Appendix A

Let X,X,,...,X, be a random sample of size n drawn from a normal
distribution with mean g and variance ¢® measuring the characteristic under
investigation. The natural estimator C’])k is obtained by replacing the process
mean x and the process standard deviation o by their conventional estimators

n

X and S, (= [Zi:I(Xi — X) /(n —1)]*), respectively. Then we have the
following expression:
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For the sake of deriving the cumulative distribution function of C‘pk, the
following notations are introduced:

1. K=(n-1)8’,/0”, which is distributed as x’_,,

2. 7'=n(X —M)/o, which is distributed as N(évm, 1) with &€ = (u— M)
/o,

3. H= |Z ’| , which is distributed. as, a folded-normal distribution with
probability density functionsf,(h) = @(h+ {vn)+ ¢(h—EVn) for h >0,
where ¢(-) is the probability démsityfunction of the standard normal
distribution.

For z > 0, the cumulative distributionfunction of é'pk can be derived as:
Nn — (b~ — H)
<z
3VnK

JnK < n_l(g\/__H)]

F, (2)= PC,<z)=P

:1_]3[

:1—f0°°P[«/W< “”_1(;—_[{)‘ H:h]fH(h)dh

:1—f0°°P[M< n 1050 =) e )i, (A2)

3z

where b =d /o . Since K is distributed as x’_,, we have
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P[«/nK< “”_1<bﬁ_h)]=o for h>bvn and z>0.  (A.3)
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Therefore, Fépk (x)=1-— f

0

]fH (h)dh
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_ 1_j;ma[(”‘l)(bﬁ‘h)2 ]fH(h)dh, for 2>0,  (AA)

where G() is the cumulative distribution function of x’_,. Substituting f, (¢)
leads to the result:

F, (z) = 1—fzﬁG[(n_l)éz?_t)2][¢(t+£ﬁ)+¢(t—§ﬁ)]dt, forz > 0.
(A.5)
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