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Abstract

Relays can potentially enhance the: itransmission performance of multi-input
multi-output (MIMO) systems. A parallel single-antenna relay network has additional
advantages in flexibility, diversity,and cost, but also poses significant design
problems because the absence.of inter-antenna connections over different relays
makes the underlying mathematical problems much more difficult to solve. In this
thesis, we first consider the ‘design of parallel-amplify-and-forward relay networks.
More specifically, we focus on the “design of relay gains to maximize the system
capacity. As no closed-form analytic solution can be found, we first develop an
iterative algorithm based on low-rank updating to efficiently find a locally optimal
solution. Since iterative optimization provides little insight into the analytical
properties of the solution, we attempt analytical solutions based on asymptotic noise
conditions and relay selection. It is discovered that the proposed algorithms could be
modeled as single-hop MIMO antenna selection systems and could be analyzed in the
similar way. We examine the resulting capacity outage diversity orders and confirm

the analysis and equivalent modeling with simulation results.

As the algorithms based on relay selection may encounter expensive computation
burden as number of relays increases, we develop algorithms based on noise dominant
models but avoid computational intensive relay selection. The proposed algorithms
are made possible by modified criterion and specifically constrained solution space.
Low-leakage beamforming used for multiuser communication is applied in our
algorithm. Numerical results demonstrate the proposed algorithms exhibit comparable

or better performance than previous selection-based approaches.



In the third part of this thesis, we consider OFDM channel estimation with highly
dispersive channel and application in distributed relay network. Time-domain channel
estimation techniques have been proposed for OFDM systems for their ability to yield
relatively accurate estimates with only a few pilots. Key information needed in such
techniques is the multipath delays of the channel. Prior approaches to estimation of
multipath delays require regular pilot structures and may not work in slow fading. We
propose a group matching pursuit technique for channel estimation. The technique is
an extension of the orthogonal matching pursuit technique. It employs the pilots in
several OFDM symbols to estimate the multipath delays in a sequential manner,
where the pilots can have an arbitrary structure. Simulation results show that the
proposed algorithm has superior performance. We then demonstrate that distributed
AF relay network with OFDM transmission could be modeled as single-hop OFDM
system with equivalently high dispersive delay profile. Thus we apply and examine

the proposed channel estimation schemes for the relay network of interest.
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Chapter 1

Introduction

1.1 Research Background, Motivation and Issues

1.1.1 On the Capacity of Distributed AF MIMO Relay Network

Relays have been considered a useful ameans for coverage extension and capacity enhance-
ment of wireless systems [33]. Among all con¢eivable relaying strategies, two have received
the most attention: amplify-and-forward (AF) [30] and decode-and-forward (DF) [31]. In
AF systems the relays amplify or beamform the received signals without further process-
ing, while in DF systems they decode (or demodulate if there is no channel coding) the
received signals and transmit there-encoded (or remodulated) signals to the destination.
Besides the forwarding strategies, an important subject in relay system design is the over-
all wireless system architecture. In this, due to the capacity advantage of multi-input
multi-output (MIMO) transmission over single-input single-output (SISO) transmission,
many have sought to incorporate some MIMO concepts one way or another. The present
work is concerned with AF-based distributed relay networks, whose architecture will be
described further later.

The simplest relay-aided transmission system consists of three nodes: source, relay
(cooperator) and destination [44]. To facilitate MIMO transmission, an intuitive approach
is to install multiple antennas on one or more of the nodes. For simplicity, consider the
situation where the source and the destination have an equal number of antennas. A
case with a single-antenna source (SAS) and a single relay (SR) equipped with multiple
antennas (MAR) is considered in [48]. A natural extension to have a multiple-antenna
source (MAS) and an SR-MAR to enable spatial multiplexing [25, 6]. In studies of MAS-
SR-MAR systems, the multiple antennas on each terminal are usually assumed to be fully
connected and may have arbitrary interconnection weights. In this case, known matrix
theory can be used to decompose a MIMO transmission channel into parallel SISO links
(via, for example, the singular value decomposition (SVD) or the QR decomposition).



Each spatially multiplexed signal stream can then be transported over one parallel link,
and the matrix decomposition can be viewed as simultaneous beamforming for these
streams. Typical performance measures, such as the signal-to-interference-plus-noise ratio
(SINR) or the mean-square error (MSE) in received signal values, can be expressed in
terms of the parameters of the decomposed channel. System optimization may then
become essentially a problem of power allocation among the individual streams [25] [6].

On the other hand, use of multiple, parallel relays (PR) has also been considered by
many researchers and shown to be potentially beneficial in various aspects [5, 21} [40, 22,
13119, [12] 24} 26, (11, [15], 147, 20} 8, [3]. For example, it is found that an increased number of
relays can benefit the system capacity [5]. In fact, the parallel relays can function as virtual
transmitter antennas and effect transmitter diversity either in the form of distributed
space-time coding [21} [40] or in the form of distributed beamforming [22| 13| [9]. The
corresponding diversity order has been examined in [22] and [12], respectively. Moreover,
parallel relaying has also been studied in the contexts of sensor networks [24], two-way
relaying [26], and secrecy communication [11]. However, despite the potential benefits, the
fact that the relays are not connected but stand in parallel raises a cooperation problem
which, if not dealt with, could severely limit the realizable benefit.

To see why, let L be the number of patallel relays and N; (1 < ¢ < L) the number
of antennas on relay i. Let M denote the number of antennas on the source terminal
as well as that on the destination.terminal. Consider first the simplest case where each
terminal has only one antenna, i.e:, SAS-PR-SAR where-M = N; = 1 Vi [13,[9]. In
this case, the relays effectively constitute a distributed beamformer for the single signal
stream. Applying the same design philosophy to an MAS-PR-MAR system with M > 1
and N; > 1 Vi, there can be Mg = ‘min{M,N;Vi} concurrent signal streams. The
beamforming techniques used in MAS-SR-MAR systems can be extended to this scenario
with a twist [15[47]. That is, the available antennas on the relays can be used to provide
My parallel subchannels between the source and the destination. Systems operating in
the above ways have been considered in some works [48] [13] (9] (15, 47, 25 [6]. In terms
of capacity, however, such systems suffer from two consequences. First, the number of
supported subchannels (i.e., the number of concurrent spatially multiplexed streams) does
not grow with the relay number L, but is upper-bounded by Mg. Secondly, to increase the
number of streams we need to ensure that all relays are equipped with sufficient antennas.
Designs that can obviate the above limits are of interest and importance.

In this work we consider the design of MAS-PR-SAR systems (where N; = 1 and
> N; = L) to support multiple signal streams. More specifically, we consider the design
of AF relay forwarding gains for maximization of system capacity. Previously, Jin et al.
[20] considered the case where the relays had equal gain and analyzed the statistics of the
resulting ergodic capacity. Chen et al. [8] considered the minimization of transmission
power subject to per-stream SINR targets. The problem is related to system capacity,
but somewhat indirectly. Bae and Lee [3] proposed algorithms for capacity optimization
under the condition that the product of the source-to-relay and the relay-to-destination



channel matrices was asymptotically diagonal in the limit of a large number of relays.
But in sum, there is as yet no extensive work on the design of distributed parallel relay
networks for capacity maximization. Actually, the relationship between number of relay
terminals and system capacity also needs to be further clarified. The present work is
motivated by these observations.

We consider two approaches to maximizing the capacity of a distributed relay network
with presence of perfect channel state information (CSI). The first is algorithmic, as
so far no closed-form solution to the problem exists. However, although algorithmic
optimization can yield good results, it provides little insight into the analytical properties
of the solutions. We thus also attempt an analytical approach. Because no closed-form
solution can be obtained for the general situation, we consider two asymptotic situations
which are more amenable to analysis. In one of them the relay noise dominates the overall
noise in the received signal at the destination and in the other the destination terminal
noise dominates. Alternatively, these two situations can also be viewed as providing two
upper bounds to the system capacity.

Given the simplification lead by noise-dominant models, it is still a challenging task to
optimize the relay network performance. Instead of considering all relays simultaneously,
we discover that closed form optimization is possible if only partial of relays are active.
In consequence, we develop algorithms for capacity-improvement which work with relay
selection. In addition, we then observe the proposed: selection-based algorithms could
be modeled and analyzed with equivalent single-hop  MIMO antenna selection systems
[16, [17]. Given the results and analysis of existing works in the area of MIMO antenna
selection, we gain more in depth-understanding about the-application of proposed algo-
rithms for distributed relay networks.

As the number of relays increases; it is found that.both capacity and outage diversity
order increases. However, the proposed algorithms based on relay selection may become
intractable as the number of relay terminals‘is large. To counteract the situation, we
design further simplifications by modified criterion and shrunken solution space. Though
being suboptimal in nature, the proposed algorithms avoid computational intensive oper-
ation and could fully utilize the whole relay network. Simulations confirm the proposed
approaches could result in slightly inferior or better performance than selection-based
schemes, with considerably smaller computation cost as number of relays is large.

1.1.2 On the OFDM Channel Estimation and Applications in
Relay Networks

Coherent demodulation of orthogonal frequency-division multiplexing (OFDM) signals
critically depends on proper channel estimation. Since OFDM systems usually reserves
some subcarriers as pilots, most channel estimation methods are pilot-aided. A com-
mon approach is to estimate the channel frequency response at pilot locations first, and



then “extend” the estimate to other subcarrier locations. One frequently considered way
of “extension” is low-order polynomial interpolation, which can take the form of one-
dimensional interpolation in the frequency domain (within the boundary of one OFDM
symbol) or two-dimensional interpolation over frequency and time (across several OFDM
symbols) [23], [7]. The performance of this sort of methods is limited by the pilot density
and the channel characteristics. For example, if the channel has small coherence band-
width (i.e., long delay spread) and low coherence time (e.g., due to fast motion) and the
pilots are widely spaced in frequency, then they would have difficulty obtaining accurate
channel estimates.

Another way of “extension” is based on exploiting the time-domain characteristics of
the channel [29]. Since, in many cases, only a few multipaths contribute significantly to
the channel response (in other words, the channel is “sparse”), the unknowns in time-
domain estimation (which consist of the path coefficients of the significant multipaths
if their delays are known) are usually much fewer than that in frequency-domain-based
interpolation (which consist of the frequency response at all subcarriers). Hence the few
pilots can be put to better use and result in more accurate channel estimates. This is

especially the case when the pilots are very few and very widely spaced (as, for example,
in the case of the IEEE 802.16-2004 OFDMA uplink [19]).

Evidently, a fundamental issue in time-domain channel estimation is to find the delays
of the significant multipaths. In [46]; an effective delay acquisition technique is developed,
but the pilots need to be equally-spaced-—In {32], the MUSIC algorithm widely used for
spectrum analysis is employed for-channel estimation, but again assuming equally spaced
pilots. The algorithm can be easily extended to deal with irregular pilot spacings, but
the pilot locations in the multiple OFDM. symbols-used ‘in channel estimation should
be identical. To the best of our knowledge, there is no time-domain channel estimation
technique proposed so far that makesaise of arbitrarily organized pilots in multiple OFDM
symbols in the presence of channel fading;.

In this work, we propose an effective technique for time-domain sparse channel esti-
mation based on the matching pursuit (MP) approach. MP algorithms have been used
in audio and video signal processing to select bases of subspaces [27], [1]. We extend the
prior MP method for multipath delay estimation by jointly considering a group of OFDM
symbols; thus we term the proposed algorithm a group MP (GMP) algorithm. And we
design the algorithm such that it can deal with arbitrary pilot assignment that may vary
from OFDM symbol to OFDM symbol. In [43], [34] the similar MP based processing for
multiple measurement vectors are discussed. Note that the dictionary, or the range of
basis searching, in these works is unique. In the scenario of this contribution, however,
there are multiple reference dictionaries due to arbitrary pilot assignment.

The proposed subspace-based approaches for OFDM channel estimation is effective
to highly dispersive frequency-selective channels with limited resource of pilots, which is
also an potential threat to distributed relays with OFDM transmission. For most works
on relay systems, flat-fading channels are the presumed channel models. However in



practice frequency selective channels would pose substantial effects to relay networks We
demonstrate that for AF distributed relays, the end-to-end OFDM transmission could
be modeled as equivalent single-hop OFDM with a delay profile composed of summation
of multiple convolution, and consequently exhibits severe channel dispersion. We would
apply the proposed schemes for the relay transmission and examine the performance.

