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摘要 

 
 

        對於p是一個大於3的質數並且r是一個正整數，讓Γ是一個介於Γ1(p
r
) 和 

Γ0(p
r
)之間的congruence subgroup。在這篇論文中，我們給予 the group of modular 

units on X(Γ) that have divisors defined over Q 一個明確的basis。然後應用此結果

去決定 the order of the cuspidal Q-rational torsion subgroup of J(Γ) generated by the 

divisor classes of cuspidal divisors of degree 0 defined over Q 當 Γ 是 Γ0(p
r
)或 Γ1(p

r
) 。 
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Abstract 

 
 

For p > 3 an odd prime and r > 0, let Γ be a congruence subgroup between Γ1(pr) and 
Γ0(pr). In this dissertation, we give an explicit basis for the group of modular units on 
X(Γ) that have divisors defined over Q. As an application, we determine the order of 
the cuspidal Q-rational torsion subgroup of J(Γ) generated by the divisor classes of 
cuspidal divisors of degree 0 defined over Q when Γ = Γ0(pr),  Γ1(pr). 
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CHAPTER 1

Introduction

Let Γ be a congruence subgroup between Γ1(N) and Γ0(N) for some

positive integer N . Denote by X(Γ) the modular curve over Q and let J(Γ)

be the Jacobian variety of X(Γ). In number theory, it is very important

to understand X(Γ) and J(Γ). For example, by the modularity theorem,

any elliptic curve over Q can be obtained from X0(N) for some positive

integer N . Besides, the existence of rational N -isogenies and the existence

of rational torsion points of orderN on elliptic curves essentially depend on

the existence of non-cuspidal rational points on X(Γ0(N)) and X(Γ1(N)),

respectively. In this thesis, we are interested in the arithmetic aspects of

X(Γ) and J(Γ). We will study modular units of X(Γ) that have divisors

defined over Q and the cuspidal Q-rational torsion subgroup of J(Γ) for

the case the level N is a prime power.

Let C(Γ) denote the cuspidal Q-rational torsion subgroup of J(Γ) gen-

erated by the divisor classes of cuspidal divisors of degree 0 defined over

Q. It is of finite order by the result of Manin and Drinfeld [13]. In gen-

eral, it is believed that the cuspidal Q-rational torsion subgroup should be

the whole Q-rational torsion subgroup of J(Γ). (For Γ = Γ1(p), the con-

jecture was formally stated in [2, Conjecture 6.2.2]). Even if it is not the

whole group, it still provides us some information about a lower bound of

Q-rational torsion subgroup of Jacobian.

3



4 1. INTRODUCTION

The study of cuspidal torsion subgroup of J(Γ) is essentially the same

as the study of modular units on Γ because the divisor of a modular unit cor-

responds to the zero of the Jacobian J(Γ). In the case Γ = Γ0(N), a good

source of modular units comes from the Dedekind eta functions. M. New-

man [16, 17] determined sufficient conditions for a product
∏

d|N η(dτ)rd

of Dedekind eta functions to be modular on Γ0(N). In [22], Takagi showed

that for square-free integersN , these functions generate the group of modu-

lar units on Γ0(N). WhenN = p is a prime, Ogg [18] showed that C(Γ0(p))

is cyclic of order p−1
(p−1,12)

. Moreover, Ogg [19] conjectured and Mazur [14]

proved that the full Q-rational torsion subgroup of J(Γ0(p)) is C(Γ0(p))

generated by [(0) − (∞)]. For N = pr with p ≥ 3 a prime, Ling [12]

computed C(Γ0(p
r)) and apply it to determine the component group of the

Néron model of J(Γ0(p
r)) over Zp. When N = pq, where p, q are two dis-

tinct primes, Chua and Ling [1] studied in C(Γ0(pq)) and use their results

to refine some results of Berkovič on the nontriviality of the Mordell-Weil

group of some Eisenstein factors of J(Γ0(pq)).

We remark that many mathematicians, for example, Klimek [4], Kubert

and Lang [9], Yu [26], Yang [24, 25], and Yu [25] have studied cuspidal Q-

rational torsion subgroups of J(Γ1(N)). However, all of their works only

considered a special subgroup C∞(Γ1(N)) of C(Γ1(N)) for different levels

N , where C∞(Γ1(N)) is generated by the divisor classes of the differences

of the cusps of X(Γ1(N)) lying over ∞ of X(Γ0(N)). (In fact, Klimek

[4], Kubert and Lang [9], Yu [26] considered the the subgroup generated

by the divisor classes of the differences of the cusps of X(Γ1(N)) lying

over 0 of X(Γ0(N)). However, it is plain that the Atkin-Lehner involu-

tion

 0 −1

N 0

 gives rise to an isomorphism between the two divisor class

groups.) In [26], Yu showed that for arbitrary level N , all modular units on
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X(Γ1(N)) that have divisors supported on cusps of X(Γ1(N)) lying over

∞ ofX(Γ0(N)) are generated by a subclass of Siegel functions and then he

computed the order of C∞(Γ1(N)). In [24], Yang used Yu’s order formula

to construct a basis of the modular units on X(Γ1(N)) that have divisors

supported on cusps of X(Γ1(N)) lying over ∞ of X(Γ0(N)). In general,

C∞(Γ) is not equal to C(Γ). Thus, now it is more important to consider

C(Γ). However, for the whole C(Γ), it is unknown whether modular units

on X(Γ) that have divisors defined over Q are still generated by this sub-

class of Siegel functions. Moreover, there is no information about the order

of C(Γ). Hence, it is very difficult to study in the case of arbitrary level N .

In this thesis, we use the results of Kubert and Lang [8] or [11], which

says the group of modular units on Γ(N) is generated by (products of) the

Siegel functions (except for 2-cotorsions in the case when N is not a prime

power), to show that modular units on X(Γ) that have divisors defined over

Q are indeed generated by a special class of Siegel functions when the level

is a prime power. (For general level, we guess that the 2-cotorsion would

disappear in our situation. However, it is not easy to verify it. Thus, we

work on C(Γ) for the case the level is a prime power herein and leave gen-

eral cases in later studies.) Then we construct a basis for the group of mod-

ular units on X(Γ) that have divisors defined over Q. (The result is too

complicated to be stated here. We refer the reader to Theorem 4.1 and The-

orem 4.2 for details.) As an application, we determine the order h(Γ) of

C(Γ) when Γ = Γ1(p
r),Γ0(p

r).

Here given a Dirichlet character χ modulo N , we let Bk,χ denote the

generalized Bernoulli numbers defined by the power series

N∑
a=1

χ(a)
teat

eNt − 1
=
∞∑
k=0

Bk,χ

k!
tk.
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In particular, if we let {x} be the fractional part of a real number x, then we

have

B2,χ = N
N∑
a=1

χ(a)B2(a/N),

where

B2(x) = {x}2 − {x}+
1

6
.

THEOREM 1.1. Let p > 3 be a prime and r > 0. Then we have

h(Γ1(p
r)) =

(
(p− 1)(p+ 1)

24

)r−1

·
(
p

(
pr−p
p−1

)
−2r+3

)
·

r∏
i=1

∏
χ6=χ0 mod pi, even

1

4
B2, χ mod pi .

where the innermost product is taken over all even nonprincipal Dirichlet

characters modulo pi for i = 1, . . . , r.

We note that the order of C∞(Γ1(p
r)) is

pp
r−1−2r+2 ·

∏
χ6=χ0, even

1

4
B2, χ,

where the product is taken over all even nonprincipal Dirichlet characters

modulo pr. This is given by Kubert and Lang [9]. Then we can find that

C∞(Γ1(p
r)) 6= C(Γ1(p

r)) for r > 1.

THEOREM 1.2. Let p > 3 be a prime and r > 0. Then we have

h(Γ0(p
r)) =

p− 1

gcd(p− 1, 12)
·
(

(p+ 1)(p− 1)

24

)r−1

· p(r−1)2 .

Note that Ling [12] computed the structure of C(Γ0(p
r)) for a prime

p ≥ 3 and r > 0. (We don’t describe it here because of the complicated

statement.)
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REMARK. For p = 2, 3, we can go through similar proof to get similar

results. Moreover, for Γ 6= Γ0(p
r),Γ1(p

r), we still can compute the order

of C(Γ) by similar methods. However, their statements are so complicated

that we omit them herein.

The rest of this thesis is organized as follows. In Chapter 2, we will

review some backgrounds about modular curves and modular units. Then

in Chapter 3 we recall some notion and properties about cuspidal Q-rational

torsion subgroups of Jacobians of modular curves and Siegel functions. Fi-

nally, in Chapter 4, we will prove our main results.





CHAPTER 2

Backgrounds

In this section, we will recall some basic knowledge about modular

curves.

1. Modular groups

Let SL2(Z) be the group of 2 × 2 matrices which have integral entries

and determinant 1, and then we set

PSL2(Z) = SL2(Z)/{±I}

DEFINITION 2.1. Let Γ be a subgroup of PSL2(Z) of finite index. If Γ

contains the subgroup

Γ(N) =

γ ∈ PSL2(Z) : γ ≡ ±

1 0

0 1

 mod N


for some integer N , then Γ is called a congruence subgroup. The smallest

such positive integer N is the level of Γ. The group Γ(N) is called the

principal congruence subgroup of level N .

Especially, we are interested in the following two congruence subgroups

Γ0(N) =


a b

c d

 ∈ PSL2(Z) : c ≡ 0 mod N

 ,

Γ1(N) =


a b

c d

 ∈ PSL2(Z) : c ≡ 0, a ≡ d ≡ ±1 mod N

 .

9
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Finally, we note that

Γ0(N)/Γ1(N) ∼= (Z/NZ)×/± 1.

2. Modular curves

Let X be a one-dimensional connected complex analytic manifold. A

local coordinate (U, z) is an open subset U of X , together with a homeo-

morphism z : U 7→ C onto an open subset of C. The local coordinates are

also called local charts or local parameters.

DEFINITION 2.2. A Riemann surface is a one-dimensional connected

complex analytic manifoldX with a set of local coordinates {(Uα, zα)}α∈A,

where A is an index set, such that

(1) X = ∪αUα,

(2) the transition function

zα ◦ z−1
β : zβ(Uα ∩ Uβ) 7→ zα(Uα ∩ Uβ)

are holomorphic whenever Uα ∩ Uβ 6= ∅.

For example, the unit sphere S = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1}

is a Riemann surface. Moreover, it is a one-point compactification of C.

DenoteGL+
2 (R) the group of 2×2 real matrices of positive determinant.

Let H = {x+ iy : Im(y) > 0} be the upper half plane. We know GL+
2 (R)

acts on H by the following waya b

c d

× τ 7→ aτ + b

cτ + d
.

If Γ is a subgroup of PSL2(Z) of finite index, by giving a complex struc-

ture, we get a Riemann surface Y (Γ) := Γ \ H and it can be compactified
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by adjoining cusps to it. The compactified modular curve Γ \H ∪ {cusps}

will be denoted by X(Γ). (For details, please see [20].)

Let p ∈ X , where X is a Riemann surface and let f be a complex-

valued function defined on a neighborhood W of p.

DEFINITION 2.3. We say f is holomorphic (meromorphic) at p if there

exists a chart z : U 7→ V with p ∈ U , such that f ◦ z−1 is holomorphic

(meromorphic) at z(p). We say f is holomorphic (meromorphic) in W if it

is holomorphic (meromorphic) at every point of W .

Later on, we can find modular functions are meromorphic function on

modular curves.

DEFINITION 2.4. A differential 1-form ω (or simply 1-form) is an as-

signment of functions fα to each chart (Uα, zα) such that fα(zα)dzα is in-

variant under coordinate changes and agrees on overlaps of charts. (Note

that this function f is defined only locally on Uα, not globally on the whole

X .) To be explicit, write wαβ = zα ◦ z−1
β : zβ(Uα ∩ Uβ) 7→ zα(Uα ∩ Uβ).

