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多頻濾波器耦合矩陣之合成及其實現於微帶線平行耦合濾波

器結構之研究 

研究生: 郭益廷                        指導教授: 張志揚 博士 

國立交通大學電信工程研究所 

摘 要       

 

 本論文研究主題為一個完整設計雙頻與多頻濾波器的流程，並實現於微帶線

平行耦合濾波器架構上。首先提出一種新的全解析式的多頻濾波器耦合矩陣合成

技術，透過簡單的操作，將廣為人知的單頻濾波器耦合矩陣合成技術推廣至多頻

應用。此提出的技術可以保證其產生之響應遵守廣義柴比雪夫特性，亦即在多頻

濾波器各通帶保持等漣波特性。接著，將此合成技術所生成之耦合矩陣轉換到可

實現的耦合架構上。本文提出單路徑式與雙路徑式耦合架構，並且對於其在雙頻

濾波器應用上進行比較與分析。透過對應其耦合矩陣之耦合係數與平行耦合濾波

器的設計參數，可以分別設計出每個路徑所對應的平行耦合濾波器。對於雙路徑

式架構，需要兩個同向雙工器將兩路徑連接以完成雙頻濾波器設計。接著，為了

進一步縮小雙頻濾波器的面積，本文使用山型雙模諧振腔的雙模特性來設計縮小

化的雙頻濾波器。透過山型諧振腔的奇、偶模分析可以找出其適當的濾波器耦合

架構即為雙路徑式耦合架構，並且可以透過分析將耦合矩陣對應至濾波器設計參

數上。此對應方法為一全解析式的流程，可以提供設計者有效率的雙模雙頻濾波

器設計。同樣的，在三頻與四頻濾波器設計中，三路徑式與四路徑式的架構可以

用來設計其所需要的耦合矩陣。接著透過將兩相鄰頻帶當作一個群組，變成雙頻

濾波器加單頻濾波器(針對三頻濾波器)或者雙頻濾波器加雙頻濾波器(針對四頻濾

波器)的群組。其中雙頻濾波器或單頻濾波器均可由其耦合矩陣對應之耦合係數和

山形諧振腔的設計參數進行合成。最後再將所產生的兩個濾波器透過兩個同向雙

工器相接，形成所需要的三頻或四頻濾波器。 
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Abstract 

 

 The research topic in this dissertation is a complete design flow for dual-band and 

multi-band filter synthesis, and these synthesized filters are implemented using 

microstrip parallel-coupled lines structures. First of all, a novel fully analytical 

multi-band coupling matrix synthesis technique is provided. By simple operations, the 

well-known single-band coupling matrix synthesis technique is then extended for the 

multi-band filter design. The proposed technique guarantees the original single-band 

equal-ripple property within each passbands following each single-band generalized 

Chebyshev characteristic. Furthermore, the requested coupling matrix should be 

transferred into the realistic coupling schemes for the practical implementation. In this 

dissertation, single-path and dual-path coupling schemes are provided, and the 

properties of each coupling scheme will be discussed. Moreover, the design parameters 

of the parallel-coupled filter are related with the components of the coupling matrix, the 

practical parallel-coupled filter for each path will be synthesized. For the dual-path 

topology, the synthesized dual-band filter needs double-diplexing configuration to 

connect two filters of two paths. In order to further reduce the size of dual-band filters, 

the E-shaped resonator is proposed for its two-mode property and is useful for the 
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development of miniaturized dual-band filters. By even- and odd-mode analysis of the 

E-shaped resonator, the dual-path coupling scheme is chosen for the dual-band filter 

design, and the practical design parameters of the dual-band filter will be extracted 

based on the corresponding coupling matrix. And such synthesis procedure is fully 

analytical and it provides an efficient design flow for the designer. Similarly, for the 

tri-band and quad-band filter design, the tri-path and quad-path coupling schemes are 

used for the coupling matrix synthesis. After grouping two adjacent passbands, the 

tri-band response will be separated into one dual-band response and one single-band 

response; and the quad-band response will be separated into two dual-band responses. 

In each grouped dual-band and single-band response, the corresponding E-shaped filter 

can be synthesized based on the corresponding coupling matrices. Finally, the 

double-diplexing configuration is used to connect two filters and then the tri-band or 

quad-band filter synthesis will be completed. 
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Chapter 1 

Introduction 

 

 Microwave filter is an essential component in the wireless communication system. In 

single-band filter design, the mechanisms in bandwidth variation, transmission zero 

generation and adjustment, and the return loss determination, have been widely discussed 

and studied.  

 As the wireless communication systems grow, the standards of each communication 

system have been provided. The requirements of dual-band and multi-band applications 

become popular. Connecting two single-band filters is a simple way to generate the 

dual-band characteristic. The main drawback, however, is the huge size of such dual-band 

filter. To overcome the problem, SIR filter is proposed for its behavior of adjusting the 

resonance of the 2nd harmonic, and the property is then used to design the dual-band and 

tri-band filters. It is very useful for those filters with two wide-separated passbands. For the 

filters with closely-adjacent passbands, a two-mode resonator becomes a good candidate 

for its small size. There are many researcher give design curves and analytical analysis for 

proposed configuration. In this dissertation, the analytical approach for determining the 

design parameters of dual-band filters based on the coupling matrix is proposed. Moreover, 

for the two-mode dual-band filter design, we propose a fully analytical synthesis procedure 

based on the corresponding coupling matrix. 

 

1.1 Research Motivation 

 

 Microwave dual-band and multi-band systems, such as GPS, GSM and WIMAX, are 
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very popular and there are many applications in microwave components and systems. For 

the aspect of the filter design, many researchers have proposed design procedures and 

proper configuration. And many analytical approaches and design curves have been 

provided. 

 In order to capture the filter characteristic precisely based on the filter specifications, 

coupling matrix synthesis technique provides useful information in coupling coefficient 

determination between resonators. Moreover, the coupling matrix shows its advantage in 

hardware implementation. Extending the ability of coupling matrix into dual-band and 

multi-band applications, there are no analytical synthesis methods.  

 To relate the design parameters for the dual-band and multi-band filter design with the 

corresponding coupling coefficients, the coupling matrix should be established firstly. 

Hence the first step in this dissertation is to develop the dual-band and multi-band coupling 

matrix synthesis technique. Once the corresponding coupling coefficients between 

resonators are determined, the next step is to find the relationship to extract the design 

parameters analytically. 

 In this dissertation, the application is based on the microstrip implementation. The 

relationship between coupling coefficients and design parameters, hence, are based on 

parallel-coupled line configuration. In this step, the parameters of the parallel-coupled line 

configuration can be extracted analytically. 

 For the aspect of the application, the dual-band and multi-band filters with closely 

adjacent passbands are used. For the communication standards, the closely adjacent 

passbands are necessary. For example, the receiver for GPS has to decode the signal at two 

frequencies, and they are L1 (1575.42 MHz) and L2 (1227.60 MHz). Here a dual-band 

filter is necessary in such kind of receiver to filter the signal within two closely adjacent 

passbands. 

 In this dissertation, the whole design flow is developed. The dual-band and 
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multi-band coupling matrix synthesis technique has been developed. Moreover the filter 

with parallel-coupled line has been synthesized. The two-mode E-shaped resonator then is 

analyzed and provided for the size reduction. Finally, tri-band and quad-band filter are 

realized by the proposed semi-analytical design procedure. 

1.2 Literature Survey 

 For the recent developments in dual-band filter design, there are three major 

techniques. The first one is to connect two individual filters with common input/output 

feeding networks. However, this technique will face the large size and large insertion loss 

due to the usage of the large number of resonators. Moreover, directly connection of two 

single-band filter will degrade the filter response and rough tuning is required. The second 

technology is to cascade a wideband filter with a bandstop filter. Such kind of dual-band 

filters has very narrow separation between two adjacent passbands, and it also occupies 

large area of the wireless communication system. The third technology is to use the 

multi-mode resonators to design the dual-band filters. Due to the multi-mode property, the 

small size and low insertion loss can be achieved. Stepped-impedance resonator (SIR), 

stub-loaded resonator, and those resonators with degenerate modes belong to the third 

category. For this category, the drawbacks of the dual-band filters composites with the 

dual-mode resonators are individually controlling of each passband and introducing finite 

transmission zeros. To overcome these problems, many researcher keeps in studying and 

providing novel schematics. Here a brief survey of recent three years (2009-2011) is 

introduced. 

 To obtain both dual-band characteristic and the size reduction, many novel dual-band 

schematics are proposed. Dual-mode ring resonators [1]-[2], stub-loaded resonators [3]-[9], 

SIR [10]-[22], signal-interference structures [23]-[25] and composite right\left handed 

(CRLH) resonators [26]-[29] are used to develop the dual-band filter based on their 
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intrinsic dual-band characteristics. Within these designs, to separately control each 

passband, stub-loaded can used to change response of one passband and keep the response 

within another passband unchanged [3]-[9]. To obtain the miniaturized dual-band filters, 

SIR is the suitable candidate in those dual-mode resonators. But the intrinsic SIR has the 

limitation in controllability in each passband and lacks an efficient way to introducing the 

finite transmission zeros. In [10]-[13], [18], [22], they provide efficient way to control the 

passband separately. To introduce the finite transmission zeros, source-load coupling is 

used in [10], [16], [18]. Moreover, for the wide-bandwidth application, the modifications 

have been developed in [17], [19]. And the further size reduction techniques have been be 

extended in [16], [17]. The techniques in [23]-[25] provide the transversal topology to 

create the dual-band characteristic. And the closed form is provided in [24]. CRLH in 

[26]-[29] are provide to those applications which require both the highly suppressed 

response of higher harmonic and the miniaturize size.  

 Besides, many novel configuration for dual-band filters are proposed [30]-[51]. In 

these designs, quarter-wavelength resonators [31], [39] are proposed for size reduction. and 

some analytical analysis [42], [49], [50] are applied to some interesting configurations. 

Resonators with slot are used to separate two degenerate modes [30], [37], and high Q 

resonators are considered for the low insertion loss in filter designs [36], [46]. For some 

specific responses, the suitable coupling schemes are considered [31], [35], [40], [41], [43], 

[44], [45], [51]. 

 Some dual-band filters need specific purpose, such as controllable dual-band 

characteristic [29], [52]-[58], balun filter [59], balanced filter [60]-[65], ultra-wideband 

(UWB) application [7], [66]-[68], and low insertion loss (i.e., high Q) applications 

[69]-[72]. Pin diodes [52], [53] or varactor-diode capacitors [54], [57], [58] are used to 

control if the filter operates at single-band or dual-band operation. Moreover, the bias 

voltage can be used to achieve the wide stopband [57]. For balanced filter, the common 
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mode suppression is a major problem and is eliminated using the proposed techniques in 

[62]-[65]. To cover a wide-passband bandwidth, the techniques in [7], [66]-[68] have 

provided some solutions. For the low insertion loss applications, substrate integrated 

waveguide (SIW) resonator has a high quality factor [69]-[72]. To design such kind of 

dual-band filter efficiently, the analytical synthesis is provide [71] and the corresponding 

coupling matrix is used in helping the design [72].  

 In order to further reduce the circuit size, the multi-layer structure using 

low-temperature co-fired ceramic substrate (LTCC) [7], [29],[66], [72]-[76] and single ring 

structure are proposed [77]-[81].  

 To relate the requested dual-band characteristic to the real-world design, coupling 

matrix has the advantage in the hardware implementation. The real-world designs based on 

corresponding coupling matrix are more easily to be developed under the specific coupling 

configuration [82]-[89]. Moreover, due to the exact synthesis for the transversal coupling 

matrix based on the specifications, the transversal topology has been studied in the 

real-world dual-band filter design [87], [89]. 

