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ABSTRACT

This thesis discusses the neutrino flavor physics from the source to the Earth.
In first part, we analyze the measured flavor ratios'on the Earth to reconstruct
the flavor ratio at the source:” We also estimate the critical event numbers for
distinguishing two most common astrophysical sources. We not only introduce
the standard oscillation mechanism but also.neutrino decay mechanisms into the
propagations of neutrinos. Applying the currently understood of neutrino mixing
angle ranges, we obtain the corresponding flavor ratios on the Earth for different
propagation meghanisms. In the second part, we discuss the neutrino detections.
We simulate neutrinos interacting with the Earth and record the lepton fluxes
inside the detector sensitive region. The leptons generate the electromagnetic and
hadronic showers. We use CORSIKA simulate these showers and estimate the

resulting synchrotron radiations.
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List of Figures

2.1 The spectrum of AGN [1] and GZK [6] muon neutrino flux. THaebsolid line
shows the muon neutrinaspectrum from AGN source. The reldedbline shows
the muon neutrina'spectrum from GZK source.

2.2 The ranges for. the neutrino flavor ratios on the Earthltiegufrom standard
neutrino oscillation. The-numbers on each side of the tt@gnote the flux
fraction of.a specific flavor-of neutrino.” The blue point'matke pion source
@ (Ve) - (@(Vy) : @(vr) =1/3:2/3:0 and the red point marks the muon-damped
sourceg(Ve) (@ (vy) : @(vr) =07 1 0. In panel (a), the red and blue squares
mark the corresponding neutrine-flavor ratios-observed erEdrth. In panel (b),
we introduce uncertainties: of neutrino-mixing angles in pinebability matrix.
The red and dashed. line denote neutrino flavor ratios obsemehe Earth from
muon-damped source iroland 35 ranges of neutrino mixing angles respectively.
The blue and solid line denote neutrino flavor ratios obskve the Earth from
pion source in &r and 3 ranges of neutrino mixing angles respectively . . . . .

2.3 Different types of neutrino-induced events. Dashedsliand solid lines corre-
spond to paths of neutrinos and leptons respectively. Theseids are showers.

The detectable energy range for each type of event is ligtédhle 2.1. . . . . .
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2.4

2.5

2.6

2.7

The reconstructed ranges for the neutrino flavor ratitieesource witiAR' /R =
10% only. The left and right panels are results with the mdamped source and
the pion source as the input true source respectively. Thebats on each side
of the triangle denote the flux percentage of a specific flaoeatrino. The red
point marks the muon-damped sourkg, = (0,1,0) and the blue point marks the
pion sourcePy = (1/3,2/3,0). Gray and light gray areas respectively denote the
1o and 3 ranges for the reconstructed neutrino flavor ratios at tlhecso We
choose parameter set 1 in Table 2.4 for thisanalysis. . . . . ... ... ... 19
The reconstructed ranges forithe neutrino flavor ratioar input muon-damped
source withAR' /R' =10% andAS'/S related.to the former by the Poisson statis-
tics, E.g. (2.17). Gray and light gray areas-in the left (figtanel denote the
reconstructed & and 3 ranges with the parameter set'1 (2) in Table 2.4.

The reconstructed ranges-for the neutrino flavor ratosaf input pion source
with AR' /R\= 10% andAS /S related to the former by thePoisson statistics,
E.q.(2.17).- Gray and light gray areas in the left (right) glagslenote the recon-
structed I and 3 ranges with the parameter set 1 (2) in'Table2.4. . . . . . ..
The reconstructed ranges for the neutrino-flavor ratitheitsource for an input
muon-damped source witiR' /R' = 10% andAS /S related to the former by the
Poisson statistics, E.(R.17).~The left panelis obtained withs and 6,3 taken
from the parameter set 1'in Table 2.4 and the input CP phase takbe 0,71/2

andrt respectively. The right panel is obtained with the paramstés 3a, 3b and
3c in Table 2.4. Light gray area, dashed blue and dashedrresl ¢iorrespond to
the 3o ranges for the reconstructed neutrino flavor ratio at thecgoior co = 1,
coso = 0 and co® = —1 respectively. Gray area, blue and red lines correspond to
the 1o ranges for the reconstructed neutrino flavor ratio at thecgoior co = 1,
cosd = 0 and co® = —1 respectively. The effect from the CP phasenly

appearsintherightpanel. . . . . . ... ... ... . . ... 22
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2.8 The reconstructedoland 3 ranges for the neutrino flavor ratio at the source for

an input pion source withR' /R' = 10% andAS /S related to the former by the

Poisson statistics. The choices of parameter sets areddetut those of Fig. 2.7.

Once more, the effect from the CP phasenly appears in the right panel. . .. 22
2.9 Critical accuracies needed to distinguish between ithe gource and the muon-

damped source. In the left panel where the muon-damped esasirthe true

source, the reconstructear 3ange for the neutrino flavor ratio just touches the

pion source afR' /R = 11% andAS /S related to the former by the Poisson

statistics, E.q.(2.17). In the right panel where the pioaree is the true source,

the reconstructed Brange forthe neutrino.flavor ratio just touches the muon-

damped source @&R' /R = 4% andAS /S related to the former by the Poisson

statistics, E.g.2.17.. We choose parameter set 1 in Tabl®Pthis analysis. . . 23
2.10 Reconstructed ranges formuon-damped sourceNRjiR* = 10% and\S*/S* =

12%. Thexdark and light shaded areas denote the range ofstaected neutrino

flavor ratios under & and 3 limits. The left and right panels correspond to

the condition I'and Il. / The pion-source can be ruled out at iride¥el for both

conditions. ™. .o L 0 Lo Ll e e s A 25
2.11 Reconstructed ranges for muon-damped source ARMR* = 10% only. The

dark and light shaded areas'denote the range of reconstmetgrino flavor ratios

under I and v limits. The left and right panels correspond to the conditio

and Il. The pion source can be ruled out atl@vel for the condition Il but not for

the condition l even atdlevel. . . . .. . ... ... ... ... ... ... 26
2.12 Reconstructed ranges for pion source WR/R? = 10% andAS?/S* = 12%.

The dark and light shaded areas denote the range of recctestnoeutrino flavor

ratios under @&r and 37 limits. The left and right panels correspond to the condi-

tion | and Il. The muon-damped source can be ruled out at théel for both

conditionsS. . . . . .. 27
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2.13 Reconstructed ranges for pion source WRY/R* = 10% only. The dark and

light shaded areas denote the range of reconstructed mediavor ratios under

1o and P limits. The left and right panels correspond to the conditi@nd II.

For condition I, & limit covers all flavor ratio of source. But the muon-damped

source can be ruled out alevel for conditionIl. . . . ... ... ... .. .. 27
2.14 Measured flux ratios for input source rati@s(Ve) : @(Vy) : @(vr) =a:1—a:

0 with 0 < a < 1. The thick and long dashed lines correspondRfoand S'

respectively. The thin and short-dashed lines deftendS respectively. It is

seen thaB8 andR' are more sensitive ta;while R andS' are less sensitive to

this parameter. . <. . o D e A 28
2.15 The distribution of neutrino flavor ratio on the Eartbnir pion source for 200

events. Each flavor ratio-on-the ternary plot is generateddfyeents. There are

10 million flavor ratios generated on the ternary. plot, wHigtm the distribution

of flavor ratios. The blue point denotes theoriginal flavdror@f pion source.

In panel (a), the distribution of flavor ratios is cut off at %. In-panel (b), the

distribution of flavor ratios is cutoffat68%. . . . . . . . L. .. ... L. 30
2.16 The reconstructed ranges for pion source- with 200 svemd neutrino energy

below 333 PeV. The range for possibly measured flavor. ratio is cuttdi®ar%.

The dark and light shades area denateahd 3 reconstructed ranges. . . . . . 31
2.17 The reconstructed ranges' for pion source with 200 svami neutrino energy

below 333 PeV. The range for possibly measured flavor ratio is cuttddB£2%.

The dark and light shades area denateahd 3 reconstructed ranges. . . . . . 32
2.18 The reconstructed ranges for pion source with 200 svemi neutrino energy

above 333 PeV. The range for possibly measured flavor ratio is cuttdPar%.

The dark and light shades area denateahd 3 reconstructed ranges. . . . . . 33
2.19 The reconstructed ranges for pion source with 200 svemi neutrino energy

above 333 PeV. The range for possibly measured flavor ratio is cuttc®B£2%.

The dark and light shades area denateahd 3 reconstructed ranges. . . . . . 34
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2.20 The distribution of neutrino flavor ratio on the Eartbnfr muon-damped source

for 200 events. Each flavor ratio on the ternary plot is geedray 200 events.

There are 10 million flavor ratios generated on the ternaoy, pthich form the

distribution of flavor ratios. The red point denotes the ioadjflavor ratio of muon-

damped source. In panel (a), the distribution of flavor sisacut off at 997%. In

panel (b), the distribution of flavor ratios is cut offat8®. . .. ... ... ..

2.21 The reconstructed ranges for muon-damped source @@te2ents and neutrino

energy below 33 PeV. The range for possibly measured flavor ratio is cuttoff a

99.7%. The dark and light shades area denaeahd

% reconstructed ranges.

2.22 The reconstructed ranges forrmuon-damped source @@e2ents and neutrino

energy below 33 PeV. The range for possibly. measured flavor ratio is cuttoff a

68.2%. The dark and light shades area denateahd

2.23 The reconstructed ranges-for muon-damped sou

energy above 33 PeV. The range for possibly measured flavor ratio is cuttoff a

99.7%. The dark and light shades-area den@eahd

2.24 The reconstructed ranges for muon-damped Ssou

energy above 33 PeV. The range for pessibly measured flavor ratio is cuttoff a

68.2%. The dark.and light shades area denaeahd

% reconstructed ranges.

rce QteZents and neutrino

% reconstructed ranges.

rce Q@tleZents and neutrino

3 reconstructed ranges.

2.25 The distribution of neutrino-flavor ratio_on-the Eartbnfr pion source for 400

events. Each flavor ratio on the ternary plot is generateddfyedents. There are

10 million flavor ratios generated on the ternary plot, whiahm the distribution

of flavor ratios. The blue point denotes the original flavdioraf pion source.

In panel (a), the distribution of flavor ratios is cut off at 8%. In panel (b), the

distribution of flavor ratios is cut off at 68%. . . . .

2.26 The reconstructed ranges for pion source with 400 svazibw 333 PeV. The

range for possibly measured flavor ratio is cut off ai798. The dark and light

shades area denote ind 3 reconstructed ranges

%
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2.27 The reconstructed ranges for pion source with 400 sveglbw 333 PeV. The

range for possibly measured flavor ratio is cut off at288. The dark and light

shades area denote ind 37 reconstructed ranges. . . . . . . . . ... ... ..

2.28 The reconstructed ranges for pion source with 400 svamd neutrino energy

above 333 PeV. The range for possibly measured flavor ratio is cutto®Par%.

The dark and light shades area denateahd 3 reconstructed ranges. . . . . .

2.29 The reconstructed ranges for pion source with 400 svamd neutrino energy

above 333 PeV. The range for possibly measured flavor ratio is cutto®B£2%.

The dark and light shades area denateahd 3 reconstructed ranges. . . . . .

2.30 The distribution of neutrino flavor ratio on.the Eartbnfr muon-damped source
for 400 events. Each flavor ratio_on the ternary plot.is geedray 400 events.
There are 10 million flavor-ratios generated on the ternaoy, pthich form the
distribution of flavor ratios:~The red point denotes theioadjflavor ratio of muon-
damped source. In panel (a), the distribution.of flavor sasacutoff at 997%. In
panel (b),the distribution of flavorratios is cut off at8&. . ... ... .. ..

2.31 The reconstructed ranges-for muon-damped source @fedents below 33

PeV. The range for possibly measured-flavor ratio is cut 08%1%. The dark

and light shades area denoie 4nd 3 reconstructedranges. . . . . . . . .. ..

2.32 The reconstructed sanges for. muon-damped.source @@redents below 33

PeV. The range for possibly measured flavor ratio is cut 06&2%. The dark
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3.1

3.2

3.3

The ranges for the neutrino flavor ratios on the Earthlitiegurom standard neu-
trino oscillation. The left panel shows the range of neuwtflavor ratios from the
source flavor ratiosgy(Ve) : @(Vy) : @(ve) =a:1—a:0,with0<a <1. The
violet and orange colors correspond the dnd 3 level of neutrino mixing an-
gles respectively. The left panel shows the range of nauflavor ratios from the
source flavor ratiosg(Ve) : @(Vy) : @(vr) =a :B:1—a—p,witha >0, >0
anda + 3 < 1. The violet and orange colors correspond tioeahd 3 level of
neutrino mixing angles respectively. The values of mixinglas are same as the
setlinTable2.5. . . . . ..l 0 b o 48
The range of flavor«atios on the Earth from the heaviedtraiddle mass eigen-
states decay to thelightest mass eigenstate and invis#téss The final branching
ratios of the heaviest and-lightest mass eigenstateBrare, + Bry invisible = 1
andBry ..+ Bry _invisible="1~ Panel (a) shows the range of flavor ratios on the
Earth in thesnormal mass hierarchy. Panel (b) shows the raffi@vor ratios on
the Earth.inthe inverted mass hierarchy. . . . . . . .0 . o L. 53
The range of flavor ratios on the Earth from the heaviesisnegyenstate decays
to the middle, lightest and invisible state in-the-normal sniaigrarchy. Panel (a)
shows the range.of flavor ratios on the Earth from the heagigenstate decays to
invisible eigenstates only. Panel (b) showsthe range obifleatios on the Earth
from the heaviest eigenstate decays to the middle eigenstdy. Panel (c) shows
the range of flavor ratios on the Earth from the heaviest sigés decays to the
lightest eigenstate only. Panel (d) shows the all possibl@flratios on the Earth
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Chapter 1

Introduction

1.1 The Discovery of Electron'Neutrino

The history of neutrino began from th&decay experiment. In 1914, J. Chadwick discovered
that energy spectrum of thg-decay electrons is a continuous distribution. This resaittnot be
explained by the nuclear model Btdecay at thattime and implies that tBedecay may not be

a two-body decay process. W. Pauli-triedto interfitelecay as a three-body decay process and
introduced a new neutral particle carrying spif2 o ensure the a‘angular momentum conserva-
tion. In 1933 E. Fermitnamed. that particle as neutrinoand extended Pauli’'s idea to his weak

interaction theory. The reaction gfdecay is

(Z,A) = (Z+1,A)+e + Ve,

where Z and A denote the atomic number and mass number regheeind the subscripte’
indicts the flavor of neutrino. Based on Pauli’s theory, HtH@eand R. Peierls predicted the cross
section of neutrinos interact with matter should be muchliemthan the one of electrons. The

first discovery of neutrinos is made by F. Reines and C. Cowan fnverseB3-decay reaction,

Ve+p—n+e'.

They used the nuclear reactor as the source to generate amaat of antineutrinos. The

neutrinos interact with aqueous solution of cadmium ch@nd emit the neutron and positron.

1



F. Reines and C. Cowen detected the radigtiEdm positron annihilation and neutron interacting

with cadmium to establish the neutrino events.

1.2 Other Types of Neutrinos

Muon is a particle with a negative electric charge and casn 1/2. Most properties of muon are
the same as those of the electron, but the rest mass of muai, M@V/c?, is 200 times heavier
than the rest mass of the electron. The first discovery of nwesimade by C. D. Anderson and
S. Neddermeyer in 1936 from cosmic ray experiment. Thosensiace generated by cosmic ray
colliding with nuclei in the atmosphere. Since the'muon it the lightest lepton, it decays to

electron. The lifetime of muon is2x 10~° s and the process of muon decay is

I,l_ B e_ +Ve+ Vu

This process conserves the muon lepton numbgr.and char\ge. Table 1.1 lists properties of
lepton generations. In order to conserve the lepton numiigon neutrinorand anti-electron neu-
trino are generated.in muon decay.-The other lepton is taichwias discovered in linear collider
experiment in 1975." Tau is more massive than-other leptodstamest mass is. 177 MeV/c.
Since the tau is the heaviest lepton, it could decay to @earmuon: The lifetime of tau is about
2.9x 10 13 s. The tau has several.decay.channels:"We list the major dbeayels in Table 5.2.

The purely leptonic decay channels‘are

T" —€ +Ve+V; (17.85+0.06%)

and

Unlike other particles, neutrinos interact with mattenyvereakly and may not decay to other
particles. Hence they keep a lot of information about thegin. One can probe the astrophysical

object by measuring neutrino. Based on the understandintgatrino oscillation and mixing



Generations| Name | Electric charge]l  Lepton number | Mass

First electron -1 Le=1,L,=0,L; =0| 0511 MeV/c
electron neutring 0 Le=1,L,=0,L;=0
Second muon -1 Le=0,L,=1,L; =0 | 105658 MeV/&
muon neutrino 0 Le=0,Ly=1,L;=0
Third tau -1 Le=0,L;=0,L;=1 1.777 GeV/@
tau neutrino 0 Le=0,L,=0,L; =1

Table 1.1: The properties of lepton generations. Since ¢utrimo flavor eigenstates are combi-
nations of neutrino mass eigenstates, we do not list theineunass in this table. The relations
beetween those three neutrino flavor eigenstates and ngesstites are discussed in chapter 2.

angles, we can establish the relation of neutrino flavooratithe source and that on the Earth.
In chapter 2, we reconstruct the possible flavor ratio at gtephysical source by measuring the
flavor ratio on the Earth..If neutrino can decay, the neutflagor ratio on the Earth should be
different from that predicted by neutrino oscillation. Ihapter 3, we.demonstrate the possibly
observed flavor ratio if heavier neutrino mass eigenstatesiecay to lighter one. Since the cross
section of high energy neutrinos interacting with-matterasy small, the detection of neutrinos
are very difficult. Most of experiments use the Earth as thgetafor neutrino to interact with it.
In chapter 4, we build a Monte-Carlo program to simulate tetrno interacting with the Earth.
The charged current.interaction of a neutrino produceséapmh and hadrons. If the lepton is
muon or tau and generated inside the Earth, it may penetratédrth and decay to showers. The
experiment can observe those showers to estimate the awfdtgg/original neutrino. In chapter 5,
we use CORSIKA to simulate the'tau shower with different gnend calculate the electric field
of synchrotron radiation generated by this shower. We edtirthe energy of original neutrino by
measuring the signal of synchrotron radiations. In chaftare design a experiment in laboratory

to measure the development of shower and compare the dat&®ANT4 simulation.






Chapter 2

Neutrino Flavor Ratio at the

Astrophysical Source

Due to neutrino oscillations, the-neutrino flavor ratio-a #strophysical-source could be quite
different from that observed on the Earth. This chapterugises the reconstruction of neutrino

flavor ratios at the'astrophysical source.

