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Abstract

In this paper, we introduce that how to use level set function and Navier-Stokes
equations to solve two phase flows problems. Here, we will show the efficiency of
level set methods describe interface with large topological change. We use
Hamilton-Jacobi WENO, which allows us to discretize the spatial terms to fifth-order
accuracy. And we use TVD Runge-Kutta which is third-order accurate in time.
Additionally, we attempt to use level set function to solve moving contact line
problem. Finally, we show many numerical examples of two phase flow and verify the
excellence of level set function.
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1 Introduction

The fluid flows are in our daily life, such as the change of climate, and bubbles in the
water. Taking the weather forecast as an example, accurate numerical scheme is very
important. Therefore, hydrodynamics is popular and is important in computational
science.

In this paper, we consider the incompressible, immiscible Navier-Stokes equations
separated by a free surface. How to deal with the interface efficiently and accurately is
the cynosure. There are many well know methods to describe interface, such as
front-tracking method, volume of fluid method, level set method, etc. Here we focus
on level set method, since it can describe the interface with large topological change
conveniently. For example, Chang, Hou, Merriman and Osher [1] consider two phase
flow with different viscosity and density, and the incompressible fluid flow is under
the action of gravity with no slip boundary condition. We have considered the same
problem as [1], but they use vorticity-stream function to solve Navier-Stokes
equations, here we use MAC grid and the projection method to replace
vorticity-stream function. ‘Additionally, we will apply our numerical method to
diversiform problems.

If the interface contacts with boundary, we must consider the moving contact line
problems. Huang, Liang and Wetton [2] use Front-tracking method to dispose of the
moving contact line problem. Additionally, M. Renardy, Y. Renardy, and Li [3]
consider the moving contact line problem using a volume of fluid method. In this
paper, we use level set method to solve the problems. There are two challenges
needed to be overcome. First, how to calculate the dynamic equilibrium contact angle
using level set method? Second, how to distribute the friction force at the contact line
using level set method?



2 Level Set Method

2.1 Introduction

Refer to [4]. We define the level set function is a way to describe the interface, which
is defined on all of computational domain Q. If point A is farther from the interface
than point B is, the value of point A must be larger than the value of point B after
taking absolute value.

We define the distance function is a kind of level set function. The value of each point
is to describe the proper distance from interface to each point.

We define the signed distance function is a distance function, but we allow that the
value is negative. For example, to consider a distance function with the interface is a
circle, and we let the value of the points which are contained in the circle multiply by
-1. In general, in the case of two phase flows, positive sign and negative sign
represent different parts of fluid as Figure 1.

Q+
>0
outside

"\
¢=0

interface

Figure 1

2.2 Level Set Function

Consider the domain Q = [0,1] x [0, 2], we must define the level set function on Q

first.

Example:

a. Letdp(xy) =+/(x—0.5)2+ (y—1)2 — 0.2, where the interface is defined by
the ¢p(x,y) = 0, which is a circle with radius 0.2 and the center of a circle is at
(0.5,1).

b. In general, it is easy to define a level set function with d(x,y) = 0 represents a
circle, a star or an ellipse, but it is restricted to a single close curve only. Now, if
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we want to set two curves that a circle with radius 0.2 and center of the circle is at
(0.5, 0.5), and another circle with radius 0.1 and center of the circle is at (0.5, 1).
What we must do is to combine, let

$1 =/(x—05)2+ (y—0.5)2-10.2 and ¢, =/(x—0.5)2+ (y—1)2 - 0.1,
then compare the value of each point of ¢, with that of ¢, and take the small one,
we will obtain ¢. That is exactly what we know that the value of each point is to
describe the relative distance from interface to each point after taking modulus. In
other words, ¢(x,y) = min{d,(x,y), b, (%, ¥)}-

c. If the interface is a horizontal at an altitude of y = 1, and two kinds of fluid are
distributed over upside and downside of the interface respectively. If we want to
set the level set function, it is easy to calculate the proper distance from interface
to each point on Q. And let the value of points which are contained in upside or
downside multiply by -1, therefore we can compartmentalize the different parts of
fluids.

d. If we want to set a level set function such that it describes the fluid distribution as
the following diagram, what must do is to combine the approach used in b and c.

