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摘要 

 

測速器動態系統的渾沌行為藉由相圖,龐卡萊圖,分岔圖,功率譜,和李亞普

諾夫指數圖來表示.藉由逆步和適應控制的實用混合投影廣義同步與兩個測速器

動態系統與不同階數的渾沌系統之GYC實用混合投影交織同步,並由數值模擬來

驗證其有效性.除此之外,利用GYC部分區域穩定理論來模擬測速器動態系統之廣

義超渾沌的同步與控制.更進一步, 測速器動態系統之鳥群行為的渾沌控制與延

遲同步也可以達成.最後藉由數值模擬來顯示驗證的結果. 
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ABSTRACT 

 

The hyperchaotic dynamics of a tachometer system is studied by means of 

phase portraits, Poincare maps, bifurcation diagram, power spectra and 

Lyapunov exponents. Pragmatical hybrid projective hyperchaotic generalized 

synchronization and GYC pragmatical hybrid projective hyperchaotic 

symplectic synchronization (PHPHSS) of two hyperchaotic tachometer system 

with different order system as a constituent by adaptive backstepping control are 

obtained and verified by numerical simulation. Besides, hyperchaotic generalized 

synchronization and chaos control of tachometer system by GYC partial region 

stability are proposed. Furthermore, boids control and lag synchronization of 

tachometer system can be successfully obtained. Finally, numerical simulations 

are shown they are work. 
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Chapter 1 
 

Introduction 
 

Chaos is defined as the phenomenon of occurence of bounded nonperiodic evolution 

in completely deterministic nonlinear dynamical system with high sensitive dependence 

on initial conditional [1]. Phase portraits, Poincare maps, bifurcation diagram, power 

spectrum and two positive Lyapunov exponents diagram are used to present a 

hyperchaotic tachometer system which will be studied in this proposal.  
Synchronization in chaotic dynamical systems has been a theme in nonlinear 

sciences and received considerable attention. Since the pioneering work by Pecora and 

Carroll [2], much attention has been devoted to research on synchronization of chaos. In 

recent years, synchronization in chaotic dynamical systems has widely studied in the 

past decade [3-13], and has many possible applications especially in secret 

communication, chemical reaction, and biological systems [14].An interesting 

synchronization, termed as projective synchronization, has been reported by Mainieri 

and Rehack [15] that the drive and response vectors synchronize up to a scaling factor. 

Backstepping has become one of the most popular design methods for adaptive 

nonlinear control and synchronization [16-19]. Most of the control methods are based 

on the exact knowledge of the system structure and fully known parameters. But some 

of the system parameters are uncertain. Many researchers have dedicated to solve this 

problem by adaptive synchronization [20-24]. In current researches [25-29], by 

Lyapunov asymptotical stability theorem and Babalat lemma, the error vector can be 

proved to tend to zero. But the question that why the estimated parameters also 

approach uncertain values remain no answer. In this thesis, the question is answered 

strictly by pragmatical asymptotical stability theorem.  
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In Chapter 2, chaos of tachometer system is studied by Lyapunov exponents, 

bifurcation diagram, phase portraits, time histories of state variables and power spectra.  

In Chapter 3, generalized synchronization is investigated [30-35]. This means that 

we give a function relationship between the states of the master and slave is . 

A specific case, hybrid projective chaotic generalized synchronization  

)(xGy =

3)()()( tztpxxGy ==                                               (1-1)  

is studied, where x, y are the state vectors of master and slave, z is state vector of a 

functional chaotic system, p is a constant vector with positive and negative entries to 

form hybrid projective synchronization. Numerical simulations are presented. 

In Chapter 4, we give a functional relationship between the states of the 

“master”-“slave”and “slave”. This means that the final desired state y of the 

“slave”system not only depends upon the “master”system state x but also depends upon 

the state y itself. Namely, the “slave”system plays a rule to determine the final desired 

state y itself and is not a pure slave [36]. This kind of synchronization, is 

called“symplectic synchronization”*, and the “master”system is called partner A, the 

“slave”system is called partner B. The GYC pragmatical hybrid projective hyperchaotic 

generalized symplectic synchronization 

( , , , ) ( ) ( ) ( )y H x y z t px t z t y t= =                                       (1-2) 

is studied, where x, y are the state vectors of partner A and partner B, z is state vector of 

a different order chaotic system, p is a constant vector with positive and negative entries. 

When the“slave”state y is removed from the function , this traditional 

generalized synchronizations is obtained, which is the special cases of the symplectic 

synchronization. Namely: 

( , , , )H x y z t

( , , ) ( ) ( )y H x z t px t z t= =                                             (1-3) 

Numerical simulations show that it can be achieved. 
The term ‘‘symplectic’’ comes from the Greek for ‘‘interwined’’. H. Weyl first introduced the term in 1939 in his 
book “The Classical Groups”(P. 165 in both the first edition, 1939, and second edition, 1946, Princeton University 
Press).  
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In Chapter 5, a new generalized synchronization by GYC partial region stability is 

proposed [37, 38]. The Lyapunov function is a simple linear function and the controllers 

are simpler by using the GYC partial region stability theory. The simulation results are 

more precise because the controllers are in lower degree than that of traditional 

controllers. Numerical simulations can show that it can be achieved. In Chapter 6, chaos 

control by GYC partial region stability [37, 38] is also proposed.  

In Chapter 7, boids (short for “Birdoid”) control [39] is proposed as an artificial life 

program, simulating animal motion such as flocking behavior of birds, herding behavior 

of land animals and schooling behavior of fish [40]. Flocks and related synchronized 

group behaviors such as schools of fish or herds of land animals are both beautiful to 

watch and intriguing to contemplate. As with most artificial life simulations, boids 

exhibit complex flocking behavior, which arises from the interaction of simple local 

rules. Yet all evidence indicate that flock motion must be merely the aggregate result of 

the actions of individual animals, each acting solely on the basis of its own local 

perception of the world. The boids framework is often used in computer graphics, 

providing a realistic scene with a flock of birds, schools of fish or herds of animals. This 

approach assumes a flock is simply the result of the interaction between the behaviors of 

individual birds. The synchronization behavior of boids is also similar to chaotic 

synchronization, since flocks behave in a chaotic fashion and synchronize their speed 

with nearby flockmates. To simulate a flock we simulate the behavior of an individual 

bird, we also simulate portions of the bird’s perceptual mechanisms and aspects of the 

physics of aerodynamics flight. We investigate the complex flocking behavior and the 

emergent behavior by using computer simulations.  

In Chapter 8, lag synchronization for tachometer system is studied. Backstepping 

control is used to achieve the lag synchronization of two tachometer system. Controllers 

are obtained by backstepping design method that recursively interlace the choice of a 
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Lyapunov function with the design of feedback control. The simulations for the 

tachometer system show that the control technique is successful. 

This paper is organized as follows. In Chapter 2, chaos of tachometer system is 

presented. In Chapter 3, pragmatical hybrid projective hyperchaotic generalized 

synchronization (PHPHGS) of hyperchaotic tachometer system by adaptive 

backstepping control is introduced. In Chapter 4, pragmatical hybrid projective 

hyperchaotic symplectic synchronization of hyperchaotic tachometer systems with 

different order system by adaptive backstepping control is presented. In Chapter 5, 

hyperchaotic generalized synchronization of tachometer system by GYC partial region 

stability theory is shown. In Chapter 6, chaos control of tachometer system is studied by 

GYC partial region stability theory. In Chapter 7, boids control of chaos for tachometer 

system is introduced. In Chapter 8, lag synchronization for tachometer system is 

presented. Numerical simulations are shown in the end of this proposal. Finally, 

conclusions are drawn in Chapter 9. 
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Chapter 2 
 

Chaos of Tachometer System 
 

The tachometer system considered is shown in Fig. 1 [41]. The masses of the rods 

and vertical axis  are neglected, and ball A and B are assumed as particles with 

equal mass . The vertical axis rotates with constant speed η and is subjected to a 

vertical vibration 

1 2O O

1m

3sinA x  where 3x  is a state variable, A is the amplitude of vibration. 

 is the mass of the sleeve C, l is the length of rod BC, 2l is the length of AB.2m φ  is the 

angle between rod AB and vertical axis ,  is the spring constant of a restoring 

spiral spring which is used to restrain the angle 

1 2O O 1k

φ  caused by centrifugal forces of A 

and B,  is the viscous damping coefficient caused by friction in the bearings. Let 2k

1x =φ , 2x =φ� , 4x = 3x� .  

 

By Lagrange equation, the state equations for the autonomous tachometer system are    

                                                                      

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

−=

=

−−+−

+
−

+
=

=

34

43

2
22

2
112

11111
2
22

13212

1
2

21
2

21

sin

)cossin2cossin4

sinsin2sin2
(

sin42
1

xAx
dt
d

xx
dt
d

l
xk

l
xkxxmxxxm

l
xxAm

l
xgm

xmm
x

dt
d

xx
dt
d

η                (2-1) 

The third and fourth equations of system (2-1) give a simple harmonic vibration 

system. When A=0, at steady state, a given constant η corresponds to a definiteφ , 

therefore this system can be used as a tachometer.  
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Choose =3, =3, g=9.8, l=1.5, A=5, =4, =1. η is used as a variable 

parameter. η=1 gives period 1 motion, η=1.5 gives period 3 motion, η=4 gives chaotic 

motion. Taking η as abscissa, the Lyapunov exponents diagram is shown as Fig. 2. 

Hyperchaos [42] with two positive LE is found. Bifurcation diagram, phase portraits 

and Poincare maps, time histories, and power spectra are presented in Figs 3~6.  

1m 2m 1k 2k
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          Fig. 1  Sketch of a tachometer with vibrating base. 

 

       

 

         Fig. 2  Lyapunov exponents for tachometer system. 
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Fig. 3   Bifurcation diagram. 
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      Fig. 4   Phase portraits of η=1, η=1.5, η=4, respectively. 

 

  

 

  

 

    Fig. 5   Time histories of state variables for η=1.5, η=4, respectively. 
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Fig. 6   Power spectra for η=1, η=1.5, η=4. 
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Chapter 3 
 

Pragmatical Hybrid Projective Hyperchaotic 
Generalized Synchronization (PHPHGS) of 

Hyperchaotic Tachometer System by Adaptive 
Backstepping control 

 
In this chapter, pragmatical hybrid projective hyperchaotic generalized 

synchronization of two hyperchaotic tachometer system by adaptive backstepping 

control is obtained. The state vectors of Mathieu-Duffing system with hyperchaotic 

Lyapunov exponents are constituent of the functional relation between master system 

and slave system. Pragmatical hybrid projective hyperchaotic generalized 

synchronization is obtained and verified by numerical simulation. 

 

3.1  Pragmatical hybrid projective generalized synchronization 

scheme  

The drive system is described by 

)(xfx =�                                                          (3-1) 

where x = [  is the state vector, some parameters of Eq (3-1) are 

uncertain. The slave system is 

] nT
nxxx ℜ∈⋅⋅⋅ ,,, 21

uyfy += )(�                                                       (3-2) 

where y = [  is the state vector, and u is a controlled vector, some 

parameters of Eq (3-2) are estimated. The functional chaotic system is  

] nT
nyyy ℜ∈⋅⋅⋅ ,,, 21

)(zfz =�                                                          (3-3) 

where  is a hyperchaotic state vector and all parameters of  [ ] nT
nzzzz ℜ∈⋅⋅⋅= ,,, 21

Eq (3-3) are known.   
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The control target is forcing the slave system to track an n-dimensional desired vector  

[ ] [ ])()(),()(),()()(,),(),()( 33
2221

3
1121 tztxptztxptztxpthththth nnnn ⋅⋅⋅=⋅⋅⋅=  

where  are constant vector whose entries are either positive or negative to 

form hybrid projective synchronization. Define the error vector as  

nppp ,,, 21 ⋅⋅⋅

3)()()( pxzythtyte −=−= ,                                         (3-4) 

where .  [ ] nT
neeete ℜ∈⋅⋅⋅= ,,,)( 21

The controlling goal is that the error dynamical vector  
0lim =

∞→
e

t
                                                         (3-5) 

 
3.2 Hyperchaotic tachometer system and Mathieu-Duffing system with 

two positive Lyapunov exponents 

The tachometer system of four-dimension shown in Fig. 1 is given by: 
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η      (3-6) 

where , , , are state variables and , , A, l, g, ,  are constants, 

when , 

1x 2x 3x 4x 1k 2k 1m 2m

41 =k 12 =k , , =3, A=5, 32 =m 1m η =4.55, g=9.8, l=1.5, the system exhibits 

chaotic behavior with hyperchaotic Lyapunov exponents as shown in Fig. 2. 

 

The Mathieu-Duffing system of four-dimension is given by: 
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                          (3-7) 

where a=20.30, b=0.5970, c=0.005, d=-24.4400478, e=0.002, f=14.63, the system 

exhibits chaotic behavior with hyperchaotic Lyapunov exponents as shown in Fig. 7. 