Then a differential 1-form satisfies fβ(zβ)dzβ = fα(ωαβ(zβ))ω′αβ(zβ)dzβ ,

for each pair of overlapping Uα and Uβ . Furthermore, a 1-form ω is holo-

morphic (meromorphic) provided that locally ω = df with f holomorphic

(meromorphic).

In essence, modular forms of weight 2 are differential 1-forms on certain

Riemann surfaces (modular curves).

By similar ways, on Riemann surfaces, we can also define integration,

the order of a meromorphic function at a point, and so on. (For details,

please see [15].)
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3. Modular forms

Let γ =

a b

c d

 ∈ GL+
2 (R). For an integer k and a meromorphic

function f : H 7→ C we let the notation f |[γ]k denote the slash operator

f |[γ]k = (det γ)k/2(cτ + d)−kf

(
aτ + b

cτ + d

)
.

The factor cτ + d is called the automorphy factor.

DEFINITION 2.5. Let Γ be a subgroup of PSL2(Z) of finite index, and

k be an even integer. A meromorphic function f : H 7→ C is a meromorphic

modular form of weight k with respect to Γ if

(1) f(τ)|[γ]k = f(τ) for all τ ∈ H and γ ∈ Γ,

(2) f is meromorphic at every cusp.

For instance, Eisenstein series

Ek(τ) =
∑

c, d∈Z, (c,d)6=(0,0)

1

(cτ + d)k

are modular forms of weight k with respect to PSL2(Z).

We note that there is an isomorphism between the two vector spaces

{meromorphic modular forms of weight 2k on Γ}

and

{meromorphic k-fold differential forms on X(Γ)}.

DEFINITION 2.6. A meromorphic modular form of weight 0 is called a

modular function.

DEFINITION 2.7. A modular unit f(τ) on Γ is a modular function on Γ

whose poles and zeros are all at cusps.
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3.1. Dedekind eta functions.

DEFINITION 2.8. Let τ ∈ H, and write q = e2πiτ . The Dedekind eta

function η(τ) is defined by

η(τ) = q1/24

∞∏
n=1

(1− qn) = eπiτ/12

∞∏
n=1

(1− e2πinτ ).

The Dedekind eta function provides a convenient way of constructing

modular forms and modular functions. For example, η(τ)24 is a cusp form

of weight 12 on PSL2(Z). In particular, the Dedekind eta function can be

utilized to construct modular units on Γ0(N). For instance, (η(11τ)/η(τ))12

is a modular unit on Γ0(11). Furthermore, it generates the group of modular

units on Γ0(11). (For details, please see [16, 17].)

3.2. Siegel functions.

DEFINITION 2.9. For a = (a1, a2) ∈ Q2, a /∈ Z2, the Siegel function ga

is defined by

ga(τ) = fa(τ)η(τ)2,

where fa(τ) is the Klein form associated to a:

fa(τ) = e−
1
2
(a1η1+a2η2)zσ (z, [τ, 1]) .

Here η1, η2 are the quasi periods of Weierstrass zeta function associated with

the period lattice [τ, 1], z = a1τ + a2, σ is the corresponding Weierstrass

sigma function

σ (z, [τ, 1]) = z
∏

ω∈[τ,1]−(0,0)

(
1− z

ω

)
ez/ω+(z/ω)2/2.
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Setting qτ = e2πiτ and qz = e2πiz, we know the Siegel functions have

the following infinite product representation

ga(τ) = −q(1/2)B2(a1)
τ e2πa2(a1−1)/2(1− qz)

∞∏
n=1

(1− qnτ qz)(1− qnτ /qz),

where B(x) = x2 − x + 1/6 is the second Bernoulli polynomial. Siegel

functions give us a convenient way to construct modular units on Γ(N) and

Γ1(N). For example, g12·53

a with a ∈ (1/53)Z2, a /∈ Z2 are modular units

on Γ(53). (For details, please see [5, 6, 7, 8, 10].)

4. Algebraic curves

DEFINITION 2.10. An projective algebraic curve is an algebraic pro-

jective variety of dimension one.

We recall a fundamental result in the theory of Riemann surfaces.

THEOREM 2.1 (cf. [15]). Every compact Riemann surface X is a non-

singular projective algebraic curve C. The curve C is unique determined,

up to isomorphism.

In particular, this theorem asserts that every compact Riemann surface

is isomorphic to a curve defined by the zero set of a set of homogeneous

polynomials over C in a projective space Pn(C).

Furthermore, it is well-known that

THEOREM 2.2 (cf.[20, 21]). If Γ is a congruence subgroup of PSL2(Z)

of level N , then modular curves X(Γ) are defined over Q(µN), where µN

is the group of N th roots of unity. In particular, it can be defined over Q

when Γ is between Γ0(N) and Γ1(N).
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Also, cusps of X(Γ) are defined over Q(µN).

5. Jacobian varieties

Let X be a compact Riemann surface.

DEFINITION 2.11. The Jacobian of X is the quotient space

J(X) = Ω1(X)∗/Λ

of functionals on the space Ω1(X) of all holomorphic differentials on X

modulo the lattice Λ of elements of Ω1(X)∗ of the form∫
X

: Ω1(X) 7→ C

defined by

ω 7→
∫
γ

ω,

where γ is a closed path in X .

The group of divisors Div(X) on X is the free abelian group generated

by points onX . That is, the element of Div(X) is a finite sum
∑
niPi, ni ∈

Z. Denote PDiv(X) by the subgroup of Div(X) consisting of div(f) :=∑
ordP (f) · P for some meromorphic function f on X . We call it the

group of principal divisors. The degree of a divisor
∑
niPi is

∑
ni. Denote

Div0(X) by the subgroup of Div(X) consisting of divisor of degree 0.

By Abel-Jacobi Theorem, we know

THEOREM 2.3. J(X) ∼= Div0(X)/PDiv(X).

In this article, we are interested in the cuspidal Q-rational torsion sub-

group of J(X). We believe it should be the whole Q-rational torsion sub-

group of J(X). (For Γ = Γ1(p), the conjecture was formally stated in [2,
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Conjecture 6.2.2]). Even if it is not the whole group, we still get a lower

bound of Q-rational torsion subgroup of Jacobian by studying the cuspidal

Q-rational torsion subgroup.



CHAPTER 3

Preliminaries

In this section, we will briefly review basics of modular curves that are

relevant to our problem. We then describe properties of Siegel functions,

which will be the building blocks for modular units on modular curves.

1. Cuspidal Q-rational torsion subgroups of J(Γ)

Let Γ be a congruence subgroup between Γ1(N) and Γ0(N) for some

positive integer N . Denote by X(Γ) the modular curve over Q and let J(Γ)

be the Jacobian variety of X(Γ). We know the cusps of X(Γ) are rational

over Q(ζN), where ζN is a primitiveN th root of unity. The following lemma

describes the action of the Galois group Gal(Q(ζpr)/Q) on the cusps of

X(Γ).

LEMMA 1. Let p be an odd prime and r > 0. Let k := [Γ0(p
r) :

Γ] = puv with p - v. For a positive integer `, we set φ` = φ(p`)/2 and

k` = (k, φ`). Let a, b be generators of (Z/prZ)× with (a, b) = 1. Then the

cusps on X(Γ) can be represented by

as

pr
for 0 ≤ s < kr,

1
bt

for 0 ≤ t < kr,

as

pibt
for 0 < i < min{r − u− 1, r/2}, 0 ≤ s < ki,

and 0 ≤ t < (2φik)/ki,

as

pibt
for min{r − u− 1, r/2} ≤ i < r, 0 ≤ s < ki, and 0 ≤ t < 2φr−i.

17
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Moreover, for 0 ≤ j < 2φr, σbj ∈ Gal(Q(ζpr)/Q) defined by σbj :

ζpr 7→ ζb
j

pr , we have

σbj
(
as

pr

)
= as

pr
,

σbj
(

1
bt

)
= 1

bt−j
, where 0 ≤ t− j ≤ kr − 1 such that t− j ≡ t̃− j mod kr

for 0 ≤ t̃− j ≤ φr − 1 and t̃− j ≡ ±(t− j) mod 2φr,

σbj
(

as

pibt

)
= as

pibt−j
, where 0 < i < min{r − u− 1, r/2},

and 0 ≤ t− j ≤ (2φik)/ki − 1

such that t− j ≡ t− j mod (2φik)/ki,

σbj
(

as

pibt

)
= as

pibt−j
, where min{r − u− 1, r/2} < i < r,

and 0 ≤ t− j ≤ 2φr−i − 1

such that t− j ≡ t− j mod 2φr−i.

PROOF. From [3] or [18], all inequivalent cusps of Γ1(p
r) are given by

the following numbers:
x

pr
,

where 1 ≤ x < pr/2 and (x, p) = 1, and

x

piy
,

where 0 ≤ i < r, x ∈ {1, . . . , pi} mod pi, 1 ≤ y < pr−i/2, (x, p) = 1,

(y, p) = 1, and (x, y) = 1. Because Γ0(p
r)/Γ1(p

r) ' (Z/prZ)×/ ± 1, we

can write

Γ = 〈Γ1(p
r), γ〉

for some γ ≡
(
ak ∗
pr bk

)
mod pr. Thus, the inequivalent cusps of X(Γ) can

be represented by numbers in the lemma.
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For the second part of this lemma, it directly follows from [21, Theorem

1.3.1]. �

Let K be a subfield of Q(ζN). A cusp P is said to be defined over K,

if P σ = P for all σ ∈ Gal(Q(ζN)/K). More generally, a cuspidal divisor

D =
∑
niPi is defined over K, if Dσ :=

∑
niP

σ
i satisfies Dσ = D for all

σ ∈ Gal(Q(ζN)/K). Here we are interested in the case K = Q. From the

above lemma, we immediately obtain the following information about the

Q-rational cuspidal divisor group of X(Γ).

COROLLARY 2. Let all the notations be given as in Lemma 1. Then the

Q-rational cuspidal divisor group of X(Γ) is a free abelian group of rank

(
∑r

i=1 ki) + 1 generated by the divisors

(
as

pr

)
for 0 ≤ s < kr,

kr−1∑
t=0

(
1
bt

)
,

(2φik)/ki−1∑
t=0

(
as

pibt

)
for 0 < i < min{r − u− 1, r/2} and 0 ≤ s < ki,

2φr−i−1∑
t=0

(
as

pibt

)
for min{r − u− 1, r/2} ≤ i < r and 0 ≤ s < ki.

PROOF. Let D be a Q-rational cuspidal divisor of X(Γ). Because D is

a cuspidal divisor, we have

D =
kr−1∑
s=0

cr,s

(
as

pr

)
+

kr−1∑
t=0

c1,t

(
1

bt

)

+

min{r−u−1,r/2}−1∑
i=1

ki−1∑
s=0

(2φik)/ki−1∑
t=0

ci,s,t

(
as

pibt

)

+
r−1∑

i=min{r−u−1,r/2}

ki−1∑
s=0

2φr−i−1∑
t=0

ci,s,t

(
as

pibt

)
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for some integers cr,s, c1,t, and ci,t. Let σbj ∈ Gal(Q(ζpr)/Q), where 0 ≤

j < 2φr. By above lemma,

Dσ
bj =

kr−1∑
s=0

cr,s

(
as

pr

)
+

kr−1∑
t=0

c1,t

(
1

bt−j

)

+

min{r−u−1,r/2}−1∑
i=1

ki−1∑
s=0

(2φik)/ki−1∑
t=0

ci,s,t

(
as

pibt−j

)

+
r−1∑

i=min{r−u−1,r/2}

ki−1∑
s=0

2φr−i−1∑
t=0

ci,s,t

(
as

pibt−j

)
,

where t− j are defined in the above lemma. Because D is defined over Q,

i.e., Dσ
bj = D for all σbj ∈ Gal(Q(ζpr)/Q), we know c1,t are the same, and

for fixed i = 1, . . . , r − 1, fixed s = 0, . . . , ki − 1, ci,s,t are the same for

all t. Thus, D is generated by the divisors in the lemma. Then, clearly, the

Q-rational cuspidal divisor group of X(Γ) is a free abelian group of rank

(
∑r

s=1 ks) + 1.