N

Figure 2

2.3 Re-initialization of Level Set Functions
2.3.1 Introduction

Refer to [11]. The effect of re-initialization is to adjust a level set function to a signed

3



distance function. In general, the level set function is defined at the beginning, we
cannot promise which is a signed distance function. Even if the initial level set
function is a signed distance function, it may not remain a signed distance function
after the interface moves. So we must re-initialize the level set function at each time
step.
Why we need a signed distance function? To calculate the curvature x of interface,
by definition,
=~ v

K=V-N=V-(ﬁ (1)
where N is the interface normal and ¢ is our level set function. We should have
signed distance function, otherwise the curvature would not be accurate, and certainly
obtains imprecise result. Even if we don’t consider the curvature, in order to describe
the topological change of interface, we use the simple level set equation

o+ u-Vp =0. (2
By the same reason that we need accurate Vo, it’s necessary to re-initialize the level
set function at each time step.
In fact, on computational domain Q, most points of level set function don’t have any
effects except the points near the interface. Therefore, while doing re-initialization,
we only consider the neighborhood of interface.
In order to obtain signed distance function, we solve the steady state solution of the
following equation

$r + S(Po)(IVP|-1) =0 ©)
where S(¢) is a sign function taken as 1 in QF, -1 in Q~, and we want ¢ to stay
identically equal to zero.
An important characteristic of signed distance function ¢ is |Vd| =1, so it’s
standard while doing re-initialization. We calculate |V¢| of the points whose
distance from the interface is less than 2.5Ax, where Ax is the numerical grid size. In
the case that Ax =1/128, if total error is less than 3 x 107°, we accept the signed
distance function is accurate enough.
An example is as follow, the interface is an ellipse with major axis 0.35 and minor
axis 0.2 initially. Here, ¢(xy) =+/((x—0.5)2/0.352) + ((y — 0.5)2/0.22) — 1
with computational domain Q = [0,1] x [0,1].
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Figure 3 : Grid 128 x 128, At = 0.25Ax. Contour taken over [—10Ax: 2Ax: 10Ax].

2.3.2 Hamilton-Jacobi ENO (Essentially Nonoscillatory)

In order to understand HJ WENO, we must introduce HJ ENO first. If readers interest
in this, you can refer to [4], [5], [6], and [7]. Giving some definitions as follows,

Pit1—¢i
D¥¢p = ¢y == —

D_(I) — (I); — ¢i_Ati—1

The idea of HJ ENO is to use the smoothest possible polynomial interpolation to find
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¢ and then differentiate to get o¢,.
Define

DY ¢ =

1+1¢ D ¢

Ax

1+1/2 q) -

D2 & = Di1+1/2 ¢_Di1—1/2 ¢
P o= 2Ax

2 2
D3 d = D1 ¢-Df ¢
1+1/2 3AX

dx) = Qy(x) + Q1 (%) + Q2 (x) + Q5(x)

And we have

by (%) = Q1 (x) + Q3(x) + Q5(xy)

First, let

Q1(x) = (Dgy1/2 PI(x — %)

Q1 (x;) = D11+1/2 ¢

Here, we start with k =i—1 to find ¢y, and start with k =i to find ¢.
And ¢, (x;) = Q;(x;) is the first-order accuracy.

Second, let

Q2(x) = c(x — x) (X — X 41)

Q,(x) = c(2(i— k) — 1)Ax

Here, k is the same as above. If |DZ ¢| < |DZ,; &|, weset ¢ = DZ ¢ and
k* = k — 1, otherwise, we set ¢ =DZ,; ¢ and k* = k.

dy (%) = Q1 (%)) + Q,(x;) is the second-order accuracy.

Third, let

Q3(x) = " (x = X ) (X — Xpr 1) (X — Xy 42)

Q5(x;) = c* (3G —k*)? — 6(i — k*) + 2)(Ax)?

If |31/, & < |Dd 3, b, weset ¢ =|DP.,, , $|. Otherwise we set
c = |DI§*+3/2 ¢|

Now, ¢, (x;) = Q;(x:) + Q,(x;) + Q3(x;) is the third-order accuracy comes from HJ

ENO.

2.3.3 Hamilton-Jacobi Weighted ENO (WENO)

Here, we use Hamilton-Jacobi WENO, which allows us to discretize the spatial terms
in equation (3) to fifth-order accuracy. We take (¢5); as an example to introduce HJ

WENO, and consider the case that first-order approximation of (¢by5); is

(1)1 (1)1 1 TO

calculate (b5 ); , we use the points {¢;_3, di_z, di—1, di, Pis1, Pis2} Giving some

6



definitions as follows,

_ $i—2—¢i-3 _ bic1—di bi—di—2 _ $it1—9i _ $it2—di+1
V1 = Ax V2 = Ax V3 = Ax ,174 - Ax V1 = Ax ’

According to these definitions, allows us to write

121 vy 11vs

pi=tole gl
3 6 6

2, SV3 | V4

(I))Z( - - + + )

6 6 3

X3 6 6'
as the three potential HJ ENO approximations to (¢y ); with third-order accuracy. To
choose the single approximation with the smallest error by choosing the smoothest
possible polynomial interpolation of ¢ is the goal of HJ ENO. But in the case that
interface is smooth, it is overkill to pick exactly one of three candidate stencils. So,
the weighted ENO (WENO) method is to take a convex combination of the three
ENO approximations. Giving some definitions as follows again,

Sl = %(Vl - 2172 + v3)2 +i(171 — 4‘172 + 3173)2,
_ 13 2 Bl 2
Sy =5 (V2 = 203 + )" + 5 (V2 — v4)°,

13 1
S3 =1, (v3 — 2v4 + vs)? + 2 (Bvz —4v, + vs)?,

@ = %1
L7 (5142

0 = %6
27 (Sy+e)?

e = 03
37 (S3+¢)?

