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The Study of Model for Chlorine Transport in the Water

Distribution System

Student: Shi-Bin Wen Advisor: Hun-Der Yeh

Institute of Environmental Engineering

National Chiao Tung University

ABSTRACT

The residual chlorine concentration in a water distribution system concerns safety of
drinking water. A mathematical model can' be used to describe the transport behavior for
chlorine in a pipe. This model is mainly make up of two dimension chlorine transport
equation (CTE) considering the mechanisms of -advection and dispersion in axial direction,
the diffusion in radial direction, and the first-order decay reactions in the bulk liquid phase
and at pipe wall. Many numerical techniques were utilized to solve the 1-D model and only
few studies have been devoted to the development of analytical solution in this area. This
study first derives the analytical solution of unsteady CTE in turbulent flow through
utilization of Laplace transform and generalized Fourier series expansion, which is to simplify
differential term in the radial direction. This solution is further simplified in absence of
dispersion in axial direction and integrates with a series of methodology to establish an
analytical model for simulating the chlorine residual at any location in a water network.
This analytical model is used to predict the chlorine concentration distribution in the water
network of the South Central Connecticut Regional Water Authority (SCCRWA). The
simulated results are compared with those obtained from a mass-transfer-based model
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developed by Rossman et al. (1994). Moreover, an approximate solution of the 2-D
steady-state chlorine transport equation under turbulent flow is also developed. This new
approximate solution has advantages of easy evaluation and good accuracy when compared
with Biswas et al.’s approximate solution (/993). This thesis also develops a methodology
which combines simulated annealing (SA) with this new approximate solution to determine
the wall decay parameter. Two cases are chosen to demonstrate the application of the
present approximate solution and methodology. The first case is to use this new
approximate solution in simulating chlorine decay in pipes with the experiment-observed data
given by Rossman (2006) while the second case presents the determination of the wall

consumption at the end of pipe in the water network of SCCRWA.

KEY WORDS: analytical solution, japproximdte solution, chlorine, pipes, water

distribution system, transport equation, wall decay.
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Point value of chlorine concentration in the any location of the pipe (mgl™);
Average chlorine concentration in the pipe under no wall consumption
Condition(mgl'l);

Concentration in Laplace domain

Cup-mixing average concentration of the pipe at any cross-section (mgl™);
Cup-mixing average concentration at X; within pipe j at mth hydraulic time step
Spatial concentration distribution of ith segment in pipe j at the beginning of the mth
hydraulic time step (mgl™);

Well mixed concentration (mgl'l);

The concentration at the inlet node of pipej

Inlet temporal concentration. variable (mgl™);

The concentration at the out node of pipe.j

Initial spatial concentration distribution-(mgl™);

Dimensionless chlorine radial diffusivity (LD,/ro2u);

Eddy diffusivity (m*s™);

Radial effective diffusivity of chlorine in the water (m’s™);

Axial effective diffusivities of chlorine in the water (m” s™);

Flow parameter term on the flow regime;

Number of confluent node;

Number of flow path;

Bessel function of the first kind of order zero;

Bessel function of the first kind of order one;

First-order chlorine decay rate constant in the bulk water s™M);
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mass transfer coefficient (ms™)

Dimensionless chlorine decay rate in the bulk water (kqL/u);
Pipe length (m);

Number of hydraulic time step;

Number of the last segment in pipe j;

Dimensionless chlorine axial diffusivity (LU/Dy);

Retention time for water flow in pipe j at the mth hydraulic time step;
Flow rate at confluent node 7 in a single flow path;

Total flow rate at confluent node i;

Pipe radius (m);

Hydraulic radius of pipe;

Dimensionless radial distange from the center of the pipe (7/rv);
Laplace parameter related to dimension-time

Retention times of ith segment.in pipe.j.at the mth hydraulic time step;
Time (s)

Time of hydraulic time step (hr);

Time of water quality time step (min);

Dimensionless time (zu/L)

Dimensionless time of pipe j at the mth hydraulic time step;
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Average flow velocity throughout the distribution system (ms™);
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Pipe wall surface reaction constant (ms™);
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CHAPTER 1 INTRODUCTION

1.1 Background

The establishment of maximum contaminant level goals for some pernicious materials
existing in the treated water after leaving from treatment plants was regulated by the Safe
Drinking Water Act and its Amendments in US. More interest in water quality aggravation
in the water distribution systems is by virtue of this command. In general, disinfection is
carried out to reduce or prevent microbiological growth before treated water entering the
water network system. Chlorine is a strong and enduring disinfectant which can control
microbial growth in the distribution networks. When chlorine is added to water, it can
combine with water rapidly to form hypochlorous acid (HOCI) and hydrochloric acid (HCI).
Partial hypochlorous acid then ionizes to form the hydrogen ion (H") and the hypochlorite ion
(OCI'). The HOCI and OCIx are called free. available chlorine which has a strong
disinfection capacity because it is a strong.oxidizing agent capable of oxidizing substance in
water, inclusive of microbe. Chlofine.can react with the organic matters in water; however,
the process may result in some carcinogens by-products, e.g., trihalomethanes
(Tchobanoglous and Schroeder, 1987). The quantity of residual chlorine should be small to
avoid producing the carcinogens disinfection; however, there is no disinfection capacity in
water if the concentration of residual chlorine is low. Consequently, it is very important to
control the concentration of residual chlorine in water.

The model for chlorine transport in the pipes may include the first-order decay kinetics
in bulk liquid and chlorine consumption at the pipe wall. The consumption process at the
pipe wall is similar to the process of mass transfer from the bulk liquid phase to the pipe
surface. LeChevallier et al. (1988) indicated that the transport of chlorine from the bulk
liquid phase to the biofilm at the pipe wall is an important factor affecting the chlorine decay

rate. In order to inactivate bacterial populations, higher chlorine concentrations are required
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in the biofilm as compared to those suspended in the bulk liquid phase. In addition, the pipe
material strongly affects the wall decay and could generally be grouped into two different
types. That is the reactive pipes such as unlined iron and unreactive pipes, e.g., PVC, MDPE,
cement-lined iron (Hallam et al., 2002). Additionally, pipe age also affect the capacity of
chlorine reaction at the pipe wall (4/-Jasser, 2006). Therefore, the decay of chlorine at the
pipe wall is usually considered as the first order reaction parameter in relation to the degree of
reactivity of the pipe material or growth of biofilm on the pipe wall.
1.2 Literature review

In the water distribution systems, minimum chlorine residual is required to ensure safe
drinking water. Nevertheless, maintenance of this requirement is difficult due to chlorine
decay with time comprising reactions in the bulk water and at the pipe wall. In order to
realize the chlorine disappearance and transpert behavior in pipes, an unsteady two
dimensional (2-D) mathematical-model is developed- The model is mainly composed of a
chlorine transport equation (CTE) raccounting. for- the processes of the advection and
dispersion in axial direction, the diffusion in radial direction, and the decay with a first-order
reaction in the bulk flow and at the pipe wall. Biswas et al. (1993) derived an analytical
solution for a steady-state 2-D CTE without considering the axial dispersion under turbulent
flow. Their analytical solution was further simplified to a simple exponential function form
which can be easily applied to estimate chlorine decay or transport parameters in water
networks. However, the development of the approximate solution is not straightforward and
the accuracy of approximate solution may be influenced due to regression when the wall
decay parameter is large. For the numerical approach, Ozdemir and Ger (1998) applied
finite difference method to solve steady-state chlorine transport equation and simulated
chlorine transport behavior in an experimental pipe. Alternating Direction Implicit (ADI)

scheme was utilized to solve the unsteady 2-D CTE (Ozdemir and Ger, 1999)



Previous studies on water quality in the water distribution systems included the
development of the contaminant propagation model or the simulation of chlorine decay in the
pipe network (e.g., Clark et al., 1991; Clark et al., 1993; Clark et al., 1994). Based on mass
conservation, Rossman et al. (1994) developed an one dimensional (1-D)
mass-transfer-based model with considering the advection in axial direction and introducing
the concept of mass-transfer coefficient in representing chlorine transfer from bulk flow to the
wall pipe. They integrated the mass-transfer-based model with the hydraulic model of
EPANET to perform hydraulic and residual chlorine concentration simulations in the water
networks (Rossman et al., 1994). The same model was also utilized for the determination of
decay parameters in real networks by coupled with an optimization approach or statistical
technique (e.g., Vasconcelos et al., 1997; Munavallil and M. S. Kumar, 2006).  Munavalli
and M. S. Kumar (2004a) developed the relatiom.of chlorine reaction to the substrate and
microorganisms in water distribution systems based on a 1-D multi-component reaction
transport model. Many numerical techniques-were-utilized to solve the 1-D model (e.g.,
Rossman and Boulos, 1993; Rossman et.al., 1996; Munavalli and M. S. Kumar, 2004b) and
only few studies have been devoted to the development of analytical solution in this area.
However, most of numerical techniques involve the problems of numerical dispersion and/or
phase shift errors (Rossman et al., 1996; Yeh, 2000).