2.1 Sources ofiUltra-high-Energetic Neutrinos

2.1.1 AGN (Active Galactic Nueleus) Neutrinos

Active galactic nuclei (AGN) are the most luminous astrapbgl objects in the sky [1]. AGN
have two jets in opposite directions and perpendicular ¢odbtcretion disc of AGN. The jets
accelerate the particles to extremely high energies by Facoeleration. The interacting chain

between high energy protons and gamma rays for generagngjdhs viaA™ resonance is

p+y— AT — p+m°
p+y—AT —n+mt (2.1)
mh— ut vy — et vet v+ vy
If the muon decays without losing too much of its energy, thergies of neutrinos produced

by the muon decay are close to the energy of neutrinos prddogdrom rrt decay . In this



chapter, we do not distinguish between neutrino and aniirim®. Hence this chain leads to the
neutrino flavor ratiogy(ve) : @(Vy) : @(vr) = 1:2: 0, whereg(vq) is the sum ofv, andvg
fluxes. Since these neutrinos are produced by the decay fethpion, such a source referred to
as the pion source. In the case that the muon loses a hugefjitarenergy by interacting with
the strong field [2] or matter [3], the energies of neutrinosdpiced by the muon decay are much
lower than the energy of neutrino produced by pion decay.cel¢his chain leads to the neutrino
flavor ratiogh(Ve) : @(Vy) : @(vr) = 0:1:0, which is referred to as muon-damped source. Fig.

2.1.2 shows the neutrino spectrum from AGN.

2.1.2 GZK ( Greisen-Zetsepin-Kuzmin.)-Neutrinos

The distribution of ultra.high energy cosmic.ray is isotopnd homoegeneous. The major com-
position of cosmic ray are protons.and nuclei. The ultra l@gergy. protong, > 109 eV, has a
possibility of interacting with the Z K microwave background radiation during its propagation
[4, 5]. In this interaction, proton and microwave backgrdwphoton collide into the resonance
stateAt, which deeays to neutron and pioen. Finally, the pion decayseutrinos. The chain of
interactions and decays is the same as Eq. (2.1) in Sec.ZAelGZK effect leads to a cutoff of
the cosmic ray spectrum around?2@V. The energy of neutrinos/produced in this decay chain is

around 187 to 108 eV. Fig: 2.1.2 shows the GZK tau neutrino_spectrum [6].

2.2 Pontecorvo-Maki-Nakagawa-Sakata Mixing Matrix and Flavor

Transition Probability Matrix

In neutrino oscillation theory, the relationship betweeutnno mass eigenstatég > and neu-
trino flavor eigenstately, > are described by Pontecorvo-Maki-Nakagawa-Sakata mixiaigix
U (PMNS matrix)[7, 8]:

3
Vo >= " Uailvi >, (2.2)
2

whereU is formed by three mixing angle; and theCP violation phaseé. U is written as
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Figure 2.1: The spectrum of AGN [1] and GZK [6] muon neutrinofl The blue solid line shows

the muon neutrino spectrum from AGN source. The red dasimedslows the muon neutrino
spectrum from GZK source:
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The time-dependent mass eigenstatgs> can be written as
Vi(x,t) >= e Bl y;(x,0) >= e BtdP|y, > .

The transition amplitude for flavor eigenstateg > to flavor eigenstateg > is

L

< Vg|Va >=< vj|UjUaie” B €|y >= S UgUaie” B> = Zugiuaie“%,
| |



wherelL is the propagation distance of neutrirte,and my correspond the energy and mass of

as the neutrino. Then the time-dependent transition pititieth for flavor 8 to flavor a can be

)+
Ame L Ame L
4ZIm(UaiUB*jU§iUBj)sin< Té )cos(%), (2.4)

whereAmizj = r‘qz — mf In the limit.of large neutrino propagation distance, thatriao oscilla-

written as

Anﬁ-L
E

tion probability only depend ‘on.the mixing anglég andCP phase. In this case, the transition

probability for flavorf te flavora can be expressed. interms of unitary matdipurely:

3
Pop= _Z|um|2|u,3i|2. (2.5)
=

Hence he neutrind flux at the astrophysical site and thattten the Earth is related by

@(Ve) Pee  Fepe Per @(Ve) @(Ve)
®(vu) | = | PuePup Pur ®w(vy) =P @(vy) ,  (2.6)
®(vr) Pre /Prn. Pre @w(Vr) @(vr)

where@(Vq ) is the neutrino flux measured on the Earth wigifg v, ) is the neutrino flux at the
source, and the matrix elemeRy g is the probability for the oscillatiovg — vg. The exact

analytic form of the probability matrif is given by



Pe = (1-%0)) (1-D?)%4D*
Py = %(1—D2) {w(l-i—A)—i—(4—w)(l—A)Dz-i—Z\/w(l—w)(l—AZ)Dcosé],
P = 3(1-0%) |0(1-8) + (4- )1+ 8D~ 2\ (1 &) (1—2)Dcoss].
Py = %[(1+A2)—(1—A)2D2(1—D2)]
— %w[(1+A)2+(1—A)ZD4—(1_A2)D2(2+4co§5>}
1

— Sy/0(l- 0)(15 M) [dEA)={=A)0?| b coss,

1
P = E(1—A2)(1—D2+D4)

_ %w [(1-44%)(1+ 4D*cos 6 + D*) =2(14 A%)D?]

+ 2y oIS b)a=h2ag 0% Dooss
P = 51542 (1+4)D2(1- D?]
_ E_law[(l_A)2+(1+A)2D4—(1—A2)D2(2+4co§5)]
. %\/w(l_w)(l—Az) [(1-A)— (1+A)D?| Dcosd, (2.7)

with = sinf 2612, A = cos By, D= sinBis, andd the CP phase.

If we take the best-fit values of neutrino ‘'mixing angles froangmeter set | in Tab. 2.3, the
neutrino flavor ratios observed on the Earth from the piomc®and muon-damped source after
oscillation are shown in Fig. 2.2(a). Considering the utaieties of mixing angle measurement,
the flavors ratios observed on the Earth are shown in FigbR.2(

It is seen thaPey = Per andPyy = Pyr = Prrinthe limit A =0=D, i.e, 6,3 = 11/4
and 813 = 0. In this case, the probability matrR is singular. In general, this singularity is only
slightly broken since both andD are expected to be small. Far= 0 = D, the eigenvectors of

the matrixP are
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Figure 2.2: The ranges for the neutrino flavor ratios on thehEasulting from standard neutrino
oscillation. The numbers-on each side of the triangle detinatélux fraction of a specific flavor
of neutrino. The blue point marks.the pion souggve):(@(vy): @(vr) =1/3:2/3:0 and
the red point marks the muon-damped soupe@e) : (@(Vy): @(v:) =0:1:0. In panel (a),
the red and blue squares mark the corresponding neutrinar flatios observed on the Earth. In
panel (b), we introduce uncertainties of neutrino mixinglasa in the probability matrix. The red
and dashed line denote neutrino flavor ratios observed oBdté from muon-damped source in
1o and 3 ranges of neutrino mixing angles respectively. The bluesatid line denote neutrino
flavor ratios observed on the Earth from pion source analhd 3 ranges of neutrino mixing
angles respectively
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1 1 1
vi=—| 1 |, VP=—| 1 |, ve=—| 1 [, 2.8
V3 V2 V6 29)
1 1 1
with the corresponding eigenvalues
1

where w = sin22912. Therefore, those initial flavor ratios .that differ from oamother by a
multiple of VP shall oscillate into'the same flavor ratio on.the Earth. Tustlate this explicitly,

we write the initial flux®g at the.astrophysical source as

. %2 (@(vy) — @(ve)) VP + ? (V) + @(vr)) Ve, (2.10)

where we have imposed the normalization conditi®five)+ ¢ (Vy )+ @(vr) = 1. This nor-
malization convention will be adopted throughout this iheghe first term on the right-hand side
(RHS) of Eq. (2.10) can bé expressed &3V 2 — /6\.S)/3: Hence the neutrino flux measured
by the terrestrial neutrino telescopeis

V6, 3
4

VBA
2

wW)VE+ (@(vy) + @(vr)) VE. (2.11)

Itis seen that the vectM®, with a coefficient proportional t@ (V) — @(V:), does not appear in
the terrestrially measured fluR. Hence the terrestrial measurement can not consgxgin, ) —
@(Vr) in this case.

The above degeneracy is lifted by either a non-vanisting(D # 0) or a deviation off>3
from 11/4 (A # 0). To simplify our discussions, let us tak® = 0 andA # 0. One can show
that the flux combinatioil + 4wA /(4 — 3w)) @(Vy) — (1 —2wA/ (4 — 3w)) (V7)) remains

11



poorly constrained due to the suppressioefP. To demonstrate this, we observe that

8—4w 2(1+DMw 21-Nw
214+Nw (4—w)(1+A%) —2Aw (4—w)(1—A?) (2.12)
2(1-Nw (4— w)(1—0?) (4— w)(1+42%) +2Aw

1
o
8

for D = 0 andA # 0. The eigenvalues d? expanded to the second ordetirare given by

4—Aw 1 3w?A?
AM=1A = A% A ==(4— St 2.1
and the corresponding eigenvectorsto the same ordeane
1
V/a = Na 1
L
2fA (A+rA)
VP = NPT gt 2rA(14rn) |
\ 1
—2+6rA
VE = INC | 1 6rA(1-8rA) | (2.14)
1

with r = w/ (4 — 3w) andN?P the appropriate normalization factors. Itis interestimgate that
the corrections to the eigenvectorsRbegin at¢’(A) while the corrections to the corresponding

eigenvalues begin &t (A?). With the above eigenvectors, we write the source neutrinot

P = NV [(1+4rD) @(vy) — (1—2rD) go(vr) — 2rA] NPV

—~

+ 3|(1—4rDd)@(vy) + (1—2rA) @(vr) — = (1—3rA) [ NV'C. (2.15)

wIN
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particle major processes signal type symbol in Fig. 2.3

e EM shower shower A

u energy loss track B

7(Ey < 3.3PeV) CC int. and-decay shower C

1(3.3PeV< E, < 33PeV) CCint. and-decay 2 separate showers D (double-bang event)
7(Ey > 3.3PeV) energy loss and decay  track and shower E (lollipop gvent

1(E, > 3.3PeV) CCint. and energy loss shower and track  F (invertegh@pl event)
1(E, > 33PeV) energy loss track G

X hadron shower shower

Table 2.1: Different types of neutrino induced events.

Itis easy to show that the measured ey depends ol throtigh the combinatior B)\t’)NbV’b
with

B=1(1+4rA) @mvy) — (1—2rA) go(v;) =2rAL. (2.16)

Clearly the flux combinationid=4rA) @y (vy ) — (1=2rA) @(Ve).is poorly constrained due to

the smallness oit’), of the orderA?,

2.3 Observed Neutrino Events in Detector

Neutrinos must interact with-matters to produce observaiglieals. The major channel for such
interactions is the charged-current.(CC)-interaction;- N — | + X, wherel is the lepton
associated witlv; and X denotes the hadronic states. The sub-dominant channed isethtral-
current interaction (NC)y; + N — v, + X. The detail of CC and NC interaction mechanisms
are discussed in section 4.2.3. In Fig. 2.3 and Table 2.1wergarize different types of neutrino
induced events and their detectable energy ranges.

Type-A event in Fig. 2.3 is an electron production throwglCC interaction. The electron has
a large interaction cross section with the medium and preslacshower within a short distance
after its production. A similar shower signature can be poedl by hadrons resulting from NC
interactions of all neutrino flavors. Type-B event is a mueadpced byv,, CC interaction.
Contrary to the electron, a muon can travel a long distancténmedium before it loses all

its energy or decay. The muon range in ice is more tHakm for E,, = 1 PeV (L0 eV). Hence,
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at this energy or higher, there is hardly any decay of muonmicgy within the fiducial volume of
the detector, which is about a few RmA muon does, however, lose a small fraction of its energy
and emits dim lights so that only those optical detectorsciviare near to the muon track can be
triggered. As a result, a muon produces a track-like signal.

The v;-induced events are listed as types C-G where the tau leptaluged byw; CC inter-
action behaves differently at different energies for a fidetkctor design. For a neutrino telescope
such as IceCube [9], the distance between each string afabpletectors id25m, which cor-
responds to the decay length oR&b PeV tau lepton. Such a tau lepton could be produced by
the CC interaction of a; with E,, = 3.3'PeV. Therefore, for ¥; with an energy significantly
smaller than this, the separation between the firsthadstraa/er produced by CC interaction and
the second shower produced by the tau-lepton decay.is tolbten@ resolved. Such an event is
classified as type C. Féfy, > 3.3 PeV,one can resolve the above double-bang event (clasatfied
type D) until the separation of two-showers exceeds the teféesize of the detector. Such a size
is estimated to berthe sum of IceCube dimensrsnl(km) and two extinection lengths of optical
photons in ice & 250m), which carresponds tothe decay length of a.tau lepton kjth= 25
PeV. The average energy vf capable of producing such a tau lepton is aro88®B PeV. Hence
the configuration of IceCube detector determines the obb&\energy.range for the double bang
event to be3.3 PeV < E, < 33.3 PeV[10]. For an under-sea experiment, such as KM3NeT
[11], the observable energy range. forthe double bang esemtilar.

Type-E event is referred to as the lollipop event. In suchwemg a high energy tau lepton
enters the detector and decays within it, producing a tréghkat followed by a shower. The
probability for observing a lollipop event increases witle heutrino energy, and it is abdbit<
104 for E, = 1 EeV [12]. Type-F event is the inverted lollipop which consisf a hadronic
shower fromv; CC interaction and a subsequent tau-lepton track. Both saod tau leptons
produce inverted lollipop events and it is not easy to sepatese two types of events. Finally,
type-G event is a through-going tau-lepton track which isdpiced byv; CC interaction with
Ey > 33.3PeV.

Flux ratio parameter fd€, < 3.3 PeV.—In this energy range, type-A and type-C events

are not distinguishable since the two showers in the lattentecan not be resolved. Hence one

14



Condition | :E, < 33 PeV Condition Il £, > 33 PeV
R = @(vy)/(@(ve) + @(vr)) R'=@(ve)/(@(vu) + @(vr))
S = @(ve)/@(vr) 8" = p(vu)/e(vr)

Table 2.2: The definitions d® andSat different energy ranges.

can only measure the ratlyack/Nshower Wwhere Nshoweris the total event number for electron
showers, tau-lepton showers and the hadronic showers fr@nintéractions. In IceCube, this
ratio can be measured in a good precision, which is usefudéatucing the flux ratidR' =
®(vu)/(@(Ve) + @(v1)) [13].

Flux ratio parameters fd8.3:PeV < E, < 33.3 PeV.— In this energy range, one can
detect the type-D and type-&; events (double bang and lollipop). Hence it is also posdible
measure the flux rati§‘= @(Ve)/@(v;) ifvaddition toR'[14]."However, the double bang and
lollipop events are both rare so thatthe error associatéiSliis large.\We demonstrated that a
large number of events/is necessary-for lowering down theenfR andShto the point that one
can distinguish the pion source from the muon-damped sgli&je

Flux ratio parameter foE, > 33.3'PeV.—In this high energy regime, the tau-lepton
range becomes long enough so that a-tau-lepton could pasgthtioe detector fiducial volume
without decaying. In this case, the tau-lepton loses itsggnjeist like'a muon does and the signal
appears like a track event [16].. Thus, from an experimeraaitof view, one should classify
such a signature as a track event (type G)./In'this_energyerdhgre are also type-E and type-F
events where tau leptons also behave like tracks. We threrdé&dine a new flavor ratio parameter
R = @(ve)/(@(vy) + @(vr)) since the electron shower can be easily separated from tha mu
and tau-lepton tracks. It is however more challenging ttrdjsiish the tau- lepton track from the
muon track so that the second flux ratio param&er= @(v,)/@(vr) can not be measured as
accurately aR'. Table 2.2 present the appropriate flux ratio parameterkifgr energy are low

energy respectively.
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Figure 2.3: Different types of neutrino-induced.events st lines'and solid lines correspond
to paths of neutrinos‘and leptons-respectively. The eliissare showers. The detectable energy
range for each type ‘of event is listed-in Table 2.1.

2.4 Reconstructing Source Flavor Ratios at Low Energies

Most of previous studies concernifiy andS -assume a good knowledge of neutrino flavor ratio
at the source and explore possible flavor ratios to be obdewdahe Earth [12, 13]. We take a
reversed approach to identify source flavor ratio from theeoked flavor ratio on the Earth.

Given a precision on‘'measuriig, AR /R', we estimatéAS' /S with two approaches. The
first approach assumes that b&R' andAS are dominated by the statistical errors. In this case,

one has

A\ 1+8 | R /AR
8o 2 , (2.17)
g v9 V1+R \ R
Using values oR' andS from Table 2.4, we obtaidS /S = (1.1— 1.2)(AR'/R') from
the pion source andS /S = (1.1 1.4)(AR'/R') from the muon-damped source. The second
approach takes into account the specific complicationsdentifying tau neutrinos. Since tau

lepton decays before it loses a significant fraction of iergy tau neutrino is identified by the so-

called double-bang or lollipop events [10, 12, 19]. In Ice€wr other detector with a comparable
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size, double-bang events are observable only in a narrolgerenge betweel PeV and20PeV
[10, 19] while the probability for observing a lollipop evethough increasing with the neutrino
energy, is still less thah0~3 for E,, = 1 EeV [12]. In view of these, we do not correlahs /S
with AR' /R' in the second approach. Rather we Ai$ /S while vary AR' /R for achieving
the goal of distinguishing astrophysical neutrino sourcé®e results of both approaches will be
presented. Before presenting the details of our analygigoint out that the decays— v u \7,1
andT — vru\7,1, each with al8%branching ratio, produce extra muon events or secondary
andvy [12, 20]. Cares are needed to separate these events fromdhpsimaryve andv,, or
muons produced by the charged current interaction.