 

3.3 Numerical simulations for pragmatical hybrid projective 

hyperchaotic generalized synchronization (PHPHGS) of 

hyperchaotic tachometer system by adaptive backstepping control 

 

The tachometer system is the master system: 
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where , A are uncertain parameters.  1k

 

The slave system is as follow: 
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dt
d

yy
dt
d

η     (3-9) 

where , 1̂k Â  are estimated parameters. 

Mathieu-Duffing system is the hyperchaotic functional system: 

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧
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=

+−−−−−=

=
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334

43

32
3
13

3
11312

21

fztzzzz
dt
d

zz
dt
d

dzczzbzazzbzazz
dt
d

zz
dt
d

                            (3-10)               

where a=20.3, b==0.597, c=0.005, d=-24.4399, t=0.002,f=14.63. 

 

In order to lead ( , , , ) to ( , , , ) , choose , 

, ,  as controller adding to Eq (3-9), namely: 

1y 2y 3y 4y 3
111 zxp 3

222 zxp 3
333 zxp 3

444 zxp 1u

2u 3u 4u
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⎪
⎪
⎪
⎪
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⎪
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dt
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η        (3-11) 
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Define error states as follows: 
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⎪
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⎨
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zxpye

zxpye

                                                (3-12)             

where , , , , , , , , , , ,  are states, , , , 

 are given parameters and we choose =3, =-4, =6, =-2 to give   

hybrid projective synchronization. 

1x 2x 3x 4x 1z 2z 3z 4z 1y 2y 3y 4y 1p 2p 3p

4p 1p 2p 3p 4p

 

Differentiating Eq (3-12) with respect to time, we obtain the error dynamics: 
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l
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l

yyAm
l

ygm
ymm

zzxdpzxcpzzzxbpzzxap
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++⋅⋅⋅+−−−=

+−−+=

�
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�

�

η

η
  (3-13) 

Choose a positive definite control Lyapunov function: 
2
11 2

1 eV =                                                         (3-14) 

Then by first equation of error dynamics, it is obtained that 

)3( 12
2
111

3
121

3
222211 uzzxpzxpzxpeeV +−−+=�                           (3-15)   

Choose , 2
2
111

3
121

3
2221 3 zzxpzxpzxpu ++−= 1112 )( eee −== α , Eq (3-15) can be 

written as 
2
11 eV −=� ＜0                                                     (3-16)  
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then  is asymptotically stable. When  is considered as a controller, 01 =e 2e )( 11 eα  

is an estimative function.  

Define 121122 )( eeeeW +=−= α  and 

122 eeW ��� += .                                                     (3-17) 

Choose a positive definite control Lyapunov function: 
2

1
2

212
~

2
1

2
1 kWVV ++=                                           (3-18)   

where 111
ˆ~ kkk −= ,  is estimated value of the unknown parameter . 1̂k 1k

Differentiating Eq (3-18), we obtain 

112212
~~ kkWWVV ���� ++=                                                 (3-19) 
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(3-20) 

Choose  

2
1

2
3
212

11 2
ˆ~

lm
Wzxpkk −=−= ��                                              (3-21) 
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+

−
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 (3-22) 

Eq (3-20) becomes:   
2

2
2
12 WeV −−=� ＜0                                                (3-23) 

then  is asymptotically stable. 02 =e

 

Choose a positive definite control Lyapunov function: 
2
3213 2

1 eVVV ++=                                                 (3-24) 

Differentiating Eq (3-24), it is obtained that: 

)3( 34
2
333

3
343

3
44443

2
2

2
1

33213

uzzxpzxpzxpeeWe

eeVVV

+−−++−−=

++= ����
               (3-25) 

Choose , and 4
2
333

3
343

3
4443 3 zzxpzxpzxpu ++−= 3314 )( eee −== α , Eq (3-25) 

becomes:  
2
3

2
2

2
13 eWeV −−−=� ＜0                                             (3-26) 

then  is asymptotically stable. 03 =e

When  is considered as a controller, 4e )( 31 eα  is a estimative function. Define 

343144 )( eeeeW +=−= α , then 

344 eeW ��� +=                                                      (3-27) 

Choose a positive definite control Lyapunov function: 
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22
43214

~
2
1

2
1 AWVVVV ++++=                                      (3-28) 

where AAA ˆ~
−= .                              

Differentiating Eq (3-28), it is obtained that 

AAAuzzxfpzxtpzzxp

zzxpxAzpyAeWWeWe

AAWWVVVV

�

������

~)ˆ()333

3sinsinˆ(

~~

4
2
4144

3
444

2
4

3
344

2
43443

3
443344

2
3

2
2

2
1

443214

−++−++

++−−+−−−=

++++=

      (3-29)          

Choose  

43
3
44 sinˆ~ WxzpAA −=−= ��                                            (3-30) 

2
4144

3
444

2
4

3
344

2
43443

3
443344

333

3sinˆsinˆ2

zzxfpzxtpzzxp

zzxpxzApYAeWu

+−−

−−++−=
                     (3-31)  

Eq (3-29) becomes: 
2

4
2
3

2
2

2
14 WeWeV −−−−=� ＜0                                        (3-32) 

then  is asymptotically stable. The backstepping design is accomplished. 

Numerical simulations show that the result is satisfactory as shown in Figs 8, 9, 10, 11, 

12, 13. 

04 =e

The Lyapunov function   4V�

2
43

2
3

2
21

2
14 )()( eeeeeeV +−−+−−=� ＜0                              (3-33) 

is a negative semi-definite function of , , , , , 1e 2e 3e 4e 1
~k A~ , while from Eqs (3-14), 

(3-18), (3-24), (3-28)  
22

1
2

43
2
3

2
21

2
14

~
2
1~

2
1)(

2
1

2
1)(

2
1

2
1 AkeeeeeeVV +++++++==              (3-34) 

is a positive definite function of Akeeee ~,~,,,, 14321 . 

The Lyapunov asymptotical stability theory can not be satisfied in this case. The 

common origin of error dynamics and parameter update dynamics cannot be determined 

to be asymptotically stable. By pragmatical asymptotical stability theory (see 

Appendix-A), D is a 6 -manifold, n = 6 and the number of error state variables p = 4. 

When  =  =  = = 0 and , 1e 2e 3e 4e 1̂k Â  take arbitrary values , , so X is a 2D 0V =�
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manifold, m = n – p = 6 – 4 = 2. m + 1≤  n are satisfied. By the pragmatical 

asymptotical stability theorem, not only the error vector e tends to zero but also all 

estimated parameters approach their uncertain parameters. PHPHGS of chaotic systems 

by adaptive backstepping control is accomplished. The equilibrium point  =  = 

 =  =  = 

1e 2e

3e 4e 1
~k A~  = 0 is pragmatically asymptotically stable. The numerical results 

are shown in Figs 8~13, the generalized synchronization is accomplished after 800s 

with hybrid projective constants =1, =-1, =1, =-1 with  is 600, 

 is 1012,  is 400, and  is 532. The estimated parameters approach 

the uncertain parameters of the chaotic system with two positive Lyapunov exponents as 

shown in Figs 12-13. The initial values of estimated parameters are = =0.                  

1p 2p 3p 4p )0(1e

)0(2e )0(3e )0(4e

)0(~
1k )0(~A
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 Fig. 7   The Mathieu-Duffing system with two positive Lyapunov exponents. 

 

 

 

        Fig. 8   Time history of  when  is 381.3. 1e 10e

 

 

         

 Fig. 9   Time history of  when  is 330.   2e 20e
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Fig. 10   Time history of  when  is 260. 3e 30e

 

            
Fig. 11   Time history of  when  is 230. 4e 40e

 

 
Fig. 12   Time history of 111

ˆ~ kkk −= . 
 

 
Fig. 13   Time history of AAA ˆ~

−= . 
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Chapter 4 
 

Pragmatical Hybrid Projective Hyperchaotic 
Symplectic Synchronization of Hyperchaotic 

Tachometer Systems with Different Order System by 
Adaptive Backstepping Control 

 

In this chapter, GYC pragmatical hybrid projective hyperchaotic symplectic 

synchronization (PHPHSS) of two hyperchaotic tachometer system with different order 

system as a constituent by adaptive backstepping control is obtained. The state vector of 

extended Lorenz system is the constituent of the functional relation between 

“master”-“slave” and “slave”. Traditional generalized synchronizations are special cases 

of the symplectic synchronization. GYC pragmatical asymptotical stability theorem is 

used. Both projective synchronization and projective antisynchronization are obtained. 

Pragmatical hybrid projective hyperchaotic symplectic synchronization is obtained and 

verified by numerical simulation. 

 
4.1   Synchronization scheme 

The partner A is described by 

)(xfx =�                                                          (4-1) 

where x =  is the state vector function, the parameters of Eq (4-1) 

are uncertain. The partner B is described by 

[ ] nT
nxxx ℜ∈⋅⋅⋅ ,,, 21

uyfy += )(�                                                       (4-2) 

where y = [  is the state vector, and u is a controlled vector, the 

parameters of Eq (4-2) are estimated. The functional different order chaotic system is  

] nT
nyyy ℜ∈⋅⋅⋅ ,,, 21

)(zfz =�                                                          (4-3) 

where  is a chaotic state vector function and all parameters of [ ] nT
nzzzz ℜ∈⋅⋅⋅= ,,, 21
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Eq (4-3) are known.   

The control target is forcing the state vector y of partner B to track an n-dimensional 

desired vector      
 [ ] [1 2 1 1 1 1 2 2 2 2( ) ( ), ( ), , ( ) ( ) ( ) ( ), ( ) ( ) ( ), ( ) ( ) ( )n nh t h t h t h t p x t y t z t p x t y t z t p x t y t z t= ⋅⋅⋅ = ⋅⋅⋅ ]n n n

i i

where  are constant vector with positive and negative entries.  nppp ,,, 21 ⋅⋅⋅

Define the tracking error as  

( ) ( ) ( )i i i i i ie t y t h t y p x y z= − = − , (i =1, 2,…,n)                          (4-4) 

where  denotes an error vector. [ ] nT
neeete ℜ∈⋅⋅⋅= ,,,)( 21

The controlling goal is that the error vector  
0lim =

∞→
e

t
                                                        (4-5)  

 

4.2 Hyperchaotic tachometer system and Lorenz system 

 

The tachometer system of four-dimension shown in Fig. 1 is given by: 
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xkxxmxxxm

l
xxAm
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xgm

xmmlm
xk

x
dt
d

xx
dt
d

η           (4-6) 

where , , , are state variables and , , A, l, g, ,  are constants, 

when , 

1x 2x 3x 4x 1k 2k 1m 2m

41 =k 12 =k , , =3, A=5, 32 =m 1m η =4.55, g=9.8, l=1.5, the system exhibits 

chaotic behavior with hyperchaotic Lyapunov exponents as shown in Fig. 2 . 

The Lorenz system of three-dimension is given by: 
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1 1 2 1

2 2 1 2 1

3 3 3 1 2

( )d z c z z
d t
d z c z z z z
d t
d z c z z z
d t

⎧ = −⎪
⎪
⎪ = − −⎨
⎪
⎪ = − +⎪⎩

3

1

                                    (4-7) 

where =10, =28, =8/3, the system exhibits chaotic behavior as shown in Fig. 

14. Choose Lorenz system as the different order system.  

1c 2c 3c

The fourth equation can be chosen as 2
4z z= . The equation (4-7) can be extended to 

four-state system:    

1 1 2 1

2 2 1 2 1 3

3 3 3 1 2

4 1 1 2 1

( )

2 ( )

d z c z z
d t
d z c z z z z
d t
d z c z z z
d t
d z c z z z
d t

⎧ = −⎪
⎪
⎪ = − −⎪
⎨
⎪ = − +
⎪
⎪
⎪ = −
⎩

                                    (4-8)     

4.3 Numerical simulations for pragmatical hybrid projective  
hyperchaotic symplectic synchronization of hyperchaotic 
tachometer systems with different order system by  
adaptive backstepping control  

The partner A of the tachometer system is: 
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η      (4-9) 

where , A are uncertain parameters. 1k
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The partner B of the tachometer system is: 
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where , 1̂k Â  are estimated parameters. 

 

Choose chaotic extended Lorenz system as a different order system: 

 

1 1 2 1

2 2 1 2 1 3

3 3 3 1 2

4 1 1 2 1

( )

2 ( )

d z c z z
d t
d z c z z z z
d t
d z c z z z
d t
d z c z z z
d t

⎧ = −⎪
⎪
⎪ = − −⎪
⎨
⎪ = − +
⎪
⎪
⎪ = −
⎩

                                   (4-11)    

        

where =10, =28, =8/3. 1c 2c 3c

 

In order to lead ( , , , ) to (1y 2y 3y 4y 1 1 1 1p x y z , 2 2 2 2p x y z , 3 3 3 3p x y z , 4 4 4 4p x y z ) , add 

, , ,  as controllers to Eq (4-10): 1u 2u 3u 4u
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Define error states as follows: 
1 1 1 1 1 1

2 2 2 2 2

3 3 3 3 3 3

4 4 4 4 4

e y p x y z
e y p x y z
e y p x y z
e y p x y z

= −⎧
⎪ = −⎪
⎨ = −⎪
⎪ = −⎩

2

4

                                                 (4-13)             

where 1x , , , , , , , , , , ,  are states, , , , 

 are constants, both positive and negative. We choose =0.0003, =-0.0004, 

=0.0006, =-0.0002 to give hybrid projective synchronization. 