1.3 Objectives

This study has two primary objectives. The first is to derive the closed form solutions
of unsteady 2-D CTE with and without dispersion in turbulent flow using Laplace transform
and technique of generalized Fourier series expansion. The closed form solution without
axial dispersion is further utilized to develop an analytical model for simulating the chlorine
concentration distribution in a water network based on the pipe velocities obtained from a
hydraulic simulation. This model is applied to the simulation of the chlorine concentration

in a water distribution system build by South Central Connecticut Regional Water Authority
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(SCCRWA) for tracking the change of chlorine residual with time. The results of the
present model will compare with the observed data and the predicted concentration by the
mass-transfer-based model developed by Rossman et al. (1994). The second is to develop a
new approximate solution of Biswas et al.’s analytical solution (/993) which has advantages
of simple function form, easy numerical evaluation, and good accuracy. The approximate
solution is obtained mainly by remaining the first term of the infinite series in the analytical
solution of Biswas et al. (1993) and simplifying the Bessel function in eigenfunction. This
approximate solution is expressed as an exponential form and in terms of three
non-dimensional parameters, which physically represent the mechanisms of radial diffusion,
first-order chlorine bulk decay, and chlorine wall decay. Thus, this approximate solution can
be used to estimate transport parameters if coupled with an optimization algorithm. The two
cases including experimental study (Rossman, 2006) and study in the water network of
SCCRWA (Biswas et al., 1993) are chosen to demonstrate the application of the present

approximate solution.



CHAPTER 2 THEORY

2.1 Unsteady 2-D chlorine transport equation
The unsteady 2-D CTE describing the concentration of total free chlorine in the water

flowing through a pipe with considering first-order decay reaction is written as (Biswas et al.,

1993)

oC oC o*C 1o6( oC
= GUf(r)—=D, —+D, ——| r— |- k,C 1
ot A Ox * ox? rr@r(r 8}’) d 1)

where C is the concentration of free chlorine, (mg/L); ¢ is time, (s); U is the average flow
velocity in the pipe, (m/s); 7 is the radial coordinate; x is the axial coordinate; D, and Dy are
the radial and axial effective diffusivities of chlorine species in the water, respectively, (m?/s);
kq is the first-order decay constant in_the bulk water, (1/s) and f{r) is a flow parameter
representing actual velocity profileé as funetion-of radial direction in a pipe and depending on
the flow regime. Flow parameter, Ar) is equal t6 2[1-(+/ry)’] for laminar flow and is
assumed approximate to 1 for turbulent flow.==The first term on the left-hand side (LHS) of
Eq. (1) represents the change of chlorine concentration with time in a pipe. The second LHS
term represents the axial advective flux. The first and second terms on the right-hand side
(RHS) of Eq. (1) account for the axial dispersive flux and the radial diffusive flux,
respectively. The last RHS term is the first-order decay rate of chlorine in the bulk flow.

The associated initial and boundary conditions of Eq. (1) are as follows:

C(r’ x,O) = Cinitial (X)

)

C(r,0,t) = Cpyea (©) 3)

C(r,0,¢)=0 “)

D oC(r,x,t)  _ 0, Clrnxt) (6)
or




where 7y is the pipe radius, (m); and wy is the pipe wall surface reaction constant and also
referred to “intrinsic wall decay constant”, (m/s). The initial concentration Ciyitiag may be
spatially distributed along the axial direction in a pipe and the inlet concentration Ciyer may
vary with time. Note that the chlorine concentration is well mixed over the cross-section.

Under the turbulent condition, Eq. (1) can then be cast in the following dimensionless

form as:
2
%0 10C,D0(3%) ke -
o oX P 0X~ ROR OR

subject to the dimensionless initial and boundary conditions

C(R’ X’O) = Ciriga (X) )

C(R0,T)= Cyea(T) ©)

C(R,0,T)=0 (10)

oc.x.7) _, an
OR R=0

oC(RX,T)|

e |." wC(1, X,T) (12)

where T = tU/L, X = x/L, R = r/ro, Pb:=LU/Dg;.D = LDy/ro’U, K = keL/U, and W = waro/D:.
The dimensionless parameters D, K, and W represent the radial effective diffusivity, the
chlorine decay rate constant in the bulk water, and pipe wall surface reaction constant,
respectively. If the decay reactions occurring in the bulk water and at the pipe wall are
assumed the first-order kinetics, the initial concentration and inlet concentration are

respectively expressed as

Ciga(X) = Sexp(-ax) (13)
and

Cyua(T)= Bexp(-aT) (14)
where the ,B and E are the concentration parameter (mg/L) and ¢ and & are the

dimensionless reaction parameter. A diagram of control volume in a dimensionless form
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for chlorine concentration in a pipe with related initial and inlet conditions is illustrated in
Figure 1.
2.2 Analytical solution

Eq. (7) with the initial and boundary conditions, Egs. (8) - (12), describes the transient
chlorine transport in a pipe. The closed-form solution to Eqgs. (7) - (12) can be obtained
through utilization of Laplace transform with respect to time and generalized Fourier series
expansion, which simplifies the differential term in the radial direction. The detailed

derivation of the solution is shown in Appendix A and the Laplace-domain solution is

& 20, (A4) (AR)
C(R,X,S)_;/1”[.]12(/1“)+J§(/1n)}

p i Rx(, [ 4
<s+&>*<d2/a+&—rns>}""[ H-fgma)] oo

A

—~ P ) oxp(~aX )}

(& /B +a=Ty=s

where C is the concentration in Laplace domain; s 1s a Laplace parameter related to 7; I’ is
equal to (K + 1,°D); Jo and J, are the zero and first order Bessel functions, respectively; and A,
is the nth root of following equation.