 After the brief review, the most efficient way to design the dual-band filter is to obtain 

the corresponding coupling matrix first, and then relate the coupling coefficient with the 

practical design parameters under the required coupling scheme. Hence the efficient 

dual-band coupling matrix synthesis is required. Recent developments in coupling matrix 

synthesis for single-band filter design are very attractive. Analytical methods for the 

single-band filter synthesis [90]-[93] are proposed to generate a transversal coupling 

matrix. For other specific coupling schemes, the coupling matrices are obtained using 

matrix rotation or optimization [94], [95]. To design dual-band or multi-band filters, many 

methods were proposed. Frequency transformation [96]-[98] was proposed to generate the 

response function analytically for dual-band filters. It was developed with governing 

equations of single-band filters. It was unrealizable, however, for multi-band filters. 
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Another method was based on parallel-coupled line model [99]; this was used to generate 

the dual-band performances. This method was limited for dual-band filters, though, and 

could not be used for multiband filters.  

 To obtain the multi-band performance, an equivalent lumped-element network 

[100]-[102] was introduced. This network simplified the design procedure for dual-band or 

multi-band filters via the iterative procedure. The problems, however, such as the need for 

optimization for roots finding [100], [102] or inability to achieve equal-ripple [101], [102], 

occurred while applying those equivalent networks. 

 In filter design, the coupling matrix technique is well-known with the advantage of 

the hardware implementation. To take advantage of coupling matrices for dual-band or 

multi-band filters, optimization methods [103], [104] were proposed to generate the 

coupling matrix numerically, via proper cost functions. Fully analytical coupling matrix 

synthesis for dual-band or multi-band filters, however, has not been proposed yet. In this 

dissertation, the novel multi-band coupling matrix synthesis will be proposed in Chapter 2. 

 For the aspect of the dual-band filter design, the corresponding polynomials of the 

reflection and transfer functions are firstly modified into the dual-band characteristics, and 

the dual-band coupling matrix is then synthesized based on those modified polynomials 

[97], [105]. Considering the implementation of the dual-band filter, some coupling 

schemes, for examples, cul-de-sac [98], inline topology [97], and extended box topology 

[100], are generated via a series of similarity transformations [98], [106]. Some of those 

topologies, however, are difficult to be realized in microstrip circuit form. Considering the 

dual-band microstrip filter, dual-mode [107] and frequency-separated coupling scheme 

[108] are proposed to realize the dual-band characteristics. The phenomenon in placing 

transmission zeros related to corresponding coupling topologies, however, is not clear yet 

such that the mechanism in transmission zeros generation of the dual-band filter is still 

unobservable under proper coupling schemes. In the Chapter 3 of this dissertation, the 



 

7 

 

dual-path coupling scheme will be discussed for its ability in microstrip implementation. 

 For the purpose of size reduction, the two-mode dual-band filters have been an 

attractive solution for dual-band applications. Moreover, two-mode resonators also have 

the advantage of intrinsic dual-band characteristic and separated design parameters of each 

passband [109]-[121]. To develop a two-mode dual-band resonator, different approaches 

are provided. A resonator with perturbations is widely used to excite the two-mode 

property of the resonator, and the dual-band filter is designed by carefully combining two 

such two-mode resonators. For examples, a waveguide filter [109] and dual-band filters 

using ring resonators [110]-[114] are constructed by two resonators operated at two 

frequencies. To achieve specifications of each passband, the perturbations are added and 

tuned. An alternative two-mode resonator is the stub-loaded open-loop resonator 

[115]-[117]. The stub is used to excite another mode of the resonator. Recently, two-mode 

dual-band filters constructed by a single resonator are provided for further size reduction 

[77], [118]-[121]. These two-mode dual-band filters have small size, and they have tuning 

stubs or patches for tuning performances of each passband and transmission zeros. 

However, there is still lack of analytical approach in two-mode dual-band filter design yet. 

 E-shaped resonator is validated in two-mode single-band filter design [122]-[124] and 

it is a good candidate in dual-band filter design [125]. The even- and odd-mode analysis of 

the E-shaped resonator is proposed in [122] and corresponding coupling scheme is 

proposed in [124]. The analytical approach for two-mode dual-band filter synthesis using 

E-shaped resonators is proposed in Chapter 4 for the closely adjacent passbands. 

 For the aspect of tri-band and quad-band filter design, the compact size is still a key 

issue in microwave application. Lots of dual-mode resonators have been proposed for 

multi-band filter design [126]-[131]. Those filter designs, however, have no analytical 

procedure and the designer needs more efforts to obtain the multi-band performance. In 

this dissertation, the semi-analytical procedure is proposed in Chapter 5. 
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1.3 Contribution 

 

 In this dissertation, we propose a novel fully analytical method for the synthesis of 

multi-band transversal coupling matrix. The response function of the multi-band filter is 

generated via the proper combination of single-band filtering functions, which can be 

obtained using the technique in [90]. Based on our proposed method, the fully analytical 

fractional expressions for two-port scattering parameters are generated. Moreover, under 

proper combination the prescribed transmission zeros are available in multi-band filters, 

while the different bandwidth of each passband is also allowed. Once the fractional forms 

for the scattering parameters of the dual-band or multi-band filtering function are obtained, 

they are converted into the transversal coupling matrix using the method in [92]. Then, 

using the technique in [94], the transversal coupling matrix can be transferred into a 

requested coupling scheme. 

 Considering the practical implementation of the response of each passband, the 

dual-path coupling scheme is proposed for its property in illustrating the dual-band 

characteristics via the frequency-separated paths. The mechanism of transmission zeros 

and the separation between two adjacent passbands can be studied by coupling matrix.  

 For compact size in dual-band filter design with closely adjacent passbands, the 

analytical approach for two-mode dual-band filter synthesis using E-shaped resonators is 

proposed. Based on the proposed dual-band coupling matrix synthesis, the odd-mode of the 

E-shaped resonator is firstly analyzed to determine the dimensions corresponding to match 

the odd-mode filter parameters. Then the central open-stub of the E-shaped resonator can 

be used to adjust the slop parameter of the even-mode to satisfy the requirements of the 

even-mode filter. In addition, the out-of-phase property of two edges of an E-shaped 
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resonator is also discussed and used to improve the separation of two adjacent passbands. 

By properly arranging the filter layout, the filter order can be increased and the requested 

transmission zeros are available. 

 For the tri-band and quad-band filter design, a semi-analytical procedure is proposed. 

Based on the specific coupling matrix, the corresponding design parameters are then 

extracted analytically. Moreover, by grouping two adjacent passbands, the tri-band and 

quad-band performances are then divided into two groups in each design. In each group, 

the filter with dual-band performance can be synthesized analytically using E-shaped 

resonator. Finally, to combine these two synthesized filters, double-diplexing configuration 

[132] is used with some fine tunes, and then the tri-band and quad-band filter can be 

obtained. 

 In this dissertation, the circuit simulation is completed using ADS [133] and the 

full-wave simulator SONNET [134] provides reliable simulations for all proposed filters. 

 

1.4 Organization 

 

 This dissertation is organized as follows. Chapter 1 describes the relative researches 

and difficulty in the microwave dual-band and multi-band filter design. In Chapter 2, the 

proposed analytical coupling matrix synthesis is described in detail. The different order, 

different return loss, arbitrary transmission zeros, and multi-band characteristic are 

available in this synthesis technique. Moreover, the behavior of generating the intrinsic 

isolation between two adjacent passbands is also discussed. The synthesized polynomials 

and coupling matrices are listed to give the reader more information in checking the 

proposed technique. 

 Chapter 3 describes the single-path and dual-path topologies for the dual-band filter 
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design. The frequency-separation property can be observed in the dual-path topology, and 

it is useful in frequency planning and filter implementation. Moreover, the mechanism of 

introducing transmission zeros is similar to that in the single-band filter design, and it is 

also discussed the in dual-band filter design. The dual-band filter with parallel-coupled 

lines is then synthesized based on the user-specific coupling matrix in order to extract the 

filter in each path. After connecting those two filters using double-diplexing configuration, 

the dual-band filter with dual-path configuration is then generated.  

 In Chapter 4, the analytical synthesis procedure in designing two-mode dual-band 

filter is proposed. E-shaped resonator is used to analyze for its even- and odd-mode 

properties. The two-mode dual-band filter with E-shaped resonators is then synthesized 

analytically based on the user-specific coupling matrix with dual-path coupling scheme. 

The guide line in using the back-to-back E-shaped topology is also provided for the 

pre-defined coupling coefficient. Chapter 5 describes the tri-band and quad-band filter 

design using the E-shaped resonator proposed in Chapter 4. The tri-path and quad-path 

topologies are used to generate the corresponding coupling matrix. To generate the tri-band 

and quad-band filter, the two dual-band filters are connected using double-diplexing 

configuration.  

 In Chapter 6, we conclude the dissertation and draw suggestions for future works. 
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Chapter 2 

Fully-Analytical Multi-band Coupling Matrix Synthesis 

 

2.1 Introduction 

 

 In this chapter, the procedure of multi-band coupling matrix synthesis is discussed in 

detail. For single-band filter design, the coupling matrix synthesis is proposed in [90], and 

it has the advantage in hardware implementation. For the multi-band filter design, the most 

popular procedure is the analytical iterative method [102]. The iterative method, however, 

may not only have the convergence problem under specific requirement, but also generate 

some unwanted performances in multi-band filter design. The phenomenon will also be 

discussed latter. 

 

2.2 Analytical Multi-band Filtering Function Synthesis 

 

 To develop a novel and fully analytical multi-band coupling matrix synthesis 

technique, here a modification is applied to the well-known single-band coupling matrix 

synthesis and generalized this procedure into the multi-band filter design. The single-band 

coupling matrix synthesis procedure is shown in Figure 2-1 and is described briefly in the 

following. For a two-port lossless filter network with N inter-coupled resonators, the 

transfer and reflection function can be expressed as a ratio of two N-th degree polynomials 

 

( ) ( )
( ) ( ) ( )

( )11 21,N N

N N

F P
S S

E Eε
Ω Ω

Ω = Ω =
Ω Ω                (2-1) 
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where Ω is the real frequency variable, the related complex frequency variable s = jΩ , and 

ε is a normalization constant related to the prescribed return loss level; all polynomials 

have been normalized so that their highest degree coefficients are unity. S11(Ω) and S21(Ω) 

have a common denominator EN(Ω), and the transmission zeros of the transfer function are 

contained in the polynomial PN(Ω). Using (2-1) and the energy conservation for a lossless 

network, S11(Ω)2 + S21(Ω)2 = 1, S21(Ω) can be represented as 

 

( ) ( )
2

21 2 2

1
1 N

S
Cε

Ω =
+ Ω

                     (2-2) 

 

where 

 

( ) ( )
( )

N
N

N

F
C

P
Ω

Ω =
Ω

                        (2-3) 

 

CN(Ω) is known as the filtering function of degree N. Here, the proposed filters have the 

form of the generalized Chebyshev characteristic. 

 In the procedure in Figure 2-1, the filtering function CN(Ω) governs the filter 

performance. To extend the single-band performance to multi-band one, the property of 

filtering function is described first. The filtering function satisfies the following conditions: 

 

( )
1,  1
1,  1
1,  1

NC
⎧= Ω =
⎪Ω < Ω <⎨
⎪> Ω >⎩

                         (2-4) 

 

 Here a 3rd order filtering function is used as an example. Figure 2-2 shows the 
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performance of the filtering function with and without a pair of transmission zeros. It can 

be noted that the magnitude of the filtering function is less than 1 within the passband. The 

magnitude of the filtering function increases, as the normalized frequency moves away 

from the passband. Furthermore, if the transmission zeros appear, the magnitude of 

filtering function grows dramatically. 