1.2 Outline of This Thesis

In Chap. [2| we first briefly describe the system model of amplify-forwarding distributed
relay network used in this work, then present capacity (i.e. mutual information) of this
model and the associated optimization problem. To simplify the optimization and gain
some insights into system design, we discuss the effects of relay transmission power scaling
which ultimately leads to an upper bound of capacity. As our first approach to capacity
optimization, in the third part of this chapter we present the alternating optimization.
Specifically, this approach applies successive greedy optimization, low-rank updating of
matrix computation, and quadratic approximation. Finally some numerical results are
shown to confirm the performance of proposed approach.

While alternating optimization based on low-rank updating discussed in Chap. [2 can
yield good results, it provides little insight into the analytical properties of the solutions.
We thus consider an analytical approach-in Chap. [3} In particular, note that in AF sys-
tems the receiver noise arises from two sources: the relay noise ny and the destination
terminal noise np. The design problem becomes mathematically more tractable when
one of the two dominates in the overall réceiver-noise so that the other may be ignored.
We term the simplification as noise-dominant models. Algorithms to design relay gains
corresponding to the models are discussed.in this chapter. We discover that the proposed
algorithm could be linked to equivalent single-hop MIMO antenna selection system. Thus
we would first briefly review the important results and findings on single-hop MIMO an-
tenna selection systems. For analytical insights we show how to model equivalent MIMO
antenna selection systems. Finally some numerical results are shown for performance eval-
uation and validating the links between equivalent MIMO antenna selection and proposed
relay selection schemes.

We discuss system simplification and approximation of distributed relay network based
on noise-dominant models in Chap. 3, wherein relay selection algorithms and associated
relay gains designs are also presented. Though the algorithms based on relay selection is
conceptually concise, the computation burden would growth exponentially as the number
of relays increases. To circumvent the problem, in Chap. 4] we discuss algorithms based
on noise-dominant models but avoid relay selection. For relay-noise dominant model we
cast the problem into projections with two subspace and minimizing the ratio of projected
vector norms. In Sec. the idea and algorithm for multiuser low-leakage beamform-
ing [35] are briefly reviewed. We would apply the algorithm to solve minimization of



norms in Sec. As for destination-noise dominant model, in Sec. we simplify
the problem by making the end-to-end MIMO channel H in an upper-triangular
matrix so that the matrix determinant maximization in could be approximated as
product of diagonal terms of H. Then in Sec. we transform the design problem
with specifically constrained solution space and propose iterative algorithm to reach local
optimizer. Finally we summarize all the proposed algorithms (with and without relay se-
lection), and compare the order of computation complexity for selection-based algorithms
and proposed efficient designs. Numerical results of respective algorithms are shown and

compared in Sec.

In Chap. |5 we discuss subspace-based algorithms for OFDM transmission with highly
dispersive delay profile and limited pilot resources. We propose MP based algorithms to
reconstruct the delay subspace which enables efficient and accurate time-domain channel
estimation. Then we present the channel modeling of distributed AF relay network with
OFDM transmission. It turns out the relay network of interest actually suffer equivalent
highly dispersive channel. Thus we propose the apply subspace-based algorithm to handle
the channel estimation. Finally in Chap. [6] we provide some concluding remarks on this
thesis work.

1.3 Contribution of This Thesis

We briefly outline the contribution of this work.

1. We propose iterative alternating optimization te improve the capacity of distributed
AF MIMO relay network. The proposed algorithm is based on matrix low-rank
updating and thus could efficiently generate optimized results.

2. Noise-dominant models is proposed to simplify system design on distributed AF
MIMO relay network. We show the models serve as upper bounds of system capacity
and lead to several efficient design algorithms.

3. Based on noise-dominant models and relay selection, we develop two corresponding
relay gains designs. We also discover the performance of proposed algorithm could
be modeled as equivalent MIMO antenna selection systems. Thus we could reply
on the well-studied characteristics of MIMO antenna selection to approximate and
analyze the proposed algorithms.

4. To circumvent the potential expensive computation burden of selection-based schemes,
we further transform and simplify the design problem in order to consider and uti-
lize all the relays simultaneously. For the relay noise dominant model, we develop
algorithms based on low-leakage beamforming designs. As to destination noise dom-
inant model, we propose to simplify the problem by matrix triangularization. An



algorithms with specifically constrained solution space is developed to iteratively
improve the results.

. To perform OFDM channel estimation with highly dispersive delay profile but with
few pilot or training symbols, we apply subspace-based algorithm to efficiently utilize
limited pilot resource. Since the unknown subspace is critical to this approach, we
apply OMP and invent GMP to iterative reconstruct the subspace. The proposed
MP based algorithms could bypass some limitations of other algorithms and utilize
the information brought by consecutive OFDM symbols. Also we discover that AF
distributed relay network with OFDM transmission could be modeled as single-hop
OFDM with equivalent highly dispersive channel. Thus the proposed subspace-
based algorithms is suitable to handle the channel estimation for the relay network
of interest.



Chapter 2

Capacity of Relay Network and
Alternating Optimization

In this chapter, we first briefly describe the system model of amplify-forwarding dis-
tributed relay network used in this work, then present capacity (i.e. mutual information)
of this model and the associated optimization problem. To simplify the optimization and
gain some insights into system designy we discuss the effects of relay transmission power
scaling which ultimately leads to an upper-bound of capacity. As our first approach to
capacity optimization, in the third part-of this chapter we present the alternating op-
timization. Specifically, this approach applies successive greedy optimization, low-rank
updating of matrix computation; and quadratic approximation. Finally some numerical
results are shown to confirm the performance of proposed.approach.

2.1 System Model and ‘Capacity of Relay Networks

2.1.1 System Model and Power Limits

We consider a distributed MIMO relay system consisting of one source terminal, one
destination terminal and L single-antenna relay terminals. Both source and destination
are equipped with M antennas. To preserve the degree of freedom in the end-to-end
transmission, it is reasonable to assume L > M. Fig. demonstrates a conceptual
representation for the system of interest.

Let © and y (z,y € CM) denote the signal vector transmitted from the source and
received at the destination, respectively. Let » = [r(1) 7(2)---r(L)]* represent the for-
warding gain vector of relay network, wherein the ith relay performs amplify-forwarding
by multiplying the received signal with the complex gain 7 (i) and then transmitting the
result. Signals in the system pass through two MIMO channels, F and G¥ | to go from the
source to the destination, where F € CM*L and G € CE*M denote channel between des-
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Fig. 2.1: MIMO system with distributed relays.

tination and relays and channel between relays and source, respectively. The superscript
()# defines matrix Hermitian transpose. The received signals at the relays are assumed to
be subject to additive complex circular, white Gaussian noise ng ~ CN(0,0%1 1), where
I; denotes an identity matrix of size  L'x L. Likewise, the received signals at the des-
tination are assumed to be subject to-additive complex-circular white Gaussian noise
np ~ CN(0,0%1,). Assume that thereis no direct propagation path from the source to
the destination. The received sighal vector y at the destination can be described as

F diag(r)G” &+ F.diag(r)ng + np

y =
£ FRG"x “FRnp tnp (2.1)

where R is a diagonal matrix defined from 7, and diag(r) denotes a diagonal matrix
whose diagonal terms are equal to 7.

To optimize the system capacity fairly, transmission power limits are imposed on the
source and the relays. Specifically, we assume that the source transmits independent
signal streams over its M antennas with equal power o2, subject to a total power limit of
Ps. Further, the relays are subject to a total power limit of Pr. Mathematically, these
constraints can be expressed as

Ps > tr(E{xx™}) = Mo?,

Pr > tr(E{(RG"z + Rngp)(RG"x + Rny)"})
L

D (0 +aZIGUP) @) £ Y p(0)lr(0)P,

i=1 i=1

where |GY)2 = (GNHGY, with G representing the ith column of G' and being asso-
ciated with the channel vector between the source and the ith relay.



2.1.2 Noise Whitening and Capacity

Note that the noise vector (FRngr+mnp) in (2.1) as received by the destination is spatially
correlated. To find the system capacity, a noise whitening filter W2 at the destination
is used, where W is given by

W = E{(FRng+np)(FRng+np)?}
= op(I+0*(FR)(FR)"), (2.2)

with o £ og/op. Let H denote the noiseless end-to-end equivalent MIMO channel, i.e.,
H=2 /JJ%FRGH . Then we may derive the system capacity as a function of R as [41]

log, C(R) £ log, det(Iy + H'W ' H)
= log, det(W + HH") —log, det(W) (2.3)

where det(-) denotes matrix determinant. The optimization problem can be stated as

R, = arg max C(R) (2.4)
subject to
L
Py >Mo2 | Pp 2> p(d)|r (i) (2.5)
i=1

By observing it is clear increasing source transmitting power or o, is always
beneficial to capacity regardless of channel condition or the design of R. Thus we may
readily set 02 = M Pg. Further, the combination of ¢% and G matrix in could be
replaced by a scaled version of G without.lose any generality, so we ignore o, hereafter
in this work.

2.2 Power Scaling and Upper bounds of Capacity

The inequality about Ps in is discussed in last section. The remaining inequality
power constraint naturally prompts one to think: is it possible to simplify the constraint by
considering only the equality therein without impacting the optimality of the solution?
Or, alternatively, given a certain r that satisfies with inequality, will the system
capacity be increased by scaling r to reach equality in ? Intuitively, the answer may
seem to be a no-brainer as increasing the transmission power should be beneficial to the
signal-to-noise ratio (SNR) and thus the capacity. However, because R affects both H
and W it is not easy to intuitively determine in the consequence of scaling R up.
Thus a solid proof nevertheless requires some works. We state the result as a theorem
and present the proof as follows.
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Theorem 2.2.1 (Capacity scaling). When the (complez) relay gains R are scaled by
s € C with |s| > 1, C(sR) > C(R).

Proof. First, it is clear in (2.3) that C(sR) = C(|s|R). Without loss of generality we
assume s € R (the set of positive real numbers) hereafter.

Consider a singular value decomposition of F'R given by
FR=UAVH (2.6)

where for convenience we let A be M x M. Thus U € CM*M ig the matrix of left singular
vectors as usual, but the matrix of right singular vectors V' becomes L x M, that is,
V € C*M_ Further, let the singular values along the diagonal of A be arranged in
descending numerical order. Let )\; denote the ¢th diagonal element in A. Substituting

the above into and , we get

W = UXU",
C(R) = logdet{I, +G[(FR)*W Y FR)G"}
= logdet{I,, + GIVEZVT]G"}, (2.7)

where 3 and X are diagonal matrices with their 7th diagonal terms given by

3(i,i) = op+(erlNi|)> (2.8)
=/ - Al |Aal?
3 i _ .
GO o GanE - i)

(2.9)

By scaling R to sR and using W to denote the résulting noise correlation matrix at
the destination (in place of W), we find

W, = o3I+ (sop)*(FR)(FR)" =UX,U",
C(sR) = logdet{Iy + G[s*(FR)*W ' (FR)G"}
= logdet{I,; + G[VE,VYG"}, (2.10)

where X, and X, are diagonal matrices with their ith diagonal terms given by

2,(i,i) = op+ (sor|N)?,
S.(6,0) = ML s sy (2.11)
U ok 4 (sop|N)2 T T '

with a; defined as
s’[o} + (ar|Ni)]?
oh + 2 (oRN])?

Note that a; > 1 and a; < a; for i < j.

a; =

11



From (2.10) and 1’ ¥, can be expressed as the sum of two diagonal matrices as
3, = a1 X + 3a,

where 3 is some nonnegative diagonal matrix. Then, based on the eigenvalue inequalities
concerning the sum of two nonnegative-definite matrices [37, Sec. 6.4], we have

C(sR) log det{I,; + G[VE,VH]|G"}
logdet{I + a,G[VEVTGT}

logdet{I,; + G[VEV¥|G"} = C(R).

ARV

Therefore, we confirm that scaling up of the relay gains can increase system capacity.
Hence we may simplify the optimization constraint to

L L
Pp = (o5 +|GUREOEED " p(i)r@) (2.12)
i=1 i~
That is, the relays should transmit at the maximum allowed total power.

Next, one may wonder if the capacity could increase without bound if the total relay
transmission power tends to infinity. Intuitively, the answer may appear to be another
no-brainer because, from , the quality of the source-to-relay links should place a cap
on the amount of information rate that the system can support no matter how much the
relay transmission power can be. But again, a solid mathematical proof requires a few
lines of reasoning. Again we state the result as'a theorem and present the proof as follows.

