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Identification of Instantaneous Model Parameters of A Time

Varying Structure via Recursive Least Square Techniques

Student : Jing-Yu Liu Adviser : Prof. Chiung-Shiann Huang

Department of Civil Engineering
National Chiao-Tung University

Abstract

This study applies various recursive least squares (RLS) algorithms to
establish the time varying autoregressive with exogenous input (TVARX) model
for a structure from:its dynamic displacement responses and further estimates
the instantaneous modal parameters of the structure from the time varying
coefficients of #"TVARX model. Fhe RLS algorithms under study include a
forgetting factor approach, a Kalman filter approach and a weighted polynomial
basis function.expansion approach.

The RLS"algorithms under consideration are utilized to"process numerically
simulated responses of single-degree-of-freedom (SDOF) systems with different
instantaneous mnatural frequencies.and modal damping ratios. The advantages
and shortcomings  of these: RLS -algorithms are. investigated through
comprehensively $tudying the effects of main parameters in each approach on
accurately identifying the instantaneous modal parameters of the SDOF systems.
The parameters under ;investigation..include ‘the order of TVARX model,
forgetting factor, control factor/in Kalman filter, order of polynomial basis, and
noise. It is found that the identified results obtained by the weighted polynomial
basis function expansion approach are very sensitive to the values of forgetting
factor. Although the instantaneous parameters are poorly identified by all the
approaches considered herein in processing the noisy responses with 2%
noise-to-signal ratio, the general trends of instantaneous modal parameters
varying with time are reasonably found.

The approaches under consideration are further applied to process
measured dynamic displacement responses of a single-story RC frame and a
three-story steel frame in shaking table tests. The specimens were damaged
during testing. The identified trends of instantaneous modal parameters varying
with time are consistent with the observed physical phenomena.
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205 B AR B o Bed O pe kg i eak B 0 B i X 75 (variable
forgetting factors) (Fortesceu et al., 1981; Toplis et al., 1988; Cho et al., 1990;
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Chen et al., 2008;) s - B % #3518 & )=+ (Gradient-Based variable forgetting
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Ho
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TR IR Nl
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A IS E SR Rl ¥
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¥ * 28 L F]+ (Foregetting factor) & 35 #c7) » A() # °
1. % #7) 1% X F]+ (constant forgetting factor)
TRIFF AN B A5 - VEce
2.5 #1718 X F]+ (Variable forgetting factor)(£ ,1997)
TR L FF 2 AN S

At)= A=) +(1-2) > 0< A <1 (2.12)

)87)2 e H - + Vg

y(t) = HOX(t) + - = (2.13)
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y =" (18 (2.14)
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L (covariance) 5 P¥ % 2.

0=0(t—1)+L(t)s(t) (2.17a)
£(t) = y(t)-p" (HA1-1) (2.17b)
L(t)=— =De®) 2.17¢)

1+ (DHP(t-De(1)

Pt =Pt-1)-L{t) ()P{t-1)+r(t)l (2.17d)
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Case2 : FHp v % 5

27

a)n(t)=27r(l.0—0.5sin —t : 2.55in(%tj ' 0<t<30 (2.24)

o, (t) = (2.25)
Case 4 : Frasg i,

7<t<11
@,(t) = 11<t<19
1.5 19<t< 2.5 19<t<23
%(—t+19)+1.5 23<t<27 %(t—19)+2.5 23<t<27
1 27<t<30 5 27 <t <30

(2.26)
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(30,30)
(35,35)
(40,40)
(45,45)
(50,50)

(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)

65



%219 5 2%IMEFEES L 4 K p2 MU Bk (A A F )

A
(1,9)
(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)

(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)
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%2020 § 2%3eMATAE L G AF p2 MU Bk (B A FF)

(1,9)
(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)

A
(1,9)
(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)
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%221 7 2%fedm T ERF R A BEFLASEFFNRARE)

n(t)
(1,9)
(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)

(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)
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1200 5 2%MIEH R G AF B2 UL Sk (4 AR E)

n(t)
(1,9)
(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)