2x 3x 4x 1z 2z 3z 4z 1y 2y 3y 4y 1p 2p 3p

4p 1p 2p

3p 4p

Differentiating Eq (4-13) with respect to time, we obtain the error dynamics: 
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Choose a positive definite Lyapunov function: 
2

1 1
1
2

V s= 1e

1

                                                       (4-15) 

where  is a positive constant. Then by first equation of error dynamics (4-14), it is 

obtained that 

1s

1 1 1 2 2 2 3 2 1 2 1 1 1 1 1 1 2 1 1 1 1 1 1 1 2 1 1( )V s e e p x y z p x y z p c x y z p c x y z p x y z u= + − − + − +�       (4-16)              

Choose ,1 2 2 3 2 1 2 1 1 1 1 1 1 2 1 1 1 1 1 1 1 2u p x y z p x y z p c x y z p c x y z p x y z= − + + − + 1112 )( eee −== α , 

Eq (4-16) could be written as 
2

1 1V s e= −�
1 ＜0                                                    (4-17)  

01 =e  is asymptotically stable. When  is considered as a controller, 2e )( 11 eα  is an 

estimative function. Define 121122 )( eeeeW +=−= α  and 

122 eeW ��� +=                                                      (4-18) 

Choose a positive definite Lyapunov function: 
2

2 1 2 2
1 1
2 2

V V s W k= + + �2
1                                              (4-19)  

where 111
ˆ~ kkk −= ,  is estimated value of the unknown parameter k ,  is a 

positive constant. Differentiating Eq (4-19), we obtain 

1̂k 1 2s

2 1 2 2 2 1V V s W W k k= + + �� �� � �
1

 

              

(4-20) 

    

2 1 1 1 1 1 1 1 2 1 2 1 2 2 1 1 2 2
2 1 2 2 2 1 2 2 2 2

1 1 1 1

2 2 2 2 1 2 2 2 2 2 2 2 1 3

22 3 12 1
2 2 1 12

1 2 1

2 2 2
1 1 1 2

ˆ ˆ ˆ
{

2 2 2 2

2 sin sin2 sin1 ( 4
2 4 sin

2 sin cos )

k e k p x y z p k x y z p k x y zV e s W W e
m l m l m l m l

p c x y z p x y z p x y z z
m A y ym g y m y y y

m m y l l
k ym y y

l
η

= − + − − − + +

− + + + ⋅ ⋅ ⋅

+ − + −
+

+ −

−

�

     (4-21) 

sin cos

22 3 12 2 2 2 1
2 2 1 12

1 2 1

2 2 2
1 1 1 2

22 3 12 2 2 2 1
2 2 1 12

1 2 1

2 2 2
1 1 1 2

2 1 1 1

2 sin sin2 sin( 4
2 4 sin

2 sin cos )

2 sin sin2 sin( 4
2 4 sin

2 sin cos )

ˆ} ( )

m A x xp y z m g x m x x x
m m x l l

k xm x x
l

m A y yp x z m g y m y y y
m m y l l

k ym y y
l

u k k k

η

η

− + −
+

+ −

−
− + −

+

+ −

+ + − ��

sin cos

sin cos
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Choose  
2 1 2 2 2 2

1 1 2
1

ˆ
2

p x y z W sk k
m l

= − = −���                                            (4-22) 

1 1 1 1 1 1 1 2 1 2 1 2 2 1 1 2 2
2 2 1 2 2 2 2

1 1 1 1

2 2 2 2 1 2 2 2 2 2 2 2 1 3

22 3 12 1
2 2 1 12

1 2 1

2 2 2
1 1 1 2

2 2 2

ˆ ˆ ˆ ˆ
2

2 2 2 2

2 sin sin2 sin1 ( 4
2 4 sin

2 sin cos )

2

k e k p x y z p k x y z p k x y zu W e
m l m l m l m l

p c x y z p x y z p x y z z
m A y ym g y m y y y

m m y l l
k ym y y
l

p y z
m

η

= − + + + − −

+ − − + ⋅⋅⋅

− − + −
+

+ −

+

sin cos

22 3 12 1
2 2 1 12

1 2 1

2 2 2
1 1 1 2

22 3 12 2 2 2 1
2 2 1 12

1 2 1

2 2 2
1 1 1 2

2 sin sin2 sin( 4
4 sin

2 sin cos )

2 sin sin2 sin( 4
2 4 sin

2 sin cos )

m A x xm g x m x x x
m x l l

k xm x x
l

m A y yp x z m g y m y y y
m m y l l

k ym y y
l

η

η

− + −
+

+ −

−
+ + −

+

+ −

sin cos

sin cos

2
2

        (4-23) 

Take the initial value of uncertain parameter as . Eq (4-21) becomes:  

＜0                                              (4-24) 

1̂(0) 3.998440k =

2
2 1 1 2V s e s W= − −�

02 =e  is asymptotically stable. 

Choose a positive definite Lyapunov function: 
2

3 1 2 3
1
2

V V V s e= + + 3

3

                                                (4-25) 

where  is a positive constant. Differentiating Eq (4-25), it is obtained that: 3s

3 1 2 3 3 3

2 2
1 2 3 3 4 4 4 4 4 3 4 3 3 3 3 3 3

3 3 3 1 2 3 3 3 4 3

(
)

V V V s e e

e W s e e p x y z p x y z p c x y z
p x y z z p x z y u

= + +

= − − + + − +

− − +

� � � �

                 (4-26) 

Choose  

3 4 4 4 4 3 4 3 3 3 3 3 3 3 3 3 3 1 2 3 3 3 4 3u p x y z p x y z p c x y z p x y z z p x z y u= − + − + + +  

3314 )( eee −== α  

Eq (4-26) becomes:  
2 2

3 1 1 2 2 3V s e s W s e= − − −� 2
3 ＜0                                         (4-27) 

03 =e  is asymptotically stable. 
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When  is considered as a controller, 4e )( 31 eα  is a estimative function. Define 

343144 )( eeeeW +=−= α , then 

344 eeW ��� +=                                                      (4-28) 

Choose a positive definite Lyapunov function: 
2

4 1 2 3 4 4
1 1
2 2

V V V V s W A= + + + + � 2                                       (4-29)      

where AAA ˆ~
−= ,  is a positive constant. 4s

Differentiating Eq (4-29), it is obtained that 

4 1 2 3 4 4 4

2 2 2
1 1 2 2 3 3 4 4 4 3 4 4 4 3

2
4 1 4 4 1 2 4 1 4 4 1 4 4 4 3 4

ˆ( sin sin
ˆ ˆ2 2 sin ) (

V V V V s W W AA

s e s W s e s W e A y p Ay z x

)p c x y z z p c x y z p Ax z y u A A A

= + + + +

= − − − + − +

− + + + +

�� �� � � � �

��−

           (4-30)          

Choose  

4 4 4 3 4
ˆ sinA A p y z x W= − = −���                                           (4-31) 

4 4 3 3 4 4 4 3 4 1 4 4

2
4 1 4 4 1 4 4 4 3

ˆ ˆ2 sin sin 2
ˆ2 sin

u W e A y p Ay z x p c x y z

p c x y z p Ax z y

= − + + − +

− −
1 2z

2
4

2)

                  (4-32) 

Take the initial value of uncertain parameter as . Eq (4-30) becomes: ˆ (0) 4.99379A =
2 2 2

4 1 1 2 2 3 3 4V s e s W s e s W= − − − −� ＜0                                     (4-33) 

04 =e  is asymptotically stable. The backstepping design is accomplished. Numerical 

simulations show that the result is satisfactory as shown in Figs 15~20. 

The Lyapunov function   4V�

2 2 2
4 1 1 2 1 2 3 3 4 3 4( ) (V s e s e e s e s e e= − − + − − +� ＜0                            (4-34) 

is a negative semi-definite function of , , , , , 1e 2e 3e 4e 1
~k A~ , while from Eqs (4-15), 

(4-19), (4-25), (4-29)  
2 2 2 2 2

4 1 1 2 1 2 3 3 4 3 4 1
1 1 1 1 1 1( ) ( )
2 2 2 2 2 2

V V s e s e e s e s e e k A= = + + + + + + +� � 2           (4-35) 

is a positive definite function of Akeeee ~,~,,,, 14321 . 

The Lyapunov asymptotical stability theory can not be satisfied in this case. The 

common origin of error dynamics and parameter update dynamics cannot be determined 
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to be asymptotically stable. By GYC pragmatical asymptotical stability theorem (see 

Appendix-A) D is a 6 -manifold, n = 6 and the number of error state variables p = 4. 

When  =  =  = = 0 and , 1e 2e 3e 4e 1̂k Â  take arbitrary values , , so X is a 

2D manifold, m = n – p = 6 – 4 = 2. m + 1

0V =�

≤  n are satisfied. By GYC the pragmatical 

asymptotical stability theorem, not only the error vector e tends to zero but also all 

estimated parameters approach their uncertain parameters. PHPHSS of chaotic systems 

by adaptive backstepping control is accomplished. The equilibrium point  =  = 

 =  =  = 

1e 2e

3e 4e 1
~k A~  = 0 is pragmatically asymptotically stable. The numerical results 

are shown in Figs 15~20, the generalized synchronization is accomplished after 20s 

with  and hybrid projective constants =0.0003, 

=-0.0004, =0.0006, =-0.0002, =697.9, =654.16,  = 

478.402, and = 464.3712. The estimated parameters approach the uncertain 

parameters of the hyperchaotic system as shown in Figs 19-20. The initial values of 

estimated parameters are = =0.              

1 2 3 4 0.0001s s s s= = = = 1p

2p 3p 4p )0(1e )0(2e )0(3e

)0(4e

)0(~
1k )0(~A
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Fig. 14   Phase portrait of chaotic for Lorenz system. 
 

 
 
Fig. 15   Time history of  when  is  697.9. 1e 10e

 

 
 
Fig. 16   Time history of  when  is  654.16. 2e 20e

 

 
 

Fig. 17   Time history of  when  is  478.402. 3e 30e
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Fig. 18   Time history of  when  is  464.3712. 4e 40e

 

 
 

Fig. 19   Time history of . 1̂k
 

 
 

Fig. 20   Time history of Â . 
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Chapter 5 
 

Hyperchaotic Generalized Synchronization of 
Tachometer Systems by GYC Partial Region Stability 

Theory 
 

In this chapter, hyperchaotic generalized synchronization of tachometer systems by 

GYC partial region stability theory is proposed. The Lyapunov function is a simple 

linear function and the controllers are simpler by using the GYC partial region stability 

theory. The simulation results are more precise because the controllers are in lower 

degree than that of traditional controllers. Hyperchaotic generalized synchronization of 

tachometer system by GYC partial region stability is obtained and verified by numerical 

simulation. 

 
5.1 Chaos generalized synchronization strategy by GYC partial region 

stability theory 
Consider the following unidirectional coupled chaotic systems  

( , )
( , )
t
t

=
= +

x f x
y h y u
�
�

            (5-1) 

where [ ]1 2, , , T n
nx x x R= ∈x " , [ ]1 2, , , T n

ny y y=y " R∈  denote two state vectors, f  

and  are nonlinear vector functions, and h [ ]1 2, , , T n
nu u u R=u " ∈  is a control input 

vector. 

The generalized synchronization can be accomplished when , the limit of the 

error vector 

t →∞

[ ]1 2, , , T
ne e e=e "  approaches zero: 

lim 0
t→∞

=e     (5-2) 

where  
                                                    (5-3) ( )= −e G x y
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By using the GYC partial region stability theory (Appendix-B), the Lyapunov function 

is a homogeneous linear function and the controllers can be designed in lower degree. 

 
5.2 Hyperchaotic tachometer system and a new hyperchaotic  

Mathieu-Duffing system 

The tachometer system of four-dimension shown in Fig. 1 is given by: 

 

1 2

2 32 1
2 2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

3 4

4 3

2 sin sin2 sin1 (
2 4 sin

4 sin cos 2 sin cos

sin

d x x
dt

m A x xm g xd x
dt m m x l l

k x k xm x x x m x x
l l

d x x
dt
d x A x
dt

η

⎧ =⎪
⎪

−⎪ = +⎪ +
⎪
⎪ − + −⎨
⎪
⎪ =⎪
⎪
⎪ = −⎪
⎩

1

)−          (5-4) 

where , , , are state variables and , , A, l, g, ,  are constants, 

when , 

1x 2x 3x 4x 1k 2k 1m 2m

41 =k 12 =k , , =3, A=5, 32 =m 1m η =4.55, g=9.8, l=1.5. The system 

exhibits chaotic behavior with hyperchaotic Lyapunov exponents in Fig. 2. Its phase 

portrait as shown in Fig. 21. 