�

Now if D =
∑
niPi is a Q-rational cuspidal divisor of degree 0, then

the divisor class [D] is a Q-rational point on J(Γ). Moreover, by the result

of Manin and Drinfeld [13], this is a torsion point on J(Γ). We call the

subgroup C(Γ) of J(Γ) generated by all such divisor classes the cuspidal

Q-rational torsion subgroup of J(Γ). In order to investigate the order and

the structure of this torsion subgroup, we will study the group of modular

units on X(Γ) that have divisors defined over Q. In the next subsection, we

will recall the Siegel functions, which will be used to construct an explicit

basis for the group of modular units.
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2. Properties of Siegel functions

In this subsection we will introduce and discuss properties of Siegel

functions we will use. (See [6] and [8] for details.) For a = (a1, a2) ∈

Q2, a /∈ Z2, the Siegel functions ga(τ) are usually defined in terms of the

Klein forms and the squares of Dedekind eta functions. Setting z = a1τ +

a2, qτ = e2πiτ , and qz = e2πiz, we have

ga(τ) = −q(1/2)B2(a1)
τ e2πa2(a1−1)/2(1− qz)

∞∏
n=1

(1− qnτ qz)(1− qnτ /qz),

where B(x) = x2 − x+ 1/6 is the second Bernoulli polynomial. From the

transformation law of Klein forms, we observe that if we change a by an

integral vector in Z2, then ga changes by a root of unity. Furthermore, ga

and g−a also differ only by a root of unity.

For a given integer N , we also define a class functions

E(N)
a (τ) = −g(a/N,0)(Nτ) = qNB(a/N)/2

∞∏
n=1

(1− q(n−1)N+a)(1− qnN−a),

for integers a not congruent to 0 modulo N , where q = e2πiτ . Since we

only consider congruence groups of a fixed level in this note, we shall omit

the superscript from the notation E(N)
a .

Note that it is easy to see that Eg+N = E−g = −Eg. Hence, there are

only d(N − 1)/2e essentially distinct Eg, indexed over the set (Z/NZ)/±

1−{0}, for givenN . Thus, a product
∏

g E
eg
g is taken over g ∈ (Z/NZ)/±

1− {0}.

Now we give some properties of Eg relevant to our consideration. The

first is the transformation law for Eg.

PROPOSITION 3 ([23, Corollary 2]). The functions Eg satisfy

Eg+N = E−g = −Eg.
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Moreover, let γ =

a b

c d

 ∈ Γ0(N). We have, for c = 0,

Eg(τ + b) = eπibNB(g/N)Eg(τ),

and, for c > 0,

Eg(γτ) = ε(γ)eπi(g
2ab/N−gb)Eag(τ),

where

ε(γ) = ε(a, bN, c, d)

and

ε(a, b, c, d) =


eπi(bd(1−c

2)+c(a+d−3))/6, if c is odd,

−ieπi(ac(1−d2)+d(b−c+3))/6, if d is odd.

From Proposition 3, we give sufficient and necessary conditions for a

product
∏

g E
eg
g to be modular on Γ1(N).

PROPOSITION 4 ([11, Chapter 3, Theorem 5.2], [23, Corollary 3]). Sup-

pose gcd(N, 6) = 1. Consider a function f(τ) =
∏

g Eg(τ)eg , where g and

eg are integers with g not divisible by N . Then one has

(1)
∑
g

eg ≡ 0 mod 12,
∑
g

geg ≡ 0 mod 2

and

(2)
∑
g

g2eg ≡ 0 mod 2N.
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if and only if f is a modular function on Γ1(N). Furthermore, for the cases

where N is a positive odd integer, conditions (1) and (2) can be reduced to

∑
g

eg ≡ 0 mod 12

and ∑
g

g2eg ≡ 0 mod N,

respectively.

The following proposition gives the order of Eg at cusps of X(Γ1(N)).

PROPOSITION 5 ([23, Lemma 2]). The order of the function Eg at

a cusps a/c of X1(N) with (a, c) = 1 is (c,N)B2(ag/(c,N))/2, where

B2(x) = {x}2 − {x} + 1/6 and {x} denotes the fractional part of a real

number x.

Finally, we need the following lemma in the computation of the cuspidal

class number.

LEMMA 6. Let p > 3 be a prime. For a positive integer `, we set

φ` = φ(p`)/2. Then for k > ` > 0 and j ≥ 0, we have

pk−`
pk−`−1∑
i=0

B2

(
aj+iφ`

pk

)
= B2

(
aj

p`

)
.

In particular, for ` > 1, we have

p

φ`−1∑
i=0

B2

(
ai

p`

)
=

φ`−1−1∑
i=0

B2

(
ai

p`−1

)
and

p

2

φ1−1∑
i=0

B2

(
ai

p

)
=

1− p
24

.
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PROOF. The proof of the statement is a straightforward computation.

�



CHAPTER 4

Main results

1. Notations

Throughout this section, we let p > 3 be a prime, r > 0, and Γ be an

intermediate group between Γ0(p
r) and Γ1(p

r). Let k := [Γ0(p
r) : Γ]. For

a positive integer `, we set φ` = φ(p`)/2 and k` = (k, φ`). Let a be an even

generator of (Z/prZ)×. Note that we have

φr = [Γ0(p
r) : Γ1(p

r)]

and

Γ = 〈Γ1(p
r), γ〉

for some

γ =
(
ak ∗
pr ∗
)
.

We shall adopt the following notations for X(Γ).

D(Γ) = the group of cuspidal divisors of degree 0 on X(Γ) having divisors defined

over Q,

F (Γ) = the group of modular units on Γ that have divisors defined over Q,

C(Γ) = D(Γ)/divF (Γ), the cuspidal Q-rational torsion subgroup of J(Γ),

h(Γ) = |C(Γ)|, the order of C(Γ).

25
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2. Case Γ = Γ1(p
r)

In this subsection, we will give a basis for F (Γ1(p
r)). First, we show

F (Γ1(p
r)) is generated by the special class of Siegel functions Eg.

LEMMA 7. Let p > 3 be an odd prime and r > 0. Then every element

of F (Γ1(p
r)) is a product of Ea modulo C×, where 0 6= a ∈ (Z/prZ)/± 1.

PROOF. Let S be the group of modular functions on Γ1(p
r) which are

products of Ea for 0 6= a ∈ (Z/prZ)/± 1. From Lemma 1 and Proposition

5, it is easy to see S ⊆ F (Γ1(p
r)). By the work of Manin and Drinfeld [13]

and Corollary 2, we know the rank of F (Γ1(p
r)) is (pr − 1)/2. Moreover,

the rank of S is (pr − 1)/2, too. Thus, it remains to show S has no co-

torsion in F (Γ1(p
r)). Let S ′ be the group of modular functions on Γ1(p

r)

which are products of g(0,a/pr) for 0 6= a ∈ (Z/prZ)/ ± 1. By the Atkin-

Lehner involution

 0 1

−N 0

, it is equivalent to show S ′ has no co-torsion

in F (Γ1(p
r)).

Let ` ∈ Z and let f ∈ F (Γ1(p
r)) such that

f ` =
∏

gea(0,a/pr) ∈ S
′

for some integers ea. Because f ∈ F (Γ1(p
r)), by the result of Kubert and

Lang [11, Theorem 1.3] about modular units on Γ(pr), we know

f =
∏

g
e(a1/pr,a2/pr)
(a1/pr,a2/pr)

for some integers (a1, a2) not congruent to (0, 0) mod pr, and some integers

e(a1/pr,a2/pr). This tell us

∏
g
`e(a1/pr,a2/pr)
(a1/pr,a2/pr)

= f ` =
∏

gea(0,a/pr).
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Hence, we get ` | ea and then f ∈ S ′. �

Now, we want to construct some modular units in F (Γ1(p
r)).

LEMMA 8. Let p > 3 be an odd prime and r > 0. For a positive integer

`, we set φ` = φ(p`)/2. Suppose a is a generator of (Z/prZ)×. Let b be the

multiplicative inverse of (a2 − 1) mod pr. Then

Eajpr−iE
b(a2jp2(r−i)−1)−1

a0 E
−b(a2jp2(r−i)−1)

a1 for i = 1, . . . , r − 1

and j = 0, . . . , φi − 1,

EajE
b(a2j−1)−1

a0 E
−b(a2j−1)

a1 for j = 2, . . . , φr − 1,

E
12(b+1)

a0 E−12b
a1 ,

E−p
r

a0 Epr

a1

are in F (Γ1(p
r)).

PROOF. Clearly, these functions have zeros and poles only at cusps.

By Proposition 5, they have divisors defined over Q. Next, we will use

Proposition 4 to show these functions are modular on Γ1(p
r). In each cases,

it is clear that Condition (1) is satisfied. All we have to do is to show

Condition (2) holds in each case. For i = 1, . . . , r−1 and j = 0, . . . , φi−1,

(ajpr−i)2 + (a0)2(b(a2jp2(r−i) − 1)− 1) + (a1)2(−b(a2jp2(r−i) − 1))

≡ a2jp2(r−i) − 1 + (1− a2)b(a2jp2(r−i) − 1) ≡ 0 mod pr

because b is the multiplicative inverse of (a2 − 1) mod pr.

Similarly, for j = 2, . . . , φr − 1,

(aj)2 + (a0)2(b(a2j − 1)− 1) + (a1)2(−b(a2j − 1)) ≡ 0 mod pr.
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In the third case,

(a0)2(12(b+ 1)) + (a1)2(−12b) ≡ 12b(1− a2) + 12 ≡ 0 mod pr.

In the final case, it is trivial. �

Finally, we want to show the functions in above lemma form a basis for

F (Γ1(p
r)).

THEOREM 4.1. Let p > 3 be an odd prime and r > 0. For a positive

integer `, we set φ` = φ(p`)/2. Suppose a is a generator of (Z/prZ)×. Let

b be the multiplicative inverse of (a2 − 1) mod pr. Then

Eajpr−iE
b(a2jp2(r−i)−1)−1

a0 E
−b(a2jp2(r−i)−1)

a1 for i = 1, . . . , r − 1

and j = 0, . . . , φi − 1,

EajE
b(a2j−1)−1

a0 E
−b(a2j−1)

a1 for j = 2, . . . , φr − 1,

E
12(b+1)

a0 E−12b
a1 ,

E−p
r

a0 Epr

a1

form a basis for F (Γ1(p
r)) modulo C×.

PROOF. Let f ∈ F (Γ1(p
r)). We want to show f is generated by these

functions. By Lemma 7 and Proposition 4,

f =
r∏
i=1

φi−1∏
j=0

E
ei,j
ajpr−i ,

where

12 |
r∑
i=1

φi−1∑
j=0

ei,j and
r∑
i=1

φi−1∑
j=0

ei,j(a
jpr−i)2 ≡ 0 mod pr.



3. CASE Γ 6= Γ1(pr) 29

Because
∑r

i=1

∑φi−1
j=0 ei,j = 12x for some integer x, we have

(a2−1)er,1 ≡ −
r−1∑
i=1

φi−1∑
j=0

ei,j(a
2jp2(r−i)−1)−

φr−1∑
j=2

ei,j(a
2j−1)−12x mod pr.