(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)
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%203 5 2%IUBMEES L & AF B2 UL Sk (4 AR E)

n(t)
(1,9)
(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)

(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)
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%024 5 2%BAMATARE L G AF oz SR B (F AALE)

n(t)
(1,9)
(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)

(20,20)
(25,25)
(30,30)
(35,35)
(40,40)
(45,45)
(50,50)

71



431 T iz B I SR (FHEEL TS

k=2 k=3

FFFO) €max.t | Emax.e My He €max,t | Cmax.z Ay He
0.9 64.8 228 0.131 2.202 72.8 289 1.92 16.9
0.91 12.8 109 0.038 0.648 57.9 363 1.88 17.9
0.92 1.21 97.9 0.019 0.224 60.9 289 1.84 16.8
0.93 0.166 1.04 0.018 0.103 81.8 295 1.55 15.1
0.94 0.058 0.837 0.018 0.104 76.2 382 1.62 16.7
0.95 0.060 0.930 0.019 0.108 66.9 305 2.03 15.1
0.96 0.084 0.958 0.021 0.117 75.6 256 1.10 10.6
0.97 0.084 0.958 0.021 0.117 93.2 245 1.58 12.5
0.98 0.195 1.72 0.041 0.191 62.4 323 0.692 5.94
0.99 0.435 2.22 0.111 0.371 6.50 96.0 0.019 0.085
0.991 0.492 2.27 0.132 0.418 1.17 2.22 0.016 0.046
0.992 0.572 2.50 0.162 0.478 0.028 0.509 0.015 0.036
0.993 0.742 3.18 0.203 0.559 0.026 0174 0.015 0.041
0.994 1.03 4.16 0.264 0.673 0.028 0.193 0.014 0.049
0.995 1.39 5.44 0.362 0:856 0.033 0.226 0.013 0.064

# 32 FH R LSAZGEEEL S (VB E L FlF)

=2 k=3

L F+0) C i © AP My He €max.t ]| Cmax.e Hy M
0.9 60.0 558 1.19 17.6 216 485 3.72 28.1
0.91 159 586 1.06 15.7 159 687 3.03 32.0
0.92 249 405 0.682 11.2 1106 627 3.51 38.6
0.93 110 381 0.839 12.6 181 576 3.60 31.5
0.94 11.6 370 0.481 8.69 217 537 3.09 24.1
0.95 5.19 95.4 0.571 9.48 88.5 591 2.57 30.3
0.96 6.24 102 0.737 10.7 79.1 629 2.17 25.1
0.97 7.93 96.7 1.05 12.8 181 569 2.25 27.0
0.98 15.5 99.6 1.78 15.0 121 611 2.53 22.8
0.99 38.5 137 5.09 24.3 24.2 473 0.910 8.33
0.991 49.1 100 5.92 23.9 15.5 472 1.17 10.7
0.992 64.3 100 7.05 25.3 10.5 83.3 1.47 10.3
0.993 41.5 99.7 7.76 26.2 16.0 98.7 2.04 12.8
0.994 48.3 104 9.47 27.5 22.3 99.6 3.15 16.4
0.995 58.5 118 11.6 28.5 47.8 166 5.22 22.0
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F. 33 BBk iz

BEEA SR (FEGEITFF)

k=2 k=3
ELFFO) €max,t | Cmaxe A He max,f | €max.e M He

0.9 256 99.9 341 12.1 220 99.3 8.95 18.8
0.91 200 99.9 2.29 11.7 130 99.8 5.48 16.5
0.92 100 99.1 1.71 11.2 238 99.7 5.50 19.1
0.93 100 99.5 1.12 8.08 245 99.4 12.6 22.5
0.94 100 99.7 0.915 6.27 175 99.8 4.25 18.1
0.95 100 98.1 0.921 2.96 247 99.7 8.75 213
0.96 100 88.9 0.802 1.92 121 99.3 4.88 18.9
0.97 100 96.6 0.889 2.12 248 99.9 6.80 18.7
0.98 100 93.0 1.07 2.33 175 99.8 4.39 12.5
0.99 100 97.6 1.56 3.02 100 98.7 2.48 4.46
0.991 100 97.8 1.73 3.75 100 95.7 2.81 4.17
0.992 100 97.1 1.86 3197 100 94.1 2.61 3.25
0.993 100 99.0 2.01 4.46 100 95.2 2.96 3.17
0.994 100 981 2023 4.99 100 99.4 3.25 4.20
0.995 100 98.3 2.62 5.73 100 99.8 2.79 4.09