 

The new hyperchaotic Mathieu-Duffing System is given by: 

 

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

+−−−=

=

+−−−−−=

=

14
3
334

43

32
3
13

3
11312

21

fztzzzz
dt
d

zz
dt
d

dzczzbzazzbzazz
dt
d

zz
dt
d

                       (5-5) 
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where its initial states is (5, 6, 4, 3), system parameters are a=5, b=0.597, c=0.005, d=-5, 

t=0.002, f=9, the system exhibits chaotic behavior with hyperchaotic Lyapunov 

exponents and its phase portrait as shown in Fig. 7 and Fig. 22. 
 
5.3 Numerical simulations for hyperchaotic generalized 

synchronization of tachometer system by GYC partial region 
stability theory 

The tachometer system is the master system: 

 

1 2

2 32 1
2 2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

3 4

4 3

2 sin sin2 sin1 (
2 4 sin

4 sin cos 2 sin cos

sin

d x x
dt

m A x xm g xd x
dt m m x l l

k x k xm x x x m x x
l l

d x x
dt
d x A x
dt

η

⎧ =⎪
⎪

−⎪ = +⎪ +
⎪
⎪ − + −⎨
⎪
⎪ =⎪
⎪
⎪ = −⎪⎩

1

)−                  (5-6) 

The slave system is as follow: 

 

1 2 1

2 3 12 1
2 2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 22 2

3 4 3

4 3 4

2 sin sin2 sin1 (
2 4 sin

4 sin cos 2 sin cos )

sin

d y y u
dt

m A y ym g yd y
dt m m y l l

k y k ym y y y m y y u
l l

d y y u
dt
d y A y u
dt

η

⎧ = +⎪
⎪

−⎪ = +⎪ +
⎪
⎪ − + − −⎨
⎪
⎪ = +⎪
⎪
⎪ = − +⎪
⎩

+               (5-7) 
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CASE I. The generalized synchronization error function is e y x g= − + . 
Our goal is , i.e.                        (5-8) y x g= − lim lim( ) 0

t t
e y x g

→∞ →∞
= − + =

where  are constants. 1 2 3 4 50g g g g= = = =

The error dynamics becomes: 

 
2 2

1 1 1 2 2 2 2 1

2 2 2

2 32 1
2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

2 3 12 1
2

1 2 1

2
2 2 1 1 1

2 2

2 sin sin2 sin1 (
2 4 sin

4 sin cos 2 sin cos

2 sin sin2 sin1 (
2 4 sin

4 sin cos 2 sin

e y x y x e e u
e y x

m A y ym g y
m m y l l

k y k ym y y y m y y
l l

m A x xm g x
m m x l l

m x x x m x

η

= − = − + − +
= −

−
= +

+

− + −

−
− +

+

− +

� � �
� � �

1

)−

2 1 1 2 2
1 1 2 2

2 2
2 2 2

2 2
3 3 3 4 4 3 3 3

2 2
4 4 4 3 3 3 3 4

cos )

2 2

2 2

sin sin 2 2

k x k xx
l l

e e u

e y x y x e e u

e y x A y A x e e u

η − −

+ − +

= − = − + − +

= − = − + + − +

� � �
� � �

           (5-9) 

 

Let initial state be 10 20 30 40( , , , )x x x x = (1.53,-0.47,1.415,0.5), = 

,we find that the error dynamics always exists in first quadrant as shown 

in Fig. 23. By GYC partial region asymptotical stability theorem, one can choose a 

linear positive definite Lyapunov function in first quadrant: 

10 20 30 40( , , ,y y y y )

4

(1.7,1,1.6,0.8)

1 2 3V e e e e= + + +                                         (5-10) 

Its time derivative is 
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( )
1 2 3 4

2 2
2 2 2 2 1

2 32 1
2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

2 3 12 1
2

1 2 1

2
2 2 1 1 1 1

2 2

2 sin sin2 sin1( (
2 4 sin

4 sin cos 2 sin cos

2 sin sin2 sin1 (
2 4 sin

4 sin cos 2 sin co

V e e e e

y x e e u

m A y ym g y
m m y l l

k y k ym y y y m y y
l l

m A x xm g x
m m x l l

m x x x m x

η

= + + +

= − + − +

−
+ +

+

− + −

−
− +

+

− +

� � � � �

1

)−

2 1 1 2 2
1 2 2

2 2 2 2
2 2 2 4 4 3 3 3

2 2
3 3 3 3 4

s )

2 2 ) ( 2 2 )

( sin sin 2 2 )

k x k xx
l l

e e u y x e e u

A y A x e e u

η − −

+ − + + − + − +

+ − + + − +

          (5-11) 

Choose  
2

1 2 2 1 2

2 3 12 1
2 2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

2 3 12 1
2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2

2
2 sin sin2 sin1 (

2 4 sin

4 sin cos 2 sin cos )

2 sin sin2 sin1 (
2 4 sin

4 sin cos 2 sin cos

u y x e e
m A y ym g yu

m m y l l
k y k ym y y y m y y
l l

m A x xm g x
m m x l l

k x k xm x x x m x x
l l

η

η

= − + − +
−

= − +
+

− + − −

−
+ +

+

− + − − 2
2 22

2
3 4 4 3 3

2
4 3 3 4 3

) 2

2

sin sin 2

e e

u y x e e

u A y A x e e

− −

= − + − +

= + − − −

      (5-12) 

We obtain 

1 2 3 4 0V e e e e= − − − − <�                                       (5-13) 

which is negative definite function in first quadrant. Four state errors versus time and 

time histories of states are shown in Fig. 24 and Fig. 25.  

 

CASE II. The generalized synchronization error function is sin gi i i ie y x F t iω= − + +   

. Our goal is ( 1,2,3,4)i = lim lim( sin ) 0i i i i it t
e x F t gω

→∞ →∞
= − + +y = . 

where , 1 2 3 4 30g g g g= = = = 1 2 3 4 20,F F F F= = = =  0.2ω = are constants. 
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The error dynamics becomes: 

 
2 2

1 2 2 1 2 2

2 32 1
2 2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

2 3 12 1
2

1 2 1

2 2
2 2 1 1 1 1 1

cos 2 2
2 sin sin2 sin1 (

2 4 sin

4 sin cos 2 sin cos

2 sin sin2 sin1 (
2 4 sin

4 sin cos 2 sin cos

e y x u F t e e
m A y ym g ye

m m y l l
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m A x xm g x
m m x l l

m x x x m x x

ω ω

η

η

= − + + + −

−
= +

+

− + −

−
− +

+

− +

�

� 1

)−

1 1 2 2
2 2

2 2
2 2 2

2 2
3 4 4 3 3 3

2 2
4 3 3 4 3 3

)

cos 2 2

cos 2 2

sin sin cos 2 2

k x k x
l l

u F t e e

e y x u F t e e

e A y A x u F t e e

ω ω

ω ω

ω ω

− −

+ + + −

= − + + + −

= − + + + + −

�
�

              (5-14) 

Let initial states be 10 20 30 40( , , , )x x x x = (1.53,-0.47,1.415,0.5), =  10 20 30 40( , , ,y y y y )

4

(1.7,1,1.6,0.8) , we find the error dynamics always exists in first quadrant as shown in 

Fig. 26. By GYC partial region asymptotical stability theorem, one can choose a linear 

positive definite Lyapunov function function in first quadrant: 

1 2 3V e e e e= + + +                                               (5-15) 

Its time derivative is 

 
( )2 2

2 2 1 2 2

2 3 12 1
2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

2 3 12 1
2

1 2 1

2 2 1
2 2 1 1 1 1 1
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2 sin sin2 sin1( (
2 4 sin

4 sin cos 2 sin cos )

2 sin sin2 sin1 (
2 4 sin
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V y x u t e e
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k y k ym y y y m y y
l l

m A x xm g x
m m x l l

k xm x x x m x x

ω ω

η

η

= − + + + −

−
+ +

+
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−
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+

− + −

�
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1 2 2
2 2

2 2 2 2
2 2 2 4 4 3 3

2 2
3 3 4 3 3

)

cos 2 2 ) cos 2 2

( sin sin cos 2 2 )

k x
l l

u t e e y x u t e e

A y A x u t e e

ω ω ω ω

ω ω

−

+ + + − + − + + + −

+ − + + + + −

3

      (5-16) 
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Choose  

 
2

1 2 2 1 2

2 32 1
2 2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

2 3 12 1
2

1 2 1

2 2 1 1
2 2 1 1 1 1 1

cos 2
2 sin sin2 sin1 (

2 4 sin

4 sin cos 2 sin cos

2 sin sin2 sin1 (
2 4 sin

4 sin cos 2 sin cos

u y x F t e e
m A y ym g yu

m m y l l
k y k ym y y y m y y
l l

m A x xm g x
m m x l l

k xm x x x m x x

ω ω

η

η

= − + − − +

−
= − +

+

− + −

−
+ +

+

− + −

1

)−

2 2
2 2

2
2 2

2
3 4 4 3 3

2
4 3 3 4 3

)

cos 2

cos 2

sin sin cos 2

k x
l l

F t e e

u y x F t e e

u A y A x F t e e

ω ω

ω ω

ω ω

−

− − −

= − + − − +

= + − − − −

      (5-17) 

 

We obtain 

1 2 3 4 0V e e e e= − − − − <�                                       (5-18) 

which is negative definite function in first quadrant. Four state errors versus time and 

time histories of  and i iy x g− + i siniF tω− ( 1,2,3,4)i =  are shown in Fig. 27. and 

Fig. 28.  

 

CASE III. The generalized synchronization error function is 21
2i i ie y x g= − + i  

. Our goal is ( 1,2,3,4)i =

 21lim lim( ) 0
2i i i it t

e y x g
→∞ →∞

= − + = . 

where  are constants. 1 2 3 4 30g g g g= = = =

The error dynamics becomes: 
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2 2
1 2 1 2 2 2 1

2 32 1
2 2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

2 3 12 2 1
2

1 2 1

2 2 1 1
2 2 1 1 1 1 1

2 2
2 sin sin2 sin1 (

2 4 sin

4 sin cos 2 sin cos

2 sin sin2 sin(
2 4 sin

4 sin cos 2 sin cos

e y x x e e u
m A y ym g ye

m m y l l
k y k ym y y y m y y
l l

m A x xx m g x
m m x l l

k xm x x x m x x

η

η

= − + − +

−
= +

+

− + −

−
− +

+

− + −

�

� 1

)−

2 2
2 2

2 2
2 2 2

2 2
3 4 3 4 3 3 3

2 2
4 3 4 3 4 4 4

)

2 2

2 2

sin sin 2 2

k x
l l

e e u

e y x x e e u

e A y Ax x e e u

−

+ − +

= − + − +

= − + + − +

�
�

        (5-19) 

 

Let initial states be  10 20 30 40( , , , )x x x x = (1.53,-0.47,1.415,0.5), =  10 20 30 40( , , ,y y y y )

(1.7,1,1.6,0.8) , we find the error dynamics always exists in first quadrant as shown in 

Fig. 29. By GYC partial region asymptotical stability theorem, one can choose a linear 

positive definite Lyapunov function function in first quadrant: 

1 2 3 4V e e e e= + + +                                           (5-20) 

Its time derivative is 

 
( )2 2

2 1 2 2 2 1

2 32 1
2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

2 3 12 2 1
2

1 2 1

2 2 1 1
2 2 1 1 1 1 1 2
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2 sin sin2 sin1( (
2 4 sin
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Choose  
2

1 2 1 2 1 2

2 32 1
2 2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

2 3 12 2 1
2

1 2 1

2 2 1 1 2
2 2 1 1 1 1 1 2

2
2 sin sin2 sin1 (

2 4 sin

4 sin cos 2 sin cos

2 sin sin2 sin(
2 4 sin

4 sin cos 2 sin cos

u y x x e e
m A y ym g yu

m m y l l
k y k ym y y y m y y
l l

m A x xx m g x
m m x l l

k x km x x x m x x
l

η

η

= − + − +
−

= − +
+

− + −

−
+ +

+

− + −

1

)−

− 2
2

2
2 2

2
3 4 3 4 3 3

2
4 3 3 4 3

)

cos 2

2

sin sin 2

x
l

F t e e

u y x x e e

u A y A x e e

ω ω− − −

= − + − +

= + − − −

           (5-22) 

We obtain 

1 2 3 4 0V e e e e= − − − − <�                                           (5-23) 

which is negative definite function in first quadrant. Four state errors versus time are 

shown in Fig. 30.  

CASE IV. The generalized synchronization error function is = − + +e y x z g ,  is 

the state vector of new Mathieu-Duffing system, where 

z

1 2 3 4 50g g g g= = = =  are 

constants. 