£ = 107° max{v?, v3,v%,vi, v:} + 107, where the 107°° term is set to avoid
division by zero in the definition of the «a,.

Let w, =—=2— n=1,2,3.

oaqtaz+agz

Then ¢, = w1 Pl + w2 + w33 is fifth-order accurate by WENO.
2.3.4 TVD Runge-Kutta

In order to introduce TVD Runge-Kutta, we take the equation
e + TV = 0 )



as an example. The forward Euler time discretization in equation (4) is only first-order
accurate in time. Therefore, we use TVD Runge-Kutta which is third-order accurate in
time. The third-order accurate TVD RK scheme proposed in [6] is as follows.

First, we take an Euler step to advance the solution to time t" + At,

n+1_4n
i At¢ +u" - V" = 0.

Taking an Euler step again to advance the solution to time t" + 2At,

¢n+2_¢n+1

n+1 , n+1 _
o +u Vo 0.

Using ¢" and ¢"*2, we can take an averaging step,
1
n+s _ E n l n+2
G =" + -2,
That produces an approximation to ¢ at time t" + %At.

Now, another Euler step is taken to advance the solution to time t" + %At,

1 1
+u"*2.vp" 2= 0.
3
Using ¢" and ¢"*2, we can take an averaging step again

3
¢n+1 — éq)n + §¢n+5l

That produces a third-order accurate approximation to ¢ at time t" + At.

2.4 Heaviside Function and Delta Function

In fact, the densities of two kinds of fluids change immediately as passing the
interface. But, in the cause of numerical calculation, we need to maintain the
continuity. Here, we refer to [1].

We define the regularized delta function §, as

5.(d) = { %(1 + cos (?)) if || < e (5)

otherwise

and we define a corresponding regularized Heaviside function H, as



0 ifp < —¢
H.($) = (¢ +e)/2e+sin("2)/2n  if|p| <e 6)
1 ifo>e
Where ¢ is a signed distance function comes from the re-initialization.
It’s easy to check the Heaviside function satisfies the relation dH, ($)/d & = 8.(P).
Using the regularized Heaviside function H,, we can define the corresponding
continual density function p and the continual viscosity function u as
pe(x) = p1 + (p2 — p1)He (d(x))
Me () = w + (kz — p)He ($(x)).
We can consider p,. and p, as smooth variable density and variable viscosity.

2.5 Navier-Stokes Equations
2.5.1 Boundary Conditions

Figure 4

1. No slip condition : The continuous velocities should vanish at the boundary.
2. Free slip condition : The velocity component normal to the boundary should
vanish along with the normal derivative of the velocity component tangent to the

dv(AorBy) _ odu(CorDx)

0
an an

boundary, as Figure 4, i.e.

In this paper, we use the no slip boundary condition.

2.5.2 Marker and Cell Method

Refer to [4], [9] and [12]. We use marker and cell (MAC) method and let the
computation domain Q be squared with staggered grid in Cartesian coordinates. This
specially defined grid decomposes the computational domain into cells with velocities
and forces defined on the cell faces and scalars defined at cell centers such as pressure,

density and viscosity. We take the mesh size h = Ax = Ay and let N,, N, be the

9



number of mesh in the x and y directions respectively. In general, we take the same
number of grid points in each direction, and denote that N = N, = N,,. MAC grid is

as the following diagram comes from [9],

1Ny, UNe Ny
L ] L] L ] L] L ] L]
IEH'D,NE, Py, o = = = N PN, ,1\.-':2"!1 Ny, Ny
U Ny—1 Un, MNy-1
FAN il . VAN H e VAN AN . FAN
VAN VAN Do VAN Do A AN
FAN il . VAN H e VAN AN . FAN
@1’1 'L\"J\":.l
4 . i . VAN VAN VAN VAN - 4
lt!-n.l P11 11!-1.1 UNT11 PN SUNIJ
"o UNg.0

Figure 5 : The computational domain © using staggered grid with mesh h.