AJ(A,)=WI,(A,)=0 (16)
After taking Laplace inverse transform of Eq. (15), the solution for the cup-mixing average
concentration C,, can be expressed as

Coy = D ¥y x| Bexp(-GDAX.T) - fexp| (&/ B +é-T, )T |[BU.D)-exp(-¢1)] | (17)

n=1

where W, is [4W / A*(Aa> + W)] and A(X, T) and B(X, T) are respectively expressed as

A(X,T) =%{exp(PL2X (1+J477n /B, )jxerfc[%\/%Th/nHTj

(18)
+exp(PL2X (1—J477n IR )jxerfc[% % —\/%_TJ}




B(X,T)z%{exp(%(lJr,Ma)/PL )jxerfcig\/};“#-\/w_TJ
+exP(PL2X (1_ [4o/ P, )Jxerfctg\/g—\/ﬁ}

The variable 7, in Eq. (18) and @ in Eq. (19) are defined as (I',—a+F /4) and

(19)

(@*/ P +a+ B /4), respectively. If neglecting the axial dispersion (i.e., PL — ), Eq. (17)

can be reduced to

Cu=>¥, x{ Bexpl &(T—X) Jexp(-T, ) x H(X ~T)
n=l (20)

+ Bexp| @(X =T) Jexp(—T, X )x H(T - X))
where the symbol H represents the Heaviside function. If inlet concentration is equal to

constant, ,3 (i.e., a= 0), Eq. (20) under steady state can be reduced to the analytical

solution developed by Biswas et al. (1993), written as

Cavzﬁxi‘anexp(—FnX) (21)
n-l

To compute C,,’s using Egs. (17);:(20) and (21), the roots of the Eq. (16), 4,, must be
determined first. Eq. (16) is a nonlinear equation and its roots 1,’s can be determined by
Newton’s method which has the advantage of quadratic convergence in finding the roots (Ye#,
1987). The C,y, can be calculated at any location and time in the pipe if the values of 4,’s, P,
D, K, and W are known. The Cg,’s in Egs. (17), (20) and (21) are represented as an infinite
series; however, the relative error in estimating C,, is less than 5% if only the first term of the

series is computed. Therefore, it may be appropriate to use the first three terms of the series

in Egs. (17), (20) and (21) to compute C,.

2.3 Approximate solution

2.3.1 Biswas et al.’s approximate solution (1993)



In the case of no chlorine consumption at the pipe wall (i.e., W = 0) for Eq. (21), the

cup-mixing average chlorine concentration can be expressed as (Biswas et al., 1993):
C!, = Bexp(-KX) (22)
A fractional error ¢ was defined to simplify the analytical solution as (Biswas et al., 1993):
¢=(c,-C,)/C, (23)

Substituting Eq. (22) into Eq. (23), C,, becomes

c o= Bexp(—KX)

av (1+e) (24)

Once ¢ is assigned, the C,, can then be determined by Eq. (24). Biswas et al. (1993) used the

regression technique to express ¢ in terms of D and W as

&=2.4416DW —0.1559DW* for, 0.0L<J¥V <10 (25)
Eq. (24) along with Eq. (25) was then used:to approximate Eq. (21) in computing the C,,.
2.3.2 New approximate solution

The C,y may be approximateéd by retention of the first term of the infinite series and

neglect of higher order terms in Eq. (21) as
C,, =[xV, xexp[-T X] (26)

For 0 < 4, < 12, the Bessel functions Jy and J; in Eq. (16) can be respectively written as (Yang

and Yeh, 2002)

1/12 1/12 ’ 1/12 ’
Z n 4 n 4 n
Jy(4,)=1- + - 4o (27)

and

o ) )
7(%) (j ! 1 (28)

Y P S - +
) 2y @)3)  (31)4)



The value of A, increases with W which equals waro/D;. Dy, is assumed to equal to the eddy
diffusivity suggested by Edwards et al. (1979) as Deaday = 1.233x10°Ur). Rossman et al.
(1994) used EPANET program to simulate chlorine residual in the network in New Haven,
Connecticut including 41 pipes and 36 nodes where the range for the value of W is form
7.3x10* to 7.0x107 under turbulent flow. This network was also studied by Biswas et al.
(1993) and W ranges from 1.49x107 to 1.3x10%.  Additionally, in the experimental study for
chlorine decay, the value of W is about from 2.49x10 to 3.48x 107 under turbulent flow (e.g.,
Ozdimer and Ger, 1998; Rossman et al., 2001; Rossman, 2006). The value of W is
considered smaller than 0.1. The first root 4, is less than 0.5 when W < 0.1. Therefore, the
third and higher order terms in Eq. (27) and the second and higher order terms in Eq. (28) are

relatively small and negligible  Accordingly, based on Eq. (16), 4; becomes

4w
= 29
4 2+W ()
Eq. (26) can then be expressed as
- 2w 4DW
C,=p0x|1+—— |exp|~| K¥ X 30
w=F [ 4+2W+W2j p[ ( 2+WJ } 0)

As an approximate solution to Eq. (21), Eq. (30) is very simple and easy to use to compute the
C,. When W is smaller than 0.1, the second term on the RHS of Eq. (30) is much less than

1. Thus, the approximate solution is further simplified to

= B 4DW
Cav—ﬂexp{ (K+2+WJX} (31)
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CHAPTER 3 METHODOLOGY OF PRESENT MODEL

3.1 Hydraulic time step and water quality time step

Before simulating the chlorine residual in a water distribution system by a water quality
model, the hydraulic simulation should be performed first. The water-use rate at every node
in a water distribution system is taken as an average value within a discrete time interval, #,,
called the hydraulic time step (HTS). The computer program such as EPANET (Rossman et
al., 1994) or KYPIPEF (Wood, 1986) can be used with known pipe information and nodal
water-use rates to perform hydraulic simulation for all the necessary HTSs. The average
flow velocities in pipes for all the HTSs can then be obtained from the hydraulic simulations.
A HTS is usually divided into several water quality time steps (WQTSs), . Rossman et al.
(1994) used a time interval of 1 hr in their hydraulic simulation and a smaller time step
dependent on the pipe length and flow velocity for. simulating chlorine transport in the water
networks. Thus we also use 1 hr forithe HTS when performing the hydraulic simulation and
a smaller time interval such as 1 minforthe WQTS.
3.2 Segment of a pipe

For simulating the chlorine transport in a water network, the influence of axial dispersion
on the chlorine transport is small and, therefore, negligible in comparison with the axial
advection. In addition, the fluid velocity is considered uniform over the pipe cross-section;
in other words, the water network has plug flow in pipes. At the beginning of the first HTS,
each pipe is considered as a segment and the concentration in each pipe (i.e., initial
concentration) is assumed as uniform (well-mixed) and equal to the observed concentration at
its downstream node. Figure 2 shows an example of the chlorine transport, which acts as
plug flow, in a single pipe line at the first HTS, i.e., from ¢ = 0 to ¢ = #,, for the flow from left
to right. The black, gray, and light gray colors denote the water residing in the pipes j+1, j,

and j-1, respectively, at the beginning of simulation. At ¢ = #,/3, pipe j may contain gray and
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light gray water because a part of water in pipe j-1 (in light gray color) flows into pipe j. At
t = 2t/3, the water originally resides in pipe j-1 at £ = 0 may all flow into the pipe j if the
hydraulic retention time of water in pipe j-1 is equal to 2#/3. At the end of the first HTS
(i.e., t = t), a part of the water originally resides in pipe j may still stay in pipej. We refer to
this portion of pipe as segment 1 for the second HTS and marked with grey color which is the
last panel in Figure 2. This panel also demonstrates that the water originally resides in pipe
j-1 and now all stays in the segment 2 of pipe j for the second HTS. Moreover, the third
segment for the second HTS (with white color) in pipe j is occupied by the water originally
residing in pipe j-2. Therefore, in the second and succeeding HTSs, each pipe is divided into
a number of segments dependent upon the pipe length, flow velocity, and the origin at
previous HTS for water residing in each pipe at beginning of HTS. Therefore, the water
within a segment of a pipe at beginning of HTS eomes from the same segment at the previous
HTS or treatment plant. Different pipes may have different diameter and thus are of
different hydraulic radius and radial ieffective diffusivity. Therefore, at beginning of each
HTS, the number of segments in each pipe should be determined in order to predict the spatial
distribution of chlorine concentration in the pipe network at every HTS using the present
analytical solution. In addition, the number of segments in a pipe is in an order starting from
the outlet node and ending at the inlet node.