The goal system for synchronization is the new Mathieu-Duffing system 

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

+−−−=
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+−−−−−=

=
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3
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3
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fztzzzz
dt
d

zz
dt
d

dzczzbzazzbzazz
dt
d

zz
dt
d

                      (5-24) 

Our goal is 
  lim lim( ) 0

t t→∞ →∞
= − + + =e y x z g
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The error dynamics becomes: 
2 2
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          (5-25) 

Let initial states be 10 20 30 40( , , ,x x x x = (1.53,-0.47,1.415,0.5), = 

, we find that the error dynamics always exists in first quadrant as shown 

in Fig. 31. By GYC partial region asymptotical stability theorem, one can choose a 

linear positive definite Lyapunov function function in first quadrant: 

10 20 30 40( , , ,y y y y )

(1.7,1,1.6,0.8)

1 2 3 4V e e e e= + + +                                           (5-26) 

Its time derivative is 
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          (5-27) 
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Choose  
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      (5-28) 

We obtain 

1 2 3 4 0V e e e e= − − − − <�                                       (5-29) 

which is negative definite function in first quadrant. Four state errors versus time and 

time histories of  and y x gi i− + i iz−  ( 1,2,3,4i )=  are shown in Fig. 32. and Fig. 

33. 
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            Fig. 21  Phase portrait for tachometer system. 

 
 

 
Fig. 22  Chaotic phase portraits for Mathieu-Duffing system in the first quadrant.  

 
 

 
 

Fig. 23  Phase portrait of error dynamics for Case I. 
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Fig. 24  Time histories of errors for Case I. 
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Fig. 25  Time histories of x1, x2, x3, , y4x 1, y2, y3,  4y for Case I. 
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Fig. 26  Phase portrait of error dynamics for Case II. 
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Fig. 27  Time histories errors for Case II. 
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Fig. 28  Time histories of y x gi i i− +  and  F sin ti ω−  ( 1,2,3,4i )=   
for Case II. 

 

 
 

Fig. 29  Phase portrait of error dynamics for Case III. 
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Fig. 30  Time histories errors for Case III. 
 

 
 

Fig. 31  Phase portraits of error dynamics for Case IV. 
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Fig. 32  Time histories errors for Case IV. 
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Fig. 33  Time histories of iy x gi i− +  and z i−  ( 1,2,3,4)i =  for Case 
IV. 
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Chapter 6 
 

Chaos Control of Tachometer System by GYC Partial 
Region Stability Theory 

 
In this chapter, chaos control of tachometer system by GYC partial region stability is 

proposed. The Lyapunov function is a simple linear function and the controllers are 

more simple by using the GYC partial region stability theory. The simulation results are 

more precise because the controllers are in lower order than that of traditional 

controllers. Chaos control of tachometer system by GYC partial region stability is 

obtained and verified by numerical simulation. 

 
6.1 Chaos control scheme 

Consider the following chaotic systems 

( , )t=x f x�                                                        (6-1) 

where [ ]1 2, , , T n
nx x x=x " R∈ n is a state vector, : nR R R+ × →f  is a vector function. 

The goal system which can be either chaotic or regular, is  

( , )t=y g y�                                                        (6-2) 

where [ ]1 2, , , T n
ny y y=y " R∈ n is a state vector, : nR R R+ × →g  is a vector function. 

In order to make the chaotic state  approaching the goal state x y , define = −e x y  

as the state error. The chaos control is accomplished in the sense that [38, 43-49]: 
lim lim( ) 0
t t→∞ →∞

= − =e x y                                             (6-3) 

In this chapter, we will use examples in which the e state is placed in the first quadrant 

of coordinate system and use the GYC partial region stability theory, The Lyapunov 

function is a simple linear function and the controllers are more simple by using the 

GYC partial region stability theory (Appendix-B). The simulation results are more 

precise because the controllers are in lower order than that of traditional controllers.  
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6.2 Hyperchaotic tachometer system and new hyperchaotic  

Mathieu-Duffing system 

The tachometer system of four-dimension shown in Fig. 1 is given by: 

1 2

2 32 1
2 2

1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 2 2

3 4

4 3

2 sin sin2 sin1 (
2 4 sin

4 sin cos 2 sin cos

sin

d x x
dt

m A x xm g xd x
dt m m x l l

k x k xm x x x m x x
l l

d x x
dt
d x A x
dt

η

⎧ =⎪
⎪

−⎪ = +⎪ +
⎪
⎪ − + −⎨
⎪
⎪ =⎪
⎪
⎪ = −⎪
⎩

1

)−                     (6-4) 

where , , , are state variables and , , A, l, g, ,  are constants, 

when , 

1x 2x 3x 4x 1k 2k 1m 2m

41 =k 12 =k , , =3, A=5, 32 =m 1m η =4.55, g=9.8, l=1.5. The system 

exhibits chaotic behavior with hyperchaotic Lyapunov exponents in Fig. 2. Its phase 

portrait as shown in Fig. 21. 

 

The new hyperchaotic Mathieu-Duffing System is given by: 

1 2

3 3
2 1 3 1 1 3 1 2

3 4

3
4 3 3 4 1

d z z
dt
d z az bz z az bz z cz dz
dt
d z z
dt
d z z z gz fz
dt

⎧ =⎪
⎪
⎪ = − − − − − +⎪
⎨
⎪ =
⎪
⎪
⎪ = − − − +
⎩

3

                          (6-5) 

where its initial states is (2, 3, 4, 2.5), system parameters are a=5, b==0.5970, c=0.005, 

d=-5, g=0.002, f=9, the system exhibits chaotic behavior with hyperchaotic Lyapunov 

exponents and its phase portraits as shown in Fig. 7 and Fig. 22. 
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6.3 Numerical simulations for hyperchaotic tachometer system and 

new hyperchaotic Mathieu-Duffing system 

CASE I. Control the chaotic motion to zero. 

The old origin of the tachometer system is translated to 1 2 3 4( , , , )x x x x =  

where   

1 2 3 4( , , , )g g g g

1 2 3 45, 5, 5, 5g g g g= = = =
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⎪
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⎪
⎪
⎪
⎩

)
           (6-6) 

and the chaotic motion always happens in the first quadrant of coordinate system 

1 2 3 4( , , , )x x x x . This tachometer system is presented as simulated examples where the 

initial conditions is . The chaotic motion is shown in 

Fig. 34. 

10 20 30 406.53, 5.53, 6.415, 5.5x x x x= = = =

 

In order to lead 1 2 3 4( , , , )x x x x  to the goal, we add controllers to each 

equation of Eq. (6-6), respectively: 

1 2 3 4, , ,u u u u
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          (6-7) 

 

In this case, we will control the chaotic motion of the tachometer system (6-8) to zero. 

The goal is . The state error is 0y = i i ie x y xi= − = where (1,2,3,4)i =  and error 

dynamics becomes: 
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          (6-8) 

In Fig. 35, we see that the error dynamics always exists in first quadrant.  

 

By GYC partial region stability, one can easily choose a linear Lyapunov function in the 

form of a positive definite function in first quadrant as: 

1 2 3V e e e e= + + +                                                (6-9) 
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Its time derivative through error dynamics (6-8) is  
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  (6-10) 

Choose  
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          (6-11) 

We obtain 

1 2 3 4 0V e e e e= − − − − <�                                       (6-12) 

which is negative definite function in first quadrant. The numerical results are shown in 

Fig. 36. After 30 sec, the motion trajectories approach the origin. 
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CASE II. Control the chaotic motion to a sine function. 

The tacometer system of which the old origin is translated to 

1 2 3 4( , , , )x x x x = 1 2 3 4( , , , )g g g g  where 1 2 3 430, 30, 30, 30g g g g= = = =  

and the chaotic motion always happens in the first quadrant of coordinate system 

1 2 3 4( , , , )x x x x . This tachometer system is presented as simulated examples where the 

initial conditions is .  10 20 30 4031.53, 29.53, 31.415, 30.5x x x x= = = =

 

In this case we will control the chaotic motion of the tachometer system (6-6) to sine 

function of time. The goal is siny F tω= . The error equation  

sini i i i ie x y x F tω= − = −                                    (6-13) 

cosi i i i i ie x y x F tω ω= − = −� � � �  

where , 0.5F = 1 0.1ω = , 2 0.2ω = , 3 0.15ω = , 4 0.3ω = . Our goal is: 
lim lim( sin ) 0, ( 1, 2,3, 4)i i i it t

e x F t iω
→∞ →∞

= − = =  

The error dynamics is 
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      (6-14) 

In Fig. 37, the error dynamics always exists in first quadrant. 
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By GYC partial region stability, one can easily choose a linear Lyapunov function in 

the form of a positive definite function in first quadrant as: 

1 2 3V e e e e= + + + 4                                              (6-15) 

Its time derivative is 
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  (6-16) 
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      (6-17) 

 

We obtain 

1 2 3 4 0V e e e e= − − − − <�                                          (6-18) 
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which is negative definite function in first quadrant. The numerical results are shown in 

Fig.38 and Fig. 49. After 30 sec., the errors approach zero and the motion trajectories 

approach to sine functions. 

 

CASE III. Control the chaotic motion of tachometer system to chaotic motion of a new 

hyperchaotic Mathieu-Duffing System. 

The tachometer system of which the old origin is translated to 

1 2 3 4( , , , )x x x x = 1 2 3 4( , , , )g g g g  where 1 2 3 430, 30, 30, 30g g g g= = = =  

and the chaotic motion always happens in the first quadrant of coordinate system 

1 2 3 4( , , , )x x x x . This tachometer system is presented as simulated examples where the 

initial conditions is .  10 20 30 4051.53, 49.53, 51.415, 50.5x x x x= = = =

 

In this case we will control chaotic motion of to that of a new hyperchaotic 

Mathieu-Duffing System. The goal system is a new hyperchaotic Mathieu-Duffing 

System: 
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                        (6-19) 

The error equation is ,i i ie x z= − ( 1,2,3,4)i =  Our goal is lim 0
t

e
→∞

= .  

The error dynamics becomes: 
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  (6-20) 

By Fig. 40, we know the error dynamics always exists in first quadrant. 

By GYC partial region stability, one can easily choose a Lyapunov function in the form 

of a positive definite function in first quadrant as: 

1 2 3 4V e e e e= + + +                                           (6-21) 

Its time derivative is 

 

( )
1 2 3 4

2 2
2 1 2 2 2 1
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Choose  

 
2
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      (6-23) 

We obtain 

1 2 3 4 0V e e e e= − − − − <�                                         (6-24) 

which is negative definite function in first quadrant. The numerical results are shown in 

Fig.41 and Fig. 42. After 30 sec., the errors approach zero and the chaotic trajectories of 

tachometer system approach to that of the new Mathieu-Duffing system. 
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Fig. 34  Chaotic phase portraits for tachometer system in the first quadrant.  
 

  
       

Fig. 35  Phase portraits of error dynamics for Case I. 
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Fig. 36  Time histories of errors for Case I. 

 

    
 

Fig. 37  Phase portraits of error dynamics for Case II. 
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Fig. 38  Time histories of errors for Case II. 
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Fig. 39  Time histories of 1 2 3 4, , ,x x x x  for Case II. 

 

    
 

Fig. 40  Phase portraits of error dynamics for Case III. 
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Fig. 41  Time histories of errors for Case III. 
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Fig. 42  Time histories of 1 2 3 4, , ,x x x x ,  for Case III. 1 2 3 4, , ,z z z z
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Chapter 7 
 

BOIDS CONTROL OF CHAOS FOR TACHOMETER 
SYSTEM 

 
The aggregate motion of a flock of birds or a herd of land animals is a beautiful and 

familiar part of the natural world. They exhibit complex and emergent behaviors such as 

flocking behavior, separation behavior, and obstacle avoiding behavior. This paper 

explores an approach based on simulation as an alternative to scripting the paths of each 

bird individually. Flock centering and separation, obstacle avoidance are studied. A 

nonautonomous tachometer system is used for simulation example.  