This implies

er,1 ≡ −
r−1∑
i=1

φi−1∑
j=0

ei,jb(a
2jp2(r−i)−1)−

φr−1∑
j=2

ei,jb(a
2j−1)−12bx mod pr

and then

er,1 = −
r−1∑
i=1

φi−1∑
j=0

ei,jb(a
2jp2(r−i) − 1)−

φr−1∑
j=2

ei,jb(a
2j − 1)− 12bx+ pry

for some integer y. Thus,

er,0 =
r−1∑
i=1

φi−1∑
j=0

ei,j(b(a
2jp2(r−i) − 1)− 1) +

φr−1∑
j=2

ei,j(b(a
2j − 1)− 1)

+ 12(b+ 1)x− pry.

Sum up above discussions, we get

f =
r−1∏
i=1

φi−1∏
j=0

(
Eajpr−iE

b(a2jp2(r−i)−1)−1

a0 E
−b(a2jp2(r−i)−1)

a1

)ei,j
·
φr−1∏
j=2

(
EajE

b(a2j−1)−1

a0 E
−b(a2j−1)

a1

)er,j
·
(
E

12(b+1)

a0 E−12b
a1

)x
·
(
E−p

r

a0 Epr

a1

)y
.

This completes our proof. �

3. Case Γ 6= Γ1(p
r)

In this subsection, we want to construct a basis for F (Γ). Especially,

we get a basis for F (Γ0(p
r)).

First, we give two lemmas which will be used often in later proof.



30 4. MAIN RESULTS

LEMMA 9. Let p > 3 be an odd prime and r > 0. For a positive integer

`, we set φ` = φ(p`)/2. Let a be an even generator of (Z/prZ)×. Let

c ∈ Z+ ∪ {0}. For i = 1, . . . , r, if j > 0, then

Eaj+cφipr−i = (−1)cEajpr−i .

If j = 0, then

Eaφipr−i = Ea0pr−i .

PROOF. Given i = 1, . . . , r and j ≥ 0. Let aφi = −1 + xpi for some

odd integer x. We know

aj+cφipr−i = aj(−1 + xpi)cpr−i = (−1)cajpr−i + ajx′pr

for some integer x′. Thus, by the transformation formula of Proposition 3,

if j > 0, then

Eaj+cφipr−i = (−1)c+a
jx′Eajpr−i = (−1)cEajpr−i

because 2 | a. Similarly, if j = 0 and c = 1, then

Eaφipr−i = (−1)1+xEa0pr−i = Ea0pr−i

because x is odd. �

LEMMA 10. Let p > 3 be an odd prime and r > 0. Let k := [Γ0(p
r) :

Γ]. For a positive integer `, we set φ` = φ(p`)/2 and k` = (k, φ`). Let a be

an even generator of (Z/prZ)×. Suppose Γ 6= Γ1(p
r). For i = 1, . . . , r and

j = 0, . . . , ki − 1,
φi/ki−1∏
s=0

Eaj+skipr−i

satisfies the following conditions:

(1) it has zeros and poles only at cusps.
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(2) it has the divisor defined over Q.

In addition, if φi/ki > 1, then,

(3) it satisfies Condition (2) of Proposition 4.

(4)

φi/ki−1∏
s=0

Eaj+skipr−i(γτ) = −ε(γ)φi/ki ·
φi/ki−1∏
s=0

Eaj+skipr−i(τ),

where ε(γ) is defined in Proposition 3. (Note that ε(γ) is a 12th

root of unity and only depends on γ.)

PROOF. Given i = 1, . . . , r and j = 1, . . . , ki, clearly, we know fi,j :=∏φi/ki−1
s=0 Eaj+skipr−i has zeros and poles only at cusps. By Proposition 5,

fi,j has the divisor defined over Q. If a2ki ≡ 1 mod pr, then 2φr | 2ki | 2k

and thus k = φr, which is impossible from our assumption. Hence, we get

a2ki 6≡ 1 mod pr. Then

φi/ki−1∑
s=0

a2(j+ski)p2(r−i) ≡ a2j(a2φi − 1)(a2ki − 1)−1p2(r−i) ≡ 0 mod pr

because φi/ki > 1 and a2φi ≡ 1 mod pi. Thus Condition (2) of Proposi-

tion 4 is satisfied. Next, we show fi,j(γτ) = −ε(γ)φi/ki · fi,j(τ). Because

2 | a, we see that
φi/ki−1∑
s=0

aj+skipr−i ≡ 0 mod 2

and
φi/ki−1∑
s=0

a2(j+ski)p2(r−i) ≡ 0 mod 2pr.
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Then by the transformation law in Proposition 3 and k = cki for some odd

integer c, we know

fi,j(γτ) =

φi/ki−1∏
s=0

Eaj+skipr−i(γτ) = ε(γ)φi/ki ·
φi/ki−1∏
s=0

Eaj+ski+kpr−i(τ)

= ε(γ)φi/ki ·
φi/ki−1∏
s=0

Eaj+(s+c)kipr−i(τ).

Let c = c′(φi/ki) + s0 for some integer s0 with 0 ≤ s0 ≤ φi/ki − 1. Then

fi,j(γτ) = ε(γ)φi/ki ·
φi/ki−1∏
s=0

Eaj+(s+s0)ki+c
′φipr−i(τ)

= ε(γ)φi/ki ·
φi/ki−1−s0∏

s=0

Eaj+(s+s0)ki+c
′φipr−i(τ)

·
φi/ki−1∏

s=φi/ki−s0

Eaj+(s+s0)ki+c
′φipr−i(τ)

= ε(γ)φi/ki ·
φi/ki−1∏
s=s0

Eaj+ski+c′φipr−i(τ) ·
s0−1∏
s=0

Eaj+ski+φi+c′φipr−i(τ).

For s0 ≤ s ≤ φi/ki − 1, by Lemma 9,

Eaj+ski+c′φipr−i = (−1)c
′
Eaj+skipr−i .

Similarly, for 0 ≤ s ≤ s0 − 1, by Lemma 9,

Eaj+ski+φi+c′φipr−i = (−1)c
′+1Eaj+skipr−i .
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Thus,

fi,j(γτ) = ε(γ)φi/ki · (−1)c
′(φi/ki)+s0

φi/ki−1∏
s=0

Eaj+skipr−i(τ)

= ε(γ)φi/ki · (−1)c
′(φi/ki)+s0fi,j(τ)

= ε(γ)φi/ki · (−1)cfi,j(τ).

Because c is odd, we get fi,j(γτ) = −ε(γ)φi/ki · fi,j(τ).

For i = 1, . . . , r, let fi,0 :=
∏φi/ki−1

s=0 Easkipr−i . By similar discussions,

we know fi,0 satisfies the preceding three conditions. From Lemma 9, we

get

fi,0 =

φi/ki−1∏
s=0

Easkipr−i =

φi/ki∏
s=1

Easkipr−i = fi,ki .

Thus, fi,0 also satisfies the fourth condition. �

Next, we show the following functions are in F (Γ).

LEMMA 11. Let p > 3 be an odd prime and r > 0. Let k := [Γ0(p
r) :

Γ] = puv, where p - v. For a positive integer `, we set φ` = φ(p`)/2 and

k` = (k, φ`). Let a be an even generator of (Z/prZ)×. Suppose Γ 6= Γ1(p
r).

Then

(1) If v 6= (p − 1)/2, let b be the multiplicative inverse of φr/(kr ·

gcd((p− 1)/2v, 12)) modulo 12/ gcd((p− 1)/2v, 12), then

φi/ki−1∏
s=0

Eaj+skipr−i ·
(
φr/kr−1∏
s=0

Easkr

)b( φr/kr−φi/ki
gcd((p−1)/2v,12)

)
−1

for i = 1, . . . , r − 1

and j = 0, . . . , ki − 1,

φr/kr−1∏
s=0

E
aj+skr

φr/kr−1∏
s=0

E
askr

for j = 1, . . . , kr − 1,

(
φr/kr−1∏
s=0

Easkr

) 12
gcd((p−1)/2v,6)

are in F (Γ).
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(2) If v = (p − 1)/2 and u < (r − 2)/2, let b be the multiplicative

inverse of φr/kr modulo 12, then

φr/kr−1∏
s=0

E
aj+skr

φr/kr−1∏
s=0

E
askr

for j = 1, . . . , kr − 1,

φi/ki−1∏
s=0

E
aj+skipr−i(

φr/kr−1∏
s=0

E
askr

)b(φi/ki) for i = 1, . . . , r − 1 and j = 0, . . . , ki − 1,

(
φr/kr−1∏
s=0

Easkr

)12

are in F (Γ).

(3) If v = (p − 1)/2 and u ≥ (r − 2)/2, let b be the multiplicative

inverse of φr/kr modulo 12, then

φr/kr−1∏
s=0

E
aj+skr

φr/kr−1∏
s=0

E
askr

for j = 1, . . . , kr − 1,

φi/ki−1∏
s=0

E
aj+skipr−i(

φr/kr−1∏
s=0

E
askr

)b(φi/ki) for i = u+ 2, . . . , r − 1

and j = 0, . . . , ki − 1,

φu+1/ku+1−1∏
s=0

E
a
j+sku+1pr−(u+1)(

φr/kr−1∏
s=0

E
askr

)b(1−a2j)
·

φu+1/ku+1−1∏
s=0

E
a
sku+1pr−(u+1)

a2j
for j = 1, . . . , ku+1 − 1,

φi/ki−1∏
s=0

E
aj+skipr−i(

φr/kr−1∏
s=0

E
askr

)b(1−a2jp2(u+1−i))

·

φu+1/ku+1−1∏
s=0

E
a
sku+1pr−(u+1)

a2jp2(u+1−i) for i = 1, . . . , u

and j = 0, . . . , ki − 1,φu+1/ku+1−1∏
s=0

E
a
sku+1pr−(u+1)

p2(u+1)−r

(
φr/kr−1∏
s=0

E
askr

)bp2(u+1)−r ,

(
φr/kr−1∏
s=0

Easkr

)12
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are in F (Γ).

PROOF. For i = 1, . . . , r and j = 0, . . . , ki, let

fi,j :=

φi/ki−1∏
s=0

Eaj+skipr−i .

We will show this lemma in the three cases, respectively.

(1) Suppose v 6= (p− 1)/2.

(1.a) For i = 1, . . . , r and j = 0, . . . , ki − 1, consider

fi,jf
b
(

φr/kr−φi/ki
gcd((p−1)/2v,12)

)
−1

r,0 .

We know

φi/ki + (φr/kr)

(
b

(
φr/kr − φi/ki

gcd((p− 1)/2v, 12)

)
− 1

)
= (φi/ki)

(
1− b · φr/kr

gcd((p− 1)/2v, 12)

)
− (φr/kr)

(
1− b · φr/kr

gcd((p− 1)/2v, 12)

)
≡ 0 mod 12

because 1−b φr/kr
gcd((p−1)/2v,12)

≡ 0 mod 12/ gcd((p−1)/2v, 12)

and (p− 1)/2v | φi/ki, φr/kr. Thus, Condition (1) of Propo-

sition 4 is satisfied. Also, we know

1 +

(
b

(
φr/kr − φi/ki

gcd((p− 1)/2v, 12)

)
− 1

)
= b

(
φr/kr − φi/ki

gcd((p− 1)/2v, 12)

)
≡ 0 mod 2

because 2(p− 1)/2v | φr/kr−φi/ki. Combining Proposition

4 with Lemma 10, we get fi,jf
b
(

φr/kr−φi/ki
gcd((p−1)/2v,12)

)
−1

r,0 are in F (Γ).



36 4. MAIN RESULTS

(1.b) For j = 1, . . . , kr − 1, consider

fr,j
fr,0

.