First Part : Density and Viscosity Are Constant
2.5.3 Introduce Navier-Stokes Equations

The Navier-Stokes equations are
{E_I_ wW-V)w+ Vp =—Aw+f
V-w=0

where T = (U(CX,J,)) _ {the velocity in the x — direction
v(txy) the velocity in the y — direction

(7)

and p : p(t,x,y) denotes the pressure. f(t,x,y) is the external force defined on the
computational domain, which contains the forces resulted from the following,
a. Surface tension. The form is tk(db)VdS(d), where t is the surface

tension coefficient, k is curvature,

10



i () = ot
d is a one-dimension Dirac delta function and ¢ is our signed distance
function.

b. Gravity.

C. Frictional force of moving contact line.

2.5.4 Governing equations

For simplicity, consider the case p = 1, low Re and zero external force :

1
(ue + uuy +vuy +p, = — (U + Uyy)
v +uv + vy, +py = é (Ve + Vyy) (8)
u+v, =0

u(0,x,v),v(0,x,y),ulsq,and v|,q are know.

2.5.5 Pressure Poisson’s Equation

+1_un
At

Define the time derivative : [u]"*! = i + O(At)

Therefore we need to solve the coupling system :

(un+1 —u’ n n+1 1 n
| At + (uuy +vuy)" +pRT = ﬁAu
{ vn+1 —ph 1
+ (uv, + vv, )" + pi*tl = —Ap"
I (U +vvy)" +py™ =1
L uptt + o+l =0
1, =2 o)
X 147 B 2h
u 1. —Uu 1,
_ 1+7,)+1 1+7,)—1 2
[uy]i%’j = oA + 0(h*)
u 3. —2u 1. +u 1.
_ 1+7,] 1+7,] 1—7,] " 0 h2
[uxx]i_%’j = 2h ( )
B ui+%,j+1 N 2ui+%,j + ui+%,j—1 oK
[uyy]i_i_%’j - 2h ( )
v. 1+v 1+v._ 1+v 1
ij—5 i+1j—5 ij+y i+1j+5 )
v = +0(h
vl 2 (h)

Similar arguments for v can be done.
Discretizing (8), we obtain

11



=F" 1.7 57 (p1n++11] bi ]+1)

i+7,] i+5.]
Where
F" —u +At(iAu Uy, — vuy)"
i+%] é] y i+%J
And
At
n+l _ ~n — —_(pntl _ n+l
vi,j+§ Gi,j+% h (p1,1+1 pl] )
Where
= A —A -
G”+1 vll 1+ t( V— Uy )11+

From the continuity equation, we have

wo—wtt vt —vth
1+3) - 2] Ty W=
(V W)n+1 — . + - =0

And then the resulting equation is

Pi+1 — 2Dij + Di—1 T Dij+1 — 2Pij + Dij-1
h? h?
F - F Eriay = G
_ _( gl gl ity 1523
h h

)n+1

(

This implies that (Ap)+! = V O

2.5.6 The Stability Condition

Courant-Friedrich-Lewy (CFL) conditions :
| U] max At < Ax, and |v| . At < Ay
which states that no fluid particle can travel a distance greater then mesh spacing

Ax or Ay, in the time At. The other constraint is —(— + —) < =, coming from the

diffusion term. Therefore, we choose

)
ulmax |v|max

1 N 1 )‘1 Ax Ay
Ax?  Ay?) 7|
for a stable computation and t is a safety factor.

Re
At=t-min{7<

2.5.7 Second-Order Implicit Scheme

Let,

12



3untl_gynyyn-1
2At

[u ]! = + 0(At?), and

luu, + vuy]n+1 = [uu, + vy, IR,

= 2[uuy + vuy]" — [uu, + vu,]" " + 0(At?).
Therefore we need to solve the coupling system :

(3ur*tl—4yn4yn-1 1
+ [uuy + vuy]lhg +pptt = —Autt?

j 24t Re
3v" T4y 401 n _— 1 1
uv, + v, |0 = —Ap"*
I 2At + [ X + y] n—1 + py Re
n+1 n+1 _
\ uptt + 2t =0

2.5.8 Second-Order Projection Method

We use second-order projection method to solve Navier-Stokes equations.
Stepl. Using Helmholtz-type solver to solve
3W*—4w" +w"

2At

1
+ [(W - VW1, + Vp" = — AW (©)

Where w* is the intermediate velocity field between w" and w"*!. Here w* is
solved implicitly, the constraint of At will be diminished.