 

7.1 Boids nonlinear control scheme 

Many nonlinear systems which are known to present chaotic behavior are modeled by 

a set of nonlinear nonautonomous differential equations: 

1 2( , , , , )i
i n

dx f x x x t
dt

= ⋅⋅⋅                                    (7-1) ( 1,2, ,i = ⋅⋅⋅ )n

where 1 2( ( ), ( ), , ( ))nx x t x t x t= ⋅ ⋅ ⋅  are state variables, and 

1 2f( , ) ( ( , ), ( , ), , ( , ))nx t f x t f x t f x t= ⋅⋅⋅  is a nonlinear vector function of x and t. Given 

initial state  at t=0, the state (0)ixα ixα  of each isolated boid Bα  is assumed to evolve 

for all t 0 via state equations: ≥

1 2( , , , ,i
i n

dx )f x x x t
dt

α
α α α= ⋅⋅⋅   ( 1,2, ,i )n= ⋅⋅⋅                           (7-2) 

We will assume for simplicity that all boids are identical and each boid is coupled 

locally only to those neighbor boids whose trajectories lie inside a prescribed sphere 

Sα  of radius ε : 

2
,

1
( , ) : ( ( ) ( ))

n

i i
i

S t B x t x tα β
α β α βε γ

=

⎧ ⎫⎪ ⎪= −⎨
⎪ ⎪⎩ ⎭

∑� ε≤ ⎬ ,                        (7-3) 
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at time t, where ,α βγ  indicates the distance between the boids Bα  and Bβ . We will 

usually delete ε  and t from ( , )S tα ε  and simply write Sα  to avoid clutter. Then, the 

dynamics of the locally coupled chaotic nonlinear networks, namely, the dynamics of 

boids nonlinear networks is defined by  

1 2 1 2( , , , , ) ( , , , , )i
i n i i

B S

dx
nf x x x t D g x x x t

dt
β α

α
α α α β β β β

∈

= ⋅⋅⋅ + ⋅⋅⋅∑   

( 1,2, , ,i n= ⋅⋅⋅ 1,2, , ) Mα = ⋅⋅⋅                                         (7-4) 

where iD β ( 1,2, ,i = ⋅⋅⋅ )n  are coupling coefficients, and 1 2( ) ( ( ), ( ), , ( ))ng x g x g x g x= ⋅⋅⋅  

is a nonlinear vector function of x. 

 

Case I  Flock Centering: Boids attempt to move toward the average position of nearby 

flockmates.  

The center of nearby flockmates is defined by  
( )

( ) ,
i

S
i

x t
x t

N

β

β αα

α

∈=
∑

                                             (7-5) 

where Nα  indicates the number of nearby flockmates. The boids can move toward the 

center ixα by using chaotic synchronization [50]. Therefore, flock centering is 

implemented here by imposing the control dynamics  

1 2( , , , , ) (i
i n i i

dx )if x x x t d x x
dt

α
α α α α α= ⋅⋅⋅ + − α

                        (7-6) 

where idα ＞0. 

Case II  Separation of Flocks: Boids keep a distance from different kinds of flocks. 

A flock may attempt to go away from other kinds of flocks. If a flock gets close 

enough to a different groups of flocks, that is, if the distance between the centers of two 
flocks becomes less than gε ＞0, boids attempt to scatter. Separation of flocks is 

implemented by the dynamics of chaotic desynchronization 
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1 2( , , , , ) (i
i n i i

dx )if x x x t s x x
dt

α
α α α α α= ⋅⋅ ⋅ + − α                              (7-7) 

where isα ＞0 and ixα  indicates a center of nearby flockmates. Although ＞0, the 

purpose of separation of flocks can be obtained. 

is

Case III  Obstacle Avoidance: Boids attempt to dodge static obstacles. 

Assume that a static obstacle is defined by the equation   

1 2( , , , )nh x x x b⋅ ⋅ ⋅ =   ( 1                                     (7-8) , 2, ,i = ⋅⋅⋅ )n

where h is a scalar function of 1 2( , , , )nx x x x= ⋅⋅⋅  and b is a constant. The normal vector 

at 1 2( , , , )nx x x x= ⋅⋅⋅  on a surface 1 2( , , , )nh x x x b⋅⋅ ⋅ =  is given by  
1 2 1 2

1 2
1 2

1 2

( , , , ) ( , , , )( , , , ) ( , ,

( , , , ), ).

n n
n

n

n

h x x x h x x xh x x x
x x

h x x x
x

∂ ⋅ ⋅ ⋅ ∂ ⋅ ⋅ ⋅
∇ ⋅ ⋅ ⋅

∂ ∂
∂ ⋅ ⋅ ⋅

⋅ ⋅ ⋅
∂

�
                     (7-9) 

If a boid gets close enough to a static obstacle, that is, if the distance between a boid and 

a static obstacle is less than 0ε , the boids must attempt to dodge the static obstacle. 

Obstacle avoidance can be implemented by switching over to a new vector field: 

1 2
1 2

( , , , )(1 ) ( , , , , )i n
i i n i

i

dx h x x xu f x x x t u
dt x

α
α α α γ ∂ ⋅⋅⋅

= − ⋅⋅⋅ +
∂

                   (7-10) 

where  and 0 iu≤ ≤1 γ ＞0.  

7.2 Hyperchaotic tachometer system 

The dynamic equation of a tachometer system with vibrating base shown in Fig. 43. 

is given by: 

1 2

2
2 1 2

2 2 2 2
1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 3 2 2 2

2 3 1
3

1

2 sin 2 sin sin1 (
2 4 sin

4 sin cos 2 sin cos

2 cos
sin

d x x
dt

m g x m A t xd x
dt m m x l l

k x k xm x x x m x x x
l l

x x xd x
dt x

ω ω
ω ω

ω ω

⎧ =⎪
⎪

−⎪ = −⎪ +⎪
⎨
⎪ − + −
⎪
⎪ −⎪ =
⎪⎩

1

)−

            (7-11) 

where , , , are state variables and , , A, l, g, , ,1x 2x 3x 1k 2k 1m 2m ω  are constants, 
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when , , , =3, A=25, g=9.8, l=1.5, 1 3k = 2 2k = 2 2m = 1m g
l

ω = . The system 

exhibits hyperchaotic behavior. Its Lyapunov exponents and phase portraits are shown 

in Figs. 44~46. 

 
7.3 Numerical simulations for boids control of chaos for  

tachometer system 

The tachometer system is the master system: 

1 2

2
2 1 2

2 2 2 2
1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 3 2 2 2

2 3 1
3

1

2 sin 2 sin sin1 (
2 4 sin

4 sin cos 2 sin cos

2 cos
sin

d x x
dt

m g x m A t xd x
dt m m x l l

k x k xm x x x m x x x
l l

x x xd x
dt x

ω ω
ω ω

ω ω

⎧ =⎪
⎪

−⎪ = −⎪ +⎪
⎨
⎪ − + −
⎪
⎪ −⎪ =
⎪⎩

1

)−
                 (7-12) 

The slave system is 

1 2

2
2 1 2

2 2 2 2
1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 3 2 2 2

2 3 1
3

1

2 sin 2 sin sin1 (
2 4 sin

4 sin cos 2 sin cos

2 cos
sin

d y y
dt

m g y m A t yd y
dt m m y l l

k y k ym y y y m y y y
l l

y y yd y
dt y

ω ω
ω ω

ω ω

⎧ =⎪
⎪

−⎪ = −⎪ +⎪
⎨
⎪ − + −
⎪
⎪ −⎪ =
⎪⎩

1

)−
               (7-13) 

 

Case I.  Flock Centering: Boids attempt to move toward the average position of nearby 

flockmates.  

 

Flock centering is implemented here by imposing the control dynamics: 

1 2( , , , , ) ( )i
i n i i

dx
if x x x t d x x

dt

α
α α α α α= ⋅⋅⋅ + − α                               (7-14) 
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The slave system is rewritten as follows: 

1 2 1 2 3 1

2
2 1 2

2 2 2 2
1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 3 2 2 2

1 2 3 2

2 3 1
3 1 2 3 3

1

(( ) /3- )

2 sin 2 sin sin1 (
2 4 sin

4 sin cos 2 sin cos

(( ) /3- )
2 cos (( ) /3- )

sin

d y y d x x x y
dt

m 1

)

g y m A t yd y
dt m m y l l

k y k ym y y y m y y y
l l

d x x x y
y y yd y d x x x y

dt y

ω ω
ω ω

ω ω

⎧ = + + +⎪
⎪

−⎪ = −⎪ +
⎪

− + −⎨

+ + +

−
= + + +

⎪

⎪
⎪
⎪
⎪
⎪
⎪
⎩

−                 (7-15) 

where d=0.0001.  

The simulations of flocking behavior of tachometer systems are shown in Figs. 47-49. 

The trajectories between two tachometer systems are illustrated in Fig. 47. The distance 

between two systems is given in Fig. 48. The synchronization behavior of two 

tachometer systems is given in Fig. 49. 

 

Case II   Separation of Flocks: Boids keep a distance from different kinds of flocks. 

Separation of flocks is implemented by the dynamics of chaotic desynchronization: 

1 2( , , , , ) (i
i n i i

dx )if x x x t s x x
dt

α
α α α α α= ⋅⋅⋅ + α−                               (7-16) 

The slave system is rewritten as follows: 

1 2 1 2 3 1

2
2 1 2

2 2 2 2
1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 3 2 2 2

1 2 3 2

2 3 1
3 1 2 3 3

1

(( ) /3 )

2 sin 2 sin sin1 (
2 4 sin

4 sin cos 2 sin cos

(( )/3 )
2 cos (( ) /3 )

sin

i

i

i

d y y s x x x y
dt

m g y m A t yd y
dt m m y l l

k y k ym y y y m y y y
l l

s x x x y
y y yd y s x x x y

dt y

ω ω
ω ω

ω ω

⎧ = + + + −⎪
⎪

−
= −

+

− + −⎨

+ + + −
−

= + + + −

⎪
⎪
⎪
⎪

⎪
⎪
⎪
⎪
⎪
⎪
⎩

1

)−                  (7-17) 
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where =1.  is

The simulations of flocking behavior of tachometer systems are shown in Figs. 50-52. 

The trajectories between two tachometer systems are illustrated in Fig. 50. The distance 

between two systems is given in Fig. 51. The synchronization behavior of two 

tachometer systems is given in Fig. 52. 

 

Case III.  Obstacle Avoidance: Boids attempt to dodge static obstacles. 

Obstacle avoidance can be implemented by switching over to a new vector field: 
1 2

1 2
( , , , )(1 ) ( , , , , )i n

i i n i
i

dx h x x xu f x x x t u
dt x

α
α α α γ ∂ ⋅⋅⋅

= − ⋅⋅⋅ +
∂

                   (7-18) 

Define a sphere of radius  centered at 1r 1 1 1( , , )x y z  by  
2 2 2

1 1 1( ) ( ) ( ) 2
1x x y y z z− + − + − = r                                     (7-19) 

and its normal vector ( , , )x y zn n n n=  at the point (x, y, z) by  

1 1( , , ) (2( ), 2( ), 2( ))x y zn n n x x y y z z= − − − 1                              (7-20) 

Define a cylinder of radius  centered at 2r 2 2( , )x y  by  
2 2

1 1( ) ( ) 2
2x x y y− + − = r                                             (7-21) 

and its normal vector ( , , )x y zn n n n=  at the point (x, y, z) by   

1 1( , , ) (2( ), 2( ),0)x y zn n n x x y y= − −                                    (7-22) 

Therefore, the “sphere” and the “cylinder” obstacles are specified by the parameters: 

1 1 1 1( , , , )x y z r  and 2 2 2( , , )x y r  respectively. 

 

III-1: Sphere Avoidance 

The tachometer system is rewritten as follows: 
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1 1 2 1 1

2
2 1 2

2 2 2 2 2
1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 3 2 2 2

2 2

2 3 1
3 3 3 3

1

(1 ) 2 ( )

2 sin 2 sin sin1(1 )( (
2 4 sin

4 sin cos 2 sin cos ))

2 ( )
2 cos(1 )( ) 2 ( )

sin

d x u x u x X
dt

m g x m A wt xd x u
dt m m x l l

k x k xm x x x m x x x
l l

u x Y
x x xd x u u x Z

dt x

γ

ω
ω ω

ω ω
γ

γ

⎧ = − + −⎪
⎪

−⎪ = − −⎪ +
⎪
⎪ − + − −⎨

+ −
−

= − + −

⎩

⎪
⎪
⎪
⎪
⎪
⎪

1

             (7-23) 

where =0.025,  =0.025, =0.025, a sphere  centered at , 1u 2u 3u 2.1, 0, 2.9X Y Z= = =

γ =0.001. The simulations of the obstacle avoidance behavior for sphere are illustrated 

in Figs.53-54. 

 

III-2: Cylinder Avoidance 

The tachometer system is rewritten as follows: 

1 1 2 1 1

2
2 1 2

2 2 2 2 2
1 2 1

2 2 1 1 2 2
2 2 1 1 1 1 1 3 2 2 2

2 2

2 3 1
3

1

(1 ) 2 ( )

2 sin 2 sin sin1(1 )( (
2 4 sin

4 sin cos 2 sin cos ))

2 ( )
2 cos

sin

d x u x u x X
dt

m g x m A t xd x u
dt m m x l l

k x k xm x x x m x x x
l l

u x Y
x x xd x

dt x

γ

ω ω
ω ω

ω ω
γ

⎧ = − + −⎪
⎪

−⎪ = − −⎪ +
⎪
⎪ − + − −⎨
⎪

+ −⎪
⎪ −⎪ =
⎪
⎪
⎩

1

            (7-24) 

where =0.025, =0.025, a cylinder centered at 1u 2u 2.1, 0, 6.5X Y Z= = = , γ =0.001. 

The simulations of the obstacle avoidance behavior for cylinder are illustrated in Figs. 

55-56. 
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Fig. 43   Sketch of a tachometer with vibrating base. 

