
u = —ai(Xl - yl) _bl(Sin X, —sin yl) +0[(X2 - yz) - (X1 - yl)]
+2,+€
U, =—a,(% — Y;) =0, (sin X, —sin y )+ T (%= i)~ (%X, — Y, Y3) (6.32)
_(Xz_y2)+23+e2
Uy =—a5(% —Y,) —by(Sin X, —siny, )+ (%X, = ¥, ¥,) — (X, — V)
+2°-a,2,-h,z,—c,z, +e,
We obtain
V=-—-(l+e)-e,(1+e,)-e,(1+e,)<0 (6.33)

which is a negative definite function in first quadrant. Three state errors versus time

and time histories of x, —y; +100, (i=1,2,3) are shown in Fig.6.10 and Fig.6.11.
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Fig.6.6. Time histories of x —y, +80 and -sin’t-cost for CASE Il
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Chapter 7

Chaos Control of a New Ikeda-Lorenz System by
GYC Partial Region Stability Theory

7.1 Preliminaries

By using the GYC partial region stability theory in Appendix, the Lyapunov
function is a simple linear homogeneous function of error states and the controllers
are more simple and have less simulation error because they are in lower order than
that of traditional controllers. Simulation results show that for a new Ikeda-Lorenz

system can be achieved chaos control by GYC partial region stability theory.
7.2 Chaos Control Scheme

Consider the following chaotic systems

%= f(t, x) (7.1)

where x=[x,%,---,x,]' €R" is a the state vector, f:R xR"—R" is a vector

function.

The goal system which can be either chaotic or regular, is

y=9(ty) (7.2)

where y=[y1,y2,---,yn]TERn is a state vector, g:R,xR"—>R" is a vector

function.
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In order to make the chaos state x approaching the goal state y, define
e=X-Y as the state error. The chaos control is accomplished in the sense that
[41,49-55]:

!ime:!im(x—y):o (7.3)

By using GYC partial region stability theory, the positive definite Lyapunov
function is a homogeneous linear function of error states and the controllers can be

designed in lower order than that of traditional controllers.

7.3 Simulation Results

The following chaotic system is a new Ikeda-Lorenz system of which the old
origin is translated to (x,X,,X;) = (150,150,150) and the chaotic motion always

happens in the first quadrant of coordinate system (X, X,, X,)

X, = —a,(x, —150) — b, (sin{x; =150)) + a((Xx, —150) — (x, —150))

X, =—a,(x, —150) — b, (sinfx, —150))r(x; —150) — (x, —150)(x, —150)
—(x, —150)

Xy = —8,5 (X, —150) — b, (sin(x, —150))+ (x, —150)(x, —150) — c(x, —150)

(7.4)

This Ikeda-Lorenz system is presented as simulated examples where the initial
conditions are x1(0) =1, x2(0) =2, x3(0) =3, a;=0.1, b1=1, 0 =16, a,=0.2, b,=0.3,
r=45.92, a;=0.05, b3=1.8, c=4. The chaotic motion is shown in Fig.7.1.

In order to lead (xi, X2, X3) to the goal, we add control terms us, u; and us to each

equation of Eq. (7.4), respectively.

X, = —a, (X, —150) —b, (sin(x, —150)) + o((x, —150) — (x, —150)) + u,

X, = —a, (X, —150) — b, (sin(x, —150)) + r(x, —150) — (x, —150)(x, —150)
—(x, —150) +u,

Xy = —85(X, —150) — b, (sin(x, —150)) + (x, —150)(x, —150) — c(x; —150) + u,

(7.5)
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CASE 1. Control the chaotic motion to zero.
In this case we will control the chaotic motion of the Ikeda-Lorenz system (7.4)

to zero. The goal is y=0. The state error is e=X—y=X and error dynamics

becomes

é, = X, =—2a,(x, —150) —b, (sin(x, —150)) + o ((x, —150) — (x, —150)) + u,

€, = X, =—a,(x, —150) —b, (sin(x, —150)) + r(x, —150) — (x, —150)(x, —150)
—(x, —150) +u,

€, = X3 = —a,(x, —150) — b, (sin(x, —150)) + (x, —150)(x, —150) — c(x, —150) + u,

(7.6)

In Fig.7.1, we see that the error dynamics always exists in first quadrant.
By GYC partial region asymptotical stability theorem, one can choose a Lyapunov

function in the form of a positive definite function in first quadrant:

V:e1+ez+e3+%(ef+e§+e§)>0 (7.7)

Although V contains quadratic terms %(el2 +e +¢€}), the degree of terms of

following three controllers remain unchanged as that of V =¢, +e, +e,.