Similarly and clearly, by Lemma 10 and Proposition 4, fr,j/fr,0

are in F (Γ).

(1.c) Consider

f
12

gcd((p−1)/2v,6)

r,0 .

It is clear that

(φr/kr)

(
12

gcd((p− 1)/2v, 6)

)
≡ 0 mod 12.

Moreover, we have

12

gcd((p− 1)/2v, 6)
≡ 0 mod 2.

Similarly, combining Proposition 4 with Lemma 10, we get

f
12

gcd((p−1)/2v,6)

r,0 are in F (Γ).

(2) Suppose v = (p − 1)/2 and u < (r − 2)/2. Before proving this

case, we note that for i = 1, . . . , r,
ki = k and φi/ki = pi−u−1 if i > u+ 1,

ki = φi = pi−u−1k if i ≤ u+ 1.

Also, we note that b is odd.

Now, we can start our proof. By Lemma 9, we know

Eaφipr−i = Ea0pr−i .
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Thus, it is equivalent to show

fr,j
fr,kr

for j = 1, . . . , kr − 1,

fi,j

f
b(φi/ki)

r,kr

for i = 1, . . . , r − 1 and j = 1, . . . , ki,

f 12
r,kr

are in F (Γ).

(2.a) For j = 1, . . . , kr − 1, consider

fr,j
fr,kr

.

Because φr/kr > 1, clearly, by Lemma 10 and Proposition 4,

fr,j/fr,kr are in F (Γ).

(2.b) For i = 1, . . . , r − 1 and j = 1, . . . , ki, consider

fi,j

f
b(φi/ki)
r,kr

.

We know

φi/ki − (φr/kr)b(φi/ki) ≡ 0 mod 12

because b is the multiplicative inverse of φr/kr modulo 12.

Thus, Condition (1) of Proposition 4 is satisfied. Also, be-

cause b and φi/ki are odd, we know

1− b(φi/ki) ≡ 0 mod 2.

For i > u+ 1, we know φi/ki > 1, and by combining Propo-

sition 4 with Lemma 10, we get fi,j/f
b(φi/ki)
r,kr

are in F (Γ).
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For i ≤ u+1, because 1−b(φi/ki) ≡ 0 mod 2, by combining

Proposition 4 with Lemma 10, it suffices to show

fi,j(γτ) = −ε(γ)φi/ki · fi,j(τ) = −ε(γ) · fi,j(τ)

and it satisfies Condition (2) of Proposition 4. Clearly,

φi/ki−1∑
s=0

a2j+2skip2r−2i = a2jp2r−2i ≡ 0 mod 2pr

because u < (r − 2)/2 and 2 | a. In particular, Condition (2)

of Proposition 4 is satisfied. Also,

φi/ki−1∑
s=0

aj+skipr−i = ajpr−i ≡ 0 mod 2,

so, by the transformation formula of Proposition 3, we know

fi,j(γτ) = Eajpr−i(γτ) = ε(γ) · Eaj+kpr−i(τ) = ε(γ) · E
aj+p

u−i+1φipr−i
(τ).

Then by Lemma 9,

fi,j(γτ) = ε(γ)·(−1)p
u−i+1

Eajpr−i(τ) = −ε(γ)·Eajpr−i(τ) = −ε(γ)·fi,j(τ).

Therefore, we get fi,j/f
b(φi/ki)
r,kr

are also in F (Γ).

(2.c) Consider

f 12
r,k.

By Lemma 10 and Proposition 4, clearly, f 12
r,k is in F (Γ).

(3) Suppose v = (p − 1)/2 and u ≥ (r − 2)/2. Before proving this

case, we note that for i = 1, . . . , r,
ki = k and φi/ki = pi−u−1 if i > u+ 1,

ki = φi = pi−u−1k if i ≤ u+ 1.
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Also, we note that b is odd.

Now, we can start our proof. By Lemma 9, we know

Eaφipr−i = Ea0pr−i .

Thus, it is equivalent to show

fr,j
fr,kr

for j = 1, . . . , kr − 1,

fi,j

f
b(φi/ki)

r,kr

for i = u+ 2, . . . , r − 1 and j = 1, . . . , ki,

fu+1,j

f
b(1−a2j)
r,kr

fa
2j

u+1,ku+1

for j = 1, . . . , ku+1 − 1,

fi,j

f
b(1−a2jp2(u+1−i))
r,kr

fa
2jp2(u+1−i)

u+1,ku+1

for i = 1, . . . , u and j = 1, . . . , ki,

fp
2(u+1)−r
u+1,ku+1

fbp
2(u+1)−r

r,kr

,

f 12
r,kr

are in F (Γ).

(3.a) For j = 1, . . . , kr − 1, consider

fr,j
fr,kr

.

Because φr/kr > 1, clearly, by Lemma 10 and Proposition 4,

fr,j/fr,kr are in F (Γ).

(3.b) For i = u+ 2, . . . , r − 1 and j = 1, . . . , ki, consider

fi,j

f
b(φi/ki)
r,kr

.

We know

φi/ki − (φr/kr)b(φi/ki) ≡ 0 mod 12
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because (φr/kr)b ≡ 1 mod 12. Condition (1) of Proposition

4 is satisfied. Also, we know

1− b(φi/ki) ≡ 0 mod 2

because b is odd. In addition, from φi/ki > 1, we get fi,j/f
b(φi/ki)
r,kr

are in F (Γ) by combining Lemma 10 with Proposition 4.

(3.c) For j = 1, . . . , ku+1 − 1, consider

fu+1,j

f
b(1−a2j)
r,kr

fa
2j

u+1,ku+1

.

We see

φu+1/ku+1 − (φr/kr)b(1− a2j)− (φu+1/ku+1)a
2j

≡ 1− (1− a2j)− a2j ≡ 0 mod 12

because φu+1/ku+1 = 1 and (φr/kr)b ≡ 1 mod 12. The

functions satisfy Condition (1) of Proposition 4. In addition,

1− b(1− a2j) = 1− b+ ba2j ≡ 0 mod 2

because 2 | a and b is odd. Thus, by combining Proposition 4

with Lemma 10, it suffices to show

fu+1,j

fa
2j

u+1,ku+1

(γτ) = −ε(γ)φu+1/ku+1−(φu+1/ku+1)a2j · fu+1,j

fa
2j

u+1,ku+1

(τ)

= −ε(γ)1−a2j · fu+1,j

fa
2j

u+1,ku+1

(τ)

and it satisfies Condition (2) of Proposition 4.
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φu+1/ku+1−1∑
s=0

a2j+2sku+1p2r−2(u+1)

− a2j

φu+1/ku+1−1∑
s=0

a2ku+1+2sku+1p2r−2(u+1)

= a2jp2r−2(u+1) − a2ja2ku+1p2r−2(u+1)

= a2j(1− a2ku+1)p2r−2(u+1)

= a2j(1− a2φu+1)p2r−2(u+1) ≡ 0 mod 2pr

because 2 | a and 1 − a2φu+1 ≡ 0 mod pu+1. In particular,

Condition (2) of Proposition 4 is satisfied. Also, we see

φu+1/ku+1−1∑
s=0

aj+sku+1pr−(u+1)

− a2j

φu+1/ku+1−1∑
s=0

aku+1+sku+1pr−(u+1)

= ajpr−(u+1) − a2jaku+1pr−(u+1) ≡ 0 mod 2.
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Thus, by the transformation formula of Proposition 3 and Lemma

9, we see(
fu+1,j

fa
2j

u+1,ku+1

)
(γτ) =

Eajpr−(u+1)(
Eaku+1pr−(u+1)

)a2j (γτ)

= ε(γ)1−a2j ·
Eaj+kpr−(u+1)(

Eaku+1+kpr−(u+1)

)a2j (τ)

= ε(γ)1−a2j ·
Eaj+φu+1pr−(u+1)(

Eaku+1+φu+1pr−(u+1)

)a2j (τ)

= ε(γ)1−a2j · (−1)1−a2j Eajpr−(u+1)(
Eaku+1pr−(u+1)

)a2j (τ)

= −ε(γ)1−a2j ·

(
fu+1,j

fa
2j

u+1,ku+1

)
(τ).

Hence, we get fu+1,j/
(
f
b(1−a2j)
r,kr

fa
2j

u+1,ku+1

)
are in F (Γ).

(3.d) For i = 1, . . . , u and j = 1, . . . , ki, consider

fi,j

f
b(1−a2jp2(u+1−i))
r,kr

fa
2jp2(u+1−i)

u+1,ku+1

.

We know

φi/ki − (φr/kr)b
(
1− a2jp2(u+1−i))

− (φu+1/ku+1)a
2jp2(u+1−i)

= 1− 1 + a2jp2(u+1−i) − a2jp2(u+1−i)

≡ 0 mod 12

because φi/ki = 1 and (φr/kr)b ≡ 1 mod 12. The functions

satisfy Condition (1) of Proposition 4.
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Clearly,

1− b
(
1− a2jp2(u+1−i)) = 1− b+ ba2jp2(u+1−i)

≡ 0 mod 2

because 2 | a and b is odd. Then by combining Proposition 4

with Lemma 10, it suffices to show

fi,j

fa
2jp2(u+1−i)

u+1,ku+1

(γτ) = −ε(γ)φi/ki−(φu+1/ku+1)a2jp2(u+1−i) · fi,j

fa
2jp2(u+1−i)

u+1,ku+1

(τ)

= −ε(γ)1−a2jp2(u+1−i) · fi,j

fa
2jp2(u+1−i)

u+1,ku+1

(τ)

and it satisfies Condition (2) of Proposition 4.

φi/ki−1∑
s=0

a2j+2skip2r−2i

− a2jp2(u+1−i)
φu+1/ku+1−1∑

s=0

a2ku+1+2sku+1p2r−2(u+1)

= a2jp2r−2i − a2jp2(u+1−i)a2ku+1p2r−2(u+1)

= a2jp2r−2i − a2j+2ku+1p2r−2i

= a2jp2r−2i(1− a2ku+1) ≡ 0 mod 2pr

because 2 | a and 1 − a2ku+1 = 1 − a2φu+1 ≡ 0 mod pu+1.

In particular, Condition (2) of Proposition 4 is satisfied. Also,
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we see

φi/ki−1∑
s=0

aj+skipr−i

− a2jp2(u+1−i)
φu+1/ku+1−1∑

s=0

aku+1+sku+1pr−(u+1)

= ajpr−i − a2jp2(u+1−i)aku+1pr−(u+1) ≡ 0 mod 2

Thus, by the transformation formula of Proposition 3 and Lemma

9, we see

fi,j

fa
2jp2(u+1−i)

u+1,ku+1

(γτ) =
Eajpr−i(

Eaku+1pr−(u+1)

)a2jp2(u+1−i) (γτ)

= ε(γ)1−a2jp2(u+1−i) ·
Eaj+kpr−i(

Eaku+1+kpr−(u+1)

)a2jp2(u+1−i) (τ)

= ε(γ)1−a2jp2(u+1−i) ·
E
aj+p

u+1−iφipr−i(
Eaku+1+φu+1pr−(u+1)

)a2jp2(u+1−i) (τ)

= ε(γ)1−a2jp2(u+1−i) · (−1)p
u+1−i−a2jp2(u+1−i)

·
Eajpr−i(

Eaku+1pr−(u+1)

)a2jp2(u+1−i) (τ)

= −ε(γ)1−a2jp2(u+1−i) · fi,j

fa
2jp2(u+1−i)

u+1,ku+1

(τ).

Thus, we get fi,j/
(
f
b(1−a2jp2(u+1−i))
r,kr

fa
2jp2(u+1−i)

u+1,ku+1

)
are in F (Γ).