 

 
 

Figure 2-1. The procedure of the single-band coupling matrix synthesis [90]. 

INPUT: (1) Filter order(2) Return loss
(3) Prescribed transmission zeros

From the recursive technique，the fractional
forms of S11 and S21 are:

S11(Ω) = F(Ω)/E(Ω), S21(Ω) = P(Ω)/(ε E(Ω)),

The filtering function is defined as

CN(Ω) = F(Ω)/ P(Ω)

Transfer S-parameters into Y-parameters

S11(Ω) = F(Ω)/E(Ω), S21(Ω) = P(Ω)/(ε E(Ω)),

Y11(Ω) = m(Ω)/n(Ω), Y21(Ω) = P(Ω)/ n(Ω),

Y-parameters derived from the transversal 
coupling matrix are Y11

M and Y21
M. Let

Y11 = Y11
M， Y21 = Y21

M

OUTPUT
Single-Band Transversal Coupling Matrix
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Figure 2-2. The response of the 3rd order filtering function. (a) The linear scale. (b) The log 

scale. 

 

 To combine two filtering functions into a composite filtering function and the 

resulting composite filtering function has to satisfy (2-4), the parallel addition of two 

filtering functions is applied. The parallel addition of two filtering functions is defined as 

the reciprocal of the composite filtering function equals to the sum of the reciprocal of two 

filtering functions just like the total resistance of two parallel connected resistors. After the 

operation, the filtering function with small value dominants the performance of the 

composite filtering function. For the filtering function, it has small values within the 

passband, and very large values while |Ω| > 1, which follows the property of Chebyshev 

characteristic. Based on above property, while applying parallel addition of two filtering 

functions with different central frequencies, the dual-band filtering function can be 

obtained. In Figure 2-3, the solid line represents a dual-band filtering function, which 

comes from summing up the reciprocal of two 2nd order filtering functions with different 

central frequencies. In this figure, it is clear to show that the small value of two filtering 

functions will dominate the value of the composite filtering function. Hence the operation 

ΩΩ = 1Ω = -1

| CN |

| CN | = 1

Without transmission zeros
With transmission zeros

Ω

log(| CN |)

Ω = -1 Ω = 1

(a) (b)-¶ -¶
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of summing up the reciprocal of each filtering function is useful in the dual-band filtering 

function synthesis. 

 

 

Figure 2-3. The performance of the 4th order dual-band filtering function. 

 

 Based on above description, the composite filtering function can be obtained as 

follows: 

 

( )

( ) ( )

( ) ( )
( ) ( )
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C C
C
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ε ε
ε

ε ε
ε ε
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Ω + Ω+
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     (2-5) 

 

where CN1(Ω) and CN2(Ω) are single-band filtering functions with shifted central 

frequencies. The principal advantage of this technique is that the individual filtering 

function CN1(Ω) and CN2(Ω) can be obtained analytically by the efficient recursive 

technique and frequency shift. Hence the polynomial of the composite filtering function 

can be derived as  

log(|CN|)

Ω

Ω= Ω1Ω=-Ω3Ω=-Ω4
Ω=Ω2

Dual-band filtering function
Single-band filtering function #1
Single-band filtering function #2

-¶ -¶ -¶ -¶
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where FN1(Ω), FN2(Ω), PN1(Ω), and PN2(Ω) are generated by frequency shifting of the 

original filtering function through 

 

( ) ( )
( ) ( )

'

'

,

,
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Ni Ni si

F F
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Ω = Ω − Ω
                     (2-7) 

 

where i = 1 and 2, ωsi is the central frequency for the i-th passband, and F’Ni(Ω) and P’Ni(Ω) 

are all generated by recursive technology analytically [93]. In addition, the transmission 

zeros can be generated using those CN1(Ω) and CN2(Ω) corresponding to their central 

frequency at each passband via (2-6). 

 In case of two passband with different bandwidth, these polynomials should be 

modified. For the i-th filtering function with frequency shift Ωsi and the multi-band 

lowpass domain bandwidth δi, the polynomial can be represented as  
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where i = 1 and 2, and PNi(Ω) is the denominator and FNi(Ω) is the numerator of CNi(Ω), pi,j 

is the jth roots of PNi(Ω) and fi,j is the jth roots of FNi(Ω), and NPi and NFi are the number 

of roots of PNi(Ω) and FNi(Ω). The multi-band lowpass domain bandwidths δ1 and δ2 in 

(2-8) will be explained in the next section. 

 The case can be extended to multi-band situation that suppose there are m passbands 

for a multi-band filter and corresponding filtering function for each passband is CN1, 

CN2, …, and CNm so that the composite filtering function can be obtained as 
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where PNi is the numerator and FNi is the denominator of CNi. Here, each passband has 

individual filter order and the number of transmission zeros. By carefully placing the 

transmission zeros, the requested frequency response can be obtained under desired 

specifications.  

 To update the numerators FN(Ω), PN(Ω), and ε and evaluate the denominator EN(Ω) of 
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S11 and S21 in (2-1), the following equation is used: 
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                  (2-10) 

 

where FNCoef and PNCoef are the leading coefficients of FN(Ω) and PN(Ω). 

 In (2-10), the passivity of the rational function representations of the S-parameters is 

not guaranteed. To enforce the passivity, those roots of EN(Ω) with positive real part in the 

s domain (s = j Ω) are modified by changing the sign of the real parts, as shown in Figure 

2-4. Finally, the transversal coupling matrix based on the generated polynomials is 

obtained using the method in [93]. 

 

 
Figure 2-4. The passivity enforcement for polynomial EN(Ω). 

 

 To transfer the response to the bandpass domain, the following equation is used: 

Non Passive root
Passive root

jΩ

σ
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                    (2-11) 

 

where Ω is the frequency in the multi-band low-pass domain, f is the frequency in the 

bandpass domain, fC, fH, and fL are the central frequency, the upper edge of the highest 

passband, and the lower edge of the lowest passband in the bandpass domain, respectively, 

and Δ is the fractional bandwidth. 

 

2.3 Frequency Transformation 

 

 The previous procedure to synthesize the multi-band filtering function begins with the 

filter information in the lowpass domain. The practical specifications, however, are almost 

described in the bandpass domain. To relate with the information between two domains, 

here the frequency transformation is provided. Figure 2-5 shows the variables in the 

bandpass domain and the lowpass domain. In this figure, the relations between variables of 

the i-th passband in the bandpass domain are shown below: 
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Based on (2-11) and (2-12), the following relations can be derived: 
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The requested specifications are return loss (RL), the central frequencies and fractional 

bandwidths of both passbands in the bandpass domain. The so-called multi-band lowpass 

domain bandwidth δ1 and δ2 in the Figure 2-5 can be obtained as 

 

,i iH iLδ = Ω − Ω                            (2-13) 

 

where i is the index of the i-th passband. 

 

 
Figure 2-5. The requested design variables in the bandpass domain and the lowpass domain. 
RL is the prescribed return loss. 

f
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Ω
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 The corresponding transmission zeros in lowpass domain can also be obtained using 

(2-12). When inserting the transmission zeros in the single-band coupling matrix synthesis 

procedure [90], the transmission zeros in the single-band lowpass domain should be 

modified as 

 

( ), , , ,
2

TZ i j TZ i j ci
i

P
δ

= Ω − Ω                            (2-14) 

 

where δi is the multi-band lowpass domain bandwidth of the i-th passband, ΩTZ,i,j is the j-th 

transmission zero of the i-th passband in the lowpass domain, and PTZ,i,j is the j-th 

transmission zero of the i-th passband for inserting into the synthesis procedure in [90]. 

 

2.4 Computational Examples 

 

 In this section, three examples are used to demonstrate the validation of the proposed 

synthesis procedure in dual-band filter design. Moreover, prescribed transmission zeros are 

discussed to be properly described in single-band filtering function.  

 

2.4.1 Example 1: Symmetric Dual-band Bandpass Filter 

 

 In this example, the specifications of symmetrical dual-band bandpass filter are 

provided. Two passbands both are with the filter has filter order 3 and return loss 20 dB. 

The first passband has a central frequency at 2.32 GHz and 5% fractional bandwidth. The 

second passband has a central frequency at 2.695 GHz and 5% fractional bandwidth. The 

transmission zeros are 2.151 GHz, 2.5 GHz, and 2.905 GHz.  
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 To apply (2-5) to design the dual-band filter, these specifications of frequency are 

firstly transferred into the lowpass domain using (2-11), (2-12) and (2-13), and then the 

corresponding polynomials are shifted and shrank using (2-8). The requested variables in 

the synthesis procedure are listed in Table 2.1.  

 Table 2.1 shows the variables in the lowpass domain used in the proposed synthesis 

procedure. The passband #1 has the central frequency at -0.75 rad/s and the transmission 

zero at -1.5 rad/s, while the passband #2 has the central frequency at 0.75 rad/s and the 

transmission zero at 1.5 rad/s. Applying the synthesis procedure in [93], all central 

frequencies in each passband need to be shifted to 0 rad/s. Hence the frequency domain in 

passband #1 needs to be shifted by +0.75 rad/s, that is, the central frequency is 0 rad/s 

(-0.75 + 0.75) with transmission zero at –0.75 rad/s (-1.5 + 0.75), and the Ωsi is +0.75 rad/s 

in (2-7). For the frequency domain in passband #2, it needs to be shifted by -0.75 rad/s, so 

that the central frequency is 0 rad/s (0.75 – 0.75) with transmission zero at 0.75 rad/s (1.5 – 

0.75), and the Ωsi is 0.75 rad/s in (2-7). The transmission zero ΩTZ2 listed in Table 2.1 is 

the intrinsic transmission zero from the proposed synthesis procedure, which will be 

discussed latter. The settings in the synthesis procedure are listed in Table 2.2 and the 

resulting coupling matrix is listed in Table 2.3. 

 

Table 2.1 The Requested Frequency Variables in Example 1. 

Specifications Bandpass Domain Lowpass Domain 

f1 2.32 GHz fC 2.5 GHz Ω1 (2-12) -0.5 rad/s 

f2 2.695 GHz f1L 2.26 GHz Ω 2 (2-12) 0.5 rad/s 

Δ1 5 % f1H 2.38 GHz ΩC1 (2-12) -0.75 rad/s

Δ2 5 % f2L 2.63 GHz ΩC2 (2-12) 0.75 rad/s 

ΤΖ1 2.151 GHz f2H 2.76 GHz ΩTZ1 (2-12) -1.5 rad/s 

ΤΖ2 2.5 GHz Δ 25 % ΩTZ2 (2-12) 0 rad/s 
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ΤΖ3 2.905 GHz fC 2.5 GHz ΩTZ3 (2-12) 1.5 rad/s 

   

Table 2.2 The Requested Setting Variables in Synthesis Procedure in Example 1. 

Bassband RL Filter Order ΩC ΩTZ δ (2−13) PTZ (2-14)

#1 20 3 -0.75 rad/s -1.5 rad/s 0.5 rad/s -3 rad/s 

#2 20 3 0.75 rad/s 1.5 rad/s 0.5 rad/s 3 rad/s 

 

 After applying the procedure in [90], the corresponding F'N1(Ω), P'N1(Ω), F'N2(Ω), and 

P'N2(Ω) are obtained in Table 2.4. Applying (2-8), the synthesized polynomials are then 

shifted and shank, and then PN(Ω) and FN(Ω) of the dual-band filter are obtained. Finally, 

applying (2-10) to update PN(Ω) and FN(Ω) and obtain the EN(Ω) and ε. Finally, the 

representation of dual-band filter in (2-1) can be completed. Table 2.4 shows the calculated 

polynomials. To check the passivity, the synthesized EN(Ω) has roots as shown in Table 

2.5. To enforce the passivity, the negative imaginary parts of those roots need to be 

changed as positive. 