Its time derivative is

V=¢(+e)+6,1+e,)+e,(1+e,)
= (—a, (e, —150) — Db, (sin(e,150)) + o[(e, —150) — (e, —150)]+u,)(d+e,)
+ (—a, (e, —150) — b, (sin(e, —150)) + r(e, —150) — (e, —150)(e, —150)
- (ez _150) - uz)(1+ ez)
+ (—a; (e, —150) — b, (sin(e, —150)) + (e, —150)(e, —150) — c(e, —150)
—Uuz)(L+e;)

(7.8)
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Choose

u, = —[-a, (e, —150) — b, (sin(e, —150)) + o((e, —150) — (e, —150))] —e,
u, =—-a, (e, —150) — b, (sin(e, —150)) + r(e, —150) — (¢, —150)(e, —150)

(7.9)
— (e, ~150)] ¢,
u, =—-[-a,(e, —150) — b, (sin(e, —150)) + (e, —150)(e, —150) —c(e, —150)] — e,
We obtain
V=-e(l+e)-e,(l+e,)—e,1+e,)<0 (7.10)

which is a negative definite functionn first.quadrant. Simulation results are shown in
Fig.7.2. the motion trajectories approach the origin after 40sec.

CASE I1. Control the chaotic metion to a periodic function.

In this case we will control the chaotic motion of the Ikeda-Lorenz system (7.4) to a

periodic function of time. The goal is y = Fsin® wt . The equation

e=x—Fsin® ot (7.12)

lime, = lim(x- F, sin® mt), i=1,2,3. (7.12)

t—o0
and ¢ =X —Fo,sin2wt, (i=1,2,3),and F, =F,=F, =10, @ =05, o, =2,
w, =0.2.

The error dynamics is
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€, =X, — Fo, sin 2ot = —a, (X, —150) — b, (sin(x, —150)) + o(x, —150)
—(x, —150) — Fw, sin 2ot +u,
&, = X, — F, Sin 2w,t = —a, (X, —150) — b, (sin(x, —150)) + r(x, —150) (7.13)
— (%, —150)(x, —150) — (x, —150) — Fa, sin 2w,t + u,
€, = X, — Fw, sin 2w,t = —a,(x, —150) — b, (sin(x, —150)) + (x, —150)(x, —150)
—C(X; —150) — Fw, sin 2wt +u,

Let initial states be (x,(0), x,(0), X;(0)) =(L,2,3), (Y,(0), y,(0), y,(0)) =(3.5,4,1) and
system parameters a;=0.1, b1=1, o =16, a,=0.2, b,=0.3, r=45.92, a;=0.05, b3=1.8 and
c=4, we find that the error dynamics always exists in first quadrant as showen in
Fig.7.3. By GYC partial region asymptotical stability theorem, one can choose a

Lyapunov function in the form of a positive definite function in first quadrant:
_ 1 2 2 2
V—e1+e2+e3+5(el+e2+e3)>0 (7.14)
Its time derivative is

V=¢@l+e)+é,(1+e,)+e,(1+e,)
=[-a, (X, —150) — b, (sin(x, —150)) + o ((x, —150) — (x, —150))
-F - -sin2ot+u]J(1+e,)
+[—a, (X, —150) —b, (sin(x, —150)) + r(x, —150) — (x, —150)(x, —150) (7.15)
—(x, =150) - F - @, -sin2w,t +u,](1+¢,)
+[—a, (%, —150) — b, (sin(x, —150)) + (x, —150)(x, —150) —c(x, —150)
—F -, -sin2w,t +u,](1+¢,)
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Choose

u, = -{-a,(x =150) -b, (sin(x, ~150)) + 5((x, ~150) - (x, ~150))
—Fw sin2at]-¢
u, =—[—a,(x —150) —b, (sin(x, —150)) + r(x, —150) — (x, —150)(x, —150)

) (7.16)
—(x, —150) — F, sin 2m,t] — e,
U, =—[ —a,(x —150) — b, (sin(x, —150)) + (x, —150)(x, —150) —c(x, —150)
—Faw,sin2a,t]-¢,
We obtain
V=-—g(+e)-e,(l+e,)—e,(1+e,)<0 (7.17)

which is a negative definite function. Theinumerical results are shown in Fig.7.4 and
Fig.7.5. After 40 sec, the errors-approach zero and the motion trajectories approach to
the periodic functions.
CASE 1. Control the chaotic motion‘of a lkeda-Lorenz system to chaotic motion of a
Genesio system[48].

In this case we will control chaotic motion of Ikeda-Lorenz system (7.4) to that

of a Genesio system. The goal system is Genesio system:

2,=1,

=1z, (7.18)
. 2

z2,=2,"-a,z,—-b,z,-c,z,

z

N

The error equation is e=Xx—2z,Ouraimis lime=0. The error dynamics become

t—o

The error dynamics become
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é, =X, — 2, =—a,(X;, —150) — b, (sin(x, —150)) + o ((x, —150)
—(x, =150)) - z, +u,
€, =X, — 2, =—a,(x, —150) — b, (sin(x, —150)) + r(x, —150)
— (%, —150)(x, —150) — (x, —150) — z, +u,
€, = X; — 23 =—8,(X, —150) — b, (sin(x, —150)) + (x, —150)(x, —150)
—¢(x, —150) - (z7 —a,z, —b,z, —c,z;) + U,

(7.19)

Let initial states be(x (0), x,(0), x,(0)) =(1,2,3), (y,(0), y,(0), y;(0)) =(3.5,4,1) and
system parameters a;=0.1, b;=1, 0 =16, a,=0.2, b,=0.3, r=45.92, a;=0.05, b;=1.8 and
c=4, we find that the error dynamics always exists in first quadrant as shown in
Fig.7.6.