Step2. From Hodge decomposition, since w* is a vector field, there are a potential
function @"*! and a divergence-free vector field w"*! such that

whntl_g*

— _ +1
20t/3 Ve© (10)

And if we take the divergence operator into (10), we obtain

3 %

+1 _ 3 u.
A"t =2y W (11)

A Poisson solver is used to obtain ¢"*1.
Step3. Projection from w* onto w"*1,

whtl = w* — %V(Pn-'_l (12)

Step4. It’s clearly that we need to get Vp"*l. Write w* as the form of the
combination of w"*! and V¢"*!, and substituting it into (9). Finally, compare the
new schemes and the coupling system term by term, we obtain

Vp'tl = Vp" + Vot — — AW (13)

13



Second Part : Density and Viscosity Are Not Constant

2.5.9 Introduce Navier-Stokes Equations

{p(ut+V-uu) =—-Vp+V-Q2uD)+f (14)

V-u=90

where u is velocity, p is density, p is pressure, p is viscosity, f is the external force
and D is the rate of deformation tensor, whose components are D;; = 0.5(u;; + u; ;).

2.5.10 Numerical Scheme

In order to achieve our scheme, we refer to [12] and deeply appreciate Y. H. Tseng
provides code of solving Navier-Stokes equations.

We solve Navier-Stokes equations by two steps as follows.

Stepl. Prediction:

First, we solve it by Crank-Nicholson method in time

1 % 1 10
V. (un"'qu*) — 2pn+52—t = ZVpn_E — 2pn+f-2—t L7 . (HVU)H + (3Fn _ Fn—l) (15)

where
F= p(uux + Uuy) - (IJ-vx)y - (uux)x - fl
p(uvx + va) - (uvy)x = (uuy)y - f2
and f = (f1, f>) means the external force term.

1
Note that x"*! and p"*2 are computed by extrapolation as follows,

'un+1 - 2‘un _‘un—l

1 3 1
n+7:_ n_ _ ~n—1
p P TSP

and (15) becomes Poisson type equation and it can be solved by linear system for u*.
Step2. Projection:
Since the new u* is not diverge free, we apply this step to correct u* to be diverge

1
free which means V-u =0 and then compute new pressure term Vp"*z. By

Helmholtz-Hodge decomposition, we have
u = un+1 + Atlen+1
V- un+1 =0

therefore

14



v. =
pn+7 At
After obtaining Vy"*! we have
t
un+1 =u* - T len+1
pn+§

1 1
Vp"2 = Vp" T2+ VY + V- (! - u))

2.6 Level set Equation

In order to define the evolution of our implicit function ¢, we use the simple level set
equation ¢, +u-\/¢p = 0, where ¢ is a signed distance function, and u is the
velocity. By solving the Navier-Stokes equations, we can obtain the velocity u of each
point on computational domain at this time step. Therefore, according to the equation
¢ +u-Vd = 0, we can get ¢ at next time step. Here, we use HJ WENO to
discretize the spatial terms to fifth-order accuracy and TVD Runge-Kutta to get
third-order accuracy in time.

15



2.7 Summary

Refer to figure 6, our procedure is as follows.

1.

Construct the level set function on computational domain where ¢(x) =0
stands for the interface.

In order to adjust the level set function to a signed distance function, we must
re-initialize the level set function. It’s important that re-initialization doesn’t
change the shape of interface.

Define Heaviside function and use it to define the corresponding regularized
density function and the regularized viscosity function.

Solve the Navier-Stokes equations to obtain the velocity of each point on
computational domain at this time step.

Using the velocity obtained from Navier-Stokes equations and combining it with
the level set equation, we can get the level set function at next time step.

Remark that the level set function obtained from process 5 is not a signed distance
function, therefore we should return to process 2.

Define Define

Re-initialize and
level set function —)‘ contour _) Heaviside function

T g

Solve Solve
level set equation e

MNavier-Stokes equation

Figure 6
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3 Moving Contact Line Problems

3.1 Introduction

The moving contact line problem is very practical and interesting, because it is in our
daily life. For example, the capillarity, lubricated pipeline transport, fibers, and the
bead on a leaf. We know that a bead on the floor and a drop of mercury on the floor
whose shapes are different clearly, this phenomenon is mainly caused by surface
tension.

Gas o

QxLiquid

Ox " OqSolid

Figure 7
Refer to [2]. The surface tension occurs on interface, therefore as the above diagram,
let 04,04 and o be the surface tension coefficients between solid-gas, solid-liquid,
and gas-liquid phases, respectively. Because the different surface tensions, there are
three forces at points A as Figure 6. These forces would attain to balance, at this
04,0 and the contact angle satisfy the well-known Young’s equation
sg = 05 + 0+ cosb (16)
here 0, is the static equilibrium contact angle.
When the shape of interface changes, the contact angle 6 will differ from 6, until an
equilibrium is established. Let 6, represent the dynamic equilibrium contact angle at
the contact line, the friction force F, at the contact line satisfies the following

equation

time, o,

o

Fy = 04 — 0y — 0 - cosBy a7
By (16) and (17), we can obtain that F; = o - (cos8, — cosf,).
It’s clearly there are two challenges needed to be overcome as following if we use
level set methods to solve moving contact line problems.
1. How to calculate the dynamic equilibrium contact angle using the level set
method?
2. How to distribute the friction force at the contact line using the level set method?