 The magnitude and phase of the composite filtering function and the S-parameters are 

shown in Figure 2-6. The transmission zeros of the composite filtering function are slightly 

shifted (2.121 GHz and 2.945 GHz in Figure 2-6(b)), and this can be noted in Figure 2-6(a). 

The frequency shift comes from the combination of two filtering functions and can be 

eliminated by careful designing these two filtering functions. Figure 2-6(b) shows the 

corresponding S-parameters. In this figure an additional transmission zero 0 rad/s is 

introduced. This is because the phase of CN1 and CN2 is 180 degree out-of-phase around 0 

rad/s. Furthermore, the transversal coupling matrix is obtained based on the derived 

polynomials and is shown in Table 2.3. 
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Table 2.3 Transversal Coupling Matrix for the Example 1. 

 

 

Table 2.4 The Polynomials in (2-8) in the Example 1. 

Passband #1 ε1 = 18.7449 

Before Freq. Shift 
F'N1(Ω) Ω 3 + 0.0429 Ω 2 - 0.0464 Ω - 0.0013 

P'N1(Ω) Ω + 0.75 

After Freq. Shift 
FN1(Ω) Ω 3 + 2.2929ω2 + 1.7054 Ω + 0.4098 

PN1(Ω) Ω + 1.5 

Passband #2 ε2 = -18.7449 

Before Freq. Shift 
F'N2(Ω) Ω 3 - 0.0429 Ω 2 - 0.0464 Ω + 0.0013 

P'N2(Ω) Ω - 0.75 

After Freq. Shift 
FN2(Ω) Ω 3 - 2.2929ω2 + 1.7054 Ω - 0.4098 

PN2(Ω) Ω - 1.5 

Dual-band (2-8) & (2-10) 

After (2-8) 

FN(Ω) 
FN(Ω)= FN1(Ω) FN2(Ω) 

Ω 6 – 1.8465Ω 4 + 1.0290 Ω 2 – 0.1680 

PN(Ω) 

PN(Ω)= PN1(Ω) ε2 FN2(Ω)  

+ PN2(Ω) ε1 FN1(Ω) 

29.7255 Ω 3 – 80.5389Ω 

S 1 2 3 4 5 6 L
S 0.0 0.2432 -0.3811 0.2933 0.2933 -0.3811 0.2432 0.0
1 0.2432 1.1169 0.0 0.0 0.0 0.0 0.0 0.2432
2 -0.3811 0.0 0.8712 0.0 0.0 0.0 0.0 0.3811
3 0.2933 0.0 0.0 0.4212 0.0 0.0 0.0 0.2933
4 0.2933 0.0 0.0 0.0 -0.4212 0.0 0.0 0.2933
5 -0.3811 0.0 0.0 0.0 0.0 -0.8712 0.0 0.3811
6 0.2432 0.0 0.0 0.0 0.0 0.0 -1.1169 0.2432
L 0.0 0.2432 0.3811 0.2933 0.2933 0.3811 0.2432 0.0
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ε =ε1ε2 -351.372 

After (2-10) 

FN(Ω) Ω 6 – 1.8465Ω 4 + 1.0290 Ω 2 – 0.1680 

PN(Ω) Ω 3 - 2.7094 Ω 

ε -11.8206 

EN(Ω) 
(non-passive) 

Ω 6 - 1.8465 Ω 4 - j0.0846 Ω 3 + 1.029 Ω 2 
+ j0.2292 Ω - 0.168 

EN(Ω) 
(passive) 

Ω 6 - j1.1616 Ω 5 - 2.52121 Ω 4 + 
j1.7398 Ω 3 + 1.57656 Ω 2 - j0.4863 Ω  

- 0.168 
 

 

Table 2.5 Roots of Non-passive and Passive EN(Ω). 

Roots of EN(Ω) (non-passive) Roots of EN(Ω) (passive) 

1.0702 - j0.1037 1.0702 + j0.1037 
-1.0702 - j0.1037 -1.0702 + j0.1037 
0.8214 + j0.2904 0.8214 + j0.2904 
-0.8214 + j0.2904 -0.8214 + j0.2904 
0.3957 - j0.1867 0.3957 + j0.1867 
-0.3957 - j0.1867 -0.3957 + j0.1867 
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Figure 2-6. (a) Filtering functions for two single-band filters of same order 3 (CN1 has the 
transmission zeros at -1.5 and central frequency -0.75 rad/s and CN2 has the transmission 
zeros at 1.5 and central frequency 0.75 rad/s), and the composite dual-band filtering 
function (CN1 // CN2). The in-band return loss level is 20 dB in each case. (b) 
Corresponding S11 and S21 for the symmetric dual-band filter in lowpass and bandpass 
domains. 
 

 To modify the transmission zeros in each bassband to achieve the specifications, that 

is, transmission zeros are 2.151 GHz, 2.5 GHz, and 2.905 GHz. 

 

2.4.2 Example 2: Asymmetric Dual-band Bandpass Filters 

 

 For an asymmetrical dual-band bandpass filter, the frequency response is not 

symmetric about the central frequency. Two filtering functions used to illustrate the 

dual-band characteristic have following specifications. Passband #1 is the third-order 
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function, which has central frequency at 1.8 GHz with transmission zeros at 1.613 GHz 

and 2 GHz, and the fractional bandwidth is 9.1%. Passband #2 is the fifth-order function, 

and it has the central frequency at 2.24 GHz with transmission zeros at 2 GHz and 2.495 

GHz, and the fractional bandwidth is 7.28%. Return loss is 20 dB for both passbands. The 

requested frequency variables can be obtained using the proposed procedure and are listed 

in Table 2.6. Table 2.7 shows the requested setting variables, and the synthesized 

polynomials are listed in Table 2.8. The corresponding responses are shown in Figure 2-7 

and the transversal coupling matrix is listed in Table 2.9. 

 

 

Figure 2-7. (a) Filtering functions for two single-band filters of different order 3 (CN1 has 
the transmission zeros at -1.433 rad/s and 0.004 rad/s and central frequency -0.696 rad/s, 
and its multi-band lowpass domain bandwidth δ1 is 0.607 rad/s.) and order 5 (CN2 has the 
transmission zeros at 0.004 rad/s and 1.482 rad/s and central frequency 0.756 rad/s, and its 
multi-band lowpass domain bandwidth δ2 is 0.486 rad/s), and the composite dual-band 
filtering function (CN1 // CN2). The in-band return loss level is 20 dB in each case. (b) 
Corresponding S11 and S21 for the symmetric dual-band filter in lowpass domains. 
 

Table 2.6 The Requested Frequency Variables in Example 2. 

Specifications Bandpass Domain Lowpass Domain 

f1 1.8 GHz fC 2 GHz Ω1 (2-12) -0.393 rad/s

f2 2.24 GHz f1L 1.72 GHz Ω 2 (2-12) 0.514 rad/s 
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Δ1 9.1 % f1H 1.88 GHz ΩC1 (2-12) -0.696 rad/s

Δ2 7.28 % f2L 2.16 GHz ΩC2 (2-12) 0.756 rad/s 

ΤΖ1 1.613 GHz f2H 2.32 GHz ΩTZ1 (2-12) -1.433 rad/s

ΤΖ2 2 GHz Δ 30.2 % ΩTZ2 (2-12) 0.004 rad/s 

ΤΖ3 2.495 GHz fC 2 GHz ΩTZ3 (2-12) 1.482 rad/s 

 

Table 2.7 The Requested Setting Variables in Synthesis Procedure in Example 2. 

 

Bassband RL 
Filter 
Order 

ΩC ΩTZ δ (2−13) PTZ (2-14)

#1 20 3 -0.696 rad/s
-1.433 rad/s

0.607 rad/s 
-2.43 rad/s

0.004 rad/s 2.31 rad/s

#2 20 5 0.756 rad/s
0.004 rad/s

0.486 rad/s 
-3.09 rad/s

1.482 rad/s 2.99 rad/s

 

Table 2.8 The Polynomials in (2-8) in the Example 2. 

 

Passband #1 ε1 = -2.1098 

Before Freq. Shift 
F'N1(Ω) Ω3 – 0.0038Ω2 − 0.0712Ω + 0.0002 

P'N1(Ω) Ω2 + 0.0371Ω − 0.5155 

After Freq. Shift 
FN1(Ω) Ω3 + 2.0842Ω2 + 1.3767Ω + 0.2859 

PN1(Ω) Ω2 + 1.4291Ω − 0.0053 

Passband #2 ε2 = -982.038 

Before Freq. Shift 
F'N2(Ω) Ω5 – 0.0016Ω4 – 0.0746Ω3 + 0.0011Ω 

P'N2(Ω) Ω2 + 0.0278Ω − 0.5460 

After Freq. Shift FN2(Ω) 
Ω5 – 3.7848Ω4 + 5.6553Ω3 – 4.1679Ω2  

+ 1.5144Ω − 0.2170 
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PN2(Ω) Ω2 − 1.4855Ω + 0.0055 

Dual-band (2-8) & (2-10) 

After (2-8) 

FN(Ω) 

FN(Ω)= FN1(Ω) FN2(Ω) 

Ω8 − 1.7006Ω7 − 0.8561Ω6 + 2.6940Ω5  
− 0.4685Ω4 − 1.1816Ω3 + 0.4409Ω2  

+ 0.1343Ω − 0.0620 

PN(Ω) 

PN(Ω)= PN1(Ω) ε2 FN2(Ω) + PN2(Ω) ε1 FN1(Ω) 
−982.038Ω7 + 2313.4Ω6 − 243.587Ω5  

− 3867.55Ω4 + 4403.23Ω3 − 1922.36Ω2  
+ 315.313Ω − 1.1484 

ε =ε1ε2 6628.44 

After (2-10) 

FN(Ω) 
Ω8 − 1.7006Ω7 − 0.8561Ω6 + 2.6940Ω5  

− 0.4685Ω4 − 1.1816Ω3 + 0.4409Ω2  
+ 0.1343Ω − 0.0620 

PN(Ω) 
Ω7 − 2.3557Ω6 + 0.2480Ω5 + 3.9383Ω4  

− 4.4837Ω3 + 1.9575Ω2 − 0.3211Ω  
+ 0.0017 

ε −6.74968 

EN(Ω) 

Ω8 + (-1.7006 - j1.1821)Ω7  
+ (-1.5438 + j2.1130)Ω6  
+ (3.9706 + j0.4535)Ω5  
+ (-0.7528 - j2.6417)Ω4  
+ (-1.8490 + j1.1961)Ω3  
+ (0.8828 + j0.2649)Ω2  
+ (0.0496 - j0.2259)Ω 
+ (-0.0570 + j0.02439) 
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Table 2.9 Transversal Coupling Matrix for the Example 2 without Transmission Zeros 
Adjustment. 

 

 

 It is noted, however, that the transmission zero on the upper stopband of the 

composite filtering function is seriously influenced by the filtering function CN1. Because 

the filtering function CN1 has a lower order, the function value at the out-of-band is smaller 

than that of CN2. To compute the composite filtering function using (2-9), the filtering 

function with smaller value will dominate the response of the composite filtering function. 

Hence, the transmission zeros on the upper stopband of the composite filtering function 

shifts inward with respect to the transmission zeros of CN2. This can be overcome by 

pre-adjusting the zero of CN2 to a higher frequency or by the method described in the 

following paragraph. 

 The alternative method to overcome the zero-shifting problem is to take advantage of 

the generalized Chebyshev characteristic, that is, for an N-th order filtering function, the 

number of transmission zeros can be smaller than or equal to N. It implies no infinite 

transmission zeros. Figure 2-8 shows an example, where TZs in the figure denotes the 

abbreviation of transmission zeros. 

