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成像與非成像光學系統之 

光學傳遞函數分析與應用 

 
 博士研究生 : 鄭竹明     指導教授 : 陳志隆 教授   

          國立交通大學     光電工程研究所      

                     摘    要 

對於當今的光學儀器與光電消費性產品而言，除了被要求微型化系統設計

之外，追求更優質的影像品質和高光學效率以及細緻的解析度畫質亦是未來光電

產品的重要趨勢與主流。在成像光學系統的領域中，全幅對焦技術(EDOF, 

extending the depth of focus) 已然成為一個非常重要的光學設計議題。本論文利

用光學傳遞函數 (OTF, optical transfer function) 和照明分布函數，開發出一套解

析和半解析式數學模型，並將此方法應用於非同調成像光學系統之成像與非成像

光學品質的評估與分析。由於照明光場會改變待測物的反射光強度分佈，因此我

們不能再假設一成像系統中，待測物的光學傳遞函數值為一。所以，我們利用光

闌方程式 (pupil function) 中的振幅穿透方程式 (一個描述非成像光學特性的項)

和波像差方程式(一個描述成像光學特性的項)，深入地探討光學傳遞函數和照明

光分布之間的相互關係。本論文的學術貢獻之ㄧ，是在一光學系統的光學傳遞函

數計算中，加入一”非成像光學”的有效因子，進而能夠完整地分析與評估光學系

統的成像品質。我們也進一步地提出一種新的全幅對焦光學技術，並驗證於非同

調成像光學系統之中。此技術利用在非成像系統中，設計一個空間光學調變器來

產生一個結構光束(structured light)，如數位微鏡片元件(DMD, digital micromirror 

device)或是發光二極體陣列裝置(LED array module)，以提供一動態可程式化變形

光闌 (a dynamically programmable shaped pupil)，並將此變形光闌投影在成像光

學系統的孔徑位置。我們使用自行開發的光學傳遞函數之半解析式數學模型，驗

證此新技術可以有效地補償光學像差，如失焦、球差和彗差等，同時亦可提升光
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學系統的成像解析力。我們的研究是連結和整合成像與非成像光學系統的特性，

開發出一新全幅對焦光學技術，應用一嵌入式照明調變器，達到提升傳統非同調

光學系統的成像光學品質以及擴展其光學系統的對焦深度，並將此技術應用於光

導管、攝影機、顯微鏡和投影機等光學系統中。 
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Optical transfer function and its 
applications to imaging and 
non-imaging optical systems 

 
 Doctoral Student：Chu-Ming Cheng    Advisor：Dr. Jyh-Long Chern   

Institute of Electro-Optical Engineering 
National Chiao Tung University 

                      

Abstract 

Today’s optical instruments and electro-optical consumer products demand high 

imaging quality, optical efficiency and high resolution with the volume of the machine, 

nevertheless, being compact. At the same time, extending the depth of focus (EDOF) 

in an imaging system has been a long-standing issue in optical designs. This thesis 

develop either an analytical or a semi-analytical model by the use of optical transfer 

function (OTF) and illumination formations on the study of imaging and non-imaging 

qualities in the incoherent imaging system. Since the illumination light could vary the 

intensity distribution of the reflective light from an object, we could no longer assume 

the OTF of the object equal to unity in an imaging system. Hence, we make the 

in-depth investigation into the relationship between OTF and the illumination light 

distribution by calculating the OTF using the pupil function with the amplitude 

transmittance function which is the term given to the characteristic of a non-imaging 

system, and the wave aberration function which is the term given to the characteristic 

of an imaging system. One of main contributions of this thesis is to implement and 

demonstrate the effective factor of the non-imaging system (i.e., illumination light) in 

OTF calculation for assessing and specifying the performance of an imaging system. 

Then, a new approach for EDOF in an incoherent imaging system has been 

demonstrated. It provides a programmable shaped pupil using structured light which 

is generated by a non-imaging system with a spatial light modulator such as the digital 

micromirror device (DMD) or the light-emitting-diode (LED)-array module. The 

semi-analytical results using the OTF indicate that the limiting resolution of an 
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imaging system with a specific defocus coefficient, and the specific coefficients for 

spherical aberration and coma aberration can be improved significantly with a binary 

shaped pupil. The proposed structured light on aperture stop from the non-imaging 

system can offer a dynamically programmable approach for aberration compensation 

in an incoherent imaging system. Our proposed research provides the connection 

between non-imaging and imaging systems for extending the depth of focus and 

further enhancing the image quality in the conventionally incoherent imaging systems 

for light pipe, camera, microscope and projector with embedded illumination 

modulator. 
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Chapter 1  

 

Introduction 

 
1.1 Background and motivation 

The current applications of electro-optical instruments and consumer products 

demand high imaging quality, optical efficiency and high resolution with the volume 

of the machine, nevertheless, being compact, for computer graphics involving 

digitized photography. In general two techniques were developed for enhancing the 

image quality. One is extending the depth of focus (EDOF) in an imaging system and 

the other is the high dynamic range (HDR) in the digital image processing. EDOF in 

an imaging system has been a long-standing issue in optical design. Enhancing the 

quality of an image can be achieved by the pupil function as well as by its amplitude 

transmittance and phase variation [1,2]. Non-uniform amplitude transmission filters 

can be employed to vary the response of an optical imaging system, for instance, to 

increase the focal depth and to decrease the influence of spherical aberration. Earlier 

EDOF investigations and experiments were carried out n annular apodizers [3,4], the 

radial Walsh filter [5], non-uniform shaped apertures [6,7] and wave-front coding [8,9] 

in imaging systems, where the nature of light is incoherent. High dynamic range 

(HDR) image processing produces a greater dynamic range of luminances between 

bright and dark areas of a scene by integrating a set of photographs which are taken 

with a range of exposures [10]. One of the earlier HDR investigations in digital 

photography was to combine the strengths of continuous flash/no-flash image pairs 

for enhancing the image’s contrast and the sense of depth [11,12]. However, none of 
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those are programmable for amplitude transmission at the aperture stop using the 

structured light generated by a non-imaging system, such as illumination lighting and 

flash light. From the point of view of potential applications as well as from a purely 

academic interest perspective, it is worthwhile to explore the possibility of how to 

realize a dynamically programmable shaped pupil for incoherent imaging systems 

such as photography, projector and microscopy. 

A light pipe is a commonly optical device that manages light properties in 

illumination systems, especially where extremely uniform illuminations with specific 

illuminance distributions are required [13]. Typical applications are the illuminations 

in the projection display [14], lithography [15], endoscopes [16], and in optical 

waveguides [17].  In those applications, the illumination system is mostly a 

combination of a light pipe and the corresponding imaging system with a projection 

lens. A light pipe is made with parallel reflective sides, either as a cylinder or with a 

square or rectangular cross section. The light source can be located on one end of the 

light pipe, and the other end is then the uniformly illuminated plane [18].  The 

uniform illumination on the exit end of the light pipe is determined by the ratio 

between the length to the diameter and also the cross-sectional shape of the light pipe 

[19].  The multiple reflections of the light source through the pipe can produce a 

spatially checkerboard-array-shaped light distribution at the aperture stop of the 

illumination system which is then projected to the aperture stop of the corresponding 

imaging system. Hence, we need to determine the pupil function with a specific 

shaped aperture generated by the light pipe in the optical transfer function (OTF) for 

the image evaluation in the optical system. 

In the field of non-imaging optics for the illumination, the light emitting diode 

(LED) technology is widely applied in vehicles, architecture, signal lighting, 

backlighting and in projection microdisplays [20]. Most of these applications require 
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the shaping of a uniform beam illuminance profile, managing color quality and saving 

power consumption while maintaining high luminous efficiency in the illumination 

systems. There are two kinds of approaches to generate white light with LEDs. One is 

the phosphor-converted white LED, which provides a compact integrated package but 

has a relatively lower luminous efficiency. The other is the mixed-color LED, which 

provides more light throughput compared to a single phosphor-converted white LED 

with the same operating power. In practice, however, there are several technical 

challenges to creating a mixed-color LED, such as white light homogenizing with the 

acceptably lowest spatial variation, color mixing and color balancing with acceptably 

lowest chromatic variation. Rectangular light pipes are commonly optical elements 

that manage light properties in illumination systems, especially where extremely 

uniform illuminations with specific illuminance distributions are required. The light 

source can be located on one end of the light pipe and the other end is then the 

uniformly illuminated plane.  The shape of the light pipe can modify the original 

characteristics of the spatial distribution of the light source but not the angular 

distribution. The uniform illumination on the exit end of the light pipe is determined 

by the ratio of the length to the cross-sectional dimension of the light pipe. In the 

literature, the mention of the properties of light pipes is mostly concentrated on 

transmittance, flux analysis and irradiance formation for the single light source. 

Although Derlofske and Hough developed a flux confinement diagram model to 

discuss the flux propagation of square light pipes and angular distribution [21], and 

Cheng and Chern developed a semi-analytical method to investigate the formation of 

irradiance distribution [19], to the best of our knowledge few articles have 

investigated the formation of illuminance and the color-differences in mixed-color 

light sources using an analytical method. 
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Projection display technology is widely applied in the large-screen display for 

business projector and rear-projection TV, mostly based on three differently light 

valves of transmissive LCDs, Digital Micromirror Device™ (DMD™) and liquid 

crystal on silicon (LCoS) [22].  In the field of optics, the technologies involved are 

being applied to very compact system with the higher image performance.  

Consequently, the designs for high optical collection efficiency, higher resolution 

image, smaller volume optical systems etc. are required.  Examples are an off-axis 

wide-angle projection lens design with anamorphic mirrors [23], a TIR-prism optical 

system [14,24], and the hybrid projection screen [25].  The optical design with the 

appropriate f-number is the key to the illumination system and the f-number value is 

often constrained and determined by the light-valve’s architecture in the projection 

display. Conventionally, single f-number and symmetric illumination pupil are 

generally utilized in optical system.  However, these do limit optical collection 

efficiency and imaging quality.  

 

1.2 Objectives of this dissertation study 

Optics can broadly be classified into two fields of imaging and non-imaging 

optics. Imaging optics has been developed around for 300 years and is the optics of 

thick / thin lenses, mirrors, parabolas, ellipses and Fresnel lenses. The field of 

non-imaging optics was begun formulating the principles, theory and mathematics by 

Roland Winston until the 1970s [26]. One of its first applications was to the field of 

solar energy concentration for both photovoltaic and solar thermal system. 

Subsequently, applications such as fiber-optics couplers, backlights for liquid crystal 

displays, infrared countermeasures for heat seeking missiles, sensor for high energy 

particle physics, etc. all came to benefit from the increased optical efficiency and 

compactness that non-imaging optics could supply. In our experiences, so far the 
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knowledge of beam shaping technology, possibilities and limitations are thus applied 

into the illumination system in the field of non-imaging only. Therefore, the new and 

interesting subject in optics will be how to incorporate the already existing imaging 

optical technology into new optical systems. In this thesis, we would like to develop 

either an analytical or a semi-analytical model by the use of optical transfer function 

and illumination formation for the connection between the imaging and the non- 

imaging, and put emphasis on the study of imaging and non-imaging qualities in the 

severally specific optical systems, such as light pipe, photography, projector and 

microscopy.  

 

1.3 Imaging optical system and its characterization 

An imaging system is an optical system capable of being used for 

image-formation from an object field to a desired image field as shown in Fig. 1-1 (a). 

In the imaging system, all rays originating in one point of an object are mapped to be 

focused in one point of the image. The effective focal length and the diameter of the 

aperture (i.e., f-number, f /#) are common criteria for comparison among optical 

systems, such as telescopes, microscope, camera lens, endoscope, lithography, and 

projector and so on. The effective focal length gives the determination of the 

magnification and the f /# determines how much light intensity is able to be received 

in the optical system.  
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  (a)                              (b) 

Figure 1-1 Comparison of imaging and non-imaging optical systems  

 

1.4 Non-imaging optical system and its characterization 

As illustrated in Fig. 1-1 (b), in non-imaging systems, all rays of an extended 

source are directed to a target surface, i.e., a receiver. The distribution of the rays at 

the receiver and the collection efficiency through the system are the primary concerns 

rather than that points do map to points. Typical variables to be designed at the target 

include the total radiant flux, the angular distribution, and the spatial distribution of 

optical radiation. These variables on the target receiver are optimized while 

simultaneously considering the collection efficiency of the optical system at the 

source. That is an issue about the relationship between radiance (or luminance) and 

irradiance (or illuminance). Non-imaging optics is common applications where 

imaging formation is not included but where the efficient transfer and collection of 

light radiation is. Examples include many areas of illumination engineering in general 

lightings, automotive headlamps, solar concentrators, LCD backlights, fiber 

illumination devices and projection display systems, and so on. 

 

1.5 Organization of the dissertation 

The thesis is organized as follows. In Chapter 2, we describe the general 
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formations for imaging system and non-imaging system including the pupil function, 

optical transfer function for specific shaped pupil, illumination formation, 

color-difference function and Ètendue function for an asymmetric pupil. In Chapter 3, 

we investigate optical transfer functions for the specific-shaped apertures generated 

by illumination with a rectangular light pipe. In Chapter 4, a programmable apodizer 

for imaging quality enhancement in incoherent imaging system is developed and 

evaluated. In Chapter 5, we introduce a new approach for extending the depth of focus 

and improving the image quality with structured light in a conventional imaging 

system, such as photography, projector and microscopy, with the defocused, spherical 

and coma aberrations. In Chapter 6, we develop an analytical method of illuminance 

formation and color-difference for mixed-color LEDs in a rectangular light pipe. In 

Chapter 7, a dual-f-number illumination system and its application to DMD™ 

projection display is investigated. Finally we draw our conclusions and future works 

in Chapter 8. 
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Chapter 2  

 

General formalism for imaging and non-imaging 

optical systems 
 

2.1 Optical systems and their general structures: light pipes, camera, projector 

and microscopy 

The analysis of an optical system requires either analytical or numerical 

computation to determine the image quality on the image plane, which is taken by 

light rays as they come from an object and pass through the optical system. The 

general optical system with an imaging subsystem and a non-imaging subsystem is as 

schematically diagrammed in Fig. 2-1. The non-imaging system provides a desired 

illumination distribution and high optical collection efficiency in an incoherent 

imaging system. The function of the condenser is to project the light source directly 

into the aperture stop of the imaging lenses so that the lens aperture has the same 

brightness as the light source. The function of the imaging lens system is to image a 

bright and uniform illuminated object on the image plane. The platform of our 

investigations for the conventionally well-known optical systems will contain light 

pipe, photography, projector and microscopy as shown in Fig. 2-2, Fig. 2-3, Fig. 2-4 

and Fig 2-5, respectively. 

In this chapter we will introduce the optical tools for image performance 

evaluation in the general optical system. The subjects contain the pupil function and 

the optical transfer functions for an incoherent imaging system, and the illumination 

formation, color-difference function and Ètendue function for a non-imaging system. 
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In additional discussions of various aspect of the subjects, the reader may want to 

consult any of the following references: about Fourier optics [1] and wave aberration 

[2] of imaging optics, about non-imaging optics [26], about radiometry and 

photometry [27] and about color science [28].  

 

 
Figure 2-1 General schematic diagram of the optical system with an imaging subsystem and a 

non-imaging subsystem 

 

 
Figure 2-2 (a) The photograph of the light pipe with circle and rectangular shapes [29] and (b) the 

illustration of an illumination system with a light source and a light pipe for a uniform light output [30]. 

Illumination system provides a desired light distribution that may have little or no relationship to light 

distribution from the light source. Figure (b) shows an illumination system with a filament in a reflector 

which can provides a uniform light distribution at the end of a square light pipe.  

 

(a) (b)

Light pipe 
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Figure 2-3 (a) The photograph of a DSLR camera with flash light [31], (b) cutaway of an Olympus 

E-30 DSLR camera [32], (c) cross-section view and introduction of a DSLR camera [32] and (d) the 

schematic diagram of a photographic system with a camera, an imaging system, and a flash light, a 

non-imaging system. 

 

(a)

(b) 
(c)
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Figure 2-4 (a) The photograph of a projector- Optoma EP755 model [33], (b) cross-section view and 

introduction of a DLP projector, and (c) the schematic diagram of a projector system with a projection 

lens, an imaging system, and a light pipe illumination, a non-imaging system. 

 

 

(a) 

(c)

(b)
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Figure 2-5 (a) The photograph of an optical microscope [34], (b) cross-section view and introduction of 

a microscopic illumination system [35], (c) cross-section view and introduction of the illumination 

light path and image-forming light path in microscope [35]. The schematic diagrams of a microscopic 

system with an imaging lens, an imaging system, and an illumination, a non-imaging system are for (d) 

a transparent sample and (e) a reflective sample. 

 

(a) 

(b) (c)
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2.2 Pupil function formalism 

When an imaging system is diffraction limited, the point spread function (PSF) 

centering on the imaging point is the Fraunhofer diffraction pattern of the exit pupil. 

When there is a wavefront error in an imaging system, the exit pupil is illuminated by 

a perfect spherical wave, but that a phase-shifting plate exists in the aperture stop, 

thus deforming the wavefront passing the pupil. If the phase error at the point (x, y) in 

the exit pupil is represented by kW(x, y), where k=2π/λ and λ is the wavelength of the 

light. W(x, y) is the aberration function of the effective path-length error accumulated 

by that ray as it passes from the Gaussian reference sphere to the actual wavefront, the 

latter wavefront also being defined to intercept the optical axis in the exit pupil as 

illustrated in Fig. 2-6. Then the complex amplitude transmittance f(x, y) of the 

imaginary phase-shifting phase is given by  

  ( ) ( ) ( )[ ]     y x,ikW  exp yx, T  yx, f ′=                                 (2-1) 

The complex function f (x, y) is the generalized pupil function [1]. ( ) yx,T ′  

represents the amplitude transmittance over the normalized pupil coordinate.  

 

 
Figure 2-6 Illustration for defining the aberration function. [1] 
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The pupil function of an optical system with a circular symmetrical aperture is 

further given by [7] 

 

( ) ( ) ( )

 1   yx                                                                             0               

1   yx              yyxik  exp yx, T  yx, f
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where the term of the summation is the wave aberrations with the coefficients ωαβ in 

the polynomial. For example, ω20 is the wave aberration of the defocus coefficient; 

ω40 denotes the coefficient for spherical aberration, and ω31  denotes the coefficient 

for coma aberration. (x ,y ) are the normalized Cartesian coordinates, and k = 2π/λ, 

where λ is the wavelength of the light. Function ( ) yx,T ′ in Eq. (2-1) represents the 

amplitude transmittance over the normalized pupil coordinate that is scaled and 

normalized to make the outer periphery the unit circle, 1   yx 22 ≤+ .  

 

2.3 Optical transfer function 

The optical transfer function (OTF) represents the ratio of image contrast to 

specimen contrast when plotted as a function of spatial frequency, taking into account 

the phase shift between positions occupied by the actual and ideal image [36]. The 

OTF describes either the spatial or angular variation as a function of either spatial or 

angular frequency. When the image is projected onto a flat plane, such as 

photographic film or a solid state detector, spatial frequency is the preferred domain, 

but when the image is referred to the lens alone, angular frequency is preferred. In 

general terms, the optical transfer function can be described as: 

( ) ( ) ( )yxyxyx f,fPTFf,fMTFf,f OTF ⋅=                     (2-3) 
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where 

( ) ( )yxyx f,fOTFf,fMTF =                              (2-4) 

( ) ( )yx f,fi
yx ef,fPTF λπ⋅⋅−= 2

                               (2-5) 

and (fx, fy) are spatial frequency in the x-plane and y-plane, respectively. The OTF 

accounts for aberration. Its magnitude is known as the Modulation Transfer Function 

(MTF) and its phase is known as the Phase Transfer Function (PTF). Fig 2-7 shows 

the typical form the MTF and PTF curves of an imaging system can take and also 

show the most usual way in which these two parameters are plotted.  

 

 
Figure 2-7 Typical plot of MTF and PTF versus spatial frequency. [36] 

 

The OTF is derived from the autocorrelation of the pupil function by using the 

Hopkins canonical coordinate [37] and is given by  

( )
( ) ( )

( ) ( ) dy dx y  ,xf y  ,xf

dy dx y  ,s/2xf y  ,s/2xf
   s

- -

- -

∗∞

∞

∞

∞

∗∞

∞

∞

∞

∫ ∫
∫ ∫ −+

=τ             (2-6)                

where f (x, y) is the pupil function shown in Eq. (2-2) , f *(x, y) is the complex 

conjugate of f (x, y), and s is defined as the spatial frequency N F 2  s λ≡ . Here F 

is the f-number of the imaging lens system, λ is the wavelength, and N is the number 

of cycles per unit length in the image plane. The value of F is equal to the effective 
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focal length divided by D, where D is the diameter of the effective aperture stop and 

the effective focal length is determined by the optical magnification of the imaging 

lens.  

 

2.4 Illumination formation and color difference 

The equation of the luminous intensity of the light source with Lambertian 

characteristics is given as  

( ) oo 90    90-        ,cosJ J  J 0 ≤≤== θθθΩ                              (2-7) 

where JΩ is the luminous intensity (lumen sr-1 ) of a small incremental area of the 

source in a direction at an angle θ from normal to the surface, and J0 is the luminous 

intensity of the incremental area in the direction of normal. Thus, we can derive the 

illuminance distribution radiated from the Lambertian light source (i.e. LED) on an 

irradiated surface.   

With reference to Fig. 2-8, we assume that the illuminance position on a 

surface is (x, y), length R is the distance from the light source to the incremental area, 

length L is the distance from the light source to the surface, and angle θ is the angle 

from normal to the incremental area.  

 
Figure 2-8 Illustration of an LED light source radiating into a surface. 

 

The angle θ can be substituted by L, x, y and R, and is given by 
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( ) R
L  

yxL
L  cos

222
=

++
=θ                                     (2-8) 

The illuminance distribution on the irradiated surface is a function of θ3cos , 

which can be expressed as a function of J0, L, x and y according to Eqs. (2-7) and (2-8) 

as given by                  
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To identify the uniformity on an irradiated surface, we introduce the ANSI 

light uniformity defined by [38] 
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where the maximum deviation Ur+ or Ur- from the average of nine measurements is 

specified as a percentage of the average light output (9 measurement locations l= 1, 2, 

3…9) using the measurement described in Fig. 2-9, and at the four corners (i.e. l= 10, 

11, 12, 13) on the surface. 

 
Figure 2-9 Measurement locations at the center of nine equal rectangles of a 100% exit plane on 

irradiant surface. The four corner points 10, 11, 12 and 13 are located at 10% of the distance from the 

corner itself to the center of the measurement location 5 [38].  
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To identify the color uniformity on an irradiated plane, we introduce the ANSI 

color uniformity defined by [28] 

( ) ( ) 2
1
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'
1
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 −+−=∆ vvuuvu                            (2-12) 

where '
0u and '

0v are the average chromatic values of the nine measurements, and 

'
1u and '

1v are the value with the maximum deviation of the 13 measurements from the 

average chromatic values '
0u and '

0v  using the measurement described in Fig. 2-9. 

Finally we can derive the total color difference between two color stimuli, 

each given in the terms of L*, a*, b*, in CIE 1976 (L*a*b*) –space by [28]  
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where *L∆ , *a∆ and *b∆  are the values of the differences in *L , *a and *b between 

two color stimuli, respectively. The quantities *L , *a and *b are defined by        
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where ),( yxXX ww = , ),( yxYY ww =  and ),( yxZZ ww = are the tristimulus-values 

distribution and Xn , Yn , Zn are the tristimulus-values of the nominally white 

object-color stimuli given by the spectral radiant power of one of the CIE standard 

illuminants, for example, D65, reflected into the observer’s eyes by the perfectly 

reflecting diffuser. 
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2.5 Ètendue function for an asymmetric pupil 

Ètendue is an optical invariant of a light beam relative to the beam divergence 

and cross-section area in the illumination system [26]. It allows us to estimate the 

collection efficiency of the optical system. In this section, we develop the Ètendue 

model of the elliptic-shaped illumination-pupil system. 