3.3 Flow time for water in different segments

The dimensionless axial location in pipe j is denoted as X; and the retention time in pipe j

is PT". The retention times of ith and vth segments of pipe j at the mth HTS are denoted as

ST} and ST, respectively. In pipe j, when water at the end of the vth segment flows to

v,j°
v-1
X; at mth HTS, the arrival time is equal to ZSTif‘} -PT" (l—X j) in which the first term is the

i=1

retention time for water at the end of the segment to the end of pipe j and the second is the

retention time for water flow from Xj to the end of pipe j. Therefore, at mth HTS, the flow

12



time for water in the vth segment of pipe ;j passing through X; ranges from

v—1 v
SER =P (1-X;) to D ST%-PT™(1-X;). Moreover, the arrival time for water in the

i=1 i=l1

vth segment of upstream pipe k£ when passing through X; at mth HTS can be divided into three

v—1
time intervals. The first interval is ZSTSTL representing the retention time for water at the

i=1

-l
end of the vth segment to the outlet node of pipe k; the second is z PT, standing for the
i=k+1

retention time for water at the outlet node of pipe £ to the inlet node of pipe j and the last is

PT;xX; denoting the retention time for water at the inlet node of pipe j to Xj. Thus, the flow

time for water in the vth segment of upstream pipe k passing through JX; starts from

v—1 Jj-1 v j-1
D ST+ > PL+PTjxX; andendsat » ST+ > PL+PTxX;.
i=1 i=k+1 i=l i=k+1

3.4 Concentration distribution in a_pipe line predicted by the present model
Based on Eq. (13), the initial spatial distribution of chlorine concentration in the vth
segment of pipe j at the mth HTS can be expressed as
Cinitiallvn,j = vaj exp(—d:ij) (32)

A

where A7 and @, respectively denote the concentration and dimensionless reaction

parameters in the vth segment of pipe j at the mth HTS.

Eq. (20) which is expressed in terms of an infinite series can be used to describe the
cup-mixing average concentration, C,,. For the ease of computing, this term is used to
develop the analytical model for the simulation of chlorine concentration distribution in a

single pipe. Accordingly, the concentration at X within pipe j at mth HTS is

wi =V XA exp[&g‘j (7" -x, )Jexp[(—nm |
for VEI:STJmI -PT" (I—Xj)< T< y ST — PT® (1_Xj)
=l i=1

(33)
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where 7 is the time within a HTS raging from 0 to #,, 7;"is a dimensionless time of pipe j and

equal to 7 divided by the retention time of pipe j, and y" and y" represent ¥, and I'; for

the pipe j at the mth HTS, respectively. Based on Eq. (33), the concentration distribution at

the outlet node in pipej (i.e., Xj = 1) can be written as
~ v—1 v
CaVT 1//}“ X éflj exp(—df”j)exp[ (;/J +a, )Tm] for ZSTl"J1 <7< Z:STIHJl (34)

This equation can also be used to describe the concentration distribution at the inlet node

of pipe j+1 if the 7" in Eq. (34) is changed to T}, because the retention times for water
flow in pipes j and j+1 may be different. The relationship between the variables 77" and

Tm

W can be expressed by mean of the parameter Qj“jl’j, which is the ratio of PT, to PT",
so the variable 7" is equal to &7 multiplied by T:7,. Based on the second term on the
RHS of Eq. (20), the concentration distribution.at Xj;y for water coming from the vth segment
of pipe j can be obtained by‘ i therelationships of b= I//Jm,@n i exp(—O?a1 j) and

_]+1_]( )

Similarly, the concentration distribution at X for water coming from the vth segment of
the upstream pipe k can be written as

Carf' Hl//l X vkeXp —(‘lkaFZ?’l +(ay - yk)zelka

i=k+1 i=k+1

<exp[ O @0 (17 - X)) |exe (1) 35

Jj-1 v—1
ZP +ZS +PTx X, <1< ZPT +ZSTm + PTyx X,
i=k+1 i=1 i=k+1 i=1

The concentration distribution at any location in a pipe line can be estimated at every WQTS

using Eq. (33) for k= or Eq. (35) for £ # j once the retention time in every segment within

14



the HTS and the upstream segment, which the passing water at the location X; within the
WQTS comes from, are determined.

3.5 Searching the segment within a water quality time step

j
At the mth HTS, the flow time is )’ P1;™ —(1-x;) P for water at the end of pipe & (k

i=k+1

J v—1
= j) to arrive at X;. Similarly, the flow time is z PT™ —(I—X j)PijJrZSTi,‘T( for water at

i=k+1 i=1

the end of the segment v in pipe £ to arrive at Xj. Therefore, the segment in which the water
passes through X; at time 7 can be determined based on the following relationship:

ST™, <7 ipﬂm—(l—xj)qu <2STL“}C (36)

i=k+1 i=1

v—l1
i=l
3.6 Segment division in a pipe line at each hydraulic time step

At the first HTS, the length of segment in’ each pipe is equal to the pipe length; thus, the

retention time of each segment equals the:pipe length divided by the average flow velocity.

The dimensionless time at the ‘end of the'mth HTS in pipe j, 7™, is equal to # /PT".

Consider that the water passing through:the outlet node of pipe ; at the end of mth HTS comes
from v'th segment of pipe . The variables k£’ and V' can be determined by Eq. (36) when X;
=1and 7=1#. However, the water in v'th segment of pipe &' may not reside completely in
pipej at the end of mth HTS because a part of the water may travel through the outlet node of
pipej. The flow time for the water in v'th segment of pipe &' passing through the outlet node

'

J v
of pipe j is equal to(#, — z PT™ _ZSIZ,IT()- The remaining part of the water staying in

-1
i=k'+1 i=1

pipe j becomes the first segment of pipe j at the (m+1)th HTS and its flow time is

'

J V-1
[ST" , —(t, — Z PT"™ _ZSE,H;)]- Therefore, the retention time for the first segment of
i=k'+1 i=1

J V-1
pipe j at the (m+1)th HTS, ST is ul[ST", —(t,— >, PT"™ =Y ST")l/u™" where

J
i=k'+1 i=1
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u;" and u;“” are the average flow velocities in pipe j at the mth and (m+1)th HTS,

respectively.
The water in the second segment of pipe j at the (m+1)th HTS may come from a whole

segment situated at the upstream of the v'th segment in pipe k. Therefore, the retention time

m+1

for water in the 2nd segment ST;}“ is equal to u;" (ST, )/u"" if the v'th segment is the

last segment in pipe k" or "/ u}“” (ST, ) if the v'th segment is not the last one. ~ Similarly,

the retention times for succeeding segments in pipe j at the (m+1)th HTS except for the last
one can then be determined.

The sum of the retention time for water in each segment within a pipe must equal the
hydraulic retention time for water flowing through the pipe j. If the sum of the retention
time for water from the first segment to the Nth.segment is greater than or equal to the

hydraulic retention time of pipe j, the Nth segment is indeed the last segment of pipej. Thus,

N-1
the retention time for water in the N'th'segment-S7,i" is equal to PT™"' — z ST .

i=l1

The initial concentration distribution in*each segment at the (m+1)th HTS can be
determined based on Eq. (33) or (35), once the origin of the water in each segment of pipe ; at

the (m+1)th HTS is known. For example, the concentration distribution in the first segment
at the (m+1)th HTS can be determined with known 7™, V', and k" according to Eq. (33) if &'
=jorEq.(35)ifk' #/.
3.7 Network

In a water network, there may be more than one pipe connected to a node. Assume that

the concentration at the confluent node is well mixed and its concentration, C,,, can be

calculated as (Rossman et al., 1994)
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H%
Co=2, H Cof (37)

1eG

1
ieg I

where G is the number of flow path, g is the number of confluent node in a flow path, Q. is
the total flow rate at confluent node i, and g, is the flow rate at confluent node i in a single
flow path. Figure 3 shows an example network which comprises nine pipes, seven nodes,
and two confluent nodes denoted as black circles. For the outlet node in pipe 9, there are
three flow paths. Path 1 includes pipes 1, 2, 3, 5, 6 and 9; path 2 has pipes 1, 2, 4, 6, and 9;
path 3 contains pipes 1 and 7 to 9. Based on Eq. (37), the mixing concentration at the outlet

node of pipe 9 is

QSXq() m q4xq6 m q() m
C,= C.o ) + C.o ) +——(C, (38)
(q4+q5)(q6+qs)( 7) (q4+q5)(%+qg)( 7). (q6+qg)( ),