The fitting to the neutrino flavor ratios at the source is fadiéd through

2 i 2
X2 _ (thh - R!exp) + (Szh - Sem) 4 ZQ <S%k - (Si k)%estfit) 7 (2.18)
ORbs = jk=172313 b3

with o, = (AR/R)RLy, 0g, ) = (A8 /8) S, S5 = sir? Gk and Tg, the 10 range for

Sfi HereRy, and S, are theoretical predicted values faf andS' respectively whileRe,, and
gexp are experimentally measured values. The vaIuesRLc,}FJ and Sexp are listed in Table 2.4,
which are generated from input true values of neutrino flagtios at the source and input true
values of neutrino mixing parameters. Hah] andS[h, the variable$12k can vary betweef and1
while cosd can vary betweer-1 and1. We note that similag? functions have been used for
fitting the CP violation phase and the mixing anflg respectively [17, 21], assuming the source
flavor ratio is known. In our analysis, we scan all possibletrieo flavor ratios at the source that
give rise to a specifix? value. Since we have také?lexp and gexp as those generated by input
true values of initial neutrino flavor ratios and neutrinaxmg parameters, we ha\(e(z)minzo
occurring at these input true values of parameters. Herebdhndaries follo and 30 ranges
of initial neutrino flavor ratios are given bfx? = 2.3 and Ax? = 11.8 respectively where

AX? = X% — (X?)min = X2 in our analysis.
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Parameter set s, S’ 63 sir’ O13 o)
1 0327555 04579 <0019 0
2 0327392 055752  <0.019 0
3a 0327952 04599 0.016+0010 O
3b 032202 0457952 0.016+0.010 71/2
3c 032202 045795 0.016+0.010 1

Table 2.3: Parameter sets chosen for our analysis

Parameter set @, = P®g R S O = PDg R S
1 (0.24,0.37,0.39) 062 060 (0.350.330.32) 0.49 108
2 (0.19,0.42,0.39) 10.71 051 ,(0.32,0.34,0.34) 0.52 094
3a (0.27,0:35,0.38) 055071 +(0.36,0.33,0.31) 0.48 115
3b (0.250.37,0.38) 059 064 (0.350:330.32) 0.49 107
3c (0:23,040,037) 067 1060(0:33,0:34033) 052 102

Table 2.4: Truevalues of neutrino flavor ratios on the Earth

2.4.1 The Reconstruction of Initial Neutrino Flavor Ratio by Measuring R Alone

It is instructive to see how well one can-determine the ihitiutrino flavor ratio by measuring
R' alone. We perform such an analysis-by-neglecting-the se@ntldn the RHS of Eq. (2.18).
Thelo and30 ranges for the reconstructed flavor ratios-at the sourceharersin Fig. 2.4. For
an input muon-damped source,.it is seen that, \&IRH/R' =10% the reconstructe8o range
of the neutrino flavor ratio almost covers the-entire physiegion. For an input pion source with
AR / R = 10% We again find that all possible initial neutrino flavor ratare allowed at th8c

level. Clearly it is desirable to measure b&thandS'.

2.4.2 The Flavor Reconstruction with Measurements on BotfkRand S

In this subsection, we perform a statistical analysis wagpect to simultaneous measurements of
R andS. The accuracy for the measurementRlnis AR' /R = 10% Here we adopt the first
approach for estimatingS / S while present the second approach in the next subsectioth Wi
the first approach, we ha&S /S = (11— 12)% for the pion source anflS /S = (11— 14)%

for the muon-damped source.
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Figure 2.4: The reconstructed ranges for the-neutrino flatars at the source withR' /R' = 10%
only. The left and right panels are results with the muonsglegirsource and the pion source as the
input true source respectively. " The numbers on each sidedfiangle denote the flux percentage
of a specific flavor of neutrino. The.red point marks the muamped sourcég ;, = (0,1,0) and
the blue point marks:the pion sour®g = (1/3,2/3,0). Gray and light:gray areas respectively
denote the & and 35 ranges for the reconstructed neutrino-flavor ratios at theceo We choose
parameter set 1 in‘Table 2.4 for this analysis.

2.4.2.1 (sin2 913)bestﬁt =0

We begin our analysis with the parameterset-1-and 2 V\(}mré 013)pestiit="0 and(sin2 623) pestiit=
0.45and0.55 respectively. Figs. 2.5.and 2.6:show the reconstructedineltavor ratios for an
input muon-damped source and.an input pion source respietivhe reconstructed initial flavor
ratios are seen to include the region with significaptfractions. It has been shown in Sec. 2.2
that the flux combinatioffil + 4rA) gy(vy) = (1 =2rA) @o(vz) is poorly constrained due to the
smallness of eigenvaIuAa[’) associated with//? (see Eq. (2.13) and (2.14)). This then leads to an
extension in the reconstructed range of the initial neatfiavor ratio along th&/'? direction. In
the limit A = cos o3 = 0, i.e., sir? B3 = 0.5, VP reduces t8/° (see Eq. (2.8)) which is ex-
actly parallel to theve-less side of the flavor-ratio triangle. The directionVdP deviates slightly
from that ofV? in opposite ways depending on the signfofThis is seen by comparing the left
and right panels of both Fig. 2.5 and Fig. 2.6. Due to unagies of neutrino mixing parameters,
we note that the boundaries fbo and 30 regions are not straight lines. For an input muon-
damped source, the pion source can be ruled out @dhkevel as shown in Fig. 2.5. However,

the converse is not true as seen from Fig. 2.6.

19



0 4
100 50 80 70

60 50
o (V)

Figure 2.5: The reco
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Figure 2.6: The reconstructed ranges for the neutrino fleatws for an input pion source with
AR'/R' = 10% andAS /S related to the former by the Poisson statistics, E.q. (2.Gfpy and
light gray areas in the left (right) panel denote the reqoiestd 1o and 3 ranges with the pa-
rameter set 1 (2) in Table 2.4.
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2.4.2.2 (sir? 613)pestfit> 0

A non-zeroBy3 introduces the CP phase contribution to every element ofixnBt exceptPee.

We study the effect o€EP phased on the reconstruction of neutrino flavor ratio at the source.
We choose parameter seéda, 3b and3c for performing the statistical analysis. The results are
shown in the right panels of Figs. 2.7 and 2.8. For compasisare also perform the analysis
with 613 and 6,3 taken from the parameter set 1 and the irfpBtphase taken to b@ 17/2 and 7t
respectively. The results are shown in the left panels of.F2g7 and 2.8.

Left panels of Figs. 2.7 and 2.8 indicate that the reconsduanges for initial neutrino flavor
ratios are independent of the ingdP phase for(sin2 613)pestiit= 0. The dependencies on the
CP phase only appear in the right'panels. For an input muoiped source (see Fig. 2.7), the
allowedlo and30 ranges forinitial neutrino flavor ratios are the smallesn@ted by red curves)
for cosd = —1, i.e,/0.=7T. In this:case, the pion source can be ruled out aBiidevel. The
allowed ranges become the largest (denoted by gray area)$0 — 1,1.e; 0 = 0. For an input
pion source with differen€P phases, the allowe80 ranges for the initial neutrino flavor ratio

always cover the muon-damped source:

2.4.3 Critical Accuracies Needed for Distinguishing Astrphysical Sources.

It is important to identify critical.accuracies in measummneeded to distinguish between the
pion source and the muon-damped source. Choosing the paraget 1 for the analysis, we
present the results in Fig. 2.9 where two different appreadhr determiningxg /S' are used.

In Fig. 2.9, we determinAS /S' by applying Poisson statistics. In the left panel of Fig, 2.9
which has the muon-damped source as the true source, thestearied30 range for the neutrino
flavor ratio just touches the pion source/MR' /R = 11%andAS /S = 13.8%. In the right
panel of this figure, which has the pion source as the truesotire reconstructedo range for the

neutrino flavor ratio just touches the muon-damped sourA&RatR' = 4%andAS /S = 4.6%.
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Figure 2.7: The reconstructed ranges for the neutrino fleatg at the source for an input muon-
damped source withR'/R' =10% andAS/S" related to. the formeér by the Poisson statistics,
E.q.(2.17). The left panel is obtained-withs and 8>3 taken from the parameter set 1 in Table 2.4
and the input CP phase taken to-ber)2 and it respectively.. The right panel is obtained with
the parameter sets 3a,/3b and 3c in Table 2.4. Light gray das&ed blue and dashed red lines
correspond to the@ranges for the reconstructed neutrino flavor ratio at thecsoior cos) = 1,
coso = 0 and co®. = —1 respectively. Gray area, blue and red lines corresportiketda ranges
for the reconstructed neutrino flavor ratio.at the sourcect®d =1, cosd.= 0 and co® = —1
respectively. The effect from the CP phasenly appears in the right panel.
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Figure 2.8: The reconstructedrland 35 ranges for the neutrino flavor ratio at the source for an
input pion source witl\R' /R' = 10% andAS /S related to the former by the Poisson statistics.
The choices of parameter sets are identical to those of FigCGhce more, the effect from the CP
phased only appears in the right panel.
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Figure 2.9: Critical accuracies needed to- distinguish betwthe pion source and the muon-
damped source. In the left panel'where the muon-dampedesgitbe true source, the recon-
structed & range for the neutrino flavor ratio just touches the pion seatAR' /R' = 11% and
AS /S related to the former by the Poisson statistics, E.q. (2.the right panel where the pion
source is the true source; the reconstructedange for the neutrino flavor ratio just touches the
muon-damped source AR' /R =4% andAS'/S related to the formerby the Poisson statistics,
E.q.2.17.. We choose parameter set 1 in Table 2.4 for thigsiea

2.5 Reconstructing Flavor Ratio of Source at High Energy.

At higher energyEVv > 33.3 PeV, the lifetime of the tau lepton produced by charged current
interaction becomes long enough so that the tau-leptordqoags through the detector fiducial
volume without decaying. In this process, the tau-lept@eddts energy just like a muon does and
the signal appears like a track event. Thus from an expetahpaint of view, one should classify
the tau-lepton signature as a track event. We therefordinedihe primary flavor-ratio variable
R = @(ve)/(@(vy) + @(vr)), which is the ratio of shower-like events to track-like etgeThe
secondary variable is the ratio of track-like signgls= ¢@(v,,)/@(vr).

The threshold energy for the transition from variabRlsand S to R and S' depends on
the detector designs. In our discussions here, we adoptatieblesR' andS for Ev < 33.3
PeV and adopt the variabl&®' andS' for Ev > 3.3 PeV. Betweer8.3 PeV and33.3 PeV, tau
leptons can be identified individually. Therefore neutrilawor ratio can be precisely determined
such that both sets of parameters can be adopted for thesenaly

The relations between the measurement eddd3/R* andAS?/S* with a= | andl | respec-
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parameters Best fit d* 30
sir? 6y, 0.29 0.266-0.318 0.23-0.38
Si’ O13 0 <0.0122 <0.047
Sir? 63 0.5 0.431-0.572 0.34-0.68
*digitalized from graph.[23]

Table 2.5: Neutrino mixing parameters

tively are assumed to be dominated by statistical errorgwimply [17]

AS 1+S [ R AR

. 2.1
SRV ) (2.19)

This relation in fact underéstimatésS’/ S relative toAR*/R?..Hence the flavor reconstruction
result based on this relation should be viewed as an opicmosie. The statistical analysis is

performed according to the following formula

2 2
X§:<R?h—R&p> +(M> S5 Ak (2.20)

[o; O
Rép %0 |, m=121323

with Ore,, = (AR?/RE)REyp, 0 = (AS/S) Sy Each individual)(gIm is constructed from
the fitting of Ref. [23].-We list best-fit values of mixing aegl and the correspondirigs and
30 ranges in Table 2.5. The suffix “th” indicates the theorétaradicted values which depend
on the source neutrino flaver ratio-and-the neutrino_mixingles The suffix “exp” indicates
the experimentally measured values which are generateldeblyue neutrino flavor ratio and the
best-fit values of neutrino mixing angles. This analysissiders all possible neutrino flavor ratios
at the source to calculate th values. Since we have tak&@xp and S@‘Xp as those generated
by input true values of initial neutrino flavor ratios and trew mixing parameters, we have
(Xg)min = 0 occurring at these input true values of parameters. Thedavies forlo and30
ranges of initial neutrino flavor ratios are given B2 = 2.3 and Ax2 = 11.8 respectively,

whereAX3 = X3 — (X2) i, = X2 in this analysis.
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Figure 2.10: Reconstructed ranges for muon-damped sotithe\R?/R? = 10% andAS?/S* =
12%. The dark and light shaded- areas denote the range ofsteectied neutrino flavor ratios
under o and 3 limits. . The left and right_ panels correspond to the conditi@and Il. The pion
source can be ruled out at the 8vel for both conditions.

2.5.1 The Reconstruction of-Muon-damped Source

Let us take the muon-damped source as theinput true sougteamsider its reconstruction.
The accuracy for measuring® is taken asAR¥/R? = 10% which impliesAS /S = 12.5%
andAS' /S' = 9.78%from Eq. (2:17)- The reconstructed regions of neutrino flaatio are
comparable foa= | andll. For an input muon-damped source, the pion source can ke oute
at the30 level as showniin Fig. 2.10.

However, measurin§? is easier than measurirfs for neutrino telescopes. If the measure-
ments onS? are not available, the results for flavor-ratio reconstanctire quite different. Fig.
2.11 shows the reconstructed flavor ratios WlifR?/R* = 10% The reconstructed region of neu-
trino flavor fora =I is much larger than that faa =II. The pion source can only be ruled out at

30 level for the condition Il and not for the condition I.

2.5.2 The Reconstruction of Pion Source

We first consider the case that bd¥ and S* are measured with the accuraci®®?/R¢ = 10%
andAS /S = 11.4%(AS' /S' = 11.7%). The reconstructed regions of neutrino flavor ratio are
comparable foa= | andll. For an input pion source, the muon-damped source can ke oute

at the 1o level as shown in Fig. 2.12 for both energy conditions. If onéy measurefR® with
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Figure 2.11: Reconstructed ranges for muon=damped soutiee\R?* /R? = 10% only. The dark
and light shaded areas denote the range of reconstructédnoeilavor ratios under @ and 35
limits. The left and right panels correspond to the conditiand Il The pion source can be ruled
out at 37 level for the condition ll-but-not-for the condition | even at level.
AR?/R? = 10%, it is shown in Fig:-2:13 that the reconstructed regioreferl covers all physical
parameter space; while the reconstructed regioafstl remains comparable to that in Fig. 2.12.
Once again, the muon-damped source can be ruled out fortmndli at 1o level, but not for
condition | at the same confidence level.

From the reconstructions of pion source and-muon-dampedesoitiis evident that this new

parameteR” is more efficient thafr' for reducing the sourceuncertainty if the measurements on

S are not available.

2.5.3 R and Tri-bimaximal Limit

Let us consider the tri-bimaximal limit of neutrino mixinggameters [24]:

SifB,3=1/2, sif0,=1/3, sirfH3=0. (2.21)

In this limit, one can show that the' = S /2 andS' = 1. To further simplify our discussions,
let us consider astrophysical sources with negligibjefractions such thatm(Ve) @ @(Vy) :
@(vr)=0a:1—a:0with0<a < 1. Fig. 2.14 shows the measured flux ratios as functions of

the Ve fraction . It is seen thaS andR!! are more sensitive ta while R' andS! is either less
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left and right panels correspond to the condition | and It.¢andition I, 3o limit covers all flavor
ratio of source. But the muon-damped source can be ruled dut kevel for condition II.
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Figure 2.14: Measured flux ratios for input.source rati@sve) : ¢(Vy) : @(vr) =a:1—a:0
with 0 < a < 1. The thick and leng dashed lines correspon®teandS' respectively. The thin
and short-dashed lines dend&eandS respectively. It is seenth&t andR' are more sensitive to
a; while R' andS' are less sensitive to this parameter.

sensitive tax or completely independent of this parameter. Quantitgtivee have

f(a) = o =45

(2.22)

RI' a7/1d+3a\°
7-3a )’

whereR@ = dR?/das'We havef (0) < —1.25andf(1) =—6.13.Eq.(2.22) explains whiR'
is more efficient thadR' «Furthermore, sinc8' is rather insensitive tor due to the approximate
Vy — V¢ symmetry, the additional measurementSf does not improve the reconstruction of
neutrino flavor ratio at the source/already provided by thesaeement oR'' .

This result has implication for future neutrino telescopédsis possible to study neutrino
flavor physics with a larger separation between detectorutesdvhile keeping the total number
of modules fixed. Such a large separation could enhance @sgashigher energies but sacrifice

exposure at low energies. We can afford to do that if thereaoeigh neutrino events at the valid

energy range foR!'.
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2.6 Reconstructing Flavor Ratio of Source by Monte Carlo Mehod

with N Events

From experimental viewpoint, the flavor ratio on the earthstrhe constructed from measured
events. In this section, we us00 and 400 neutrino events to determine the flavor ratio by
Monte-Carlo method. The probability for measuring a patécflavor in one event is determined
by theoretical predicted result of neutrino oscillatioror Example, the neutrino flavor ratio on
the Earth from a pion source with best-fit value of mixing @sgb@r(Ve) : @r(Vy) @ @r(Vr) =
0.35:033: 032 Hence the probabilities:for measuring a electron, muontandn one event
correspond ar@5%, 33% and32% respectively...Repeating.this process N times, the neutrin
flavor ratio on the Earth with N-events can be determined bytl@arlo method. However this
is not enough to construct the possible range of neutrinomaon the Earth. We reproduce those
N events by M times to establish the distribution of neutiflagor ratios.-In order to trim the long

tail of distribution, the houndary for most probable flavatios are set £9.7% and68.2%.

2.6.1 The FlavorRatios on the Earth from Pion Source with2Z00Events

The neutrino flavor fatio on the Earth from pion.-sotircapiel Ve) # @r(Vy) : @r(vr) = 0.35:
0.33: 032 This result only considers the best-fit values of mixinglasgand this flavor ratio
has been shown in Fig. 2.2(a).. This flavor ratio also repiteste probability for observing
each neutrino flavor in s single event. /In this subsectiooh davor ratio is determined b300
events with Monte-Carlo method. Fig. 2.15 shows the digtidims of flavor ratios on the Earth
by Monte-Carlo method. The distribution of flavor ratios @sriied by reproducind.O million

experiments and the long tail of distribution is cut of2& 7% and68.2%.

2.6.1.1 The Reconstructed Neutrino Flavor Ratios at Low Engy, E, < 33.3 PeV

At low energy, E < 33.3 PeV, the values cAR' /R andAS /S are determined by event num-

bers of different flavors. In this case, one has

AR 1 1 AS 1 1
R TVN N TN 0 9 TR TR (2.23)
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(a) The contour at the left plot denotes the boundary of fleatios. The right plot shows the distribution of the flavor
ratios. The distribution leadsR! /R = (14:23=17.07)% andAS /S = (16.01— 19.00)% with E, < 33 PeV. This
distribution also leadAR'" /R = (14.21~16:93)% andAS' /S = (16.06<19.16)% with E, > 33 PeV.

50 40 30 [ % ‘
) (Vﬂ) 70100
(b) The contour at the left plot denotes the boundary of flastios. The right plot shows the distribution of the flavor

ratios. The distribution leaddR' /R = (14.61— 15.75)% andAS /S = (16.67—17.92)% with E, < 33 PeV. This
distribution also leadAR'' /R'" = (14.53—15.66)% andAS'/S' = (16.73— 18.04)% with E, > 33 PeV.