 In this case, these two filtering functions with same order 4 have transmission zeros at 

(-6 and 0) rad/s and (-6, 0, and 6) rad/s, and have the central frequency at -3 rad/s, 

S 1 2 3 4 5 6 7 8 L
S 0.0 -0.2686 0.4522 -0.2492 -0.1545 0.2322 -0.2586 0.2723 -0.1829 0.0
1 -0.2686 1.1440 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2686
2 0.4522 0.0  0.7590  0.0  0.0  0.0  0.0  0.0  0.0  0.4522
3 -0.2492 0.0 0.0 0.3003 0.0 0.0 0.0 0.0 0.0 0.2492
4 -0.1545 0.0 0.0 0.0 -0.4700 0.0 0.0 0.0 0.0 0.1545
5 0.2322 0.0 0.0 0.0 0.0 -0.5761 0.0 0.0 0.0 0.2322
6 -0.2586 0.0 0.0 0.0 0.0 0.0 -0.7902 0.0 0.0 0.2586 
7 0.2723 0.0 0.0 0.0 0.0 0.0 0.0 -1.0004 0.0 0.2723
8 -0.1829 0.0 0.0 0.0 0.0 0.0 0.0 0.0 -1.0672 0.1829
L 0.0 0.2686 0.4522 0.2492 0.1545 0.2322 0.2586 0.2723 0.1829 0.0 
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respectively. The filtering function with three transmission zeros has no infinite 

transmission zeros, so the stopband rejection is worse due to no infinite transmission zeros. 

The stopband rejection, however, can still be kept under an acceptable level. As shown in 

Figure 2-8, the filtering function with three transmission zeros has the logarithm value 

close to 2.5 even the frequency up to 60 rad/s, which is -30 dB in S21. 

 

 

Figure 2-8. (a) Two third-order filtering functions. Solid line: filtering function has two 
finite transmission zeros at -6 and 0 rad/s, and the central frequency is -3 rad/s on the 
normalized lowpass domain. Dashed line: filtering function with 3 finite transmission zeros 
at -6, 0 and 6 rad/s, and the central frequency is -3 rad/s on the original lowpass domain. 
The in-band return loss is 20 dB in each case. (b) The corresponding S11 and S21. 

 

 Use the above property, the example for asymmetric dual-band filter is modified. One 

third-order filtering function CN1 has transmission zeros at -1.433, 0.0037, and 1.4134 rad/s, 

and it has the central frequency at -0.696 rad/s with the milti-band lowpass domain 

bandwidth δ1 of 0.6066 rad/s. The other one is the fifth-order filtering function CN2, and it 

has the central frequency at 0.7566 rad/s and the transmission zeros at 0.0037 and 1.4818 

rad/s with the milti-band lowpass domain bandwidth δ2 of 0.4857 rad/s. In this case, the 

transmission zeros at 1.4134 rad/s of CN1 precisely locates the transmission zero on the 

upper stopband for the composite filtering function. Table 2.10 shows the corresponding 
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coupling matrix and the performances are shown in Figure 2-9. Compared with the results 

in Figure 2-7, the upper stopband transmission zeros can be precisely located.  

 The S-parameters of the synthesized dual-band filter on the bandpass domain are 

shown in Figure 2-10. The transmission zeros are 1.613 GHz, 2 GHz, and 2.46 GHz, which 

are slightly shifted from the specifications (1.613 GHz, 2 GHz, and 2.495GHz).  

 

Table 2.10 Transversal Coupling Matrix for the Example 2 with Transmission Zeros 
Adjustment. 

 

 

 

Figure 2-9 Filtering functions for two single-band filters of different order 3 (CN1 has the 
transmission zeros at -1.433, 0.0037, and 1.4134 rad/s and central frequency -0.696 rad/s 
and its milti-band lowpass domain bandwidth δ1 is 0.6066 rad/s.) and order 5 (CN2 has the 
transmission zeros at 0.0037 rad/s and 1.4818 rad/s and central frequency 0.7566 rad/s with 
its multi-band lowpass domain bandwidth δ2 is 0.4857 rad/s), and the composite dual-band 

S 1 2 3 4 5 6 7 8 L
S 0.0 -0.2790 0.4538 -0.2370 -0.1524 0.2341 -0.2598 0.2686 -0.1918 0.0353
1 -0.2790 1.1509 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2774
2 0.4538 0.0  0.7218 0.0  0.0  0.0  0.0  0.0  0.0  0.4527
3 -0.2370 0.0 0.0 0.3036 0.0 0.0 0.0 0.0 0.0 0.2361
4 -0.1524 0.0 0.0 0.0 -0.4704 0.0 0.0 0.0 0.0 0.1516
5 0.2341 0.0 0.0 0.0 0.0 -0.5758 0.0 0.0 0.0 0.2335
6 -0.2598 0.0 0.0 0.0 0.0 0.0 -0.7896 0.0 0.0 0.2592 
7 0.2686 0.0 0.0 0.0 0.0 0.0 0.0 -0.9988 0.0 0.2679
8 -0.1918 0.0 0.0 0.0 0.0 0.0 0.0 0.0 -1.0693 0.1885
L 0.0353 0.2774 0.4527 0.2361 0.1516 0.2335 0.2592 0.2679 0.1885 0.0 
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filtering function (CN1 // CN2). The in-band return loss is 20 dB in each case. (b) 
Corresponding S11 and S21 for the symmetric dual-band filter in lowpass domains. 
 

 

Figure 2-10 The S-parameters for the synthesized dual-band filter in Example 2. 
 

2.4.3 Example 3: Multiband Bandpass Filters 

 

 In this example, a four-band filter is provided. There are four filtering functions in the 

example: 1) third-order filtering function CN1 with transmission zeros at -1.2 and -0.6 rad/s 

and the central frequency at -0.9 rad/s; 2) fourth-order CN2 with transmission zeros at -1.3, 

-0.65, and 0.01 rad/s and the central frequency at -0.3 rad/s; 3) fifth-order CN3 with 

transmission zeros at -1.3, -0.6, -0.01, 0.63, and 1.3 rad/s and the central frequency at 0.3 

rad/s. and 4) third-order CN4 with transmission zeros at 1.35 and 0.6 rad/s and the central 

frequency at 0.9 rad/s. In every passbands, the multi-band lowpass domain bandwidth δ are 

all 0.2 rad/s. Figure 2-11 shows the frequency response and the corresponding polynomials 

are listed in Table 2.11. 
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Figure 2-11 (a) Filtering functions for four single-band filters of degree 3 (CN1 has 
transmissions zeros at -1.2 and -0.6 rad/s and the central frequency at -0.9 rad/s), degree 4 
(CN2 has transmissions zeros at -1.3, -0.65, and 0.01 rad/s and the central frequency at -0.3 
rad/s), degree 5 (CN3 has transmissions zeros at -1.3, -0.6, -0.01, 0.63 and 1.3 rad/s and the 
central frequency at 0.3 rad/s), and degree 3 (CN4 has transmissions zeros at 1.35 and 0.9 
rad/s and the central frequency at 0.6 rad/s), and the composite quad-band filter (CN1 // CN2 
// CN3 // CN4 ). The in-band return loss is 20 dB in each case. (b) The corresponding S11 and 
S21 for the quad-band filter. 

 

Table 2.11 The Polynomials in (2-8) in the Example 3. 

Passband #1 ε1 = -34.1407 

Before Freq. Shift 
F'N1(Ω) Ω3 − 0.000181986Ω2 − 0.00764502ω 

P'N1(Ω) Ω2 + 0.03Ω − 0.0899978 

After Freq. Shift 
FN1(Ω) Ω3 + 2.6998Ω2 + 2.42203Ω + 0.721973 

PN1(Ω) Ω2 + 1.803Ω + 0.722702 

Passband #2 ε2 = -829.275 

Before Freq. Shift 
F'N2(Ω) 

Ω4 + 0.00303038Ω3 − 0.0101236Ω2  
− 0.0000232139Ω + 0.0000131248 

P'N2(Ω) Ω3 + 1.04Ω2 − 0.0685Ω − 0.1085 

After Freq. Shift 
FN2(Ω) 

Ω4 + 1.20303Ω3 + 0.532604Ω2 + 0.102721Ω 
+ 0.00727686 

PN2(Ω) Ω3 + 1.94Ω2 + 0.8255Ω − 0.00845 
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Passband #3 22365.6 

Before Freq. Shift 
F'N3(Ω) 

Ω5 + 0.00474399Ω4 − 0.0126341Ω3 

 − 0.0000480372Ω2 + 0.0000322607Ω 
 + 0.0000000623302 

P'N3(Ω) 
Ω5 + 14.8Ω4 − 1.1923Ω3 − 1.57225Ω2  

+ 0.137238Ω + 0.147312 

After Freq. Shift 
FN3(Ω) 

Ω5 − 1.49526Ω4 + 0.881673Ω3 − 0.256116Ω2  
+ 0.0366375Ω − 0.00206439 

PN3(Ω) 
Ω5 − 0.02Ω4 − 2.0683Ω3 + 0.03002Ω2  

+ 0.639327Ω + 0.0063882 

Passband #4 −52.061 

Before Freq. Shift 
F'N4(Ω) 

Ω3 + 0.00590551Ω2 − 0.00758687Ω  
− 0.0000300976 

P'N4(Ω) Ω2 − 0.15Ω − 0.135 

After Freq. Shift 
FN4(Ω) Ω3 − 2.69409 Ω2 + 2.41178Ω − 0.717418 

PN4(Ω) Ω2 − 1.95Ω + 0.81 

Quad-band (2-9) & (2-10) 

Before 
Normalization 

FN(Ω) 

FN(Ω)= FN1(Ω) FN2(Ω) FN3(Ω) FN4(Ω) 

Ω15 − 0.286502Ω14 − 2.82599Ω13 + 0.812423Ω12  
+ 2.9528Ω11 − 0.850408Ω10 − 1.40287Ω9 

+ 0.403472Ω8 + 0.308245Ω7 − 0.0880221Ω6 

 − 0.0326276Ω5 + 0.00921339Ω4 + 0.00159276Ω3 

  − 0.000443715Ω2 − 2.83092Ω + 7.7809e−006 

PN(Ω) 

PN(Ω) = PN1(Ω) ε2 FN2(Ω) ε3 FN3(Ω) ε4 FN4(Ω) 
 + PN2(Ω) ε1 FN1(Ω) ε3 FN3(Ω) ε4 FN4(Ω) 
+ PN3(Ω) ε1 FN1(Ω) ε2 FN2(Ω) ε4 FN4(Ω) 
+ PN4(Ω) ε1 FN1(Ω) ε2 FN2(Ω) ε3 FN3(Ω) 
−1.47395e+006Ω15 + 1.63681e+009Ω14 

 − 8.29053e+008Ω13 − 3.58948e+009Ω12  
+ 1.62202e+009Ω11 + 2.012e+009Ω10  
− 9.01956e+008Ω9 − 4.92454e+008Ω8  
+ 2.30427e+008Ω7 + 6.79075e+007Ω6  
− 3.91472e+007Ω5 − 3.44255e+006Ω4  

+ 4.24542e+006Ω3− 5.99681Ω2 + 26618.6Ω  
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+ 1.634.24 

ε = 
ε1ε2ε3ε4 

-3.29659e+010 

After 
Normalization 

(2-10) & (2-11) 

FN(Ω) 

Ω15 - 0.28602Ω14 - 2.82599Ω13 + 0.812423Ω12  
+ 2.9528Ω11 - 0.850408Ω10 - 1.40287Ω9  

+ 0.403472Ω8 + 0.308245Ω7 - 0.0880221Ω6 

 - 0.0326276Ω5 + 0.00921339Ω4 + 0.00159276Ω3 
- 0.000443715Ω2 - 2.83092e-005Ω + 7.7809e-006 