 The formal definition of Ètendue is given by 

∫ ∫
Ω

Ω=
A

ddAE
),(

cos
φθ

θ ,                          (2-15) 

where E is the Ètendue, A is the cross-section area of light flux and Ω(θ,φ) is the solid 

angle of the beam divergence in the angular coordinate system [26,39]. θ is the half 

angles of the illumination cone and φ is the polar angle from 0 to 2π.  In the 

elliptic-shaped illumination-pupil system, θ is a function of φ , so the Ètendue 

equation is given by 
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The relationship between the half angle of the illumination cone and f-number 

is given by  

θsin2
1

2
1/# ===
NAD

ff ,                  (2-17)  

where D is the diameter of aperture-stop, NA is the numerical aperture, and  f is the 

effective focal length. In an elliptic-shaped illumination-pupil system, the 

illumination-pupil shape is elliptic and is expressed as the function of the polar angle 

φ,  

φε 22 cos1
2

−
==

b2rD                    (2-18) 
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where r is the radius of the ellipse of the elliptic-shaped illumination-pupil; 

a
b-a 22

=ε  is the numerical eccentricity of the ellipse; a and b are the major and 

minor semi-axis of the ellipse of the elliptic-shaped illumination-pupil and also 

described as the radii of aperture-stops in the tangential and sagittal axes, respectively.  

By putting Eqs. (2-17) and (2-18) into Eq. (2-16), the Ètendue expression of the 

elliptic-shaped illumination-pupil system is given by  
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The integration about φ can be carried out by resolving Eq. (2-19) into the terms [40], 
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Then, the integral term in Eq. (2-20) can be deduced by Mathematica® software [41] 

as   
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By putting Eq. (2-21) into Eq. (2-19), the Ètendue formula of the 

elliptic-shaped illumination-pupil system is given by 
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Where ( )
a
f/#f T 2

= and ( )
b
f/#f S 2

=  are the f-numbers of the elliptic-shaped 

illumination-pupil in the tangential and sagittal axes, respectively. As an illustration, 

the variation of the Ètendue with the tangential f-numbers and the sagittal f-numbers 

is calculated if we assume the cross-section area of light flux A is unit and shown in 

Fig. 2-2. 
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Figure 2-10  Variation of the Ètendue with the tangential f-number, (f / #)-T, for a variety of the 

sagittal f-number, (f / #)-S, i.e., from 1.0 to 4.0, in the optical system. 

 

Furthermore, the shape equation of the aperture-stops of the illumination 

system and the projection lens is given by  
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Where DS and DT are the diameters of the aperture-stops in the sagittal and tangential 

axes, respectively.  It should be noted that because the ±12°-tilt angle of DMD™, 

the (f / #)S should be limited by a value 2.4.  On the contrast, (f / #)T is determined by 

what the optical specifications are required; for examples, the trade-offs among the 

brightness, the resolution performance and the system volume, and so on. On the 
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other hand, DT is determined by the designs of (f / #)T and effective focal length in the 

illumination system and projection lens. 

Besides the collection efficiency, f-number also affects the image aberrations 

on the illuminated plane, for example, the spherical aberration is inversely 

proportional to (f-number)3 , the coma aberration is inversely proportional to 

(f-number)2 and the astigmatism or field curvature is inversely proportional to 

(f-number) in terms of third-order aberration theory. Larger aberrations lead to the 

blurred projected image on the edge of the illuminated plane, for example the film and 

light valve.  In order to keep the uniformity both on the center and edge of the 

illumination plane with the larger aberrations, it would be better to enlarge the overfill 

on the projected illumination spot to prevent the color band and shadow on the edge 

of illumination plane.  However, when the overfill could be enlarged, the collection 

efficiency may be lost on the illumination plane and, hence, the overall throughout in 

the optical system will be reduced. Therefore, both the collection efficiency and the 

aberration for the specific f-number have to be considered in the initial phase of 

illumination system design. 

 

2.6 Criteria on performance: aberration and modulation transfer function 

Aberration is the departure and errors occurring in the resulting image which 

is not conformed to the real image in the optical system. Aberration leads to blurring 

of the image produced by an image-forming system. It occurs when light from one 

point of an object after transmission through the system does not converge into (or 

does not diverge from) a single point. There are the following five types of 

monochromatic aberration which are called the Seidel aberrations: Spherical 

aberration, Coma, Astigmatism difference, Curvature of field and Distortion. And, 

there are the following two types of chromatic aberration: Longitudinal chromatic 
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aberration and Lateral chromatic aberration [18]. In a real optical system, the above 

seven aberrations are mixed. The effect of those wavefront aberrations on image 

quality is a fairly complex subject. Any deviation in the form of the wavefront away 

from spherical causes degradation in the quality of point images, thus also the quality 

of image as a whole. The hard part is to define the specifics of this general fact. 

Assessing the relation between optical aberrations and image quality requires not only 

the knowledge of the mechanism by which the aberrations influence the determinants 

of optical quality, but also establishing the universal criteria applicable to any and all 

the aberrations. Such criteria need to define specific aberration tolerances as a 

reference point in fabrication, evaluation and the use of geometrical optics and 

diffraction optics. 

The effect of aberrations on image quality is best assessed with the modulation 

transfer function (MTF) of the optical system. For that reason, this one quality 

indicator is addressed in more details. The MTF is a measure of the transfer of 

modulation (or contrast) from the subject to the image. In other words, it measures 

how faithfully the lens reproduces (or transfers) detail from the object to the image 

produced by the lens. Firstly, we have to define the type of test pattern being used. As 

shown in Fig 2-11, signal frequency of test pattern can be equated to a periodic line 

grating with the number of spacings per unit interval referred to as the spatial 

frequency. A common reference unit for spatial frequency is the number of line pairs 

per millimeter. As an example, a continuous series of black and white line pairs with a 

spatial period measuring 1 micrometer per pair would repeat 1000 times every 

millimeter and therefore have a corresponding spatial frequency of 1000 lines per 

millimeter.  
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Figure 2-11  The illustration of the MTF and spatial frequency in a lens system. [42] 

 

The formal definition of MTF: 

( ) ( )
( )IntensityMinIntensityMax

IntensityMinIntensityMax
f,fMTF yx +

−
=        (2-24) 

In Fig. 2-11, for the first pattern group, the MTF is 0.9. For the second pattern set, the 

MTF can be calculated to be 0.2. The point at which you can no longer see any 

variation in the image is the point at which the MTF is zero, and that's the definition 

of the "limiting resolution" of the lens in an optical system. In this case, the final 

pattern set with an MTF of 0.1 would be classified as "just resolved" by this lens. In 

addition to the type of test pattern, the light used for illumination and the type of 

detector used for recording also influence MTF. When describing the performance of 

a lens using MTF, we typically use a plot of MTF against "spatial frequency" as 

shown in Fig 2-12 (a). This shows three plots. The blue curve is a perfect (diffraction 

limited) aberration-free lens operating at f-number equal to 4 (i.e. f /4). The black 

curve is the same lens operating at f /8. At f /8 many lenses are close to diffraction 

limited in the center of the optical field, so you could obtain a trace like this in 



 

 25

practice. Note that the "resolution" at f /4, defined as the spatial frequency at which 

the MTF drops so low that you can't see any modulation in the image, is around 450 

line-pair/mm (lp/mm), while that of the perfect f /8 lens is exactly a half of that at 225 

lp/mm. For a perfect lens, the resolution as defined in these terms (MTF~0) is linearly 

related to the aperture and is given by: Resolution (spatial frequency @ MTF=0) = 

1800/(f-number). The red curve shows what you would expect from an f /4 lens with 

1/2 wavelength of wavefront error (not an unreasonable amount to find in a typical 

camera lens). As you can see at f /8 a lens may actually be better (i.e. have a higher 

MTF) than the same lens at f /4 with 1/2 wavelength of wavefront error, at least for the 

region from 0 to about 175 lp/mm. This is the basis of the old rule that lenses are 

often best when stopped down a couple of stops from maximum aperture. In Fig 2-12 

(b), the red region represents an MTF less than zero. What this means is that black 

areas appear as white and white areas appear as black, but in reality it can not be 

resolved. Resolution above the point at which the MTF first reaches zero is known as 

spurious resolution. 
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(a) 

 

(b) 

Figure 2-12  (a) A plot of MTF against "spatial frequency" for different designs of f /4 and f /8 lens, (b) 

the effect of defocus on MTF for an f /2.8 lens. [43] 
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Here is an example of an actual test pattern of USAF 1951 US Air Force 

resolution test chart [44] conform to MIL-STD-150A in Fig 2-13 (a), and recorded on 

film or detector in Fig 2-13 (b). As you can see the modulation in the finer spaced 

patterns with higher spatial frequencies in Group-II gets gradually more and more 

difficult to be resolved compared to the low spatial frequencies in Group-I. The higher 

the MTF of the lens, the finer spaced pattern that will be visible.  

 
Figure 2-13  (a) An image of USAF 1951 US Air Force resolution test chart [44], (b) A record of the 

test chart in a film or a detector through the lens in an optical system. 

 

The advantage of using OTF is both to analyzing and specifying the 

performance of imaging systems. One can compute the intensity distribution and 

contrast of an image if the intensity distribution of its corresponding object is known. 

The OTF of an imaging system can be calculated and simulated theoretically from the 

basic design data, so that it is feasible to design a lens system to meet OTF or MTF 

requirements with a desired image quality. The OTF of an entire system, such as a 

digital camera system can be predicted by computing the product of the OTFs of the 

individual sub-units in the system. The digital camera system consists of a lens, a 

CCD, an electronic circuit and a display, as shown in Fig 2-14. The MTF of an entire 

system at a spatial frequency s is given by  

Group-II Group-I 

(a) (b) 
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( ) ( ) ( ) ( ) ( )skMTFskMTFskMTFskMTFsMTF DisplayElectronicCCDLensSystem 4321 ×××=   

(2-25) 

Where MTFLens(k1s) etc are the MTFs of the sub-units in the system and k1 etc are 

the constants that relate to the spatial frequency at that sub-unit with spatial frequency 

s of the entire system. The PTF of the entire system is given by  

( ) ( ) ( ) ( ) ( )skTFPskTFPskTFPskTFPsTFP DisplayElectronicCCDLensSystem 4321 +++=  

(2-26) 

 
Figure 2-14  Schematic diagram of MTFs in an entire system 

 

The MTF of a system by multiplying together the MTFs of the sub-units is very 

valuable in optical design. The designer can optimize the performance of each 

sub-unit individually and then match with each other for the final image quality of the 

entire system.  

An important point of note is that an optical system, such as a photography or 

a microscopy consists of not only a lens system (an imaging system) but also an 

illumination system (a non-imaging system), but unfortunately MTF of an 

illumination light was generally assumed to be equal to unity in optical design. So, 

MTFs of a non-imaging system could be an effective factor for the final performance 

of an optical system. This issue will be investigated in this thesis as follows.   
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Chapter 3  

 

Optical transfer functions for the specific-shaped 

apertures generated by illumination with a 

rectangular light pipe 
 

3.1 Introduction 

In this chapter, we investigate, both analytically and numerically, the imaging 

properties of the optical system with specific shaped apertures produced by the 

Lambertian illumination with a rectangular light pipe by calculating the OTF using 

the Hopkins method [37].  The different shaped apertures studied here are the types 

in which the amplitude transmittances vary with the different geometric structures of 

light pipes from the center of the pupil toward its rim. In order to do an image 

evaluation, the purpose of this study is to calculate the OTF of the aberration-free 

optical system (i.e. in-focus system and a diffraction-limited system) and the 

defocused optical system. For the purpose of comparison, this chapter also includes 

the OTFs of these two optical systems with a clear aperture as carried out by Hopkins 

[37]. 

The remainder of this chapter is organized as follows. In Section 2 we revisit 

on light pipes and light guides. In Section 3, we describe the optical projection system 

with a light pipe. In Section 4, we derive the pupil functions of different geometric 

structures of light pipes. In Section 5 we derive and analyze the corresponding OTFs 

and analyze the image quality in an aberration-free optical system and in a defocused 

optical system, respectively. Finally we draw our summary in Section 6. 
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3.2 Revisit on light pipes and light guides: academic interest and current trends 

A light pipe is a commonly optical element that manages light properties in 

illumination systems, especially where extremely uniform illumination with specific 

illuminance distribution is required. Typical applications are in the illumination 

engines in the projectors, lithography, endoscopes and in optical waveguides.  In 

those applications, the illumination system is mostly a combination of a light pipe and 

the corresponding imaging system with a projection lens. A light pipe is made with 

parallel reflective sides, either as a cylinder or with a square or rectangular cross 

section. The light source can be located on one end of the light pipe and the other end 

is then the uniformly illuminated plane [18].  The uniform illumination on the exit 

end of the light pipe is determined by the ratio between the length to the diameter and 

also the cross-sectional shape of the light pipe [19].  The multiple reflections of the 

light source through the pipe can produce a spatially checkerboard-array-shaped light 

distribution at the aperture stop of the illumination system which is then projected to 

the aperture stop of the corresponding imaging system. Hence, we need to determine 

the pupil function with a specific shaped aperture generated by the light pipe in the 

optical transfer function (OTF) for the image evaluation in the optical system. The 

earlier investigations of the use of shaped apertures are all in annular apodizers [3], 

radial Walsh filters [5], multiple mirror telescopes [45], and the diffraction by an 

aperture with central obstruction [46], and non-uniform amplitudes [6,7].  

There are two kinds of the light pipes in term of the properties of the materials: 

hollow light pipe and solid light pipe. A hollow light pipe is made with parallel 

mirrors where the sidewalls join together and where coatings have the reflectivity of 

less than 100 and angular/color dependence. A solid light pipe is made of the 

dielectric material with the addition of the refraction, Fresnel loss, material absorption 

and a total internal reflection. Additionally, such a dielectric-filled light pipe brings a 
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factor of an index through Snell's law into the treatment of the angular profile and 

requires a longer length to obtain a given uniformity [13]. In order to have a 

convenient form of the pupil function, we employed the hollow straight light pipe in 

the calculation of the OTF in this chapter. The consideration of a hollow straight light 

pipe may be limited, but the study will provide a semi-analytical base of the 

connection between the non-imaging and the imaging in order to have a “uniform” 

source for imaging applications. 

 

3.3 Configuration of the optical system 

The schematic sketch of an optical projection system using a rectangular light pipe is 

illustrated in Fig. 3-1 showing the relationships between the pupils and fields. The 

system consists of the following subsystems: a light source with Lambertian angular 

distribution, an illumination system using a rectangular light pipe, a light valve and a 

projection system.  

 

 

Figure 3-1  Schematic diagrams of the optical projection system with the light pipe and light-valve to 

illustrate the relationship between pupils and fields.  

 

The Lambertian light source is located at the entrance of the light pipe, and the 

light source has an angular distribution extending from +90° to -90°. The exit is 
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uniformly illuminated by the multiple reflections through the light pipe. The uniform 

illuminance on the exit plane of the light pipe is transferred to its conjugate imaging 

plane on the light valve. The multiple reflections of the light source through the pipe 

can produce a spatial checkerboard-array-shaped light distribution that is a virtual 

image at the entrance of the light pipe. This virtual image is imaged onto the aperture 

stop of the illumination system by lens #1. Then, the image at the pupil of the 

illumination system is conjugately imaged onto the aperture stop of the corresponding 

projection lens system by lens #2 in the illumination system and lens #3 in the 

projection system. Finally, the image on the light valve is projected onto the screen by 

the projection lenses lens #3 and lens #4. 

The dimension of the light pipe and the light source is shown in Fig. 3-2, where 

a and b are the width and the height of the cross section of the light pipe, respectively, 

where L is the length of the light pipe and c is the size of the square light source. 

 

 
Figure 3-2  Schematic diagrams and Dimension of the light pipe and LED source. 

 

The light pipe is made with parallel reflective sides with a rectangular cross 

section. The multiple reflections of the light source through the pipe can produce a 

spatial checkerboard-array-shaped light distribution that is the virtual image of the 

light at the entrance of the light pipe as shown in Fig. 3-3 (a). The spaces between 

each adjacent light spot are: a on the vertical axis and b on the horizontal axis, which 
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are equal to the width and height of the cross section of the light pipe, respectively. 

And, the size of each light spot is equal to that of the light source. The luminous flux 

of each light spot is noted as Fm,n as shown in Fig. 3-3 (b). The subscripts m and n 

stand for the reflective times on the horizontal axis and vertical axis, respectively, and 

the plus and minus values of m and n denote the opposite directions of the light source. 

For example, F1,2 means the luminous flux of the light spot is reflected one time on 

the horizontal axis and two times on the vertical axis and its location is shown in Fig. 

3-3 (b).  

 

  (a)                            (b) 

Figure 3-3  (a) Principle operation of light pipe. (b) Image at the aperture stop in the optical system. 

The light pipe is made with the parallel reflective sides with the rectangular cross section. The multiple 

reflections of the light source through the pipe can produce the spatially checkerboard-array-shaped 

light distribution, a virtual image at the entrance of the light pipe.  

 

3.4 Optical computation for pupil function 

The equation of the luminous exitance from the light source is assumed as one pulse 

function shown in Fig. 3-4.  
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Figure 3-4  LED spatial light-intensity distribution’s chart. 

 

and expressed as, 
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where c is the size of the square light source, B0 is the luminous exitance (lumen cm-2) 

of the uniform light source, and H(x+c/2), H(x-c/2), H(y+c/2) and H(y-c/2) are the 

step functions. The luminous intensity of the light source with Lambertian 

characteristics is given by  

( ) oo 90    90-        ,cosI I  I 0 ≤≤==Ω θθθ                                (3-2) 

where IΩ is the luminous intensity (lumen ster-1 ) of a small incremental area of the 

source in a direction at an angle θ from normal to the surface, and I0 is the luminous 

intensity of the incremental area in the direction of normal. Then, we can derive the 

luminous flux (lumen) radiated from the Lambertian light source into the exit end of 

the light pipe.   

With reference to Fig. 3-5, we assume that the incremental rectangular area dA 

on the end plane of the light pipe is dxdy, length R is the distance from the light 

source to the incremental area, length L is the distance from the light source to the end 

plane of the light pipe, and angle θ is the angle from normal to the incremental area. 
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The values a and b are the width and the height of the cross section of the light pipe, 

respectively.  

 
Figure 3-5  Geometry of a LED source radiating into the exit plane of the light pipe. 

 

The angle θ can be substituted by L, x, y and R, and is given by 
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The luminous flux intercepted by the incremental area is the product of the luminous 

intensity of the light source and the solid angle, which can be expressed as the 

function of I0, L, x and y according to Eqs. (3-2) and (3-3) as given by                  
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Then, we determine the individual luminous fluxes of the virtual light spots on the 

entrance plane of the light pipe. The luminous flux F0,0 of the virtual light spot on the 

entrance plane of the light pipe is equivalent to the luminous flux F’
0,0 on the exit end 

of the light pipe, which is radiated without any reflection through the light pipe as 

shown in Fig. 3-6. We integrate Eq. (3-4) about x from –b/2 to +b/2 and about y 

from –a/2 and +a/2 to find the luminous flux F0,0  as given by  

( )[ ] ydxd
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=                            (3-5) 
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Also, we can derive the powers F0,1 and F0,2 that are radiated with one time reflection 

and a two times reflection through the light pipe, respectively, as shown in Fig. 3-6.  

 
Figure 3-6  Illustration of a LED source radiating into the exit plane of the light pipe for the different 

virtual light spot on the entrance plane of the light pipe. 

 

 and they are given by 
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where ρ is the reflectivity and the exponent of ρ is the reflective time. Finally we can 

then summarize the expression of the luminous flux for each virtual light spot on the 

entrance plane of the light pipe as follows, 

( )[ ]( )
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where |m| and |n| stand for the reflective times through the light pipe on the horizontal 

and vertical axis, respectively. 

In order to have a convenient form for the numerical evaluation, we make the 

reasonable assumption, 1  
L
y

L
x 22

<<





+






 . In most application cases that means that 

the dimension of the cross section of the light pipe should be much less than the 
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length of the light pipe. In this case, it is certain that the Lambertian light source is 

uniformly transferred on the exit plane of the light pipe [19]. The numerical aperture 

N.A. can be generally assumed around 0.5 as a minimum (i.e., the corresponding 

f-number is equal to unity) because of “Ètendue limited” in most of projection 

systems [39] and reducing an optical system to the commercial practice.  Based on 

the assumptions, the term in the integration in Eq. (3-8) can be approximately derived 

as the following expression,  
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  (3-9) 

Then, the integration of Eq. (3-8) can be carried out by substituting Eq. (3-9). Finally, 

the expression of the luminous flux for each virtual light spot on the entrance plane of 

the light pipe is given by 
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           (3-10)                

From Eq. (3-10), we know that the luminous flux Fm,n of the light spot can be 

nonlinearly decreased with the different reflective times m and n through the light 

pipe because of the characteristics of the angular profile for luminous intensity of a 

Lambertian light source. 

The pupil function of a defocused optical system with a circular aperture is 

referring to Eq. (2-2) and given by [6] 
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( ) ( ) ( )[ ]

 1   yx                                                                      0               

1   yx                              yxik  exp yx, T  yx, f

22

2222
20

>+=

≤++= ω
        (3-11) 

where ω20 is the wave aberration of the defocused coefficient, (x ,y ) are the 

normalized Cartesian coordinates, and k = 2π/λ, where λ is the wavelength of the light. 

Function T (x, y) in Eq. (3-11) represents the amplitude distribution over the pupil. 

The amplitude transmittance T (x, y) has a circular symmetrical pupil coordinate that 

is scaled and normalized to make the outer periphery of the unit circle, 1   yx 22 ≤+ .  

It is assumed that the corresponding diameter of the effective aperture stop in 

the projection lens system with be D. With reference to the array theorem [47], and by 

combining Eq. (3-1) and Eq. (3-10), we can derive the amplitude transmittance of the 

shaped aperture T (x, y) due to the multiple reflections through the light pipe as 

follows,  
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1-D/bInt  n  ,

2
1-D/a Int m                              (2-13) 

where Fm,n denotes the luminous flux for the individual light spot on the entrance 

plane of the light pipe,  )
D

2nb-(y)
D

2ma-(x δδ  denotes the delta function indicating 

the location of the individual light spot in the normalized coordinate on the entrance 

plane, ( ) ( ) ( )[ ] ( ) ( )[ ]c/D-y H - c/Dy H    c/D- xH - c/D xH yx, E' +×+=  is the 

individual light spot  illuminated by the Lambertian light source, then scaled and 

normalized in to the pupil coordinate, 
2

' 





=

D
cA  is the area of the individual light 
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spot at the pupil and 







'A

F nm,  is the illuminance (lux or lumen-cm-2) of the individual 

light spot at the pupil , while 





2
1-D/a Int  and 





2
1-D/bInt  are the inter parts of 







2
1-D/a  and 





2
1-D/b , respectively. It is evident that the total aperture function is 

formed by convolving the individual aperture function with an appropriate array of 

the delta function, each located at one of the coordinate origins ( ) 





=

D
2nb  ,

D
2may ,x nm , 

where m, n = …-2, -1, 0, 1, 2, … The quality and location for the individual aperture 

on the pupil depends on the dimension of the light pipe’s cross-section and length, 

and the specific diameter of the effective aperture stop in the optical system. The total 

aperture function is a direct result of the convolution theorem. 