By GYC partial region asymptotical stability:theorem, one can choose a Lyapunov

function in the form of a positive definite function in:first quadrant:
_ 1 2 2 2
V—e1+e2+e3+5(e1+e2+e3)>0 (7.20)
Its time derivative is

V=¢@l+e)+é,(1+e,)+e,(1+e,)
=[-a,(x, —150) — b, (sin(x, —150)) + o((x, —150) — (x, —150))
-2,+UuU,]1+e)
+[—a, (x, —150) — b, (sin(x, —150)) + r(x, —150) — (x, —150)(x, —150) (7.21)
—(x, —150) -z, +u,](1+e,)
+[—a, (%, —150) — b, (sin(x, —150)) + (x, —150)(x, —150) —c(x, —150)
- (212 -7, - b422 - C423) + us](1+ 93)
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Choose

u, = —{-a,(x, —150) — b, (sin(x, —150)) + o((x, —150) — (x, —150))

- Zz] —€
u, = -{-a,(x, —150) — b, (sin(x, —150)) + r(x, —150) — (x, —150)(x, —150)
—(x, —=150) - z,] e, (7.22)

u, = —[-a,(x, —150) — b, (sin(x, —150)) + (X, —150)(x, —150) — c(x,; —150)
—(z2 -a,z,-b,z, —c,z,)] ¢,

\We obtain

V=-g(l+e)-e,(l+e,)—e,1+e,)<0 (7.23)

which is a negative definite function. The numerical results are shown in Fig.7.7 and
Fig.7.8. After 40 sec, the errors.approach- zero and the chaotic trajectories of

Ikeda-Lorenz system approach to that.of the-Genesio-system.
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Fig. 7.1. Phase portrait oferror.dynamics for CASE |I.
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Fig. 7.2. Time histories of errors for CASE I.
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Fig.7.3. Phase portrait of error.dynamics for CASE II.
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Fig.7.6. Phase portrait of error dynamics for CASE Il1.
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Chapter 8

Estimation of Parameters of a New Ikeda-Mackey-
Glass System through Chaos Synchronization with

Random Disturbance

8.1 Preliminaries

Estimation of parameters of a new IMG system by using a least square approach is
achieved. When the corresponding parameters converge to same values, two time

delay Ikeda-Mackey-Glass systems are synchronized.

8.2 Chaos Synchronization SCheme

Differential equations of a generalidelay,system are described as follows [56]:
X= f(X(t),X(t—T),ﬂ) (81)

where xe R" is the state vector, e R™ is the parameter vector which is to be
estimated.

Let
y=g(y@),yt-7),5) (8.2)

be coupled to Eq.(8.1), where ye R" is the state vector, ﬁ’ e R™ is the parameter

vector. The state vector y is asymptotically synchronized with x when ,5’ approaches
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B.

The general representation of the feedback coupling is

y=g(y(@),y(t-7),5)-BG [y-x] (8.3)

where B is a constant vector and G is the gain vector. Next we construct a mechanism

that drives the measured synchronization error y-x to zero so that (y, ,3)—>(x, p)ast

— oo. For that we consider the following minimization problem to construct a system

of differential equation governing the evolution of the model system parameter,é,

F(8) - min{[y =XI°} (8.4)

The parameter vector ,@ IS .to. bersuitably /tuned so that the system (8.3)

asymptotically synchronizes with the‘system(8.1) through the choice of function

given by Eq.(8.4). By the minimization problem, a system of differential equations

governing the evolution of ,3 is constructed:

A oF P
B =——==-2(Y,— %) 6}1, ,J=1,...,m (8.5)
OB, op;
The variational derivatives aX‘ for i=1,...,n and j=1,...,m are to be known for

j

solving this system of equations. These derivatives are given by
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4 Y, )= 99 + %, ~-BG' ¥ fori=1,...,nand j=1,...,m (8.6)
dt'9p," Sy, 0p, ap, 0P,

In Eq.(8.5), a vector of parameters ¢ is added, which is needed for controlling the

stability of the overall system and rate of synchronization:

B :-gj%z—zgj(yi—xi)aayBi Jj=1,..m (8.7)

j i

Finally we have to solve Egs.(8.1), (8.3), (8.6), (8.7) altogether.
So an extended system consisting of (n+m+nm) equations is to be solved in order
to estimate m parameters and simultaneous synchronization of the n-dimensional

system.