Theorem 2.2.2 (Asymptotic capacity with high relay power). As |s| — oo, C(sR) is
upper-bounded by
log det[I + 0z’ GG

and it approaches the upper bound if and only if G and F R span the same row space.
Proof. To complete the proof, we will need the following inequality of eigenvalues about

matrix product [37, Sec. 6.6]. Assume A and B are N x N Hermitian non-negative
definite matrices, and let p;(A) be the ith largest eigenvalue of A. Then we have

pi(A)pn(B) < pi(AB) < pi(A)pi(B)
From 1) as |s| — oo the significance of o vanishes, so that X,(i,4) < 05? and

C(sR) ~ logdet[I; + oGV VHG"] (2.13)
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where V is the matrix of right singular vectors of FR as given in (2.6). To obtain the
result, the key is to grasp the eigenvalue structure of GVVH G| or equivalently that of
GGV V. For this, let p;(M) denote the ith largest eigenvalue of a matrix M that
has real eigenvalues. We have

p(G"G) > py(G"G) > - > pu (G @) > 0,
p(VVH) =1 1<i< M,
pi(G"G) = p;(VVT) =0, M+1<i<L.

Therefore, based on the eigenvalue properties concerning matrix products [37, Sec. 6.6],
we have

pi(G"GVVT) < p(G"G)p(VVT)
= w(G"G). (2.14)

The equality in the first line of the above equation holds if and only if G and V span the
same row space, or equivalently, if and only if G and F' R span the same row space. In
conclusion, as |s| — oo,

C(sR) < logdet[Iy, +¢7°GG"], (2.15)

where the equality holds if and only if F.R and G span the same row space.
|

With Theorem [2.2.2] it is verified that C(R) is upper-bounded irrespective of the
power level of the relays.

2.3 Iterative Alternating Optimization

In Sec. we briefly review the state of the art of relay network designs and the
challenges of distributed relay networks. In this section we take a closer look at the
optimization problem in and present the efficient suboptimal successive alternating
algorithms based on low-rank updating and quadratic approximation.

Observing the criteria in , it is clear the computation for matrix determinant is
critical for optimization. Given multiple-antenna relays, the forwarding gain matrix R is
not diagonal, which mean we could rely on matrix decomposition (such as SVD or QR) to
transform cascaded MIMO channels into parallel subchannels then simplify determinant
computation [6]. Now to deal with diagonal R and non-convex problem, intuitively we
have two options to design the optimization algorithms:

1. Brute-force or systematic global search: since (2.4)) could not apply convex program-
ming, we could always utilize systematic global optimization (e.g. genetic algorithm
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[10]) or even brute-force search to find the optimal R. However, this approach would
cost huge computation when L is large.

2. Replace determinant computation with high-order multivariate polynomial function:
the matrix determinant of a N x N matrix H is defined to be the scalar [28§]

det(H) = " s(p)H(L,p1)H(2,ps) - -- H(N,py), (2.16)

p

where the sum is taken over the N! permutations p = (p1,p2---py) of (1,2---N),
H (i, 7) denotes the item at 7th row and jth column of H, and the sign scalar s(p) €
{+1, —1} is defined by permutation p. Following and , we may transform
the optimization cost function in into a high-order multivariate polynomial
of r(i) then perform derivative-based algorithms (e.g. Newton’s method [10]) to
approach local optimizer. Such algorithms would simplify the original multivariate
problem as successive one-dimensional line searches and guide the searches to most
favorable directions. However, even heading to favorable directions, line searches
with repeated calculation of high-order multivariate polynomial function would still
cost considerable computations and thus may not suit practical purpose.

Given the above two observations, we should design the optimization which not only
simplifies the multivariate problem but does effectively suppress extensive computation.
Alternating optimization [4] is one approach that-meets the requirements. Instead of si-
multaneously considering all variables, by definition alternating optimization focus on one
variable at one time and alternates between variables. By optimizing one variable (and
fix the others) in one iteration and considering another variable in next round, alternating
optimization again transform multivariate problem into successive one-dimensional opti-
mization. Since we deal with cost function with single variable throughout line searches,
we may apply low-rank updating methods [28] Sec. 6.2] to avoid extensive matrix compu-
tation. Further, we could approximate polynomial function based on low-rank updating
as second-order function. Thus the approximated optimizer could be derived without line
search.

2.3.1 Low-rank Updating for Capacity Computation

Some matrix computation, such as decomposition, inversion or determinant, require con-
siderable computing resource. When the variation of a matrix comes from one or two
vectors, it is possible to compute some quantities associated with the matrix efficiently
via an updating procedure rather than via a full-blown computational procedure. Since
the variations are frequently of rank one or two, the efficient updating methods are often
termed low-rank updating. In what follows we describe some updating methods used in
our work.

14



Assume square matrices A, B and C with updating equalities as follows
B2 A+uvl C2 B+ uywl

where A is assumed to be full-rank Hermitian matrix. Given det(A) and A™', we have
rank-one updating for efficient computation about B as

A_l’l,l,l’l){{A_l
1+olfA
det(B) = det(A)(1 + vi’ A ). (2.18)

Using (2.18)) and (2.17) we could save a great deal of calculation and extend to rank-two
updating for det(C) as

det(C) =det(B)(1 + vl B 'uy)

A\ v AT
—det(A)(1 +vA? 1 H(Al—#> }
ct(A) 1+ oA ) [0l (A7 = T

=det(A){(1 + v A ) (1 + v A uy) — v A uvf? A7y} (2.19)

B'l=A"- (2.17)

Now we describe how the above-mentioned low-rank updating is applied in our alter-
nating optimization. In the proposed iterative relay gain adjustment, we adjust only one
relay gain at a time. Specifically,“in" each iteration, we replace one relay gain by some
value a € C. The other relay gains are multiplied by a factor 8 € R, (where R, stands
for the set of positive real numbers) such that the power constraint is satisfied. The
factors a and (8 are chosen to maximize C'(R):

In more detail, let » = [r(1), ..;r(L)]" denote the gain vector of the relay network
where superscript 7' denotes transpese:. Let the ith term of r, or 7(i), be the relay to be
optimized in certain iteration, and r, be the same as r except with r(i) replaced by zero.
Also let r, denote the gain vector after the above-described update. Then

To = (IL - Si)ra Ty = 67.0 + aSila (220)

where S; denotes the “selection matrix” whose elements are all zero except for a 1 at the
ith diagonal position and 1 represents an all-ones vector. Clearly, following (2.12) « is

subject to the constraint
0 < la] < v/Pa/p(i), (2.21)

and for given «a, we have

[ Pr— i)
N0 0]E

Let R, = diag(r,) and R, = diag(r,). Then the noise-free equivalent end-to-end
channel matrix after gain updating is given by

H,=3H,+aF"Y(GY)H (2.23)

s

(2.22)
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where H, = FR,G" and H, = FR,G". And the autocorrelation matrix of the received
noise vector at the destination becomes
W, = o3Iy + (08)*(FR,)(FR,)"] + |oral*FO (FW)H
2 AW, + |opa*FO(FO)H, (2.24)
We see that H, is different from SH, by a rank-one matrix and that W, is different

from 04 W, also by a rank-one matrix. Further, we could express W, + H,H f with
rank-two updating as

W, +H,H" = (62W, + B2H,H?) + (o' 8)(H,GY)(F)H
+F® [(aﬁ)(HOG(i))H + (\aG(i)|2 + |aRa]2)(F(i))H]. (2.25)
Given these matrix updating forms, we proceed the design of alternating optimization by
decomposing the problem into three parts: 1) how to express C'(R,) in terms of o and

B; 2) how to optimize the values of o and f3; and 3) how to iterate. We address these
subproblems in order below.

First, consider the term det(W,,). From (2.24)) it can readily be seen to be a polynomial
in |a|* and B2. Applying the rank-one determinant update formula to it results in

det(W,) = o3 det(W,) (1 + |caP(ED)YIW 1 FO), (2.26)

Its dependence on |a]? and 3% can be expressed more concretely in terms of an eigenvalue
decomposition of (FR,)(FR,)":

(FR,)(ER)" =V, 2,V (2.27)

Then, letting e;(i) denote the ith eigenvalue (i-e.; the ith diagonal element of X¥;), we
have

det(W,) = o8 {1+ (00 ex(H1 + loa (FO) Vi Ly + (o) 2] VIO,
h (2.28)

where a leading product in (2.18)) is canceled by the common denominator of the braced
quantity.

Next, consider the term det(W ,+H ,H), for which we make use of the rank-2 update
formula for matrix determinants. Employing (2.19)) with the following identifications of
variables:

C—W,+H,HY

A & o3Iy + (08)*FR,(FR,)") + B*H ,HY,

uy < FO v & (o8)(H,G?) + (|aGY|? + |opal?) FY,
uy & H,GY vy (af)FY,
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we get

det(W, + H, HY)
=det(A){(1 + v A u)(1 + v A uy) — v A u vl A} (2.29)

As in the case of det(W,,), its polynomial functional dependence on o and  can be

brought out more concretely with an eigenvalue decomposition of a constituent factor of
A:
FR,(FR)" +o;*H,H! =V,3,V}. (2.30)

Then, letting es(i) denote the ith eigenvalue, we have

det(A) = o5 |11 + (08)%ea(d)]

=1

det(W, + H, H') (2.31)
= det(A)[(1 + Lpt'p, + bpd'py) (1 + ' pi'p,) — (1 p'py) (Lipl Py + lpd' py)]
M
=o' | [[1+ (68)%e2(i)] x [1 + Li|py[> + 2R (Lps py) + |l (Ip Po]” — |1 (P2] )]
=1

where R(-) denotes the real part of a quantity and we have made the following definitions
to simplify the notation:

1 2 (|aGYP + |ogal?)op? 045201) : (2.32)
py 2 [Ty + (08)*2)” %VﬁqF(Z, Py e Ly +(08)°2,) 2 VI (H,GY). (2.33)

In summary, C(R,) can be expressed as.the difference between (2.31)) and (2.28). We
now turn to the problem of finding o and"# that maximize it.

2.3.2 Optimization of a and (8

To start, note that none of the terms constituting det(W,) and det(W, +2 H,H)
depend on the phase of a except R(lypip,) that appears in . As a result, for any
given |a| and 3, C(R,) can be maximized by choosing the phase of a such that R(l,pip;)
is maximized. This can be achieved by letting Za = Zpfip,, so that R(l,pip,) =
|lapp,|. The problem thus reduces to one of finding the best |a| and 3. But since there
is a one-to-one relation between |a| and 3 (see (2.22)), we only need to solve for 3. After
some straightforward algebra based on , (2.28), , we can show that the optimal
[ is one that maximizes the following function:

| 2

M .
() & LEalP + 20bpopy| + [P (prpol” — [P [lpal) 1 L+ (@8)ea(l) 55y
5 .

1+ |oa|2(F(i))HV1[IM + (06)221]—1VHF(”
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where |af, Iy, I, p; and p, are all functions of [.

Due to the complicated nature of , there is in general no closed-form solution
for the optimal 5. We need to resort to a search technique, and such techniques are innu-
merable. A simplest one is non-iterative line search, in which one examines a sufficiently
dense subset of all admissible values of 3 to find the one maximizing ¢(3). From
and , the set of admissible values of § are given by

Pr
0 . 2.35
<r= \/ S (i) (i) (235)

A second method is to iteratively update a trial solution to 5 by solving a low-order
polynomial approximation to ¢(/) in each iteration. For example, one may, in each
iteration, use a quadratic approximation obtained by taking the second-order Taylor series
expansions of ¢() around some /3 value and take the 5 value that maximizes the quadratic
approximation as the updated trial solution. If this value should fall outside the admissible
range given in (2.35), we may replace it by the nearest boundary value of the range. In
addition, if the resulting ¢(f5) value should decrease in some iteration, then we may stop
the iteration and revert to an earlier solution.