Next we quantitatively investigate the relationship between the geometric 

structure of the square light pipe and the amplitude transmittance of the shaped 

aperture. And, it is assumed that there are no losses of the reflectivity (i.e., ρ =1), the 

absorption and the scatter in the light pipe for the simplification. The computer 

program for evaluating Eq. (3-12) is written in Mathematica software [41]. We 

evaluate three cases for the amplitude transmittance of the shaped aperture T (x, y) as 

follows, 

(1) Case-1: D=20, a= b= 2.5, L= 60 and c= 0.5, 1.0, 1.5 and 2.0, respectively. The 

distributions are shown in Fig. 3-7. The result shows that the individual aperture size 

can be shrunk with the dimension of the Lambertian light source shrunk to the 

specific diameter of the pupil. This is due to the fact that the size of the individual 

aperture is the same as the projection mapped from the Lambertian light source in the 

illumination system.  That is equivalent to the term ( )yx, E'  varied with c in Eq 

(3-12).  
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Figure 3-7  Total aperture functions on the normalized pupil in the condition of D=20, a=b=2.5 and 

L= 60 with (a) c=0.5, (b) c=1.0, (c) c=1.5, (d) c=2.0.  

 

(2) Case-2: D=20, c = 2.0, L= 60 and a = b= 2.5, 3.5, 5.0, 7.5 and 10.0, respectively. 

The distributions are shown in Fig. 3-8. The result shows us that the total aperture 

function consists of many individual aperture functions due to the light’s multiple 

reflection through the light pipe as mentioned in the previous section. The 

distance between the individual apertures can be increased with the dimensions of 

the cross-section of the light pipe, i.e. a and b values, becoming bigger for the 

specific diameter of the pupil. This is due to the fact that the cross-section size of 

the light pipe can affect the locations of the multiple reflected images through the 
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light pipe on the pupil as shown in Fig. 3-3(b). This is equivalent to the 

term )
D

2nb-(y)
D

2ma-(x δδ  varied with a and b in Eq (3-12). 
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Figure 3-8  Total aperture functions on the normalized pupil in the condition of D=20, c=2.0 and L= 

60 with (a) a=b=2.5, (b) a=b=3.5, (c) a=b=5.0, (d) a=b=7.5, (e) a=b=10.0. 
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(3) Case-3: D=20, a= b= 2.5, c= 2.0 and L= 20, 30, 60 and 120, respectively. The 

distributions are shown in Fig. 3-9. The result shows that the amplitude of the 

individual aperture can decrease from the center to the periphery when the light 

pipe’s length increases. The reason for this is that the length of the light pipe can 

affect the radiated solid angle and consequently the power of each individual light 

spot on the exit plane of the light pipe as shown in Fig. 3-6. That is to say, 

equivalent to the terms Im,n varied with L in Eq. (3-10) and Eq. (3-12). 
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Figure 3-9 Total aperture functions on the normalized pupil in the condition of D=20, a=b=2.5 and 

c=2.0 with (a) L=20, (b) L=30, (c) L=60, (d) L=120. 
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3.5 Optical transfer function and image performance evaluation 

The optical transfer function (OTF) is derived from the autocorrelation of the pupil 

function [37] by using the Hopkins canonical coordinates [48,49] and is given by  

( ) ( )
( )

( ) ( )

( ) ( ) dy dx y  ,xf y  ,xf

dy dx y  ,s/2xf y  ,s/2xf

0,0g
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∗
∞

∞

∞

∞

∗
∞

∞

∞

∞

∫ ∫
∫ ∫ ++

==              (3-14)                

where f (x, y) is the pupil  function shown as Eq. (3-11) , f *(x, y) is the complex 

conjugate of f (x, y), and s is defined as the spatial frequency, N )(f/# 2  s λ≡ , where 

f/# is the F-number of the projection lens system , λ is the wavelength and N is the 

number of cycles per unit length in the image plane. The denominator of Eq. (3-14) is 

the normalizing factor to make D0 (0) = 1. Then the g (s, 0) and g(0, 0) in OTF for the 

pupil function f (x, y) can be given by  
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and 
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where  s k 2  K 20ω= . Because the pupil function is an even function, the term of 

exp[iKx] can be reduced to cos[iKx] in the integral of Eq. (3-15). Then g(s, 0) is 

rewritten as 
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In order to have the numerical computation in the Mathematica software [41], we 

need to modify the Eq. (3-16) and Eq. (3-17) to the following convenient forms, i.e.,  
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where  
 p
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p
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where ( )[ ] ( )[ ]  
p'

s/2 -1y     ,q'
p'

s/2 -1 y 
1/221/22

=×= ∆ .  By substituting the integral in Eq. 

(3-16) and Eq. (3-17) with y-axis for the summation in Eq. (3-18) and (3-19), an 

initial setting of p=100 is made for the number of the interval used to find the value of 

( )[ ]
p'

s/2 -1y   
1/22

=∆  and  
 p

1 y  =∆  for g(s, 0) and g (0, 0), respectively. Different 

numbers of y, from ( )[ ] 2/122/s1-- to ( )[ ] 2/122/s1- , are then used to calculate the 

OTF. 

The OTF of different pupil functions is numerically calculated using the 

Mathematica software based on the Eq. (3-11)-(3-13), (3-18) and (3-19). The OTF of 

the aberration-free and defocused system with the clear aperture T0(x, y) =1 (x2+y2≦ 

1) and 0 (x2+y2 >1), already investigated by Hopkins [37], was calculated as a 

comparison. We calculated and analyzed the OTFs of the four cases that are with 

specific shaped aperture generated by the illumination with light pipe as follows, 

(1) Case-1:  the OTF in the aberration-free system with specific shaped apertures of 

different geometric structure of the light pipe: a = b= 2.5 is fixed, L= 60 is fixed, 

but c varies from 0.5, 1.0, 1.5 to 2.0, as shown in Fig. 3-7. The OTF’s calculation 

results are shown in Fig. 3-10. The general tendency of the OTF curve versus the 

number of the individual aperture within the pupil in readily evident. There are a 

total of 9 × 9 =81 individual apertures within the pupil. Meanwhile, there are 9 

peaks on the OTF curve at the near-periodically spatial frequencies around 0, 0.25, 

0.50, 0.75, 1.00, 1.25, 1.50, 1.70 and 1.90.  The OTF values of the odd-peak 



 

 45

frequencies for different sizes of the Lambertian light sources (i.e. value c) remain 

very similar to the values of the OTF’s of the corresponding frequencies for the 

clear aperture.  However, the OTF values of the even-peak frequencies can 

decrease with the decrease in the light-source size. Therefore, if the size of an 

individual aperture is much less than that of the pupil, then OTF values of the 

even-peak frequencies will be almost zero. 
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Figure 3-10  Optical transfer functions in aberration-free system with a clear aperture T0 and specific 

apertures generated by different light pipe’s geometric structure with fixed a=b=2.5 and fixed L= 60 

and different conditions of c=0.5, c=1.0, c=1.5 and c=2.0. 

 

(2) Case-2:  the OTF in the aberration-free system with specific shaped apertures of 

different geometric structure of the light pipe: c = 2.0 is fixed, L= 60 is fixed, but 

a = b varies with 2.5, 3.5, 5.0, 7.5 and 10.0, as shown in Fig. 3-8. The results of 

the OTF’s calculation are shown in Fig. 3-11. For a=b=2.5, there are a total of 9 

× 9 = 81 individual apertures within the pupil, and there are 9 peaks on the OTF 

curve. For a=b=3.5, there are a total of 7 × 7 = 63 individual apertures within the 

pupil, and there are 7 peaks on the OTF curve.  Together with the other cases, 
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we can conclude that if there are a total of n × n individual apertures within the 

pupil then there will be n peaks on the OTF curve. Furthermore, the peaks show at 

nearly periodic responses to the OTF curve. 
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Figure 3-11  Optical transfer functions in aberration-free system with a clear aperture T0 and specific 

apertures generated by different light pipe’s geometric structure with fixed c=2.0 and fixed L= 60 and 

different conditions of a=b=2.5, a=b=3.5, a=b=5.0, a=b=7.5 and a=b=10.0. 

 

(3) Case-3:  the OTF in the aberration-free system with specific shaped apertures of 

different geometric structure of the light pipe: a = b= 2.5 is fixed, c= 2.0 in fixed 

but L varies with 20, 30, 60 and 120, as shown in Fig. 3-9. The OTF’s calculation 

results are shown in Fig. 3-12. We can see that the values of the OTF remain 

almost unchanged with the different lengths of the light pipe (i.e. the value of L.) 

even though the amplitude of the individual aperture decreases from the center to 

the peripheral when the length of the light pipe is increases. 
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Figure 3-12 Optical transfer functions in aberration-free system with a clear aperture T0 and specific 

apertures generated by different light pipe’s geometric structure with fixed a=b=2.5 and fixed c= 2.0 

and different conditions of L=20, L=30, L=60 and L=120. 

 

(4) Case-4:  the OTF in the defocused system with the clear shape and the fixed 

shaped apertures and with a geometric structure of the fixed light pipe: a = b= 2.5 

is fixed, c= 2.0 is fixed, and L =60 is fixed too, as shown in Fig. 3-8 (a). The 

OTFs are calculated for the different defocused coefficients for 

ω20= 0, λ/π, 2λ/π, 3λ/π, 5λ/π and 10λ/π, as shown in Fig. 3-13 (a) and Fig. 3-13 

(b), respectively. The spatial frequency of the first zero is commonly defined as 

the resolution limit of the optical system with aberration, and we can assume that 

the first corresponding zero is the degree of the defocused system. When we 

compare Fig. 3-13 (a) to Fig. 3-13 (b), it is evident that the degree of defocus for 

the optical system with a clear aperture is equal to that of the optical system with 

specific shaped apertures generated by the light pipe. Therefore, we can conclude 

that the geometric structure of the light pipe does not affect the resolution limit of 
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the optical system. We also find that the OTFs of the defocused system can 

coincide with those of the aberration-free system under the condition of a larger 

ω20. 
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Figure 3-13 Optical transfer functions in defocused system with (a) a clear aperture and (b) one specific 

aperture generated by different light pipe’s geometric structure with a=b=2.5, c= 2.0 and L=60 for the 

different defocused coefficients ω20= 0, λ/π, 2λ/π, 3λ/π, 5λ/π and 10λ/π. 
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3.6 Summary and remarks 

The pupil function of the specific shaped aperture generated by illumination 

with a rectangular hollow light pipe has been investigated. The corresponding OTFs 

were derived in the aberration-free and defocused optical systems, respectively.  The 

semi-analytical results indicate that the OTF’s curve of the optical system can vary 

with the different shaped apertures that are generated by the illumination with light 

pipes and light sources of different geometric structures.  

In summary, (1) the OTF values of the even-peak frequencies can decrease 

when the size of the Lambertian light source decreases, (2) if there are a total of n × 

n individual apertures within the pupil, then there are n near-periodical peaks on the 

OTF curve, (3) the OTF’s values remain almost unchanged with the different length 

of the light pipe, (4) the geometric structure of the light pipe does not affect the 

resolution limit of the optical system, and the case of the defocused system can 

coincide with that of the aberration-free system under the condition of a larger 

defocused coefficient ω20. 

The semi-analytical method can be extended for any symmetrical 

cross-section shape of the light pipe, for example, the hexagonal cross-section shape 

or elliptical one, and any asymmetrical cross-section shape of the light pipe, which 

can generate the symmetrical and asymmetrical forms of the pupil function, 

respectively. For these cases, it is difficult to describe the pupil functions of the 

specific shaped apertures using the photometric method, as we did for rectangular 

light pipes. However, by utilizing a simulation package, one can easily verify the 

illumination distribution for the specific light pipes by Monte Carlo non-sequential 

ray tracing. Then, we can obtain an approximating pupil function which performs a fit 

for a sequence of ray-tracing data using the interpolation method, and we can 

calculate and analyze the OTFs of the specific cases finally. 
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Furthermore, the semi-analytical method can be extended for the lithography 

optical system with the mercury arc lamp and quartz rectangular light pipe, for the 

color-LED array with specific light pipe, or for the endoscope optical system with 

circular light pipe and so on. Also, this method can also be applied to other kinds of 

light integrator in an optical system, such as for example, the fly-eye integrator. 

Because the level of the requirements of the resolution for the object, the light-valve 

and the light-mask will continue to increase, an investigation into the relationship 

between the projection system and the illumination system is certainly worthwhile 

and will be explored in the future.   
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Chapter 4  
 

Programmable apodizer in incoherent imaging 

system using a digital micromirror device 
 

4.1 Introduction 

This chapter proposes a programmable apodizer using a digital micromirror 

device and the total-internal-reflection prism subsystem for incoherent imaging 

systems. It is shown that the proposed programmable apodizer can extend the depth of 

focus with the specific shaped aperture generated by the digital micromirror device.  

With a scale ratio K equal to or less than 0.05, one can achieve almost the same level 

of imaging quality as provided by the conventional annular apodizer, where K 

represents the ratio between the integer multiple of the micromirror’s square pixel size 

and the diameter of the effective aperture stop. 

The remainder of this chapter is organized as follows. In Section 2, we revisit 

on expending the depth of focus (EDOF) and digital micromirror device (DMD). In 

Section 3, we describe the configuration of the proposed system which consists of a 

digital micromirror device and a total-internal-reflection prism subsystem is 

illustrated.  In section 4, we derive the pupil functions of the differently shaped 

apertures which are generated by the digital micromirror device.  Then, in section 5, 

we calculate the optical transfer function and analyze the image quality in such an 

incoherent imaging system. Furthermore, the corresponding OTFs is evaluated and 

then to identify the imaging performance for a system of perfect imaging 

(aberration-free) as well as the defocused one in section 5. Finally, the summary and 

remark are given in section 6. 
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4.2 Revisit on extending the depth of focus (EDOF) and digital micromirror 

device (DMD): technology impact 

Extending the depth of focus (EDOF) in an imaging system has been a 

long-standing issue in optical designs. Enhancing the quality of an image can be 

achieved and determined not only by the pupil function but also by its amplitude 

transmittance [1].  Non-uniform amplitude transmission filters can be employed to 

vary the response of an optical imaging system, for instance, to increase the focal 

depth and to decrease the influence of spherical aberration. Earlier EDOF 

investigations and experiments were carried out on annular apodizers [3,4], 

non-uniform shaped apertures [6,7] and wave-front coding [8,9] in imaging systems, 

where the nature of light is incoherent.  However, none of those are programmable 

for the amplitude transmission at the aperture stop.   From the point of view of 

potential applications as well as from a purely academic interest perspective, it is 

worthwhile to explore the possibility of how to realize a programmable apodizer for 

incoherent imaging systems. 

In the literature, amplitude-transmitting filters for apodizing and 

hyper-resolving can be implemented with a programmable liquid-crystal spatial light 

modulator operating in a transmission-only mode in a coherent imaging system with 

the laser light source, polarizers and quarter-wavelength plates [50,51].  In this 

chapter, we proposed a programmable apodizer using the digital micromirror device 

(DMD™; Texas Instrument, Dallas, Tex.) [52] and the total-internal-reflection (TIR) 

prism subsystem in a polarization-free mode in an incoherent imaging system. We 

evaluated the imaging properties of the incoherent imaging system with a specific 

shaped aperture generated by DMD™ by calculating the optical transfer function 

(OTF) using the Hopkins method [37]. We also included the OTF of the specific 

shaped aperture for the conventional annular apodizer, which has been demonstrated, 
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both theoretically and experimentally, by Mino and Okano [6] to show that the 

proposed programmable apodizer can not only extend the depth of focus but can also 

achieve almost the same level of imaging quality as the conventional annular apodizer 

in an incoherent imaging system. 

 

4.3 Configuration of the optical system with digital micromirror device 

The schematic sketch of an incoherent imaging system using one DMD™ and 

a charge-coupled device (CCD) imager is illustrated in Fig. 4-1. The system is formed 

by an image-taking lens module and a prism module.  By following the paths of the 

axial rays as indicated by the solid lines in Fig. 4-1, the rays starting from a point in 

the object pass through Lens #1 and a prism module. The size of the axial cone of 

energy from the object is limited by the aperture stop on the DMD™. The DMD™ 

consists of hundreds of thousands of moving micromirrors that are made to rotate to 

either +12° or -12° positions depending on the binary state, i.e. on-state or off-state, of 

the underlying Complementary Metal Oxide Semi-conductor Synchronized Dynamic 

Random Access Memory (CMOS SRAM) cells below each micromirror [52].  

 
Figure 4-1 Schematic diagram of the incoherent imaging system with the DMD™ and the 

total-internal-reflection (TIR) prism subsystem. 
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The DMD™ array size is 1024×768, and the pixel micromirrors measure 

~13.7 µm square to form a matrix having a high fill factor of around 90%. The prism 

system comprises two transparent prisms, with an air gap between them. Total 

internal reflection (TIR) at the interface between the prism and the air gap is utilized 

to separate the rays by their angle. Total-internal-reflection (TIR) prism has been 

applied into the DMD™-based projection display in practice [14]. The prism system 

can guide the rays onto and away from the DMD™ simultaneously. The rays 

indicated by the dotted lines in Fig. 4-1 from the object are imaged and focused onto 

the CCD by Lens #2 when the configuration of the DMD™ is the on-state.  When 

the configuration of the DMD™ is the off-state, the rays indicated by the dashed lines 

in Fig. 4-1 are steered away in the opposite direction, and the rays from the object are 

not imaged on the CCD. The DMD™ performs a spatial light modulation to rapidly 

generate a specific shaped aperture with either uniform or non-uniform illumination 

distribution at the aperture stop in an imaging system within the limited exposure time. 

This digital micromirror device can provide a programmable apodizer with a specific 

binary transmission for the incoherent imaging system. This implementation is not 

limited by this practical device. The TIR prism performs light separation to manage 

the illuminations and also make the normal vectors of the object, aperture stop and 

image planes, respectively, coincide with the optical axis of the optical imaging 

system with the most compact volume. 

 

4.4 Optical computation for pupil function 

The pupil function of a defocused optical system with a circular symmetrical aperture 

is referring to Eq. (2-2) and given by [6] 
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( ) ( ) ( )[ ]
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          (4-1) 

where ω20 is the wave aberration of the defocused coefficient, (x ,y ) are the 

normalized Cartesian coordinates, and k = 2π/λ, where λ is the wavelength of the light. 

Function ( ) yx,T ′ in Eq. (4-1) represents the binary amplitude distribution over the 

normalized pupil coordinate that is scaled and normalized to make the outer periphery 

the unit circle, 1   yx 22 ≤+ . The binary amplitude transmittance ( ) yx,T ′  is 

generated by the DMD™ as shown in Fig. 4-2.  

 
Figure 4-2  Illustration of the binary amplitude transmittance ( )y,xT ′  for the normalized circular 

aperture which is generated by the DMD™. ( )y,xT  represents a specifically shaped aperture for a 

conventional annular apodizer. 

 

We can derive the amplitude transmittance of the shaped aperture ( ) yx,T ′  in 

an on-state configuration as follows,  
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where ⊗ represents the convolution operation. ( ) ( )221 yxyx,T +−=  denotes 

the amplitude transmittance with a continuous profile at the aperture stop which can 

extend the focal depth in the imaging system with a conventional annular apodizer [6]. 

D is the corresponding diameter of the effective aperture stop. c represents the width 

of each square individual aperture generated by DMD™ in the pupil plane, which is 

equal to an integer multiple of the value d, with d being the width of each square pixel 

in the DMD™. ( )[ ] ( )[ ]2nc/D-y2mc/D-x δδ  denotes the delta function indicating the 

location of the individual aperture in the normalized coordinate on the aperture stop. 

( ) ( ) ( )[ ] ( ) ( )[ ]c/D-y H - c/Dy H    c/D- xH - c/D xH yx, E' +×+=  is the binary amplitude 

transmittance of the individual shaped aperture, which is then scaled and normalized 

into the pupil coordinate. ( )[ ]2/1-D/c Int  is the interpart of ( )[ ]2/1-D/c . H(x+ c/D), 

H(x- c/D), H(y+ c/D) and H(y- c/D) are the step functions. It is evident that the total 

aperture function is formed by convolving the individual aperture function with an 

appropriate array of the delta function, each located at one of the coordinate 

origins ( ) ( )2nc/D  ,2mc/Dy ,x nm = , where m, n = …-2, -1, 0, 1, 2, …  

The quality and location of the individual aperture on the pupil depends on the 

scale ratio defined as 

( )c/DK ≡                                                   (4-4) 

for the specific diameter of the effective aperture stop on the DMD™ in the imaging 

system. The value of the scale ratio K determinates how many resolutions, how many 

gray levels and how fast the DMD™ can dynamically generate the shaped apertures 

within a specific exposure time.  
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It is worthwhile to give an example for illustration.  If the DMD™ array is 

1024×768 with a pixel size of 13.7 µm square, and the active area is 14.03 mm × 

10.52 mm = 147.60 mm2 [52], then the number of D is ~10.52mm (i.e. equal to the 

width of the active area of the DMD) if the effective aperture stop is located on the 

circular area centered at the actual DMD™. In the case of K =0.05, the width of each 

individual square aperture c is 0.53mm and is equivalent to 38 square pixels with the 

same amplitude transmittance. There are 10 (i.e. ( )[ ] 12 +/1-D/c Int ) gray levels for a 

specific shaped aperture including the full bright mode and full dark mode. The 

current DMD™- based system can offer 8 bits or 256 gray levels within a time period 

of 5.6 ms per primary color [52]. Thus, the DMD™ can rapidly generate one shaped 

aperture with 10 gray levels within the very short exposure time of 0.22 ms (i.e. 

5.6×10/256) in the case of K =0.05.  

The computer program for evaluating Eq. (4-2)-(4-4) is written in 

MATHEMATICA software [41]. We assumed D=2 for the simplification and 

evaluated four cases for the scale ratios K=0, K =0.05, K =0.1 and K =0.3. The binary 

amplitude transmittances of the shaped apertures ( ) yx,T ′  are shown in Fig. 4-3. The 

scale ratio K=0 stands for the amplitude transmittance with a continuous profile.  It 

is evident that the scale level of the binary amplitude transmission at the aperture stop 

increases with the reduction of scale ratio K, and the distribution of the binary 

amplitude transmission gets close to the continuous profile if the scale ratio K 

decreases.  
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Figure 4-3  Binary Amplitude transmittance ( )y,xT ′  with T(x, y) =1- (x2+y2) on the normalized 

pupil in the condition of D=2, and scale ratios at (a) K=0, (b) K=0.05, (c) K=0.1, and (d) K=0.3, which 

are generated by DMD™.  

 

In order to evaluate the relationship between the image performance and the 

size of the individual square aperture on the normalized pupil, we modified Eq. (4-2) 

and (4-3) to the following equations. 

( ) ( ) ( ) )
D

2na-(y )
D

2ma-(xyx,T yx,E'  yx,T
m n

δδ∑∑⊗=′               (4-5) 

1 
2

1-D/a Intn ,m0 +



≤≤                                     (4-6) 

where ⊗ represents the convolution operation. ( ) 1=yx,T denotes the 

amplitude transmittance with a clear aperture. D is the corresponding diameter of the 

effective aperture stop. c represents the width of each square individual aperture 

generated by DMD™ in the pupil plane. The parameter a represents the distance 

between each square individual aperture as shown in Fig. 
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4-2. ( )[ ] ( )[ ]2na/D-y2ma/D-x δδ  denotes the delta function indicating the location of 

the individual aperture in the normalized coordinate on the aperture stop. 