2314 TR el e b (F el T )
k=2 k=3
FLFF0 € nax, § € fa%,z My He max, f € nax.e Hy He

0.9 83.8 99.7 0.623 6.66 222 215 1.66 18.7
0.91 349 99.7 0.295 3.31 212 203 2.21 20.7
0.92 15.7 99.2 0.171 2.42 74.3 205 1.88 19.0
0.93 2.72 68.3 0.112 137 63.7 209 1.72 17.8
0.94 2.50 21.7 0.104 1.22 61.8 200 1.82 16.0
0.95 391 21.9 0.127 1.34 68.2 191 1.65 17.4
0.96 5.24 26.0 0.156 1.51 74.4 203 1.93 16.4
0.97 5.45 25.2 0.215 1.68 106 219 1.24 15.3
0.98 5.42 259 0.353 1.96 239 213 1.14 12.1
0.99 10.1 36.7 0.954 3.63 5.36 26.7 0.45 2.59
0.991 14.3 41.0 1.12 4.53 5.45 27.5 0.522 2.72
0.992 16.3 48.6 1.34 5.12 5.59 29.4 0.625 2.96
0.993 18.7 54.9 1.63 5.88 6.54 32.9 0.737 3.19
0.994 21.5 58.9 2.05 6.78 7.86 33.6 0.881 3.59
0.995 24.6 58.5 2.69 7.88 9.97 38.9 1.10 4.18
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%35 THEi k

ez @A e R (BT AT FH)

k=2 k=3
A(0) €max,t | Cmax.e My He max,f | Cmax.e Ay He
0.9 0.067 12.2 0.019 0.115 61.8 99.0 1.69 11.6
0.91 0.060 1.18 0.020 0.110 78.2 116 1.48 11.6
0.92 0.065 0.876 0.021 0.113 66.4 114 1.90 13.1
0.93 0.081 0.935 0.022 0.119 65.0 131 1.87 12.2
0.94 0.102 0.986 0.023 0.127 76.4 125 1.43 10.0
0.95 0.130 0.964 0.026 0.139 50.5 106 1.07 9.07
0.96 0.166 1.16 0.032 0.158 83.9 105 1.58 9.63
0.97 0.232 1.82 0.043 0.194 64.4 102 0.67 5.45
0.98 0.362 2.04 0.073 0:277 0.957 26.9 0.017 0.058
0.99 1.02 3.88 0.228 0.605 0.028 0.209 0.015 0.046
0.991 1.22 4.64 0.272 0.691 0.030 0.231 0.015 0.052
0.992 1:44 5.28 0:333 0:810 0.033 0.306 0.015 0.061
0.993 1.68 6.03 0.420 0.975 0.043 0.377 0.015 0.075
0.994 1.96 7:90 0.549 1.21 0.059 0:494 0.016 0.096
0.995 2.33 11.0 0.750 1.56 0.077 0.670 0.018 0.130
% 3.6 it ki SRR BN (BN R
k=2 k=3