3.8 Flowchart of water quality simulation

The flowchart for the simulation of chlorine coneentration in a water network using the
present model is illustrated in Figure 4.~ The flowchart includes three parts. The first part is
to set the initial condition of the rétention time and the initial concentration distribution in
each segment for each flow path at the fist HTS. Then, the present model is proceeding to
the second part for the estimation of the chlorine concentration at each WQTS. The second
part, which includes the main solution algorithm of the present model, includes three steps.
The first step is to determine the vth segment of pipe k for each flow path in which the water
passes through the location X; at the current WQTS using Eq. (36). The second step is to
calculate the chlorine concentration in each flow path using Eq. (33) or (35) and the last step
is to calculate the mixed concentration for the current WQTS by Eq. (37). The last part is to
determine the retention times and concentration distribution in each segment for all flow paths
for the next HTS. Then, the algorithm of the present model will go back to the second part
to estimate the chlorine concentration for the next HTS. When accomplishing all the HTSs,

the analytical model will complete the network concentration simulations.
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CHAPTER 4 RESULTS AND DISCUSSION

4.1 Accuracy comparisons of the approximate solutions

The present approximate solution is compared with both the analytical and approximate
solutions given in Biswas et al. (1993). Three figures are plotted to investigate the effect of
the parameters D, K, and W on the corresponding predicted chlorine concentration. Figures
5(a), 5(b) and 5(c) show the curves for the chlorine concentration distribution of, C,, with
initial concentration equal to one, at the outlet (X = 1) versus the dimensionless wall decay
rate (W) with different values of dimensionless radial diffusivity (D) for the dimensionless
water decay rate (K) equal to 0.001, 0.1 and 1. The solid line, dotted line, and dashed line
represent the analytical solution, present approximate solution, and Biswas et al.’s
approximate solution (/993), respectively.

As indicated in Figures 5(a)-= (c) for different K values, the value of C,, based on Biswas
et al.'s approximate solution (7/993), starts-to.be.different from the analytical solution for W at
0.003, 0.03 and 0.3 when D = 100,:10, and" I, respectively. The present approximate
solution is in good agreement with the analytical solution for K ranging from 0.001 to 1 with
D equals 100, 10, and 1 except in the region where W > 0.5 and K = 1. Those results
indicate that the parameters of D and  have an apparent influence on the accuracy of those
two approximate solutions. In addition, the present approximate solution generally gives
better prediction for the chlorine concentration than that of Biswas et al.’s approximate
solution (/993).

The poor accuracy of the Biswas et al.’s approximate solution (/993) stems from the fact
that the expressions of fractional factor, ¢, in terms of D and W were developed using the
regression techniques as shown in Eq. (25). On the other hand, the error of the present

approximate solution is made mainly by neglecting the higher order terms of the Bessel
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functions in Egs. (27) and (28). If the first eigenvalue 4, is small, the errors of neglecting the
high order terms in the Bessel functions of Egs. (27) and (28) will be very small.

Figure 6 shows the plots of the true and approximate values of 4, against W. The solid
line represents the true A, obtained from Eq. (16) by Newton’s method and the dashed line
denotes the approximate A; calculated from Eq. (29). This figure indicates that both the
value of 4, and the difference in A; increase with W. In addition, Table 1 shows the relative
errors of the approximate 4; to the true 4; for W ranging from 0.001 to 0.5 and the relative
error is about 1.2 % at W = 0.1. Accordingly, the present approximate solution gives
accurate results when < 0.1 and is thus appropriate for most of field cases.

4.2 Two case studies for the approximate solution

The first-order reaction kinetics is usually used to represent the chlorine decay in the
bulk liquid of the pipe and at the pipe wall. Thedecay parameters can be determined based
on an appropriate mathematical model and measured ehlorine concentration data. Two cases
are chosen to demonstrate the application_of the present approximate solution. The wall
surface reaction constant estimated based on the approximate solution is compared with those
obtained from Biswas et al. (1993) and Rossman (2006) in Case 1 and from the water network
of SCCRWA (Biswas et al., 1993) in Case 2.

421 Casel

Rossman (2006) used a distribution system simulator which consisted of a 27 m long
loop with 0.15 m diameter unlined ductile iron pipe, a recirculation pump and a heat
exchanger cooling system. An experiment was made to measure the reaction rate of chlorine
in a simulated pipe for water treated by different forms of advanced treatment at US EPA’s
Test and Evaluation Facility in Cincinnati, Ohio. In Case 1, the present approximate
solution is used to determine the pipe wall surface reaction constants wy for water applied by
three different treatments. The initial chlorine was about 6 mg/L and the values of k4 shown

in the second column of Table 2 (Rossman, 2006) for lab-tested water under different
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treatments were determined based on the analysis of the kinetic test data. The wall surface
reaction constants, wy, for three sorts of lab-tested water can then be determined from the
experiment-observed data based on the present approximate solution. In the experiment, the
flow velocity was maintained constant, so steady-state flow condition was considered. Note
that the axial distance from the inlet along the pipe, x, is equal to the flow velocity multiplied
by the flow time in pipe. Under the turbulent condition, the eddy diffusion is greater than
the molecular diffusion. Thus, the effective diffusivity in the radial direction, D, is only
considered the eddy diffusivity which can be obtained from Edwards et al. (1979) because of
turbulent flow. With the known values of pipe radius, pipe length, flow velocity, and
chlorine bulk decay constant, w4 can be determined based on the present approximate solution,
Eq. (31), when minimizing the objective function defined as the sum of square errors between
the observed and predicted chlorinei¢oncentrations.. In order to determine the optimal value
of wy for three sorts of lab-tested water, simulated annealing (SA) is applied. The SA is a
generic probabilistic meta-algorithmy forthe global optimization problem based on the
annealing concept, namely locating a.good approximation to the global optimum of an
objective function in a large search space. The initial temperature of the SA is chosen as 100
and the temperature is decreased by the temperature reduction factor (0.85) after 8100
calculations. The annealing process will be terminated if the absolute differences between
two successive objective function values are all less than 107'° within 20 iterations or the
number of evaluations is greater than 10". The SA has been successfully applied in
forecasting THM Species (Lin and Yeh, 2005), parameter estimations (e.g., Yeh and Chen,
2007; Yeh et al., 2007a), and source identifications (e.g., Lin and Yeh, 2007; Yeh et al.,
2007D).

As suggested by Rossman (2006), a first-order reaction model for describing the

first-order decay of chlorine in bulk flow and at the pipe wall was expressed as
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a@-f: —(kd +ﬁjc (39)
where r, is hydraulic radius of pipe. Table 2 lists the wy estimated by the present
approximate solution, the first-order reaction model (Rossman, 2006), and Biswas et al.’s
approximate solution (/993) for three sorts of lab-tested water. The table shows that the
values of wy estimated by these three models are close for the same lab-tested water. Note
that the first-order reaction model neglects the radial diffusion and thus the estimated wy
slightly differs from those given by the other two solutions. Figure 7 shows the
experiment-observed data (Rossman, 2006) and the simulated results by the present
approximate solution and Biswas et al.’s approximate solution (/993). The solid line
represents the result of the present approximate solution and the dashed line represents the
result of Biswas et al.’s approximate solution (7993). The symbols of circle, rhombus, and
triangle displayed in Figure 7 denote experiment-observed values for lab-tested water treated
by reverse osmosis, conventional treatment, _and -ozonation, respectively. This figure
indicates the simulated results of the present approximate solution are in good agreement with
experiment-observed values from Rossman (2006). In contrast, the simulated results of
Biswas et al.’s approximate solution (/993) are discordant in the case of the lab-tested water
treated by ozonation with greater wy value. This problem may be attributed to the fact that
the chlorine concentration is inversely proportional to the quadratic of wall decay constant in
Biswas et al.’s approximate solution (/993) as expressed in Egs. (24) and (25). Chlorine
concentration is considered to decay exponentially with increasing retention time as indicted
in Eq. (39) and thus the chlorine concentration is inversely proportional to the exponent of &4
and wyq. The present approximate solution expressed as Eq. (31) conforms to the form of the
first-order decay reaction. This may be the reason why the simulated results of the present
approximate solution are better than those of Biswas et al.’s approximate solution (/993)

when wy is large.
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4.2.2 Case 2