( ) ( ) ( )[ ] ( ) ( )[ ]c/D-y H - c/Dy H    c/D- xH - c/D xH yx, E' +×+=  is the binary amplitude 

transmittance of the individual shaped aperture, which is then scaled and normalized 

into the pupil coordinate. ( )[ ]2/1-D/a Int  is the interpart of ( )[ ]2/1-D/a . H(x+ c/D), 

H(x- c/D), H(y+ c/D) and H(y- c/D) are the step functions. It is evident that the total 

aperture function is formed by convolving the individual aperture function with an 

appropriate array of the delta function, each located at one of the coordinate 

origins ( ) ( )2na/D  ,2ma/Dy ,x nm = , where m, n = …-2, -1, 0, 1, 2, … We assumed D=2 

and a=0.25 in Eq. (4-5) and (4-6).  Four cases of the binary amplitude transmittances 

( ) yx,T ′ for c=0.05, c =0.1, c =0.15 and c =0.2 were computed and shown in Fig. 4-4.  

There are nine individual apertures along x-axis and y-axis within the pupil, 

respectively. The results show that the individual aperture size on the normalized 

pupil is shrunk with the width of each square individual aperture (i.e. the value c) 

generated by DMD™. That is equivalent to the term  ( )yx, E'  varied with c in Eq. 

(4-5).  
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Figure 4-4  Binary Amplitude transmittance ( )y,xT ′  with T(x, y) =1 on the normalized pupil in the 

condition of D=2 in different conditions of (a) c=0.05, (b) c=0.1, (c) c=0.15 and (d) c=0.2, which are 

generated by DMD™.  

 

4.5 Optical transfer function and image performance evaluation 

The OTF is derived from the autocorrelation of the pupil function by using the 

Hopkins canonical coordinate [37, 48-49] and is given by  

( ) ( )
( )

( ) ( )

( ) ( ) dy dx y  ,xf y  ,xf

dy dx y  ,s/2xf y  ,s/2xf
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∫ ∫
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==τ                (4-7)                

where f (x, y) is the pupil  function shown in Eq. (4-1) , f *(x, y) is the complex 

conjugate of f (x, y), and s is defined as the spatial frequency N F 2  s λ≡ . Here F is 

the f-number of the imaging lens system, λ is the wavelength and N is the number of 

cycles per unit length in the image plane. The denominator of Eq. (4-7) is the 
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normalizing factor for making τ0 (0) = 1.  The g (s, 0) and g(0, 0) in the OTF for the 

pupil function f (x, y) can then be given by 

( ) [ ]( )
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and 
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where  s k 2  A 20ω= . Because the pupil function is an even function, the term of 

exp[ iAx] can be reduced to cos [ Ax] in the integral of Eq. (2-8). Then g (s, 0) can be 

rewritten as 
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Eqs. (2-9) and (2-10) can be further modified as 
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where ( ) ( ) 1/py     ,q1/p y =×= ∆ . 
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where ( )[ ] ( )[ ]  
p'

s/2 -1y     ,q'
p'

s/2 -1 y 
1/221/22

=×= ∆ . By replacing the integral in Eqs. (2-9) 

and (2-10) with the y-axis for the summation in Eqs. (2-11) and (2-12), an initial 

setting of p=100 is made for the number of intervals used to find the value of 

( )[ ] p'/s/2 -1y   
1/22=∆  and  1/p y  =∆  for g(s, 0) and g (0, 0), respectively. Different 

numbers of y, from ( )[ ] 2/122/s1-- to ( )[ ] 2/122/s1- , are then used to calculate the 

OTF. 
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The OTF of the different pupil functions are numerically computed using 

MATHEMATICA software [41] based on Eqs. (4-2)-(4-4), (4-11) and (4-12) for 

binary amplitude transmittances of the aperture functions for K=0.05, K=0.1, and 

K=0.3 which are shown in Fig. 4-3. The OTF of the aberration-free and defocused 

system with a clear aperture T(x, y) = 1 (i.e. a uniform-shaped aperture) and one 

specific shaped aperture T(x, y) =1- (x2+y2), as x2+y2 ≦ 1, and T(x,y)=0 as x2+y2 > 1, 

over the normalized pupil coordinate which is scaled to make the outer periphery as 

one unit circle, i.e., 1   yx 22 ≤+ , respectively, already investigated theoretically and 

experimentally in the literature [6], are calculated again here for comparison. 

The results for the aberration-free system i.e., ω20= 0 is shown in Fig. 4-5(a), 

and the defocused systems with ω20= λ/π, 3λ/π, 5λ/π, 10λ/π and 15λ/π are shown in 

Figs. 4-5 (b)-(f), respectively. We compared the OTF of the different scale ratios K to 

the OTF of a clear aperture T(x, y) = 1.  For the large values of ω20  , e.g., 

5λ/π, 10λ/π and 15λ/π as shown in Fig. 4-5(d)-(f), the spatial frequency 

corresponding to the first zero becomes smaller. Since the spatial frequency of the 

first zero generally represents the resolution limit of a defocused imaging system, we 

can take the first zero as defining the degree of focus. The larger degree of focus in 

the larger value of ω20  commonly represents the longer depth of focus in a defocused 

system. For the large values of ω20  , the degree of focus for the aperture with scale 

ratio K less than 0.3 is larger than for the aperture T(x, y) = 1. It is evident that the 

specific shaped aperture, which is generated by the DMD™ with scale ratio K=0.3 or 

less, can then extend the depth of focus compared to a clear aperture in the 

conventional imaging system.  We also compared the OTF of the different scale 

ratios K to the OTF of one specific shaped aperture T(x, y) =1- (x2+y2).  The OTF 

value of the former increased and got close to the OTF value of the latter when the 

scale ratio K decreased gradually, especially in the low spatial frequency region. This 
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shows that the OTFs of the specifically shaped aperture, which are generated by the 

DMD™, with scale ratio K=0.05 or less can coincide with the OTF of the 

conventional annular apodizer with continuously-shaped aperture.  

 

Figure 4-5  Optical transfer functions in an aberration-free system and a defocused system with 

different defocused coefficients (a) ω20= 0, (b) ω20= λ/π,  (c) ω20= 3λ/π, (d) ω20= 5λ/π, (e) ω20= 10λ/π 

and (f) ω20= 15λ/π, for binary amplitude transmittances of the aperture functions for K=0.05, K=0.1, 

and K=0.3, which are generated by the DMD™, and for a clear aperture T(x, y) = 1 and one specific 

shaped aperture T(x, y) =1- (x2+y2) of a conventional annular apodizer, respectively. 
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To highlight the capability of our approach, we take a spoke pattern to explore 

imaging performance.  Referring to Fig. 4-6, in column A, one could see the images 

for the clear aperture, while in column B, the images for the specific shaped aperture 

with scale ratio K=0.05 are shown.  Furthermore, the lines (a)-(d) correspond to the 

images obtained with the defocused coefficients of 

ω20= 0, ω20= 5λ/π, ω20= 10λ/π, and ω20= 15λ/π, respectively. Comparing with the 

images for the specific shaped aperture, the images for the clear aperture show a more 

critical loss of contrast at high spatial frequencies with larger ω20.  Hence, we can 

conclude that the image quality will be enhanced as the specific shaped aperture is 

used, especially for the large defocus coefficients in an imaging system.  In other 

words, as for a real implementation of the DMD™, the specific shaped aperture can 

extend the depth of focus compared to a clear aperture in the conventional imaging 

system.  
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Figure 4-6  The computer-simulated images of spoke patterns for A, a clear aperture, and B, a specific 

shaped aperture with the scale ratio K=0.05 obtained with different defocused coefficients: (a) 

ω20= 0, (b) ω20= 5λ/π, (c) ω20= 10λ/π and (d) ω20= 15λ/π. 

 

In order to evaluate the relationship between the image performance and the 

size of the individual square aperture on the normalized pupil, we computed the OTF 

of the other types of pupil functions based on Eqs. (4-5)-(4-6), (4-11) and (4-12) for 
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the binary amplitude transmittances ( ) yx,T ′ for c=0.05, c =0.1, c =0.15 and c =0.2 in 

the conditions of ( ) 1=yx,T , D=2 and a=0.25 which is shown in Fig. 4-4. The OTF 

of the aberration-free system with a clear aperture T(x, y) = 1 was also calculated here 

for comparison. The OTF’s calculation results for the aberration-free system are 

shown in Fig. 4-7. The general tendency of the OTF curve versus the number of the 

individual aperture within the pupil is readily evident. There are nine individual 

apertures along x-axis and y-axis within the pupil, respectively. Meanwhile, there are 

nine peaks on the OTF curve at the near-periodic spatial frequencies around 0, 0.25, 

0.50, 0.75, 1.00, 1.25, 1.50, 1.70 and 1.90.  The OTF values of the odd-peak 

frequencies for different sizes of the individual apertures (i.e., value c) remain very 

similar to the values of the OTF’s of the corresponding frequencies for the clear 

aperture.  However, the OTF values of the even-peak frequencies can decrease with 

decrease in the size of the individual aperture. Therefore, if the size of an individual 

aperture is much less than that of pupil, then OTF values of the even-peak frequencies 

will almost be zero. 
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Figure 4-7  Optical transfer functions in an aberration-free system with a clear aperture and the binary 

amplitude transmittances of the aperture functions for different conditions of c=0.05, c=0.1, c=0.15 and 

c=0.2, which are generated by the DMD™. 
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4.6 Summary and remarks 

One programmable apodizer using the digital micromirror device (DMD™) 

and the total-internal-reflection (TIR) prism system has been applied to incoherent 

imaging systems. The OTF model semi-analytically demonstrated that the proposed 

programmable apodizer for the specifically shaped aperture generated by a digital 

micromirror device can extend the depth of focus compared to a clear aperture in a 

defocused system. It shows that the specifically shaped aperture with scale ratio K 

equal to or less than 0.05 can achieve the same improved imaging quality as that of 

the conventional annular apodizer.  Meanwhile, the general tendency of the OTF 

curve versus the number of the individual aperture and the binary amplitude 

transmittances with the discontinuous peak profile within the pupil has been 

investigated. It is evident that the OTF values of the even-peak frequencies can 

decrease when the size of the individual aperture decreases.  

It is worth noting that the proposed model can rapidly generate one 

specifically shaped aperture with 10 gray levels within the very short exposure time of 

0.22 ms in the case of K =0.05. On the other hand, the TIR prism can make the 

normal vectors of the object, aperture stop and image planes, respectively, coincide 

with the optical axis of the optical imaging system for a very compact volume.  

Further refinement of the shaped aperture design should be able to dynamically 

provide improved imaging quality for many varied scenes.  
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Chapter 5  

 

Extending the depth of field in conventional 

imaging system with structured light at aperture 

stop 
 

5.1 Introduction 

In this chapter we propose a programmable structured light to shape one binary 

incoherent source of illumination to improve the depth of focus and numerically 

demonstrate the improvement of image quality in conventional imaging system such 

as photography, projector and optical microscopy.  As a theoretical demonstration 

and as a reference for further practical implementation, we also propose to use a 

digital micromirror device (DMD™; Texas Instrument, Dallas, Tex.) [58] or light 

emitting diode (LED) array module in a non-imaging subsystem. The shaped pupil 

with this specific incoherent illumination, i.e., the proposed structured light, is 

projected onto the aperture stop in an incoherent imaging system. We will evaluate the 

imaging properties of the projection system with defocus,  spherical aberration and 

coma, where a specifically shaped pupil on the aperture stop is embedded, by 

calculating the optical transfer function (OTF) using the Hopkins method [37]. We 

then take the computer-simulated images of resolution patterns to explore the image 

performance. We also include the OTF of the specifically shaped aperture for the 

conventional annular apodizer, as demonstrated, both theoretically and experimentally 

by Mino and Okano [6], to show that the proposed programmable shaped pupil does 

not only extend the depth of focus but can also achieve almost the same level of 
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imaging quality as the conventional annular apodizer in an incoherent imaging 

system. 

The remainder of this chapter is organized as follows. In Section 2, we introduce 

what structured lighting and smart lighting are. In Section 3, we revisit Kohler 

illumination and its applications. We design and illustrate three configurations of (1) a 

photography system with structured light, (2) a projector system with embedded 

illumination modulator and (3) a microscopic system with structured illumination in 

Sections 4, 5 and 6, respectively. Then, in Section 7, we compute the pupil functions 

of the differently shaped pupil that are generated by DMD and LED, and we calculate 

the optical transfer function for those optical systems of perfect imaging 

(aberration-free) as well as the defocused, spherical and coma aberrations. 

Furthermore, the corresponding image performances are evaluated and identified in 

Section 8. Finally, the conclusions are given in section 9. 

 

5.2 Revisit on structured lighting 

Structured light is the projection of a light pattern, such as a plane, grid, or more 

complex shape, at a known angle onto an object as illustrated in Fig 5-1. This 

technique can be very useful for imaging and acquiring dimensional information 

[53,54]. The most often used light pattern is generated by fanning out a light beam 

into a sheet-of-light using a laser scanning system or an optical projector. When a 

sheet-of-light intersects with an object, a bright line of light can be seen on the surface 

of the object. By viewing this line of light from an angle, the observed distortions in 

the line can be translated into height variations. Either scanning or projecting the 

object with the light constructs 3-D information about the shape of the object. This is 

the basic principle behind depth perception for machines, or 3D machine vision. 

Another method of obtaining optical sectioning is using structured light in a 
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conventional wide-field microscope by projecting a single-spatial-frequency grid 

pattern onto the object [55] as shown in Fig. 5-2. It provides a method with partially 

coherent illumination to resolve the entire image volume of an object that is 

substantially similar to those obtained with confocal microscopes.  Above 

investigations are to project the specific structured light onto the object to produce an 

optically sectioned image for detecting the depth of field in photography or extending 

the depth of focus in microscopy. 

 
Figure 5-1 (a) A schematic diagram of structured lighting system for 3D Scanning [56]. (b) From left to 

right: a structured light scanning system containing a pair of digital cameras and a single projector, two 

images of an object illuminated by different bit planes of a gray code structured light sequence, and a 

reconstructed 3D point cloud [57]. 
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Figure 5-2  A schematic diagram of the structured lighting system for a conventional wide-angle 

microscopy [55] where (a) is an autofocus image of lily pollen grain, obtained by the structured 

lighting microscopic system. The field size is 100µm × 70µm. (b) Conventional image of lily pollen 

grain when the microscope is focused in a mid-depth plane. 

 

5.3 Köhler illumination and its modification 

Köhler illumination [18] is a popular method used in optical microscopy and 

projector. The general configuration of Köhler illumination is schematically 

diagrammed in Fig. 5-3. It provides a uniform illumination and high optical collection 

efficiency in an incoherent imaging system. The function of the condenser is to image 

the light source directly into the aperture stop of the imaging lens system so that the 

lens aperture has the same brightness as the light source. The function of the imaging 

lens system is to produce a bright and uniform illuminated object on the image plane. 

For optical microscopy, the object is either a transparent or a reflective sample, and 

the image plane is human eyes or a charge-coupled device (CCD) imager. For optical 

projector, the object is a film or a light valve, such as liquid crystal device (LCD), and 

the image plane is a screen. It is apparent that the maximum illumination on the image 

plane is limited by the size of the aperture stop in the imaging lens system. Therefore, 
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if the imaging size of light source is equal to or greater than the size of the aperture 

stop, the illumination is optimized, and if the condenser is sufficiently larger so that 

the illumination light is not vignetted, the illumination over the full image filed is as 

uniform as possible.  

    

 

Figure 5-3 General schematic diagram of the Köhler illumination system and the conjugate focal 

planes. 

 

The primary aberrations which are concerned in Köhler illumination system 

are spherical and chromatic aberrations; coma, field curvature, astigmatism, and 

distortion are of secondary importance [18].  The spherical aberration could be 

controlled by splitting one condenser into two or three spherical lens elements, or by 

replacing the condenser with the aspherical lens element in order to correct the 

illumination light at the marginal zone of the condenser and the edge of the field. The 

chromatic aberration could be corrected by designing one achromatic doublet as usual. 

It should be noted that if the imagine lens aperture is only partially filled by the light 

source image, the diffraction effects will differ from those associated with a fully 

illuminated aperture. For example, if only the center of the aperture is illuminated, 

this “semi-coherent illumination” causes the modulation transfer function (MTF) at 
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low spatial frequencies to be increased, and the MTF at high spatial frequencies to be 

reduced.  

In this chapter we will expend this principle and investigate what the image 

quality will be if we modulate the illumination distribution at the aperture stop in an 

incoherent imaging system as shown in Fig 5-4. We design a programmable 

structured light to shape one binary incoherent source of illumination using a spatial 

light modulator (SLM), such as DMD and LED array, which is imaged into the 

aperture stop in an incoherent imaging system and calculate the optical transfer 

function (OTF) for evaluating the corresponding image performance.  

 

 

Figure 5-4  Schematic diagram of the modified Köhler illumination system with a shaped aperture 

using the structured light and the conjugate focal planes. 

 

5.4 Configuration of the photography systems with structured light 

The schematic sketch of an optical system with the programmable shaped 

pupil in photography is illustrated in Fig. 5-5. The system consists of a non-imaging 
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subsystem and an incoherent imaging subsystem. The non-imaging subsystem is 

formed by an illumination optical module, a uniform white light source (for example, 

a white high-brightness light emitting diode, LED) and a digital micromirror device 

(DMD™; Texas Instrument, Dallas, Tex.) [58] The DMD is a means of creating the 

structured light.  This implementation is not limited by this practical device.  The 

imaging subsystem is formed by an image-taking lens module and a charge-coupled 

device (CCD) imager.  

Two kinds of incoherent imaging systems for a reflective object and a 

transparent one are shown in Fig. 5-5(a) and Fig 5-5(b), respectively. In the 

non-imaging subsystem, by following the paths of the axial rays, as indicated by the 

dotted lines in Fig. 5-5, the rays starting from a uniform white light source pass 

through Lens #1 and project on DMD™. Then, the uniform illumination is projected 

on the object field using Lens #1 and Lens #2. The size of the axial cone of energy 

from the object is limited by the active area on the DMD�. The DMD� consists of 

hundreds of thousands of moving micromirrors that are made to rotate to either +10° 

or -10°　 positions depending on the binary state, i.e. on-state or off-state, of the 

underlying Complementary Metal Oxide Semi-conductor Synchronized Dynamic 

Random Access Memory (CMOS SRAM) cells below each micromirror [58]. The 

DMD array size is 800×600, and the pixel micromirrors measure ~17.0µm square to 

form a matrix having a high fill factor of around 90%. The rays, indicated by the solid 

lines in Fig. 5-5 from the DMD™, are imaged onto the aperture stop in imaging 

system by Lens #2 and Lens #3 when the configuration of the DMD™ is in the 

on-state. When the configuration of the DMD™ is in the off-state, the rays are steered 

away in the opposite direction, and the rays from DMD™ are not imaged onto the 

aperture stop.  
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Figure 5-5  Schematic diagrams of the optical systems with one incoherent imaging subsystem and 

one non-imaging subsystem to illustrate the relationship between the aperture stop and the field for (a) 

a reflective object and (c) a transparent object. 

 

In the imaging subsystem, the paths of the of the axial rays as indicated by the 

dashed lines in Fig. 5-5, start from the object and pass through Lens #3 and Lens #4 

and are imaged onto the image field on CCD. The size of the axial cone from the 

object is limited by the f-number of the image-taking lens module. By following the 

paths of the axial rays as indicated by the solid lines, the aperture stop in the imaging 

subsystem is designed to be a conjugate with the DMD™ plane in the non-imaging 

subsystem by using Lens #2 and Lens #3. We assume the aberration free in this 
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non-imaging subsystem. In most cases of an imaging system, there is a difference in 

the depth of focus between the two extreme sides of the object, compared to the 

reference plan on the central field of the object plan as shown in Fig. 5-5.    

For the entire optical system, the DMD™ performs a spatial light modulation 

to rapidly and field-sequentially generate a specific structured lighting with either 

uniform or non-uniform illumination distribution on the aperture stop of the imaging 

subsystem. This structured flash light can provide a programmable shaped pupil with 

a specific binary transmission for the incoherent imaging system in photography. 

 

5.5 Configuration of the projector system with embedded illumination 

modulator 

The schematic diagram of the projector system is illustrated in Fig. 5-6. The system 

consists of an illumination modulator and a projection module. The illumination 

modulator is formed by a uniform white light source (typically, for example, a white 

high-brightness light emitting diode or high pressure mercury lamp), a prism module 

and a digital micromirror device (DMD™; Texas Instrument, Dallas, Tex.) [58]. 

Obviously, the implementation is not limited by this kind of practical device. The 

projection module is a projection lens. 

In the illumination modulator, by following the optical path of the illumination 

rays as indicated by the dotted lines in Fig. 5-6, the rays starting from a uniform light 

source pass through Lens #1 and a prism module. The size of the axial cone of energy 

from the light source is limited by the active area on the DMD�. The DMD� 

consists of hundreds of thousands of moving micromirrors that are made to rotate to 

either +12° or -12° positions depending on the binary state, i.e. on-state or off-state, of 

the underlying Complementary Metal Oxide Semi-conductor Synchronized Dynamic 

Random Access Memory (CMOS SRAM) cells below each micromirror [58]. The 
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DMD™ array size is 1024×768, and the pixel micromirrors measure ~13.7 µm square 

to form a matrix having a high fill factor of more than 90%. The prism system 

comprises two transparent prisms with an air gap between them. Total internal 

reflection (TIR) at the interface between the prism and the air gap is utilized to 

separate the rays by their angles. Total-internal-reflection (TIR) prism has been 

applied into the DMD™-based projection display [14]. The prism system can guide 

the rays onto and away from the DMD™ simultaneously. The rays, indicated by the 

solid lines in Fig. 5-6 from the DMD™, are imaged onto the aperture stop in 

projection system by Lens #2 and Lens #3 when the configuration of the DMD™ is in 

the on-state. When the configuration of the DMD™ is in the off-state, the rays are 

steered away in the opposite direction, and the rays from DMD™ are not imaged onto 

the aperture stop.  

 

 

Figure 5-6 Schematic diagram of the projector system with a Köhler illumination subsystem and a 

projection subsystem to illustrate the relationship between the aperture stop and the digital micromirror 

device. The dotted and solid lines indicate the optical path of the illumination rays in a Köhler 

illumination system. The dashed lines indicate the optical path of the imaging rays in a projection 

system. 

 

In the projection system, the optical path of the imaging rays as indicated by the 

dashed lines in Fig. 5-6, start from the light valve and pass through Lens #3 and Lens 
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#4 and then are imaged onto the screen. The light valve utilized here is a transmissive 

liquid crystal device (LCD) with the angular dependence of the transmittance which 

could reduce the amplitude transmittance especially on the peripheral area of the 

aperture stop. We assume the angular dependence of the transmissive LCD could be 

ignored for simplification because the incident angle of the illumination light onto 

LCD panel is about 12°~14.5°,which is equivalent to f-numbers 2.0~2.4 in a typical 

projector system, much smaller than the viewing angle of a typical LCD panel [59]. 

Obviously, the implementation is not limited by this kind of device, for example, we 

could also use DMD™ and liquid crystal on silicon (LCoS). The size of the axial cone 

from the light valve is limited by the f-number of the projection lens module, the 

acceptable cone angle and the physical size of the light valve, and the f-number of the 

illuminator modulator according to Ètendue theorem which is an optical invariant of a 

light beam relative to the beam divergence and cross-sectional area for estimating 

maximum collection efficiency in a projection system [22]. 

By following the optical path of the illumination rays as indicated by the solid 

lines in Fig. 5-6, the aperture stop in the projection system is designed to be a 

conjugate with DMD™ plane by using Lens #2 and Lens #3. For simplification in 

illustration, we assume that the pupil aberration is corrected and could be ignored for 

this Köhler illumination system. For the entire optical system, the DMD™ performs a 

spatial light modulation to rapidly and field-sequentially generate a specifically 

shaped pupil with either uniform or non-uniform illumination distribution on the 

aperture stop of the projection system.  

