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ABSTRACT
Rapidly rotating BEC in harmonieplus.quartic peténtial is a popular

subject recently, and giant vortex 1$"a new anticipated phenomenon in this
system when retation frequency 1s high enotigh. In this thesis, we study some
basic properties of the giant vortex, including ground state energy and excitation
spectrum. Finally, we find that the‘giant vortex'is not stable. It may be just a

metastable state rather than ateal ground state.
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Chapter ] - Introduction

After the realization of BEC on dilute gaseous atoms in experiment in 1995, the study on
BEC becomes energetic. (In the following, we will use the word “BEC” to stand for rotating
dilute, atomic, gaseous BEC for simplicity.) And both the theoretical research and
experimental technique promote rapidly.

Recently, rotating BEC becomes one of the most popular subjects in the field of ultracold
atoms. Because rotating BEC has a special property analogous to the superfluid under rotation.
That is the appearance of vertices. The mechanism for their similar phenomena is that they
both condensate to the'BEC state. The only different is that superfluid has much stronger
interactions between atoms than the gases atomic BEC. The stronger interactions cause the
theoretical study;on superfluid more difficult. However, the dilute atomic gases are relatively
easy to deal withstheoretically and even experimentally. Thus, physicists expect to use dilute
atomic BEC to simulate the more difficult superfluid.

On the othershand, the Hamiltonian of the rotating BEC has the form analogous to the
electron moving in the magnetic field known as the "quantum hall effect". Rotation here plays
a role as the magnetic field in Quantum Hall effect..So, people anticipate that there shall be
some phenomena occurring in rotating BEC analogous to the Quantum Hall effect, and they
are devoted to find it.

Quantum Hall effect is a purely two dimensional effect. In order to reach this regime, we
need to increase the rotating speed. Particles under rotation will experience a centrifugal force,
and will be pushed out. As a result, the distribution of the condensate will spread out,
becomes a shape like pancake, and finally achieves a quasi-two dimensional regime which
also calls the "Quantum Hall regime".

Experimentally, we confine the particles with a harmonic potential. But, the particles will



become unbounded and fly out when the rotation frequency exceed the frequency of the
harmonic potential which is caused by the centrifugal force. So, we need an additional
potential. The potential of the quartic form is one of the choices, and has been produced
experimentally. Thus, harmonic plus quartic trap become the basic trap to explore the rapidly
rotating BEC. Since the confined potential changes, from original harmonic trap to harmonic
plus quartic trap, one can anticipate some new phenomena occur in this kind of potential. And,
giant vortex is the new phenomena existing in this new trap.

In this thesis, we study the ground state and the excitations of the giant vortex, and this
thesis is organized as follows. In part two, Gross—Pitaevskii equation will be introduced
simply, because GP equation is the main tool to study the BEC.In part three, there is a simple
argument to see why: vortices occur.-In part four, I will show the phenomena occur in the
harmonic plus quattic trap by other group’s simulation'result. In partfive, we calculate the
ground state of the giant vortex. In part six, we.calculate the excitations of the giant vortex.

Finally, make some discussion about the result of calculations.



Chapter 2 - Gross — Pitaevskii Equation

yA/(f) is the field operator describing a many-particles system. Of course, we discuss

bosons here. yA/(f) can be expanded in terms of a complete set of single particle

wavefunctions.

w(F)=agh, +> aig (1)

i#0
~ ~t e o1 - . . .
aiand ai are annihilation and creation operators.of a particle in the state ¢, and they obey the

commutation relations
a8 |-, [mdi]=oa al|=0 (2)
If there are a large number.of particles inthe ground state, we can replace ao , aZ with the

c-number\/N_0 ~This is the Bogoliubov approximation which is equivalent to ignore the
noncommutativity of the operatorssSince

N0:<5gao>>>1 (3)
So,

([arrad])- (R (o )-1~0 (4)
Bogoliubov approximation is a good approximation for describing the BEC. Under this

approximation, the field operator is replaced by the classical field, and eqn (1) can be

rewritten as

N

(1) =1 (1) B(7) ()
Wo(r)zm¢o(r) (6)

w,(F) is called the condensate wavefunction.



Next, we investigate the matrix element of l/A/ ( F,t) between N particles state and N-1

particles state

E(N-It —iE(N)t

h l/l(F)e h

(N —1‘.}(?,t)‘N>=<N —1le

(7)
u~E(N)—E(N-1) isthe chemical potential.
it

We find that condensate wavefunction evolve in time with e 7 .