In Case 2, the present approximate solution is employed to determine the wy in a field
test conducted by the SCCRWA in New Haven, Connecticut. The service area of this
network covers 5.2 km? and the network is composed of a storage tank, a pump station, 40
pipes ranging from 76 to 731 m with constant diameters of 20.3 and 30.5 cm, and totally 36
nodes. The schematic of this network is shown in Figure 8 which includes eight sample
points denoted by the words “SP”. The sampling results of chlorine concentration at the
inlet and outlet points of these pipe segments are presented in the second and third columns of
Table 3 (Biswas et al., 1993). The geometrical and flow parameter including pipe length,
pipe radius, flow velocity (Biswas et al., 1993) and diffusion coefficients for all the pipes are
listed in Table 4. The diffusion coefficients were determined by the eddy diffusivity, as
obtained from Edwards et al. (1979).  In addition, the chlorine bulk decay constant, kg, was
6.4x10° (1/s) (Biswas et al., 1993) obtained by bench kinetic tests performed with the water
sample taken at the inlet to the network.

In pipes 1 to 3, 6 to 16, 21, and26:to 28 of this network (Figure 8), those pipes numbered
3, 10 and 21 are dead end pipes while the other pipes are main branch. The present
approximate solution expressed in Eq. (31) is used to determine the wall surface reaction
constant, wy, in this network. The average value of wy for the main pipes such as 7, 9, 11 to
15, and 26 to 28 in this network can be determined first. Assume that the wall surface
reaction constant for the main pipes are all the same because those pipes were made by the
same material. Based on Eq. (31), the average concentrations at X = 1, the outlet of pipe 7,

can be expressed as

4D. W,
Cav7 = C’in7 x exp{—(fﬁ +T7VV7J:| (40)
7

The subscript in each variable represents the pipe number and Ci, 7 is the inlet concentration

of pipe 7. The average concentrations at the outlet of other main pipes can be expressed in a
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similar manner. The chlorine concentrations are only measured at the inlet and outlet nodes
of the segment and a segment usually contains several pipes. The outlet concentration of a
pipe is in fact the inlet concentration of the next pipe. Thus, the concentration C,, at the
outlet of a segment is equal to the product of C,, of each pipe within the segment. The
concentration at the outlet of pipe 28, Coy 25 in the segment containing main pipes 7, 9, 11 to

15 and 26 to 28 can be written as

4D.W.
Cin7 X H exp|:_(Ki + 2 +1VVZ ]:| = C0u128 (41)

i€ main pipes

Furthermore, Eq. (41) can be simplified and expressed in term of W as

) mmznpipes;‘?—igg =— {m(com 25/ Cpp)+ ) maizn:pipes Ki} (42)
where D and K are known dimensionless parametets and /¥ is a function of wg, Note that W/
equals wq Dy/rg and is the only unknown in Eq.-(42)." - Solving Eq. (42) by Newton’s method,
the average value of wy for the main branches.-including pipes 7, 9, 11 to 15 and 26 to 28 is
obtained as 3.47x107 (m/s). This value presents the average wall surface reaction constant
in the main branch. The same approach and the main branch wy are then employed to further
evaluate the wy for the dead ends pipes 3, 10, and 21 as shown in Figure 8. The estimated wy
including those three pipes are in the range from 3.47x107 to 1.01x10” (m/s) and listed in the
last column of Table 4. Note that the value of wy ranges from 0 to 7.06x10™ (m/s) reported
from field or experimental studies (Biswas et al., 1993; Rossman et al., 1994; Vasconcelos et
al., 1997; Ozdemir and Ger, 1998; Munavalli and Kumar, 2006; Rossman, 2006). With the
known geometrical and flow parameters and the estimated values of wy, the concentration C,,
for all the segments in this network predicted by Biswas et al.’s analytical solution (/993), Eq.
(21) are listed in the fifth column of Table 3.

The sampled concentrations in the inlet and outlet of segments in the network are listed

in the second and third columns of Table 3, respectively. In addition, the dimensionless
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sampled concentration at each segment is listed in the fourth column. The segments of pipes
7,9, 11 and 12 to 15, 26 to 28 consist of the main branch. Table 3 lists the C,,/Cj, predicted
based on the analytical solution and the sampling concentration given in Biswas et al. (1993)
at some inlets and outlets of the pipe segments. Table 3 indicates that the predicted C,,/Ci,
for the segments containing dead-end pipe agrees with the dimensionless sampling
concentration (Co,/Cip) for the same segment. This demonstrates that the present
approximate solution can be applied to determine wy for the field application problem. Table
4 indicates that the wq’s in the dead-end pipes 3, 10, and 21 are much greater than those in the
main branch pipes. High value of wqdenotes that wall decay is significant. Biswas et al.
(1993) also mentioned that significant biofilm growth occurs in the dead-end pipe where the
flow velocity is relatively low if compared with that in main branch pipe. Low water flow
velocity causes more retention time in the pipesy.and consequently, yields lower chlorine
concentration due to the decay-reaction. Once the-chlorine concentration is lowered, the
microorganisms formed as biofilm on-the_pipe wall is then increased. Consequently, the
high values of pipe wall surface reaction may-result in large values of wy for the dead-end
pipes 3, 10, and 21 as demonstrated in the last column of Table 4.
4.3 Network simulation

The present model is used to simulate the chlorine distribution in the water distribution
system of the SCCRWA as indicated in Figure 8. The water supply network of the
SCCRWA was employed as a study site many times in the past to test various water quality
models (e.g., Clark et al., 1993, 1994; Rossman et al., 1994). The water flows into the
network from the pump station (denoted as node 1) after the water level in the storage tank is
lower than the lowest standard of water level. When the storage tank is filled, the water
supply from pump station is stopped and then the water is supplied from the storage tank
(denoted as node 26). The hydraulic simulation is performed using EAPNET program to

determine the flow rate and velocity for all pipes in this network within 1 hr time interval over
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53 sampling period with the pipe and nodal demand data given by Rossman (personal
communication). For water quality simulation, each nodal data for the sampling chlorine
concentration provided by Rossman (personal communication) is used as the initial
concentration of the present model for its upstream pipe.

A value of 6.4 x 10° from the bottle test (Rossman et al., 1994) is assigned as the
first-order reaction constant kq for chlorine in the network. The flow velocities are high in
pipes 1 to 7, 9 to 15 and 26 to 28 and their variations are very small within the first three
HTSs. Therefore, the flow is considered steady in those pipes within the first three HTSs.
There are two flows into node 25 at time equal to 3 hr. One is the treated water from pump
station, which has flowed through the node 25; the other is from node 4 to node 25 at the end
of third HTS, as shown in Figure 8. Note that the flow rate and chorine concentration in
pipe 17, i.e., from node 17 to node 15, are very small and negligible. Initial observed
concentrations at node 4 is 1.15 mg/L; the chorine concentration at the pump station is kept as
a constant 1.15 mg/L and the sampling concentration at node 25 is 0.98 mg/L at the time of 3
hr. Thus, the wall reaction parameterwg is 1x10°'m/s determined by the methodology of the
present approximate solution. With this wy value, the temporal chlorine concentration
distribution at the storage tank, i.e., node 26, is simulated over 53 hr using the EPANET
program.