8.3 Parameters Estimation of a New Ikeda-Mackey

-Glass System without:Disturbance

In this Section, a new lkeda-Mackey-Glass system is used for the chaos

synchronization scheme to estimate parameters,

X, (t) = -25x,(t) — 24.8sin x, (t — 7,)+14.1x, (t — 7,)
(8.8)
X(t-7)
1+{x, (t - 71)}1

%, (t) = —4.7%,(t) +1.2348 —+8%,(t—7,)

According to Chapter 2, we know that for a new Ikeda-Mackey-Glass system, chaotic

motion can be obtained when 7,=5, 7,=1.
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Using chaos synchronization scheme in Section 8.2, the equations are described as

follows:

X (t) =—25x,(t) —24.8sin x, (t — 7,)+14.1x, (t — 7,) (8.9)

) _ X, (t—17,) _
%, (1) = —4.7x, (t)+1.23481+{X2 O +8x(t—7,) (8.10)

V(1) = =25y, (t) - A, sin v, (t—7,) +14.1y, (t-7,) - G,[y, () - x ()] (8.11)
5,0 =4y, +1.2348— 2070 gy 4oy 61y, -x0)] (68.12)

1+ yu(te= 71)10

o,

B,(t) = -2 - .
B.(t) =-2&[y,(t) - x (6] o (8.13)
A, =26y, - %, 0] ?ﬁz (8.14)
i % _I_ _Bl(t)COS yl(t_rl)yl(t_rl) 6yl _9¢i _
at [aél] [-25 0 ]aﬁl 2siny, (t-7,) .15
-G, 6X1 +14-1Y2 (t-7,) ayAz -G, ayAz
b () 0B B
di[%]:syl(_t_fz) Yoy, 0)-G, 4
t aﬁz yl(t) 6ﬂ2 aﬂz (816)

[_B‘Z + 1-234?’3‘/2 (t—z){1-9y, g: _271)10}] aYg -G, a)iz
Yo (DAL +y,(t—7)"F b, op,
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i[%] — [_25_ /Bl(t) Ccos yl(t — 71)y1(t _Tl)] ayl -G ayl

~

dt a3, | A0) op, b, (8.17)
PR Gl S Ko VI 2
() 9, " op,
1[6){\2]28 yl('t_rz) 6)’/\1 _Gz % +
[, + L2480 r )0y, (- r ) h Y, o O, |
Y, (O + Y, (t-7)"} B, P,
where
Yo (t—7,) =-25y,(t—7)— ,él siny, (t—27,) +14.1y,(t - (7, + 7,)) (8.19)

o Gl[yl(t - z-1) I Xl(t - Tl)]

‘ R Y, (t— 27;)
t—7,)=—p,y,(t—7)+12348 8y, (t-
Y,(t—7) ==p,Y,(t—7)+ 14y, (t=27,)° 8y (t=(n+ 7)) (8.20)

=G,ly, (t—7) =%t )]

We tried to estimate the parameters ,5’1 and ,@2 of the system. The results show

that the parameter ,31 and ,5’2 converges to their actual values when the master and

response systems are synchronized. The simulation results are shown in Fig.8.1,

Fig.8.2, Fig.8.3 and Fig.8.4.

8.4. Parameters Estimation of a New lkeda-Mackey

-Glass System with Random Disturbance

Parameters estimation of a new Ikeda-Mackey-Glass system is studied when there

exists random disturbance.
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CASE I: Disturbance ¢ exists in the state y;, where ¢ is the the Rayleigh noise:

2

o)=L exp(-——)

t
o 20

where o2 is known as the fading envelope of the Rayleigh distribution.

The equations are described as follows:

X, (t) =—-25x, (t) —24.8sin X, (t — 7,)+14.1x,(t - 7,)

) _ X,(t—17,) B
X, (t) = 4'7X2(t)+1'23481+{x2(t—rl)}1°+8X1(t 7,)

¥, (t) =25y, () _:élsin yi(t—7) +14:1y,(t -7,)
=Gy, (t) - x ()= o]

(8.21)

(8.22)

(8.23)

5,0 =4y, 1) +12348— L") gy 4 1y Gy, -x1)] (8.24)

1+y,(t-7,)

o,
o5,

A1) =261y, (1) - (1)~ ¢]

,éz (t) = —26‘2[)/2 (t) =X (t)]%

2

%[%] — [_25 _ ﬂl(t) cos yl(.t — Tl) yl(t — z‘l)] 6¥\1
op, v, (t) o5,
G N, +14.1Y2(t —1,) 0Y, G oy,