PN(Ω) 

Ω15 - 1110.49Ω14 + 562.47Ω13 + 2435.27Ω12  
- 1100.45Ω11 - 1365.04Ω10 + 611.931Ω9  
+ 334.104Ω8 – 156.333Ω7 - 46.0717Ω6  
+ 26.5593Ω5 + 2.33559Ω4 - 2.88029Ω3  

+ 0.406852Ω2 - 0.0180593Ω - 0.00110875 

ε 22365.6 

EN(Ω) 

Ω15 + (-0.286504 - j0.875341)Ω14  
+ (-3.20787 + j0.250893)Ω13  
+ (0.92138 + j2.17138)Ω12  
+ (3.69605 - j0.627009)Ω11  
+ (-1.06614 - j1.89376)Ω10  
+ (-1.89737 + j0.550201)Ω9  
+ (0.548417 + j0.714914)Ω8  
+ (0.446072 - j0.208215)Ω7  
+ (-0.128607 - j0.117792)Ω6  

+ (-0.0476098 + j0.034215)Ω5  
+ (0.0136772 + j0.00789931)Ω4  
+ (0.00206581 - j0.00228744)Ω3  

+ (-0.000587022 - j0.000157547)Ω2  
+ (-2.68674e-005 + j4.72142e-005)Ω 

+ (7.77739e-006 - j2.38745e-007) 

  

 In this case, the lower order filtering functions (i.e., CN1 and CN4) are used to adjust 

the transmission zeros to specific locations, while the other filtering functions are used to 

be slightly tuned for the specific locations of transmission zeros. Table 2.12 shows the 

corresponding coupling matrix. The matrix elements not listed in Table 2.12 are all zero. 
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Table 2.12 Transversal Coupling Matrix for the Example 3 

 

 

2.5 Comparison with Other Method 

 

 In the coupling matrix synthesis of the dual-band or multi-band filter, the most 

popular and efficient analytical method is the analytical iterative method [102]. This 

method has features of user-defined number of passbands, number of transmission zeros, 

return loss level, range of each passband and stopband, and prescribed imaginary or 

complex transmission zeros. By efficient iterative procedure, the transmission zeros are 

extracted, and some fine tunes are needed if prescribed real transmission zeros are 

requested. The equal-ripple levels in different passbands are not necessarily identical but 

can be achieved by run-and-try process. The difference of return loss levels in different 

passbands, however, becomes large with consideration of different filter orders in different 

passbands. 

 Comparing the proposed method to the analytical iterative method, the above features 

of the iterative method are also the features of the proposed method. Moreover, the 

equal-ripple levels in different passbands are preserved. Here an example is given to show 

MS,1 -0.1695 MS,2 0.2604 MS,3 -0.1560 MS,4 0.1212
MS,5 -0.1876 MS,6 0.1874 MS,7 -0.1195 MS,8 -0.0983
MS,9 0.1501 MS,10 -0.1632 MS,11 0.1591 MS,12 -0.1085
MS,13 -0.1508 MS,14 0.2565 MS,15 -0.1818 M1,L 0.1695
M2,L 0.2604 M3,L 0.1560 M4,L 0.1212 M5,L 0.1876
M6,L 0.1874 M7,L 0.1195 M8,L 0.0983 M9,L 0.1501
M10,L 0.1632 M11,L 0.1591 M12,L 0.1085 M13,L 0.1508
M14,L 0.2565 M15,L 0.1818 M1,1 1.0576 M2,2 0.9416
M3,3 0.7761 M4,4 0.4298 M5,5 0.3688 M6,6 0.2458
M7,7 0.1736 M8,8 -0.1802 M9,9 -0.2174 M10,10 -0.3014

M11,11 -0.3875 M12,12 -0.4242 M13,13 -0.7758 M14,14 -0.9307
M15,15 -1.0624
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the different passbands between these two methods. The specifications are listed in Table 

2.13, and the requested return loss is 20 dB in both passbands for this example. The 

frequency responses obtained by these two methods are shown in Figure 2-12. 

 

Table 2.13 The Specifications for the Method Comparison 

 

 

 
Figure 2-12 Frequency responses of the dual-band filter composed of the third- and 
fifth-order filtering functions. Solid line: the proposed method. Dashed line: the analytical 
iterative method. 
 

 In Figure 2-12, the settings in the proposed method are 1) a third order filter with 

normalized central frequency at -0.8333 rad/s with normalized transmission zeros at -1.333, 

-0.4167, and 1.4833 rad/s, and 2) a fifth order filter with normalized central frequency at 

0.8333 rad/s with normalized transmission zeros at 1.5 rad/s. The responses of the 

passband with third-order are similar from two methods. For the passband with fourth 

order, due to the equal-ripple preservation in the proposed method, the return loss is kept to 

Passband # of poles Stopband # of zeros Prescribed zeros

-1.0 to -0.6661 3 -¶ to -1.3 1
none-0.45 to 0.37 2

0.6661 to 1.0 4 1.4 to ¶ 1
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be 20 dB, while the return loss is 50 dB from the iterative method. Hence, the second 

passband form the iterative method has wider bandwidth than that form the proposed 

method if the 20 dB return loss is used. Hence, for the filter composed of filtering 

functions with different orders, the proposed method holds the equal-ripple property. 

 To check the transmission zeros form two methods, due to the parallel addition in the 

proposed method, the number of transmission zeros will increase. The transmission zeros 

are -1.3528, -0.3528, 0.3232, and 1.4496 rad/s in the iterative method, while they are 

-1.333, -0.4151, 0.3099, 0.7936 ± j0.5468, and 1.4694 ± j0.047 rad/s in the proposed 

method. Although the additional complex prescribed transmission zeros 0.7936 ± j0.5468 

rad/s can be added in the iterative method to pull back the return loss form 50 dB to 30 dB, 

but it is difficult to know the prescribed zeros in order to pull back the return loss. 

 For the filter composed of filtering functions with same filter order, the iterative 

method has the advantage in the specification assignment. The only thing the designer 

needs to do is to assign the ranges of each passband and each stopband, number of poles 

and zeros and the return loss level, so that the corresponding polynomials are generated. 

For the proposed method, the designer needs to assign the locations of transmission zeros 

first in order to design the characteristic of the multi-band filter. These two methods, 

however, both can analytically generate the coupling matrix for the multi-band filter. For 

the filter composed of filtering functions with different filter orders, the proposed method 

provides an alternative way to synthesis the multi-band filter with the equal-ripple 

property. 

 

2.6 Other Properties in the Proposed Method 

 

 The synthesis of the dual-band and multi-band filters is shown to be valid by using the 
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proposed method. In the end of this chapter, three other properties are discussed. 

 

2.6.1 Passbands with Different Return Loss 

 

 In the proposed method, the different return loss is available in each passband. For 

example, the settings for a dual-band filter are as follows: 1) a third-order filter with 

normalized central frequency at -0.7143 rad/s with transmission zeros at -1.5714 and 

2.1429 rad/s. Its multi-band lowpass domain bandwidth δ1 is 0.5724 rad/s, and its return 

loss is 20 dB. 2) A fifth-order filter with the normalized central frequency at 0.7143 rad/s 

with transmission zeros at 2.1429 rad/s. Its multi-band lowpass domain bandwidth δ2 is 

0.5718 rad/s, and its return loss is 40 dB. The corresponding polynomials are listed in 

Table 2.15 and the transversal coupling matrix is shown in Table 2.14. The performances 

are shown in Figure 2-13. This example demonstrates the validity of synthesizing the 

dual-band filter with different return loss level in each passband. It is also valid in 

multi-band filter synthesis. 

 

Table 2.14 The Transversal Coupling Matrix for the dual-band filter in Figure 2-13 

 

 

S 1 2 3 4 5 6 7 8 L
S 0 -0.2815 0.4250 -0.3085 -0.2301 0.3541 -0.3524 0.3969 -0.3159 0
1 -0.2815 1.1610 0 0 0 0 0 0 0 0.2815
2 0.4250 0 0.9028 0 0 0 0 0 0 0.4250
3 -0.3085 0 0 0.3962 0 0 0 0 0 0.3085
4 -0.2301 0 0 0 -0.2225 0 0 0 0 0.23013
5 0.3541 0 0 0 0 -0.4125 0 0 0 0.3541
6 -0.3524 0 0 0 0 0 -0.8048 0 0 0.3524
7 0.3969 0 0 0 0 0 0 -1.1795 0 0.3969
8 -0.3159 0 0 0 0 0 0 0 -1.2634 0.3159
L 0 0.2815 0.4250 0.3085 0.2301 0.3541 0.3524 0.3969 0.3159 0
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Figure 2-13 Filtering functions for two single-band filters of order 3 with return loss 20 dB 
(CN1 has the transmission zeros at -1.5714 and 2.1429 rad/s and the central frequency 
-0.7143 rad/s with the multi-band lowpass domain bandwidth δ1 of 0.5724 rad/s) and order 
5 with return loss 40 dB (CN2 has the transmission zero at 2.1429 rad/s the and the central 
frequency 0.7143 rad/s with the multi-band lowpass domain bandwidth δ2 of 0.5718 rad/s), 
and the composite dual-band filtering function (CN1 // CN2). (b) Corresponding S11 and S21 
for the symmetric dual-band filter in lowpass domains. 
 

Table 2.15 The Polynomials for the Dual-band Filter in Figure 2-13. 

Passband #1 ε1 = -40.688 

Before Freq. Shift 
F'N1(Ω) 

Ω 3 + 0.0348251Ω2 − 0.0614816Ω  
− 0.00143858 

P'N1(Ω) Ω2 – 2.0001Ω - 2.44891 

After Freq. Shift 
FN1(Ω) Ω3 + 2.17773Ω2 + 1.51894Ω + 0.336867 

PN1(Ω) Ω2 – 0.5715Ω - 3.36735 

Passband #2 ε2 = -118.459 

Before Freq. Shift 
F'N2(Ω) 

Ω5 − 0.028903Ω4 − 0.101965Ω3  
+ 0.00236228Ω2 + 0.00207508Ω 

− 2.41362e-005 

P'N2(ω) Ω − 1.4286 

After Freq. Shift 
FN2(ω) 

Ω5 – 3.6004Ω4 + 5.08285Ω3 – 3.51215Ω2  
+ 1.1864Ω - 0.156616 

PN2(ω) Ω − 2.1429 
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Dual-band (2-8) & (2-10) 

After (2-8) 

FN(Ω) 

FN(Ω)= FN1(Ω) FN2(Ω) 

Ω8 – 1.42268Ω7 – 1.23889Ω6 

 + 2.42498Ω5 – 0.045625Ω4 – 1.19546Ω3 

 + 0.277884Ω2 + 0.161769Ω – 0.0527589 

PN(Ω) 

PN(Ω)= PN1(Ω) ε2 FN2(Ω) + PN2(Ω) ε1 FN1(Ω) 

-118.450Ω7 + 494.197Ω6 – 446.959Ω5  
- 716.71Ω4 + 1647.78Ω3 – 1174.02Ω2 

 + 581.374Ω − 33.1014 

ε =ε1ε2 4819.84 

After (2-10) 

FN(Ω) 

Ω8 − 1.42268Ω7 − 1.23889Ω6  
+ 2.42498Ω5 + 0.0456254Ω4 

 − 1.19546Ω3 + 0.277884Ω2  
+ 0.161769Ω − 0.0527589 

PN(Ω) 
Ω7 − 4.1719Ω6 + 3.77313Ω5  

+ 6.0503Ω4 − 13.9102Ω3 + 9.91082Ω2  
− 4.90783Ω + 0.279435 

ε -40.688 

EN(Ω) 

Ω8 + (−1.42268 − j1.83172)Ω7  
+ (−2.91618 + j2.24099)Ω6  
+ (4.14107 + j2.81826)Ω5  
+ (1.6612 − j3.65468)Ω4 

 + (−2.84106 − j0.62744)Ω3  
+ (0.140788 + j1.18397)Ω2  

+ (0.323642 − j0.0861916)Ω  
+ (−0.0386639 − j0.0365482) 

 

2.6.2 Closely Adjacent Passbands 

 

 For the problem of closely adjacent passbands, the equal ripple characteristic might be 

affected due to parallel addition. However, even two passbands are close to each other and 

almost become one large passband, the return loss level is still lower than the specification. 