 
 

 
 
 

Fig. 44  Lyapunov exponents for tachometer system. 
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Fig. 45  Chaotic phase portrait of chaotic for tachometer system. 
 
 

 
 

Fig. 46  Phase portrait of chaotic for tachometer system. 
 

 
 

Fig. 47  Flocking of two tachometer systems. 
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Fig. 48  Distance between two tachometer systems. 
 
 

 
 
 

Fig. 49  Synchronization of two tachometer systems. 
 
 

 
 

 
Fig. 50  Separation of two tachometer systems. 
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Fig. 51  Distance between two tachometer systems. 
 
 

 
 

 
Fig. 52  Desynchronization of two tachometer systems. 

 
 

 
 
 

Fig. 53  Sphere avoidance for tachometer system. 
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Fig. 54  Sphere avoidance for tachometer system. 
 
 

 
 
 

Fig. 55  Cylinder avoidance for tachometer system. 
 
 

 
 
 

Fig. 56  Cylinder avoidance for tachometer system. 
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Chapter 8 
 

Lag Synchronization for Tachometer System 
 

In this Chapter, lag synchronization for two tachometer systems is studied by 

backstepping control. 

 
8.1 Lag synchronization of two hyperchaotic tachometer systems by 

backstepping control 
 

The tachometer system is the master system: 

 

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

−=

=

−+−

+
−

+
+⋅⋅⋅+

−
=

=

34

43

2
222

11111
2
22

13212

1
2

21
2

1

11
2

21

sin

)cossin2cossin4

sinsin2sin2
(

sin42
1

2

xAx
dt
d

xx
dt
d

l
xkxxmxxxm

l
xxAm

l
xgm

xmmlm
xk

x
dt
d

xx
dt
d

η         (8-1) 

 

where , , , are state variables and , , A, l, g, ,  are constants, 

when , 

1x 2x 3x 4x 1k 2k 1m 2m

41 =k 12 =k , , =3, A=5, 32 =m 1m η =4.5, g=9.8, l=1.5, the system exhibits 

chaotic behavior as shown in Fig 2. 

The slave system is 
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⎪
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⎪
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yAy
dt
d
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dt
d

l
ykyymyyym

l
yyAm

l
ygm

ymmlm
yky

dt
d

yy
dt
d

η         (8-2) 

where , , , are state variables. 1y 2y 3y 4y

 

In order to lead ( , , , ) to (1y 2y 3y 4y 1( )x t τ− , 2 ( )x t τ− , 3 ( ),x t τ− 4 (x t )τ− ), add 

, , ,  as controllers in Eq (8-2): 1u 2u 3u 4u

⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
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⎪
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)cossin2cossin4

sinsin2sin2(
sin42

1
2

uyAy
dt
d

uyy
dt
d

u
l
ykyymyyym

l
yyAm

l
ygm

ymmlm
yky

dt
d

uyy
dt
d

η     (8-3) 

Define error state vectors as follows: 
1 1 1

2 2 2

3 3 3

4 4 4

( )
( )
(
( )

e y x t
e y x t
e y x t
e y x t

)

τ
τ
τ
τ

= − −⎧
⎪ = − −⎪
⎨ = − −⎪
⎪ = − −⎩

                                                 (8-4) 

where τ  is time delay constant, and we choose τ =5 in order to get lag 

synchronization. 

Differentiate Eg (8-4) with respect to time, error dynamics is 
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1 2 2 1 1

1 1 1 1
2 2 2

1 1

22 3 12 1
2 2 1 12

1 2 1

2 2 2
1 1 1 2 22

3 4 4 3 3

4 3 4

( ) ( )
( )

2 2
2 sin sin2 sin1 ( 4

2 4 sin

2 sin cos ) ( )

( ) ( )
sin (

e e x t x t u
k e k x te
m l m l

m A y ym g y m sin cosy y y
m m y l l

k ym y y x t u
l

e e x t x t u
e A y x t

τ τ
τ

η τ

τ τ
τ

= + − − − +
−

= − − + ⋅⋅ ⋅

+ − + −
+

+ − − − +

= + − − − +
= − − −

� �

�

�

� �
� � 4) u+

    (8-5) 

Choose a positive definite Lyapunov function  
2
11 2

1 eV =                                                          (8-6) 

Differentiate Eq (8-6) with respect to time, we have: 

1 1 2 2 1 1( ( ) ( )V e e x t x t uτ τ= + − − − +� � )

)

                                    (8-7) 

Choose 1 2 1( ) (u x t x tτ τ= − − + −� , and 1112 )( eee −==α , Eq (8-7) becomes: 
2
11 eV −=� ＜0                                                      (8-8) 

1e =0 is asymptotically stable. When  is considered as a controller, 2e )( 11 eα  is an 

estimative function, define 121122 )( eeeeW +=−= α  and its derivative is  

122 eeW ��� += .                                                      (8-9) 

Choose a positive definite Lyapunov function  
2

212 2
1 WVV +=                                                    (8-10) 

Then: 

2212 WWVV ��� +=                                                    (8-11) 
2 1 1 1 1

2 1 2 2 1 2 2
1 1

22 3 12 1
2 2 1 12

1 2 1

2 2 2
1 1 1 2 22

( )(
2 2

2 sin sin2 sin1 ( 4
2 4 sin

2 sin cos ) ( ) )

k e k x tV e W W e
m l m l

m A y ym g y m y y y
m m y l l

k ym y y x t u
l

τ

η τ

−
= − + − − − + ⋅⋅⋅

+ − + −
+

+ − − − +

�

�

sin cos  (8-12) 

Choose:  
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1 1 1 1
2 2 1 2 2

1 1

22 3 12 1
2 2 1 12

1 2 1

2 2 2
1 1 1 22

( )2
2 2

2 sin sin2 sin1 ( 4
2 4 sin

2 sin cos ) ( )

k e k x tu W e
m l m l

m A y ym g y m y y y
m m y l l

k ym y y x t
l

τ

η τ

−
= − + + + + ⋅⋅⋅

− − + −
+

+ − + −�

sin cos  

Eq (8-12) becomes:     
2

2
2
12 WeV −−=� ＜0                                                (8-13) 

2e =0 is asymptotically stable. 

Choose a positive definite Lyapunov function  
2
3213 2

1 eVVV ++=                                                 (8-14) 

Then by the third equation of Eq (8-14), we have  
3 1 2 3 3

2 2
1 2 3 4 4 3 3( ( ) ( )

V V V e e

e W e e x t x t uτ τ

= + +

= − − + + − − − +

� � � �
� )

)

                          (8-15) 

Choose 3 4 3( ) (u x t x tτ τ= − − + −� , and put 3314 )( eee −== α , Eq (8-15) becomes  
2
3

2
2

2
13 eWeV −−−=� ＜0                                            (8-16) 

3e =0 is asymptotically stable. When  is considered as a controller, 4e )( 31 eα  is an 

estimative function, define  

343144 )( eeeeW +=−= α   and 

344 eeW ��� +=                                                      (8-17) 

Choose a positive definite Lyapunov function  
2

43214 2
1 WVVVV +++=                                            (8-18) 

Then by the fourth equation of Eq (8-18), we have  
4 1 2 3 4 4

2 2 2
1 2 3 4 4 3 3 4 4( sin ( )

V V V V W W

e W e W W e A y x t uτ

= + + +

= − − − + − − − − +

� � � � �

� )

)

                 (8-19) 

Choose 4 4 3 3 42 sin (u W e A y x t τ= − + + + −� , Eq (8-19) becomes : 
2

4
2
3

2
2

2
14 WeWeV −−−−=� ＜0                                       (8-20) 

4e =0 is asymptotically stable. 

Numerical simulations show that the result is satisfactory as shown in Figs. 57. 
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Fig. 57  Time history of x and y. 
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Chapter 9 
 

Conclusions 
In this thesis, chaos, pragmatical hybrid projective generalized and symplectic 

synchronization of a tachometer system by adaptive backstepping control are studied. 

Furthermore, a generalized synchronization and control by GYC partial region stability 

theory, boids control of chaos and lag synchronization of the same system are studied. 

In Chapter 2, the chaotic behaviors of a hyperchaotic tachometer system is studied by 

phase portraits, Poincare maps, bifurcation diagram, power spectra and Lyapunov 

exponents. Two positive Lyapunov exponents shows the hyperchaos of the system.  

In Chapter 3, pragmatical hybrid projective hyperchaotic generalized synchronization 

(PHPHGS) of two first given hyperchaotic tachometer systems with hyperchaotic 

Lyapunov exponents by adaptive backstepping control is studied. Another hyperchaotic 

Mathieu-Duffing system with two positive Lyapunov exponents is used as functional 

system which is first given by [51]. PHPHGS is more complicated than usual 

generalized synchronization. For secret communication, the security is greatly 

increased. 

In Chapter 4, pragmatical hybrid projective hyperchaotic symplectic synchronization 

(PHPHSS) of two first given hyperchaotic tachometer systems as partner A and partner 

B by adaptive backstepping control is studied. Another chaotic Lorenz system is used as 

functional system with different order system. PHPHSS is more complicated than usual 

generalized synchronization.  

In Chapter 5, hyperchaotic generalized synchronization of tachometer system by 

GYC partial region stability is studied. The Lyapunov function is a simple linear 

function and the controllers are more simple by using the GYC partial region stability 

theory. The simulation results are more precise because the controllers are in lower 

degree than that of traditional controllers.  

 86



In Chapter 6, chaos control of tachometer system by GYC partial region stability is 

studied. The Lyapunov function is a simple linear function and the controllers are more 

simple by using the GYC partial region stability theory. The simulation results are more 

precise because the controllers are in lower degree than that of traditional controllers.  

In Chapter 7, boids control of chaos for tachometer system is studied. In this chapter, 

the chaotic tachometer systems are controlled by using three state variables, and 

systems are assumed to be identical for simplicity. The method of chaotic 

synchronization is well used to complete boids control scheme. 

In Chapter 8, lag synchronization for tachometer system is studied. In this chapter, 

backstepping control is used to achieve the lag synchronization of two tachometer 

system. Controllers are obtained by backstepping design method that recursively 

interlace the choice of a Lyapunov function with the design of feedback control. This 

method allows us to arbitrarily amplify or reduce the scale of the dynamics of the 

response system through a control. The simulations for the tachometer system show that 

the control technique is successful. 
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Appendix-A   GYC   Pragmatical  Stability Theory 

The stability for many problems in real dynamical systems is actual asymptotical 

stability, although it may not be mathematical asymptotical stability. The mathematical 

asymptotical stability demands that trajectories from all initial states in the 

neighborhood of zero solution must approach the origin as ∞→t . If there are only a 

small part or one of the initial states from which the trajectories or trajectory do not 

approach the origin as , the zero solution is not mathematically asymptotically 

stable. However, when the probability of occurrence of an event is zero, it means the 

event does not occur actually. If the probability of occurrence of the event that the 

trajectries from the initial states are that they do not approach zero when , is 

zero, the stability of zero solution is actual asymptotical stability though it is not 

mathematical asymptotical stability. In order to analyze the asymptotical stability of the 

equilibrium point of such systems, the pragmatical asymptotical stability theorem is 

used. 

∞→t

∞→t

Let X and Y be two manifolds of dimensions m and n (m n)< , respectively, and ϕ  be 
a differentiable map from X to Y; then )(Xϕ  is a subset of Lebesque measure 0 of Y 
[52]. 

For an autonomous system 

),,( 21 nxxxf
dt
dx "=                                            (A-1) 

where , the function is defined on T
nxxxx ],,[ 21 "= T

nffff ],,[ 21 "= nRD ⊂ . Let 
 be an equilibrium point for the system (A-1), then 0=x

0)0( =f                                                      (A-2) 

For nonautonomous system: 

),,,( 121 +⋅⋅⋅= nxxxf
dt
dx                                           (A-3) 

where . The equilibrium point is ++ ⊂= Rxt n 1

 88



0),0( 1 =+nxf                                                  (A-4) 

Definition:  

The equilibrium point for the dynamic system is pragmatically asymptotically stable 
provided that with initial points on C which is a subset of Lebesque measure 0 of D, the 
behaviors of the corresponding trajectories cannot be determined, while with initial 
points on , the corresponding trajectories behave as that agree with traditional 
asymptotical stability [53,54]. 

CD −

Theorem:  

Let  be positive definite, analytic on D, where  
are all space coordinates such that the derivative of V differential equation, , is 
negative semi-definite of 

+→= RDxxxV T
n :],,[ 21 " nxx ,,1 ⋅⋅⋅

V�

1 2[ , , , ]T
nx x x⋅ ⋅ ⋅ . 

For autonomous system, let X be the m-manifold consisting of point set for which 
,  and D is an n-manifold. If 0≠∀x 0)( =xV� nm <+1 , i.e. m+1＜n then the 

equilibrium point of the system is pragmatically asymptotically stable.  