"B, V,() 8B 0B

—-2siny,(t—17,)
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91Xy _ghl=n) M oy 1y 6, P,
dt"op, y.(t) s, b, (8.28)
[—ﬁA’z N 1.2342?)’/2 (t—7,){1-9y, g —22'1)10}] 8)&2 G, 6)ﬁ2
Yo (AL + Y, (t—7)"%} b, op,

i[ayl]z[_ZS_ﬂl(t)COS yl(t_Tl)yl(t_Tl)] ayl -G 6y1

J-n) oy, oo,
Y.(t) 9B, B,
1[6){\2]28 yl('t_rz) 6)’/\1 _Gz % +
dt o4, nw® op " op (8.30)
[, + L2348 o L9y ())&, o O, |
Y, O+ Y, (t=2). } op, OB,
where
yl(t - z-1) = _25y1(t - 2'1) - /él sin yl(t - 271) +14-1y2 (t - (71 + 2-2)) (8 31)
-Gy, (t-7,) - x(t-7)-¢] .
y _ — N _ Y> (t — 271) _
Y,(t—7)=-4,Y,({t-1) +1-23481+ y, 22_1)10 +8Y,(t (7, +17,)) (8.32)

=Gy, (t—7) =%, (t—7)]

Simulate the twelve equations (8.21-8.32), parameters 4, and j, can converge to

their actual values ( /3’1 =4, ,32 = f3,) when master system (x,,x,) are synchronized

with the response system ( v,,y, ). The simulation results are shown in

Fig.8.5,Fig.8.6,Fig.8.7 and Fig.8.8.
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CASE II: Disturbance ¢ exists in the state y,, where ¢ is the the Rayleigh noise.

The equations are described as follows:

X, (t) =—-25x, (t) —24.8sin X, (t — 7,)+14.1x,(t - 7,)

%, (t) = —4.7%,(t) +1.2348

Y, (t) = —25y, (t) - A, sin y, (t - 7,) +14.1y, (t - 7,)

0 =3 MACEcy
Y, () ==5,Y,(1) +1-23481+ v (t=7,)

A1) = 2,1y, (1) - x, ()] 22

By () =—25,y, (1) -, (1)~ ¢]

a0y

~

dt o4,

X(t-7)

1+{x,(t—7)}

=Gyl () =x (1]

=G,ly, (1) =X, () -]

oy.

B,

.

op,

1=[-25- Bi(t)cosy, (t—7,)y,(t _71)] 6311

!

oy,

y,(0)

B,

¥, ()

+14-1Y2(t -1,) 0y, _

B,
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o,
oh,

1

T +8x (t—17,)

= +8y(t—-17,)

—-2siny,(t—17,)

(8.33)

(8.34)

(8.35)

(8.36)

(8.37)

(8.38)

(8.39)



9 Xy W) B 5y 1y, Dy
dt"op, () 0B, op,

| ) (8.40)
OO
Y, (L +y,(t—7)"} op, b,
i[%] —[-25- B,(t)cos yl('t 7)Y (t _Tl)] a),/} -G, 6¥1
dt a5, AV) b, OF, (8.41)
s 14.13'{2 (t=7,) 0y, _G, Y,
Y.() 0B, b,
i[ay}]:g yl(.t_rz) Y, -G, Ny
dt o, %.(t) o8, op, (8.42)
[, + LRI (VB O, o Dy
Y, (t){1+ Y, (t - 71) } aﬂz 6ﬂ1
where
Vi (t—7)=-25y,(t-7,) _131 sin y, (t —27,)+14.1y,(t - (7, + 7)) (8.43)
=Gy, (t—7)—x(t=7)]
o N_ P _ Y, (t—27,) _
Vo (t=7) ==f,Y, (t=7) 12348 — (2o +8Y,(t— (7, +7,)) (8.44)

—G,ly,(t—7,) =%, (t—7,) — ¢]

Simulate the twelve equations (8.33-8.44), parameters ﬁl and ,32 can converge to

their actual values (,(?1 :ﬂl,ﬁz = f3,) when master system (x,, x,) are synchronized

with the response system (y,,Yy,). The simulation results are shown in Fig.8.9,

Fig.8.10, Fig.8.11 and Fig.8.12.
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CASE 111: Disturbance ¢ exists in the state y; and y,, where ¢ is the Rayleigh
noise.

The equations are described as follows:

X, (t) =—-25x, (t) —24.8sin X, (t — 7,)+14.1x,(t - 7,) (8.45)

. X,(t—17,) B
%, (t) = —4.7x, (t)+1.23481+{X2 - +8x(t—7,) (8.46)

y,(t) = =25y, (t) - B siny, (t—7,) +14.1y,(t - 7,) (8.47)
=Gyl () = x (1) -]

. . =
Y, (t) = _ﬂz Y, (t) +1-2348Lﬁ)m+ 83/1(t - 2’2)

s (t -Tl) (8.48)
-G,[y, () —x,({t) - ol
() =260y, - % (0) - o] 2 (8.49)
op,
o0 =26y, () - %, () - ] 2 (8.50)
o,
d oy, Bt)cosy,(t—7)y,(t—7)- 8y, ..
—[—,\]:[—25— 3 ] ~—28In Y1(t_7-1)

o 142),(t-7,) %, 5 ¥
ap, v,) 0B 0B

!
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9 Xy W) B 5y 1y, Dy
dt"op, () 0B, op,