Figure 2.15: The distribution of neutrino flavor ratio on t&rth from pion source for 200 events.
Each flavor ratio on the ternary plot is generated by 200 evértere are 10 million flavor ratios
generated on the ternary plot, which form the distributibfiavor ratios. The blue point denotes
the original flavor ratio of pion source. In panel (a), thetrdtisition of flavor ratios is cut off at
99.7%. In panel (b), the distribution of flavor ratios is cut off68.2%.
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whereNg, N, andN; are the event numbers of electron, muon and tau flavorNareN, +
N; = 200,

In 99.7% cut-off case, the distribution leadsMR /R' = (14.23— 17.07)% andAS /S =
(16.01— 19.00)% with E, < 33.3 PeV. The values of mixing angles are same as Table 2.5.
We repeat the statistical analysis according to Eq. (2.@0g&ch possibly measured flavor ratio
shown in Fig. 2.15. The left panel in Fig. 2.16 shows the retoted neutrino flavor ratios for
an input pion source by measurifj only. The muon-damped source cannot be ruled out even at
10 level. The right panel shows the reconstructed neutrin@fleatios for an input pion source

by measuring botfR andS'. The muo

33.3 PeV. The range for possibly measured flavor ratio is cut 0#9%/%. The dark and light
shades area denote And 3 reconstructed ranges.

In 68.2% cut-off case, the distribution leadsAR' /R = (14.23— 17.07)% andAS /S =
(14.53—15.66)%. The values of mixing angles are same as Table 2.5. Thedeftlpn Fig.
2.17 shows the reconstructed neutrino flavor ratios for utipion source by measurirl@I
only. The muon-damped source cannot be ruled out evéw d¢vel. The right panel shows the
reconstructed neutrino flavor ratios for an input pion seurg measuring botR' andS. The

muon-damped source cannot be ruled out evdroaevel too.
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Figure 2.17: The recons heXents and neutrino energy below
33.3 PeV. The range for pos [ §82%. The dark and light

2.6.1.2 The Recons : arg) 33.3 PeV

(2.24)
whereNg, N, andN; are and tau flavorNane N, +
N; = 200,
In 99.7% cut-off case, the distributic =(14.21-16.93)% andAS' /S =

(16.06— 19.16)%. The values of mixing angles are same as Table 2.5. Thedeéljin Fig. 2.18
shows the reconstructed neutrino flavor ratios for an injor gource by measuringR'' /R'!
only. The muon-damped source cannot be ruled out evéw d¢vel. The right panel shows the
reconstructed neutrino flavor ratios for an input pion seurg measurind\R'' /R'' andAS /S
The muon-damped source cannot be ruled out evéadével too.

In 68.2% cut-off case, the distribution leadsA®R'' /R'' = (14.53—15.66)% andAS' /S =
(16.73—18.04)%. The values of mixing angles are same as Table 2.5.Thedeéin Fig. 2.19
shows the reconstructed neutrino flavor ratios for an inpor gource by measuring parameter

R only. The muon-damped source cannot be ruled out evéo d¢vel. The right panel shows
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(a) OnlyR'! is measured: (b) BothR'' andS' are measured.

Figure 2.18: The reconstructed ranges for pion source Vilitheents and neutrino energy above
33.3 PeV. The range faor possibly measured flavor ratio. is cut 0% %. The dark and light
shades area denote Bind 37 reconstructed ranges.

the reconstructed heutrino-flavor ratios for an input picurse by measufing parametdfs and

S'. The muon-damped source cannot be ruled out evéoraevel too.

2.6.2 The flavorratios on the Earth from the Muon-damped souce with 200events

The neutrino flavor ratio-on the Earth from muon-damped sois@,(Ve) : @u(Vy) @ @u(vr) =
0.24:0.37 : 0.39. This result only.considers the best-fitwalues of mixinglasgand this flavor
ratio has been shown in Fig. 2.2(a). This.flavor ratio alsoesgnt the probability for observing
each neutrino flavor in a single event. In this section, easloflratio is determined b¥00events
with Monte-Carlo method. Fig. 2.20 show the distributiofilavor ratios on the Earth by Monte-
Carlo method. The distribution of flavor ratios is formed bpeatingl O million experiments and

the long tail of distribution is cut off 89.7% and68.2%.

2.6.2.1 The Reconstructed Neutrino Flavor Ratios at Low Ermgy, E, < 33.3 PeV

In 99.7% cut-off case, the distribution leads AR' /R = (14.14— 15.84)% andAS /S =
(17.08— 23.50)% with E, < 33 PeV. The values of mixing angles are same as Table 2.5. The
left panel in Fig. 2.21 shows the reconstructed neutrinmflaatios for an input pion source by

measuringR' only. The pion source cannot be ruled out eved@itlevel. The right panel shows
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(@) OnlyR'" is measured: (b).BothR'' andS' are measured.

Figure 2.19: The reconstructed ranges for pion source Viithe¥ents and neutrino energy above
33.3 PeV. The range far.possibly measured flavor ratio is cut of82%. The dark and light
shades area denote Bind 37 reconstructed ranges.

the reconstructed neutfino.flavor ratios for an input muamged source'by measuring bdth
andS. The muon-damped source cannot be ruled.out evéaraevel too.

In 68.2% cut-off case, the distribution leadsAR' /R = (14.25-- 14.93)% andAS /S =
(18.10— 20.58)%."The values of mixing -angles-are:same as Table 2.5. Thedeftlpn Fig.
2.22 shows the reconstructed neutrino flavor ratios for patimuon-damped source by measur-
ing R' only. The pion source.cannot be ruled out everd@tlevel. The right panel shows the
reconstructed neutrino flavor ratios for.an input muon-dedngource by measuring bo and

S. The pion source can be ruled out eved atlevel.

2.6.2.2 The Reconstructed Neutrino Flavor Ratios at Low Ermgy, E, > 33.3 PeV

In 99.7% cut-off case, the distribution leadsAMR!' /R = (15.29—22.16)% andAS'/S' =
(15.03—17.08)% with E, > 33PeV. The values of mixing angles are same as Table 2.5. Tthe lef
panel in Fig. 2.23 shows the reconstructed neutrino flax@s#or an input muon-damped source
by measurind?” only. The pion source cannot be ruled out eveda@tlevel. The right panel
shows the reconstructed neutrino flavor ratios for an inpubmdamped source by measuring
bothR!! andS'. The pion source cannot be ruled out evedatlevel too.

In 68.2% cut-off case, the distribution leadsai' /R'! = (16.33—19.05)% andAS' /S' =
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(a) The contour at the left plot denotes the boundary of fleatios. The right plot shows the distribution of the flavor
ratios. The distribution lead8R' /R' = (15:29--22 16)% andAS /S = (15.03 - 17.08)% with E, < 33 PeV. This
distribution also leadAR'" /R = (14.14 ~15:84)% andAS' /S = (17.08<23,50)% with E, > 33 PeV.

0 S0 40
& (vy)

(b) The contour at the left plot denotes the boundary of flaatios. The right plot shows the distribution of the flavor
ratios. The distribution leadSR' /R' = (14.25— 14.93)% andAS /S = (18.10—- 20.58)% with E, < 33 PeV. This
distribution also leadAR'! /R!" = (16.33—19.05)% andAS'/S! = (15.48— 16.34)% with E, > 33 PeV.

Figure 2.20: The distribution of neutrino flavor ratio on tearth from muon-damped source for
200 events. Each flavor ratio on the ternary plot is genetaye2D0 events. There are 10 million
flavor ratios generated on the ternary plot, which form trstritiution of flavor ratios. The red

point denotes the original flavor ratio of muon-damped seura panel (a), the distribution of

flavor ratios is cut off at 99%. In panel (b), the distribution of flavor ratios is cut offfé8.2%.
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Figure 2.21: The recons ] | 200 events and neutrino
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(a) OnlyR' is measured. (b) BothR' andS are measured.

Figure 2.22: The reconstructed ranges for muon-dampedasaith 200 events and neutrino
energy below 33 PeV. The range for possibly measured flavor ratio is cuttd@@B£%. The dark
and light shades area denote &nd 37 reconstructed ranges.
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(@) OnlyR'" is measured: (b)BothR'" andS' are measured.

Figure 2.23: The reconstructed ranges for muon-dampedamith 200 events and neutrino
energy above 33 PeV. The range for possibly measured flavor ratio is cuttdd®a%. The dark
and light shades area denote and-35-reconstructed ranges.

(15.48— 16.34)%/The values of mixing.angles are same as Table 2.5: Thedeélin Fig. 2.24
shows the reconstructed neutrino flavor ratios for an inpudmdamped source by measurlﬁ'(j
only. The pion source can be ruled out evedatlevel. The right panel shows the reconstructed
neutrino flavor ratios for an input pion source by measurioth R'' andS'". The pion source can

be ruled out even &to level too.

2.6.2.3 Summary of the Reconstructed:-Neutrino Flavor Ratie with 200 Events

Our studies show that thee input source cannot be distingdifom the other well-known source
in 30 level with 200 events. The result is similar to Section.28' is more efficient tharR
for reducing the source uncertainty. The pion source canliee out atlo level with the muon-

damped source as the true source.

2.6.3 The Flavor Ratios on the Earth from Pion Source witr400 Events

The neutrino flavor ratio on the Earth from pion sourcepigVe) : @r(Vy) : @r(vr) = 0.35:
0.33: 032 This result only considers the best-fit values of mixinglasgand this flavor ratio
has been shown in Fig. 2.2(a). This flavor ratio also reptetsenprobability for observing each

neutrino flavor in s single event. In this section, each flagto is determined b¥00events with
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(a) OnlyR'! is measured. (b)-BothR'' andS' are measured.

Figure 2.24: The reconstructed ranges for muon-dampectamith 200 events and neutrino
energy above 33 PeV. The range for possibly measured flavor ratio is cuttddB£%. The dark
and light shades area denote 4nd-35-reconstructed ranges.

Monte-Carlo method: Fig..2.15 shows the distributions ofdtaatios on'the Earth by Monte-
Carlo method. The distribution of flavor ratios is formed bpeatingl O million experiments and

the long tail of distribution is cut off 89.7% and68.2%.

2.6.3.1 The Reconstructed Neutrino Flavor Ratios at Low En@y, E, < 33.3 PeV

In 99.7% cut-off case, the distribution leads AR /R =(10116 - 11.51)% andAS /S =
(11.57—13.06)%. The values of mixing.angles.are same as Table 2.5. Thedeftlpn Fig.
2.26 shows the reconstructed neutrino flavor ratios for autipion source by measuririg
only. The muon-damped source cannot be ruled out evéo devel. The right panel shows the
reconstructed neutrino flavor ratios for an input pion seurg measuring botR andS. The
muon-damped source cannot be ruled out evdroaevel too.

In 68.2% cut-off case, the distribution leadsA®R' /R = (10.39— 10.96)% andAS /S =
(11.91— 1255)%. The values of mixing angles are same as Table 2.5. Thedeftlpn Fig.
2.27 shows the reconstructed neutrino flavor ratios for autipion source by measuririg
only. The muon-damped source cannot be ruled out evéo d¢vel. The right panel shows the
reconstructed neutrino flavor ratios for an input pion seurg measuring botR andS. The

muon-damped source can be ruled out evehmatevel.
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(a) The contour at the left plot denote the boundary of flastins. The right plot shows the distribution of the flavor
ratios. The distribution leadsR' /R' = (10.16=11.57)% andAS /S = (1157 - 13.08)% with E, < 33 PeV. This
distribution also leadAR'/R!! = (10.14 -1147)% andAS'/S' = (11.59-13.09)% with E, > 33 PeV.
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(b) The contour at the left plot denotes the boundary of flaatios. The right plot shows the distribution of the flavor
ratios. The distribution leadSR' /R' = (10.39— 10.96)% andAS /S = (11.91— 12.55)% with E, < 33 PeV. This
distribution also leadAR'' /R!" = (10.36—10.91)% andAS'/S! = (11,95— 12.60)% with E, > 33 PeV.

Figure 2.25: The distribution of neutrino flavor ratio on t&rth from pion source for 400 events.
Each flavor ratio on the ternary plot is generated by 400 evértere are 10 million flavor ratios
generated on the ternary plot, which form the distributibfiavor ratios. The blue point denotes
the original flavor ratio of pion source. In panel (a), thetrifisition of flavor ratios is cut off at
99.7%. In panel (b), the distribution of flavor ratios is cut offfé8.2%.
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In 68.2% cut-off case, the distribution leadsA®R'' /R'' = (10.36—10.91)% andAS' /S =
(11.95—12.60)%. The values of mixing angles are same as Table 2.5. Thedeélin Fig. 2.29
shows the reconstructed neutrino flavor ratios for an infmrt pource by measuririg'' only. The
muon-damped source can be ruled out evehaatevel. The right panel shows the reconstructed
neutrino flavor ratios for an input pion source by measuRHgandS''. The muon-damped source

can be ruled out even 4o level too.
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(a) OnlyR' is measured: (b) BothR' andS are measured.

Figure 2.27: The reconstructed ranges for pion source viithedents below 33 PeV. The range
for possibly measured-flavor ratio is cut off at. 88. The dark and light shades area denaie 1
and 3 reconstructed ranges.

2.6.4 The Flaver.Ratios on the Earth from the Muon-damped Sotce with 400

Events

The neutrino flavorratio on the Earthfrom pion sourcegig Ve) : @u (Vi) : @u(vr) = 0.24 :
0.37 : 0.39. This result only considers the best-fit values of mixinglasgand this flavor ratio
has been shown in Fig: 2.2(a). This flavor ratio also reptetsenprobability for observing each
neutrino flavor in a single eévent. Inithis section, each-flaatio is determined by 00events in
Monte-Carlo method. Fig. 2.30 show the distributions ofdtaatios on the Earth by Monte-Carlo
method. The distribution of flavor ratios is is formed by raoeg 10 million experiments. The

long tail of distribution is cut off a89.7% and68.2%.

2.6.4.1 The Reconstructed Neutrino Flavor Ratios at Low Engy, E, < 33.3 PeV

In 99.7% cut-off case, the distribution leads AR /R' = (10.01— 10.79)% andAS /S =
(12.43—15.43)%. The values of mixing angles are same as Table 2.5. Thedeftlpn Fig.
2.31 shows the reconstructed neutrino flavor ratios for patimuon-damped source by measur-
ing R' only. The pion source cannot be ruled out everdatlevel. The right panel shows the
reconstructed neutrino flavor ratios for an input muon-degngource by measuring bo and

S. The pion source can be ruled out eved atlevel too.
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Figure 2.28: The reconstructed ranges for pion source viithe¥ents and neutrino energy above
33.3 PeV. The range for possibly measured flavor ratio. is cut 0%/ %. The dark and light
shades area denote; Bind 35 reconstructed ranges.

In 68.2% cut-off.case; the distribution leadsA®R' /R — (10.09-- 10/43)% andAS /S =
(13.0—14.22)%. The values of mixing angles ‘are same as Table 2.5xThedpélpn Fig. 2.32
shows the reconstructed neutrino flavor ratios for an inpudmdamped source by measurlﬁb
only. The pion source cannot be ruled out evedatlevel. The right panel shows the recon-
structed neutrino flavor ratios for.an input muon-damped®iy measuring botR andS.

The pion source can be ruled out.everBatlevel.

2.6.4.2 The Reconstructed Neutrino Flavor Ratios at High Eaergy, E, > 33.3 PeV

In 99.7% cut-off case, the distribution leadsAR'' /R = (11.10— 14.4)% andAS'/S' =
(10.78—11.78)%. The values of mixing angles are same as Table 2.5. Thedeéljin Fig. 2.33
shows the reconstructed neutrino flavor ratios for an inpudmrdamped source by measurlﬁ'(j
only. The pion source can be ruled out evedatlevel. The right panel shows the reconstructed
neutrino flavor ratios for an input muon-damped source bysmeag bothR'' andS'. The pion
source can be ruled out evenlar level too.

In 68.2% cut-off case, the distribution leadsA®R!' /R!" = (11.70—13.08)% andAS' /S =
(11.02—11.45)%. The values of mixing angles are same as Table 2.5. Thedeélin Fig. 2.34

shows the reconstructed neutrino flavor ratios for an inpudmrdamped source by measurlﬁ'(j
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Figure 2.29: The reconstructed ranges for pion source viithe¥ents and neutrino energy above
33.3 PeV. The range for.possibly measured flavor ratio is cut of82%. The dark and light
shades area denote Bind 3 reconstructed ranges.

only. The pion source can.be.ruled out eved atlevel.-The right panel'shows the reconstructed
neutrino flavor ratios for an input muon-damped source bysmeag bothR!' andS'. The pion

source can be ruled out even3ar level too.

2.6.4.3 Summary of the Reconstructed Neutrino Flavor Ratie with. 400 Events

Our studies show that the most input source cannot bedissingd from the other well-known
source inlo level with 400 events, TheR'" is more-éfficient tharR' for reducing the source
uncertainty. 1n68.2% cut-off case, the true input source can be separated frber sburce in
30 level by measuring both the' andS. The true input source also can be separated from
other source iBo level by measuring th&'! only in 68.2% cut-off case. The results sha¥®0
observed neutrino events is critical condition to distispuhe pion and muon-damped source by
measuring botfiR' andS at low energy. At high energ@i00observed neutrino events is critical

condition to distinguish the pion and muon-damped sourceabsgsuring onI)R” parameter.
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(a) The contour at the left plot denotes the boundary of fleatios. The right plot shows the distribution of the flavor

ratios. The distribution leadsR! /R' = (10.01=10.79)% andAS /S = (1243— 15.43)% with E, < 33 PeV. This
distribution also leadAR'/R! = (11.10-14.4)% andAS' /S' = (10.78 - 11.78)% with E, > 33 PeV.
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(b) The contour at the left plot denotes the boundary of flaatios. The right plot shows the distribution of the flavor
ratios. The distribution leadsR' /R = (10.09—10.43)% andAS /S = (13.0 — 14.22)% with E, < 33 PeV. This
distribution also leadAR'' /R'" = (11.70—13.08)% andAS'/S" = (11.02— 11.45)% with E, > 33 PeV.

Figure 2.30: The distribution of neutrino flavor ratio on tearth from muon-damped source for
400 events. Each flavor ratio on the ternary plot is geneiiayetDO events. There are 10 million
flavor ratios generated on the ternary plot, which form trstritiution of flavor ratios. The red

point denotes the original flavor ratio of muon-damped seura panel (a), the distribution of

flavor ratios is cut off at 99%. In panel (b), the distribution of flavor ratios is cut offfé8.2%.
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Figure 2.31: The reco "I‘, Icte ith 400.events below 33PeV.
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(a) OnlyR' is measured. (b) BothR' andS are measured.

Figure 2.32: The reconstructed ranges for muon-dampeaesaovith 400 events below 33PeV.

The range for possibly measured flavor ratio is cut off aR%8 The dark and light shades area

denote b and 3 reconstructed ranges.