Here we give two examples.  
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 For the first example, the passband #1 has the normalized central frequency at -0.4872 

rad/s with the multi-band lowpass domain bandwidth δ1 of 1 rad/s, and the passband #2 has 

the normalized central frequency at 0.4847 rad/s with the multi-band lowpass domain δ2 of 

1 rad/s. The filter order is 3 and return loss is 20 dB in each passband. The corresponding 

polynomials are listed in Table 2.16 and the performance is shown in Figure 2-14 (a). In 

the figure, it can be noted that although the equal ripple characteristic has been affected 

slightly, the return loss is still larger than 20 dB within each passband. 

 For the second example, the different filter orders and return loss levels are used in 

each passband. The passband #1 has the normalized central frequency at -0.4872 rad/s, and 

its filter order is 3. The return loss is 20 dB. The passband #2 has the normalized central 

frequency at 0.4872 rad/s, and the filter order is 5 and return loss is 30 dB. The 

corresponding polynomials are listed in Table 2.16 and the performances are shown in 

Figure 2-14 (b). In the figure, it can be noted that the return loss is larger than 20 dB for 

passband #1 and 30 dB for passband #2. 

 

Table 2.16 The Synthesized Polynomials in Two Examples with Closely Adjacent 
Passbands 

Example #1 

FN(Ω) 
Ω6 − 0.000102564Ω5 − 1.10651Ω4  
+ 8.24019e-005Ω3 + 0.207899Ω2  
− 3.63632e-006Ω − 0.00038175 

PN(Ω) 
Ω4 − 2564.1Ω3 − 0.0657462Ω2 − 1319.98Ω  

+ 0.00439994 

ε -3821.66 

EN(Ω) 

Ω6 + (−0.000102564 − j2.16546)Ω5  
+ (-3.45111 + j0.000288766)Ω4  
+ (0.00046724 + j3.12654)Ω3  
+ (1.6354 − j0.000299605)Ω2  

+ (-6.30921e-005 − j0.346969)Ω  
+ (−0.00038175 + j1.21151e-006) 

Example #2 FN(Ω) Ω8 − 0.974462Ω7 − 1.00056Ω6 + 1.07821Ω5  
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+ 0.086371Ω4 − 0.206775Ω3 + 0.0224816Ω2 
+ 0.00137135Ω + 7.33732e-007 

PN(Ω) 
Ω 6 − 2566.05Ω5 + 6247.09Ω4 − 5778.09Ω3  

+ 950.12Ω2 − 453.146Ω − 10.5585 

ε -7643.31 

EN(Ω) 

Ω8 + (−0.974462 − j2.5058)Ω7  
+ (−4.14008 + j2.28432)Ω6  
+ (3.74292 + j4.25861)Ω5  
+ (2.67563 − j3.63963)Ω4  

+ (−2.11472 − j0.849448)Ω3  
+ (−0.095197 + j0.589892)Ω2  

+ (0.0607588 + j0.00368407)Ω  
+ (0.00136195 − j0.00023099) 

 

 

Figure 2-14 The S-parameters for the filters with two close adjacent passbands with 
polynomials in Table 2.16. (a) Equal ripple level, and (b) different ripple level. 

 

 From these two examples, the proposed method is shown to be valid to synthesize one 

single-band filter from two closely adjacent passbands, even if the return loss levels are 

different in each passband. 
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2.6.3 Intrinsic Transmission Zero 

 

 For the extra transmission zeros in Figure 2-6, when two filtering functions both have 

odd order, there will be an intrinsic transmission zero between two passbands after the 

parallel addition. But if there are two filtering functions, and they are both with even filter 

order, then the separation is not good enough after the parallel addition. Here we give an 

example. The passband #1 has Chebyshev characteristic with the normalized central 

frequency at -0.8 rad/s with the multi-band lowpass domain bandwidth δ1 of 0.4 rad/s, and 

it is the 3rd order filtering function. The passband #2 has Chebyshev characteristic with the 

normalized central frequency at 0.8 rad/s with the multi-band lowpass domain δ2 of 0.4 

rad/s, and it is the 5th order filtering function. The response is shown in Figure 2-15 (a). It 

is noted that there is no transmission zeros in each filtering function. After the parallel 

addition, one transmission zero is generated with the well isolation between two passbands. 

 

 
Figure 2-15 (a) Two odd-order filtering functions have been combined as a dual-mode 
filtering function with an extra transmission zeros, while two even-order filtering functions 
have been combined as a dual-mode filtering function has worse isolation between two 
passbands. 

 

 Another example is given for two filtering functions with even filter order. The filter 
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orders are modified as 2 and 4, and the other settings are same as those in the above 

example. The response is shown in Figure 2-15 (b). In this example, the isolation between 

two passbands is worse. 

 For the passband with one odd-order filtering function and one even-order filtering 

function, the odd-order one should be assigned as the upper passband in order to introduce 

the intrinsic transmission zero. To obtain the dual-band characteristic with odd-order 

filtering function as the lower passband and the even-order filtering function as the upper 

passband, no intrinsic transmission zero is introduced. To overcome the problem, the Ω = 

−Ω is applied to the filtering function, which has the odd-order upper passband and 

even-order lower passband, to synthesize the dual-band characteristic, to generate an 

intrinsic transmission zero. The phenomenon can be observed in Figure 2-16. 

 

 
Figure 2-16 Two passbands with different order. (a) The odd-order upper passband and 
even-order lower passband are combined as the filtering function has an intrinsic 
transmission zero. (b) The even-order upper passband and odd-order lower passband are 
combined as the filtering function has no intrinsic transmission zero using the proposed 
method. But with Ω = −Ω operation in the settings of (a), the extra intrinsic transmission 
zero can be introduced. 
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2.7 Conclusion 

 

 In this chapter, the novel analytical method to synthesize a dual-band or multi-band 

filtering function has been successfully developed. Based on the synthesized composite 

filtering function, the transversal coupling matrix can be obtained. Moreover, the 

arbitrarily located transmission zeros, arbitrary return losses within each passband, and 

various bandwidth of each passband are available in this method. Compared with the most 

popular method, analytical iterative method, the proposed method in this chapter provides 

the equal-ripple potential to give the practical insight in the filter design. 
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Chapter 3 

Dual-band Filter Design Using Parallel-Coupled Line 

 

3.1 Introduction 

 

 The coupling scheme corresponds to a physical placement of resonators in the filter 

design. By carefully adjusting the coupling strengths between resonators, the performance 

of the filter can be determined. For the single-band filter design, the coupling schemes are 

widely studied for the specific electrical responses. For examples, the tri-section topology 

is proposed for generating one transmission zero above or below the passband, and the 

quadruplet topology is used to generate two transmission zeros above and below the 

passband. 

 The coupling matrix provides an advantage of hardware implementation. Based on the 

advantage, the coupling matrix of the transversal topology needs to be transformed into 

some specific coupling schemes for practical realization of a filter. For the dual-band filter 

design, some coupling schemes, which are cul-de-sac [98], inline topology [97], and 

extended box topology [100], are generated via a series of similarity transformations, 

matrix rotation or optimization [98], [105]. Some of those topologies, however, are 

difficult to be realized by microstrip lines.  

 Considering the dual-band microstrip filter, dual-mode and frequency-separated 

coupling scheme is proposed to realized the dual-band filter characteristics. The 

phenomenon in placing transmission zeros related to corresponding coupling topology, 

however, is not clear yet such that the mechanism in transmission zeros generation of the 

dual-band filter is still unobservable under proper coupling scheme. 
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 In this chapter, single-path and dual-path topologies are provided for the microstrip 

dual-band filter design. The single-path coupling scheme has rare physical insight and 

needs run-and-try process to check if the coupling scheme is valid for the requested 

specifications. For the dual-path coupling scheme, it is able to illustrate the dual-path 

characteristics via frequency-separated path. Furthermore, the mechanism of transmission 

zeros and the separation between two adjacent passbands, furthermore, will be studied via 

the coupling matrix.  

 

3.2 Single-path Coupling Scheme 

 

 The single-path coupling scheme for a dual-band filter has a direct coupling path with 

some cross-coupling paths. To capture the phenomenon of the prescribed transmission 

zeros, the well-known cross-coupling topologies, such as tri-section and quadruplet 

coupling schemes, are used to the run-and-try process. To apply the trisection and 

quadruplet coupling schemes to the dual-band filter design in the single-path coupling 

scheme, finite transmission zeros will be placed to separate two passbands. Following is an 

example. A dual-band filter is designed to have two second-order filtering functions; one 

has a normalized transmission zero at 0 rad/s and the normalized central frequency at 0.75 

rad/s with the multi-band lowpass domain bandwidth δ1 of 0.5 rad/s, while the other one 

has a normalized transmission zero at 0 rad/s and the normalized central frequency at -0.75 

rad/s with the multi-band lowpass domain bandwidth δ2 of 0.5 rad/s. The return loss in 

each passband is 20 dB. The synthesized filtering functions and corresponding 

S-parameters are shown in Figure 3-1.  

 The transversal coupling matrix is shown in Table 3.1. Due to two transmission zeros 

from each passband are used to contribute the separation of two passbands, the quadruplet 
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topology is used. In order to convert the transversal coupling matrix for the single-path 

coupling scheme with quadruplet coupling scheme, the optimization proposed in [94] is 

used. The coupling scheme is shown in Figure 3-2 and the corresponding coupling matrix 

is listed in Table 3.2. 

 

 
Figure 3-1 (a) Filtering functions for two single-band filters of degree 2 (CN1 has the 
transmission zero at 0 rad/s and the central frequency at -0.75 ras/s with the multi-band 
lowpass domain bandwidth δ1 of 0.5 rad/s, and CN2 has the transmission zero at 0 rad/s and 
the central frequency at 0.75 rad/s with the multi-band lowpass domain bandwidth δ2 of 0.5 
rad/s), and the composite dual-band filter (CN1 // CN2). The in-band return loss is 20 dB in 
each case. (b) The corresponding S11 and S21 for the dual-band filter. 

 

Table 3.1 The Transversal Coupling Matrix for the Dual-band Filter in Figure 3-1. 
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S 1 2 3 4 L
S 0.0 0.5315 -0.3046 0.3046 -0.5315 0.0
1 0.5315 1.2338 0.0 0.0 0.0 0.5315
2 -0.3046 0.0 0.4053 0.0 0.0 0.3046
3 0.3046 0.0 0.0 -0.4053 0.0 0.3046
4 -0.5315 0.0 0.0 0.0 -1.2338 0.5315
L 0.0 0.5315 0.3046 0.3046 0.5315 0.0
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Table 3.2 The Coupling Matrix for the Dual-band Filter in Figure 3-1 with Coupling 
Scheme in Figure 3-2. 

 

 

 

Figure 3-2 The single-path coupling scheme for the dual-band filter in Figure 3-1. 

 

 The single-path coupling scheme, however, is not always can be analyzed 

systematically using the information of transmission zeros. In most cases, the 

cross-coupling path needs to be run-and-try, and it even has no proper topology while the 

positions of transmission zeros are asymmetric to the passbands.  