In fact, to find the optimal 5 oné need not work with ¢(f) directly. Any monotone
increasing function of ¢(f3) can be used-in its stead. For example, since, from ,
q() is a product of multiple facters; it may be easier to consider maximizing a logarithm
of ¢(B) than ¢(p) itself, for thenproducts become sums. This approach is taken in our
implementation of the quadraticapproximation method. Moreover, in implementing the
quadratic approximation method we have chosen to take the Taylor series expansion at
£ = 1. The reason is that, since we.adjust one relay gain at a time, the overall opti-
mization process belong to the category of alternating optimization which is guaranteed
to converge to a local optimum [4]. Upon‘convergence, the values in r, will change little
from one iteration to the next. In other words, the optimal 3 values will approach unity
upon convergence of the overall algorithm. Hence a series expansion around § = 1 should
provide a good approximation to the performance surface in the later stages of algorithm
progression and benefit its convergence behavior there. In summary, in our implementa-
tion of the quadratic approximation method we seek to maximize ¢;(3) = logq(5). And
for it we define

q/'(1)
2

6(8) = a(1) +q(1)(8 — 1) + (B -1 (2.36)

where ¢/(1) and ¢'(1) are the first and second derivatives of ¢,(/5) evaluated at § = 1. The
solution to the equation ¢/ (/) = 0 is then taken to be the current trial solution for 5.

We summaries the proposed successive optimization algorithm as follows. It finds a
locally optimal solution.
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1. Select some relay 7 for gain adjustment, where i can be chosen in round-robin fashion,
for example.

2. Perform eigenvalue decomposition of (FR,)(FR,) and FR,(FR,)" +o;>H ,H

as in (2.27) and (2.30) to find 3; and V;, i = 1,2.

3. Solve for the f that maximizes ¢(5) as given in (2.34) by a search method, such
as the line search or the quadratic approximation method described in the last
subsection. Obtain the corresponding |a| using (2.22) and let Za = Zpip,.

4. Update the relay gains by setting the gain of the ith relay to @ and multiplying the
gains of all other relays by .

5. Exit if some stopping criteria are satisfied, or go to step 1 otherwise.

2.3.3 Numerical Results

In presenting the simulation results, we arbitrarily let M = 4, Pp = 10, and 0% = 0% =

0.1. And we consider two relay network sizes: »L = 6 and L = 12. The channel matri-
ces F' and G are generated by letting all their elements be independent and identically
distributed (i.i.d.) complex Gaussian random- variables. The relays are initialized to an
identical gain that satisfies the power constraint . Thus their initial performance
also serves as a benchmark to compare algorithm results with.

Fig. illustrates the progression of average capacity with number of iterations under
two methods of solving for the relay gains adjustment factor 5: line search and quadratic
approximation, where the former has.a much higher computational complexity than the
latter. The results show that line search performs-better than quadratic approximation,
but both show a qualitatively similar convergence behavior and the final results after
convergence are quite close. Also note that the converged capacity, for both approaches,
are much better than the initial capacity, especially when L is large. Such significant im-
provement of capacity suggests that the proposed algorithms could contribute substantial
performance upgrading when compared to simple identical gain design.

In Fig. we show the average behavior of capacity variation when performing line
search of optimal 8 value in step 3 of procedures described in Sec. Note the capacity
curve is first normalized with maximal ¢(/3) in step 3, then is averaged over random channel
conditions as set for Fig. With this simulation, we could confirm that the optimal
solution to line search is around § = 1 in average. Thus applying second-order Taylor
Series expansion at 5 = 1 not only lead to efficient suboptimal ¢(/3) solution, but also
provides a good approximation to actual ¢(/3) behavior around optimal 5.
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Fig. 2.2: Progression of average capacity with number of iterations.
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Fig. 2.3: Average of normalized capacity with respect to varying 3 values
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Chapter 3

Capacity Improvement based on
Noise-Dominant Models

While alternating optimization based on low-rank updating discussed in Chap. 2| can yield
good results, it provides little insight into the analytical properties of the solutions. We
thus consider an analytical approach in this chapter. Since no closed-form solution can
be obtained for the general situation; we consider several simplified situations which are
more amenable to analysis. In particular; nete that in AF systems the receiver noise arises
from two sources: the relay noise'ny and the destination terminal noise np. The design
problem becomes mathematically more tractable when one of the two dominates in the
overall receiver noise so that the gther may be ignored. The results obtained from ignoring
one noise source may be viewed ‘as upper bounds on system capacity or as asymptotic
performance of the system. For convenience, we term the two simplified conditions the
relay noise-dominant condition and the destinationnoise-dominant condition, respectively.

Interestingly, closed-form analytical solutions are not available for arbitrary L even
in these simplified conditions. But such solutions can be found if L is restricted to
some specific values depending on M. It thus prompts a (suboptimal) relay selection
approach wherein a judiciously selected subset of the relays is used to participate in
signal transmission and the subset size is such that an analytical solution exists. This
approach also helps us to study the resulting capacity outage diversity and compare it to
that of single-hop MIMO systems with or without antenna selection [17, [14].

Since MIMO antenna selection systems lay the foundation for the analytical inter-
pretation of the proposed relay selection schemes, In this chapter we would first briefly
review the important results of the studies on single-hop MIMO antenna selection systems.
Then we present noise-dominant models for relay network design and propose correspond-
ing algorithms for individual models. For analytical insights we design equivalent MIMO
antenna selection systems. Finally some numerical results are shown for performance eval-
uation and validating the links between equivalent MIMO antenna selection and proposed
relay selection schemes.
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3.1 Preliminary: MIMO Antenna-Selection Systems

Diversity techniques based on antenna selection or maximal ratio combining are mature
and popular approach to utilize multiple antennas for performance improvement. When
only single stream is transmitted with /V; Tx antennas and /N, Rx antennas, the diversity
order of N;N, could be achieved [2]. However, this principle could not be applied directly
to spatial multiplexing transmission with multiple concurrent streams. To this end, MIMO
antenna selection systems are developed [16] [17] and shown to be an efficient way to
provide additional diversity for spatial multiplexing systems.

Consider a point-to-point MIMO system with M transmitter antennas and N receiver
antennas, where N > M. Let H € CY*M be the channel matrix and let the transmit-
ted signal-to-received noise power ratio (transmit-to-receive SNR) p?. Then the system
capacity is given by

log, C(H) = log, det(Iy + p> H” H). (3.1)

For a flat-fading H, a statistical lower bound is [14]

M
log, C(H) > Z logs(1et p* 7% —i11) (3.2)

=1

where 73_;,; denotes a gamma-distributed random variable with N — i + 1 degrees of
freedom. This lower bound indicates that the capacity of an M x N MIMO system
is statistically equivalent to or better than that of a'system composed of M parallel
independent single-input multi-output/ (SIMO) subsystems wherein the ith subsystem
performs maximal-ratio combining (MRC) on N-— M 4 receiver antennas. In other
words, the overall capacity outage diversity of an-M.x N MIMO system is bounded
between N — M + 1 and N.

Consider a system where the receiver selects M out of its /N antennas for use in signal
detection. Let Hg be the M x M channel matrix of the resulting MIMO channel. This
matrix contains the M rows in H that correspond to the selected receiver antennas. There
are (AA;) possible antenna choices. Let (M, N; M)g denote a system wherein the antennas
are chosen to maximize the capacity. Then the system capacity can be described as

log, C's = maxlog, det(I + PPHYHS). (3.3)
S

It is shown in [17] that the capacity of such a system is again statistically equivalent to
or better than a MIMO system composed of M parallel independent SIMO subsystems
wherein the ith subsystem performs antenna selection by choosing one out of N — i + 1
receiver antennas.

In a nutshell, both the full system (M, N; N)g and the receiver antenna selection sys-
tem (M, N; M)g can be statistically modeled as a set of parallel SIMO transmissions and
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thus share a similar capacity outage diversity order. We show the cumulative distribution
function (CDF) curves of capacity for both systems. Given M = 3, in Fig. the top part
presents CDF curves of both systems with N = 5 and N = 12, respectively. We could
observe that increasing N would improve capacity, and full systems outperform antenna
selection systems. To gain more insights into the capacity distribution, in the bottom
part of Fig. we show biased CDF where curves are overlapped and shifted horizontally
with the 50% points collocated. With the biased CDF it is clear that antenna selection
systems share similar capacity distribution characteristic with corresponding full systems.

3.2 Designs for Destination-Noise Dominant Condi-
tions

Following Sec. [2.1.2] the noise in system could be represented as

W = E{(FRnp+np)(FRng+np)"}
= op(I+0*(FR)(FR)"). (3.4)

Thus, when the destination noise dominates in the-oyverall noise we have W > ¢%I. Then
we have capacity approximation as

C(R)= logydet(I =H"W 'H)
< det[I + o H"H]. (3.5)

Hence the capacity is approximately that of an M x M single-hop point-to-point MIMO
system with channel matrix H and transmitted signal-to-received noise power ratio
(transmit-to-receive SNR) 1/0%. However, even-in this rather simplified condition, no
general solution is available to the optimization problem for arbitrary L > M. But
an analytical solution can be obtained for L = M. Thus we consider a relay selection
approach wherein M relays are selected to perform the relaying. Let the total of ( ]\Z)
selections be indexed from 1 to (L) For the kth selection define the corresponding

M
optimization target based on (3.5) as

Cp(k, Rp) = det[Iy + o2 (FLRpGi ) (FLRpGiY) (3.6)

where F;, € CM*M and G, € CM*M | respectively, denote the submatrices of F and
G constructed by collecting the columns corresponding to the active relays in the kth

selection, and Rp denotes the diagonal matrix of relay gains of the active relays. Let
rp(i) be the ith diagonal term in Rp. In high SNR,

Cp(k,Rp) < det[o ) (FrRpGY)(FrRpGy )Y

~Y

= o™ det(FpFy) det(GRGE) [ [ Irn (). (3.7)

i
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Fig. 3.1: Comparison of MIMO antenna selection and full MIMO systems in terms of
CDF of capacity (top) and biased capacity (bottom).
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To maximize Cp(k, Rp) subject to the power constraint (2.12) given Fy and Gy, we
equivalently find the optimum rp such that

— ; 3.8
D arng%XIZIVD(ZH (3.8)

subject to
M

> (0 + G 1)rp ()] = Pr, (3.9)

i=1

where rp = [rp(1),...,rp(M)]" and G’,(j) denotes the ith column of G. Employing the
Lagrange multiplier technique leads to the optimum relay power allocation as

Pr
rp(i)| = , . 3.10
o) \/M(O%JFIIGEJ)IIQ) 1

Denote the resulting C'p(k, Rp) by Cpo(k). The final solution is then given by the optimal
selection

k= argm]?XC’Do(k) (3.11)
together with its corresponding optimum relay power allocation.

To analyze its performance, substitute 1) into 1} and assume ||G’,(:)||2 > 0%
(i.e., consider the high SNR limit). Then we get an upper bound for any ng(RD) as

det(GyG) P
(—’“m’“;(—R)M. (3.12)
HAG

A simpler upper bound can be obtained by considering a QR decomposition of G} as
GH QT, where @ is a unitary matrix and-7'-isan upper triangular matrix. Denote the

ith column of T by T and the ith diagonal term of T by T'(i, 7). Then ||T®|]> = HG |12
because T and Gk are related by a unitary transform Q, and |T'(i,i)]> < | T@]2.
Consequently,

Cpo(k) < opt det(FpF)

det(GRGY) | det(Q)[?| det(T H T (i,14) \2 H IO
116G IL ||G<“||2 IGP12 ~ 211G

where equality holds only when G} has orthogonal columns. Substituting into (3.12)
yields the desired upper bound

1, (3.13)

P
Cpo(k) < det(FFf)(—o )M, (3.14)
oM
Thus we obtain an upper bound Cpyy on the capacity measure for the suboptimal solution

as
Pr

2
opM

Pp

Cpo(k) < det(FpF¥)(
k5 k U%M

M2 Cpy. (3.15)

M < max det(FF{)(
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Note that log, Cpy is actually the asymptotic capacity of an (M, L; M)g system at
transmit-to-receive SNR P /(02 M)M | where (X,Y;Z)s denotes an X x Y single-hop
point-to-point MIMO system wherein the receiver selects, out of the total Y received an-
tenna signals, the Z that yields the maximum capacity for receiver processing. (See the

review in Sec.

By 1} we may also obtain a lower bound for Cpo(k): Letting

H
k = argmax %’ﬁk), (3.16)
FOILIGE P
we have the lower bound Cp, as
CDL S CDO(E) S Iﬂl?X Cpo(k}) (317)

When L > M, it becomes more likely to find a set of M nearly orthogonal columns in
G. In this case, we will have det(GEGg)/ I HG’E)H2 < 1 and thus

Cos = Coolk) S detlFLFf ) (2™, (318)
= oM
Now since k is a selection based on G without taking F' into consideration and since from
log, Cpr resembles the forniof the capacity of an M x M single-hop point-to-point
MIMO system with channel matrix Fy at transmit-to-receive SNR P /(o3 M)M | we can
view log, C'py, as the capacity of.an (M, M; M)g system.