45



10 10000

10

AVA
AKX
LVAYA - AVAN AVA

) A_A_,A . e v AVAVAV
i AVAVAYAVAVAVL AVA‘VAVA‘V’AVAVA

$o (Ve) 59 ° %o (V)

80
196 { \ 20

00

0
100 50 80 70 60 50

b (Vu)
(@) OnlyR!"is measul

60 50 40 30 20 10 O
$o (V)

dS! are measured.

Figure 2.33: The reconstru ith 400.events above 3PeV.
The range for possibly r i e dark and light shades area
denote b and 3 reco

40 30 20 10

6 50 40 30 20 10 100 50 80 70 60 50
9o (¥y) bo (Vi)

(a) OnlyR'! is measured. (b) BothR'' andS' are measured.

Figure 2.34: The reconstructed ranges for muon-dampeaeaovith 400 events above 33PeV.
The range for possibly measured flavor ratio is cut off aR%8 The dark and light shades area
denote b and 3 reconstructed ranges.
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Chapter 3

Flavor Ratios on the Earth from

Neutrino Decay

The flavor ratio of astrophysical -neutrinos observed on tehEdepend on both the initial flavor
ratio at the source and flavor mixing mechanisms_during tle@ggation of these neutrinos. In
section 2.2, Fig. 2.2 shows the neutrino flavor ratios on theghEfrom pion source and muon-
damped source. Inthis chapter, we consider.more.generatesa(Ve)s ¢(Vy) : @(Vr) =
o:B:1—a—p,withea >0, B> 0anda + f < 1,and neutrino’ decay mechanisms. Fig. 3.1
shows the ranges for neutrino flavor ratios on the Earthtiagdfom standard neutrino oscillation.

The values of mixing angles‘are same aslsetTable 2.51n Section 2.2.

3.1 Q Matrix Representation

3.1.1 Q Matrix Representation for Oscillations of Astrophysical Neutrinos

The effect ofP°SCon flavor transition of astrophysical neutrinos can be bettelerstood by diag-
onalizingP?SC. In the tri-bimaximal limit of mixing angles, we obtaPPS¢ — P§S¢= AQJSA 1

with [15]
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Py B0vy)
Figure 3.1: The ranges for the neutrino flavor ratios. on thehBasulting from standard neutrino
oscillation. The left panel shows the range of neutrino flaatios from the source flavor ratios,
@(Ve) : @(Vy) : @(vr) =a 1= a: 0, withO< a.<.1. The violet and orange colors correspond
the 1o and 3 level of neutrino-mixing angles respectively. The left pdasigows the range of
neutrino flavor ratios'from the source flavor ratigs(ve) : @(vy) *@(ve) =a:B:1—a -,
with a > 0, B > 0 anda + 3 < 1.-The-violet and orange calors correspond tbeahd 37 level
of neutrino mixing ‘anglesirespectively. The values of np@mgles are same as the set 1 in Table
2.5.

10 0
QR*=]1 00 0 |. (3.1)
0 0 13
and
1002
A=|1 -1 -1 |, (3.2)
1 1 -1

where each column of this matrix corresponds to an eigeowexftP(?SC. As we shall see later,
for a general flavor transition matri, it remains useful to writdé® = AQA 1 with the same
matrix A, although the resulting) might not be diagonal any more. Let us first illustrate this
with P°SC evaluated at generdlh 3 and 623 while keepingsin? 615 = 1/3. In this caseP3¢ =

PSS+ PPSC+ - - wherePP*Cis the leading order correction in powersads B,3 andsings.
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We have

0 £ —&
Pfsc: e — 0 . (3.3)
- 0 £

whereg = 2c0s D»3/9 + 1/25sinB13¢050 /9 with & the CP phase. Taking into account the

correction ternPP*¢, we obtainQ®*¢ = Qg*°+ Q¢ with

0 0 O
QC=A1PSA=| 0 0 -3¢ |. (3.4)
= &0
ThereforeQ®Creads
1 0.0
Q=APA=| 0 0 -3¢ |- (3.5)
0 —¢ 1/3

We note thaQ3>¢ (P5>9) preserves they —Vr symmetry whileQ9° (PP breaks it. The exact
Vi — Vr symmetry amounts to the conditigd i | = |Uxi| for | = 1,2,3[25, 26]. This condition
can be realized by having bo#ir? 8,3 = 1/2 andsinB;3c0sd = 0, which are what we have
taken forPg>C. The condition|U j|.="|Uzi| leads toP&ZZ = P&Z‘;, P&ffe = P&Sfe and P((ﬁfr =
P935, = PS5h, = P93S as can be seenfrom Eq. (2.6). With these relationsQfi= A~ P9 A,
it can be explicitly shown that both the second row and thersgécolumn ofQg*¢vanish. This is
indeed seenin Eqg. (3.1).

Since we have choséR®*¢to describe the oscillation effect, it is appropriate togpaetrize

the source flavor composition in this new basis such that

1
Dy = §V1+aV2+bV3, (3.6)

whereV1, V2 andV3 are vectors representing each columnAofi.e,, V1 = (1,1, 1)T, Vo=
(0,—1,1)T andV3 = (2,—1,—1)"T. The ranges fomandbare—1/3+b<a<1/3—b

and—1/6 < b < 1/3. The pion source and the muon-damped source correspofal iy =
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(—=1/3,0) and (a,b) = (—1/2,—1/6) respectively. In general, a source with a negligible
flux corresponds t@ = —1/3+ b. The vectorV1 gives the normalization of the neutrino flux
since the sum of the elementsVy /3 is equal to unity while the sums of the elementsvip
andV are both equal to zero. The vecto¥3 determines the electron neutrino flgy e or
equivalently the sum of muon and tau neutrino fluggg, + ¢ r. However this vector preserves
the difference, ;, — ¢ 7. Finally the vectoaV, determinesp , — @b r while preservegn , +

(¢ or equivalentlygy e. The neutrino flux on the Earth is given by

® = (AQ™A 1) ®o=/KVa + pV2+AV3, (3.7)

with Kk = 1/3, p = —3ebandA™=b/3— ca.

3.1.2 Q Matrix Representation-for General Flavor Transitions of Astrophysical

Neutrinos

For a general flavor transition mechanism, the final statderkEarth may contain particles other
than usual three generation of neutrines, although thesielpa are assumed to be absent at the
astrophysical source.-However, since we are only intedldatdetecting.ordinary neutrino states,
a3 x 3matrix is sufficient to relatethe initial flavor compositimthe one observed on the Earth.
This amounts to having a generalmat@such that the general flavor transition maffixs given

by P = AQA~1L. In this case, we replad®°>¢in-Eq:(3.7) by a general matri® and obtain

1
K = =Q11+aQi2+bQ1s,

3
1
p = §Q21 +aQ22+ bQog,
1
A = §Q31 +aQs32+ bQs33. (3.8)

We also note from Eq. (3.7) that the flux of each neutrino flasgjiven by

G=K+2A, qu=K—pP—A, gr=K+p—A, (3.9)
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with the normalizationg: + @, + @ = 3K. Since we have chosen the normalizatige +
@, + @, = 1 for the neutrino flux at the source, the conservation of togaitrino flux during
propagation corresponds 0= 1/3. In general flavor transition modelg, could be less than
1/3 as a consequence of (ordinary) neutrino decaying intoibieistates or oscillating into sterile
neutrinos.

To continue our discussions, it is helpful to rewrite Eq9j&as

p=(0r—@)/2, A =@/3— (gu+)/6. (3.10)

It is clearly seen from Eq. (3.8):and Eg. (3.10) that, for figedndb, the first row of matrixQ
determines the normalization of'total neutrino flux reaghio the Earth, the second row &f
determines the breaking of; — Ve.symmetry in the arrival neutrino flux, and the third row(@f

determines the flux differenag — (@ ¢r) /2.

3.2 Neutrino'Decay Mechanisms

In neutrino decay mechanisms, we consider only two-bodgyletdes with three active neutrino
flavors and assume the decays are.complete. As discussed if2Rethe probability transition
matrix characterizing the the decay scenario is writteetims of PMNS matrix and corresponding

branching ratios

ngcz Zb(\Uai\er > Uaj|?Brj—i)|Ugil?, (3.11)

i stable j unstable
where indices and ] denote mass eigenstates @1¢l_, j shows branching ratio for unstable state
decays to stable staje%BrHj = 1for i state fully decays t¢ state. In generagBrHj <1land
Bri_invisible = 1 — Y Bri_.j denotes the probability farstate fully decays to invisible states. The
invisible states is infvisible for neutrino detector. Thetates could be unparticle states, Majorons

etc.. Table 3.1 lists all possibilities of decays with oscikbatiincluded for comparison.
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type Hierarchyy H M L Scenarios figure number degeneracy
I Oscillation 3.1
Il Normal | 3 2 1 Heaviest & middle decay 3.2a 3.8b
1 Inverted | 2 1 3 Heaviest & middle decay 3.2b 3.7a
v Normal | 3 2 1 Heaviest decay 3.3d 3.6b
\ Inverted | 2 1 3 Heaviest decay 3.4d 3.5ba
\% Normal | 3 2 1 Middle decay 3.5a 3.4d
Vi Inverted | 2 1 3 Middle decay 3.5b 3.6a
VI Normal | 3 2 1 Lightest decay to invisible 3.6a 3.5b
v Inverted | 2 1 3 Lightest decay to invisible 3.6b 3.3d
1 Normal | 3 2 1 Middle decay & Lightest 3.7a 3.2b
VIl Inverted | 2 1 3 decay to invisible 3.7b 3.8a
Vi Normal | 3 2 1 Heaviest decay.& Lightest 3.8a 3.7b
Il Inverted | 2 1 43 decay to invisible 3.8b 3.2a

Table 3.1: The neutrino decay and oscillation scenario® slifix “H”, “M”, and “L” label the
heaviest, middle and lightest mass eigenstates. The nufhheR2" and “3” label v;, v and
v3 mass eigenstates. The red numbers and black numbers aomegpthe unstable and stable
eigenstates respectively.

3.3 The Range of Neutrino Flavor Ratios on the Earth

3.3.1 The Heaviestand Middle Mass Eigenstates.decay to theghtest and Invisible

States.
3.3.1.1 Normal Mass Hierarchy

The transition probability matrix for the heaviest mass amddle eigenstates decay to the lightest

and invisible state in the normal mass hierarchy is written a

PSS = (IUaa/*+ |Uas|*Bra—1+ [Uaz|*Bra_1)|Ups | (3.12)

where0 < Brz_,; < 1and0 < Bry_,;1 < 1. If the heaviest mass eigenstate only decays to
invisible statesPr3 .1 = 0, Eqg. (3.12) is identical to the case of the heaviest anddigthinass
eigenstates decay to the middle and invisible state in tregtied mass hierarchy. Fig. 3.2(a) shows
the range of flavor ratios on the Earth with source flavor safg(Ve) : @(Vy) : o(vr) = o :
B :1—a — . Comparing this result with the result of standard neutdsdillation in Fig. 3.1(b),

The overlapped region between those two cases is argp(ng) ~ 0.6.
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Figure 3.2: The range of flavor ratios on the-Earth from the/iesé and middle mass eigenstates
decay to the lightest mass eigenstate and invisible staékesfinal branching ratios of the heaviest
and lightest mass eigenstates Brg—-+ Bry invisiple = 1 andBry .. +Bry_invisivie = 1. Panel
(a) shows the range of flavor ratios-on-the Earth.in the nornaaisnhierarchy. Panel (b) shows the
range of flavor ratios on the Earth in the inverted mass laagar

3.3.1.2 Inverted Mass Hierarchy

The transition probability matrix for the heaviest mass amdd|e eigenstates decay to the lightest

and invisible state in the inverted mass hierarchy is wrigs

PE% = (|Uasl? 4 [Us2)Br2s +1Ua1l?Br1 .3)Upsl? (3.13)

where0 < Brp .3 < 1and0 < Bry .3 < 1. If all unstable states decay to invisible states,
Bro .3 =0andBr1 .3 =0, Eg. (3.13) is identical to the case of the middle and lighteass
eigenstates decay all into invisible state in the normalsntasrarchy. Fig. 3.2(b) shows the
range of flavor ratios on the Earth with source flavor rati@gVe) : ¢(Vy) @ @(vr) =a : B:
1— a — 3. Comparing this result with the result of standard neutosaillation in Fig. 3.1(b),
The range of flavor ratios from the decay of heaviest and raidiiss eigenstates in the inverted
mass hierarchy can be total separated from the flavor ratios $tandard neutrino oscillation in

Fig. 3.1(b).
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3.3.2 The Heaviest Mass Eigenstate Decays to the Middle, lhtest and Invisible

States
3.3.2.1 Normal Mass Hierarchy

The transition probability matrix for the heaviest massagfate decays to the middle, lightest

and invisible state in the normal mass hierarchy is written a

PYE = [Ua2/*|Upal® + Ua1[*|Upa|* + [Uas|*|Upal *Bra.2 + [Uas||Up1| *Bra_1, (3.14)

where0 < Br3_,» < 1and0< Brz <1< 1. Inthe limit ofBrzxs =0andBr3 .1 =0, Eq. (3.14)

is identical to the case of the lightest mass eigenstateydéoanvisible states in the inverted mass
hierarchy. Fig. 3.3(a) shows therange of:flavor ratios onEheh with source flavor ratios,
O(Ve) : (V) : @(ve) =0 B +1—=a — B. Comparing this result with the result of standard
neutrino oscillation in Fig. 3.1(b). The range of flavor oatifrom the heaviest mass eigenstate
decay in the normal mass hierarchy overlap almost fully withrange given by standard neutrino

oscillation.

3.3.2.2 Inverted Mass Hierarchy

The transition probability matrix forthe heaviest massagjate decays to the middle, lightest

and invisible state in the normal mass hierarchy is written a

PR = Ua1?Upa|? +|Uas|*Upsl* + [Ua2|*|Up1|*Brz—1 +[Ua2|*|Upsl*Bro—s, (3.15)

where0 < Bro_.3 <1and0 < Bry_.; < 1. Inthe limit of Bro_,3 = 0, Eg. (3.15) is identical
to the case of the middle mass eigenstate decayinverte@ imottmal mass hierarchy. Fig. 3.4(a)
shows the range of flavor ratios on the Earth with source flet@s, ¢h(Ve) : ¢o(Vy) : (V1) =
a:p:1—a— (. Comparing this result with the result of standard neutodsoaillation in Fig.

3.1(b). The range of flavor ratios from the heaviest massneigée decay in the inverted mass
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Figure 3.3: The range of flavor ratios on the Earth from theviesh mass eigenstate decays to
the middle, lightest and invisible state in the normal maseanchy. Panel (a) shows the range of
flavor ratios on the Earth from the heaviest eigenstate detainvisible eigenstates only. Panel
(b) shows the range of flavor ratios on the Earth from the leshdigenstate decays to the middle
eigenstate only. Panel (c) shows the range of flavor ratidgke&arth from the heaviest eigenstate
decays to the lightest eigenstate only. Panel (d) showslitipessible flavor ratios on the Earth

which satisfyBry v + Bry .. + Bry_invisible = 1.
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hierarchy overlap almost fully with the range given by stddneutrino oscillation.

3.3.3 The Middle Mass Eigenstate Decays to the Lightest anavisible States
3.3.3.1 Normal Mass Hierarchy

The transition probability matrix for the middle mass eigiate decays to the lightest and invisible

states in the normal mass hierarchy is written as

Pg[e;: = |Uas[?|Ups|*+ [Ua1|?|Up1 |+ [Uaz2|?|Upa|*Bra1, (3.16)

where0 < Bro_.1 < 1. In the limit of Bro-s7="0;'Eq..(3.16) isidentical to the case of the middle
mass eigenstate fully decays to invisible states in the abnmass hierarchy. Fig. 3.5(a) shows the
range of flavor ratios‘on the Earth-with source flavor rati@g ve) : @(vy) : (Vi) =a : B :
1— a — 3. Comparing this result-with the result of standard neutnsaillation in Fig. 3.1(b).
The range of flavor ratios from the middle mass eigenstataydecthe normal mass hierarchy

overlap almost fully with the range given by standard newotoscillation.

3.3.3.2 Inverted Mass Hierarchy

The transition probability matrix for the middle mass eigiate decays to the lightest and invisible

states in the normal mass hierarehy is.written as

PY% = [Ua2/?|Upal® + Uasl*|Ups|* + [Ua1]*|Ugs| *Bra 3, (3.17)

where0 < Brq_.3 < 1. Inthelimitof Bry_.3 =0, Eqg. (3.17) is identical to the case of the lightest
mass eigenstate fully decays to invisible states in the abmmass hierarchy. Fig. 3.5(b) shows the
range of flavor ratios on the Earth with source flavor rati@gVe) : @(Vy) @ (V) =a : B :
1— a — 3. Comparing this result with the result of standard neutosaillation in Fig. 3.1(b).
The range of flavor ratios from the middle mass eigenstataydiecthe inverted mass hierarchy

overlap the range given by standard neutrino oscillatiod. I < ¢(ve) < 0.4.
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Figure 3.4: The range of flavor ratios on the Earth from theviestmass eigenstate decays to the
middle, lightest and invisible state in the inverted massdrchy. Panel (a) shows the range of
flavor ratios on the Earth from the heaviest eigenstate detainvisible eigenstates only. Panel
(b) shows the range of flavor ratios on the Earth from the leshdigenstate decays to the middle
eigenstate only. Panel (c) shows the range of flavor ratidgke&arth from the heaviest eigenstate
decays to the lightest eigenstate only. Panel (d) showslitipessible flavor ratios on the Earth
which satisfyBry .m + Bry .. + Bry _invisible = 1.
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Figure 3.5: The range of flavor ratios on the Earth from thedieidnass eigenstate decays to the
lightest and invisible states.<The branching raBoy i + Bry invisible = 1, for both hierarchy.
Panel (a) shows the flavor ratios-on-the Earth from the middissreigenstate decays to the lightest
and invisible states in the normalmass hierarchy. In thée cée range of flavor ratios on the Earth
from the heaviest mass eigenstate-decay in the invertedhigaschy is same as the middle mass
eigenstate decay in.the normal mass hierarchy. Panel (fjssihe flavor ratios on the Earth from
the middle mass eigenstate decays to the lightest andbie/stiates in the inverted mass hierarchy.

3.3.4 The Lightest Mass Eigenstate-decays to Invisible Stg Only
3.3.4.1 Normal Mass Hierarchy

The transition probability matrix for the lightest massegigtate decays to invisible states in the

normal mass hierarchy is written as

Pa5 = Uas|*Upsl? + [Uaz|*|Up2l> (3.18)

Eqg. (3.18) is identical to the case of the middle eigenstally fiecays to invisible state in
the inverted mass hierarchy. Fig. 3.6(a) shows the rangawirfratios on the Earth with source
flavor ratios, ¢h(Ve) : @(Vy) : @(vr) = a : B :1—a —B. Comparing this result with the
result of standard neutrino oscillation in Fig. 3.1(b). Thage of flavor ratios from the lightest
mass eigenstate decay in the normal mass hierarchy ovedaprige given by standard neutrino

oscillation in0.15 < ¢(Ve) < 0.4.