 

5.6 Configuration of the microscopic system with structured illumination 

The schematic diagram of the optical system with programmable structured 

illumination in a microscope is illustrated in Fig. 5-7, where two kinds of microscopic 
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systems, transparent type and reflective one, are shown with (a) and (b) respectively.  

The system consists of a Köhler-illumination subsystem and an imaging subsystem. 

The Köhler-illumination subsystem includes a condenser lens module and one set of 

illumination modulator with DMD™ which is mentioned in Section 5.5.  The 

imaging subsystem has an image-taking lens module and a charge-coupled device 

(CCD) imager.   

 

 
Figure 5-7  Schematic diagrams of the optical systems in microscopy with DMD illumination 

modulator for (a) a transparent sample and (b) a reflective sample.  

 

For a transparent object in the Köhler-illumination subsystem, by following the 

paths of the marginal rays, as indicated by the dashed lines in Fig. 5-7 (a), the rays 

starting from DMD pass through Lens #1 (i.e. a condenser) and the transparent object. 

Then, the light of DMD is projected on the aperture stop of the image subsystem 

using Lens #1 and Lens #2. The size of the axial cone of energy from the DMD is 

limited by the size of aperture stop. In the imaging subsystem, the object is imaged 

onto the image field on CCD by the use of Lens #2 (i.e. objective lens) and Lens #3 
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(i.e. eyepiece). For a reflective object, by following the paths of the marginal rays, as 

indicated by the dashed lines in Fig. 5-7 (b), the rays starting from DMD pass through 

Lens #1 (i.e. a condenser), and the illumination light is folded by a beam splitter and 

arrives the object plane. Then, the illumination of DMD is reflected from object and 

projected on the aperture stop in the image subsystem using Lens #2 by following the 

paths of the rays, as indicated by the solid lines.  In the imaging subsystem, the 

object is imaged onto the image field on CCD by the use of Lens #2 (i.e. objective 

lens) and Lens #3 (i.e. eyepiece). We assume there is no aberration in this 

Köhler-illumination subsystem to simplify the analysis. 

For the entire optical system, the DMD performs a spatial light modulation to 

rapidly generate a specific structured illumination with either uniform or non-uniform 

illumination distribution on the aperture stop of the imaging subsystem. This 

structured illumination can provide a programmable shaped pupil with a specific 

transmission for the imaging system in microscope. 

 

5.7 Optical computation for pupil function and optical transfer function 

The pupil function of an imaging system with defocused, spherical aberration and 

coma for a circular symmetrical aperture is referring to Eq. (2-2) and given by 

( ) ( ) ( ) ( ) ( )[ ]{ }

 1   yx                                                                                                           0               

1   yx            yyxyxyxik  exp yx, T  yx, f

22

2222
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22
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22
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>+=

≤+×+++++′= ωωω 2
 (5-1) 

where ω20 is the wave aberration of the defocus coefficient, ω40 denotes the 

coefficient for spherical aberration, and ω31  denotes the coefficient for coma 

aberration. (x,y) are the normalized Cartesian coordinates, and k = 2π/λ, where λ is 

the wavelength of the light. Function ( ) yx,T ′ in Eq. (5-1) represents the binary 

amplitude distribution over the normalized pupil coordinate that is scaled and 
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normalized to make the outer periphery the unit circle, 1   yx 22 ≤+ . The binary 

amplitude transmittance ( ) yx,T ′  is generated by the DMD™ as shown in Fig. 5-8.  

 
Figure 5-8  Illustration of the binary amplitude transmittance ( )y,xT ′  for the normalized circular 

aperture which is generated by the DMD™. ( )y,xT  represents a specifically shaped aperture for a 

conventional annular apodizer. 

 

We can derive the amplitude transmittance of the shaped aperture ( ) yx,T ′  in an 

on-state configuration as follows,  

( ) ( ) ( ) )
D

2nc-(y )
D

2mc-(xyx,T yx,E'  yx,T
m n

δδ∑∑⊗=′             (5-2) 

 
2
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≤≤                                        (5-3) 

where ⊗ represents the convolution operation, ( ) ( )221 yxyx,T +−=  denotes the 

amplitude transmittance with a continuous profile at the aperture stop which can 

extend the focal depth in the imaging system with a conventional annular apodizer [6], 

D is the corresponding diameter of the effective aperture stop, and c represents the 

width of each square individual aperture generated by DMD™ in the pupil plane, 
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which is equal to an integer multiple of the value d, with d being the width of each 

square pixel in the DMD™.  Furthermore, ( )[ ] ( )[ ]2nc/D-y2mc/D-x δδ  denotes the 

delta function indicating the location of the individual aperture in the normalized 

coordinate on the aperture stop. 

( ) ( ) ( )[ ] ( ) ( )[ ]c/D-y H - c/Dy H    c/D- xH - c/D xH yx, E' +×+=  is the binary amplitude 

transmittance of the individual shaped aperture, which is then scaled and normalized 

into the pupil coordinate. ( )[ ]2/1-D/c Int  is the interpart of ( )[ ]2/1-D/c . H(x+ c/D), 

H(x- c/D), H(y+ c/D) and H(y- c/D) are the step functions. It is evident that the total 

aperture function is formed by convolving the individual aperture function with an 

appropriate array of the delta function, each located at one of the coordinate 

origins ( ) ( )2nc/D  ,2mc/Dy ,x nm = , where m, n = …-2, -1, 0, 1, 2, …   

As to be shown below, the quality of performance could be identified by a 

scale ratio which is defined as 

( )c/DK ≡                             (5-4) 

The value of the scale ratio K determinates how many resolutions, how many gray 

levels and how fast the DMD™ can dynamically generate the shaped apertures within 

a specific exposure time.  It is worthwhile to give an example for quantity reference.  

If the DMD™ array is 1024×768 with a pixel size of 13.7 µm square, and the active 

area is 14.03 mm × 10.52 mm = 147.60 mm2 [58], then the number of D is ~10.52mm 

(i.e. equal to the width of the active area of the DMD) provided that the effective 

aperture stop is located on the circular area centered at the actual DMD™. In the case 

of K =0.05, the width of each individual square aperture c is 0.53mm and is 

equivalent to 38 square pixels with the same amplitude transmittance. There are 10 

(i.e. ( )[ ] 12 +/1-D/c Int ) gray levels for a specifically shaped aperture including the full 

bright mode and full dark mode. The current DMD™- based system can offer 8 bits 

or 256 gray levels within a time period of 5.6 ms per primary color [58]. Thus, the 
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DMD™ can rapidly generate one shaped aperture with 10 gray levels within the very 

short exposure time of 0.22 ms (i.e. 5.6×10/256) in the case of K =0.05.  

The computer program for evaluating Eq. (5-2)-(5-4) is written in 

MATHEMATICA software [41]. We assumed D=2 for simplification and evaluated 

three different scale ratios, i.e., K=0, K =0.05, and K =0.3. The binary amplitude 

transmittances of the shaped apertures ( ) yx,T ′  are shown in Fig. 5-9. The scale ratio 

K=0 stands for the amplitude transmittance with a continuous profile.  It is evident 

that the scale level of the binary amplitude transmission at the aperture stop increases 

with the reduction of scale ratio K, and the distribution of the binary amplitude 

transmission gets close to the continuous profile if the scale ratio K decreases.  

 
Figure 5-9  Total aperture functions on the aperture stop, which are generated by the DMD™ in the 

conditions of (a) clear aperture, (b) K=0, (c) K= 0.05 and (d) K= 0.3. 
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In order to evaluate the relationship between the image performance and the 

size of the individual square aperture on the normalized pupil (i.e., fill factor or 

aperture ratio), we modified Eqs. (5-2) and (5-3) to the following equations. 

( ) ( ) ( ) )
D

2na-(y )
D

2ma-(xyx,T yx,E'  yx,T
m n

δδ∑∑⊗=′               (5-5) 

1 
2

1-D/a Intn ,m0 +



≤≤                                     (5-6) 

where ⊗ represents the convolution operation. ( ) ( )221 yxyx,T +−=  is the amplitude 

transmittance with a continuous profile at the aperture stop, D is the corresponding 

diameter of the effective aperture stop, c represents the width of each square 

individual aperture generated by DMD in the pupil plane. The parameter a represents 

the distance between each square individual aperture as shown in Fig. 5-8. 

( )[ ] ( )[ ]2na/D-y2ma/D-x δδ  denotes the delta function, indicating the location of the 

individual aperture in the normalized coordinate on the aperture stop. 

( ) ( ) ( )[ ] ( ) ( )[ ]c/D-y H - c/Dy H    c/D- xH - c/D xH yx, E' +×+=  is the amplitude 

transmittance of the individual shaped aperture, which is then scaled and normalized 

into the pupil coordinate. ( )[ ]2/1-D/a Int  is the interpart of ( )[ ]2/1-D/a  and H(x+ 

c/D), H(x- c/D), H(y+ c/D) and H(y- c/D) are the step functions. It is evident that the 

total aperture function is formed by convolving the individual aperture function with 

an appropriate array of the delta function, each located at one of the coordinate 

origins ( ) ( )2na/D  ,2ma/Dy ,x nm = , where m, n = …-2, -1, 0, 1, 2, … We also take D=2 

and a/D=0.3 in Eq. (5-5) and (5-6). The fill factor represents the ratio of c and a. Six 

cases of the amplitude transmittances ( ) yx,T ′ with the fill factors ranged from 100% 

to 50% were computed as shown in Fig. 5-10. There are 9 apertures (3× 3 array) 

within the pupil. The results show that the individual aperture size on the normalized 

pupil is shrunk when the fill factor decreased. That is equivalent to the term ( )yx, E'  

varied with c in Eq. (5-5).  
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Figure 5-10  Amplitude transmittance ( )y,xT ′  with T(x, y) =1 on the normalized pupil in the 

condition of D=2 and the fill factors (a) 100%, (b) 90%, (c) 80%, (d) 70%, (e) 60% and (f) 50%. 

 

(a) 

(c) (d) 

(b) 

(e) (f) 
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The OTF is derived from the autocorrelation of the pupil function by using the 

Hopkins canonical coordinate [37, 48-49] and is given by  

( ) ( )
( )

( ) ( )

( ) ( ) dy dx y  ,xf y  ,xf

dy dx y  ,s/2xf y  ,s/2xf
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where f (x, y) is the pupil  function shown in Eq. (5-1) , f *(x, y) is the complex 

conjugate of f (x, y), and s is defined as the spatial frequency N F 2  s λ≡ . Here F is 

the f-number of the projection lens system, λ is the wavelength, and N is the number 

of cycles per unit length in the image plane. The value of F is equal to the effective 

focal length divided by D, where D is the diameter of the effective aperture stop and 

the effective focal length is determined by the optical magnification of the projection 

lens. The denominator of Eq. (5-7) is the normalizing factor for making τ0 (0) = 1.  

The g (s, 0) and g(0, 0) in the OTF for the pupil function f (x, y) can then be given by 
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and 
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Eqs. (5-8) and (5-9) can be further modified as 
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where ( )[ ] ( )[ ]  
p'

s/2 -1y     ,q'
p'

s/2 -1 y 
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where ( ) ( ) 1/py     ,q1/p y =×= ∆ . 

By replacing the integral in Eqs. (5-8) and (5-9) with the y-axis for the 

summation in Eqs. (5-10) and (5-11), an initial setting of p=100 is made for the 

number of intervals used to find the value of ( )[ ] p'/s/2 -1y   
1/22=∆  and  1/p y  =∆  

for g(s, 0) and g (0, 0), respectively. Different numbers of y, from ( )[ ] 2/122/s1-- to 

( )[ ] 2/122/s1- , are then used to calculate the OTF. 

The OTFs of the different pupil functions are numerically computed using 

MATHEMATICA software [41] based on Eqs. (5-1)-(5-4), (5-10) and (5-11). We 

calculated the OTFs and analyzed the image performances of five different cases for 

the differently shaped apertures in an aberration-free system and incoherent imaging 

systems with defocused aberration, spherical aberration, the coma aberration.  

 

Case 1: Defocus   

We calculated the OTFs of the clear aperture, one conventional annual apodizer and 

two specifically shaped pupils with the scale ratios K= 0.05 and 0.3, respectively, for 

defocused systems with the defocus coefficients ω20= 0, λ/π, 3λ/π, 5λ/π, 10λ/π and 

20λ/π, as shown in Fig. 5-11, where we assumed that spherical and coma aberration 

are free, i.e.,ω40 = ω31 =0.  
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Figure 5-11  Optical transfer functions in an aberration-free imaging system and a defocused imaging 

system without spherical aberration ω40= 0 and coma aberration ω31= 0, but with different defocus 

coefficients ω20= 0, ω20= λ/π, ω20= 3λ/π, ω20= 5λ/π, ω20= 10λ/π  and ω20= 20λ/π  for amplitude 

transmittances of the aperture functions for (a) clear aperture, (b) K= 0, (c) K= 0.05, and (d) K= 0.3. 

 

For the large values of ω20   from 5λ/π to 20λ/π, the spatial frequency 

corresponding to the first zero becomes smaller. Since generally the spatial frequency 

of the first zero represents the resolution limit of a defocused imaging system, we can 

take the first zero as defining the degree of focus for each case. The larger degree of 

focus in the larger value of ω20  commonly represents the longer depth of focus in a 

defocused system. The OTF of a clear aperture T(x, y) = 1 (i.e. a uniform-shaped 

aperture), is shown in Fig. 5-11 (a), and was investigated in the literature [6]. The 

OTF of one annual apodizer T(x, y) =1- (x2+y2), at (x2+y2 ≦ 1) and 0 at (x2+y2 > 1) 

with K= 0, is shown in Fig. 5-11 (b), and was previously investigated and proven by 

the use of the theoretical and experimental approaches in literature [6]. Two former 

cases are computed again here for comparison. For the large values of ω20  especially 

(a) (b)

(c) (d)
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greater than 5λ/π, the degree of focus for the shaped pupil with a scale ratio K of less 

than 0.3, as shown in Fig. 5-11 (c) and (d), is significantly larger than that for the 

clear aperture T(x, y) = 1. It is evident that the specifically shaped pupil, which is 

generated by DMD™ with a scale ratio K=0.3 or less, can significantly extend the 

depth of focus compared to a clear aperture in the conventional imaging system. We 

also compared the OTF of the different scale ratios K to the OTF of the conventional 

annual apodizer T(x, y) =1- (x2+y2).  The OTF value of the former increased and 

came close to the OTF value of the latter when the scale ratio K decreased gradually. 

In Fig. 5-11 (b) and (c), it shows that the OTFs of the specifically shaped pupil with a 

scale ratio K=0.05 or less can coincide with the OTF of the conventional annular 

apodizer with continuously-shaped aperture. For the case of K=0.3, i.e., the scale ratio 

K now increases, as shown in Fig. 5-11 (d), the OTF value decreases in the low spatial 

frequency region especially for the defocus coefficients ω20  less than λ/π. But, the 

OTF value increases in the high spatial frequency region especially for ω20  greater 

than 10λ/π when K= 0.3. It indicates that the degree of focus can increase for the 

specifically shaped pupil in the defocused imaging system when K increases. This is 

as a result of weighting the light intensity from the airy disk to the rings of the 

diffraction pattern when designing the specifically shaped pupil in the imaging system 

for extending the depth of focus [1].  

 

Case 2: Spherical aberration  

Here we turn to focus on the clarification of the influence of spherical aberration.  

The spherical aberration is the essential aberration along optical axis, i.e., on-axis 

aberration. We calculated the OTFs of the clear aperture, one conventional annual 

apodizer and two specifically shaped pupils with the scale ratios K= 0.05 and 0.3, 

respectively, for the imaging systems with the coefficients for spherical aberration 
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ω40= 0, λ/π, 3λ/π, 5λ/π, 10λ/π and 20λ/π, as shown in Fig. 5-12, if we assumed that 

defocused and coma aberration are free, i.e. ω20 = ω31 =0. The OTF of a clear aperture 

T(x, y) = 1 (i.e. a uniform-shaped aperture), is shown in Fig. 5-12 (a). The OTF of one 

annual apodizer T(x, y) =1- (x2+y2), at (x2+y2 ≦ 1) and 0 at (x2+y2 > 1) with K= 0, is 

shown in Fig. 5-12 (b). The OTFs for the shaped pupil with a scale ratio K of less than 

0.3, as shown in Fig. 5-12 (c) and (d), are significantly larger than that for the clear 

aperture T(x, y) = 1 in Fig. 5-12 (a) at all spatial frequency.  

 

Figure 5-12  Optical transfer functions in an aberration-free imaging system and an imaging system 

without defocus aberration ω20= 0 and coma aberration ω31= 0, but with different spherical aberration  

coefficients ω40= 0, ω40= λ/π, ω40= 3λ/π, ω40= 5λ/π, ω40= 10λ/π  and ω40= 20λ/π for amplitude 

transmittances of the aperture functions for (a) clear aperture, (b) K= 0, (c) K= 0.05, and (d) K= 0.3.  

 

It is evident that the specifically shaped pupil, which is generated by DMD™ with 

a scale ratio K=0.3 or less, can significantly extend the depth of focus compared to a 

clear aperture in the conventional imaging system with spherical aberration. The OTF 

(a) (b)

(c) (d) 



 

 91

of K=0.3 is slightly lower than but similar to that of K=0.05 in Fig 5-12 (c) and (d). It 

indicates that the degree of focus could be similar for the specifically shaped pupil in 

the imaging system with spherical aberration when K varies from 0.05 to 0.3. We also 

compared the OTF of the different scale ratios K to the OTF of the conventional 

annual apodizer T(x, y) =1- (x2+y2).  The OTF value of the former increased and 

came close to the OTF value of the latter when the scale ratio K decreased gradually. 

In Fig. 5-12 (b) and (c), it shows that the OTFs of the specifically shaped pupil with a 

scale ratio K=0.05 or less can coincide with the OTF of the conventional annular 

apodizer with continuously-shaped aperture.  

 

Case 3: Coma aberration   

In this subsection, we consider the influence of coma and its compensation.  The 

coma is treated as the essential off-axis aberration. We calculated the OTFs of the 

clear aperture, one conventional annual apodizer and two specifically shaped pupils 

with the scale ratios K= 0.05 and 0.3, respectively, for the imaging systems with the 

coefficients for coma aberration ω31= 0, λ/π, 3λ/π, 5λ/π, 10λ/π and 20λ/π, as shown 

in Fig. 5-13, where we assumed that defocused and spherical aberration are free, i.e. 

ω20 = ω40 =0. The OTF of a clear aperture T(x, y) = 1, is shown in Fig. 5-13 (a). The 

OTF of one annual apodizer T(x, y) =1- (x2+y2), at (x2+y2 ≦ 1) and 0 at (x2+y2 > 1) 

with K= 0, is shown in Fig. 5-13 (b). The OTFs for the shaped pupil with a scale ratio 

K of less than 0.3, as shown in Fig. 5-13 (c) and (d), are significantly larger than that 

for the clear aperture T(x, y) = 1 in Fig. 5-13 (a) at all spatial frequency.  
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Figure 5-13  Optical transfer functions in an aberration-free imaging system and a projection system 

without defocus aberration ω20= 0 and spherical aberration ω40= 0 ,but with different coma aberration 

coefficients ω31= 0, ω31= λ/π, ω31= 3λ/π, ω31= 5λ/π, ω31= 10λ/π  and ω31= 20λ/π for amplitude 

transmittances of the aperture functions for (a) clear aperture, (b) K= 0, (c) K= 0.05, and (d) K= 0.3. 

 

It is evident that the specifically shaped pupil, which is generated by DMD™ 

with a scale ratio K=0.3 or less, can significantly extend the depth of focus compared 

to a clear aperture in the conventional imaging system with coma aberration. The OTF 

of K=0.3 is slightly lower than but similar to that of K=0.05 in Fig. 5-13 (c) and (d). It 

indicates that the degree of focus could be similar for the specifically shaped pupil in 

the imaging system with coma aberration when K varies from 0.05 to 0.3. We also 

compared the OTF of the different scale ratios K to the OTF of the conventional 

annual apodizer T(x, y) =1- (x2+y2).  The OTF value of the former increased and 

came close to the OTF value of the latter when the scale ratio K decreased gradually. 

In Fig. 5-13 (b) and (c), it shows that the OTFs of the specifically shaped pupil with a 

(a) (b)

(c) (d) 
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scale ratio K=0.05 or less can coincide with the OTF of the conventional annular 

apodizer with continuously-shaped aperture.  

  

Case 4: Combined aberration (defocus, Spherical aberration, and Coma) 

Now, we can consider the whole influence with all aberrations discussed above. We 

calculated the OTFs of the clear aperture, one conventional annual apodizer and two 

specifically shaped pupils with the scale ratios K= 0.05 and 0.3, respectively, for the 

imaging systems with a specific defocus coefficient ω20, and the specific coefficients 

for spherical aberration ω40 and coma aberration ω31. For variable spherical aberration, 

the best focal plane in the condition of ω20 = −ω4 0  is supposed [2]. The OTFs for -ω20 

= ω4 0 = ω31 = 0,  5λ/π, 10λ/π, and  20λ/π are shown in Fig. 5-14, respectively. For the 

large value of the coefficient especially for  20λ/π, the degree of focus for the shaped 

pupil with a scale ratio K of less than 0.3, as shown in Fig. 5-14 (c) and (d), is 

significantly larger than that for the clear aperture T(x, y) = 1 in Fig 5-14 (a). It is 

evident that the specifically shaped pupil, which is generated by DMD™ with a scale 

ratio K=0.3 or less, can significantly extend the depth of focus compared to a clear 

aperture in the conventional imaging system. We also compared the OTF of the 

different scale ratios K to the OTF of the conventional annual apodizer T(x, y) =1- 

(x2+y2).  The OTF value of the former increased and came close to the OTF value of 

the latter when the scale ratio K decreased gradually. In Fig. 5-14 (b) and (c), it shows 

that the OTFs of the specifically shaped pupil with a scale ratio K=0.05 or less can 

coincide with the OTF of the conventional annular apodizer with continuously-shaped 

aperture.  
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Figure 5-14 Optical transfer functions in an aberration-free imaging system and a projection system 

with different defocus coefficients ω20  , different spherical aberration coefficients ω41 , and different 

coma aberration coefficients  ω31 , when -ω20 = ω40 = ω31 =  0, λ/π, 3λ/π, 5λ/π, 10λ/π  and 20λ/π for 

amplitude transmittances of the aperture functions for (a) clear aperture, (b) K= 0, (c) K= 0.05, and (d) 

K= 0.3.  

 

Finally, we investigated an example of a real implement for a light value with a 

typical pixel size equal to 13µm square in a projection system with f / # =2.0 and the 

dominant wavelength λ= 550nm. N = 1/2(13×10-6) which is the number of cycles per 

unit length in image plane. In this case, s ≡ 2FλN = 0.085 which is defined as the 

spatial frequency. Referring to Fig. 5-11, Fig. 5-12, Fig. 5-13 and Fig. 5-14, we 

calculated and summarized the OTF’s values of the clear aperture and two specifically 

shaped pupils with the scale ratios K= 0.05 and K= 0.3, respectively, in the cases of 

ω20, ω4 0 , ω31 = 0,  5λ/π, 10λ/π, and  20λ/π in the condition of a specifically spatial 

frequency s =0.085 in Table 5-1. It indicates that the OTFs of a specifically shaped 

(a) (b) 

(c) (d) 
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aperture with K=0.05 and K= 0.3 are greater than the OTFs of a clear aperture 

especially when the aberration coefficients ≥5λ/π. Hence, we can conclude that the 

projection quality will be enhanced as the specifically shaped aperture is used, 

especially for the imaging system with large aberration coefficients including defocus, 

spherical and come aberrations.  In other words, as for a real implementation of an 

illumination modulator with DMD, the specifically shaped pupil can improve the 

image quality compared to a clear aperture in the conventional imaging system. 