17



3.2 Calculate Contact Angle

In order to obtain the friction force at the contact line, from equation (17), we need to
calculate the dynamic equilibrium contact angle at the contact line using level set
method.

First, we know that interface which is near the boundary approximates tangent line of
the interface. It’s reasonable if the mesh size is small enough.

Here, we assume that the level set function is a signed distance function. As the
following diagram,

Y E_}’ Mox-h
ol

Figure 8

where 0 is the contact angle, and the signed distance function is defined at cell center.
What we know are y, z and mesh size Ax and unknown is h, by the property of
similar triangles, we have
y zZ
h Ax—h
y - Ax —yh = zh
y-Ax = (z+y)h

A
h=Y"%
Z+y

Y _ytz
Sin —h— AX

Now, we obtain the sine of contact angle, but since F; = ¢ - (cosf, — cos6,), what
we need is the cosine of contact angle. Although we have sin?0 + cos?0 = 1, but we
can’t ascertain that cos6 is positive or negative. In other words, we should determine
that contact angle is acute or obtuse.

18



Refer to figure 7, we define the part of signed distance function which represents
liquid is negative, the other part which represents gas is positive. Remark that signed
distance function is defined at cell centers. Let ¢(i,j) be our signed distance
function, if ¢(i,1)> 0 and ¢(i + 1,1) < 0 for some i, it shows that interface is
between the two points. For this i, if $(i,2) > ¢(i, 1), we can say that contact angle
IS acute, otherwise, the contact angle is obtuse. As the following diagrams,

$(i,2)

<

D(i,1) D (i+vl,1)
hd

Figure9: ¢(i,2) > 0,¢(i,1) > 0,6 + 1,1) < 0and ¢(i,2) > ¢, 1), 6 is acute.

\{(/i.z)
@}\ B (it1,1)

a

Figure 10: ¢(i,2) < 0,¢(i,1) > 0,6+ 1,1) < 0and ¢(i,2) < ¢(i, 1), 0 is obtuse.
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$(i,2)

$(i,1) E(i+t,1)

\

Figure 11: ¢(i,2) > 0,¢(i,1) > 0,¢(i + 1,1) < 0and ¢$(i,2) < $(i,1), 6 is obtuse.

By the same way, we can calculate the dynamic equilibrium contact angle using level
set method in the other case. Therefore, we have F; .

3.3 Distribute the Friction Force at the Contact Line

We have calculated the friction force at the contact line, but the force terms are
defined at cell faces. Therefore we need to distribute the friction force at the contact
line using discrete delta function as (5)

5.(0) ={ S(1res()) iflel<e
0 otherwise

Here, taking € = 2.5Ax, Ax is the mesh size.
Now, we should calculate distance between the source of force and the point of MAC
grid where the force terms are defined at. As the following diagram
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d a C /:%
[ | ¢« A g -/l [ |
L B
o i
Figure 12

According to our MAC grid, force is defined at cell faces like point A and B. Signed
distance function is defined at cell center like point a and b, therefore y and z we have
known. Now, we need to calculate Ao and Bo .

— VA
cb = - Ax
y+z
i 1
c= do-cotb = EAX cotb
. B y/
B= dc+ cb— Bb= =Ax-cotO + —— - Ax — = Ax
2 +z 2
_ __ %8
dA = Ax — B=§Ax—§Ax coth — ——- Ax

Bo = v/ dB? + do?

By the same way, we can calculate distance between the source of force and the point
of MAC grid where the force terms are defined at. To combine discrete delta function
(5), it’s easy to distribute the friction force at the contact line.

Here, we let the incidence of the friction force at the contact line be a circle with
radius 2.5Ax . Refer to the following diagram,



BT R B I

T Fs

25N

Boundary

Figure 13

By section 3.2, we can obtain the friction force at the contact line F; .
By section 3.3, we can obtain the lengths of F.F1,...,F;F9 respectively.
We know that the incidence of discrete delta function (5) is a circle, but we let the
force outside of the boundary be zero. In order to maintain the integral of delta
function is 1, we let the discrete delta function inside of the boundary multiply by 2.
Taking the force F1 which is resulted from the friction force at the contact line as an
example,

F1 =F, x 2 x 8.(F,F1)
where € = 2.5Ax.
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4 Numerical Results

4.1 ARising Bubble

In this easy case, we try to simulate a rising bubble in the water under the influence of
gravity. The fluid is at a standstill initially. Our computational domain Q = [0,1] X
[0,2], using 128x256 grid points with At = 0.25Ax. Viscosity for the fluid inside the
bubble is equal to p = 0.001873. Viscosity for the fluid outside the bubble is equal
to u = 0.00089. We take the density inside the bubble to be 0.8 and the density
outside the bubble to be 1. The surface tension is 0.05. The initial position of the
bubble is a circle. The circle is centered at (0.5, 0.65) with radius 0.15. In Figure 4.1,