(3.e) Consider
fp

2(u+1)−r

u+1,ku+1

f bp
2(u+1)−r

r,kr

.
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We know

(φu+1/ku+1)(p
2(u+1)−r)− (φr/kr)(bp

2(u+1)−r)

≡ 0 mod 12

because φu+1/ku+1 = 1 and (φr/kr)b ≡ 1 mod 12. Condi-

tion (1) of Proposition 4 is satisfied.

In addition,

1− bp2(u+1)−r ≡ 0 mod 2.

because b is odd. Then by combining Proposition 4 with

Lemma 10, it suffices to show

fp
2(u+1)−r

u+1,ku+1
(γτ) = −ε(γ)(φu+1/ku+1)(p2(u+1)−r) · fp

2(u+1)−r

u+1,ku+1
(τ)

= −ε(γ)p
2(u+1)−r · fp

2(u+1)−r

u+1,ku+1
(τ)

and it satisfies Condition (2) of Proposition 4.

p2(u+1)−r
φu+1/ku+1∑

s=0

a2ku+1+2sku+1p2r−2(u+1)

= p2(u+1)−ra2ku+1p2r−2(u+1)

= a2ku+1pr ≡ 0 mod 2pr

because 2 | a. In particular, Condition (2) of Proposition 4 is

satisfied. Also, we see
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p2(u+1)−r
φu+1/ku+1∑

s=0

aku+1+sku+1pr−(u+1)

= p2(u+1)−raku+1pr−(u+1) ≡ 0 mod 2

Thus, by the transformation formula of Proposition 3 and Lemma

9, we see

fp
2(u+1)−r

u+1,ku+1
(γτ) = Ep2(u+1)−r

aku+1pr−(u+1)
(γτ) = ε(γ)p

2(u+1)−r · Ep2(u+1)−r

aku+1+kpr−(u+1)
(τ)

= ε(γ)p
2(u+1)−r · Ep2(u+1)−r

aku+1+φu+1pr−(u+1)
(τ)

= ε(γ)p
2(u+1)−r · (−1)p

2(u+1)−r
Ep2(u+1)−r

aku+1pr−(u+1)
(τ)

= −ε(γ)p
2(u+1)−r · fp

2(u+1)−r

u+1,ku+1
(τ).

Therefore, we get fp
2(u+1)−r

u+1,ku+1
/f bp

2(u+1)−r

r,kr
is in F (Γ).

(3.f) Consider

f 12
r,kr .

Clearly, by Lemma 10 and Proposition 4, f 12
r,kr

is in F (Γ).

�

Now, we can show the functions in above lemma form a basis for F (Γ).

THEOREM 4.2. Let p > 3 be an odd prime and r > 0. Let k := [Γ0(p
r) :

Γ] = puv, where p - v. For a positive integer `, we set φ` = φ(p`)/2 and

k` = (k, φ`). Let a be an even generator of (Z/prZ)×. Suppose Γ 6= Γ1(p
r).

Then
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(1) If v 6= (p − 1)/2, let b be the multiplicative inverse of φr/(kr ·

gcd((p− 1)/2v, 12)) modulo 12/ gcd((p− 1)/2v, 12), then

φi/ki−1∏
s=0

Eaj+skipr−i ·
(
φr/kr−1∏
s=0

Easkr

)b( φr/kr−φi/ki
gcd((p−1)/2v,12)

)
−1

for i = 1, . . . , r − 1

and j = 0, . . . , ki − 1,

φr/kr−1∏
s=0

E
aj+skr

φr/kr−1∏
s=0

E
askr

for j = 1, . . . , kr − 1,

(
φr/kr−1∏
s=0

Easkr

) 12
gcd((p−1)/2v,6)

form a basis for F (Γ) modulo C×.

(2) If v = (p − 1)/2 and u < (r − 2)/2, let b be the multiplicative

inverse of φr/kr modulo 12, then

φr/kr−1∏
s=0

E
aj+skr

φr/kr−1∏
s=0

E
askr

for j = 1, . . . , kr − 1,

φi/ki−1∏
s=0

E
aj+skipr−i(

φr/kr−1∏
s=0

E
askr

)b(φi/ki) for i = 1, . . . , r − 1 and j = 0, . . . , ki − 1,

(
φr/kr−1∏
s=0

Easkr

)12

form a basis for F (Γ) modulo C×.
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(3) If v = (p − 1)/2 and u ≥ (r − 2)/2, let b be the multiplicative

inverse of φr/kr modulo 12, then

φr/kr−1∏
s=0

E
aj+skr

φr/kr−1∏
s=0

E
askr

for j = 1, . . . , kr − 1,

φi/ki−1∏
s=0

E
aj+skipr−i(

φr/kr−1∏
s=0

E
askr

)b(φi/ki) for i = u+ 2, . . . , r − 1

and j = 0, . . . , ki − 1,

φu+1/ku+1−1∏
s=0

E
a
j+sku+1pr−(u+1)(

φr/kr−1∏
s=0

E
askr

)b(1−a2j)
·

φu+1/ku+1−1∏
s=0

E
a
sku+1pr−(u+1)

a2j
for j = 1, . . . , ku+1 − 1,

φi/ki−1∏
s=0

E
aj+skipr−i(

φr/kr−1∏
s=0

E
askr

)b(1−a2jp2(u+1−i))

·

φu+1/ku+1−1∏
s=0

E
a
sku+1pr−(u+1)

a2jp2(u+1−i) for i = 1, . . . , u

and j = 0, . . . , ki − 1,φu+1/ku+1−1∏
s=0

E
a
sku+1pr−(u+1)

p2(u+1)−r

(
φr/kr−1∏
s=0

E
askr

)bp2(u+1)−r ,

(
φr/kr−1∏
s=0

Easkr

)12

form a basis for F (Γ) modulo C×.

PROOF. For i = 1, . . . , r and j = 0, . . . , ki, let

fi,j :=

φi/ki−1∏
s=0

Eaj+skipr−i .

We will show this theorem in the three cases, respectively.

(1) Suppose v 6= (p− 1)/2. Let f ∈ F (Γ). Then f ∈ F (Γ1(p
r)). By

Lemma 7, f(γτ) = f(τ), and Proposition 4, we have

f =
r∏
i=1

ki−1∏
j=0

f
ei,j
i,j
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for some integers ei,j satisfying

r∑
i=1

ki−1∑
j=0

(φi/ki)ei,j ≡ 0 mod 12.

By Lemma 10, we know

fi,j(γτ) = −ε(γ)φi/ki · fi,j(τ).

Thus, we get

f(γτ) = (−1)
∑r
i=1

∑ki−1
j=0 ei,jf(τ).

Because f(γτ) = f(τ), we know

2 |
r∑
i=1

ki−1∑
j=0

ei,j.

This tell us
r∑
i=1

ki−1∑
j=0

ei,j = 2x

for some integer x. Combining above two equations of ei,j , we get

r−1∑
i=1

ki−1∑
j=0

(φr/kr − φi/ki)ei,j ≡ (2x)(φr/kr) mod 12.

Then

r−1∑
i=1

ki−1∑
j=0

φr/kr − φi/ki
gcd((p− 1)/2v, 12)

ei,j ≡ (2x)
φr/kr

gcd((p− 1)/2v, 12)

mod
12

gcd((p− 1)/2v, 12)
.
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and thus

r−1∑
i=1

ki−1∑
j=0

b

(
φr/kr − φi/ki

gcd((p− 1)/2v, 12)

)
ei,j ≡ (2x) ≡

r∑
i=1

ki−1∑
j=0

ei,j

mod
12

gcd((p− 1)/2v, 12)
,(*)

where b is the multiplicative inverse of φr/(kr·gcd((p−1)/2v, 12))

modulo 12/ gcd((p− 1)/2v, 12).

If 2 - 12/ gcd((p−1)/2v, 12), then gcd((p−1)/2v, 12) = 4 or

12, and thus gcd((p−1)/2v, 6) = 2 or 6, respectively. In addition,

because 2(p − 1)/(2v) | φr/kr − φi/ki and 2 |
∑r

i=1

∑ki−1
j=0 ei,j ,

from above equation (*) of ei,j , there exists an even integer y′ such

that

er,0 =−
kr−1∑
j=1

er,j +
r−1∑
i=1

ki−1∑
j=0

(
b

(
φr/kr − φi/ki

gcd((p− 1)/2v, 12)

)
− 1

)
ei,j

+ y′
12

gcd((p− 1)/2v, 12)

=−
kr−1∑
j=1

er,j +
r−1∑
i=1

ki−1∑
j=0

(
b

(
φr/kr − φi/ki

gcd((p− 1)/2v, 12)

)
− 1

)
ei,j

+ (y′/2)
24

gcd((p− 1)/2v, 12)

=−
kr−1∑
j=1

er,j +
r−1∑
i=1

ki−1∑
j=0

(
b

(
φr/kr − φi/ki

gcd((p− 1)/2v, 12)

)
− 1

)
ei,j

+ (y′/2)
12

gcd((p− 1)/2v, 6)
.



3. CASE Γ 6= Γ1(pr) 51

Otherwise, 2 | 12/ gcd((p − 1)/2v, 12), then 12/ gcd((p −

1)/2v, 12) = 12/ gcd((p − 1)/2v, 6). Thus, from (*), there ex-

ists y′′

er,0 =−
kr−1∑
j=1

er,j +
r−1∑
i=1

ki−1∑
j=0

(
b

(
φr/kr − φi/ki

gcd((p− 1)/2v, 12)

)
− 1

)
ei,j

+ y′′
12

gcd((p− 1)/2v, 12)

=−
kr−1∑
j=1

er,j +
r−1∑
i=1

ki−1∑
j=0

(
b

(
φr/kr − φi/ki

gcd((p− 1)/2v, 12)

)
− 1

)
ei,j

+ y′′
12

gcd((p− 1)/2v, 6)
.

Set y = y′/2 if 2 - 12/ gcd((p − 1)/2v, 12) and y = y′′ if

2 | 12/ gcd((p− 1)/2v, 12). Therefore,

f =
kr−1∏
j=1

(
fr,j
fr,0

)er,j
·
r−1∏
i=1

ki−1∏
j=1

(
fi,j · f

b
(

φr/kr−φi/ki
gcd((p−1)/2v,12)

)
−1

r,0

)ei,j
·
(
f

12
gcd((p−1)/2v,6)

r,0

)y
.

This complete our proof in this case.

(2) Suppose v = (p− 1)/2 and u < (r − 2)/2. Let f ∈ F (Γ). Then

f ∈ F (Γ1(p
r)). By Lemma 7, f(γτ) = f(τ), and Proposition 4,

we know

f =
r∏
i=1

ki−1∏
j=0

f
ei,j
i,j

for some integers ei,j satisfying

r∑
i=1

ki−1∑
j=0

(φi/ki)ei,j ≡ 0 mod 12.
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Because v = (p− 1)/2, we have gcd(φr/kr, 12) = 1. Then

er,0 = −
kr−1∑
j=1

er,j −
r−1∑
i=1

ki−1∑
j=0

b(φi/ki)ei,j + 12x

for some integer x, where b is the multiplicative inverse of φr/kr

modulo 12. Therefore, we get

f =
kr−1∏
j=1

(fr,j/fr,0)
ei,j ·

r−1∏
i=1

ki−1∏
j=0

(
fi,j/f

b(φi/ki)
r,0

)ei,j
·
(
f 12
r,0

)x
.

This complete our proof in this case.

(3) Suppose v = (p− 1)/2 and u ≥ (r − 2)/2. Let f ∈ F (Γ). Then

f ∈ F (Γ1(p
r)). By Lemma 7, f(γτ) = f(τ), and Proposition 4,

we get

f =
r∏
i=1

ki−1∏
j=0

f
ei,j
i,j

for some integers ei,j satisfying

r∑
i=1

ki−1∑
j=0

(φi/ki)ei,j ≡ 0 mod 12

and

r∑
i=1

ki−1∑
j=0

φi/ki−1∑
s=0

ei,ja
2j+2skip2(r−i) ≡ 0 mod pr.