 

Table 5-1  OTF’s values of the clear aperture and two specifically shaped pupils with the scale ratios 

K= 0.05 and K= 0.3, respectively, in the cases of ω20, ω4 0 , ω31 = 0,  5λ/π, 10λ/π, and  20λ/π in the 

condition of a specifically spatial frequency s =0.085. 

Aberration 

coefficient 
0 5λ/π 10λ/π 20λ/π 

Pupil shape 

(K factor) 
CA*1 0.05 0.3 CA*1 0.05 0.3 CA*1 0.05 0.3 CA*1 0.05 0.3

defocus (w20) 0.95  0.98  0.86 0.64 0.81 0.71 0.13 0.41 0.38  0.00  0.07 0.22 

Spherical (w40) 0.95  0.98  0.90 0.55 0.87 0.77 0.28 0.68 0.54  0.17  0.47 0.41 

Coma (w31) 0.95  0.98  0.86 0.90 0.97 0.84 0.75 0.92 0.80  0.36  0.74 0.65 

Combination*2 0.95  0.98  0.90 0.83 0.94 0.87 0.60 0.78 0.75  0.33  0.37 0.37 

Note:  

1. CA is “Clear Aperture”. 

2. Combination consists of defocused aberration (w20= -w40), spherical aberration (w40) and coma 

aberration (w31). 

 

Case 5: the influence of fill factor   

In order to evaluate the relationship between the image performance and the 

size of the individual square aperture on the normalized pupil, we computed the OTFs 

of the other types of pupil functions based on Eqs. (5-1), (5-5), (5-10) and (5-11) in a 
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defocused system with the defocused coefficient ω20= 10λ/π and the amplitude 

transmittances of the aperture functions for a/D=0.3 with different fill factors ranged 

from 100% to 60% in Fig. 5-15 (a) and in Fig. 5-15 (b), the range is from 60%, to 

10%. The degree of focus (i.e. the resolution limit) reduces, but the OTF (i.e. image 

quality) increases at the specific spatial frequency when the fill factor decreased from 

100% to 60%.  However, both of the degree of focus and the OTF reduces when the 

fill factor decreases from 60% to 10%, which is mainly because the pin-hole effect 

reduces the diffractive limit significantly.  

 

 
Figure 5-15 Optical transfer functions in a defocused system with amplitude transmittances of the 

aperture functions for a/D=0.3 and the defocused coefficient ω20= 10λ/π for different fill factors (a) 

100%, 90%, 80%, 70%, 60% and (b) 60%, 50%, 40%, 30%, 20%, 10%. 

 

5.8 Image performance evaluation 

To highlight the capability of our approach, we took a resolution pattern to explore 

the image performance in an incoherent imaging system. This pattern is 1951 USAF 

resolution test chart [44] conforms to MIL-STD-150A standard with resolution 600 

(dpi) × 600 (dpi). 

(a) (b) 
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Case 1: Defocus   

Referring to Fig. 5-16, in column (a), one could see the images for the clear 

aperture, while in column (b) and (c), the images for the specifically shaped apertures 

with scale ratios K=0.05 and K=0.3 are shown, respectively. The images were 

generated by the multiplication of OTF in the Fourier domain using the convolution 

technique. Furthermore, the images with defocus coefficients of 

ω20= 5λ/π, ω20= 10λ/π, ω20= 15λ/π, and ω20= 20λ/π, are shown with lines (1)-(4) 

respectively. Comparing with the images for the specifically shaped apertures, the 

images of typical aperture show a clearer loss in contrast at high spatial frequencies 

with larger ω20. Especially for ω20 ≥10λ/π, there is a significant enhancement of the 

image resolution at high spatial frequency by the use of a specifically shaped aperture 

with K=0.3.  
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Figure 5-16 The computer-simulated images of resolution patterns for (a), a clear aperture, and (b), a 

specifically shaped aperture with the scale ratio K=0.05, and (c), a specifically shaped aperture with the 

scale ratio K=0.3, obtained with different defocus coefficients: (1)ω20= 5λ/π, (2) ω20= 10λ/π,  (3) 

ω20= 15λ/π and (4) ω20= 20λ/π. 

(a) (b) 

(1) 

(2) 

(3) 

(c) 

(4) 
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Case 2: Spherical aberration  

Referring to Fig. 5-17, in column (a), one could see the images for the clear 

aperture, while in column (b) and (c), the images for the specifically shaped apertures 

with scale ratios K=0.05 and K=0.3 are shown, respectively.  Furthermore, the 

images with spherical-aberration coefficients of 

ω4 0 = 5λ/π, ω4 0 = 10λ/π, ω4 0 = 15λ/π, and ω4 0 = 20λ/π, are shown with lines (1)-(4), 

respectively. Spherical aberration could make the image of a bright point source 

surrounded by a halo of light. The effect of spherical aberration on an extended image 

is to soften the contrast of the image and to blur its details with symmetrical 

distribution. Comparing with the images for the specifically shaped apertures, the 

images of the clear aperture show a clearer loss in contrast and a seriously blurred 

flare at all spatial frequency with larger ω40 even tough the three-bar charts for all 

spatial frequencies is resolved for the clear aperture. Especially for ω40 ≥10λ/π, there 

is a significant enhancement of the imaging contrast by the use of a specifically 

shaped aperture with K=0.3 and 0.05.  
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Figure 5-17  The computer-simulated images of resolution patterns for (a), a clear aperture, and (b), a 

specifically shaped aperture with the scale ratio K=0.05, and (c), a specifically shaped aperture with the 

scale ratio K=0.3, obtained with different spherical aberration coefficients: (1)ω40= 5λ/π, (2) 

ω40= 10λ/π,  (3) ω40= 15λ/π and (4) ω40= 20λ/π. 

(a) (b) 

(1) 

(2) 

(3) 

(c) 

(4) 
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Case 3: Coma aberration   

In order to obviously show the effect of coma aberration by the use of a 

suitable test chart, we utilized a concentric-circles pattern with resolution 96 (dpi) × 

96 (dpi) [60]. Referring to Fig. 5-18, in column (a), one could see the images for the 

clear aperture, while in column (b) and (c), the images for the specifically shaped 

apertures with scale ratios K=0.05 and K=0.3 are shown, respectively.  Furthermore, 

the images with coma-aberration coefficients of 

ω31 = 5λ/π, ω31 = 10λ/π, ω31 = 15λ/π, and ω31 = 20λ/π, are shown with lines (1)-(4) 

respectively. Coma aberration could make the image of a point source spread out into 

a comet-shaped flare with the non-symmetrical distribution. Comparing with the 

images for the specifically shaped apertures, the images of the clear aperture show a 

seriously blurred flare at all spatial frequency with larger ω31 along the vertical 

direction. Especially for ω31 ≥ 10λ/π, there is a significant enhancement of the 

imaging resolution by the use of a specifically shaped aperture with K=0.3 and 0.05.  
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Figure 5-18  The computer-simulated images of resolution patterns for (a), a clear aperture, and (b), a 

specifically shaped aperture with the scale ratio K=0.05, and (c), a specifically shaped aperture with the 

scale ratio K=0.3, obtained with different coma aberration  coefficients: (1) ω31= 5λ/π, (2) 

ω31= 10λ/π, (3) ω31= 15λ/π and (4) ω31= 20λ/π. 

(a) (b) 

(1) 

(2) 

(3) 

(c) 

(4) 
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Case 4: Combined aberration (defocus, Spherical aberration, and Coma) 

Referring to Fig. 5-19, in column (a), one could see the images for the clear 

aperture, while in column (b) and (c), the images for the specifically shaped apertures 

with scale ratios K=0.05 and K=0.3 are shown, respectively. Furthermore, the images 

with the aberration coefficients of -ω20 = ω4 0 = ω31 = 5λ/π, 10λ/π, and 20λ/π 

including defocus, spherical and come aberrations are shown with lines (1)-(3), 

respectively. Comparing with the images for the specifically shaped apertures, the 

images of typical aperture show a significant loss in contrast at all spatial frequency. 

Especially for the aberration coefficients ≥5λ/π, there is a significant enhancement of 

the image resolution at all spatial frequency by the use of a specifically shaped 

aperture with K=0.05 and K=0.3.  
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Figure 5-19  The computer-simulated images of resolution patterns for (a), a clear aperture, and (b), a 

specifically shaped aperture with the scale ratio K=0.05, and (c), a specifically shaped aperture with the 

scale ratio K=0.3, obtained with different defocus coefficients ω20  , different spherical aberration 

coefficients ω41 , and different coma aberration coefficients  ω31 , when -ω20 = ω40 = ω31 = (1) 5λ/π, (2) 

10λ/π, and (3) 20λ/π. 

(a) (b) 

(1) 

(2) 

(c) 

(3) 
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Case 5: the influence of fill factor   

We take a resolution pattern to simulate the imaging performance for this 

specific shaped aperture with the scale ratio a/D =0.3 and different fill factors ranged 

from 100% to 50% in a defocus system with the defocused coefficient ω20= 10λ/π as 

shown in Fig. 5-20. Comparing with the images in the red frames shown in the figures, 

the image of the specific shaped aperture with the fill factor 60% shows a higher 

resolution at the middle spatial frequencies. Hence, it is evident that the image quality 

at specific spatial frequency will be improved once the specific shaped aperture is 

implemented. 
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Figure 5-20   The computer-simulated images of resolution patterns for a specific shaped aperture 

with the scale ratio a/D =0.3 and different fill factors  (a) 100%, (b) 90%, (c) 80%, (d) 70%, (e) 60% 

and (f) 50%, in a defocus system with the defocused coefficient ω20= 10λ/π. 

(a) (b) 

(c) (d) 

(e) (f) 
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5.9 Summary and remarks 

We have provided a new approach for improving the image quality for the incoherent 

imaging systems, including photography, projector and microscopy, with a specific 

illuminator modulator. The semi-analytical results using the optical transfer function 

(OTF) indicated that the depth of focus can be extended with specifically shaped 

illumination, which is generated by a digital micromirror device and LED array, on 

the aperture stop in the imaging system with a specific defocus coefficient, and the 

specific coefficients for spherical aberration and coma aberration.  

In summary, (1) The limiting resolution of a defocused imaging system with a 

specific defocus coefficient can be improved by its corresponding binary shaped pupil.  

It has been shown that a shaped pupil with a scale ratio K equal to 0.05 is more 

helpful for extending the depth of focus at low spatial frequency, while a shaped pupil 

with a scale ratio K equal to 0.3 is more useful for extending the depth of focus at 

high spatial frequency. (2) In an imaging system with the coefficient for spherical 

aberration or coma aberration, respectively, the OTF for the shaped pupil with a scale 

ratio K of less than 0.3 is significantly larger than that for the clear aperture at all 

spatial frequencies. Especially for ω40 ≥10λ/π and ω31 ≥10λ/π, there is a significant 

enhancement of the imaging contrast by the use of a specifically shaped aperture with 

K=0.3 and 0.05 according to the computer-simulated image. (3) the OTFs of a 

specifically shaped aperture with K=0.05 and K= 0.3 are greater than the OTFs of a 

clear aperture especially when the aberration coefficients ≥5λ/π. It is evident that the 

image quality will be enhanced as the specifically shaped aperture is used, especially 

for the imaging system with large aberration coefficients including defocus, spherical 

and come aberrations. (4) The image quality could not be significantly influenced as 

the fill factor (i.e. aperture ratio) of the spatially shaped pupil varied from 100% to 

80%.  
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In the point of view of optical design, the pupil plane at the aperture stop in 

the imaging subsystem should be designed to be a conjugate at the other pupil plane 

on the digital micromirror device for the non-imaging subsystem. The pupil matching 

between the imaging unit and the non-imaging one could significantly affect its 

practical implementation and hence the matching sets one limitation on performance.  

Overall, the pupil matching will be determined by the precise alignment between the 

digital micromirror device and the lens elements in the whole optical system.  

Overall, the proposed approach of shaped pupil from an illumination 

modulator is a dynamically programmable method to achieve aberration 

compensation for imaging applications, such as photography, projector and 

microscopy. This method provides a connection between non-imaging and imaging 

systems for enhancing the image quality. Regarding the pupil aberration is considered 

in the illumination system, this influence may be incorporated with the corresponding 

spherical aberration and even off-axis coma with different levels of coefficients.  

Hence, practically, the pupil aberration could be included partially and further 

explored once the spherical aberration and coma are included. It is worth noting that 

this proposed model can rapidly and field-sequentially generate a specifically shaped 

pupil with 10 gray levels within the very short image processing time of 0.22 ms in 

the case of K =0.05. Different spatial frequencies represent different imaging 

information from an object in photography or a sample in microscopy or a light valve 

in a projector. High spatial frequencies represent sharp spatial changes in the image, 

such as edges, and generally correspond to local information and fine detail, while the 

portion of low spatial frequencies represent global information about the shape, such 

as general proportion and orientation.  On the other hand, this programmable 

structured light can be substituted for the conventional flash light and illumination 

light in the conventional incoherent imaging system, in order to extend the depth of 
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focus (EDOF), and for dynamically providing improved imaging quality for many 

varied scenes combined with the technology of high dynamic range (HDR) imaging. 

For instance, by the use of this dynamically programmable structured light with 

EDOF and HDR technologies, we can capture an sense-of-depth-enhanced image by 

combining a sub-image with global information (i.e., low spatial frequencies) within 

first half period of exposure time and another sub-image with local information (i.e., 

high spatial frequencies) within the other half period of exposure time, which have 

different shaped pupils with specific scale ratios K. 
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Chapter 6  

 

Illuminance formation and color-difference of 

mixed-color LEDs in a rectangular light pipe: an 

analytical approach 
 

6.1 Introduction 

In this section we developed an analytical method of illuminance formation and 

color-difference for mixing colored LEDs in a rectangular light pipe using the 

methods of non-imaging optics [26], photometry [27], and colorimetry [28]. The 

different illuminance formations and color-differences studied in this chapter are the 

types in which ANSI light uniformity [38] and ANSI color uniformity [38] vary with 

the different geometric structures of light pipes. For the purpose of comparison, this 

chapter also includes the formation of illuminance distribution for a single LED 

source using the same analytical method.  

In order to obtain a convenient form of the illuminance formation, we employed 

the hollow straight light pipe with a perfect reflectivity of 100% for the calculations in 

this chapter. In reality, the finite absorption loss is inevitable. With more times of 

reflection, the flux of the ray will decrease, which can affect the illuminance 

distribution. This influence has been explored by Cheng and Chern [19]. For a 

common coating with a reflectivity of 90%, the difference of the uniformity deviation 

from that of 100% reflectivity is less than 1% at the length scale L/A equal and greater 

than unity, where L is the length of the light pipe and A is a constant which is a 

geometric parameter for the scale unit of the light pipe’s input face. To have a best 
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approximation for the analytical evaluation, we make another assumption that the 

LED is a point light source with Lambertian characteristics. In most applications this 

means that the dimension of LED source should be much less than the cross-sectional 

dimension of the light pipe. The considerations of a hollow straight light pipe with a 

perfect reflectivity and a point light source may limit this study, but it will provide an 

analytical base for the connection between non-imaging and coloring in order to 

obtain a “uniform” source for illumination applications. 

The remainder of this section is organized as follows. In Section 2 we revisit 

on the chromatic issue and LED RGB color mixing. In Section 3, we describe the 

light pipe illumination system. In Section 4, we derive illumination formation and 

function of color difference. In Section 5 we analyze the non-imaging performance 

for a rectangular light pipe system with mixed-color LEDs. Finally we draw our 

summary in Section 6. 

 

6.2 Chromatic issue and LED RGB color mixing 

Today’s light emitting diode (LED) technology is widely applied in vehicles, 

architecture, signal lighting, backlighting and in projection microdisplays [20]. Most 

of these applications require the shaping of a uniform beam illuminance profile, 

managing color quality and saving power consumption while maintaining high 

luminous efficiency in the illumination systems. There are two kinds of approaches to 

generate white light with LEDs. One is the phosphor-converted white LED which 

provides a compact integrated package but has a relatively lower luminous efficiency. 

The other is the mixed-color LED which provides more light throughput compared to 

a single phosphor-converted white LED with the same operating power. In practice, 

however, there are several technical challenges to creating a mixed-color LED, such 

as white light homogenizing with the acceptably lowest spatial variation, color mixing 
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and color balancing with acceptably lowest chromatic variation. 

Rectangular light pipes are commonly optical devices that manage light 

properties in illumination systems, especially where extremely uniform illuminations 

with specific illuminance distributions are required [13]. Typical applications are the 

illuminations in the projection display [22], lithography [15], endoscopes [16] and in 

optical waveguides [17].  A rectangular light pipe is made with parallel reflective 

sides with a square or rectangular cross section. The light source can be located on 

one end of the light pipe and the other end is then the uniformly illuminated plane 

[18].  The shape of the light pipe can modify the original characteristics of the spatial 

distribution of the light source but not the angular distribution. The uniform 

illumination on the exit end of the light pipe is determined by the ratio of the length to 

the cross-sectional dimension of the light pipe [19].  

In the literature, the mention of the properties of light pipes is mostly 

concentrated on transmittance, flux analysis and irradiance formation for the single 

light source. Although Derlofske and Hough developed a flux confinement diagram 

model to discuss the flux propagation of square light pipes and angular distribution 

[21], and Cheng and Chern developed a semi-analytical method to investigate the 

formation of irradiance distribution, [19] to the best of our knowledge few articles 

have investigated the formation of illuminance and the color-differences in 

mixed-color light sources. An earlier investigation of the use of mixed-color LEDs in 

a light pipe was done by Zhao et al., and it comprised two parts: a computer 

simulation using a commercial ray tracing software package with Monte Carlo 

algorithm; and an experimental study verifying the results obtained from the 

simulation [30].   
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6.3 Configuration of the light pipe illumination system  

A schematic sketch of an optical system using a rectangular light pipe is shown in Fig. 

6-1. The optical system consists of an LED light source with Lambertian angular 

distribution and a rectangular light pipe, where a and b are the width and the height of 

the cross section of the light pipe, respectively, L is the length of the light pipe, c is 

the size of the square light source and n is the optical index of the light pipe’s material. 

The LED light source is located at the entrance of the light pipe, and the light source 

has an angular distribution extending from +90° to -90°.  The exit is uniformly 

illuminated by the multiple reflections throughout the light pipe. 

 

Figure 6-1  Schematic diagram and dimension of the light pipe and the single LED light source.  

 

 The light pipe is made with parallel reflective sides with a rectangular cross 

section. The virtual image of the light at the entrance of the light pipe has the 

checkerboard-array-shaped light distribution which results from the multiple 

reflections of the light source through the pipe as shown in Fig. 6-2. The spaces 

between each adjacent light spot are: a on the vertical axis and b on the horizontal 

axis, which are equal to the width and height of the cross section of the light pipe, 

respectively. And, the size of each light spot is equal to that of the light source. The 

radiant intensity of each light spot is denoted as J’i,j as shown in Fig. 6-2 (b). The 

subscripts m and n stand for the reflective times on the horizontal axis and vertical 
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axis, respectively, and the plus and minus values of i and j denote the opposite 

directions of the light source. For example, J’1,2 means that the luminous flux of the 

light spot is reflected one time on the horizontal axis and two times on the vertical 

axis and its location is shown in Fig. 6-2 (b).  

 

                 (a)                         (b) 

Figure 6-2  (a) Principal of the operation of a light pipe. (b) Virtual image at the entrance of the light 

pipe. The light pipe is made with parallel reflective sides with a rectangular cross section. The multiple 

reflections of the light source through the pipe can produce a spatial checkerboard-array-shaped light 

distribution. 

 

The schematic sketch of one specific light pipe optical system with mixed-color 

LEDs is illustrated in Fig. 6-3 (a). The optical system consists of four colored LED 

light sources, including one red-colored LED, two green-colored LEDs and one 

blue-colored LED, and a rectangular light pipe, where a and b are the width and the 

height of the cross section of the light pipe, respectively, where L is the length of the 

light pipe, c is the side of the square light source, and n is the optical index of the light 

pipe material. The light sources are located at the entrance of the light pipe as shown 

in Fig. 6-3 (b), where the red LED is located at the coordinate (-P, Q), the first green 
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LED is located at (P, Q), the second green LED is located at (-P, -Q) and the blue LED 

is located at (+P, -Q), respectively, assuming that the coordinate of the center for the 

entrance of the light pipe is (0, 0). 

 

(a) 

 

(b) 

Figure 6-3  (a) Schematic diagram and dimension of the light pipe. (b) Locations of red, green and 

blue LED light sources, i.e. mixed-color LEDs, on the entrance of light pipe. 

 

6.4 Optical computation for illumination formation and function of color 

difference 

The illuminance distribution on the end plane of the light pipe is referring to Eq. (2-9) 

ands given by  

( )
( )2222

2

02

3

yxL

LJ
L

cos J y)H(x,
++

×==
θθ                             (6-1) 

Then, we determine the individual contribution of illuminance by the virtual light 

spots on the entrance plane of the light pipe. The illuminance H0,0 is radiated without 
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any reflection through the light pipe about x from –a/2 to +a/2 and about y from –b/2 

and +b/2  as shown in Fig. 6-4. 

 
Figure 6-4  Illustration of a Lambertian light source radiating into the exit plane of the light pipe for 

the different virtual light spot on the entrance plane of the light pipe   

 

and as given by  
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Where the values a and b are the width and the height of the cross section of the light 

pipe, respectively. Also, we can derive the illuminances H’1,0 and H’2,0 that are 

radiated with one time reflection and a two times reflection , respectively,  through 

the light pipe along the +x axis direction, as shown in Fig. 5 . They are given by 
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where ρ is the reflectivity, and the exponent of ρ is the reflective time.  Then, we can 

derive the practical illuminance distribution, which is radiated from the individual 

virtual light spot on the entrance plane of the light pipe, on the exit plane of the light 
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pipe about x from –a/2 to +a/2 and about y from –b/2 and +b/2 using the mirror 

mapping method according to Eq. (6) and Eq. (7) as given by 
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Then, we can extend the expression of the illuminance for each virtual light 

spot on the exit plane of the light pipe with one time reflection and a two times 

reflection through the light pipe along the ±x axes and the ±y axes directions about x 

from –a/2 to +a/2 and about y from –b/2 and +b/2, respectively as follows, 
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Finally we can summarize the expression of the total illuminance for each virtual light 

spot on the entrance plane of the light pipe as follows, 
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where the exponent of ρ indicates the reflective times through the light pipe on the x 

and y axis, respectively. The first term of Eq. (6-9) represents the illuminance for the 

virtual light spots with an odd times reflection along the ±x axes and an odd times 

reflection along the ±y axes. The second term of Eq. (6-9) represents the illuminance 
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for the virtual light spots without any reflection through the light pipe and with an 

even times reflection along the ±x axes and an even times reflection along the ±y 

axes, respectively. The third term of Eq. (6-9) represents the illuminance for the 

virtual light spots with an odd times reflection along the ±x axes and an even times 

reflection along the ±y axes. The fourth term of Eq. (6-9) represents the illuminance 

for the virtual light spots with an even times reflection along the ±x axes and an odd 

times reflection along the ±y axes. Eq. (6-9) can be simplified as following, 
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With reference to Fig. 6-3, we assume that the light sources are located at the 

entrance of the light pipe, where the red LED is located at coordinate (-P, +Q), the 

first green LED is located at (+P, +Q), the second green LED is located at (-P, -Q) 

and the blue LED is located at (+P, -Q), respectively. The expression of the 

illuminance distribution radiated from each LED on the exit plane of light pipe can be 

derived from the Eq. (6-10) by shifting on the x-axis and the y-axis, as follows, 

),(),( 01 QyPxHyxHG −−=                   (6-11)

   ),(),( 02 QyPxHyxH G ++=                   (6-12) 

),(),( 0 QyPxHyxH R −+=                   (6-13) 

),(),( 0 QyPxHyxH B +−=                      (6-14) 

Where ),(1 yxHG , ),(2 yxHG , ),( yxH R and ),( yxH B are the illuminance 

distributions radiated from the first green LED, second green LED,  red LED and 

blue LED, respectively. And, the JG1, JG2, JR and JB represent the luminous intensity 

of the incremental area in the normal direction for each color LEDs, respectively. 