Rossman et al. (1994) mentioned that the determined water usages at nodes 10, 28 and
34 are not accurate; therefore, these three nodes are excluded in the simulations for the nodal
chlorine concentrations. The simulated results obtained from the present model are
compared with those obtained from Rossman et al.’s model (1994) computed by EPANET
program and the observed data. Figures 9(a) - 9(e) show the chlorine concentration versus
time at nodes 3, 6, 11, 19 and 25, respectively. The solid line represents the simulated
results of the present model with the WQTS of one minute, dashed line represents the results

of Rossman et al.’s model (1994) with the wall decay constant of 1.74x10° (m/s) obtained
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from regression technique with all observations (Rossman et al., 1994), and the dot represents
the observed data. Both models, the present model and Rossman et al.’s model (1994), give
good agreement with the observed data except that at node 19. As indicated in these figures,
the concentration varies periodically with time due to the cyclic operation of pump station.
The predicted chlorine concentrations at node 19 obtained from these two models give poor
fit to the observed data. There seems a fixed time lag of several hours between the observed
data and both predicted results. The existence of time lag may be attributed to the
discrepancy indicated in the result of fluoride simulation shown in Rossman et al. (1994,
Figure 6a).
4.4 Model comparison

The chlorine concentrations determined by the present model and Rossman et al.’s model
(1994) at node 3 have obvious differences as- indicated in Figure 9(a). The wall decay
parameter wq used in the present-model is smaller than-that used in the Rossman et al.”s model
(1994). The simulated concentrationsat node 3.-by the present model is also smaller than that
of Rossman et al.’s model (1994) in‘the-period of water supply from the storage tank. In this
period, the water flow velocity in pipe 3 from node 2 to node 3 ranges from 0.006 to 0.03 (m/s)
which are about one order of magnitude lower if compared with most of the flow velocities in
the network. Two major differences between these two models are the dimension of the
model and the mechanism for mass transfer from the bulk flow to the pipe wall. The present
model is developed based on an analytical solution of 2-D CTE which utilizes the diffusive
mechanism to express the chlorine transport at the pipe wall represented by Eq. (6). On the
other hand, Rossman et al.’s model (/994) used a mass transfer coefficient k¢ depending on
Reynolds number to reflect the mass transport from the bulk flow to the pipe wall. The mass
transfer coefficients under turbulent and laminar flow conditions are estimated by separate

empirical equations given by Rossman (2000).
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The overall decay constant is represented by [kg + 2waki/ro(wa + kf)] in Rossman et al.
(1994) and by (kg + 4,°Dy/ro°) which has the dimensionless form of I'; (K + 4,°D) in the first
term of Eq. (20) in the present model. Figure 10 shows the curves for the overall decay
constant versus the Reynolds number Re with different values of pipe radiuses when wy
equals 1x10° m/s for pipe 3 with the length of 400 m. The solid line and dashed line
represent the present study and the Rossman et al.’s model (1994), respectively. In fact, the
effect of the reaction constant in the bulk water on the overall decay constant is not
considered in both two models.

These two overall decay constants decreases tardily in turbulent flow regime (Re > 2300)
as indicated in Figure 10. Under laminar flow condition, the curve of the Rossman et al.’s
model (/994) drops suddenly, while the curve of present model starts to decline obviously at
Re close to 100. The mass transfer coefficient 4 under laminar flow condition is much
smaller than that under turbulent flow condition based on the empirical equations given by
Rossman (2000). Thus, for Rossman.et-al.”s-model ¢/994), the mass transfer flux from bulk
flow to the pipe wall will obviously decline and ‘result in low overall decay constant under
laminar flow condition. On the other hand, the overall decay constant in the present model
has a higher value under the laminar flow condition because the diffusivity is estimated using
Edwards et al’s formula. (1979). Thus, the difference in the simulated concentrations
determined by the present model and Rossman et al.’s model (/1994) at node 3 is mainly

caused by the presence of laminar flow.
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CHAPTER 5 CONCLUSIONS

The analytical solutions for unsteady 2-D CTE in a single pipe under turbulent flow
condition with and without considering axial dispersion were derived using Laplace
transform and generalized Fourier series expand technique. The analytical model was then
developed based on the assumption of negligible axial dispersion. This model can be used
to simulate the chlorine concentration distribution in a water distribution network when
using the results of hydraulic simulations given by EPANET (Rossman et al., 1994). This
study also developed a new approximate solution for describing the average chlorine
concentration in the pipe by mainly neglecting the high order terms in the analytical
solution (Biswas et al., 1993) and Bessel functions. Generally, this approximate solution
provides a better prediction for a wide range of theparameters except that the dimensionless
wall decay rate is greater than 0.1.  The present approximate solution has been shown to
have merits of easy evaluation and.'good._accuracy if compared with Biswas et al’s
approximate solution (/993).

The approximate solution can be used either to predict the chlorine decay in pipes or to
determine the wall decay parameter if coupled with an optimization algorithm such as the
simulated annealing. Two cases were chosen to demonstrate the application of the present
approximate solution. In the first case, the approximate solution coupled with the algorithm
of simulated annealing was used to determine the wall surface reaction constants for water
treated by the methods of reverse osmosis, conventional treatment, and ozonation held at US
EPA’s Test and Evaluation Facility in Cincinnati, Ohio (Rossman, 2006). The simulated
concentrations obtained by the present approximate solution were in good agreement with the
experiment-observed for lab-tested water applied by those three treatments. In the second
case, the present approximate solution was also used to determine the wall surface reaction

constant of the dead-end pipes in a field test conducted by SCCRWA (Biswas et al., 1993).
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The high values of wall surface reaction constant in the dead-end pipes determined by the
present approximate solution may imply the growth of biofilm on the wall pipe and thus
lower the chlorine concentration.

In the case study of network simulation, the methodology which integrates
approximate solution and Newton’s method was first used to estimate the pipe wall surface
reaction constant. The present model was then employed to simulate concentration
distribution for a portion of the network of SCCRWA over a period of 55 hr. The
concentrations determined by the present model gave good agreement with the field
measurements. The simulated results by the present model gave slightly large difference
at node 3 when compared with those of Rossman et al.’s model (1994). The difference
between both models is mainly due to the chlorine transfer coefficient used in the
simulations from bulk flow to pipetwall which isran important factor for wall decay rate.
The use of the eddy diffusivity _based on.Edwards et al’s formula (1979) for the
determination of concentration -distribution_under; laminar flow condition may be not
appropriate. At the present time, only.few attempts were made to deal with the diffusivity
for solute transport under laminar flow regime. Thus, the issue of how to determine the
effective diffusivity in pipes when flow is laminar may be a practical and useful topic

desired further study.
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APPENDIX A: DERIVATION OF EQUATION (17)

The Laplace transform for the concentration, C(R, X, 7) can be expressed
L[C(RXT)|=C(R Xs) (A1)

where s is the Laplace parameter. After taking the Laplace transform subject to the initial

condition, the transport equation, Eq. (7), becomes

oCc 10*C Do _oC - . .
= +——| R— |- (K +s)C+ Bexp(-aX A2
oX R ax? R@R( GR] (K+5)C+fexp(-a) (A2

The Laplace transforms of the boundary conditions Egs. (9) — (12) are

C(R,0,5)= ﬂ~ (A3)
S+a
C(R,»,s)=0 (A4)
GE(O,X,S)
R A (A5)
oR |,
8C(R,X,S) :—WE(I,X,S) A6)
oR |

Note that the Sturm-Liouville boundary value problem (S-L BVP) is described as (Jeffrey,

2002, p. 517)

1 d (. dF
1dfpdl)_ep
RdR[ de : AT)

The associated boundary conditions are

ar) - _, (AB)
dR |-
L (A9)
dR |,

where F and ¢ are the dependent variable of S-L BVP and a parameter respectively. The

second RHS term of Eq. (A2) along with the associated boundary condition can be considered
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as a S-L BVP. The eigenfunction of the S-L BVP is Jy(4,R) given in Biswas et al. (1993)
where the eigenvalue /, is the nth root of the eigenfunction, 4.J/1(4,) = WJo(A,) and equal to
&3 A function can be represented by the generalized Fourier series called the eigenfunction
expansion (Jeffiey, 2002). Thus, the function C and the second RHS term of Eq. (A2) can

be expanded using the zero order Bessel function, Jy(4.R), as, respectively

C(R,X,s)= i)‘(ﬂ (X,8)J,(4,R) (A10)

n=1

and

Bexp(-&) = ,éexp(—d)i E,J,(%R) (A11)

n=1

where E,, is (Biswas et al., 1993)

_ (LJ,(4,R))

; (A12)
|76 (4,R)

Based on Biswas et al. (1993), Ey can be written as 2J,(4,)/ 4, [J(f (4,)+J; (ﬂn)].