Because v = (p − 1)/2, we have gcd(φr/kr, 12) = 1. Then

from the first equation of ei,j , we can get

er,0 = −
kr−1∑
j=1

er,j −
r−1∑
i=1

ki−1∑
j=0

b(φi/ki)ei,j + 12x

for some integer x, where b is the multiplicative inverse of φr/kr

modulo 12.
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Moreover, because φi/ki = pi−u−1 > 1 for i > u + 1 and

φi/ki = 1 for i ≤ u+1, the second equation of ei,j can be reduced

to

u+1∑
i=1

ki−1∑
j=0

ei,ja
2jp2(u+1−i) ≡ 0 mod p2(u+1)−r.

Then we get

eu+1,0 = −
ku+1−1∑
j=1

eu+1,ja
2j −

u∑
i=1

ki−1∑
j=0

ei,ja
2jp2(u+1−i) + p2(u+1)−ry

for some integer y.

Combining above two new equations, we have

er,0 = −
kr−1∑
j=1

er,j −
r−1∑
i=u+2

ki−1∑
j=0

b(φi/ki)ei,j

−
ku+1−1∑
j=1

b(1− a2j)eu+1,j

−
u∑
i=1

ki−1∑
j=0

b(1− a2jp2(u+1−i))ei,j

+ 12x− bp2(u+1)−ry.

Hence, we have

f =
kr−1∏
j=1

(
fr,j
fr,0

)er,j
·

r−1∏
i=u+2

ki−1∏
j=0

(
fi,j

f
b(φi/ki)
r,0

)ei,j

·
ku+1−1∏
j=1

(
fu+1,j

f
b(1−a2j)
r,0 fa

2j

u+1,0

)eu+1,j

·
u∏
i=1

ki−1∏
j=0

(
fi,j

f
b(1−a2jp2(u+1−i))
r,0 fa

2jp2(u+1−i)

u+1,0

)ei,j

·

(
fp

2(u+1)−r

u+1,0

f bp
2(u+1)−r

r,0

)y

·
(
f 12
r,0

)x
.
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We finish the proof of this theorem.

�

REMARK. When k = 1, that is, Γ = Γ0(p
r), let b be the multiplicative

inverse of φr/ gcd((p− 1)/2, 12) modulo 12/ gcd((p− 1)/2, 12), and then

φi−1∏
s=0

Easpr−i ·

(
φr−1∏
s=0

Eas

)b( φr−φi
gcd((p−1)/2,12))−1

=

(
η(pr−iτ)

η(pr−i+1τ)

)(
η(τ)

η(pτ)

)b( φr−φi
gcd((p−1)/2,12))−1

for i = 1, . . . , r − 1, and

(
φr−1∏
s=0

Eas

) 12
gcd((p−1)/2,6)

=

(
η(τ)

η(pτ)

) 12
gcd((p−1)/2,6)

form a basis for F (Γ0(p
r)).

4. Application

In this section, as a corollary of above theorems, we will compute the

order h(Γ) of cuspidal Q-rational torsion subgroup of J(Γ) when Γ =

Γ1(p
r),Γ0(p

r).

Before computing the order, we need the following elementary lemma

from linear algebra.

LEMMA 12. Let p > 3 be an odd prime and r > 0. Let k := [Γ0(p
r) :

Γ] = puv, where p - v. For a positive integer `, we set φ` = φ(p`)/2

and k` := gcd(k, φ`). For j = 0, . . . , r − 1, set dj =
∑j

s=0 kr−s. Let

n := dr−1 + 1. Let Λ ⊂ Rn be the lattice of dimension n− 1 generated by

the vectors

εi = (1, 0, . . . ,−1, 0, . . .)
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with the −1 appearing at i+ 1 entry for i = 1, . . . , kr − 1,

εi = (2φj, 0, . . . ,−1, 0, . . .)

with the−1 appearing at i+1 entry for j = 1, . . . , r−min{r/2, r−u−1}

and dj−1 ≤ i ≤ dj − 1,

εi = (2φr−jk/kr−j, 0, . . . ,−1, 0, . . .)

with the −1 appearing at i + 1 entry for j = r − min{r/2, r − u − 1} +

1, . . . , r − 1 and dj−1 ≤ i ≤ dj − 1, and

εn−1 = (kr, 0, . . . ,−1).

Let Λ′ be a sublattice of Λ of the same rank generated by v1, . . . , vn−1.

Let vn = (c1, . . . , cn) be any vector such that

c :=
kr∑
i=1

ci +

r−min{r/2,r−u−1}∑
j=1

kr−j∑
i=1

2φjci+dj−1

+
r−1∑

j=r−min{r/2,r−u−1}

kr−j∑
i=1

(2φr−jk/kr−j)ci+dj−1
+ krcn 6= 0,

and M be the n× n matrix whose ith row is vi. Then we have

(Λ : Λ′) = |c−1 detM |.

PROOF. In general, to determine the index of a sublattice Λ′ in a lat-

tice Λ of codimension 1 in Rn, we pick a nonzero vector x in Rn that is

orthogonal to Λ, and form two matrices A and A′, where the rows of A are

generators of Λ and x, while those of A′ are generators of Λ′ and x. Then

the index of Λ′ in Λ is equal to | detA′/ detA|.
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Now for the lattice Λ generated by εi, we can choose the vector x =

(x1, . . . , xn) ∈ Rn with

xi = 1, if i = 1, . . . , kr,

xi = 2φj, if j = 1, . . . , r −min{r/2, r − u− 1}

and dj−1 + 1 ≤ i ≤ dj,

xi = 2φr−jk/kr−j, if j = r −min{r/2, r − u− 1}+ 1, . . . , r − 1

and dj−1 + 1 ≤ i ≤ dj,

xn = kr.

Then

det(A) =kr + 4

r−min{r/2,r−u−1}∑
j=1

kr−jφ
2
j

+ 4
r−1∑

j=r−min{r/2,r−u−1}+1

kr−jφ
2
r−jk

2/k2
r−j + k2

r .

On the other word, for the matrix M in the lemma, by adding suitable

multiples of the first n − 1 rows to the last row, we can bring the last row

into (c, 0, . . . , 0). Note that this procedure does not change the determi-

nant. By the same token, we can also transform the matrix A′ correspond-

ing to Λ′ into a matrix whose first n − 1 rows are vi and whose last row is

(det(A), 0, . . . , 0) without changing the determinant. From this, we see that

c−1 ·detM = (detA)−1 ·detA′, and therefore (Λ : Λ′) = |c−1 detM |. �

Now we can compute the order h(Γ1(p
r)).

LEMMA 13. Let p > 3 be a prime and r > 0. For a positive integer `,

we set φ` = φ(p`)/2. Let B2(x) = {x}2 − {x} + 1/6, where {x} denotes
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the fractional part of a real number x. Then we have

h(Γ1(p
r)) = (φr)

−112pc| detB|,

where c = r +
∑r

i=1 iφi and B is the (
∑r

i=1 φi) × (
∑r

i=1 φi) symmetric

matrix with row vectors

{−−→
Bi,j

}
i=r,...,1;j=0,...,φi−1

which have entries
1
2
B2

(
aj+s

pi

)
, if s = 0, . . . , φr − 1,

1
2
B2

(
aj+s

pi−n

)
, if n = 1, . . . , i− 1 and s = 0, . . . , φr−n − 1,

1
12
, if n = i, . . . , r − 1 and s = 0, . . . , φr−n − 1.

PROOF. Let

c
(0)
0 := 1/6.

For i = 1, . . . , r and j = 0( mod φi), . . . , φi − 1( mod φi), set

c
(i)
j := B2

(
aj

pi

)
,

where B2(x) = {x}2 − {x}+ 1/6.
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For i = r, r − 1, . . . , 1 and j = 0, . . . , φi − 1, by Lemma 1 and Propo-

sition 5, it is easy to see

div(Eajpr−i) =

φr−1∑
s=0

pr

2
cij+s

(
as

pr

)

+
i−1∑
n=1

φr−n−1∑
s=0

2φn−1∑
t=0

pr−n

2
c
(i−n)
j+s

(
as

pr−nbt

)

+
r−1∑
n=i

φr−n−1∑
s=0

2φn−1∑
t=0

pr−n

2
c
(0)
0

(
as

pr−nbt

)

+

φr−1∑
t=0

1

2
c
(0)
0

(
1

bt

)
.

Set dn :=
∑n

t=0 φr−t for n = 0, . . . , r−1. Denote
−−−−−−−−→
div(Eajpr−i) ∈ Rdr−1

by

−−−−−−−−→
div(Eajpr−i)s+1 = pr

2
cij+s, if s = 0, . . . , φr − 1,

−−−−−−−−→
div(Eajpr−i)s+dn−1+1 = pr−n

2
ci−nj+s, if n = 1, . . . , i− 1

and s = 0, . . . , φr−n − 1,

−−−−−−−−→
div(Eajpr−i)s+dn−1+1 = pr−n

2
c00, if n = i, . . . , r − 1

and s = 0, . . . , φr−n − 1.

Thus, from Theorem 4.1 and Lemma 12( with the choice of vdr−1+1 =

(0, . . . , 0, 1)), we know

h(Γ1(p
r)) = (φr)

−112pr
∣∣∣det

[−−−−−−−−→
div(Eajpr−i)

]∣∣∣
= (φr)

−1(12pr)(prφr · p(r−1)φr−1 · · · · · pφ1)| detB|

= (φr)
−112pc| detB|,
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where c = r+
∑r

i=1 iφi and
[−−−−−−−−→
div(Eajpr−i)

]
means the (

∑r
i=1 φi)×(

∑r
i=1 φi)

matrix with row vectors
−−−−−−−−→
div(Eajpr−i)

and B is the matrix described in the theorem. �

Now, we compute the determinant of B in the above lemma.

LEMMA 14. All notations as above. Then we have

| det(B)| =
(
p− 1

24

)
·
(

(p− 1)(p+ 1)

24

)r−1

· pc

·
r∏
i=1

∏
χ6=χ0 mod pi,even

1

4
B2,χ mod pi ,

where

c := −r + 1−
r∑
i=1

iφi + 2
r−1∑
m=1

mφr−m,

and the innermost product is taken over all even nonprincipal Dirichlet

characters modulo pi for i = 1, . . . , r.

PROOF. Let ξ = e2πi/φr . For s, t > 0, set

−→
ξs,t =

(
1 ξs · · · (ξs)φt−1

)
and

−→
0t =

(
0 · · · 0

)
with t 0’s.

For s = 1, . . . , φr − 1, if pms | s and pms+1 - s, where 0 ≤ ms ≤ r − 1,

define Ws by the subspace of R(
∑r
i=1 φi)×1 generated by

εts =
(−−−−−−→

0∑r
i=t+1 φi

−→
ξs,t

−−−−→
0∑t−1

i=1 φi

)T
,
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where t = r, r − 1, . . . , r −ms. Also, for s = 0, let ms = r. Then define

W0 by the subspace of R(
∑r
i=1 φi)×1 generated by

εt0 =
(−−−−−−→

0∑r
i=t+1 φi

−→
ξ0,t −−−−→0∑t−1

i=1 φi

)T
,

where t = r, r − 1, . . . , 1.

Clearly, R(
∑r
i=1 φi)×1 = ⊕Ws. After suitable rows interchanges of B,

we claim

B(Ws) ⊂ Ws

and compute

det(B|Ws).

Then we can get det(B).