Therefore, from and we conclude that in the destination-noise dominant
condition, the performance of relay selection with optimal power allocation is asymptot-
ically upper-bounded by that of the {M;L;M)sMIMO antenna selection system and
lower-bounded by that of (M, M; M)s. The capacity outage diversity order is thus sim-
ilarly bounded by that of these two systems. Simulation results in Sec. will show
that, although the above derivation has been carried out mostly assuming asymptotic
conditions, relay selection systems operating in practical conditions exhibit some similar
performance characteristics.

3.3 Designs for Relay-Noise Dominant Conditions

We now turn to the relay noise-dominant situation. Again, no closed-form general solution
can be found for arbitrary values of L and M, but a solution can be found if they are
related in a specific way. We thus again propose a relay selection scheme.

To start, let IV out of the L relays be selected to participate in the relaying, where N >
M but is otherwise undetermined for the moment. Altogether there are ( ﬁ,) selections. For
the jth selection we let F'; € CM*N and G; € CM*V denote the corresponding channel
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submatrices of F' and G, respectively. From the derivation up to (2.9) in Theorem. m
we may infer that, in the relay noise-dominant situation,

Cr(j, Rg) S det(Iy + 03°G;V,;VIGH) (3.19)

where Rp, is the diagonal matrix of relay gains, V; € CV*M ig the matrix of right singular
vectors of F'jRp with its jth column corresponding to the jth largest singular value of
F;Rp. Comparing with the situation addressed in Theorem m (in particular, see
(2.13)) we find that relay noise-dominant systems behave similarly to systems with very

high relay transmission power. Hence by Theorem , Cg)(RR) is upper-bounded as
OR(j, RR) S det(IM + O';zszG;{), (320)

where equality holds and Cg(j, Rg) is maximized if the rows of F;Rp span the same
space as that of G;. Note that, contrary to the destination noise-dominant case, in the
present case the total relay transmission power does not affect the performance at all,
only the row space of F';Rr matters. And the relay network should try to align the row
space of F';Rp with that of G, which is a beamforming problem.

To proceed, let Fj<i> denote the ith row of F;. Let O; € CN*V=M) be a matrix
of basis vectors for the orthogonal complement of.the row space of G;; that is, O; is
such that G;O; = 0 where 0 denoteés a zero matriks Also, let ®;; £ diag(F;')0;.
Immediately we have

'I"g@ij = ’I"g dlag(FfD)Oj —= (F]<l>)HRROJ (321)

where rp € CV is the vector formed of the diagonal elements of Rz. To make the row
space of F; Ry equal to that of G}, we may equivalently fitid r such that r5®,; = 0 Vi.
For this, define

D, L [B); Byj e By e CVXNEM), (3.22)
Then the optimal solution or beamformer 7z should be such that r%,®; = 0. The existence
of such a solution would require ®; to have a non-empty null column space. Therefore let

M(N — M) < N. Combined with the earlier assumption that N > M, the only choice is
N =M +1 for any M > 2.

In conclusion, the final solution is given by the selection

j = arg max Cr(j, RR) (3.23)

1<5< (50

where for each j, Rg is given by diag(rg) with rr being the solution to the equation
rL®; = 0 and “normalized” such that 3> (0% + ||G§~Z)||2)|’I"R(Z') 2 = Pr (where Gy) is

1=

the ith column of G; and 7g(i) is the ith element of rg).

Regarding its performance, from (3.20) we see that the resulting capacity measure is
approximately given by Cro as follows:

max Cr(j, Rr) ~ maxdet(Iy + 0§2Gij) £ Cro, (3.24)
j j
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where the middle expression indicates that log, C'ro should behave similarly to an (M, L; M+
1)s MIMO antenna selection system with transmit-to-receive SNR, 02 /0%. We will not
develop upper and lower bounds to the capacity performance as in the destination noise-
dominant case because (3.24) is already a good approximation.

3.4 Numerical Results

Next, we consider the methods derived under the two dominant noise assumptions. This
serves two main purposes. First, their performance is compared with two benchmarks,
namely, that of equal-gain allocation and that obtained with alternating iterative algo-
rithm (discussed in Sec. . And secondly, their capacity outage behavior is observed.
It is suggested in Sec. and that more relays would represent larger capacity outage
diversity, which is expected to be presented in simulation. In this we also look at how
close the bounds Cpy and Cpy, and the approximation Cro are to the actual results. To
demonstrate the capacity outage diversity, we present the cumulative distribution function
(CDF) of capacity (with respect to capacity).

For the destination noise-dominant case; Fig. shows some cumulative distribution
function (CDF) curves of the obtained capacity at-M.= 3, L = 6, op = 0.1 and P =
1. Not surprisingly, the iterative algorithm performs better than the suboptimal relay-
selection solutions, and the equal-gain allocation performs worse. The Cpy curve is rather
close to the iterative algorithm results at the same o /ar ratio. As to the relay-selection
solutions, we see that the capacity performance drops as gp-increases (which worsens the
SNR). But even though the destination noise becomes less'dominant with increasing og,
the capacity outage diversity order (indicated by the slope of the curve) remains similar
and similar to that of Cpy.

Next, we consider how the diversity order wvaries with number of relays (L). Fig.
shows some results with all system parameters the same as above except for a fixed
or = 1072 and a variable L. As the purpose is to examine the diversity order behavior
but not the actual capacity, we “bias” the CDF curves horizontally to make their 50%
points co-located at zero capacity. The curves verify that the proposed relay selection
method indeed yields a similar diversity order to Cpy, and the diversity order increases
(i.e., the CDF curve steepens) with number of relays. To compare with the diversity
behavior of Cpy, we also show a curve for a (3, 3;3)g system.

Now consider the design based on the relay noise-dominant assumption. Fig. shows
some results. Again, the iterative algorithm performs better and the equal-gain worse.
And we verify that the diversity order behavior at og/op = 10 is similar to that of a
(3,6;4)s system (the behavior of Crp). As expected, capacity drops as op increases
(which lowers the SNR and also makes the relay noise less dominant). But the great
difference with Fig. is the reduction in diversity order (i.e., reduction in steepness of
CDF curve) with reduced relay noise-dominance.
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Fig. 3.2: Capacity CDF of distributed relay system designed under destination noise-

dominant assumption.
In Fig. we compare the capacity CDFs of distribuited relay networks of different
sizes, all designed with the relay selection method for the relay noise-dominant condition,
with the (M, L; M + 1) MIMO antenna selection systems..We see that the performance
of the latter tightly upper-bounds the corresponding distributed relay systems.
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Fig. 3.3: Horizontally “biased” capacity CDF curves of distributed relay systems for
diversity comparison.
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Fig. 3.4: Capacity CDF of distributed relay system designed under relay noise-dominant
assumption.
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Fig. 3.5: Comparison of diversity orders of capacity CDFs of distributed relay systems of
different sizes designed under relay noise-dominant assumption.
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Chapter 4

Efficient Algorithms for
Noise-Dominant Models

We discuss system simplification and approximation of distributed relay network based
on noise-dominant models in Chap. [3| wherein relay selection algorithms and associated
relay gains designs are also presented. Though the algorithms based on relay selection is
conceptually concise, the computation burden would growth exponentially as the number
of relays increases. To circumvent. the-problem, in this-chapter we discuss algorithms
based on noise-dominant models but avoid relay selection. As the foundation of proposed
efficient designs, we briefly review relay selection algorithms in Sec. and Sec. [4.2.1]

For relay-noise dominant model we start from the equiyvalent beamforming problem dis-
cussed in Sec[3.3l Since we consider L relay gains simultaneously and optimal beamformer
is not available, we cast the problem into projections-onto two subspace and minimizing
the ratio of projected vector norms. I Seefd.1.1}theidea and algorithm for multiuser low-
leakage beamforming [35] are briefly reviewed.” We would apply the algorithm to solve
minimization of norms in Sec.

As for destination-noise dominant model, in Sec. we simplify the problem by
making the end-to-end MIMO channel H in an upper-triangular matrix so that the
matrix determinant maximization in could be approximated as product of diagonal
terms of H. In other words, we zero-force some terms of H then focus on a product
maximization problem. In Sec. we transform the design problem with specifically
constrained solution space and propose iterative algorithm to reach local optimizer.

It is the potentially expensive computation of selection-based algorithms that moti-
vates us to develop efficient designs for noise-dominant models. Thus in Sec. and
4.2.4|we would summarize all the proposed algorithms (with and without relay selection),
and compare the order of computation complexity for selection-based algorithms and pro-
posed efficient designs. Finally the respective performance would be shown and compared

in Secl4.3l
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4.1 Designs for Relay-Noise Dominant Conditions

4.1.1 Downlink Low-leakage Beamforming Design

Assume base station is equipped with N transmission antennas and serves K users. For
the kth user, base station send signal scalar s; via dedicated transmission beamforming
vector 7, € Z~. Thus the transmitted signal vector & could be described as

K
€r = Z'r‘ksk, (41)
k=1

where 73 and s is normalized such that E{|sg[*} = 1, ||7x||* = 1. Assume the number
of receiver antennas at the kth user is M}, and the MIMO channel matrix between base
station and the kth user is F € Z™*N_ Then the reception vector of the ith user, y,,
could be modeled as

y, = F,x + vy

= F;r;s; Z Firyps; + vy, (4.2)
Vk£i

where vy ~ CAN(0,02I) denotes the reception noise of the ith user. Note the first term
in the RHS of (4.2) represents désired downlink signal for the ith user, while the second
terms represents unwanted interference.

Following (4.2) the SINR (signal to interference-plus noise ratio) at the input of the
1th user could be stated as

st

Mio? + > [|[Firel*
VkAi

SINR; = (4.3)

Note the beamformers meant for other users, r4(Vk # i), account for the interference to
the ith user. It is conceptually depicted in Fig. with ¢ = 1. SINR is a performance
index of fundamental importance and frequently used as design criteria. However, it
is challenging to optimize K beamformers simultaneously with K SINR index. Another
potential approach is to arrange beamformers so that the interference is completely nulled
out at transmitter. It is intuitive and simple, but would require larger size of transmitter
antennas to ensure that Fyr; = 0 Vi,k # ¢. Thus base station may need additional
antennas to serve more users.

To accommodate the above-mentioned problems of SINR-based beamforming design,
another relaxed but viable criterion is proposed in [35]. Instead of considering interfering
terms F;ry Vi # k, Sadek et al. proposed applying SLNR (signal to leakage plus noise
ratio) measure which emphasis the leakage signals from r; to users j(Vk # i). The SLNR

33



Fig. 4.1: Downlink signal and interference flows for user 1

measure for the ith user could be stated as

|F il f? s WF?
SLNR,; = [ 4.4
M;a3 +\%; [Egrall? o~ M;o7 =+ || ;|2 44)

and depicted in Fig.|4.2/assuming 2 = 1./ ®; is defined to be a matrix composed of Fy(Vk #
i) and is used to measure the leakage from r; It-is ¢lear that SLNR; depends only on 7;
and is easier to be optimized. The optimal solution.of #; that maximize SLNR; is shown
to be [35] the scaled version of eigenvector of (Mol + ®7®,) ' F F; corresponding to
the maximal eigenvalue. Note that maximizing SLNR; is equivalent to design r; with two
criteria, minimizing ||®;r;|| and maximizing || F;r;||, exercised simultaneously. In later
sections we would again apply the composite criteria for relay network design.

4.1.2 Capacity Approximation and Relay Selection

For the case of relay-noise dominating mode, the significance of Iy in (2.2) vanishes.
Following Sec. we derive the upper bound and approximation of capacity measure as

2

C(R) < det(Iy + Z—;GVVHGH) (4.5)
2

< det(Iy + —Z<GG"), (4.6)
OR
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Fig. 4.2: Downlink signal and leakage flows from user 1

where V' € CE*M is the matrix composed of right singular vectors of F.R corresponding
to the M largest singular values, and the equality in holds when V' spans the range
of G. To explain how and when this condition is satisfied, we first define following
matrices: let Vg € CE*M be the orthogonal basis spanning range of G, and let V oy
be the orthogonal complement of 'V . Alsowe define ®, and ® such that

®; = diag(FS7)Van
® £ [Py By ] € CLHMEN),

where F<* stands for the ith row vector of F'.