: o (8.52)
[_B‘Z + 1-234§y2 (t-7)f1-9y, g: _271) }] aYg -G, a)iz
YO+ y,(t-7)"} b, op,
i[%] _[-25- B, (t) cos yl('t AL —rl)] a¥1 _G, 6¥1
dt "o, %.(0) op b (8.53)
N 14.1)'{2 (t—7,) 6)}/\2 _g, 8}12
) 0B, "B,
9 oy ghll=m) N g O,
dop w0 o o .
[_/éz + 1-234§y2 (t—z){1-9y, S _2 Z-1)10}] 63’{2 +G, 63{\2 '
Yo (AL + Y, (t—7)"%} op, B,
where
Vy(t—7,) =-25y,(t-7,) _131 sin y, (t —2¢)+14.1y, (t— (7, + 7)) (8.55)
-Gy, (t—7,) - x(t-7)-¢] .
o N_ P _ Y, (t—27,) _
Y,(t—17)==L,Y,(t rl)+1.23481+ V(=20 +8Y,(t— (7, +17,)) (8.56)

—G,ly,(t—7,) =%, (t—7,) — ¢]

Simulate the twelve equations (8.45-8.56), parameters ﬁl and ,32 can converge to

their actual values ( 5’1 =0, ,32 = f3,) when master system (x;,X,) are synchronized

with the response system (y,,Y,). The simulation results are shown in Fig.8.13,

Fig.8.14, Fig.8.15 and Fig.8.16.

77



0.m

0.003

0.006

0.004

0.002

X—Y: 0
-0.002
-0.004
-0.005

-0.008

_DI:H 1 1 1 | 1 1 1 | 1
0 50 100 150 200 250 300 350 400 450 500

t(sec)

Fig.8.1. Error of master system state x, and response system vy,

without disturbance.
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Fig.8.2. Convergence of the estimated parameter ﬁl to its actual value
without disturbance in this system.
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Fig.8.3. Error of master system state x, and response system vy,

without disturbance.
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Fig.8.4. Convergence of the estimated parameter ﬁz to its actual value

without disturbance in this system.
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Fig.8.5. Error of master system state x, and response system vy,

with.disturbance forCASE I.
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Fig.8.6. Convergence of the estimated parameter ﬁl to its actual value

with disturbance in the system for CASE I.
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Fig.8.7. Error of master system state, x, and response system vy,

withedisturbance for:CASE I.
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Fig.8.8. Convergence of the estimated parameter ,32 to its actual value

with disturbance in the system for CASE I.
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Fig.8.9. Error of master system state x, and response system vy,

with disturbance for CASE II.
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Fig.8.10. Convergence of the estimated parameter /}l to its actual value
with disturbance in the system for CASE I1.
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Fig.8.11. Error of master system state x, and response system vy,

with disturbance for CASE II.
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Fig.8.12. Convergence of the estimated parameter /}2 to its actual value
with disturbance in the system for CASE I1.
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Fig.8.13. Error of master system state x, and response system Y,

with disturbance for CASE IlII.
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Fig.8.14. Convergence of the estimated parameter ﬁl to its actual value
with disturbance in the system for CASE II1.
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Fig.8.15. Error of master system state X, and response system vy,

with disturbance for CASE III.
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Fig.8.16. Convergence of the estimated parameter /}2 to its actual value
with disturbance in the system for CASE II1.
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Chapter 9

Conclusions

In this thesis, a new lkeda-Mackey-Glass (IMG) and a new lkeda-Lorenz (IL)
system are studied. In Chapter 2, we show that the chaotic motion of a new IMG
system by phase portraits and bifurcation diagrams.

In Chapter 3, chaos synchronization of a new IMG system is studied. To achieve
chaos synchronization by tuning delay timez,. Chaos synchronization of the two
identical chaotic IMG systems can be obtained with slightly different initial
conditions when the delay timez, is not zero. Simulation results show that for this
chaotic system generalized lag-synchronized, anti-synchronized and generalized-
synchronized without any control can.be obtained.

In Chapter 4, another chaotization method is:presented by using different types of
chaos signals as parameters. Amnew IMG system is & time delayed system. By using
the chaotization method, this new'IMG system chaetic behaviors can be obtained.

In Chapter 5, we study a new lkeda-Lorenz system that is a non-time delayed
system and presents the chaotic motion by phase portraits and Lyapunov exponent.

In Chapter 6 and in Chapter 7, a new GYC partial region stability strategy is
proposed. By using the GYC partial region stability theory to achieve chaos
generalized synchronization and chaos control. The new lkeda-Lorenz system and
Genesio system are used as simulation examples which effectively confirm the
synchronization scheme and chaos control scheme.