Now, we find the equation.which governing the ficld operator for a dilute, trapped BEC

system. The Hamiltonian operator of the system can be written as

~F AT ~A
H= j(—VW Vl//]dr+_[l// V. i +— I 'Vo(r —r )y 'drdr
(8)
The first term of the Hamiltonian' operatoris-the-kineticenergy term, second term is the
external trapped potential, and the last term is the interaction between two particles.
From the Heisenberg’s equation of motion
il s ‘5 &
i Arit)= s (9)
We get the time-dependent Schrodinger equation for the field operator,
025 () =| Vv [ (RO (=) (e | ()
ot 2M
(10)

At very low temperature, a large number of particles condense to ground state, as discuss
above, we can replace the field operator 1//;(?,'[) with the classical field y, (F,t). Also, at

very low temperature, only s-wave scattering between two particles is important, so the



interaction between two particles can be specified by the s-wave scattering length ag . Under

the diluteness condition, nay < 1, the average distance between particles is larger than the

scattering length a. Thus the actual form of the potential becomes not important. Potentials

that give the same value of the s-wave scattering length ag have the same physical property

macroscopically. Then we can change the potential to a smooth one, so that (T,t) varies

slowly on distances of order of the range of the interatomic force. So, Eqn (10) simplify to the

form

According to sca

and

This is the famous GP equation.

(11)

(12)

(13)

(14)

(15)



Chapter 3 : Circulation Quantized and vortex

In this section, we introduce the interesting phenomenon of the rotating superfluid and
the rotating BEC due to their coherent property of condensate wavefunction.

Assume the condensate wavefunction has the form,

w, =/ne’ (16)

Insert to the current density

(17)

(18)

(19)

(20)

Second, the circulation of the velocity around a singularity, a vortex for example, is quantized.

h h
ds:V=—@¢pdsVO=A0=—m 21
Cﬁc Mcﬁc M ( )

M is the mass of the individual particle, m is integer.



If we rotate a bucke supel C fluid should be zero due to the

irrotational prope



Chapter 4 : Rotating BEC in a harmonic plus quartic trap

The harmonic plus quartic trap has the form

Vv

ext

4
:%w§r2+%a)§ﬂg—2 (23)

The first term is harmonic term, and the last term is quartic term. d is the harmonic length

JA/M @, . Ais the parameter characterized the quartic potential strength. Let the angular

velocity direct along the z axis, and the equation of motion of the system can be expressed as

- 2

.. 0 . \Y X =
|haz//0(r,t)={ N +Vext+g‘1//0(r,t)‘2—QLz}//0(r,t) (24)

The numerical works done by Fetter’s-group are shown as follow

2=2.0 FT (=225
Q=25 Q=3.0 (=35

Figure 4-1 Density distribution of rotating BEC confined

in a harmonic plus quartic trap for g=80



=2.0

d

Q Q=3.0 (2=3.5
2=4.0 Q=45 (2=5.0

Figure 4-2 Density 'distribution of rotating BEC confined

in a harmonic plus quartic trap for g=1000

For g=80, when ©=2, (our unitis# =Ms=-&-=@p=d)stherc is a singly quantized vortex
locating at the center of the condensate. Other six singly quantized vortices are surrounding
the center ones. The vortices form a vortex lattice. When Q=2.1 there is an additional singly
quantized vortex appearing. When =25, the center vortex becomes doubly quantized. We
call this state "the vortex lattice with a hold". Keeping increasing the rotation speed, all
vortices merge to form a multiple quantized vortex at the center, and other vortices disappear.
We call this kind of vortex "giant vortex". For g=1000, the condensate has the same tendency,
transition from vortex lattice to vortex lattice with a hold. However, in the g=1000 case, they
can not find the giant vortex even when Q =7. Exceeding =7, the numerical work becomes
difficult to go on. It is believe that vortex lattice with a hold should be transition to a giant

vortex at some greater rotation speed.
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By collecting s data 1 am which separate the three kinds of
state. The triangles ericalire o ) ircles-are analytic result done by
Baym’s group, while R g esu tex; lattice. VLH means vortex
lattice with a hold. GV | ithe numerical result done by Fetter’s
group to define the region whe 7 nd, we study the giant vortex in this

region.
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Chapter 5 : Ground state of Giant Vortex

5.1 Giant Vortex Wavefunction

Start from the circulation quantized condition

- h
V.drf =m— 25
Cﬁc M ( )
- h
V =—VS 26
v (26)

For the giant vortex, it is natural to assume the velocity field is symmetry about the rotating