Since we require V' spans the range of G, the row vectors of F'R should not fall in
the null space of G¥. That is, (FR)<"V gy = 0 Vi, which could be rewritten as

(FR)*”Vgy =7r" diag(F<")Vay
=7rT®, =0V, (4.9)

where 0 means the matrix with appropriate size and all zero terms. Equivalently we
should find the solution to 77® = 0, and scale r such that power limitation is
satisfied. A non-trivial solution requires non-empty null space of ®*, which means the
size of relay networks should satisfies L = M + 1 (see Sec. for detail).

When it comes to larger relay networks (L > M + 1), one simple extension based on
is to select M + 1 relays out of L. Since we may guarantee asymptotic capacity
reaching the upper bound in for M + 1 relays, the selection with best value in
would be used to activate the selected relays and deactivate otherwise.
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4.1.3 Capacity Improvement based on Maximizing the Ratio of
Norms

For larger size of relay network, the exhaustive ( ML+1) selections would require considerable

computation as L increases, thus we may resort to another approach to design R efficiently.
Recall in Sec. the fundamental is to design R such that G and (F R)' have identical
range space. When L # M + 1 we could still apply the principle and design the algorithm
with composite criteria.

On one hand, though in 1) we could not find 7 as the solution to »7® = 0 when
L # M + 1, we may try to minimize |77 ®|| as an approximated criterion based on (4.9).
On the other hand, note that

I(FR)="Verl < [(FR)=| Vi

and the equality holds when G and (FR)" have identical range space, which indicates
that we should try to maximize ||(FR)<">V ggl||. To do so we define ¥; and ¥ as
U, £ diag(F<"”)Vgr (4.10)
U2 (W, Wyl e (4.11)

Then maximizing ||(FR)<"V gr|l8 equivalent t6 maxitmizing ||r7 ¥|].

Now we need to handle norm. minimization and maximization simultaneously. The
design of r could be realized by maximizing the ratio of norms as

Topt = arg max iaedl
Ko v [T el

(4.12)

Recall we discuss low-leakage beamforming technique in Sec The criterion in
resembles that in . Thus we derive r,, such that it should be proportional to the
eigenvector of (®®)'WW corresponding to the maximum eigenvalue, and is scaled
according to . Note the ® in is wide matrix, so ®® is invertible (given ® is
full rank).

4.1.4 Algorithms Summary and Complexity Comparison

For better understanding and comparison, in what follows we summarize and itemize the
two algorithms (with and without relay selection) for relay-noise . Moreover, among the
steps of algorithms we highlight some key procedures that are computationally demanding
or repeatedly executed. Based on the assessment of computation burden for these steps,
we may obtain a rough yet useful comparison of complexity of the two algorithms.

For the algorithm based on relay selection in Sec. the procedures could be
summarized as follows:
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1. Set ( ML+1) combinations to represent all possible selection of choosing M + 1 relays

out of L.

2. For the ith combination (1 <i < (ML+1))7 we define F'; and G; as the submatrix of
F and G respectively and is corresponding to the selected M + 1 relays for the ith

selection. Also we denote r; as the corresponding M + 1 relay gains.
3. For all the combination, we compute the individual capacity approximation as (4.6).

4. Find the combination with largest capacity and set relay gains for the selected relays
by following steps. The remaining (unselected) gains are set as zero.

5. Assume the index of selected combination is k. Define matrix V ¢y be the orthogonal
basis spanning the null space of Gy, (i.e. GV gy = 0). Set matrix ® based on (4.7)

and (4.8).

6. Set 7, as the solution of 7! ® = ( then scale r;, such that the power limitation 4)
is satisfied.

In step 3/ the capacity approximation for each combination requires calculating matrix
determinant and matrix multiplication. We may apply QR matrix decomposition based
on Gram-Schmidt process to obtain matrix determinant, and consume computation of
order O((M + 1)3) = O(M?) [42],*The matrix multiplication requires M?(2M + 1) flops
(complex Floating-Point number Operations Per Second), thus again is of order O(M?).
Since the computation of matrix determinant and multiplication is repeated for all the
combination, the computational complexity associated with step is about O(LM*T1)3).

Now we summarize the procedures of the algorithm based on maximizing the ratio of

norms in Sec. as follows:
1. Define matrix V gy be the orthogonal basis spanning the null space of G (i.e. GV gy =

0), and V g be the orthogonal complement of V gy

2. Set matrix @ based on (4.7) and (4.8). Also set matrix ¥ in a similar way based
on (4.10) and (4.11).

3. Following 1) we set T as the eigenvector of (@@ )1 WEH corresponding to its
maximum eigenvalue, and scale the resulting r such that the power limitation (2.5))
is satisfied.

In stepwe perform QR decomposition for G which costs about 22 flops [42]. Among
the three matrix multiplications in step , the one with largest matrix size, ®®, takes
L2(2ML — 2M?* — 1) flops. Thus for large size of relay the matrix multiplications are of
order O(ML?). Also found in 3|is an inversion for L x L Hermitian matrix, which would
require L + L? + L flops [18]. Based on these assessment we conclude that the algorithm
computation is of order O(ML?).
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4.2 Designs for Destination-Noise Dominant Condi-
tions

4.2.1 Capacity Approximation and Relay Selection

For the case of destination-noise dominating mode, in (2.2) and (2.3) the matrix W could
be approximated as 0%I. So we have

2
C(r) < det(Iy + ~= H"H). (4.13)
)

Clearly C(r) is now closely related to | det(H)|, especially when system works with high
SNR. Therefore it is reasonable to use |det(H)| as alternative cost function to be maxi-
mized during system design. In other words, (2.4)) could be replaced as

ropt = arg max | det(H )| (4.14)

subject to Zp(z)\r(z)]2 < Pg.

Ve

For the case L = M and full-rank square F and G, (4.14) turns out to be

rop = atg niax [det(F) det(G)l H () (4.15)

OISRy M];]Ei)- (4.16)

For the case L > M, we may select M relays out of L such that (4.16) is applied for each
selection and choose the combination with largest | det(H)|.

with optimal solution as

4.2.2 Capacity Improvement based on Partial Zero Forcing

When L > M, |det(H)| could not be decoupled as therefore the solution in
is no longer applicable. Selection-based approaches may simply become too expensive
as the combinations grows exponentially when L increases. Therefore another efficient
algorithm is required if we would like to handle and make use of all relays simultaneously.

Denote H (i, j) as the element at the ith row and jth column of H. The determinant
of H is defined to be

det(H) £ " a(u) H H (i, u(i)), (4.17)
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where the summation is taken over the M! permutations u = [u(1)u(2)---u(M)] of
(1,2--- M) [28], and the scalar a(u) € {1, —1} is a function of w. Directly pursuing the
optimization of is complicate and impracticable. To approach a viable algorithm
we first simplify by designing R such that partial terms of H are zero forced and
H becomes a lower-triangular matrix. Equivalently we would have

H(i,j)=0,1<i<M,i<j<M. (4.18)
M

det(H) = [[ H(i,9). (4.19)
=1

Note the matrix determinant computation is now greatly simplified as product of diagonal
terms.

Note that H (i, j) could be expressed as H (i, j) = (F<*~ ®G ™7 )r, where ® represents
element-wise product, and G~” denotes the conjugate of G</>. Combining 1) and

we modify as

Topt = Arg max | H H37r| (4.20)
Vi
subject to
Hyr =0, (4.21)

> p(@Ir@F< P, (4.22)
V4

where H is defined such that its ‘the-ith row Hz~is equal to F~~ ® G~ That
M(M=1)

is, Hpr = diag(H). Hy € C~ 2 *“*ig'defined in a similar way such that H yr

corresponds to the upper-half elements (besides diagonal terms) of H. To ensure non-

empty solution domain in 1) we require L > w

relay systems.

To transform (4.20), (4.21) and (4.22)) into more tractable forms, we first introduce a

diagonal matrix S whose ith diagonal term is equal to p(i)~%®, and define rg £ S~ 'r.
M(M—1)
Following (4.21) we know H ySrg should be 0. For this we define Vy € chr-—5)

as the orthogonal basis of null space of H xS, and define ry such that ry 2 Virg. Now
the optimization problem becomes

, which would be true for large

Topt = SV y arg max | | |(HRSVN)<i>rN| (4.23)
TN
Vi

subject to Z x5 (i)]* = Pg. (4.24)
Vi
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Note we set equality constraint in (4.24) since scaling r (or ry) with a positive real
number would always be beneficial in (4.23).
M(M-1)
For convenience of algorithm presentation, we assume H zpSV y € CM*L=73 ) pe
a full-rank wide matrix , while the proposed algorithm could be easily extended when

HRSV y is tall matrix. We do SVD (singular value decomposition) such that ARV E =
M(M-1)

H SV y, where A is unitary, ¥ is diagonal matrix, and Vi € CE=7 2 M Then

we arrange another transforming by defining € £ Vng, and obtain the optimization

problem as

Topt = SV yV pargmax | H(AE)<i>e| (4.25)
Vi

subject to €€ = Pg, (4.26)

Now we could focus on max [[,(AX~"€). To best of our knowledge (4.25) and (4.26)
could not be handled by closed-form solution or convex programming, thus we design
iterative algorithm for an suboptimal solution based on the following observations:

1. Define n £ AXe and ¢, = ||n|.«Given c, being a known and fixed value, by Jensen’s
inequality the upper bound of | [ n(i)| would be (c,/v/M)™, where the bound is
reached when |n(i)| = ¢,/v/M Yi.—In other words; given a fixed |||, we would
conclude that | [T, m(7)| is maximized when all elements in 1 have identical absolute
value.

2. Assume the diagonal termsof 3 are listed in descending order. Since A is uni-
tary, we know ||| = ||Ze|. Given ||€]|* = Pg as limited by (4.26), it is obvious
that (M, M)/ Pr < ||n|| < X(151)3/Pg; where the upper and lower bound are

reached when all elements in € are zeros except |€(1)| = v/Pr and |€(M)| = \/ Pk,
respectively.

Following the observations, we set two principles for optimization:

1. Based on observation 1, when the transformed 17 shows the unique form that all its
elements has identical absolute value, the product value | [, n(¢)| reaches maximum
in terms of ¢,. Consequently we would force all elements in m to have identical
absolute value. That is,  could be described as n = (c,/v/M)8, where 8§ € CM
and |0(i)| =1 Vi.

2. Based on observation 2, the 2-norm of € is fixed to Pg while ||n||? is varying. Since
|m||? affects the achievable upper bound of | [T, (¢)], we should consider maximizing

Imll*.
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Combining (4.25)), (4.26) and the principles, we arrive
TIAD) el =[] n()] = (c;/ VMM
Vi Vi

lell = v/Pr = (\/"M)IIE’IA’IOIL

Clearly maximizing in (4.25]) is now equivalent to minimizing ||[£~' A7'0||. The new forms
of optimization problems could be stated as

Topt = SVNVrE A arg min |=tA 19| (4.27)
subject to @ € CM,|0(i)| = 1 Vi (4.28)

Note the solution to (4.27) is suboptimal to (4.25)), because the optimizer for (4.25)

may not result in i with the form (c,/v/M)@ and thus would be ruled out of the domain
of . Since the actual optimizer is not available, we have no way to assess the the
performance degradation of suboptimality. With simulation results, however, it is shown
to be an efficient yet powerful approach.

Also note that though we apply lower-triangular matrix to arrange the zero forcing
and approximate computation of matrix determinant, according to it is possible
use other zero forcing arrangements (for-example, do.row permutation of H and/or set
upper-triangular zero forcing). However, selecting among the potential arrangements is
beyond the scope of this work. What we focus here is to design efficient approach given
zero forcing arrangement is fixed.

4.2.3 Iterative Greedy Optimization

To handle the optimization for we consider iterative greedy algorithm which grad-
ually improve the cost function in (4.27). The idea is to select one element in 6, say 6(k),
as varying variable and optimize it in each iteration, then pick another 8(j) j # k in next
iteration. To clearly separate and express the varying and invariant parts, we define

ud(ZtAH®, (4.29)

u, 2 Y (m7 A Pe(k), (4.30)
Vik#£k

Or € CM OA(i) = exp(jZu(i) — jZuy(i)), (4.31)
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where Zu(i) denotes the phase of w(i). With these definitions we rewrite the square of

cost function in (4.27) as

=7 ATI0)* = [|6(k)u + u,|
=[16(k)|u| © O + [uo| |
:Z [w (i) [* + o (i) |* + 2|u(i)u,(i)| cos(£0a(i) + £O(k)). (4.32)

=1

Differentiate (4.32)) with respect to Z6(k) yields

o=tA” 1¢9||2
7007 —2Zyu i) (1) sin(£OA (i) + £6(k))

— — 2sin £0(k) Z [u(7)w,(7)| cos ZO (i)

—2cos 260(k) >~ |u(i)u,(i)| sin 20 (7). (4.33)

7

To find optimized Z6(k) such that«(4.32) is minimized, we derive the root of (4.33)). The
solution would be

— ﬁ/f: Jw(d)w, (1) sin £6 4 (7)
Z0(k) = arctan 1\2[:1 (4.34)

i:zl lu(?)u,(7)] cosL0 (1)

Note due to the nature of trigonometric functions we would find two solutions (roots)
in the range 0 < Z60(k) < 27, and the one corresponding to smaller |[X~'A7'|| is the
desired O(k) optimizer. As described earlier, in each iteration we pick one 8(k) as varying

variable and repeat 1)1) closed-forms to optimize |[X~1A7'0)|.