In Chapter 8, estimated parameters of a new Ikeda-Mackey-Glass system through

synchronization can be obtained with the following results:
1. Estimated parameter ﬁl and ,32 through synchronization can converge to their

actual values rapidly when the Ikeda-Mackey-Glass system has no disturbance.
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2. When a new lkeda-Mackey-Glass system has Rayleigh noise disturbance, two

transient error states and two transient parameter errors are larger than that of the
system without disturbance. However parameters [31 and ,[?2 through

synchronization still converge to their actual values successfully.
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Appendix
GYC Partial Region Stability Theory [40,41]

Consider the differential equations of disturbed motion of a nonautonomous

system in the normal form

dx,
dt

= X (L, X, . X)), (s=1---,n) (A1)
where the function X, is defined on the intersection of the partial region Q

(shown in Fig.A1) and

3% <H (A2)

and t>t,, where t, and H are certain positive constants. X which vanishes when
the variables X, are all zero, is a real yalued function of t, X,---,X . It is assumed
that X, is smooth enough to ensure therexistence;, uniqueness of the solution of the

initial value problem. When: X, does not contdin t explicitly, the system is

autonomous.

Obviously, X, =0 (s=1,---n) isasolution of Eq.(A1). We are interested to the
asymptotical stability of this zero solution on partial region Q (including the
boundary) of the neighborhood of the origin which in general may consist of several

subregions (Fig.Al).
Definition 1:

For any given number & >0, if there exists a ¢ >0, such that on the closed

given partial region 0 when

D x4 <8, (s=1--,n) (A3)
for all t>t,, the inequality

Y xi<e,  (s=ly-wn) (A4)
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is satisfied for the solutions of Eq.(Al) on Q, then the disturbed motion

X, =0 (s=1,---n) is stable on the partial region Q.

S

Definition 2:

If the undisturbed motion is stable on the partial region (2, and there exists a

& >0, so that on the given partial region Q when

DXy <8, (s=1--,n) (A5)
The equality

t—>ow

lim(z xfj =0 (A6)
is satisfied for the solutions of Eq.(Al) on €, then the undisturbed motion
X, =0 (s=1,---n) is asymptotically stable on the partial region Q.

The intersection of Q and region defined by Eq.(A5) is called the region of

attraction.

Definition of Functions V (t, X+, X.):

Let us consider the functions V(t,X,---,X:)s given on the intersection Q, of

the partial region Q and the region
> xX<h, (s=1-,n) (A7)

for t>t, >0, where t, and h are positive constants. We suppose that the functions

are single-valued and have continuous partial derivatives and become zero when

Definition 3:

If there exists t, >0 and a sufficiently small h>0, so that on partial region
Q and t=t,, V=0 (or <0), then V is a positive (or negative) semidefinite, in

general semidefinite, function on the €, and t=>t,.
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Definition 4:

If there exists a positive (negative) definitive function W(X,...X,) on €, so
that on the partial region €, and t=>t,

V =W >0 (or -V —-W > 0), (A8)

then V(t,X,,...,X,) 1s a positive definite function on the partial region €, and
t>t,.

Definition 5:

If V(t,X,...,X,) is neither definite nor semidefinite on Q, and t=>t;, then
V(t,X,...,X,) is an indefinite function on partial region €3, and t=>t;. That is, for
any small h>0 and any large t, >0, V(t,X,...,X,) can take either positive or
negative value on the partial region €, and t>t,.

Definition 6: Bounded function V.
If there exist t, >0, h>Q, so that on the partial region €, we have

V (X, )| < L (A9)

where L is a positive constant, then V is said to be bounded on Q, .

Definition 7:  Function with infinitesimal upper bound

If V is bounded, and for any A >0, there exists x>0, so that on €, when

D X2 <u,and t>t,, wehave
S

V(X %) < A (A10)
then V admits an infinitesimal upper bound on €, .
Theorem 1

If there can be found for the differential equations of the disturbed motion a

definite function V(t,X,,...,X,) on the partial region, and for which the derivative

with respect to time based on these equations as given by the following :
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dv. oV &GoV
-2 Z_szs (Al1)
is a semidefinite function on the partial region whose sense is opposite to that of V, or
if it becomes zero identically, then the undisturbed motion is stable on the partial
region.
Proof:

Let us assume for the sake of definiteness that V is a positive definite function.