100 200 300 400 500 600 700

we plot the evolution of the bubble at time T = 0, — ,— , —, —, —, —,— .
128 " 128 " 128 " 128 " 128 " 128 " 128

F F F F
14 14 14 14

4 4 4 4

1] 1] 1] 1]

F F F F
14 14 14 14

4 4 4 4

Figure 4.1 : The results for the above examples.
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4.2 Merging Two Bubbles with the Same Density

Here, we compute the interaction of two bubbles of the same density under the
influence of gravity. Our computational domain Q = [0,1] X [0,2], using 128x256
grid points with At = 0.25Ax. The fluid is at a standstill initially. Viscosity for the
fluid inside the two bubbles is equal to p = 0.001873. Viscosity for the fluid outside
the two bubbles is equal to p = 0.00089. We take the density inside the two bubbles
to be 0.8 and the density outside the bubbles to be 1. The surface tension is 0.05. The
initial position of the two bubbles is two circles. The lower one is centered at (0.5,
0.35) with radius 0.1. The upper one is centered at (0.5, 0.65) with radius 0.15. In

; i i — () 230 500 750 1000
Figure 4.2, we plot the evolution of the two bubbles at time T = 0, 512’5125 512

1250 1500 1750
512 " 512 ' 512 °

Figure 4.2 : The results for the above examples.
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4.3 Rayleigh-Taylor Instability (1)

Here, we compute the Rayleigh-Taylor instability under the influence of gravity. Our
computational domain Q = [0,1] X [0,2], using 128 x256 grid points with At =
0.025Ax. The fluid is at a standstill initially. Viscosity for the upper fluid is equal
to p = 0.05. Viscosity for the lower fluid is equal to p = 0.01. We take the density of
the upper fluid to be 10 and the density of the lower fluid to be 1. The surface tension
is 0.05. Initially, the two kinds of fluids are separated by the interface. The interface is
a part of circle. The circle is centered at (0.5, 2.3) with radius 1.2. In Figure 4.3, we

. . 9 18 27 36 45 54 63
plot the evolutionattime T=0,—,—,—,—,—,-——,—— .
256 " 256 " 256 © 256 " 256 ° 256 * 256

(™ | | .

o[ e — rea . W )

- — Vv i B \ \ J \ \
¢ N\ ‘," { 14} / ) ‘vl I ¢ Il ,‘ 14 4 | !
1 124 | { 12} {
] |L. J l ) | f.r'* 'l ' | ‘| i \ | PN ' | . ‘
\ 1 [\ 4] } 1} A A 4
\ | [ \ J | | [ |‘ | \ B () ¥ Y \ & 1
S / aet b ) 3} ~ o8} | | | {
s o8\ : Y. 6 i \'-. / 0 *“' ' | J yr ‘
4 4 04} i 4} N\ o4p \ y 4
| = y 1
| ™ | ™ ' — \

L

Figure 4.3 : The results for the above examples.
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4.4 Rayleigh-Taylor Instability ( 11)

In this case, the two kinds of fluids are separated by the interface initially. The
interface is a part of circle. The circle is centered at (0.5, -0.3) with radius 1.5. All
other parameters are as case 4.3. In Figure 4.4, we plot the evolution at time

T= 0’256’256’256'256'256’256'256 ’
2 2 2 2 2
8] 8] 1] 1] 18
18 18 18 18 16
14 14 14 14 14
e ] 1 ] -2/——-\ -2/_\ 12
1 1 1 1 1
L] L] 08 08 1]}
0E 0E 0E 0E 0E
04 04 04 04 04
] ] 02 0 o
I:ll:l as 1 I:ll:l as 1 I:ll:l as 1 I:ll:l as 1 DD s 1
2 2 2 2 2
1] 18 1] 1] 18
1 16 1 & 1 & 18
14 14 14 14 14
12 12 12 12 12
1 1 1 1 1
-] -] L] L] 0E
0E o0& 0E 0E 0E
04 04 04 04 04
] a 0z ] ]
UIJ I:II5 1 DIJ I:IIS 1 DIJ I:IIS 1 DIJ I:II5 1 UIJ I:II5 1

Figure 4.4 : The results for the above examples.
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45 Emit(1)

Here, we try to simulate the air bubble emits from water surface under the influence
of gravity. Our computational domain Q = [0,1] X [0,2], using 128%256 grid points
with At = 0.025Ax. The fluid is at a standstill initially. Viscosity for the fluid A is
equal to pu = 0.001. Viscosity for the fluid B is equal to u = 0.5. We take the density
of the fluid A to be 1 and the density of the fluid B to be 10. The surface tension is
0.05. The bubble is a circle which is centered at (0.5, 0.6) with radius 0.1. In Figure