4.2.4 Algorithms Summary and Complexity Comparison

Similar to what we presented in Sec. now we summarize the procedures and compare
the complexity of two algorithms for destination-noise dominating model. First, the
algorithm based on relay selection in Sec. could be described as follows:

1. Set ( AL4) combinations to represent all possible selection of choosing M relays out of
L.
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2. For the ith combination (1 < i < (AZ)), we define F'; and G; as the submatrix
of F' and G respectively and is corresponding to the selected M relays for the ith

selection. Also we denote r; as the corresponding M relay gains.

3. For the ith combination, we compute the individual relay gains r; following (4.16)
then calculate the capacity with (4.15).

4. Repeat step 3| for all the combinations then selected the one with largest capacity
and set relay gains accordingly.

The computationally demanding step 3| requires twice matrix determinant compu-
tation for M x M matrices, and would be repeated for (Afj[) combinations. Thus the
computation burden is of order O(LM M3).

For the algorithm discussed in Sec.|4.2.2/and [4.2.3] the procedures could be summarized
as follows:

1. Define Hi, Hy, S, Vi, Vi, A and X as denoted in Sec.
2. Define 6 by randomly choosing all the terms from [0, 27|
3. Set iteration index i = 1

4. Set index k = mod (i, M)+ 1, where- mod (i, M) -means the value of i modulo
M.

With index k, define w, u, and O based on (4.29), (4.30) and (4.31).

Calculate 0(k) based on (4.34]).

Increase ¢ by one and go back to step |4}, or stop if certain criteria are satisfied.

o N o o

Using the final result of 8, we set r based on (4.27).

The iterative operations between step |4/ and 7| do not require complicate computa-
tion, and typically would converge within 10 iterations. Thus we may ignore this part for
complexity assessment. In step |8 there are multiple matrix multiplication and inversion.
Note A is unitary, and S, ¥ are diagonal matrices. Thus the corresponding matrix com-
putation is simple. The maximal matrix size for the remaining matrix multiplication in
step 8 is L, so the overall complexity of step |§|is of order O(L?). In step [1| we need SVD
computation for a M x (L — W) matrix , which require [42] p. 234]

M(M -

5 1)}2(2M— 1)+ 6{L — MM —1)

{L - 5

)3 (4.35)

flops and is of order O(L?). Thus we could conclude that the order of overall computation

is of O(L?).
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4.3 Numerical Results

To evaluate the performance of algorithms described in Sec. and Sec. [4.2] we simulate
random channels and perform capacity optimization by the two selection-based methods
and proposed efficient designs. Selection-based method for relay-noise dominating and
destination-noise dominating are marked as ’relay dom selec’ and ’desti dom selec’, re-
spectively. The approach maximizing ratio of norms in Sec. is marked as 'relay dom
MRN’; while the algorithm based on lower-triangular matrix zero forcing in Sec. is
marked as ’desti dom ZF’. For all the simulations we set M = 3. The resulting capacity
measures are used to generate cumulative distribution function (CDF) curves so that we
could compare the capacity distribution of various system configurations and algorithms.
Each curve shows the distribution of 10% channel realizations. For benchmarking purpose
we also simulate a simple relay gains design which set all gains with identical value and
scale relay the transmission power according to (2.5)).

Since handling relay network with larger size is one of our motivations to develop
efficient designs, two relay sizes are simulated so that we could examine if any worth
noting difference shown between the sizes, where solid and dash lines are for L = 9 and
L = 18, respectively.

In Fig. we simulate the relay system with relay-noise dominating condition by
setting Pr = 100,0r = 0.1 andwgp =0.01. Not surprisingly the algorithms devel-
oped for relay-noise dominating, ‘as described in See. 4.1} performs better than those for
destination-noise dominating. For L = 18 the algorithm maximizing ratio of norms shows
slight performance degradation compared toselection-based method, but would save con-
siderable computation. Hence the propesed algorithm would be beneficial for large relay
systems given noise modeling fit presumed condition.

Next we consider relaying under destination=nioise dominating condition and set Pr =
1,0p = 0.01 and op = 0.1. Again algorithms with mismatched model perform worse
than those with correct noise model. Note with larger relay size , the approach based on
lower-triangle matrix zero forcing shows better results than selection-based method, which
suggests that for large relay system the proposed algorithm not only works efficiently but
also demonstrates powerful performance by collaborating the whole relay network, while
selection-based method could only utilize a small portion of relays thus results in inferior
capacity.

Finally in Fig. [4.5] a particular noise condition, set by Pg = 10,0 = 0.1 and op =
0.01, is chosen to examine if the algorithms presented in Sec. and Sec. still work
properly when noise model is neither relay-noise or destination-noise dominant. Note
that noise dominant condition is affected not only by ratio of o and op, but also Pg
and L. Thus for generic noise condition (none noise dominates) it would not be easy to
fully investigate and conclude the superiority between algorithms. But for this particular
noise condition we could observe that in general the proposed algorithms results in better
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Fig. 4.4: Simulate under destination-noise dominating condition.

system capacity than equal gains design. It is shown in this simulation that the proposed

algorithms performs robustly against model mismatch.
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Chapter 5

Channel Estimation for Distributed

Relay Networks with OFDM
Transmission

5.1 Matching Pursuit. Algorithms for OFDM Chan-
nel Estimation

5.1.1 OFDM Transmission System

Assume that the coherence time of the fading wireless/channel is much larger than the
OFDM symbol duration. Let the sizewof the discrete Fourier transform (DFT) used in
OFDM transmission be N and let the OFDM symbol duration be 7. The transmission
mechanism associated with each OFDM symbol can be described in terms of matrix-vector
notations as

y = XWh+n
= Xg+n, (5.1)

where X = diag(z(0),z(1),...,2(N — 1)) is the diagonal matrix composed of the trans-
mitted data, W is the Fourier transform matrix, h is the channel impulse response vector
and g is the N-vector of the corresponding frequency response vector, n is the N-vector of
additive noise samples (assumed white Gaussian), and y is the N-vector of received signal
in the frequency domain (i.e., after DF'T). The structures of h and W are as follows.

Let the multipath channel have L paths with delays given by 7;, [ = 0,..., L—1, where
0 < 77 < Tiax for some maximum possible path delay 7.« and each 7, may be nonsample-
spaced (that is, it need not be an integer multiple of the OFDM sample spacing). Vector h
has L elements, which are the complex gains of the multipaths. Matrix W has dimension
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N x L, with its Ith column given by 1/v/N[1,e 72/ e 2n(N=-Dn/T|T where ()T
denotes matrix transpose. Note that the [th column of W is parametrized by the path
delay 7;. The range space of W, or that of any matrix structured similarly to W, has
been called a delay subspace [39].

Assume there are D pilot subcarriers in each OFDM symbol and assume D > L. Let
S be the D x N selection matriz that selects the pilot locations of an N-vector. For
example, y £ Sy is the vector of received pilots and g £ Sg is the vector of channel
frequency response at the pilot locations. Then for the pilot locations, we have

y = XWh+n
= Xg+n (5.2)

where

X28x8", W2Sw. (5.3)

5.1.2 Time-Domain Approach to Channel Estimation

Given the pilot data X and the received:pilot vector.y, one way of time-domain channel
estimation is to first derive the least-square (LS) estimates of g and h, which are given
by [46] -

G—x (5.4)

<

and

h =(W"W)"'Wlg2 wig, (5.5)

respectively, where superscript H denotes Hermitian transpose. Then the estimated chan-
nel frequency response is given by

g = Wh
WiX'y. (5.6)

w
w
With know pilot locations and pilot values, in order to complete the computation described
in the right-hand side of (5.6)), the only information that need to be estimated is the delay

subspace, or equivalently, the set of path delays {7;}. To this subject we now turn in the
next section.

5.1.3 Estimation of Multipath Delays

Consider a group of L, successive OFDM symbols and let them be indexed j =0, ..., Ly,—
1. Assume that, within the time span of these L, symbols (i.e., L,T), the complex
multipath gains may vary due to fading, but the path delays remain the same. This
assumption is appropriate because the path delays usually change much more slowly than
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the path gains [39]. In our earlier notations, W stays constant over this period but h
may change. For convenience, we attach an index to h and let h’ denote the channel
response in the jth OFDM symbol period in the group. Likewise, we also use superscript
J to index other quantities that may change with symbols, such as gj and S7.

Let there be ) candidate delay values between 0 and 7y, from which we will identify
L for the delay subspace. One reasonable choice of these @ values is Tak/Q, k =
0,...,Q—1. We can define an N x @ dictionary matriz as V = [vy, ..., vg_1] where its
kth column is given by

. kT
—J 27 Tmax Q

v =11,e e ,e_j%(N_l)T”‘a"%]T. (5.7)

Define V7 £ 'V,

Estimation Based on the MUSIC Algorithm

The MUTItiple SIgnal Classification algorithm (MUSIC) [36] algorithm has been widely
used in array signal processing for direction of signal arrival (DOA) estimation. With
the assumption of uncorrelated sources, MUSIC algorithm generally is capable of high
resolution identification. We mentioned that the-MUSIC has been proposed for use in
multipath delay estimation for OFDM transmission, with the assumption that the pilot
locations be fixed and equal-spaced [32].-Below we outline the algorithm without giving
all the details. It is written in a form applicable to the case with fixed but not necessarily
equal-spaced pilots.

The fundamental idea of the MUSIC technique-is to first find the null (noise) subspace
based on the received signal and then project all candidate basis vectors of the delay
subspace (i.e., columns of V7 or V) info the null subspace. Since the actual basis vectors
of the delay subspace (which correspond ‘to signal) do not lie in the null subspace, the
reciprocals of the projections should show peak at these basis vectors. From this we can
identify the delay subspace. Procedure-wise, the steps are as follows:

1. For each OFDM symbol group, collect the L, estimated channel frequency response
vectors g’ for pilot locations. Solve for the projection matrix Py of the noise
subspace with rank D — L.

2. Project all the columns in V' with Py. Find the L columns with the smallest
projection magnitudes. These L columns define the desired delays.

3. Follow the procedure in Sec. to complete the channel estimation.

Note in the second step we omit the index j for V because V7 is identical for all j.
Indeed, having fixed pilot locations is a requirement of the MUSIC technique. Besides
the limitation of fixed pilot locations, a property of the MUSIC technique is that, if some
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path coefficients do not change significantly over the L, OFDM symbols, then there may
be a rank-deficiency problem. The result is that these paths may not be identified and
resolved properly. This property appears quite undesirable, because it seems to imply
the unpalatable conclusion that, in order to achieve good multipath delay estimation, we
should make the OFDM symbol period a significant fraction of the channel coherence time.
In the area of direction-of-arrivals estimation, this effect has been known as the problem
of correlated signal sources, and it may heavily degrade the estimation performance even
in high SNR [38]. A technique called spatial smoothing [32], [38] can solve the problem,
but the remedy itself also requires equal-spaced pilots. Moreover, it would divide the
pilots into several groups, which is an unaffordable solution when the pilots are very few.

Estimation Based on Orthogonal Matching Pursuit Employing One Single
OFDM Symbol

In preparation for the description of the proposed GMP technique, we describe how con-
ventional orthogonal matching pursuit (OMP) can be applied to multipath delay estima-
tion with a single OFDM symbol [45].

Ideally, to choose L delays out of () candidate values, we should try all (Cg) possible
combinations. For each combination; g may be prejected into the corresponding delay
subspace. We then choose the combination with the largest projection magnitude as the
estimation result. But the above exhaustive search approach is obviously impractical even
with a moderate number of candidate delays ). One suboptimal but much more efficient
approach is the OMP technique-{1], which employs a kind of greedy search method to
determine the chosen candidates in a sequential-fashion.