Finally we can summarize the total illuminance distribution for the 

mixed-colors LEDs on the exit plane of the rectangular light pipe as given by,  

),(),(),(),(),( 11 yxHyxHyxHyxHyxH BRGGT +++=            (6-15) 
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To identify the uniformity on the exit plane of the rectangular light pipe, we 

introduce the ANSI light uniformity referring to Eq. (2-10) and Eq. (2-11) and defined 

by [38] 
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The general equations that define the tristimulus-values distribution for each colored 

LEDs in the CIE 1931 system on the exit plane of the rectangular light pipe are given 

by [28] 
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where ( )λx , ( )λy , and ( )λz  denote the set of color-matching functions,  k is the 

normalized factor, ( )λβm  is the total spectral reflectance of the illuminated parallel 

reflective sides in the light pipe for each light source and ( )λmS  is the relative 

spectral concentration of the radiant power for each light source, and 

),( yxHm denotes the illuminance distribution radiated from each light source. 

 Then, we determine the tristimulus-values distribution for the mixed- color 

LEDs in the CIE 1931 system and the chromaticity coordinates in the CIE 1976 

system on the exit plane of the rectangular light pipe which are given by 
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Finally, we identify the color uniformity by referring to Eq. (2-12), and the 

total color difference between two color stimuli, each given in the terms of L*, a*, b*, 

in CIE 1976 (L*a*b*) –space by referring to Eq. (2-13) and Eq. (2-14),on the exit 

plane of the rectangular light pipe. 

 

6.5 Non-imaging performance evaluation 

First, we select OSTAR® – Projection (Type name: LE ATB A2A) as our LED light 

sources [61], whose relative spectral concentrations of radiant powers ( )λRS , 

( )λGS and ( )λBS , are shown in Fig. 6-6 with a typical luminous intensity per color of 

18 cd for one red-colored LED, 14 cd for one green-colored LED and 3.5 cd for one 

blue-colored LED, respectively, and with its natural white coordinate (0.360, 0.242) 

in the CIE 1931 system. Besides the natural white color point of the specific LED 

light source employed in this chapter, it can also be extended to other more common 

white color points, such as the color coordinate (0.333, 0.333), by adjusting the 

relative luminous intensity of each colored LED but decreasing the total output of the 

luminous intensity. 
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Figure 6-6 Relative spectral concentrations of the radiant powers ( )λRS , ( )λGS and ( )λBS .  For 

OSTAR® – Projection (Type name: LE ATB A2A) as our LEDs light sources. 

 

In order to have a convenient form for the numerical evaluation we assume the 

following. The reflectivity ρ is unity in Eq. (6-10) and the total spectral reflectance 

( )λβm  is also unity in Eq. (6-18). Finally, we calculate and analyze the total 

illuminance distribution using Eq. (6-10) and Eq. (6-15), the ANSI uniformity using 

Eq. (2-16) and Eq. (2-17), the ANSI color uniformity using Eq. (2-12) and the total 

color-difference distribution using Eq. (2-13) on the exit plane of the rectangular light 

pipe for a single color LED and mixed- color LEDs, respectively. In calculating Eq. 

(2-13), Xn = 94.825, Yn = 100, Zn = 107.381 are the tristimulus-values of the nominally 

white object-color stimuli given by the spectral radiant power of one of the CIE 

standard illuminants D65 which represents a phase of the natural daylight with a 

correlated color temperature of approximately 6504 K. The CIE standard illuminant 

D65 is recommended a method of calculating the relative spectral radiant power 

distributions of any daylight illuminant [28]. 
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The computer programs for the above mentioned evaluations are written in 

Mathematica software [41]. We calculated and analyzed four cases as follows, 

Case 1 

There is a single LED point light source located at the center of the entrance plane of 

the light pipe with c=0, P=Q=0, a= b= A, L= 0.10A, 0.25A, 0.50A, 1.00A and 2.00A, 

respectively, where A is a constant. The distributions of the illuminances for L= 

0.10A, 0.50A and 1.00A are shown in Fig. 6-7 (a), Fig. 6-7 (c) and Fig. 6-7 (e), 

respectively, and the contours of the illuminances for L= 0.10A, 0.50A and 1.00A are 

shown in Fig. 6-7 (b), Fig. 6-7 (d) and Fig. 6-7 (f), respectively. The variation of the 

ANSI light uniformity versus the length L of the light pipe is shown in the linear chart 

of Fig 6-7 (g) and in the exponential chart of Fig. 6-7 (h), respectively. The result 

shows us that the ANSI light uniformity at the exit plane of the light pipe with a 

single LED light source can be reduced exponentially with the increase in the length 

of the light pipe. In the case of the length scale L/A being greater than unity, a single 

LED source at the center of the entrance plane is uniformly illuminated with the 

acceptable uniformly brightness image, i.e. +2.7% / -2.16% ANSI light uniformity, on 

the exit plane of the light pipe. Once the light pipe is long enough with L/A over 2.0, 

then the ANSI light uniformity can be achieved to +0.006%/-0.006% as being perfect. 

This result was also demonstrated and proven in the paper of Cheng and Chern [19] 

using the semi-analytical methods of the sequential ray tracing and the statistical 

method of the Monte Carlo non-sequential ray tracing.  
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(h) 

Figure 6-7  Distributions and contours of illuminance for single LEDs under the condition of P=Q=0 

and a=b=A with (a) and (b) L=0.1A, (c) and (d) L=0.5A, (e) and (f) L=1.0A. Also, the variation of 

ANSI light uniformity versus the length L of a light pipe with (g) linear chart and (h) exponential chart. 
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Case 2 

As shown in Fig. 6-3, the point light sources are located at specific locations on the 

entrance plane of the light pipe with c=0, P=Q=A/4, a= b= A, L= 0.10A, 0.25A, 

0.50A, 1.00A and 2.00A, respectively, where A is a constant. The distributions of the 

illuminances for L= 0.10A, 0.50A and 2.00A are shown in Fig. 6-8 (a), Fig. 6-8 (c) 

and Fig. 6-8 (e),  respectively, and the contours of the illuminances for L= 0.10A, 

0.50A and 2.00A are shown in Fig. 6-8 (b), Fig. 6-8 (d) and Fig. 6-8 (f), respectively. 

The variation of ANSI light uniformity versus the length L of the light pipe is shown 

in the linear chart of Fig 6-8 (g) and in the exponential chart of Fig. 6-8 (h), 

respectively. The result shows us that the ANSI light uniformity at the exit plane of 

the light pipe with mixed-color LED light sources can also be reduced exponentially 

with the increase in length of the light pipe with a similar result as in Case-1. In the 

case of the length scale L/A being greater than unity, the mixed-color LED sources on 

the entrance plane are uniformly illuminated with an acceptable uniform brightness, 

i.e. +0.61% / -0.65% ANSI uniformity, on the exit plane of the light pipe. Once the 

light pipe is long enough with L/A over 2.0, then the ANSI uniformity can be 

achieved to +0.0016%/-0.0016% as being perfect.  
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Figure 6-8 Distributions and contours of illuminance for mixed-color LEDs in the condition of 

P=Q=A/4 and a=b=A with (a) and (b) L=0.1A, (c) and (d) L=0.5A, (e) and (f) L=2.0A. Also, the 

variation of ANSI light uniformity versus the length L of a light pipe with (g) linear chart and (h) 

exponential chart. 
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Furthermore, the distributions of the color-differences for L= 0.10A, 0.50A , 1.00A 

and 2.00A are shown in Fig. 6-9 (a), Fig. 6-9 (c), Fig. 6-9 (e) and Fig. 6-9 (g), 

respectively, and the contours of the color-differences for L= 0.10A, 0.50A , 1.00A 

and 2.00A are shown in Fig. 6-9 (b), Fig. 6-9 (d), Fig. 6-9 (f) and Fig. 6-9 (h), 

respectively. The variation of the ANSI color uniformity versus the length L of the 

light pipe is shown in the linear curve and the exponential curve of Fig 6-9 (i). The 

result shows us that the ANSI color uniformity at the exit plane of the light pipe with 

a mixed-color LED light source can also be reduced exponentially by increasing the 

length of the light pipe. In the case of the length scale L/A being greater than unity, 

the mixed-color LED sources on the entrance plane are uniformly illuminated with an 

acceptable uniform color image, i.e. 0.27% ANSI color uniformity, on the exit plane 

of the light pipe. Once the light pipe is long enough with L/A over 2.0 then a perfect 

ANSI uniformity can be achieved to 7.3×10-6 %. 

 

  
(a)                    (b) 

 



 

 129

   
(c)                           (d) 

 

    

      (e)                    (f) 
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 (i) 

Figure 6-9  Distributions and contours of the color-difference for mixed-color LEDs in the condition 

of P=Q=A/4 and a=b=A with (a) and (b) L=0.1A, (c) and (d) L=0.5A, (e) and (f) L=1.0A, (g) and (h) 

L=2.0A. Also, (i) the variation of ANSI color uniformity versus the length L of a light pipe with linear 

chart and exponential chart. 

Case 3 

As shown in Fig. 6-3, the point light sources are located at specific locations on the 

entrance plane of the light pipe with c=0, P=Q=A/4, a= L= A, b= 0.5A, 1.0A, 1.5A, 

2.0A and 3.0A, respectively, where A is a constant. The distributions of the 

illuminances for b= 1.5A, 2.0A and 3.0A are shown in Fig. 6-10 (a), Fig. 6-10 (c) and 

Fig. 6-10 (e), respectively, and the contours of the illuminance for b= 1.5A, 2.0A and 

3.0A are shown in Fig. 6-10 (b), Fig. 6-10 (d) and Fig. 6-10 (f), respectively. The 

variation of the ANSI light uniformity versus the height b of the light pipe is shown in 

the linear chart of Fig 6-10 (g) and in the exponential chart of Fig. 6-10 (h), 

respectively. The result shows us that the ANSI light uniformity at the exit plane of 

the light pipe with mixed-color LED light sources can also be increased exponentially 

by increasing the height of the light pipe opposite to that of Case-2. In the case of the 
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height scale L/A being greater than 2.0, the mixed- color LED sources on the entrance 

plane is not able to be uniformly illuminated with an acceptable uniform brightness 

image, i.e. +6.2% / -5.3% ANSI uniformity, on the exit plane of the light pipe.  

      

       (a)                          (b) 

    

      (c)                      (d) 

    
      (e)                      (f) 
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Figure 6-10  Distributions and contours of illuminance for mixed-color LEDs in the condition of 

P=Q=A/4 and a=L=A with (a) and (b) b=1.5A, (c) and (d) b=2.0A, (e) and (f) b=3.0A. Also, the 

variation of ANSI light uniformity versus the height b of a light pipe with (g) linear chart and (h) 

exponential chart. 
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Furthermore, the distributions of the color-differences for b= 1.5A, 2.0A and 3.0A are 

shown in Fig. 6-11 (a), Fig. 6-11 (c) and Fig. 6-11 (e), respectively, and the contours 

of the color-differences for b= 1.5A, 2.0A and 3.0A are shown in Fig. 6-11 (b), Fig. 

6-11 (d) and Fig. 6-11 (f), respectively. The variation of the ANSI color uniformity 

versus the length L of light pipe is shown in the linear curve and the exponential curve 

of Fig 6-11 (g). The result shows us that the ANSI color uniformity at the exit plane 

of the light pipe with mixed-color LED light source can also be increased 

exponentially by increasing the height of the light pipe. In the case of the height scale 

L/A being greater than 2.0, the mixed-color LED sources on the entrance plane is not 

able to be uniformly illuminated with an acceptable uniform color image, i.e. 2.3% 

ANSI color uniformity, on the exit plane of the light pipe.  

   

        (a)                           (b) 

   

         (c)                         (d) 
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Figure 6-11  Distributions and contours of the color-difference for mixed-color LEDs in the condition 

of P=Q=A/4 and a=L=A and (a) and (b) b=1.5A, (c) and (d) b=2.0A, (e) and (f) b=3.0A. Also, (g) the 

variation of ANSI color uniformity versus the height b of a light pipe with linear chart and exponential 

chart. 

Case 4 

As shown in Fig. 6-3, the point light sources are located at specific locations on the 

entrance plane of the light pipe with c=0, a=b=L=A, P=Q= A/8, A/4, 3A/8 and 1A, 

respectively, where A is a constant. The distributions of the illuminances for P=Q=  

A/8, A/4, 3A/8 and 1A are shown in Fig. 6-12 (a), Fig. 6-12 (c), Fig 6-12 (e) and Fig. 
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6-12 (g), respectively and the contours of the illuminances for P=Q= A/8, A/4, 3A/8 

and 1A are shown in Fig. 6-12 (b), Fig. 6-12 (d), Fig. 6-12 (f) and Fig. 6-12 (h), 

respectively. The variation of the ANSI light uniformity versus the location of the 

mixed-color light sources is shown in Fig 6-12 (i). The result shows us that the ANSI 

light uniformity on the exit plane of the light pipe with mixed-color LED light sources 

can also be minimized at +0.61% / + 0.65% under the condition of the locations 

P=Q= A/4.  

           

       (a)                              (b) 

         

       (c)                              (d) 
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       (e)                              (f) 

        
       (g)                              (h) 
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Figure 6-12 Distributions and contours of illuminance for mixed-color LEDs in the condition of 

a=b=L=A with (a) and (b) P=Q= A/8, (c) and (d) P=Q= A/4, (e) and (f) P=Q=3A/8 A, (g) and (h) 

P=Q= 1A. Also, (i) the variation of ANSI light uniformity versus the locations P and Q of a light pipe 

with linear chart. 
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Furthermore, the distributions of the color-difference for P=Q= A/8, A/4, 3A/8 and 

1A are shown in Fig. 6-13 (a), Fig. 6-13 (c) Fig. 6-13 (e) and Fig. 6-13 (g), 

respectively, and the contours of the color-differences for P=Q= A/8, A/4, 3A/8 and 

1A are shown in Fig. 6-13 (b), Fig. 6-13 (d), Fig. 6-13 (f) and Fig. 6-13 (h), 

respectively. The variation of the ANSI color uniformity versus the locations of the 

mixed-color light sources is shown in the linear curve and the exponential curve of 

Fig 6-13 (i). The result shows us that the ANSI color uniformity at the exit plane of 

light pipe with mixed-color LED light source can be maximized at 0.27% under the 

condition of the locations P=Q= A/4 contrary to the case for ANSI uniformity. 

However, it will be a trade-off between ANSI brightness uniformity and color 

uniformity for the human eye. 

   
        (a)                              (b) 

   

         (c)                           (d) 
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          (e)                           (f) 

   
           (g)                           (h) 
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Figure 6-13  Distributions and contours of the color-difference for mixed-color LEDs in the condition 

of a=b=L=A with (a) and (b) P=Q= A/8, (c) and (d) P=Q= A/4, (e) and (f) P=Q=3A/8, (g) and (h) 

P=Q= 1A. Also, (i) the variation of ANSI color uniformity versus the locations P and Q of a light pipe 

with linear chart and exponential chart. 
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6.6 Summary and remarks 

This Chapter investigated an analytical method of illuminance formation generated by 

illumination using a rectangular hollow light pipe and mixed-color LEDs. The 

corresponding ANSI light uniformity, ANSI color uniformity and color-difference 

were derived for single LED and multi mixed-color LEDs.  The analytical results 

indicate that the distributions of illuminance and color-difference vary with the 

different geometric structures of the light pipes and the location of the light sources.  

In summary, (1) ANSI light uniformity at the exit plane of the light pipe with 

single LED light source can be reduced exponentially by increasing the length of the 

light pipe. (2) Both ANSI light and color uniformity at the exit plane of the light pipe 

with mixed-color LED light sources can also be reduced exponentially by increasing 

the length of the light pipe. In the case of the length scale L/A being greater than unity, 

the mixed-color LED sources on the entrance plane are uniformly illuminated with the 

acceptable uniform brightness and color images with the brightness uniformity less 

than 1% and color uniformity less than 0.01. (3) Both ANSI light and color uniformity 

at the exit plane of the light pipe with mixed-color LED light sources can also be 

increased exponentially by increasing the height ratio b/a of the light pipe. (4) The 

ANSI light uniformity can be minimized while the ANSI color uniformity can be 

maximized on the exit plane of the light pipe with mixed-color LED light sources 

under the condition of the multi light-source locations P=Q= A/4. 　 

We can conclude that rectangular light pipes provide extremely uniform 

illuminations with the highest light efficiency and the most compact package for the 

optical system with mixed-color LEDs compared to lenses, prisms and optical 

diffusers. The optimum form factor of a light pipe is the fact that the cross-section is 

square, and that the length scale L/A is equal to unity and that the multi light-sources 

are locate on positions of A/4, individually.  
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Chapter 7  
 

Design of a dual-f-number illumination system 

and its application to DMD™ projection displays 
 

7.1 Introduction 

The optical design with the appropriate f-number is the key to the illumination 

system and the f-number value is often constrained and determined by the 

light-valve’s architecture in the projection display. Conventionally, single f-number 

and symmetric illumination pupil are generally utilized in optical system.  However, 

these do limit optical collection efficiency and imaging quality. Digital Light 

Processing™ (DLP™) is one of the light-valve technologies, based on DMD™ that is 

a reflective digital light valve developed by Texas Instruments. The DMD™ 

architecture can yield the projector with compact size, high resolution, good digital 

image quality and exceptional durability. But, there is still one critical issue of 

brightness improvement stemming from the size of DMD™ that have been being 

developed smaller and smaller by the advanced semiconductor technology for the 

commercially ultra-portable projector in business and home entertainment use [58]. 

 The brightness is not only a most important specification of the projector 

but also always a challenge of the optical design in projection systems. Because of the 

narrow tilt angle of DMD™, the f-number-limited optical system design is required 

and restricts the Ètendue (or said optical collection efficiency) in DMD™-based 

projection system.  In case the f -number were not restricted within the specific value, 

there would be a poor contrast ratio or ghost image observed on the screen [62]. 
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 The DMD™ consists of hundreds of thousands of moving micromirrors that 

are made to rotate to either +12° or -12° positions depending on the binary states (said 

on-state and off-state, respectively) of the underlying SRAM cells below each 

micro-mirror [52], as shown in Fig. 7-1.  On-state reflected light from DMD™ chip 

is directed into the entrance pupil of the projection lens and the corresponding image 

on the screen is bright.  Off-state light is steered away from the entrance pupil of 

projection lens and the corresponding image on the screen is dark.  The specular 

light (said flat-state light) reflected while micromirrors are flat (no deflection), also 

should be directed out of the entrance pupil of projection lens for the high contrast 

ratio and eliminating the ghost or stray light through the pupil onto the screen.  The 

conceptual principle of the optical design in DMD™ based projection system is to 

prevent the overlaps of on-, off-, and flat-state pupils for the high contrast ratio and 

high quality image controls.  Because of the light-steering action of ±12°-tilt angles 

on DMD™ mentioned above, the half cone-angle of illumination light should be 

bounded within ±12°,  (i.e. numerical aperture N.A. 0.2079), which corresponds to 

the f /2.4 optical design in the illumination system.  The constraint on f-number is a 

critical factor to result in the low optical collection efficiency in the conventional 

DMD™-based projection system.  Once this bottleneck could be overcome, the 

optical efficiency and the brightness on the screen for the small size DMD™-based 

projectors would be enhanced. 

 



 

 142

 
Figure 7-1  Schematic diagram of the light-steering action of a ±12°-tilt angles on DMD™.  The half 

cone-angles of the illumination light and on-, flat-, off-states lights are ±12°.  The included angle 

between each pair light is 24°.  On-state reflected light from DMD™ chip is directed into the entrance 

pupil of the projection lens and the corresponding image on the screen is bright.  Off- and flat- state 

lights are steered away from the entrance pupil of projection lens and the corresponding image on the 

screen is dark. 

 

 In this chapter we propose new optical design that can solve the f-number 

constraint mentioned above. The proposed optical design employ an elliptic-shaped 

illumination-pupil, which corresponds to the dual f -number, for example f /2.0 x f /2.4, 

to overcome the f /2.4 constraint, due to the light-steering action of the narrow 

±12°-tilt angles on DMD™, and to enhance the optical collection efficiency and 

screen’s brightness with an adequate contrast ratio in the DMD™ -based projector. 

 

7.2 Optical system design with Cooke triplet 

The Cooke triplet has been a classical optical design [18, 63].  It was also 

proposed as the projection lens in the over-head projector system [64].  Here, as an 

illustration of dual f-number illumination system, we design three types of Cooke 

triplet lens for the illumination systems with f /2.4× f /2.4, f /2.0× f /2.4 and f /2.0× f 



 

 143

/2.0 by OSLO program [65], respectively, as shown in Fig. 7-2.  The effect of dual 

f-number on the aberration on the illuminated plane can be seen. 

 

Figure 7-2  Schematic diagrams of the illumination system layouts for an air-spaced triplet lens 

design. 

 

As shown in Fig. 7-3, the dimensions and footprints of the aperture stops are 

different between each configuration according to the different f-number values, 

where x-axis stands for the tangential axis and y-axis stands for the sagittal axes, 

respectively, on the aperture stops in the optical illumination system that is shown in 

Fig. 7-2. The round-shaped illumination-pupil of f /2.4× f /2.4 is shown in Fig. 7-3 (a), 

the elliptic-shaped illumination-pupil of f /2.0× f /2.4 is shown in Fig. 7-3 (b) and the 

round-shaped illumination-pupil of f /2.0× f /2.0 is shown in Fig. 7-3 (c).  
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(a) 

  
(b)  

 
(c) 

Figure 7-3  Beam footprint outline at aperture stop. (a) f /2.4× f /2.4 illumination system. (b) f /2.0 × f 

/2.4 illumination system. (c) f /2.0 × f /2.0 illumination system, where x-axis stands for the tangential 

axis and y-axis stands for the sagittal axes, respectively.  
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The MTF values of those three types of f-number design for the “maximum 

field of view” are calculated and performed in Fig. 7-4, that is considered by the 

edge-ray principle in the illumination system [26]. In the result of the design, MTF 

value of f /2.4× f /2.4 is 34.46% on tangential plane and 34.18% on the sagittal plane; 

MTF value of f /2.0× f /2.4 is 25.37% on tangential plane and 33.67% on the sagittal 

plane; MTF value of f /2.0× f /2.0 is 20.67% on tangential plane and 19.90% on the 

sagittal plane.  That indicates the performance of the imaging resolution of dual 

f-number f /2.0× f /2.4 system is between those of f /2.4× f /2.4 and f /2.0× f /2.0.  And, 

the astigmatism of f //2.0× f //2.4, i.e. the aberration difference of the tangential MTF 

and sagittal MTF, is worse than those of f /2.4× f /2.4 and f /2.0× f /2.0, due to the 

nature of dual- f-number.  