58



0
100 a0 80 70 q 0 30 20 10

0 S0 4
(ry)

(b)

Figure 3.6: The range of flavor ratios on the Earth from thatégt mass eigenstate decays to
invisible states only. The lightest neutrino mass eigeestizcays to invisible state only. The
branching ratioBr| _inisible = 1, for-both hierarchy. Panel (a) shows the lightest eigémstecays

to invisible states in the normal mass hierarchy.. The ptesfliivor ratios are same as the case of
the middle mass eigenstate decay.-Panel (b) shows thesightenstate decays to invisible state
only in the inverted mass hierarchy. The possible flavopsadire same as.the case of the heaviest
mass eigenstate decay in the normal mass hierarchy.

3.3.4.2 Inverted Mass Hierarchy

The transition probability matrix. forthe lightest massesigtate decays to invisible states in the

inverted mass hierarchy-is written as

P = [Ua2l*|Upsl* 5 [0a1|*|Upa | (3.19)

Eq. (3.19) is identical to the case of the heaviest mass stigeenfully decays to invisible
states in the normal mass hierarchy. Fig. 3.6(b) shows tigeraf flavor ratios on the Earth with
source flavor ratiosgy(Ve), @(Vy), (Vi) = a,B,1— a — 3. Comparing this result with the
result of standard neutrino oscillation in Fig. 3.1(b). Thage of flavor ratios from the lightest
mass eigenstate decay in the inverted mass hierarchy pikdaange given by standard neutrino

oscillation in0.3 < @(ve) < 0.6.
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3.3.5 The Middle and Lightest Mass Eigenstates decay to Insible States Only
3.3.5.1 Normal Mass Hierarchy

The transition probability matrix for the middle and lightenass eigenstates fully decays to in-

visible states in the inverted mass hierarchy is written as

PI% = [Uas|*|Upsl (3.20)

Eq. (3.20) is identical to the case of the heaviest and middiss eigenstates fully decay to
invisible state in the inverted mass hierarchy. Fig. 3:3f@ws the range of flavor ratios on the
Earth with source flavor ratiogh(Ve) =@ (Vy) : (V) ="0a4: B 1—a — B. Comparing this
result with the result of standard neutrinoesecillation ig:R3.1(b), Therange of flavor ratios from
the middle and lightest mass eigenstates decay in the nomasd hierarchy can be total separated

from the flavor ratios from standard neutrino oscillatior=ig. 3.1(b).

3.3.5.2 Inverted Mass Hierarchy

The transition probability matrix for the. middle and lightenass eigenstates fully decays to in-

visible states in the inverted mass hierarchy is written as

Peg=Ia2l 052/ (3.21)

Eq. (3.21) is identical to the case of the heaviest and Igihteass eigenstates fully decay to
invisible state in the inverted mass hierarchy. Fig. 3.8t@ws the range of flavor ratios on the
Earth with source flavor ratiogh(Ve) : @(Vy) : @(vr) =a : B :1—a — . Comparing this
result with the result of standard neutrino oscillation ig.F3.1(b), The overlapped region of those

two cases is betweep(Ve) = 0.4to ¢(ve) = 0.25.
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Figure 3.7: The range of flavor ratios on the Earth from thedfeicdind the lightest mass eigen-
states decay to invisible states. The middle mass eigenstatdecay to the lightest and invisible
eigenstates, but the ‘lightest neutrino- mass eigenstatecanl decay to invisible state. Hence
the final branching, ratios of the middle and lightest massretates ar®ry _invisible = 1 and
Br_ _invisible = 1 for both'hierarchy.-Panel (a) shows the middle and lightests eigenstates de-
cay to invisible states in the normal mass hierarchy. Panel{ows the middle and lightest mass
eigenstates decay to invisible states only in the invertadsnierarchy.

3.3.6 The heaviestand lightest mass eigenstates decay te thiddle mass eigenstate

and invisible states only
3.3.6.1 Normal Mass Hierarchy

The transition probability matrix for the lightestmassegigtate decays to invisible states in the

inverted mass hierarchy is written as

ngc: |U012|2|U32|2+|Ua3|2|U32|2Bf3H2- (3.22)

It is easy to find the Eq. (3.22) is identical to the case of tliddie and lightest mass eigen-
states fully decay to invisible state in the inverted massanchy. Fig. 3.8(a) shows the range of
flavor ratios on the Earth with source flavor ratigs(Ve) : @(Vy) : @(vr) =a :B:1—a —p.
Comparing this result with the result of standard neutrisgilation in Fig. 3.1(b), The overlapped

region of those two cases is betweg(Ve) = 0.4 to @(Vve) = 0.25.
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Figure 3.8: The range of{flavor ratios on the Earth from theziesaand lightest mass eigenstates
decay to the middle mass eigenstate and invisible stateshé@aviest mass eigenstate can decay
to the middle mass eigenstate and-invisible eigenstatéghéulightest neutrino mass eigenstate
only can decay to invisible eigenstates. Hence the finaldhiag ratios of the heaviest and lightest
mass eigenstates abey L.y + Bry—imnvisble = L andBry _inisble = 1 for both hierarchy. Panel (a)
shows the possible flavor ratios on the Earth in the normabkrhasarchy.. Panel (b) shows the
possible flavor ratios on the Earth in the inverted mass fakya

3.3.6.2 Inverted Mass Hierarchy

The transition probability matrix. for-the lightest-massengtate decays to invisible states in the

inverted mass hierarchy-is written as

Pglef: |U0’1|2|U131|2+|Ua2|2|U;32|2Bf2H1- (3.23)

Eq. (3.23) is identical to the case of the heaviest and mines eigenstates fully decay to
invisible state in the normal mass hierarchy. Fig. 3.8(@w&hthe range of flavor ratios on the
Earth with source flavor ratiogh(Ve) : @(Vy) : @(vr) =a : B :1—a — . Comparing this
result with the result of standard neutrino oscillation ig.RB3.1(b), The overlapped region between

those two cases is aroumgz( Ve) ~ 0.6.
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3.4 The Most Probable Neutrino Flavor Ratios on the Earth Induced

by Standard Neutrino Oscillation and Neutrino Decays

Summarizing the above results, it is easy to realize théioakhip beetween measured ratios and
neutrino flavor transition mechanisms. Fig. 3.9 shows thstmpbable flavor ratios on the Earth
induced by standard neutrino oscillation andneutrino yiecdhe red line indicates the range of
flavor ratios from standard neutrino oscillation and thesotimes indicate those from the different
neutrino decay mechanisms. The saturation of color is ptigpal to the observed number of
neutrino flavor transition mechanisms...The:most. probabi®ifleatios on the Earth are around
the flavor ratio,¢h(Ve) : @ (V) @(Vr) =1/3:1/3:1/3 and denoted by label “#” in Fig.
3.9. This flavor ratios is‘situated at the union of the neatwscillation and the most of decay
mechanisms. This flaver ratio can rule out type-Il, typeahid type-I\/-decay models iho level
and can rule out type-ll and type-lll decay models3ia level. The types of neutrino decay
models are listed in Table 3.1. The flavor ra®(Ve): (V) : @(v;) =0.03:052:0: 46
lays on the “*" point in Fig. 3.9(b) is the forbidden regionrfoeutrino oscillation mechanisms
and the type-Ill decay model is:ithe only possible mechanspraduce such a flavor ratio. The
colorless area is the forbidden region for all decay ‘andleion mechanisms. For example, if
some experiment obsefved a flavor raf(Ve) : (Vy) @ @(Vy) =0.87 : 0.07 : 006, lays
on the “%” point in Fig. 3:9(b).. This flavor ratio can-be ruledtdoy all decay and oscillation

mechanisms &30 level.

63



VAVA
AVAY\
6N

90) #X‘ i’é} _—

AVAY: s N
VAVAVA \VAVAM ,
WAVAVAVA'.  \VAVA. AVAV .\
AVAVAVAY .»\ . 1Goe W/ o

100 90 70
" gl

@)

Figure 3.9: The neutrino flavor ratios on-th thrinducedlifferent flavor transition mecha-
nisms. The left panel shows the range of flavo 10S on ththEam decay and oscillation in
1o level. The right panel shows the ranges atl@vel. Both panels show the most probable flavor
ratios on the Earth is aroun@(ve) : @ (vy) : @(v:) =1/3:1/3:1/3
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Chapter 4

Simulation of High Energy Neutrino

Interacting with-the Earth

This chapter describes the Mante-Carlo simulation codehferinteractions and propagation of
neutrinos and leptons inside the Earth at energy greatar:ltﬁ]af' eV. The neutrino may change
to the other kind of particles and lose energy during its pgapion. This code can choose both
AGN [1] and GZK {6] neutrino’ flux as.initial flux.and.the. disttibons of fluxes shown in Fig.
2.1.2. The code simulates the neutrino-nucleon intenacim energy lose process in the Earth.
The simulation result can'be applied to the underground avelground neutrino telescopes. The
previously results show that the shower'energy-are mostgiweer8 x 101 eV to3 x 106 ev

for AGN neutrinos and in betweek0'® eV to 108 eV for GZK neutrinos.

4.1 Introduction

In chapter 2, we introduced the neutrino telescope expeatin@eCube [9] or KM3NeT [11], with
target volume in the order of k?nNater—equivalent. In terms of detector acceptance, thipical
values are approximately in the order of Rm? sr, since it is sensitive to up-going events and its
efficiency dependents on the zenith or nadir angle. Ttr@j. [29] estimated thai km? sr is
required to detect PeV level neutrinos from AGN [30] d@0km? sr is required to detect GZK
neutrinos [31]. Such krhsize detectors are predicted to observe AGN neutrinos ierakyears

of full-detector operation. The fluorescence detector (BIoh as Fly’'s Eye/HiRes has larger
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observation range. This compact size detector can rea@pi@ree in the order @00 km? sr
(assumed 10% duty cycle) [32]. However, the current thriglsbbFD is approximatelyd x 107
eV and requires some madifications to extend to lower enémgytder to increase photon counts,
Cherenkov lights must be included. NuTel [33, 34] and CRTBA] experiments try to develop a
wide FOV Cherenkov telescopes to aim for detection of higgrgynneutrinos.

Based on analytical calculation, Tseéigal. [29] had provided many useful insights for the
design of neutrino telescope using Earth skimming neuwrindowever, detailed simulation of
neutrino interactions with the Earth is still required toguce events for urther detector simula-
tion . We had developed a Monte-Carlo simulation code fougdobased neutrino detector and
underground detectors suchas lceCube, KM3EET.. This code called SHINIE, Simulation of
High-energy Neutrino Interacting with the Earth. Sevenaliminary versions of SHINIE were
used in various stages of‘NuTel'[33,-34, 36, 37] and a semitdd@arlo version [36] was used
in NuTel [38] and CRTNT [35]. This-semi-Mote-Carlo caode ustaiministic energy loss for tau

leptons, which is similar to the formula used in Ts@b@l: [29].

4.2 Interactions

SHINIE considers neutrino nuclean interaction, energyg kasd decays of particles in the Earth.
We calculate the differential cross.section of those inf@was and selection one interaction by

Monte-Carlo method in one step of interaction.

4.2.1 Energy Loss of Leptons

Leptons lose energy by ionization, photonuclear inteoagtbremsstrahlung, and pair production.

The general form of energy loss for leptons written as

dE

dx = —0Ujon— IZBiE = —0Ojon— (Bbrem+Bpair + Bruc)E, (4.1)

whereX is the slant depthgion is ionization contributionByrem, Bpair and Bnuc correspond the

contributions from bremsstrahlung, photonnuclear imoa and pair production respectively.

those three processes are simulated in stochastic preceach process has its own differential
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Figure 4.1: The range‘of tau leptons in materials: Blue, redl@ange lines correspond to the
range of tau leptons in water, standard rock, and iron reéispéc The range of tau in iron is much
lower than standard rock and water-at16V.

cross-sectiong®®T,g%" andg™°. B are define as

N (Y™ dao'(y,E)
(E) =~ =5 gy .
Bi(E) /ym y dy y. (4.2)

whereN is Avogadro’s numberA is‘atomic mass number aral is'cross section for individual

interaction. They is the fraction oflepton energy loss in interaction and tertas

(4.3)

whereE is the energy of incident leptos’ is the energy of same particle after interaction. The
way to perform the energy loss of leptons in Monte-Carlo roétis shown in App. B. The range

of tau in SHINIE have simulated by long and Hung and shown @n Eil [71, 72].

4.2.1.1 lonization

The ionization, soft energy loss, losses only a small amotiehergy with high probability. To
save simulation time, it is simulated with analytical methoy E' = E — ajondX for a step size

in depth ofdX. The threshold of this soft energy cut is sef.&t 3.
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matrial ionization Z/A density &o & a C m
potential (eV) (g/cn?)

Iron 286 0.46562 7.87 -0.0012| 3.153| 0.147| 4.291| 2.963

Water 75 0.55509 1 0.240 | 2.800| 0.091| 3.502| 3.477

Rook 1364 0.50000 2.65 0.049 | 3.055| 0.083| 3.774| 3.412

Table 4.1: The parameters in Bethe-Bloch formula

The energy loss by ionization for incident leptons with gydt and momentunp is given by

the Bethe-Bloch formula [65]

dE . o . 2ZMe,  2meB22El, »  En
gx = 2ma NAAEABZ(In 22) )5 2B+ 255 —0(8), (4.4)

with fine structure constarét'= 1/137, Avogadro’s numbeNa= 6.023 x 1073, atomic mass
numberZ, atomic weight of mediunf\. Eax IS the maximum transferred energy from lepton to

electron. The relationship betwegny. E andp is

y=E/m, B=p/E.

The mean ionization potential,(Z), for rock, iron and water are listed in Table 4.1. The

density correction is'parameterized &< ) for & =109,V [66] as

O(&) =4605Z +C+a(é— &M &< <&

5(E)=4605% +C & <& (4.5)

4.2.1.2 Bremsstrahlung
The contribution by bremsstrahlung in energy loss is priopaal to the energy of incident particle.
The differential cross section of bremsstrahlung written a

do 5. Me,14 4

Vi a (ZZeﬁ) 9(5 - §y+yz)¢’(5), (4.6)

whered = zi and@(9) written as

E(1-y)
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c189mz1/3
me+ 18%1/2572-1/3

®(3) = In[ ], (4.7)

where¢ = 1for Z < 10and¢ = 22~ /3 for Z > 10.

4.2.1.3 Pair production

The differential cross section of pair production is parterized by the energy of positioft ™,

and the energy of electro; ™. We define the asymmetry parameter@s= % The
differential cross section written as [68]
d?a ~ 1y e
=0 "—(ZAe)"——= —q@ /. 4.8
The form of g and @, are listed inApp:- A.1.
4.2.1.4 Photonuclear
The differential cross section of photonuclear is writGj[as
do —«a 3 Mg, -~ Kme / /2me
—— ==—A -G Ih(14522) == 172 "1
1 mg & 2mf i, 3 me . ms t
—(KIn(1+ —=5) —4—= ) +F=-(~ L+ 2In(1+—))]. 4.9
A+ ) —EE PG S Y 2 N ) (49)

The value of variables are listed in App. A.2.

4.2.2 Lepton decay

The decay length of tau B; = 49.02(E;/PeV) m. The tau lepton decays are simulated with
TAUOLA code with the full polarization. Table 5.2 lists thix snost possible decay channels. The
daughter particles (leptons/neutrinos) are fed back teitin@lation. The decay length of muon,

Ry, = 6.23381x 10° (Ey/GeV)m, is much longer than the decay length of tau. Therefore, th

major process of muon are loss energy while traveling thidhg Earth.
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4.2.3 Neutrino Charged Current and Neutral Current Interaction

Neutrino interacts with the matter via those two procesargdd current and neutral current in-
teraction. The charged current reactions are those im@lgmission, absorption or exchange of
W boson. Neutral Current reactions are those exchan@ﬂigThe differential cross-section
do/dy were calculated in a separate program using the latestrpdigtribution function CTEQ6
[39, 40], and then imported to SHINIE by a text file.

Charged current (CC) interaction describes a high energirine hits the nucleon producing

a lepton and hadronic state

vi+N — |~ +anything. (4.10)

The differential cross section.of CC interaction is writeen

d?0cen 2GEME, ( M,

ddy* | T QM 2@ xqeeQd) (1~ )3,  (4.11)

with Fermi coupling constarBr = 1.16% 107> GeV 2, the mass ofNV* = 80.4 GeV and
Bjorken scaling variabless = Q?/2M,, -andy-= v//Ey: Thevariablev = E, — E; in Bjorken
scaling variables is the energy loss in the laboratory frafie quark and antiquark distribution

in Eq. (4.11) written as

Uy (X, QZ) +dy (X Qz) i Us(X; Qz) +ds(X, QZ)

q(x, Q%) = 5 .

+ SS(X7 Qz) + bS(X7 QZ)

US(X7 Q2> + dS(X7 Q2>
2

a(x, Q%) = +Cs(%, Q%) +1s(X, Q)

where the labels, ", “d”, “c”, “s’, “t” and “b”, denote the distributions for different quark
flavor and subscriptsv” and “s’ label the valence and sea contributions.
Neutral current (NC) interaction describes a high energytrit® hits the nucleon producing

a neutrino with lower energy and invisible hadronic state

Vi +N — vy +anything. (4.12)
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The differential cross section of NC interaction is writEs

d?onc - 2GEME,, M2 5 o 0/ A2 2

= Xq~ (X Xq- (X 1- 4.13
axdy - (QZ+M§)[q<,Q)+ " (x Q) (1 —-y)7], (4.13)
with the mass oZ° = 91.2 GeV. The quark distributiog® and antiquark distributioC in Eq.

(4.13) written as

qO(X, Q2> _ [UV(X, Q2> ';dv(x, Q2> + US(X, QZ) ‘12‘ds(X, QZ)]((l—gXW>2+(—1+§XW>2>+

s Q2>;ds<x7 Qz)](<gxw>2+<§xW>2>+[ss<x, Q) b (x QM= 1+ x>+ (2)?)

2 2 2 2
GO(X,QZ) _ [Uv(XaQ )-|2-dV(X,Q )_|_ US(XaQ )—;dS(X7Q )]((gXW)2+(§XW)2)+

Us(X, Qz) + ds(X, Qz)
[ 2

]((1—§xW>2+<—1+ gxw)z)ﬂcs(x, Q%) +ts(x, Q2>1<<1—ng>2+ng>2>

Wherexy = Sir? By is the weak mixing parameter. The cross sections of chargedrt inter-

action and neutral current interaction in SHINIE shown ig.H.2.