(27)
So the velocity fi
(28)
Insert the veloc se of the condensate
wavefunction S =1 ortex can be taken the
form
(29)
5.2 Thomas -Fermi density profile
Hamiltonian of the rotating, trapped bosons system is
I -, 1 2
H :NP JrvextJrzg2D l#(r)| —QL, (30)
r4
V., ==Ma, 1’ += Mo, (31)

Write down the free energy

G=-uN+E (32)

11



E=[d’rg;Hg, (33)

=Id2{%\v¢gf+“"z“’5(rz )w Lol Q¢Lz¢} (34)

N = [d>r|g,| (35)

Insert the giant vortex wavefunction

G =-u[n(r)dr +[n( (

+g%.|‘n2(r)dr] (36)

2 4
Mo Mo T anm |ar
2 2 "

If the system contains sufficiently large number of particles and the interactions between the
particles are large, the density of the.,condensate will varies slowlyover the whole condensate,

excluding the boundaries. The comdition can be wrote mathematically as

%»1 (37)

2
As a result, the quantum pressure term ’Vw /n ( r)‘ in the free energy functional can be

neglected. This is the so.called. "Thomas—Feriii approximation'. So.the free energy becomes

m#%” Mg, M _ ,r
G= —UI dr +J. (ZMI‘Z +76()0r +?i(00 F—th dr

+g%.|-n2(r)dr (38)

Variation of free energy with respect to n(r), we get Thomas—Fermi density profile

oG

=0
sn
1 M ,, M _ ,r" m#
= n(r)=—-I|uy'——awar-—Aw, ———— 39
(r) gw{” 2 27 d? 2Mr? (39)
_had| 2 2 m?
2P T (40)
2g2D Ahaw, A Ap

12



M= 1+ mhQ p=—

5.3 calculation of the ground state energy of the giant vortex

First, find the boundary of the condensate. Let n(r) = 0 when r =R.

n(R)=0
4 ] 2
= p6+p__2Lp2+m_=O
A ahw,” 2
2 2/,[' m2
=X +—- +—=0 x=p°

Q=0’+r’<o0

1
X1 :(ZI+ZZ)_37
1 i3 1
X2 :—E(ZI+ZZ)+T(ZI—22)—3—/1
1 i3 1
X3 =—E(Zl+zz)—7(zl—22)—§

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

After some testing, we find X, and X, are the two real, positive roots we want. And X, >X,,

so \/X—l is the outer radius of the annulus while \/X_3 is the inner radius of the annulus.

13



Let R=yx R={x (55)

The ground state energy of the giant vortex is

E=["drg;Hy, (56)

2722 4
:j:*dzr-n(r)[M+Mco§r2 +%lw§r—2—9hm}+%nz(r)

2Mr* 2 d

(57)
Insert eqn (39) to above equation, we can express E as

(58)
5.4 result

For a given a m, the angular

momentum or Cirg nd the lowest energy for
some angular fr below, we also show the
plot of m correspon isted some characteristic
value of the giant. He illator length, as the length

scale, and take N7w, as the uni

14
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Figure 5-1 diagrams of Eg-€2, show that we actually

find the lowest energy of giant vortex.
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0

Figure 5-2 diagram of m-2

Q (o) | m(h) 1’ (Naaw,) E (Naw,) r(d) R (d)
5 120 -108/6569 -122.8039 1.3718 49162
6 210 -271.0368 -285.1269 1.1432 5.9257
7 336 2540.8592 -554.9181 0.9793 6.9342
8 504 -957.1537 971.1937 0.8564 7.9412
9 720 -1564.9 -1579.0 0.7608 8.9470
10 990 -2145.2 -2429.2 0.6844 9.9519

Table5-1 Numerical value of the calculation result.()is the rotation frequency,

m is the angular momentum of the system in the rotation direction. (£’ is the
effective chemical potential, E is the energy of the condensate, r is the difference
between the outer and inner radius of the condensate, R is the mean radius of the

outer and inner radius of the condensate .

16




Finally, compare the energy with the numerical result done by Fetter’s group.

-100

E/N

-200

-300
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Chapter 6 - Excitations of Giant Vortex

To obtain the excitations of the giant vortex, we allow the wavefunction of the giant
vortex to oscillate about its equilibrium value. And, take the perturbed wavefunction as the

form

—iut —iput

w(r)=po(ne " +[u(r)e™ v (r)e“Je (59)

Insert eqn (59 ) into the time-dependent Schrodinger’s equation,

. oy (r,t " -
Ih%): Ho(F.) 0800 v (r.1) (60)
2 %
Hye oy Ly M@ gl (61)
2M 2 2d
For unperturbed state,
(H0+gzo|‘//o|2)'//0:/w/o (62)

Colleting terms, we get the following two equations,
(HO—2gZD|n//O|2—y)u(f)+gw«//02v(r):hcou(r) (63)
(He =205 = #)v(7)+ 000, u(F) ==hov(r) (64)
In order to solve the two coupling'equations, we try
u(r)=ue“y, (65)
v(r)=ve“y; (66)
Insert into eqn(63) and eqn(64), we get

—ikn? oy, [ HK?
+
Mr> 06 | 2Mr?