A(0) Enax. b | Chax,z My He €rax, ti'| Emax.c My M
0.9 50.0 97.6 0.461 7.81 137 265 3.14 24.6
0.91 53.7 91.3 0.476 8.31 106 263 2.59 18.9
0.92 16.3 84.7 0.543 9.39 73.2 293 2.04 19.3
0.93 10.8 94.5 0.604 9.73 114 258 1.94 23.6
0.94 5.96 95.5 0.710 10.3 138 284 2.30 20.2
0.95 8.95 92.1 0.900 11.6 178 278 2.43 22.3
0.96 13.5 98.8 1.20 13.1 72.1 277 1.52 16.5
0.97 17.5 99.8 1.77 15.0 92.2 286 1.75 15.3
0.98 22.7 98.6 3.15 18.4 70.7 205 0.762 7.92
0.99 433 110 8.13 26.4 20.4 99.2 2.46 13.3
0.991 55.1 118 9.33 27.2 29.9 99.8 3.31 15.2
0.992 72.6 123 10.8 279 48.0 99.8 4.63 17.9
0.993 58.2 126 11.6 28.5 78.3 99.8 6.60 21.2
0.994 53.0 127 13.1 29.1 76.3 99.9 8.29 23.9
0.995 61.3 126 14.6 29.5 54.9 99.8 9.92 26.3
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2037 BOER AL BUEL R (REVE LT

k=2 k=3

A(0) Emax.t | Cmax.s Ay M €max.t | Cmax.e Hy He

0.9 100 99.2 0.465 3.01 257 99.6 6.92 17.4
091 100 97.1 0.470 2.47 217 100.0 12.3 22.6
0.92 100 98.9 0.797 1.71 247 100.0 9.32 18.2
0.93 100 97.5 0.856 1.63 199 99.8 6.09 20.5
0.94 100 99.0 0.782 2.09 205 99.7 5.85 18.2
0.95 100 93.3 0.900 1.91 112 99.8 6.40 19.5
0.96 100 95.8 0.958 2.08 215 99.7 8.55 17.5
0.97 100 96.3 1.03 2.66 235 99.8 6.20 13.5
0.98 100 99.4 1:29 3.18 100 99.8 2.40 7.29
0.99 100 98.7 2.09 4.60 100 95.5 3.03 4.28
0.991 100 98.7 2.26 4.97 100 98.8 2.83 3.81
0.992 100 99.5 2.50 5.52 100 97.0 2.59 3.68
0.993 100 98.1 2.84 6.03 100 99.5 2.97 5.20
0.994 100 992 3.33 6.56 100 95.9 3.32 6.33
0.995 100 99.5 4.04 6:96 100 99.2 4.18 8.44

%318 s it dosuk auleE g B ($ad A A

k=2 k=3

A(0) Enax.b | Chax,e My He €rmax. il | Cmax.e Hy He

0.9 10.4 98.4 0.124 1.43 63.6 237 1.57 18.8
0.91 3.00 321 0.112 1.32 944 267 1.36 15.5
0.92 2.52 433 0.115 1.36 52.2 251 1.28 16.9
0.93 3.30 29.7 0.128 142 109 282 1.84 19.8
0.94 4.86 31.2 0.149 1.52 121 262 1.68 17.2
0.95 5.32 26.2 0.179 1.63 94.6 295 1.24 16.3
0.96 5.45 25.2 0.229 1.76 94.7 281 1.36 15.2
0.97 5.46 27.1 0.332 2.05 62.3 298 1.36 15.3
0.98 6.37 34.0 0.592 291 57.0 77.3 0.33 2.82
0.99 15.5 58.9 1.63 6.08 5.59 36.5 0.75 3.82
0.991 17.4 58.3 1.91 6.64 5.95 39.2 0.84 4.15
0.992 19.5 56.9 2.28 7.29 6.78 40.2 0.96 4.50
0.993 21.8 58.9 2.78 7.96 7.88 394 1.14 4.85
0.994 24.5 75.0 3.49 8.73 9.48 443 1.41 5.33
0.995 27.2 97.3 4.52 9.76 12.1 54.0 1.85 6.10
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%2, sL