4.3 Environments

Most of previous studies treat the Earth as same materi¢dodflard rock. SHINIE use a complete
set of materials to describe the Earth, which has iron in tiie and rock in the mantle. Since the
real surface layer of Earth could be mountain, sea or icyeplat The materials of surface in
SHINIE can be defined by requestion of user. SHINIE suppoetriiaterials, rock, water, ice, salt,

and iron as surface layer.
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Figure 4.2: Charged current (CC)-and neutral current (N@raction cross section in SHINIE,
according the the CTEQG6-DIS parton distributions. The rad blue curves are CC and NC
interaction cross section, respectively, foP ¥0E, < 10" GeV.

4.3.1 Earth’s Density Model in SHINIE

The earth model in SHINIE is simplified to the perfect spheith geocentric radiuRg = 63712
km, the distance between the mean sea level (MSL) to thercehEarth. Fig. 4.3 and table 4.2
show the density varies with geocentric radius [53]. Theemialt of earth is defined as a three-
layer sphere consisting of iron in the core from-geocenaiiusO to 3480km, rock in the mantle
from 3480to 6367.2 km, which is4 km below mean sea level. The material of #am layer
can be selected by user to suit their needs. Several typeatefials such as standard rock, water,
ice, salt rock, and iron can be used. For instance, a detectan island would need the water as
top layer of Earth. A detector inside ice could select iceopddyer. The default value of top layer
is water, sinc&’ 0% of Earth is covered by oceans.

For a detector on the ground, user may supply a local map tailelé local materials and
elevation. Detector can be placed in above or below Mean 8eel (MSL). The geometry data,
in grid of the longitude, latitude and altitudes can impdrte SHINIE as the surface layer. The
range of altitudes allowed is between -4 km to 10 km. For adgons inside the range of local

map, the local terrain replaces the standard Earth modetied in previous paragraph. In a
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Figure-4:3: density model of earth

simulation with realistic geometry method, SHINIE predefalayer of air with constant density
covering over thetop of terrain. Fig. 4.4 shows the allowegart data-and the mountain data

was used in CRTNT experiment [70].

4.3.2 Detector Sensitive Region (DSR)

User must define the material and.dimension of a region,d@kgector sensitive region (DSR),
where all the information of particles within.this-area vidk written to an output files. The in-
formation include the particle types, energy, directiod arieraction statustc.. The interaction

status are listed in Table 4.3. This region must be largar tha physical size of real detector.
Material can be selected from one of five default materigdsdard rock, water, ice, salt rock, and
iron. User could also provide their own material with speaifion of density, mean atomic num-
ber, and filename, where coefficients of energy loss aredtdalil DSR material can be different

from target materials surrounding DSR.
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radiusR Density(g/cnd)
R< 12215 km 13.089-8.838x R?
R< 34800 km | 12582 1.2638x R — 3.643x RZ —5.528x R?
R< 57010 km | 7.957—6.476x Ry +5.528x R —3.081x R}
R< 57710 km 5.320— 1.4836x Ry;
R< 59710 km 11.249—8.0298x R¢;
R< 61510 km 7.109— 3.8045x% Rs;
R< 63466 km 2.691+0.6924x Rs;
R< 63560 km 2.9
R< 6367.2 km 2.65 (standard rock)
R> 63722 km 0.001 (atmosphere)
0.9 (ice)
1.02 (seawater)
2.65 (rock)

Table 4.2: The Density of EarttiRs-is-fraction of earth-radius.” The density of the Earth. The
symbol ‘R’ is the distance from the center of the Earth-to an obserabkgion.

Figure 4.4: The grid map data with altitudes.
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Figure 4.5: Detector sensitive region (DSR). The size, n@tend position of DSR can be defined
by user. SHINIE record all information of particles withimg area.

Status identifications
Status identifications
Particle initialization 0
Black hole creates lepton 1
Neutrino/‘before NCrinteraction 2
Neutrino generated by NC interaction 3
Neutrino before CC interaction 4
Lepton generated by CC interaction 5
Lepton energy loss 6
Lepton Before inverse CC interaction to neutrino 8
Neutrino generated by inverse CC interaction 9
Lepton in detector 13
Lepton before decay to neutrino 21
Neutrino created by lepton decay 22
Stopping simulation 100
Stopping simulation by low energy limit 101
Stopping simulation by geometry limit 102

Table 4.3: Status identifications as used in SHINIE.
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Particle identifications
Particle | Identification

Vr 1001

T 1002

Vi 1003

U 1004

Vr 1005

T 1006

Table 4.4: Particle identifications as used in SHINIE.

4.4 Controls of Simulation

All particles are identify by. an identification number.(IDjclisted in Table. 4.4. Particle en-
ergy can be selected from three methods:. fixed value, sagfsbm.a power law spectrum, or
from a tabulated spectrum, which'is supplied by user. Fluween two adjacent energy bins are
interpreted as power law spectrum fitted from two adjacetd gaints. The input to SHINIE is
controlled by an input card, similar to the input-card of COIRS Fig 4.6 shown the graphic
interface system. sUser can use graphic. interface systemtup $he parameters for simulation.
The input card will be generated automatically and namectfloput.txt”. Two output format are
provided, the default option is printout interaction irsidSR only, the other option is printout all

interactions for systematic check.

4.5 Running Options

The basic command to run SHINIE is

Jmain3d Userlnput.txt 2>/dev/null> Output.txt &

The meaning of each words are listed in Table. 4.5.
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SHINIETINPUTCARD Program

Source Type ? @ AGN O GRB 0 GZK

Energy Range Start From 10“ GeV ?

Energy Range End At 10” D GeV ?
Flux Binning ? [1 0000 ]

Detector type ? ® Air O Salt Olce
EventNum ? [1 000000 ]

Crust_ID ? @ Air

Record radii of detector cente

Figure 4.6: Graphic interface system

command
Userlnput.txt filename of inputcard
2> [dev/null | output err message to null space
Output.txt filename of output file
& background

Table 4.5: Running command
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Chapter 5

Geosynchrotron Raiation Detector

Due to the low interaction croess section_of high energy meos; the neutrinos are difficult to
interact with intergalactic or interstellar media. Als@utrinos are neutral particle, they cannot
be deflected by the magnetic fields:--Unlike charged cosmi rasutrinos can be tracked back to
their sources and/study high energy processes occurrifigiatsources. Various detectors have
been proposed for.detecting high energy neutrinos. Sonteof tely on measuring the air shower
by the so-called earth-skimming, for which horizontal showers are generated by the ensting
decay [41, 42]. However, those events are very-rare andrezbjai detector of huge acceptance.
Radio detection is a promising. techniques, which have adganof.large Cherenkov angle and
duty cycle of almost 100%, compared:to.10% of opticalshoveteator. One type of radio signal
is geosynchrotron radiation, which results from chargedigles moving in geomagnetic field.
This chapter describes a simulation procedures of geosytoh radiation. We investigate the
shower properties by simulations. Equipped with the kndg#eof thev; induced air shower, we
are able to calculate the induced geosynchrotron radialiba CORSIKA [43] simulated shower
profile to be employed in the calculation of geosynchrotradiation in Sec. 5.2. Our calculation
is based on the coherent geosynchrotron emission scemdtiaied in 1970s [44] and further
developed by Huege and Falcke [45]. Finally the reconsdupulses form emitted radiation are

shown in Sec. 5.3.3.
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5.1 Extensive Air Shower (EAS)

5.1.1 Longitudinal Profile

Extensive air shower are generate by high energy partiotesaicting with the atmosphere. The
number of particles reaches the maximudaay, when the average energy of secondary particle
equal to critical energy=c. The critical energy is defined by the energy loss of ion@atquals

the energy loss of bremsstrahlung. Tdgax can be approximated by

Nmex =N(Xiex) = E/Ec (5.1)

whereXmax is the slant depth at'shower maximubnjs the energy of primary particlé&. = 86
MeV corresponds to the critical energy of electron<in the dihe depth of shower maximum,

Xmax, IS Written as

Xinex ~ XoIn(E/Ec), (5.2)

where X, denotes the radiationdength of air. The longitudinal peoi parametrised by shower

ageS
3X /%o
0= X/ Xo+2IN(E /EQ)
S(O> =0, S(XmaX> = % =1 (5.3)

The shower starts to developSt= 0 and reaches it maximum &t= 1. Figs. 5.2, 5.5 and 5.8
show the longitudinal profiles for electror;” andK ~ with energy betweed 0> to 10185 ev.
The relationships between the slant depth and propagastande in the air with constant density

are shown in Fig. 5.1.

5.1.2 Lateral Distribution Function

The spread of lateral distribution is proportional to theidient depthX, in the air. The previous

study of Kamata and Nishimura gave the lateral spread ofuhal\pelectromagnetic shower [46].
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Figure 5.1: The relationship between slant depth-and paiagdistance in the air with constant
density. Blue, red, ‘yellow and green-lines correspond tdréesition rate for horizontal shower
develop in sea level, 2 km, 4 km and 6 km altitudes. The dessif those altitudes are2B
kg/m?, 1.01 kg/n?, 0.82 kg/n® and 066 kg/nT.

The particle density is approximated by a parameterizedtiom [47]

w5 g rasss) im) AdY ) - B

whereNe is the number of particles;, is‘the-Moliére radius,S is shower age. Since the air

shower travels long distance in the atmosphere, the demsitychange with the incident depth.
The Moliére radius must depend on the density of air; in other wordsMbliere radius depend

on altitudes

(5.5)

whereh andh, correspond to the altitudes at shower center and altitudeatevel. The
valuse of Molére radius in the air at sea level is abald m. For hadronic shower, Eq. (5.4)
can be represented by effective shower &je- 1.25S. Fig. 5.3, 5.6 and 5.9 show the lateral

distribution atXmay for electron, 7~ andK ~ with energy betweed 06 to 10185 ev,
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The decay modes Branching ratios|| total ratio

T > +1+Vv; 25.25+0.10% || 25.25%

T-—€ + Vet Vs 17.85+ 0.05% 43.1%

T — U +V+V; 17.36+0.05% || 60.46%
T- =1 +V; 1091+0.07% || 7137%

T —>m +m+m+v; | 9.27+0.12% 80.64%
T- > +m +m +v; | 899+0.12% 90.63%
others 100%

Table 5.2: The major branching ratios of There are 31 basic decay mode f The total
branching ratio of first 6 decay channels is more than 90%.

5.2 CORSIKA Simulation

Tau decays to some daughter particles,which then intia&hawer..Table 5.2 lists the most pos-
sible six decay channels. The total decay ratio of those side®s is more tha®@(%. 1T, ,

mt, e andy ™ are the most abundant particles intau decay. The pions anti@is generate air
shower in the atmosphere immediately. Muons have a smals@ection for interactions, hence
the shower generated by muon in km level are rare. Using CRR8bde [43], we simulate the
showers initiated by-pion, electron and kaon with five défgrenergies. those simulations show
that the shower particles reside less tAam. Compared with the radiation which traverses a dis-
tance aboul O km, the shower front at the shower maximum is'treated astiodigially coherent.
The remaining structures are the.lateral profile and Loréatior distribution representing the

spatial and energy distribution ‘of the shower particles.

5.2.0.1 Electron Shower

The electron shower is an electromagnetic shower diffdremt the hadronic showerr™ or K™
shower. CORSIKA simulates the electron shower with fiveedéht energiesEe . = 1062,
Ee. =100 Eo =103 Eo. = 1080 andE._ = 10'8° eV. The mean longitudinal profile
of 30 electron shower events are shown in Fig. 5.2. The depthsafeshmaximums Xmyax,
increases with the energy of primary electron. The mean showaximum of electron shower
with initial energy Ee_ = 10165 is 710 g/cn? corresponds t@.7 km propagation distance in
4 km altitudes. With the raising of energy, the mean showerimarn of primary electron with

initial energyEe_ = 1085 is 890g/cn? corresponds td.0.9 km propagation distance i km
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altitudes. The lateral distributions of showe&@gax are shown in Fig. 5.3. The particle numbers
are proportional to the initial energy of primary particl&ig. 5.4 shows the distributions of

Lorentz factor at th&Xnax. The Lorentz factors of most particles are less than 150.

5.2.0.2 Pion Shower

Pion is major component in tau decay channels. Differemhfedectron, pion produces hadronic
shower. We also using CORSIKA to simulate the pion showewatdifferent energiedz; =
10165 E,.. = 10170 E,.. = 10'7°, E,.. = 1080 andE,;_ = 10'8° eV. The mean longitudi-
nal profile of30 pion showers are shown'in Fig. 5.5: The shower maximofpgy, are increasing
with the energy of primary pion. Since the hadronic.showeetlig faster than the electromag-
netic shower, the mean shower maximum.of pion shower isahtite the electron with the same
initial energy. The mean shower maximum of pion shower wiitidl energyE,; = 106> is
650g/cn? corresponds 1@.7 km propagation distance #km altitudes. With the raising of en-
ergy, the mean shower maximum of primary pion Withinitiaéegy E - =10 is 750g/cn?
corresponds t®.7km propagation distance #hkm altitudes. The lateral distributions of pion
showers aKax are shown in Fig. 5.6. The particle numbers are proportitmtie initial energy

of primary particle. Fig. 5.7 shows the distributions of &tz factor at theax.

5.2.0.3 Kaon Shower

The kaon shower is rare contribution'in tau decay. The kaowshis a hadronic shower same as
the pion shower. We also using CORSIKA to simulate the kaanveh at five different energies,
Ex_ = 1065 Ex_ = 10'"0, Ex_ = 10'"°, Ex_ = 1080 andEx_ = 10'8% eV. The mean
longitudinal profile 0f30 kaon showers are shown in Fig. 5.8. The shower maximdagy, of
pion shower spread betwe&70g/cn? to 790g/cn? correspond tEx_ = 1062 andEx_ =
1085 eV. The lateral distributions of kaon showersXatay are shown in Fig. 5.9. The particle
numbers are proportional to the initial energy of primarytipbe. Fig. 5.10 shows the distribution

of Lorentz factor at theXyax.
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Figure 5.2: Mean longitudinal profile of 30 electron showearéive input energies.
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(a) The lateral profile of electron shower at shower maximum, (b) The lateral profile of electron shower at shower maximum,
Xmax = 710 g/cn?, with initial energy B« = 106> eV, Xirax = 770g/cn?, with initial energy B = 10170 eV.
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(c) The lateral profile of electron shower at shower maximum, (d) The lateral profile of electron shower at shower maximum,
Xmax = 800 g/cn?, with initial energy B = 107> eV, Ximax= 830 g/cn?, with initial energy E- = 10180 ev.
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(e) The lateral profile of electron shower at shower maximum,
Xmax = 890 g/cn?, with initial energy E- = 10185 eV,

Figure 5.3: Lateral profile of electron showers at five inmergies.
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(c) The Lorentz factor distribution of electron shower atshr
maximum,Xmax = 800 g/cn?, with initial energy E- = 107>

evV.
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(e) The Lorentz factor distribution of electron shower aivsér
maximum,Xmax = 890 g/cn?, with initial energy E- = 1085

eV.
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(b)-The Lorentz factor distribution of electron shower aisbr
maximum, Xmax = 770 g/cn?, with initial energy £ = 1070

eV.
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(d) The Lorentz factor distribution of electron shower aisbr
maximum Xmax = 830 g/cn?, with initial energy E- = 1080

eV.

Figure 5.4: Lorentz factor distribution of electron shosvat five input energies.
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(e) Theinitialr~ with energy B, = 10185 eV hits atmosphere
and genetares the hadronic shower. The number of totat parti
cles at shower maximurnXmax = 750 g/cn?, equals 189x 10°.

Figure 5.5: longitudinal profile of pion showers at five inpuakrgies.
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(c) The lateral profile ofrt™ shower at shower maximum, (d) The lateral profile oft~ shower at shower maximum,
Xmax = 710 g/cn?, with initial energy B, = 10175 eV. Xmax= 720 g/cn?, with initial energy E; = 10180 eV.
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(e) The lateral profile ofr~ shower at shower maximum,
Xmax = 750 g/cn?, with initial energy E- = 10185 eV.

Figure 5.6: longitudinal profile of pion showers at five inpuergies.
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(c) The Lorentz factor distribution oft~ ‘shower at shower
maximum Xmax = 710 g/cn?, with initial. energy B = 107>
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(e) The Lorentz factor distribution oft- shower at shower
maximum Xmax = 750 g/cn?, with initial energy B, = 1085
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(b)~The Lorentz factor distribution oft~ shower at shower
maximum,Xmax = 700 g/cn?, with initial energy B, = 1070

eV.
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(d) The Lorentz factor distribution oft~ shower at shower
maximumXmax = 720 g/cn?, with initial energy B = 1080

eV.

Figure 5.7: The longitudinal profile of pion showers at fivpuhenergies.
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(d) The initial &k with energy - = 10'89 eV hits atmosphere
and genetares the hadronic shower. The number of totat parti
cles-at shower maximurXmax = 760 g/cn?, equals 559x 108.

Figure 5.8: longitudinal profile of kaon showers at five inpoergies.
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(e) The lateral profile of K shower at shower maximum,
Xmax = 790 g/cn?, with initial energy k- = 10185 eV,

Figure 5.9: The lateral profile of kaon showers at five inpugrgies.
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(e) The Lorentz factor distribution of K shower at shower
maximum, Xmax = 790 g/cn?, with initial energy - = 1085

eV.