For nonautonomous system, let X be the m+1-manifold consisting of point set for 
which  , and D is an n+1-manifold. If m+1+1＜n+1, i.e. 
m+1＜n then the equilibrium point of the system is pragmatically asymptotically stable. 
There, for both autonomous and nonautonomous system the formula m+1＜n is 
universal. So the following proof is only for autonomous system. The proof for 
nonautonomous system is similar. 

0≠∀x 1 2( , , , ) 0nV x x x⋅ ⋅ ⋅ =�

Proof: 

Since every point of X can be passed by a trajectory of Eq (A-1), which is one 
dimensional, the collection of these trajectories, C, is a )1( +m -manifold [53,54]. If 

＜ , then the collection C is a subset of Lebesque measure 0 of D. By the above 
definition, the equilibrium point of the system is pragmatically asymptotically stable.  

)1( +m n

If an initial point is ergodicly chosen in D, the probability of that the initial point falls 
on the collection C is zero. Here, equal probability is assumed for every point chosen as 
an initial point in the neighborhood of the equilibrium point. Hence, the event that the 
initial point is chosen from collection C does not occur actually.               
Therefore, under the equal probability assumption, pragmatical asymptotical stability 
becomes actual asymptotical stability. When the initial point falls on , , 
the corresponding trajectories behave as if they agree with traditional asymptotical 
stability because by the existence and uniqueness of the solution of initial-value 
problem, these trajectories never meet C.  

CD − 0)( <xV�
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For Eq (33), the Lyapunov function is a positive definite function of n variables, i.e. p 
error state variables and mpn =−  differences between unknown and estimated 
parameters, while  is a negative semi-definite function of n variables. Since 
the number of error state variables is always more than one, ,  is 
always satisfied; by pragmatical asymptotical stability theorem we have 

CeeV T=�
1>p nm <+ )1(

0lim =
∞→

e
t

                                                     (A-5) 

and the estimated parameters approach the uncertain parameters. The pargmatical 

generalized synchronizations is obtained. Therefore, the equilibrium point of the system 

is pragmatically asymptotically stable. Under the equal probability assumption, it is 

actually asymptotically stable for both error state variables and parameter variables. 
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Appendix-B   GYC   Partial Region Stability Theory 
 

Consider the differential equations of disturbed motion of a nonautonomous system 
in the normal form 

1( , , , ), ( 1, , )s
s n

dx X t x x s n
dt

= =" "         (B-1) 

where the function sX  is defined on the intersection of the partial region   Ω

(shown in Fig. 58) and 
2
s

s
x H≤∑     (B-2) 

and , where  and H are certain positive constants. 0t t> 0t sX which vanishes when the 

variables sx  are all zero, is a real valued function of t, 1, , nx x" . It is assumed that 

sX  is smooth enough to ensure the existence, uniqueness of the solution of the initial 

value problem. When sX  does not contain t explicitly, the system is autonomous. 

Obviously, 0 ( 1, )sx s= = "n  is a solution of Eq. (B-1). We are interested to the 

asymptotical stability of this zero solution on partial region Ω  (including the boundary) 

of the neighborhood of the origin which in general may consist of several subregions 

(Fig. 58). 
Definition 1: 

For any given number 0ε > , if there exists a 0δ > , such that on the closed given 
partial region Ω  when 

2
0 , ( 1, , )s

s
x sδ≤ =∑ " n  (B-3) 

for all , the inequality 0t t≥

2 , ( 1, , )s
s

x sε< =∑ " n  (B-4) 

is satisfied for the solutions of Eq.(B-27) on Ω , then the disturbed motion 

0 ( 1, )sx s= = "n  is stable on the partial region Ω . 

Definition 2: 

If the undisturbed motion is stable on the partial region Ω , and there exists a 
, so that on the given partial region ' 0δ > Ω  when 

2 '
0 , ( 1, , )s

s
x sδ≤ =∑ " n  (B-5) 
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The equality 

2lim 0st s
x

→∞

⎛ ⎞ =⎜ ⎟
⎝ ⎠
∑  (B-6) 

is satisfied for the solutions of Eq.(B-1) on Ω , then the undisturbed motion 

0 ( 1, , )sx s= = " n  is asymptotically stable on the partial region Ω . 

The intersection of  and region defined by Eq. (B-2) is called the region of 
attraction. 

Ω

Definition of Functions : 1( , , , )nV t x x"

Let us consider the functions  given on the intersection  of the 
partial region 

1( , , , )nV t x x" 1Ω
Ω  and the region 

2 , ( 1, , )s
s

x h s n≤ =∑ "  (B-7) 

for , where  and h are positive constants. We suppose that the functions are 

single-valued and have continuous partial derivatives and become zero when 

. 

0 0t t≥ > 0t

1 0nx x= = ="

Definition 3: 

If there exists  and a sufficiently small , so that on partial region 0 0t > 0h > 1Ω  
and ,  (or ), then V is a positive (or negative) semidefinite, in general 

semidefinite, function on the 
0t t≥ 0V ≥ 0≤

1Ω  and . 0t t≥
Definition 4: 

If there exists a positive (negative) definitive function  on , so that 
on the partial region 

1( )nW x x… 1Ω

1Ω  and  0t t≥
0 ( 0),V W or V W− ≥ − − ≥    (B-8) 

then  is a positive definite function on the partial region  and . 1( , , , )nV t x x… 1Ω 0t t≥
Definition 5: 

If  is neither definite nor semidefinite on 1( , , , )nV t x x… 1Ω  and , then 
 is an indefinite function on partial region 

0t t≥

1( , , , )nV t x x… 1Ω  and . That is, for 
any small  and any large ,  can take either positive or 

negative value on the partial region 

0t t≥
0h > 0 0t > 1( , , , )nV t x x…

1Ω  and . 0t t≥
Definition 6: Bounded function V 

If there exists , , so that on the partial region , we have 0 0t > 0h > 1Ω

1( , , , )nV t x x L<…                                                 (B-9) 
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where L is a positive constant, then V is said to be bounded on 1Ω . 

Definition 7:  Function with infinitesimal upper bound 

If V is bounded, and for any 0λ > , there exists 0μ > , so that on  when 1Ω
2
s

s

x μ≤∑ , and , we have 0t t≥

1( , , , )nV t x x λ≤…                                                (B-10) 

then V admits an infinitesimal upper bound on 1Ω . 

Theorem 1 [55, 56] 

If there can be found for the differential equations of the disturbed motion (Eq. 
(B-27)) a definite function  on the partial region, and for which the 
derivative with respect to time based on these equations as given by the following : 

1( , , , )nV t x x…

1

n

s
s s

dV V V X
dt t x=

∂ ∂
= +
∂ ∂∑         (B-11) 

is a semidefinite function on the paritial region whose sense is opposite to that of V, or if 

it becomes zero identically, then the undisturbed motion is stable on the partial region. 

Proof: 

Let us assume for the sake of definiteness that V is a positive definite function. 

Consequently, there exists a sufficiently large number  and a sufficiently small 

number h < H, such that on the intersection 

0t

1Ω  of partial region Ω  and 

2 , ( 1, , )s
s

x h s n≤ =∑ …                                             (B-12) 

and , the following inequality is satisfied 0t t≥

1 1( , , , ) ( , , )nV t x x W x x≥… … n                                         (B-13) 

where W is a certain positive definite function which does not depend on t. Besides that, 

Eq. (B-7) may assume only negative or zero value in this region. 

Let ε  be an arbitrarily small positive number. We shall suppose that in any case 

hε < . Let us consider the aggregation of all possible values of the quantities 1, , nx x… , 

which are on the intersection 2ω  of 1Ω  and 

2 ,s
s

x ε=∑                                                        (B-14) 

and let us designate by  the precise lower limit of the function W under this 0l >
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condition. by virtue of Eq. (B-5), we shall have 

1( , , , )nV t x x l≥…  for 1( , , )nx x…  on 2ω .                             (B-15) 

We shall now consider the quantities sx  as functions of time which satisfy the 

differential equations of disturbed motion. We shall assume that the initial values 0sx  

of these functions for  lie on the intersection 0t t= 2Ω of 1Ω and the region 

2 ,s
s

x δ≤∑                                                        (B-16) 

where δ  is so small that 

0 10 0( , , , )nV t x x l<…                                                

(B-17) 

By virtue of the fact that 0( ,0, ,0) 0V t =… , such a selection of the number δ  is 

obviously possible. We shall suppose that in any case the number δ  is smaller than 

ε .Then the inequality 
2 ,s

s

x ε<∑                                                        (B-18) 

being satisfied at the initial instant will be satisfied, in the very least, for a sufficiently 

small , since the functions 0t t− ( )sx t  very continuously with time. We shall show that 

these inequalities will be satisfied for all values . Indeed, if these inequalities were 

not satisfied at some time, there would have to exist such an instant t=T for which this 

inequality would become an equality. In other words, we would have 

0t t>

2 ( ) ,s
s

x T ε=∑                                                     (B-19) 

and consequently, on the basis of Eq. (B-9) 

1( , ( ), , ( ))nV T x T x T l≥…                                            (B-20) 

On the other hand, since hε < , the inequality (Eq.(B-4)) is satisfied in the entire 

interval of time [t0, T], and consequently, in this entire time interval 0dV
dt

≤ . This 

yields 

1 0 10( , ( ), , ( )) ( , , , ),nV T x T x T V t x x≤… 0n…                                (B-21) 

which contradicts Eq. (B-12) on the basis of Eq. (B-11). Thus, the inequality (Eq. (B-1)) 
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must be satisfied for all values of , hence follows that the motion is stable. 0t t>

Finally, we must point out that from the view-point of mathenatics, the stability on 

partial region in general does not be related logically to the stability on whole region. If 

an undisturbed solution is stable on a partial region, it may be either stable or unstable 

on the whole region and vice versa. From the viewpoint of dynamics, we wre not 

interesting to the solution starting from 2Ω  and going out of Ω . 

Theorem 2 [55, 56] 

If in satisfying the conditions of theorem 1, the derivative dV
dt

 is a definite 

function on the partial region with opposite sign to that of V and the function V itself 

permits an infinitesimal upper limit, then the undisturbed motion is asymptotically 

stable on the partial region. 

Proof: 

Let us suppose that V is a positive definite function on the partial region and that 

consequently, dV
dt

 is negative definite. Thus on the intersection 1Ω  of Ω  and the 

region defined by Eq. (B-4) and  there will be satisfied not only the inequality 

(Eq. (B-5)), but the following inequality as will: 

0t t≥

1 1( , ),n
dV W x x
dt

≤ − …                                                

(B-22) 

where  is a positive definite function on the partial region independent of t. 1W

Let us consider the quantities sx  as functions of time which satisfy the differential 

equations of disturbed motion assuming that the initial values 0 ( )s s 0x x t=  of these 

quantities satisfy the inequalities (Eq. (B-10)). Since the undisturbed motion is stable in 

any case, the magnitude δ  may be selected so small that for all values of  the 

quantities 

0t t≥

sx  remain within . Then, on the basis of Eq. (B-13) the derivative of 

function  will be negative at all times and, consequently, this 

function will approach a certain limit, as t increases without limit, remaining larger than 

this limit at all times. We shall show that this limit is equal to some positive quantity 

1Ω

1( , ( ), , ( ))nV t x t x t…
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different from zero. Then for all values of  the following inequality will be 

satisfied: 

0t t≥

1( , ( ), , ( ))nV t x t x t α>…                                             (B-23) 

where 0α > . 

Since V permits an infinitesimal upper limit, it follows from this inequality that 
2 ( ) , ( 1, , ),s

s

x t sλ≥ =∑ … n                                          (B-24) 

where λ  is a certain sufficiently small positive number. Indeed, if such a number λ  

did not exist, that is , if the quantity ( )s
s

x t∑  were smaller than any preassigned 

number no matter how small, then the magnitude , as follows from 

the definition of an infinitesimal upper limit, would also be arbitrarily small, which 

contradicts. 

1( , ( ), , ( ))nV t x t x t…

If for all values of  the inequality (Eq. (B-15)) is satisfied, then Eq. (B-13) 

shows that the following inequality will be satisfied at all times: 

0t t≥

1,
dV l
dt

≤ −                                                        (B-25) 

where  is positive number different from zero which constitutes the precise lower 

limit of the function  under condition (Eq. (B-15)). Consequently, 

for all values of  we shall have: 

1l

1 1( , ( ), , ( ))nW t x t x t…

0t t≥

0
1 0 10 0 0 10 0 1 0( , ( ), , ( )) ( , , , ) ( , , , ) ( ),

t

n n nt

dVV t x t x t V t x x dt V t x x l t t
dt

= + ≤ −∫… … … −
 

which is, obviously, in contradiction with Eq.(B-14). The contradiction thus obtained 

shows that the function  approached zero as t increase without limit. 

Consequently, the same will be true for the function  as well, from 

which it follows directly that 

1( , ( ), , ( ))nV t x t x t…

1( ( ), , ( ))nW x t x t…

lim ( ) 0, ( 1, , ),st
x t s

→∞
= = … n                                          (B-26) 

which proves the theorem. 
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