139 TEsN o ui 2 (4 SRR E)
k=2 k=3
rl(t) emax,f emax,§ H /.15 max, f max,& H /ug
0.01 7.61 35.6 1.92 10.5 4.12 34.1 0.384 9.31
0.1 6.73 38.7 1.49 11.3 5.21 414 0.457 10.8
1 6.86 40.2 1.37 12.0 591 48.0 0.512 12.2
10 7.03 40.1 1.36 12.9 6.16 50.4 0.531 12.8
F 310 FHp B iz BuE L SR (F NRA R
=2 k=3
rl(t) emax,f emax~5 H g luf max, f max,¢& H g luf
0.01 51.8 49.5 11.5 18.3 56.3 68.3 10.8 20.8
0.1 S0 47.1 8.95 16.0 52.3 48.1 9.97 17.3
1 33.4 45.4 711 15.1 48.1 54.5 9.57 15.5
10 28:5 48.1 6.56 14.4 45.8 431 8.79 12.7
Z 311 PRk S BEERT 24 (F VR )
k=2 k=3
rl(t) emax,f emax,§ H /ué miax,& max,d H /ué
0.01 100 333 239 4.56 100 33.3 3.52 8.45
0.1 100 333 2.48 6.06 100 33.3 3.50 8.47
| 100 33.3 2.63 9.60 100 33.3 3.49 8.69
10 100 333 2.72 11.2 100 333 3.48 8.98
30312 TMEN ks UL R % (+ AR E)
k=2 k=3
rl(t) emax,f emax,§ H luﬁ max, f max,& H zug
0.01 14.0 42.3 2.21 7.71 20.9 333 2.72 8.75
0.1 13.7 33.2 2.16 7.73 20.4 46.5 2.62 11.1
1 13.5 333 2.17 8.58 20.4 60.2 2.61 13.1
10 13.4 333 2.18 9.49 20.1 61.0 2.62 14.4
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4313 5 2%feam TR AR B2 UL LS (FEGELTFS)

k=2 k=3
FILFFO) 0.99 0.995
()] €max.t | Cmax.z My He €max.t | Emax.e My He
(20,20) 14.4 126 0.925 13.7 5.66 115 0.587 8.20
(30,30) 8.51 64.2 0.619 7.98 343 48.3 0.403 4.61
(40,40) 6.72 76.5 0.494 5.76 36.9 131 0.424 5.08
(50,50) 3.97 61.8 0.432 4.75 11.7 130 0.353 4.63

%314 5 2%k RN A K B2 Bul i Rk (F &AL )

k=2 k=3
# L FF 0 0:99 0.995
(1) Cmax,t _|FCmaxle oy He €.t | Cmax.e My He
(20,20) 42.7 216 4.11 30.7 25.3 168 3.05 22.5
(30,30) 273 212 4.06 26.1 15.4 136 3.17 20.0
(40,40) 22.4 140 4.00 30.2 29.7 118 3.38 23.1
(50,50) 73.6 245 4.39 34.0 50.0 145 3.53 26.6

3315 7 2%FeptEE S i L MR B2 BN E SR (FHAE LTS

k=2 k=3
FXFEFO0) 0.995 0.995
(1) eqfii 1 o M W TR == N "
(20,20) 101 263 2.91 28.6 104 292 3.87 41.0
(30,30) 100 299 1.88 16.8 102 298 2.27 27.1
(40,40) 100 163 2.54 14.5 100 273 2.25 19.3
(50,50) 100 166 2.85 104 107 231 3.07 17.2

% 3.16 7 2%FRAFTHE 1k SLE 2 WA B (F B A R T )