Figure 5.10: The Lorentz factor distribution of kaon shasvat five input energies.
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5.3 Radiation Emission from Air Shower

5.3.1 Radiation by a Moving Charge

We first consider a charged particle moves with spaeirm the atmosphere, the magnetic force
caused by earth’s magnetic field may deflect the particlehdfangle between magnetic ficRl

and the particle’s velocitﬁ is a, the radius of the path is given by

vyme
5.6
eBsina’ (5.6)

p:

wherey is Lorentz factorm is theimass of charged particle s the charge of particle. Such a
particle emit the radiation in a narrow cone in the directidrihe velocity vector. The detector

observes a short pulse‘of radiation. Jackson defines ther padiated per unit solid angle as [48]

AR/ w) =

\/—Cn FEQ_LZT)(—éHA||(C«J)Jr@lh(ﬂ))), (5.7)

wherew = 21V is the angular frequency corresponding to the observediérezy,R is the dis-
tance to the detectoéH is the unit vector corresponding to polarization in the plaithe orbit,
€, is the orthogonal'polarization. TH&R, @) in Eq. (5.11) is assumed real. The definition of

A(w) andA | (w) is

(o]

+67) [ XeplSERE RIS () + 0)Kaa(d),

1

Aj(w) = <p><yz

—00

1

A (w) = <p9><y2

+92)1/2/exp[igf(x+%)‘3)]dx: (%;)( >+ 622Ky 3(8),

—00

(5.8)
where§ = 22 ( +62)3/2, The integrals in Eq. (5.8) are identifiable as modified Biefsse-

tions. The radiated energy per unit frequency interval pbd &ingle is
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Figure 5.11: Geometry of synchrotron radiation. -Blue palahotes the particle moving with
velocity v. Red line is the trajectory-of particle lies in= y plane with radiugp. €, is the unit
vector corresponding to the polarization in the plane oft@hd e’ iS the unit vector of the other
polarization, which perpendicular to tiee and emission direction.
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whereB is emissioniangle. The frequency component of E-field withgpecific distanceR, to

the detector can be calculated as

ER )= @%A(R, w). (5.10)

5.3.2 The Radiation form the Electron-positron Pairs

In air shower, electron and positron are generated in phi.tiajectories of electron and positron
are mirrored. Due to the symmetric trajectories, the mageitof A (w) from positron is same
as the magnitude of electron, but opposite sign. Hence thigilsotions ofA | (w) form electron-
positron pair cancel each other. The magnitudeAﬂfw) from electron and positron are same,
the contribution fromA (w) double to2A(w). In other words, the contribution &% (w) is
proportional to the number of particles. The result allowsta neglect the difference between

electron and positron. The spectrum emitted by an individagticle can be written as
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Figure 5.12: Off-set.dependence |&(R, 27tv)| of a 13/ @V.shower at the observation distance
of 10 km. Curves in blue, red and orange represent signalbsarving frequencies of 50 MHz,
75 MHz and 100 MHz respectively.

E(R o) = Eaé(“’%‘%(—éHAMw)). (5.11)

Applying the lateral and Lorentz distribution from CORSIKAnulation. The observed sig-
nals in different frequency can be calculated.-from Eq. (b.Hig. 5.12 shows the strength of
electric filed at the observation distanceldfkm from 107 eV electron shower in different fre-
quency. The strength decrease rapidly with the distanaa &loower core. The Figs. 5.14 and
5.15 show the pulses from pion and kaon shower. The signai®ofand kaon shower can not be

distinguished with the same energy.

5.3.3 Pulse Reconstruction

The time-dependence electric filéd R, t) can be reconstructed by an inverse Fourier-transform

of theE(R, w).
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E(R,t):\/%T/b(w)E(R, w)e " Ydow, (5.12)

whereb(w) is the characteristic frequency of the detector. The recocted pulses from emission
of 107 and 107 eV electron shower at the observation distanc&®km, using an idealized
rectangular filter spanning0— 80 MHz are shown in Fig. 5.13. Since the lateral and Lorentz

factor distribution in this energy can be parameterized hgrgy. The strength of pulses are

proportional to the energies of showers.
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(b) Reconstructed pulses from emission of &’feV electron shower at the observation distance of 10 km

Figure 5.13: Reconstructed pulses from emission &f #dd 137> eV electron shower at the
observation distance of 10 km, using an idealized rectandiller spanning 36- 80 MHz. The
strength of signal is proportional to the energy of showée durves in blue, red, orange and green
denote pulses measured at center, at lateral distance® of 3000 m and 1500 m, respectively.
The pink and gray curves are measured at lateral distan@306fm and 2500 m and close to the
x axis, and the signals are too weak to be distinguished.
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Figure 5.14: Reconstructed pulses-from emission of'‘&%18V pion shower at the observation
distance of 10 km, using an idealized-rectangular filter span30— 80 MHz. The curves in blue,
red, orange and green denote pulses measured at centégratdistances of 500 m 1000 m and
1500 m, respectively. The pink and gray curves are'measuiiatteal distances of 2000 m and
2500 m and close to theaxis, and the signals are too weak to be distinguished.
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Figure 5.15: Reconstructed pulses from emission of‘@%16V kaon shower at the observation
distance of 10 km, using an idealized rectangular filter sjpan30— 80 MHz. The curves in blue,
red, orange and green denote pulses measured at centégratdistances of 500 m 1000 m and
1500 m, respectively. The pink and gray curves are measuiattaal distances of 2000 m and
2500 m and close to theaxis, and the signals are too weak to be distinguished.
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Chapter 6

Shower Experiment with electron beam

Shower development can be separated to orthogonal pangfudinal development alone the
shower axis and lateral development perpendicular to shawis. Simulation must be consistent
with both development/ It is important to longitudinal amdelral profile simultaneously. Such
studies, called FLASH-TW, are carried out with Taiwan’s N8R1.5 GeV electron beam [62].
Although the beam-energy is only5 GeV, the beam current is'large enough to produce a total
energy of the ordef.1 to 1 EeV. We perform the shower profile measurement by shootiag th
NSRRC1.5 GeV electron beams on aluminum targets. “The shower paresradtaluminum are
comparable to those of alumina used in the FLASH experin@&3it [The radiation length of alu-
minum is24.01 g/cn? compared t&7.94g/cn? of Alo©3 while the radiation length of aluminum
is 52.55 MeV compared tb4 MeV of Al>0s. In this chapter, we apply two different detection
methods to reconstruct the shower profiles. The first metpptyimg a scintillator to convert the
shower particles to photons and record photons by CCD canidra other method detects the
Cherenkov light, which emitted by relativistic particleasging through air. Based on the data

recorded by CCD camera, the longitudinal and lateral psbfeshower can be reconstructed.

6.1 Instrument

The main instrument used in FLASHE-TW is a platform of two rthers and a removable alu-
minum blocks system which contaidd aluminum blocks. Each block can be moved in or out

of the beam path. Therefore, it is possible to study showmgitodinal profile inl5 steps, with
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Figure 6.1: Top view of the experimental platform. Thé GeV electron beams enter the cham-
bers from the left hand side. The secondary charge parctegenerated while incident electrons
are passing through.the aluminum targets. The secondargeiparticles hit the scintillation
screen placed in the_second chamber and generate sdomillaght; which is recorded by the
CCD camera.

an increment ofl /3 radiation’ length (1) -per.step:~Fig: 6.1 shows the top view of the experi-
mental platform. Left chamber contain&#iole wheel which can accommodate several different
materials or calibration light sources for the experimeédhe can perform the spectrometer ex-
periment by placing the scintillator in the wheel, to be hjtthe electron beam, and measuring
the light outside the chamber. The central part of the platfoonsists ofL5 movable aluminum
blocks. The size of each block ) cm x 10cm x 2.9 cm. Finally, the right chamber is for
measuring the lateral profile. Electron beams enter intdetthehamber and produce showers in
the aluminum blocks. The resulting secondary charge pesticavel through the right chamber

and hit the scintillator screen. The light reflected from ¢himtillator is subsequently detected. A

CCD camera takes the image to record the electron density.
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6.2 The Measurement of Shower Lateral Profile with Scintilldaor

In this section, a scintillator (AF995r ; AD3 :Cr3+) is placed behind the targets, converting the
secondary shower particles into light. The light from thetca region of the shower is recorded
by a CCD camera. The CCD system is successfully implementétei FLASH thick target run
as just mentioned.

The scintillator (AF995r ; AJO3 :Cr3+) is widely used for monitoring the charged particle
beam. It is a material with high damage threshold, and highigrhyield. Ref. [56] shows a spec-
trum of fluorescence photons with only one decay t®né ms listed. To accurately reconstruct
the shower lateral profile from the scintillation light, wesfimeasure the wavelength and decay
time of the scintillator spectrum.-Since the electron besimjected. from booster ring with B0
Hz frequency, it is necessary to measure the decay time aicingllation light in order to access
the influence of scintillation light from-a certain event ke tsignal of subsequent events. Fig. 6.2
shows a decay time'measurement using a photo-diode andldigitti-meter. Photons produced
by scintillator (AF995r ; ApO3 :Cr3+) are detected by a photo-diode. Their signals show arise in
the first few ms, believed to be the electronic response titris.then followed by several expo-
nential decays. At least three distinct decay patternslaserged. The first one has a decay time
of 3.4 ms, the second one has a decay tim®&.gfms and the third one has a decay time longer
than15 minutes. Fig. 6.3 shows the fluorescence spectrum©f thélstor. The spectrum show
two close peaks located at waveleng@®4.0 nm. and692.8 nm respectively.

The measurements of D3 :Cr3* fluorescence spectrum and the corresponding decay times
are performed with a narrow band filter allowing radiatiofishe wavelength rangeb@4.3 4+ 5
nm). Such a band width is however still too large to isolatehgaeak in the spectrum and study
its individual decay properties. A representative imagenaby the CCD camera at3 radiation
length is shown in Fig. 6.4. Th¥ andY axes denote the pixel numbers of the camera and the
Z axis denotes the CCD count. One can integrate the countadsprer theX — Y plane for
each radiation length and obtain the shower longitudinafileras shown in Fig. 6.5. The shower

maximum is seen to occur in betwe2:8 to 2.6 radiation lengths.
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Figure 6.2: Results.from the decay-time measurement. “lddaydtime of the scintillation light
from scintillator is measured by photo-diode and digitaltrmmeter. The first decay pattern has a
short decay time about 3.4 ms, the second one has alongsr titeeaabout 67 ms and the third
one has a decay time longer than 15 minutes:
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located at wavelengths 692.8 nm and &dm are clearly seen.
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Figure 6.5: The shower longitudinal profile record by the C&nera. The CCD camera inte-
grates the fluorescence photons spread oveKtheY plane for each radiation length and obtain

the shower longitudinal profile.
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6.3 The Measurement of Cherenkov Radiations from Showers

The Cherenkov radiation is an important background to thadlscence light measurement. The
Cherenkov radiation from each individual charge partislevell known. Hence the uncertainty
on the Cherenkov radiation in an air shower is due to the tmiogy in energy distributions of
shower patrticles.

It is instructive to see from Fig. 6.6 that an electron witleigy less tharl00 MeV emits
appreciable less numbers of Cherenkov photons than thexsedwalue.

For calculating Cherenkov radiation in air showers, theapaaterization by Hillas [57] for
electron energy distributions at.a fixed shower age has basiywused. Such an energy distribu-
tion is obtained from air showers‘induced byL@0 GeV pheoton: However, a recent study using
CORSIKA [43] and QGSJETO01 [58] simulations gives a différparameterization for electron
energy distributions and/subsequently the resulting Ctkeseradiations [59]. The electron en-
ergy distributions in‘terms-of the shower age are found torbeersal,i.€., independent of the
type and energy of:the primary particle. This hew electroargy distribution could result into
a Cherenkov radiation deviating from that given by Hillaarameterization by as much 26%
depending on the viewing angle to the shower axis [60]. Siheeaccuracy of fluorescence mea-
surement depends on a.correct substraction of Cherenktamoration, it is important to directly
measure such a contribution.

We are investigating the possibility-of measuring Cheremaaliation from air showers using
the NSRRC 1.5 GeV electron beam. Geant4 [61] simulationbafge particle longitudinal profile
and Cherenkov photon yield are presented in Fig. 6.8, wherieave set the charge particle energy
threshold aflL MeV.

At the zero radiation length, the energy of each chargegbauis 1.5 GeV. Since this energy
is well beyond the22 MeV threshold, the number of Cherenkov photons emitted loj eharge
particle already reaches the maximum value. We then choaserinalize two curves (longitudi-
nal profile and Cherenkov photon yield at zero radiation flendhe two curves begin to deviate
for higher radiation lengths. At the shower maximune,, 2.3 radiation length, the Cherenkov
photon yield drops t60%of the maximum value. This is due to the increase of low enehgyge

particle which either can not produce Cherenkov photon odpeces appreciable less number of
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Figure 6.6: The number of photons emitted from an electrdh imithe wavelength between 380
nm to 780 nm. The threshold energy-is about 21 MeV with refradhdex.of air is 100029. The
photons numbers saturate closeto-35 photons per meter 2b0udeV.

Cherenkov photons than the maximum value. Itis clear tHigrdint electron energy distributions
are reflected in the different Cherenkov photon yield.

In conclusion, we have outlined the laboratory astroplsypiogram in Taiwan. Besides the
works in FLASH collaboration, we have explored the possibibf studying shower lateral and
longitudinal profiles simultaneously.using scintillat@reen and CCD camera with NSRRG
GeV electron beam. We have found that it is necessary taésekch spectrum peak of AD3:Cr
scintillator screen so that the slowest-decay componeihiafescence spectrum can be identified.

With a suitable filter, this slowest-decay component mayeneaved.

6.4 Geant4 Simulation

Geant4 is powerful simulation tools in several fields, sushigh energy physics, medicine, space
and radiation field. We using Geant4 to simulate the gereraif secondary particles froth5
GeV electrons and the Cherenkov photon yield when the secpmtharged particles through the
air in this experiment. We are investigating the possibiit measuring Cherenkov radiation from

air showers using the NSRRC5 GeV electron beam. Geant4 simulations of charged particle
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operating environment  operating system Scientific Linux211.6

Geant4 version 4.8.0.p01
lIbCLHEP version 1922
simulation parameters temperature of air 303 K
refractive index of air 00029
Atmospheric pressure 1025 kPa
incident particle 15 GeV electrons
radiator material Aluminium

Table 6.1: The setting of Geant4 operating environment andlation parameters.

longitudinal profile and Cherenkov photon yield are presénh Fig. 6.8, where we have set the
charge particle energy thresholdlaMeV, Table 6:1 lists the setting of Geant4 operating environ
ment and simulation parameters. At the zeroradiation kertge energy of each charge particle
is 1.5 GeV. Since this energy.is well beyond tB2 MeV. threshold, the number of Cherenkov
photons emitted by each charge particle already reacheadkenum value. We then choose to
normalize two curves (longitudinal profile and Cherenkowtph yield) at zero radiation length.
The two curves begin to deviate for higher radiation lengthsthe shower maximumi,e., 2.3
radiation length, the Cherenkov photon yield drop$@%6 of the maximum value. This is due
to the increase of low energy charge particle which eitherrazt produce Cherenkov photon or
produces appreciable less number of Cherenkov photondtieanaximum value. It is clear that
different electron energy distributions are reflected mdifferent Cherenkov photon yield.

We also compare the experimental data and simulation rgs&ig. 6.8, where two curves
are normalized by the sub area. Both of curves show the shmagimum approximate t@.3

radiation length.
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Figure 6.7: The platform structure setting of Geant4 sittnoia The blue lines indicate the track
of electrons, pink lines are emitted photons by charge. mbielént electron beam hit the 2 mm
thick aluminium window first, then lose the energy within minium radiators. The electrons
emit the Cherenkov photons while electron pass the airhsu€CD record the photons only after
electrons pass the third aluminium window.
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Figure 6.8: The longitudinal profiles of experimental datd &eant4 simulation result. The blue
squares are experiment data, which record the Cherenkdemhbdy CCD. The red line is the
result of Geant4 simulation. Both data and simulation teshubw the shower maximum are close
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Chapter 7

Conclusions

In Chapter 2, we reconstruct the possible flavor ratio at 8teghysical source by measuring
the flavor ratio on the Earth. We choose parameter set.1 ireTadl for analysis. The pion
source can be separated from muon-damped source B3@PeV atAR / R = 4% and and
AS / S related to the former by the Poisson statistics; E.qg. (2. I muon-damped source can
be separated from-pion source bel@8.3 PeV atAR' /R = 11% and andAS /S related to
the former by the Poisson statistics: This result implied the reconstruction of neutrino flavor
ratios at the source require abundant number of events. fomsider higher energy neutrinos
(Ey > 33.3 PeV) in our analysis and choose parameters as Table 2.5, avthémew parameter
R!! is more efficient tharR' to‘reconstruct. the neutrine flavor ratio at the source, gthensame
event number. The', — v; symmetry implies theS! is close tol. HenceS! is not useful for
improving the flavor measurement.

In Chapter 3, we compute the possibly observable flavor @tithe Earth via the neutrino
oscillation and neutrino decays. Only the type-lll decayxhamism in the Table.3.1 can be totally
separated from the oscillation mechanism. The other siaydetechanisms produce overlapped
regions of neutrino flavor ratios.

In Chapter 4 and 5, we build a Monte-Carlo program to simulatgtrino interactions with the
Earth. The program estimates the fluxes of muon and tau itiséddetector sensitive region. We
use CORSIKA to simulate the tau shower with different eregind calculate the electric field of

synchrotron radiations. Fig. 5.13 shows the reconstrugptesk is proportional to shower energy.
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Fig. 5.14 and Fig. 5.15 indicate that hadronic showers(piwhkaon shower) at the same energy
produce the same pulse. Based on this result, we can estineadmergy of the original neutrino
by the measured pulses of synchrotron radiations.

In Chapter 6, we design a laboratory experiment to measerddkelopment of shower and
compare the data with GEANT4 simulation. Since the decag tifrscintillator is longer than the
injected period of electron beam, the CCD measures therattatysignal of several bunches. Fig.
6.5 shows the reconstructed longitudinal profile by fluozese light emitted from the scintilla-
tor. The result is not satisfactory. However, the result béf@nkov light is compatible with the
result of Geant4 simulation. Fig. 6.8 shows the reconstruingitudinal profile by Cherenkov
light. Using the Cherenkov light to monitor shower.profilesigoerior to using the fluorescence
light. Given the compatible results of Cherenkov light areh@t4 simulation, tracking the original

energy of the primary patrticle is possible.
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Appendix A

Differential cross section of lepton

energy loss

A.1 Pair production

1_p2_B2
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Appendix B

Mont-Carlo method

SHINIE considers neutrinonucleon interaction , energy ksd decays of leptons in the Earth.
In this section, we try to establish the link between intéeacprobability and differential cross

section. The total cross sectiami, can-be calculated by integrating the differential crossige:

yaxX'dg
o= —dy. B.1
/ymin dy y ( )

The total cross section can be normalized by divided itdelfte change the upper limit of inte-

grating, the range of the formula should be

y d_Gd
0<f>"“"%‘dyy<1, (B.2)

with O for y = Ymin and 1 fory = ymax. This range can map to the random numbet [0, 1].

Hence the relation between random number and differemialscsection is

r y, d_ady

/ gr — Jymindy® (B.3)
0 o

Combining the normalized condition of probabilitieﬁdP =1, to Eq. (B.3). The relationship

between probability and differential cross section is

y v dog r
/ d_de: M:/ dr, (B.4)
ymin dy o 0
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and leads t(%’dy = g—%/dy = dr. The expectation value gfdefined by

ymax ymax
<y>:/ y@dy:/ ydo .. (B.5)
ymin dy ymin O'dy

In Monte-Carlo method, any value of random number can map ¢oreespondingy;. If we

generate the value By times. We get the average yfand express as

Ny
<y>= i;ﬁ (B.6)

Applying this result to Eq. (4.2), we ha

NT _vo ®7)

(B.8)
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