Substituting Egs. (A10) and (A1) into"Eq.-(A2), the second RHS term of Eq. (A2) can be

expressed based on Eq. (A7) as

Do(,0C) ¢
Ea_R(RaR} > DA;X,J(A,R) (A13)

n=1

and, thus, Eq. (A2) becomes

i{_i)?n” +X'+T X, }J(AHR) = ﬁexp(—o})i E J(A,R) (Al4)

n=l1 L n=1

where T, represents (K + 1,°D). The eigenfunction expansions for the boundary conditions

of Egs. (A3) and (A4) are respectively

X, (0,5}, (4,R)= f (A15)
N

R

(00,5, (4,R)=0 (A16)

i
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Based on the formula of generalized Fourier series (Jeffiey, 2002), the X, ’s in Egs. (A15)

and (A16) can be respectively obtained as

X,(0,5)=E, b (A17)
Ss+a

X, (oo,s):O (A18)

As crossing out the Bessel function on both sides of Eq. (A14), an ordinary differential

equation can be found as
—%Xn” +X ' +T X =E fexp(-q) (A19)
L
The Eq. (A20) subject to boundary conditions Egs. (A17) and (A18) can be easily solved as

2J,(4)

n

22 (2)+ 75 (4,)]

p p X[ A
(s+&)+(d2/g+d—rn—s)]ex{ 2 (1 1+PL(F“+S)H (A20)

A

—~ P ) exp(~o?X)}

X, (X.5)=

(&/ P +a-T =S

Based on Eq. (A10), the Laplace-domain solution for unsteady 2-D CTE is developed as Eq.
(15). The inverse Laplace transforms can be obtained with the application of convolution
theorem to the first and second terms on the RHS of Eq. (A20). The first RHS term of Eq.

(A20) can be expressed as

L-l{(sf&)exp{PLzX(l_ 1+%(Fn+s)ﬂ}

) 3 (A21)
=J L LN L {exp AX 1- 1+i(1"n+s) ds
0 (s+a) 2 B
T=T-6 =5
Applying the inverse Laplace transform (Oberhettinger and Badii, 1973), we get
G B - -
Lt = fexp(—aT
{(S"‘d)} Bexp(-ar) (A22)
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and

¥ B X [ 4 x | P B X? B
L {exp[]“z (1— 1+?L(FH+S)J:|}=E ”—;expl:— ZT —T(Tﬂrnﬂ (A23)

Thus, Eq. (A21) becomes

1) B RX(, .4
L {(SJF&)exp{ 5 [l 1+PL(Fn+s)H}
3 2
‘/ ﬂexp —aT) Tr 2exp{—PLX —r[—d+P—L+rnﬂ dr
4r 4

Based on the integral result given in Massabo et al. (2006, Eq. (2.31)), Eq. (A24) becomes

Lt {(S f&) exp{PZX (1_ /1+Pi(rn +S)J]} = A(X,T) (A25)

where A(X, T) is defined in Eq. (18). Similarly, the inverse Laplace transform of the second

(A24)

RHS term of Eq. (A20) can be obtained as

p AX 1= /1 ir J =B(X,T A26
(dz/PL+d—Fn—s)exp{ 2 [ +PL( i) D (A26)

where B(X, T) is defined in Eq. (19). “The inverse Laplace transform of the third RHS term

-1

of Eq. (A20) is

Ll[(dz/P +g—r —s)exp(_dX)]ﬁexp[(d/PL+d_rn)T]eXP(—5‘X) (A27)

Based on Eq, (15) and Egs. (A25) - (A27), the analytical solution of unsteady 2-D CTE under

turbulent flow condition is

C(RX,T =i )y (f ) x{ Bexp(-aT) A(X,T)
M[ (ﬂ)+J (4)] (A28)

~pexp[(&/R +&~T,)T |[B(X,T)~ exp(—o?X)]}

The cup-mixing average concentration can now be expressed as

0 1
=[ { C(R,X,T)7R de[ﬂsz (A29)

36



Substituting C(R, X, T) into equation (A29), Eq. (17) can be found after performing the

integration of (A29).
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Table 1. The values of A at different W

w Newton’s method Approximate method Relative error (%)
0.001 0.04472 0.04471 -0.02
0.01 0.01412 0.01411 -0.07

0.1 0.44168 0.43644 -1.19

0.5 0.94077 0.89443 -4.93
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Table 2. The values of k4 and wy for three sorts of lab-tested water

wq (M/s)
kq First-order reaction model Present Biswas et al’s
Treatment approximate solution
(1/s) (Rossman, 2006) approximate solution (1993)
RO  8.10x103 4.66x107 4.50x107 4.20x107
CON  1.09x107 6.73x107’ 6.52x107’ 6.43x107’
0; 5.56x107 1.30x107° 1.33x10° 1.53x10°
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Table 3. Chlorine concentrations at the inlet and outlet of various segments

Chlorine concentration at segment

Cin Cout
Pipe in segment Cout/Cin Cay/Cin
(Biswas et al., 1993) (Biswas et al., 1993)
1,3 1.08 1.00 0.926  0.926
7,9, 11 1.00 0.98 0.980  0.975
7,8, 10 1.00 0.32 0.320  0.319
7,9, 11to 15,26 to 28 1.00 0.94 0.940  0.940
12, 13, 16, 21 0.98 0.16 0.163  0.161
12 to 15, 26 to 28 0.98 0.94 0.959  0.964
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Table 4. Parameters for different pipes in the network

Pipe Length Radius Flow velocity ~ Diffusion coefficient Wy
(m) (m) (m/s) (m’/s) (m/s)
1 731.5 0.152 0.546 1.02x10% 3.47x107
3 396.2 0.102 0.195 2.45x10™ 1.24x10
7 822.9 0.152 0.512 9.60x10™ 3.47x10"
8 365.8 0.152 0.014 2.62x10" 3.47x10"7
9 121.9 0.152 0.494 9.26x10™ 3.47x10"
10 304.8 0.102 0.014 1.76x10-" 1.64x107%
11 213.4 0.152 0.485 9.09x10™ 3.47x10"
12 579.1 0.152 0.457 8.56x10% 3.47x10"
13 182.9 0.152 0.445 8.34x10" 3.47x10"
14 121.9 0.152 0.372 6.97x10™ 3.47x10"
15 91.4 0.152 0.329 6.17x10™ 3.47x10"
16 4572 0.102 0.168 2.11x10™ 3.47x10"
21 426.7 0.102 0:049 6.16x10" 1.01x10"
26 76.2 0.152 0:338 6.33x10™ 3.47x10"
27 182.9 0.152 0.329 6.17x10™ 3.47x10"
28 91.4 0152 0.323 6.05x10™ 3.47x10"
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Figure 2. Example of a network for chlorine concentration calculation.
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Example network Path 1 2 3

Figure 3. Example of network for chlorine calculation using analytical model.
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Figure 9. The simulated concentration based on present model and Rossman et al.’s model

(1994) comparing with sampling data against time at node (a) 3, (b) 6, (c) 11 (d) 19, (e) 25.
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Figure 10. The curves of the overall decay constant computed based on the present model

and the Rossman et al.’s model (1994) against Re at wy = 1% 10 (m/s) and kg =0 in pipe 3.
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