k=2 k=3
FXFFO) 0.995 0.995
1) Leww [ewue | o | s Jewus [Cauc | o0 | &
(20,20) 23.7 134 2.26 14.6 27.6 252 1.83 21.7
(30,30) 19.8 98.1 1.94 11.5 19.8 275 1.72 15.3
(40,40) 12.8 113 1.76 11.1 39.5 282 1.47 14.3
(50,50) 13.6 216 1.88 13.6 72.5 299 1.86 14.0
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4317 7 2%Fem TR AR B2 BN E R (FEAE L FF)
k=2 k=3
A(0) 0.99 0.995
()] €max.t | Cmax.z My He Emax.t | Cmax.e My He
(20,20) 6.24 103 0.617 8.59 5.46 129 0.509 7.17
(30,30) 5.95 44.1 0.475 4.64 3.04 583 0.375 3.94
(40,40) 4.24 37.4 0.335 3.40 14.9 362 0.353 4.85
(50,50) 1.81 32.1 0.280 2.92 17.7 167 0317 3.36
% 318 7 2% i hAF B2 u L R (REERL T
k=2 k=3
A(0) 0.99 0.995
(1,9 €max, t |0€ maxie M He €omx.t | Cmax.e Hy He
(20,20) 40.7 232 5.96 30.1 28.0 172 5.81 24.9
(30,30) 26.9 183 6.01 28.0 i, 167 5.54 26.2
(40,40) 353 179 5.86 39.0 67.0 161 5.51 36.5
(50,50) 25.0 233 5.95 455 423 273 5.60 42.1
% 319 2 2%FEN AR S 1Lk S F B2 iR B R (B H B TS
k=2 k=3
A(0) 0.995 0.995
(1) Cinax, 11| Cmanle Gl M B . e Hy M
(20,20) 100 250 3.19 21.4 102 299 3.22 33.1
(30,30) 100 280 2.02 15.6 101 299 221 20.3
(40,40) 100 163 2.80 14.1 100 214 2.76 16.3
(50,50) 100 158 3.31 9.73 100 269 3.16 14.7
4 320 7 2% ATAR DL kAR R BB A SR (REE L FF)
k=2 k=3
A(0) 0.995 0.995
(M) Emax,t | Cmax.e My He Cmax.f | Cmax.c My He
(20,20) 23.9 114 1.95 12.9 23.4 251 3.28 16.5
(30,30) 20.2 97.1 1.83 12.8 17.0 269 2.94 12.4
(40,40) 14.3 111 1.82 16.0 65.7 286 2.86 12.4
(50,50) 15.1 205 2.02 17.2 63.5 298 2.93 14.7
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321 7 2%z T g R AF B2 BNEALE(HF NRAR)
k=2 k=3
r(t) 0.00001 0.00001
(1) Cmax,t | Cmax.e My He €max,t | Cmax.e Hy He
(20,20) 16.9 28.6 4.78 7.61 13.4 93.91 3.02 13.1
(30,30) 15.4 54.5 4.30 5.98 12.0 57.4 3.00 5.72
(40,40) 16.3 99.7 5.20 7.40 234 163 2.95 10.2
(50,50) 19.3 99.7 5.77 9.43 53.7 292 3.41 20.7
1320 5 2% H N AF ez R uiE L A (4 SRR B)
k=2 k=3
r(t) ! 0.001
0 | Puur [l L i | e B [foee | [
(20,20) 40.5 99.9 10.6 45 46.3 210 6.71 40.6
(30,30) 37.7 196 12.0 78.4 72.3 227 17.3 58.6
(40,40) 98.8 410 22.6 119 90.2 310 25.1 85.2
(50,50) 58.8 196 19.6 84.1 95.1 302 21.3 110
% 323 7 2%Fe Bl R it AL E B2 BB EA SR Ngik B)
k=2 k=3
r(t) 0:000001 0.000001
D | G e D 8, . A8 | 5 | %
(20,20) 99.7 80.1 6.08 17.9 99.6 174 9.10 36.2
(30,30) 99.6 166 7.32 24.2 99.8 166 10.4 28.7
(40,40) 99.8 166 12.1 49.6 113 287 17.3 39.5
(50,50) 100 166 17.2 55.3 100 166 16.5 36.8
324 7 2%FeM TR A K BB ALE(H NRAR)
k=2 k=3
r(t) 0.00001 0.00001
(1,J) Cmax.t | Cmaxe Hy He Cmax.t | Cmaxe Hy He
(20,20) 22.8 93.8 5.96 24.6 46.2 209 6.71 40.5
(30,30) 23.1 166 6.66 43.4 22.2 99.3 5.84 22.9
(40,40) 30.9 245 11.0 83.7 256 281 20.8 80.6
(50,50) 40.0 433 13.2 106 256 301 9.77 95.1
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