 

 
(a) 

 

(b) 
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(c) 

Figure 7-4  Modulation transfer functions for the illumination systems. (a) f /2.4× f /2.4 illumination 

system. (b) f /2.0 × f /2.4 illumination system. (c) f /2.0 × f /2.0 illumination system. 

 

This kind of the optical design is for the illumination system but not the 

imaging system, so the astigmatism is not a significant index to judge the dual- 

f-number functionality but the average MTF is.  Generally, the reasonable resolution 

of the illumination system design is round 30% MTF value at 50 line-pairs per mm 

for controlling the around 7% overfill value with the 10µm imaging RMS spot size on 

the illumination plane.  Therefore, the dual f-number design should keep the above 

minimum criterion with the reasonably acceptable resolution performance in the 

illumination system.  As shown by the above-simulated results in Fig. 2-10 and 7-4, 

we can conclude that dual f-number is not only able to enhance the collection 

efficiency but also keep the reasonable aberrations in the illumination system. 

 

7.3 Extension to the DMD™-based projector system 

For single-DMD™-based projector, because of the light-steering action of 

±12°-tilt angles, a f /2.4 constraint has been documented on DMD™ architecture.  In 

the following, a dual f-number f /2.0× f /2.4 optical system will be developed for the 
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single-DMD™-based projector.  The advantages of the dual f-number illumination 

system will be further analyzed.  

The optical system layout for the single-DMD™-based projector is illustrated 

in Fig. 7-5 (a) and Fig. 7-5 (b).  The optical system is a telecentric system that is 

defined as the location of exit pupil of the illumination system or the entrance pupil of 

the projection lens at or near infinity from the objective surface.  It consists of one 

lamp light-coupling system, the illumination system, a light separator, DMD ™ and a 

projection lens system.  

 
(a) 

 
(b) 

Figure 7-5  Schematic diagrams of the optical system layouts for the elliptic-shaped illumination-pupil 

design in the DMD™-based projection systems. (a) Elliptic obscuration-aperture design. (b) 

Anamorphic lens design, between the lamp’s reflector and the integration rod. 
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The illumination system consists of one ultra-high-pressure-mercury lamp 

with short arc, one elliptic reflector (f /1 and maximum cone-angle= ±30°), one 

integration rod (dimension = 7.35 mm × 5.51 mm × 42 mm), one set of the relay and 

the field lenses, one light separator, one DMD™ chip and one projection lens.  The 

illumination system is f /2 optical system that consists of three singlet lenses, one 

achromatic doublet and one illumination aperture-stop. The light separator is one 

TIR-prism [24]. The DMD™ chip is 0.7-in diagonal size, 1024×768 pixels resolution, 

4:3 aspect ratio and ±12°-tilt angles.  The projection lens is with f /2, focal length 

28.3mm and the elliptic aperture-stops. There are extra components, either one elliptic 

obscuration aperture as shown in Fig. 7-5 (a) or one anamorphic lens as shown as Fig 

7-5 (b) between the lamp reflector and the integration rod for the new optical design. 

 The arc of lamp is located on the first focus-point of the elliptic reflector 

and is imaged on the second focus point by the elliptic reflector. The light from the 

lamp is collected by the reflector and is incident on the entrance end of the integration 

rod.  And, the light beam passes through either one elliptic obscuration aperture or 

one anamorphic lens that is located between the lamp reflector and the integration rod.  

Then, the non-uniform light from the lamp is uniformly illuminated on the exit end of 

the integration rod through the multiple reflections inside.  The uniformly 

rectangular-shaped light spot on the exit surface of the integration rod is imaged onto 

the active area of DMD™ by the illumination optics (i.e. three singlet lenses and one 

achromatic doublet) and one TIR prism.  TIR prism is a light separator that is a 

compound prism system to guide the light onto and away from DMD™ in the 

illumination system and the projection system simultaneously by the air-gap and one 

total internal reflection surface between two prisms.  The image of the DMD™ is 

projected and imaged onto the screen by the TIR-prism and the projection lens while 

DMD™ is in the condition of the on-state configuration.  While the configuration of 
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DMD™ is in either the flat-state or the off-state, the light beam is steered away from 

the entrance pupil of the projection lens and the light is not projected on the screen. 

In the illumination system, there is one aperture-stop that limits the size and 

the axial cone of light energy.  The entrance and the exit pupils are the conjugate 

images of the aperture stop in the object and image spaces of the illumination system, 

respectively.  In order to attain the maximum optical collection efficiency, the 

entrance pupil of the illumination system should be designed on the entrance end of 

the integration rod that limits the light beam from the lamp and the reflector, and the 

exit pupil of the illumination system should be designed on the entrance pupil of 

projection lens to attain the maximum throughput on the screen, as shown in Fig. 7-5 

(a) and Fig. 7-5 (b). 

 In the conventional optical design for ±12°-tilt-angles DMD™-based 

projection system, the f-number should be limited on the value of the f /2.4 that 

corresponds to the ±12°-half-cone angles of the illumination system because of the 

light-steering action for on-, flat- and off-states of ±12°-tilt-angles DMD™ 

architecture, as shown in Fig. 7-6 (a).  The light energy on the aperture-stop is 

bounded within one round-shaped area (called the “light envelope”) and the 

size/diameter of the light envelope is determined by the F-number and the maximum 

acceptance cone angle. There are many light spots of images, like the checkerboard 

array, in the light envelope, that are formed by the multiple reflections from the inner 

walls of the integration rod, as shown in Fig. 7-7 (a).  
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(a) 

 

(b) 

 

(c) 

Figure 7-6 Schematic diagrams of the illumination-pupil stops in the ±12°-tilt-angles DMD™-based 

projection system. (a) Conventionally optical design of symmetrically single f /2.4 system. (b) Optical 

design of symmetrically single f /2.0 system. (c) New optical design of the asymmetrically dual 

f-number ( f /2.0 × f /2.4) system. 
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(a) 

 

(b) 

Figure 7-7 Image of the light envelops in the entrance pupil of the projection lens in the simulation. (a) 

For the symmetrically single f /2.4 system with the round-shaped illumination-pupil. (b) For the 

asymmetrically dual f-number (f /2.0 × f /2.4) system with the elliptic-shaped illumination-pupil. 

 

Two kinds of the optical designs with the asymmetry-shaped apertures in the 

illumination system and the projection lens have been proposed to improve the 

contrast ratio [66, 67]. The functionalities of the asymmetry-shaped apertures are to 
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baffle the scattered lights and diffracted lights from the illumination system. For those 

designs, the minimum f-number is still determined by the tilt-angle on DMD™ and 

the baffling apertures will lead to the reduction in the optical efficiency significantly. 

Because of the limitation of f /2.4 in the illumination system, the brightness of 

DMD™-based projector is limited on the specific maximum value unless we could 

enlarge the acceptance cone angle in the system. If we enlarge the acceptance cone 

angle to the greater-than ±12°-one, for example ±14.48° that corresponds to f /2.0, as 

shown in Fig 7-6 (b), there exits the overlap of light envelopes between on-state and 

flat-state.  This result is possible to cause a poor contrast ratio, the stray light and the 

ghost image through the projection lens on the screen.  Of course, we can design a 

baffle at the edge of aperture stop to cut-off the overlay of the light envelopes at the 

aperture-stop in the projection lens.  In this case, the sagittal direction of the aperture 

stop becomes f /3.0 restrictively even though the tangential direction is f /2.0.  This 

kind of the design is not able to increase the optical efficiency significantly more than 

the conventional f /2.4 illumination system. 

The solution proposed here is a new design of the elliptic-shaped 

illumination-pupil to improve the f-number limitation, as mentioned above, in the 

optical system of DMD™-based projector. Either an elliptic-shaped obscuration 

aperture or an anamorphic lens between the lamp’s reflector and the integration rod in 

one f /2.0 optical system, as Figs. 7-5 (a) and 7-5 (b), have been proposed [68,69].  

These methods are able to “re-shape” the illumination-pupil from symmetrically 

round light-envelope to asymmetrically elliptic one at the aperture-stops of the 

illumination system and the projection lens, respectively, as shown in Figs. 7-5 (a) 

and 7-5 (b).  In other words, the tangential direction of the illumination pupil still 

keeps the f /2.0 light cone-angle, but the sagittal direction of the illumination pupil is 

compressed to f /2.4 cone-angle light by either the elliptic-shaped obscuration aperture 
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or an anamorphic lens. Another design with an ellipsoid-shaped diaphragm at the 

aperture-stop in the projection lens to prevent the flat-state light through the 

aperture-stop for the high contrast ratio on the screen, as shown in Fig. 7-6 (c), is also 

proposed.   

 In other words, the design proposed here utilizes either an elliptic-shaped 

obscuration aperture or an anamorphic lens to generate the “dual f-number”, for 

example f /2.0 × f /2.4, in the illumination system of DMD™-based projector.  The 

“dual f-number” means that the tangential F-number value is not equal to the sagittal 

one, and the shape of the illumination pupil is elliptic but not round.  By means of 

this design, the brightness enhancement against the f /2.4 limitation can be established.  

Additionally, optical system that with the F-number more than f /2.0, for example f 

/1.8, f /1.6 and so on, can be developed along the design flow illustrated above.  

Small f-number stands for the larger acceptance cone-angle and higher optical 

efficiency in the optical system.  Of course, there remain the trade-off issues in 

considering the cost-and-performance ratio and the requirements of the product 

specification.  

It should be noted that the dual f-number design is also able to prevent the 

overlap between on-state and flat-state of DMD™ at the entrance pupil of the 

projection lens, and some stray lights or the ghost images on the screen while the 

tangential f-number is greater than f /2.4. Therefore, the dual f-number does not only 

increase the brightness but also keeps the contrast ratio in the DMD™-based projector 

at the same time. 
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7.4 Simulation exploration of dual-f / # illumination system 

7.4.1 Ètendue simulation of lamp coupling system 

In the beginning of optical design for the illumination system with specific 

f-number, we should estimate the maximum collection efficiency of light source by 

the Ètendue calculation in Eq. (2-22). The simulation of the collection efficiency is 

performed by the ray-tracing program of Advanced Systems Analysis Program 

(ASAP) [70] and the light source model is a Radiant Imaging data file [71] of an 

ultra-high-pressure mercury lamp with 1.3mm arc-gap, an ellipsoidal reflector 

(R=24.858, k=-0.596) and maximum half cone-angle ±30o (i.e. f /1.0).  The 

geometrical model of lamp coupling system is shown as Fig. 7-8.  We fixed the 

f-number (i.e. the cone angle) of the lamp coupling system and regarded the value of 

acceptance area (i.e. the entrance area of the illumination system) as the variables to 

calculate the relationship between the Ètendue in Eq. (2-22) and the collection 

efficiency of the acceptance area.  In the ASAP ray-tracing program, 1,000,000 rays 

are created at the Radiant Imaging source and then traced randomly through the 

geometrical model of lamp coupling system. 

 

 

Figure 7-8  Schematic diagram of the lamp coupling system that consists of a light source, one elliptic 

reflector and one rectangular-aperture detector. 
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The simulated data of the collection efficiency versus Ètendue was plotted in 

Fig. 7-9, and then we fitted the set of data to a formula as the function of Ètendue as 

shown in the view box of Fig. 7-9. The symbols in view box of the Fig. 7-9 are 

defined as Chi^2/DoF is χ2 –value, R is the correlation factor and the second terms of 

a, b, c parameters are the standard errors of a, b, c values, respectively, in the 

mathematical statistics.  According to this fitted formula, the collection efficiency 

for the specific Ètendue that is a function of the dual f-number and acceptance area 

(i.e. the entrance area of the integration rod) in DLP-based illumination system can be 

calculated.  By this simulation method, we can estimate the lamp coupling 

efficiencies for the different dual f-number configurations before designing the 

illumination systems.  
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Figure 7-9  Simulated data of the collection efficiency versus Ètendue is plotted as the filled-circle 

dots. The solid curve and the equation is the fit to the simulated result of lamp coupling system. 

 

The Ètendue of the specific dual f-numbers are estimated in Table 7-1.  The 

percentage of the lamp coupling efficiency for dual f /2.0 x f /2.4 is 68.97%, that for 
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dual f /2.2 x f /2.4 is 67.54 % and that for single f /2.4 x f /2.4 is 66.18 %. As expected, 

coupling efficiency can be improved. 

 

Table 7-1  Lamp’s Coupling Efficiencies vs. Ètendue. 

f-number configuration 
Ètendue  

(mm^2 steradian) 

Collection efficiency  

(%) 

f /2.4 x f /2.0 26.490  68.97% 

f /2.4 x f /2.1 25.228  68.25% 

f /2.4 x f /2.2 24.081  67.54% 

f /2.4 x f /2.3 23.034  66.85% 

f /2.4 x f /2.4 22.075  66.18% 

 

7.4.2 Optical efficiency of the illumination system 

The geometrical model of the optical system is described in section 7.3 as 

shown in Fig 7-5 (a). Again, the simulation is performed by the ASAP program and 

the light source model is a Radiant Imaging data file of the same lamp model 

mentioned in above section.  In simulation, typically 1,000,000 rays are created at 

the Radiant Imaging source and then traced randomly through the geometrical model 

of the optical system. 

The simulated data of the collection efficiency in the DMD active area is 

shown in Table 7-2. Comparing with single f /2.4 illumination system, the percentage 

of the increase of the optical collection efficiency on DMD active area for the dual f 

/2.0 x f /2.4 is 6.2%, that for dual f /2.2 x f /2.4 is 3.6 %.  The light-spot shape and the 

intensity distribution of the illumination-pupil at the entrance pupil of projection lens 
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is simulated and showed in Fig. 7-7 (b).  The result indicated that the 

illumination-pupil becomes the elliptic-shaped from the single f-number to dual one. 

 

Table 7-2 Optical Collection Efficiencies on DMD’s active area 

f-number configuration 
DMD active area 

Collection efficiency (%)
Overfill (%)  Ratio  

f /2.4 x f /2.0 63.05% 9.07% 1.062  

f /2.4 x f /2.1 62.35% 9.02% 1.050  

f /2.4 x f /2.2 61.53% 8.92% 1.036  

f /2.4 x f /2.3 60.63% 8.87% 1.021  

f /2.4 x f /2.4 59.39% 8.81% 1.000  

 

To briefly summarize, the dual f-number design utilizes either an 

elliptic-shaped obscuration aperture or an anamorphic lens between the lamp’s 

reflector and the integration rod to generate the “dual f-number”, for example f /2.0 × f 

/2.4, in the illumination system of DMD™-based projection system.  This optical 

design is able to enlarge the acceptable cone-angle, i.e. the optical efficiency, in the 

tangential axes at the entrance pupil of the projection lens, and prevent the overlap 

between on-state and flat-state of DMD™ in the sagittal axes from the some stray 

light or the ghost image on the screen.  By the design proposed here, the percentage 

of the lamp coupling efficiency for the dual f /2.0 x f /2.4 is 68.97% and that for dual f 

/2.2 x f /2.4 is 67.54 %.  Comparing to the conventionally single f /2.4 illumination 

system, the simulated data of the optical collection efficiency increase on DMD active 

area for the dual f /2.0 x f /2.4 is 6.2%, that of the lamp coupling efficiency for dual f 

/2.2 x f /2.4 is 3.6 %.   Overall, the dual f-number design can get rid of the f /2.4 
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constraint, due to the light-steering action of narrow ±12°-tilt angles on DMD™ and 

enables a lower-than- f /2.4 optical design with a significantly brightness increase and 

an adequate contrast ratio in the DMD™-based projectors. 

 

7.5 Summary and remarks 

In summary, the design of a dual- f-number illumination system and its 

application to projection display has been investigated.  The Ètendue formula of an 

elliptic-shaped illumination-pupil has been derived.  This formula can be used to 

estimate the optical collection efficiency before designing the illumination optics.   

Illustrations based on classical Cooke triplet and potential application to a DMD™ 

projector system has been provided.  

It should be noted that the dual f-number optical system design could also be 

applied to any on-axis or off-axis projection-lens or camera-lens systems with not 

only the higher illumination but also the lower aberrations of coma and astigmatism 

on the image plane by the elliptic-shaped diaphragm.  The design presented here also 

infers the possibility and feasibility of the multiple f-numbers and the anamorphic 

illumination pupil or diaphragm in the optical system.   
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Chapter 8  

 

Conclusions and future works 
 

8.1 Conclusions 

We develop either an analytical or a semi-analytical model by the use of 

optical transfer function (OTF) and illumination formations and put emphasis on the 

study of imaging and non-imaging qualities in the incoherent imaging system. Since 

the illumination light could vary the intensity distribution of the reflective light from 

an object, we could no longer assume the OTF or MTF of the object equal to unity in 

an imaging system. In this thesis, we make the in-depth investigation into the 

relationship between OTF and the illumination light distribution by calculating the 

OTF using the pupil function with the amplitude transmittance function T’(x, y) in Eq. 

(2-1) and the wave aberration function W(x, y) in Eq. (2-2). The amplitude 

transmittance function T’(x, y) stands for the term given to the characteristic of a 

non-imaging system. The wave aberration function stands for the term given to the 

characteristic of an imaging system. One of main contributions of this thesis is to 

implement and demonstrate the effective factor of the non-imaging system (i.e., 

illumination light) in OTF calculation for assessing and specifying the performance of 

the imaging system.  

Then, a new approach for extending the depth of focus (EDOF) in an 

incoherent imaging system with a programmable shaped pupil using structured light 

has been demonstrated, which provides the connection between non-imaging and 

imaging systems for enhancing the image quality in the conventionally incoherent 

imaging systems such as light pipe, photography, microscopy and projector with 
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embedded illumination modulator. We calculated the OTFs and illumination 

formations, and analyzed the optical performances for the following four subjects. 

 

A.  Subject-1: Optical transfer functions for the specific-shaped apertures 

generated by illumination with a rectangular light pipe 

The pupil function and the corresponding OTFs of the specific shaped aperture 

generated by illumination with a rectangular hollow light pipe have been investigated 

in the aberration-free and defocused optical systems, respectively. In conclusion, (1) 

the OTF values of the even-peak frequencies can decrease when the size of the 

Lambertian light source decreases, (2) if there are a total of n × n individual 

apertures within the pupil, then there are n near-periodical peaks on the OTF curve. (3) 

The OTF’s values remain almost unchanged with the different length of the light pipe, 

(4) the geometric structure of the light pipe does not affect the resolution limit of the 

optical system, and the case of the defocused system can coincide with that of the 

aberration-free system under the condition of a larger defocused coefficient ω20. 

 

B.  Subject -2: Programmable apodizer in incoherent imaging system using a 

digital micromirror device 

We have provided a new approach for improving the image quality for the 

incoherent imaging systems, including photography, projector and microscopy, with a 

specific illuminator modulator. The semi-analytical results using the optical transfer 

function (OTF) indicated that the depth of focus can be extended with specifically 

shaped illumination, which is generated by a digital micromirror device or LED array, 

on the aperture stop in the imaging system with a specific defocus coefficient, and the 

specific coefficients for spherical aberration and coma aberration. It has been shown 

that a shaped pupil with a scale ratio K equal to 0.05 is more helpful for extending the 
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depth of focus at low spatial frequency, while a shaped pupil with a scale ratio K 

equal to 0.3 is more useful for extending the depth of focus at high spatial frequency. 

Furthermore, the image quality could not be significantly influenced as the fill factor 

(i.e. aperture ratio) of the spatially shaped pupil varied from 100% to 80%.  

 

C. Subject -3: Illuminance formation and color-difference of mixed-color 

LEDs in a rectangular light pipe: an analytical approach 

An analytical method of illuminance formation generated by illumination using a 

rectangular hollow light pipe and mixed-color LEDs were investigated. The 

corresponding ANSI light uniformity, ANSI color uniformity and color-difference 

were derived for single LED and multi mixed-color LEDs.  The analytical results 

indicate that the distributions of illuminance and color-difference vary with the 

different geometric structures of the light pipes and the location of the light sources.  

Both ANSI light and color uniformities at the exit plane of the light pipe with 

mixed-color LED light sources can be reduced exponentially by increasing the length 

of the light pipe, but can be increased exponentially by increasing the height ratio b/a 

of the light pipe. In the case of the length scale L/A being greater than unity, the 

mixed-color LED sources on the entrance plane are uniformly illuminated with the 

acceptable uniform brightness and color images. 

 

D. Subject -4: Design of a dual- f -number illumination system and its 

application to DMD™ projection displays 

The design of a dual-F-number illumination system and its application to 

projection display has been investigated.  The Ètendue formula of an elliptic-shaped 

illumination-pupil was derived.  This formula can be used to estimate the optical 

collection efficiency before designing the illumination optics. Illustrations based on 



 

 162

classical Cooke triplet and potential application to a DMD™ projector system has 

been provided. 

 

8.2 Future works  

In this thesis, we have analytically and numerically demonstrated the feasibility 

of extending the depth of focus with structure light (i.e. non-imaging illumination) on 

the aperture stop in the incoherent imaging system by the use of the pupil function 

and the optical transfer function. Furthermore, an analytical model of the non-imaging 

system by the use of illumination formations has also been demonstrated. The 

preliminary results as described in this thesis could provide us either analytical or 

semi-analytical tools for optimization and simulation in designing an advanced optical 

system with the imaging lens system and the embedded illumination modulator before 

we start the experiment. The explorations of the algorithm development in optical 

optimization and simulation, and its implement in the experiments and real optical 

devices will be my future works. We propose three primary directions extending our 

previous works as follows, and the roadmap of my future works is shown in Fig 8-1.  

 

(1) Toward an entirely analytical model for optimization in optical design:  

In our previous study, only an analytical or semi-analytical model using OTFs 

and pupil functions was discussed, and the image quality of the imaging system was 

investigated just with defocus, spherical and coma aberrations. While exploring to 

realistic situation, we have to consider more monochromic aberrations such as 

astigmatism, field curvature and distortion, and chromatic aberrations such as 

longitudinal color and lateral color for a real optical system in our analysis model. 

Besides image evaluation, the optimization algorithm should be further developed for 

dealing with the more and more complicated and compact optical system design 
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including imaging and non-imaging, for example, how to connect between the scale 

ratio K (a term of non-imaging property) and OTF (a term of imagining performance) 

will be a critical issue in optical design and optimization. 

 

(2) Toward an experimental analysis on image evaluation in the conventionally 

imaging systems: 

In this thesis, we just demonstrated our research and development using the 

numerical approach and computed image processing without the experimental 

verification although we believe the numerical support and exploration will also help 

the clarification. We understand the importance of experimental realization of 

proposed schemes, and therefore we will plan a serious of experimental analyses on 

modulation-transfer-function (MTF) measurement and image evaluation in the 

conventionally imaging systems especially for photography and microscopy with an 

imaging system and the specific illumination modulator with the characteristics of 

either incoherent or coherent light. 

 

(3) Toward new implements and applications in medical imaging of BioOptics: 

Medical imaging is the state-of-the-art technology to provide two- or 

three-dimensional images of the living body for clinical purposes or medical science. 

Imaging studies can diagnose disease or dysfunction from outside the body, providing 

information without exploratory surgery or other invasive and possibly dangerous 

diagnostic techniques. In the field of BioOptics, medical imaging incorporates 

medical photography and microscopy, endoscopy, optical coherence tomography, 

ophthalmoscopy and so on. Since most of observed organs and tissues are 

three-dimensional objects, the extending the depth of image field is necessarily 

required in medical imaging system design. From the point of view of potential 
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applications, as well as from a purely academic perspective, it will be worthwhile to 

explore new approaches to extending the depth of focus (EDOF) leveraging with our 

previous works on embedded illumination modulator for optically medical imaging 

systems in the future.   

  

 
Figure 8-1  The roadmap of my future works in extending the depth of focus (EDOF) with embedded 

illumination modulator. 
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