Given s ∈ {1, . . . , φr − 1} with 0 ≤ ms ≤ r − 1. For t = r, r −

1, . . . , r −ms, by Lemma 6, we know

φt−1∑
j=0

1

2
B2

(
aj

p`

)
(ξs)j =

1

2

φ`−1∑
j=0

B2

(
aj

p`

) pt−`−1∑
i=0

(ξs)j+iφ`

=
pt−`

2

φ`−1∑
j=0

B2

(
aj

p`

)
(ξs)j

=
pt−`

2

φ`−1∑
j=0

pt−`
2

pt−`−1∑
i=0

B2

(
aj+iφ`

pt

) (ξs)j

=
p2(t−`)

2

φ`−1∑
j=0

pt−`−1∑
i=0

B2

(
aj+iφ`

pt

)
(ξs)j+iφ`

=
p2(t−`)

2

φt−1∑
j=0

B2

(
aj

pt

)
(ξs)j

when r −ms ≤ ` ≤ t,

φt−1∑
j=0

1

2
B2

(
aj

p`

)
(ξs)j = 0



4. APPLICATION 61

when 0 < ` < r −ms, and

φt−1∑
j=0

1

12
(ξs)j = 0.

Hence, by suitable rows interchanges of B, we have

Bεts =

(
φt−1∑
j=0

1

2
B2

(
aj

pt

)
(ξs)j

)
·
(
εrs + p2εr−1

s + · · ·+ p2(t−r+ms)ε2r−t−mss

)
for t = r, r − 1, . . . , r −ms. Then we get

det(B|Ws) = pms(ms+1) ·
r∏

t=r−ms

φt−1∑
j=0

1

2
B2

(
aj

pt

)
(ξs)j.

For s = 0 with ms = r, similarly, by Lemma 6, we have

Bεt0 =

(
1

2

φt−1∑
j=0

B2

(
aj

pt

))

·
(
εr0 + p2εr−1

0 + · · ·+ p2(t−1)εr−t+1
0 − p2t−1εr−t0 − · · · − p2t−1ε10

)
,

where t = r, r − 1, . . . , 1. Thus, we get

det(B|W0) = (−1)r−1

r−1∏
i=1

p2i−1(1 + p) ·
r∏
i=1

φi−1∑
j=0

1

2
B2

(
aj

pi

)

= (−1)r−1p(r−1)2 · (p+ 1)r−1 ·
r∏
i=1

φi−1∑
j=0

1

2
B2

(
aj

pi

)
.

Set φ0 := 1. For fixed m ∈ {0, 1, . . . , r − 1}, there are φr−m − φr−m−1

s’s in {1, . . . , φr − 1} with ms = m such that pm | s and pm+1 - s. Thus,
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by combing with above results, we know

| det(B)| =
∏
s

| det(B|Ws)|

=

∣∣∣∣∣p(r−1)2 · (p+ 1)r−1 ·
r−1∏
m=0

(pm(m+1))φr−m−φr−m−1

∣∣∣∣∣
·

∣∣∣∣∣
r∏
i=1

φi−1∏
s=0

φi−1∑
j=0

1

2
B2

(
aj

pi

)
(ξp

r−is)j

∣∣∣∣∣ .
Recall that for a Dirichlet character χ modulo N , where N ∈ N,

B2,χ = N
N∑
k=1

χ(k)B2

(
k

N

)
.

Hence, we can reduce the product to∣∣∣∣∣p(r−1)2 · (p+ 1)r−1 ·
r−1∏
m=1

(
pm(m+1)

)φr−m−φr−m−1

∣∣∣∣∣
·

∣∣∣∣∣∣
r∏
i=1

(p−i)φi ·
r∏
i=1

∏
χ mod pi,even

1

4
B2,χ mod pi

∣∣∣∣∣∣ .
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Note that

r−1∑
m=1

m(m+ 1)(φr−m − φr−m−1)

=
r−1∑
m=1

m(m+ 1)φr−m −
r−1∑
m=1

m(m+ 1)φr−m−1

=

(
2φr−1 +

r−1∑
m=2

m(m+ 1)φr−m

)

−

(
(r − 1)r +

r−2∑
m=1

m(m+ 1)φr−m−1

)

=

(
2φr−1 +

r−1∑
m=2

m(m+ 1)φr−m

)

−

(
(r − 1)r +

r−1∑
m=2

(m− 1)mφr−m

)

= 2φr−1 − (r − 1)r +
r−1∑
m=2

2mφr−m

= −(r − 1)r +
r−1∑
m=1

2mφr−m.

Then the above product is equal to∣∣∣∣∣p(r−1)2 · (p+ 1)r−1 · p
−(r−1)r+2

r−1∑
m=1

mφr−m

∣∣∣∣∣
·

∣∣∣∣∣∣p−
r∑
i=1

iφi
·

r∏
i=1

∏
χ mod pi,even

1

4
B2,χ mod pi

∣∣∣∣∣∣
=

∣∣∣∣∣(p+ 1)r−1 · p
−r+1−

r∑
i=1

iφi+2
r−1∑
m=1

mφr−m

∣∣∣∣∣
·

∣∣∣∣∣∣
r∏
i=1

∏
χ mod pi,even

1

4
B2,χ mod pi

∣∣∣∣∣∣ .
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By Lemma 6, the above product equals(
p− 1

24

)
·
(

(p− 1)(p+ 1)

24

)r−1

· p
−r+1−

r∑
i=1

iφi+2
r−1∑
m=1

mφr−m

·
r∏
i=1

∏
χ6=χ0 mod pi,even

1

4
B2,χ mod pi .

�

By combining above two lemmas, we can prove Theorem 1.1.

PROOF OF THEOREM 1.1. By Lemma 13 and Lemma 14, we get

h(Γ1(p
r))

= (φr)
−112p

r+
r∑
i=1

iφi
·
(
p− 1

24

)
·
(

(p− 1)(p+ 1)

24

)r−1

· p
−r+1−

r∑
i=1

iφi+2
r−1∑
m=1

mφr−m
·

r∏
i=1

∏
χ6=χ0 mod pi,even

1

4
B2,χ mod pi

=

(
(p− 1)(p+ 1)

24

)r−1

· p
−r+2+2

r−1∑
i=1

iφr−i

·
r∏
i=1

∏
χ6=χ0 mod pi,even

1

4
B2,χ mod pi .

Since

2
r−1∑
i=1

iφr−i =
r−1∑
i=1

i(pr−i − pr−i−1) =
r−1∑
i=1

ipr−i −
r−1∑
i=1

ipr−i−1

=
r−1∑
i=1

ipr−i −
r∑
i=2

(i− 1)pr−i

= pr−1 − (r − 1) +
r−1∑
i=2

(i− (i− 1))pr−i

= −(r − 1) +
r−1∑
i=1

pr−i =

(
pr − p
p− 1

)
− r + 1,
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the above product is equal to(
(p− 1)(p+ 1)

24

)r−1

· p( p
r−p
p−1

)−2r+3 ·
r∏
i=1

∏
χ6=χ0 mod pi,even

1

4
B2,χ mod pi .

�

Next, we give a proof of Theorem 1.2.

PROOF OF THEOREM 1.2. All notations as before. Set

c0 :=
1

12
,

and

ci :=
1

2

φi−1∑
s=0

B2

(
as

pi

)
for i = 1, . . . , r.

For i = r, r − 1, . . . , 1, by Lemma 1 and Proposition 5, we know

div

(
φi−1∏
j=0

Eajpr−i

)
= prci

(
1

pr

)

+
i−1∑
n=1

min{2φr−n,2φn}∑
t=0

prci−n

(
1

pr−nbt

)

+
r−1∑
n=i

min{2φr−n,2φn}∑
t=0

pr−nφic0

(
1

pr−nbt

)
+ φic0(1).
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Denote

−−−−−−−−−−−−−→

div

(
φi−1∏
j=0

Eajpr−i

)
∈ Rr by



−−−−−−−−−−−−−→

div

(
φi−1∏
j=0

Eajpr−i

)
1 = prci,

−−−−−−−−−−−−−→

div

(
φi−1∏
j=0

Eajpr−i

)
n+1 = prci−n, if n = 1, . . . , i− 1,

−−−−−−−−−−−−−→

div

(
φi−1∏
j=0

Eajpr−i

)
n+1 = pr−nφic0, if n = i, . . . , r − 1.

Let M mean the r × r matrix with row vectors

−−−−−−−−−−−−−→

div

(
φi−1∏
j=0

Eajpr−i

)
.

By Theorem 4.2 and Lemma 12(with the choice of vr+1 = (0, . . . , 0, 1)),

we get that

h(Γ0(p
r)) =

12

gcd(p−1
2
, 6)
| detM |.

Thus, it remains to compute | detM |. We have

| detM |

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

det



prcr prcr−1 prcr−2 . . . prc2 prc1

prcr−1 prcr−2 prcr−3 . . . prc1 pφr−1c0

prcr−2 prcr−3 prcr−4 . . . p2φr−2c0 pφr−2c0
...

...
... . . .

...
...

prc2 prc1 pr−2φ2c0 . . . p2φ2c0 pφ2c0

prc1 pr−1φ1c0 pr−2φ1c0 . . . p2φ1c0 pφ1c0



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

From Lemma 6, we know

ci = pr−icr
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for i = 1, . . . , r, and

c := prcr =
1− p

24
.

Thus,

| detM | =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

det



c pc p2c . . . pr−2c pr−1c

pc p2c p3c . . . pr−1c pφr−1c0

p2c p3c p4c . . . p2φr−2c0 pφr−2c0
...

...
... . . .

...
...

pr−2c pr−1c pr−2φ2c0 . . . p2φ2c0 pφ2c0

pr−1c pr−1φ1c0 pr−2φ1c0 . . . p2φ1c0 pφ1c0



∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
det



c pc p2c . . . pr−2c pr−1c

0 0 0 . . . 0 −prc+ pφr−1c0

0 0 0 . . . −prc+ p2φr−2c0 −pr+1c+ pφr−2c0

...
...

... . . .
...

...

0 0 −prc+ pr−2φ2c0 . . . −p2r−4c+ p2φ2c0 −p2r−3c+ pφ2c0

0 −prc+ pr−1φ1c0 −pr+1c+ pr−2φ1c0 . . . −p2r−3c+ p2φ1c0 −p2r−2c+ pφ1c0



∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣c
r−1∏
i=1

(−prc+ piφr−ic0)

∣∣∣∣∣
=

∣∣∣∣∣
(

1− p
24

)
·
r−1∏
i=1

(
−pr

(
1− p

24

)
+ pipr−i−1

(
p− 1

24

))∣∣∣∣∣
=

∣∣∣∣∣
(
p− 1

24

)
· p(r−1)2 ·

(
p

(
p− 1

24

)
+
p− 1

24

)r−1
∣∣∣∣∣

=

(
p− 1

24

)
· p(r−1)2 ·

(
(p+ 1)(p− 1)

24

)r−1

.
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Therefore, we get

h(Γ0(p
r)) =

12

gcd(p−1
2
, 6)
| detM |

=
p−1
2

gcd(p−1
2
, 6)
· p(r−1)2 ·

(
(p+ 1)(p− 1)

24

)r−1

=
p− 1

gcd(p− 1, 12)
· p(r−1)2 ·

(
(p+ 1)(p− 1)

24

)r−1

.

�

Similarly, for r = 1, we have

THEOREM 4.3. Let p > 3 be an odd prime, n := [Γ : Γ1(p)], and

k := [Γ0(p) : Γ]. Then

h(Γ) = pc
n

(6, n)

∏
χ6=χ0, χk=χ0, even

1

4
B2,χ,

where the product is taken over all even nonprincipal Dirichlet characters

χ modulo p satisfying χk = χ0, and

c =


1 if Γ = Γ1(p),

0 otherwise.

(For Γ = Γ0(p), the product is empty and should be interpreted as 1.)
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