In applying OMP to multipath”delay estimation for. OFDM, we determine one path
delay at a time. At each iteration, say iteration-p,let U, be the matrix containing the
columns from V that define the (partial) delay subspace found so far. We project g to
the subspace and find the residual. Then from all columns of V_ that have not entered or
covered by U, we choose the one that has the maximum inner product with the residual
and add it to U,,. At this, we go to the next iteration until the required number of paths is
found. The concept of above-mentioned orthogonal matching pursuit is shown in Fig.[5.1]

Mathematically, let d, be the index of the column from V that is chosen in iteration
p- Let k, denote this vector, that is, k, = v, . Let Py, denote the matrix that, when
premultiplied to a vector, projects the vector onto the range space of U,. And let 7, be
the residual after the pth iteration. Then the OMP algorithm, in iteration p, works as
follows:

d, = argmax|rljv], 0<i<Q-—1, (5.8)
kp = de7 Up = [Up—la kp]7 (59)
r, = (I—Py,g, (5.10)
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A

selected column
From V

projection image

Fig. 5.1: In the pth iteration,projection and selection based on projection residual
where ry, £ g, Uy =, and U gives the desired estimate of W (See Sec .

The Group Matching Pursuit Algorithm for Multipath Delay Estimation

Now we turn to the proposed GMP algorithm for estimation of multipath delays based
on observation of one OFDM symbol group. While the multipath delays and the delay
subspace characterized by W are (assumed to be) fixed within one OFDM symbol group,
the changing pilot locations result-in different W7 and different V7. One approach, based
on OMP, to address this condition.s to perform. Ly, OMP eperations, one for each OFDM
symbol, and combine the results. But how the results ¢an be combined poses a problem,
because the estimated delays may be different for different OFDM symbols.

The idea of GMP is to make use of the whole set of gj, j=0,...,L, — 1, and obtain
a jointly optimal delay estimation in some sense. This results in the following steps for
iteration p of the algorithm:

Lg—1

d, = arg max Z \(T;_l)Hyﬂ, 0<i1<Q—1, (5.11)
j=0

K, = vy, Ul=[U, k)], 0<j<L,—1, (5.12)

r = <I_PU¥;)Q’ 0<j<L,—1. (5.13)

(See the beginning paragraph of Sec. for the meaning of the superscript j.) As in
OMP, Uf,, Jj=0,...,L,—1, give the the desired estimates of W7 j=0,... ,Lg—1, that
define the delay subspace and can be used as described in Sec. to obtain a channel
estimate for each OFDM symbol in the group. Note that the channel estimates may vary
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for different symbols, because the channel is subject to fading, but the delay subspace is
the same.

On the Number of Path Delays to Estimate

Throughout the chapter, we have assumed that the number of path delays to be estimated
is known. This information can be obtained through other means of channel analysis [46]
or empirical data. Even if the number of estimated delays is different from the actual
number, in many cases it should not be critical. For example, if we have estimated less
path delays than the actual but have captured the most significant paths, then the loss may
be acceptable. Conversely, if we have estimated several more path delays than the actual,
the resulting enhancement in noise may have little implication as long as its correlation
with the actual delay subspace is small [45]. In any case, the number of multipath delays
that can be estimated with the proposed technique is upper bounded by D, for otherwise
we would have an under-determined set of equations for h (see, e.g., )

5.2 Relay System Model, with OFDM Transmission

Now we discuss how the end-to-end distributed relay. forwarding could be modeled as
conventional OFDM transmission. 'We are interested in amplify-forwarding distributed
relay network with OFDM modulation throughout end-to-end transmission. Assume relay
network is composed of L single-antenna relays. Both source and destination terminal
are equipped with single-antenna: Note the discussion in this chapter could be intuitively
extended to the cases of multi-anténna seource or destination. Again we apply two-phase
relay transmission as assumed in Chap. 2, In the first slot, source transmits one OFDM
symbol. Each relay performs respective time synchronization to determine correct symbol
boundary, then remove cyclic prefix (CP) and acquire a complete OFDM symbol with
N subcarriers. To realize amplify-forwarding, the ith (1 < ¢ < L) relay amplify received
OFDM symbol by r;, then add a new CP and transmit. Note that the procedure of
removing CP then add another seems redundant. Actually, he received CP samples
contain IBI (inter-block interference) signals. If these CP samples remain untouched and
are forwarded to destination, the end-to-end transmission would supper two stages of IBI
corruption. Thus removing the received CP samples would equivalently remove the IBI
from source and therefore would reduce the overall IBI.

We assume a global synchronization for relays transmission is available so that relays
could transmit at the same time. Upon receiving the forwarded OFDM symbol, destina-
tion works as a conventional OFDM receiver to process received OFDM symbols. The
relays reception and forwarding process is depicted in Fig.[5.2]

To model the end-to-end OFDM transmission, we start by focusing on single relay.
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Fig. 5.2: Relay operations for OFDM transmission

For the ith relay, its frequency-domain reception could be stated as

zi=XWFf,+n;,=Xf,+n;

where z; € Z", X denotes a diagonal matrix whose diagonal terms are equal to  and
composed of signals from source, njis the-additive noise, W the Fourier transform matrix,
f, and f, represent the impulse response and frequency response of channel between
source and th relay, respectively. F';'is defined to be a diagonal matrix whose diagonal
terms are equal to f,. Note that though relays do not perform DFT or IDFT throughout
the signal reception and forwarding, we 1ise z; as frequency-domain representation of
received signal for sake of concise and .convenient system modeling.

At destination, amplified z; travels through anether multipath channel and is summed
up with OFDM signals from other relays. The frequency-domain reception of destination
is described as

L L
y=np+ Y rdiag(z)Wg, =np+ »_r diag(z)g,

i=1 =1

L L
=np+ ZTszFzm + Z riGin;
=1 =1

£np+ Hz + np, (5.15)

where ng is the overall forwarding noise, g; and g, represent the impulse response and
frequency response of channel between destination and ith relay, respectively. G, is
defined to be a diagonal matrix whose diagonal terms are equal to g;, and diagonal matrix
H2 > i £ G, F; means frequency response of the equivalent end-to-end channel. Let h
be the vector composed of diagonal terms of H. Observing the subcarrier-wise product
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in the definition of H, we may conclude that
L L
h:ZfiQQi:WZfi®§i7 (5.16)
i=1 i=1

where ® denotes element-wise product, ® stands for circular convolution. Observing
we understand that the equivalent channel impulse response of end-to-end channel
could be modeled as follows: for each relay, do circular convolution for the two-stage
channel f, and g;, then sum up the L copies of convolution results. Based on this model,
it is clear that the equivalent channel is of widely dispersive channel impulse response.

5.3 Numerical Results

Let the DFT size in OFDM be 256, with 12 subcarriers assigned for pilots. The pilot
locations are randomly determined. Let QPSK be employed for each data subcarrier.
Consider transmission over a 4-path channel. The path coefficients vary randomly from
one OFDM symbol to another, each following a complex Gaussian distribution. Besides
the first path delay 7 = 0, other path delays-are uniformly distributed in the range
[0, Tmax), but stay constant during the"OFDM: symbol group used in GMP channel esti-
mation. We let Tpax = 25 and Ly = 10.

Two MP-based approaches are simulated: OMP and GMP. As mentioned previously,
to the best of our knowledge there does not exist prior-techniques suitable for subspace-
based OFDM channel estimation‘under arbitrary pilot assignments that may vary from
symbol to symbol. Thus we cannot compare with eigen-decomposition based schemes
such as that in [46] or [32]. However; we-simulate.channel estimation methods based on
linear interpolation and spline interpolation, for a comparison.

Fig. shows the mean-square channel estimation errors of different approaches, and
Fig.[5.4]the average symbol error rates for each simulated scheme. In the figures, the labels
“GMP+MS” and “OMP+SS” mean “GMP approach for multi-symbol estimation” and
“OMP for single-symbol estimation,” respectively. While interpolation-based methods
suffer from scarcity of pilots and are not able to estimate the shape of channel frequency
responses accurately, MP-based methods can use the limited resource (pilots) efficiently
and result in clearly superior estimation. The proposed GMP algorithm enjoys the great-
est “diversity gain” from multi-symbol processing and thus has the better performance
among all.

Fig. shows the average symbol error rates when the four path delays are fixed at
[0, 3, 6, 9]. The simulation demonstrates even better performance for GMP than that
in Fig. This is because subspace-based algorithms for OFDM channel estimation
has a resolution limitation depending on the pilot ratio [32]. When some paths are close
together, as occasionally happened in the simulation resulting in Fig. MP-based
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Fig. 5.3: Normalized mean-square channel estimation errors of different channel estima-
tion methods

schemes may have difficulty telling them-apart. But this-is certainly not the case with
the simulation resulting in Fig. for the paths are well separated.

In Fig. we simulate and examine channel estimations for OFDM distributed relay
networks. We set the number of relay terminals as 10. It is assumed there are S; multipath
delay taps randomly spaced betwéen {0, Tpax]. In OFDM transmission with 256-point
FFT/IFFT we assign S, pilot subcarriers and-estimate 'S, (the column size of W in (5.5))
tap gains. In Fig.[5.6)we simulate two sets of configurations. For solid lines we examine the
performance with fewer pilots and smaller delay range, thus we set S; = 3, Tipax = 4,5, = 8
and S, = 10. For dotted lines we try wider delay range with more pilots by setting
St =4, Tmax = 8, 5. = 18 and S, = 20. To compare the performance of various approach
we realize channel estimation based on linear interpolation, time-domain least-square
method (discussed in Sec. and OMP-based algorithm. It is clear that OMP-based
outperforms the others in both configurations.
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Fig. 5.4: Average symbol error rates (SERs) at/ data subcarriers with different channel
estimation methods.
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Fig. 5.5: Average SERs at data subcarriers with different channel estimation methods
when multipath delay are spaced apart.
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Fig. 5.6: Average SERs of OFDM distributed relay network at data subcarriers with
different channel estimation methods when multipath delay are randomly spaced.
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Chapter 6

Conclusion

In this thesis we studied the design of distributed AF MIMO relay networks. Specifically,
we focused on the capacity improvement and present noise-dominant models to simplify
design problem. As to channel estimation we applied proposed subspace-based algorithm
to handle equivalent dispersive channel.

In Chap. 2]and Chap. [3| We considered the-design of distributed amplify-and-forward
relay networks for two-hop MIMO ‘transmission. .More. specifically, we considered the
determination of relay gains for maximization of system capacity. As no closed-form ana-
lytical solution could be found for the problem, we considered two alternative approaches.
One approach was algorithmic, for which we derived an efficient iterative algorithm. Since
the algorithmic solution gave little insight into the analytical properties of the solution,
we also took an analytical approach, assuming:-some asymptotic noise conditions. The
analytical approach resulted in several.relay selection-type of solutions and facilitated an
analysis of the diversity behavior of the solutiens. It turned out that their capacity di-
versity performance behaved similarly to some single-hop point-to-point MIMO antenna
selection systems previously analyzed by other researchers. Some simulation results were
presented. The results showed that, not surprisingly, the iterative algorithm did yield
better designs than the relay selection methods, but at the cost of a substantially higher
computational complexity. More significantly, they also confirmed our outage diversity
analysis and verified that increasing the number of relays could enhance the outage di-
versity performance.

In Chapl4] we considered the design of distributed amplify-and-forward relay networks
for two-hop MIMO transmission. With the help of noise-dominating models we simplify
the originally intractable capacity optimization problem. Further simplification is realized
by designing modified criterion of maximal ratio of norms, and shrinking the solution space
with zero-forcing. Since no relay selection is required, we could control the computation
cost even with large size of relay network. The performance of proposed algorithms is
verified by simulations and is proven to be comparable or better than selection-based
algorithm.
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Time-domain channel estimation techniques can obtain relatively accurate channel
estimates for OFDM transmission with relatively few pilot subcarriers. But it requires
knowledge of the multipath delays. In Chap. |5 We proposed a group matching pursuit
technique for multipath delay estimation. Unlike previous techniques, the proposed tech-
nique allows arbitrary pilot structures that may vary from one OFDM symbol to the
next. Simulation results showed that the proposed algorithm has superior estimation
performance. We also presented the channel modeling of distributed AF relay network
with OFDM transmission. It turns out the relay network of interest actually suffer equiv-
alent highly dispersive channel. Thus we examined applying subspace-based algorithm to
handle the channel estimation.
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