Consequently, there exists a sufficiently large number t;, and a sufficiently small

number h < H, such that on the intersection Q, of partial region Q and

> xX<h, (s=1...,n) (A12)

and t>t,, the following inequality is satisfied
V(L X, X, ) WK X)) (A13)
where W is a certain positive definite function which does not depend on t. Besides
that, Eq. (A7) may assume only:negative.or zero valug in this region.
Let & be an arbitrarily small positive number. We shall suppose that in any case

e<h. Let us consider the aggregation of all possible values of the quantities

X,..., X, , which are on the intersection @, of €, and

DX =g, (A14)

and let us designate by | >0 the precise lower limit of the function W under this
condition. by virtue of Eq. (A5), we shall have
V(,X,....x,) =1 for (X,...,X,) on ,. (A15)
We shall now consider the quantities X, as functions of time which satisfy the
differential equations of disturbed motion. We shall assume that the initial values X,

of these functions for t=t, lie on the intersection Q,of Q, and the region

Y X <o, (A16)
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where o is so small that
V (), Xigse - Xno) < (A17)
By virtue of the fact that V(t,,0,...,0) =0, such a selection of the number s 1is

obviously possible. We shall suppose that in any case the number & is smaller than

¢ .Then the inequality

DX <e, (A18)

being satisfied at the initial instant will be satisfied, in the very least, for a sufficiently
small t—t,, since the functions X (t) very continuously with time. We shall show
that these inequalities will be satisfied for all values t>t,. Indeed, if these
inequalities were not satisfied at some time, there would have to exist such an instant
t=T for which this inequality would become_an equality. In other words, we would

have

PRABE (A19)

and consequently, on the basis of Eq..(A11)
V(TJXI(T)a'--JXn(T))ZI (AZO)

On the other hand, since & <h, the inequality Eq.(A4) is satisfied in the entire

interval of time [ty, T], and consequently, in this entire time interval c(ij_t <0. This

yields
VT, X (M), X, (T)) SV (), Xigeees X))o (A21)
which contradicts Eq.(A18) on the basis of Eq.(A17). Thus, the inequality Eq.(A1)
must be satisfied for all values of t >t;, hence follows that the motion is stable.
Finally, we must point out that from the view-point of mathenatics, the stability
on partial region in general does not be related logically to the stability on whole
region. If an undisturbed solution is stable on a partial region, it may be either stable

or unstable on the whole region and vice versa. From the viewpoint of dynamics, we
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wre not interesting to the solution starting from Q, and going out of Q.

Theorem 2

If in satisfying the conditions of theorem 1, the derivative (jj_\t/ is a definite

function on the partial region with opposite sign to that of V and the function V itself
permits an infinitesimal upper limit, then the undisturbed motion is asymptotically
stable on the partial region.

Proof:

Let us suppose that V is a positive definite function on the partial region and that
av . . . . .
consequently, ’ is negative definite. Thus on the intersection €, of Q and the

region defined by Eq.(A7) and t=>t, there will be satisfied not only the inequality

Eq.( A8), but the following inequality as will:

O('j—\t/s W, (X5 2%)s (A22)

where W, is a positive definite function on-the partial region independent of't.

Let us consider the quantities “X,/ asi functions of time which satisfy the
differential equations of disturbed motion assuming that the initial values X, = X (t,)
of these quantities satisfy the inequalities Eq.(A16). Since the undisturbed motion is
stable in any case, the magnitude o6 may be selected so small that for all values of
t>t, the quantities X, remain within €, . Then, on the basis of Eq.(A22) the
derivative of function V(t,X (t),...,X (t)) will be negative at all times and,
consequently, this function will approach a certain limit, as t increases without limit,
remaining larger than this limit at all times. We shall show that this limit is equal to
some positive quantity different from zero. Then for all values of t >t;, the following

inequality will be satisfied:

V(X (1),..., X (1) > o (A23)
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where o >0.

Since V permits an infinitesimal upper limit, it follows from this inequality that

Y XXM=4, (s=1...,n), (A24)

where A is a certain sufficiently small positive number. Indeed, if such a number A

did not exist, that is , if the quantity ZXS (t) were smaller than any preassigned
S

number no matter how small, then the magnitude V(t,X(1),...,X (1)), as follows

from the definition of an infinitesimal upper limit, would also be arbitrarily small,
which contradicts(A23).

If for all values of t>t, the inequality Eq. (A24) is satisfied, then Eq. (A22)

shows that the following inequality will be satisfied at all times:
—=<-, (A25)

where | is positive number different from zero which constitutes the precise lower
limit of the function W,(t, X, (t),=.., Xs(t))-under condition (Eq. (A24)). Consequently,

for all values of t>t;, we shall have:

tdVv
V(X (1),..., X, (1)) :V(to,xlo,...,xno)+L0Edt SV (g, Xygseees o) = | (E—1)),
(A26)

which is, obviously, in contradiction with Eq.(A23). The contradiction thus obtained
shows that the function V(t,X(t),...,X, (t)) approached zero as t increase without
limit. Consequently, the same will be true for the function W (X, (t),...,X,(t)) as well,

from which it follows directly that

limx () =0, (s=1,...,n), (A27)

which proves the theorem.
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subregion 2

Fig.Al. Partial regiéns, 2 and Q,
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