; i = o 120 276 288 300 312
4.5, we plot the evolution of the bubble at time T = 0, 12’2 5 512 ' o

324 360
512’512 °

2

18

(]
14

12

1

og

oE

04

1 e

=]
[z]

Figure 4.5 : The results for the above examples.
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4.6 Emit(Il)

Most parameters are as 4.5. But we take the density of the fluid A to be 1 and the
density of the fluid B to be 100 here. In Figure 4.6, we plot the evolution of the

. _~ 120 240 246 252 258 264 360
bubble at time T = 0, 512’512’512’512 512’512’ 512 °

Figure 4.6 : The results for the above examples.
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4.7 Drip (1)

Here, we try to simulate the water drop drips into the water under the influence of
gravity. Our computational domain Q = [0,1] X [0,2], using 128x256 grid points
with At = 0.025Ax. The fluid is at a standstill initially. Viscosity for the fluid A is
equal to p = 0.089. Viscosity for the fluid B is equal to p = 0.1873. We take the
density of the fluid A to be 10 and the density of the fluid B to be 8. The surface
tension is 0.1. The bubble is a circle which is centered at (0.5, 1.2) with radius 0.1. In

330 340 350 360

Figure 4.7, we plot the evolution of the bubble at time T = 0, 12’2’5 512’

370 380 500
51275127512 °

Figure 4.7 : The results for the above examples.
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4.8 Drip(Il)

Most parameters are as 4.7. But we take the density of the fluid A to be 10 and the
density of the fluid B to be 5 here. Viscosity for the fluid A is equal top = 0.2.
Viscosity for the fluid B is equal to p = 0.09. The surface tension is 0.05. In Figure

- . 100 170 200 240 270
4.8, we plot the evolution of the bubble at time T = OEEEEE

280 320
512’512

o
-
o
o
L]
o
o
n
o
=
n
-

Figure 4.8 : The results for the above examples.
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4.9 Moving Contact Line (acute)

In this case, we compute the behavior of a bubble on the floor under the influence of
the friction force at the contact line without gravity. Our computational domain Q =
[0,1] x [0,1], using 128x 128 grid points with At = 0.025Ax. We set the static
equilibrium contact angle 6, = 90. The fluid is at a standstill initially. The interface is
a part of circle. The circle is centered at (0.5, -0.15) with radius 0.3, therefore the
initial contact angle 6 = 60. The viscosity is 0.001 in both fluids, the interfacial
tension is 0.03. In Figure 4.9, we plot the evolution of the bubble at time T =

2468
O’E’E’E’E’Z'
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Figure 4.9 : The results for the above examples.



4.10 Moving Contact Line (obtuse)

As 4.9, we compute the behavior of a bubble on the floor under the influence of the
friction force at the contact line without gravity. The fluid is at a standstill initially. To
set the static equilibrium contact angle 6, = 90. The interface is a part of circle. Here,
we set the circle is centered at (0.5, 0.1) with radius 0.2, therefore the initial contact
angle 8 = 120. All other parameters are as 4.9. In Figure 4.10, we plot the evolution

of the bubble at time T = 0,=,

YIS

6 8
JE'EJZ .

contact angle 128.08816 contact angle 94.2865
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Figure 4.10 : The results for the above examples.
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5 Concluding Remarks

We have introduced the numerical scheme of how to use level set methods to describe
interface and displayed many numerical experiments of two phase flows. These
results show that the efficiency of level set methods describe interface with large
topological change.

But, there are many details need to be improved and there are many problems what
we can challenge. For example, the re-initialization of level set function is essential if
we use level set methods. Because it uses iteration, we must cost much time.
Therefore, it’s a good problem that how to increase our work efficiency.

The problem of surfactant is also very practical, many authors have researched this
problem carefully. But most of them are based on front tracking where the free
interfaces are explicitly tracked. It’s a challenge that how to solve the problem of
surfactant using level set methods [10].

We need to solve the equation defined on the interface I’

fi +u-Vf—n-(Vun)f = D,V3f

Where f is the consistency of surfactant, n is the normal vector to I" directed towards
outside, D is the surfactant diffusivity, V,= (I — n®n)V is the surface gradient, u
is velocity.

Since the level set method doesn’t like the front-tracking method which can control
the information on interface completely. Therefore we should combine level set
method with the other numerical methods or extend the equation to a band near the
interface instead of restraining on the interface.

It’s a challenge to extend this method to three-dimension. But in order to describe
physical phenomenon accurately, it’s a meaningful work we must do. As it should be,
to maintain the efficiency and accuracy when extending this method into
three-dimension is very important.
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