—hQK + 9,5 |V/0|2]V/0}U ~ Oy |'//o|2 WV =hoyu

(67)

—ikn? oy (WK
_l’_
Mr? 06 | 2Mr?

+HOK + 9, IV/OIZJ%}V— Uro|wo| wou =—hoyv

18



(68)

Let  y,=ws=4/n(r)e (69)
2 3 222

n(r)=L ﬂ'—legrz—Mﬂr“— m h2 (70)
O.p 2 2h 2Mr

4= g+ miQ (71)

Multiply eqn (67) and eqn (68) by w. and y, respectively and integration. We get

(22 . 22 ol .
[_'kh (im)j:_rizn(r)zmdwzk j:_rlzn(r)hrdr—hﬂkN +92Dj:_ n2(r)27zrdr}u

R+
~g [T (r)
(72)
—ikn? R+
v (i +gZDIR_n (r)2zrdr |v
R+
O,
(73)
Let
(74)
(75)
eqn (72) and eqn (73) can be expressed as
M %2 21,2
KM p I K A hOk+B u—Bv = fiou (76)
Y 2M
M 2 21,2
KT p TR A 1Ok + B v —Bu = —hav (77)
M 2M

For the nontrivial solutions of u and v, the determinant of the coefficients of eqn (76) and eqn

(77) must vanish, so

19



21,2 2
WK B || XM A hok - heo B
2M M

=0
21,2 2
B LS I L LN O
2M M
(78)
21,2 2 2 2
o [P are] [ XM A ok —ho | B2 =0 (79)
2M M
Finally, we get the dispersion relation
21,2 2
o, =X pa g B, B g (80)
- M a\\ 2M

Because the small perturbations violate the rotational symmetry, the two solution should both
take into account,

Here is the numerical results-for A and B versus Q) for g=1000, A=0.5,

Figure 6-1 Numerical value of A and B versus Q

for g=1000, 2=0.5.

And, plot the spectrum of the excitations for k= +1, £2, £3.

20



D2F |
k:-l xxxxxxxxxxxxxxxxx
P
W XK HRFEE s
0.4 F xxxxxxxxxx xxxxxxxxxxxxxx ]
. ><><><><><><><
PER xxxxxxxx x
ES —
L R 2 |
DBE e
o
08 . , . . . | | | |
2 55 G G5 7 bt g 8.5 9 95 10

Figure 6-2 w-Q diagram for k=+1, g=1000,

2=0.5.
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Figure 6-3 w-Q diagram for k=+2, g=1000,

2=0.5.
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Figure 6-4 w-Q diagram for k=+3, g=1000,

A=0.5.

We find that; for each k, there is a positivesenergy spectrum companied with a negative
energy spectrum. The excitations with negative energy will make the system unstable. Back to
the results simulated by Fetter’s.groupyforg=1000;4=0:5, they can not find the giant vortex
even the angular frequency is increasing to 7, while the giantvortex has appeared before this
frequency predicted by other analytic result. This means that the giant vortex may be a
metastable state rather than a real ground state. Although, in the g=80, A=0.5 case, they find
the giant vortex, this may be just a local minimum rather than a real ground state. Giving
some perturbation, the giant vortex may transition to an actual ground state which is likely to
be a hole with a ring of singly quantized vortex surrounding it. This still needs to study
further.

Under other conditions, g=1000, A=0.005, we find the energy spectrum both become

positive for k=-1,-2,-3.
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Figure 6-5 w-Q diagram for k=-1, g=1000,

4=0.005.
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Figure 6-6 w-Q diagram for k=-2, g=1000,

42=0.005.
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Figure 6-8 w-Q diagram for k=1, g=1000,

2=0.005.
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02¢F ¥ -

Figure-6-9 w-Q diagram for k=2, g=1000,

A2=0.005.

Figure 6-10 w-Q diagram for k=3, g=1000,

2=0.005.

As a result, the giant vortex is still unstable.
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Chapter 7 : Conclusion

According to our analysis, we find that giant vortex may not be the ground state of the

rapidly rotating BEC in a harmonic plus quartic trap.
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