 

3.3 Dual-path Coupling Scheme 

 

 For the dual-band filter design, the single-path coupling scheme do not have an 

obvious relationship with the dual-band filter characteristics. To relate each passband with 

the coupling topology, the dual-path coupling scheme is considered. For example, there are 

two filtering functions; one is the 3rd order filtering function, which has the normalized 

transmission zero at -1.8 rad/s and the normalized central frequency at -0.8 rad/s with the 

S 1 2 3 4 L
S 0.0 0.5624 0.0 0.6590 0.0 0.0
1 0.5624 0.0 0.4590 0.0 0.0 0.0
2 0.0 0.4590 0.0 0.5379 0.0 0.0
3 0.6590 0.0 0.5379 0.0 1.0893 0.0
4 0.0 0.0 0.0 1.0893 0.0 0.8663
L 0.0 0.0 0.0 0.0 0.8663 0.0

S

2

3 L

1

Source/Load
Resonator

4
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multi-band lowpass domain bandwidth δ1 of 0.4 rad/s, while the other is the 3rd order 

filtering function, which has the normalized transmission zeros at 1.8 rad/s and the 

normalized central frequency at 0.8 rad/s with the multi-band lowpass domain bandwidth 

δ2 of 0.4 rad/s. The synthesized filtering functions and the corresponding S-parameters are 

shown in Figure 3-3. The transversal coupling matrix in this example is listed in Table 3.3. 

 The transmission zero for the separation of two passbands is created as demonstrated 

in the discussion in Section 2.4.1. In this case there are three finite transmission zeros 

within the entire normalized low-pass domain there are -1.8, 0, and 1.8 rad/s. To illustrate 

the dual-band characteristic and let each path govern one passband, the trisection portion of 

each path is used to provide one transmission zero on the stopband. Figure 3-4 shows the 

coupling scheme, and the corresponding coupling matrix is rotated by following steps [4]. 

The values of diagonal elements of the transversal matrix are categorized into two groups, 

which are positive values and negative values, and then the original matrix can be 

separated into two parts with values shown in Table 3.4. Based on these two sub-matrices, 

the rotation sequence in Table 3.5 are applied and then the matrix for the coupling scheme 

shown in Figure 3-4 are extracted with values listed in Table 3.6. 

 

 
Figure 3-3 (a) Filtering functions for two single-band filters of degree 3 (CN1 has the 
transmission zero at -1.8 rad/s and the central frequency at -0.8 rad/s with the multi-band 
lowpass domain bandwidth δ1 of 0.4 rad/s, and CN2 has the transmission zero at 1.8 rad/s 
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and the central frequency at 0.8 rad/s with the multi-band lowpass domain bandwidth δ2 of 
0.4 rad/s), and the composite filter (CN1 // CN2). The in-band return loss is 20 dB in each 
case. (b) The corresponding S11 and S21 for the dual-band filter. 
 

Table 3.3 The Transversal Coupling Matrix for the Dual-band Filter in Figure 3-3 

 

 

 
Figure 3-4 The dual-path coupling scheme for the dual-band filter in Figure 3-3. 

 

Table 3.4 (a) The Transversal Coupling Matrix for the Upper Path (M1).  
(b) The Transversal Coupling Matrix for the Lower Path (M2). 

 

 

 

S 1 2 3 4 5 6 L
S 0.0 0.2295 -0.3419 0.2534 0.2534 -0.3419 0.2295 0.0
1 0.2295 1.0975 0.0 0.0 0.0 0.0 0.0 0.2295
2 -0.3419 0.0 0.8653 0.0 0.0 0.0 0.0 0.3419
3 0.2534 0.0 0.0 0.5272 0.0 0.0 0.0 0.2534
4 0.2534 0.0 0.0 0.0 -0.5272 0.0 0.0 0.2534
5 -0.3419 0.0 0.0 0.0 0.0 -0.8653 0.0 0.3419
6 0.2295 0.0 0.0 0.0 0.0 0.0 -1.0975 0.2295
L 0.0 0.2295 0.3419 0.2534 0.2534 0.3419 0.2295 0.0

S 2 3

L

1

Source/Load
Resonator

4 5

6

S 1 2 3 L
S 0.0 0.2295 -0.3419 0.2534 0.0
1 0.2295 1.0975 0.0 0.0 0.2295
2 -0.3419 0.0 0.8653 0.0 0.3419
3 0.2534 0.0 0.0 0.5272 0.2534
L 0.0 0.2295 0.3419 0.2534 0.0

S 4 5 6 L
S 0.0 0.2534 -0.3419 0.2295 0.0
4 0.2534 -0.5272 0.0 0.0 0.2534
5 -0.3419 0.0 -0.8653 0.0 0.3419
6 0.2295 0.0 0.0 -1.0975 0.2295
L 0.0 0.2534 0.3419 0.2295 0.0

(a) (b)
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Table 3.5 Rotation Sequence for Reduction of the Transversal Matrix to the Requested 
Matrix with Topology in Figure 3-4 

    θr = -tan-1(cMkl/Mmn) 
Transform 
Number 

t 

Element  
to be 

Annihilated 
 

Pivot
[i, j] 

k l m n c 

M1 
1 M1S3 In row 1 [2, 3] S 3 S 2 -1 
2 M1S2 --- [1, 2] S 2 S 1 -1 
3 M124 In column 4 [2, 3] 2 4 3 4 +1 
4 M113 In column 3 [1, 2] 1  3 2 3 +1 

M2 
1 M2S5 In row 1 [4, 5] S 5 S 4 -1 
2 M2S6 --- [4, 6] S 6 S 4 -1 
3 M246 In row 2 [5, 6] 4 6 4 5 -1 

 
Table 3.6 The Coupling Matrix for the Dual-band Filter in Figure 3-3  

with the Dual-path Coupling Scheme shown in Figure 3-4. 

 

 

 It can be noted that the values of diagonal elements in the extracted matrix are also 

categorized into two groups, which are positive values and negative values, and 

corresponds to the resonant frequency of each resonator. Hence, the upper path governs the 

lower passband, and the trisection portion of the upper path provides a transmission zero 

on the lower stopband (i.e., -1.8 rad/s). Similarly, the lower path governs the upper 

S 1 2 3 4 5 6 L
S 0.0 0.4739 -0.0958 0.0 0.4835 0.0 0..0 0.0
1 0.4739 0.9033 0.1880 0.0 0.0 0.0 0.0 0.0
2 -0.0958 0.1880 0.8653 0.2047 0.0 0.0 0.0 0.0
3 0.0 0.0 0.2047 0.8247 0.0 0.0 0.0 0.4835
4 0.4835 0.0 0.0 0.0 -0.8247 0.2047 0.0 0.0
5 0.0 0.0 0.0 0.0 0.2047 -0.7619 0.1880 0.0958
6 0.0 0.0 0.0 0.0 0.0 0.1880 -0.9033 0.4739
L 0.0 0.0 0.0 0.4835 0.0 0.0958 0.4739 0.0
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passband and the trisection portion of the lower path generates a transmission zero on the 

upper stopband (i.e., 1.8 rad/s). By using such a dual-path coupling scheme, the 

transmission zeros on the upper and lower stopband can be generated by the trisection 

portion, while the additional transmission zero used to separate two passbands is generated 

by out-of-phase property of CN1 and CN2.  

 

3.4 Transmission Zeros Determination in Single-path and 

Dual-path Coupling Schemes 

 

 The coupling matrix is related to the responses of reflection and transfer function S11 

and S21 via the following equations [46]: 

 

[ ] [ ] [ ]

1 1
11 211,1 2,1

0

1 2 , 2 ,

,
N

S j S j

j

− −

+
⎡ ⎤ ⎡ ⎤= + = −⎣ ⎦ ⎣ ⎦

= Ω + −

A A

A U M R
           (3-1) 

 

where N is the order of filter, Ω is the angular frequency in the low-pass domain, [U0] is 

similar to the (N+2)-by-(N+2) identity matrix except [U0]1,1 = [U0]N+2, N+2 = 0, [M] is the 

(N+2)-by-(N+2) coupling matrix, and [R] is the diagonal matrix with [R] = diag{1,0,…,0, 

1}.  

 To determine the locations of transmission zeros from the coupling matrix in arbitrary 

coupling topology, it is equivalent to find the roots of S21. In order to find the roots of 

[A-1]N+2,1, the technique in [136] is used, 
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( )
1, 21

2,1

cofactor( )
.

Det
N

N

+−

+
⎡ ⎤ =⎣ ⎦

A
A

A                   (3-2) 

 

Hence the transmission zeros are consequently the zeros of the cofactor of [A]1,N+2. Now 

we present three examples of dual-band filters with single-path and dual-path coupling 

schemes, and show the mechanism in introducing transmission zeros under signle-path and 

dual-path topology. 

 

3.4.1 Single-path Dual-band Filter Characteristic 

 

 In the first example, the dual-band filter consists of two 4th order filters with central 

frequency at -0.75 and 0.75 rad/s and transmission zeros at ±0.1118, ±1.3126, and 

±j12.2234 rad/s, which j is the imaginary number. The multi-band lowpass domain 

bandwidth δ for both passband is 0.5 rad/s. The corresponding coupling matrix is listed in 

Table 3.7 and the performance is shown in Figure 3-5. 

  

Table 3.7 The Coupling Matrix of the Single-path Dual-band Filter 

 

 

S 1 2 3 4 5 6 7 8 L
S 0.0 0.6849 0.0 -0.2442 0.0 0.0 0.0 0.0 0.0 0.0
1 0.6849 0.0 0.9474 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
2 0.0 0.9474 0.0 0.3120 0.0 0.0 0.0 0.0 0.0 0.0
3 -0.2442 0.0 0.3120 0.0 0.6952 0.0 0.0 0.0 0.0 0.0
4 0.0 0.0 0.0 0.6952 0.0 0.3670 0.0 0.0 0.0 0.0
5 0.0 0.0 0.0 0.0 0.3670 0.0 0.8023 0.0 0.0 0.0
6 0.0 0.0 0.0 0.0 0.0 0.8023 0.0 0.3811 0.0 0.4198 
7 0.0 0.0 0.0 0.0 0.0 0.0 0.3811 0.0 0.5614 0.0 
8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.5614 0.0 0.5937 
L 0.0 0.0 0.0 0.0 0.0 0.0 0.4198 0.0 0.5937 0.0 
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Figure 3-5 The performance of the single-path dual-band filter and the corresponding 
dual-path coupling scheme based on the coupling matrix in Table 3.7. 
 

 To understand the mechanism of the transmission zeros. Here the cross coupling paths 

are removed to see and estimate the transmission zeros. In Figure 3-6 (a), the cross 

coupling path S-3 is removed, then the outer transmission zeros are disappeared; while 

removing the path 6-L, the inner transmission zeros will be disappeared, as shown in 

Figure 3-6 (b). Applying (3-2) to evaluate the transmission zeros, the formulation is as 

follows: 

 

Frequency (rad/sec)
-2 -1 0 1 2

|S
11

|, 
|S

21
| (

dB
)

-80

-60

-40

-20

0

S11
S21S

2

3 4 5 6

7

L

1 8

Source/Load

Resonator



 

58 

 

S1 12

12 23

S3 23 34

34 45

45 56

56 67

67 78

78

6L 8L

2 2 2 2
34 45 56 12 23 S1 12 S3 S3 67 78 8L 6L 78

2 2 12 23 S1
1 12

S3

2 2 67 78 8L
2 78

6L

M M
M M

M M M
M M

M M 0
M M

M M
M

M M

-M M M (-M M M  + M M  - M )(M M M  + M (-M  + ))=0
M M MM ,

M
M M MM ,

M

Ω
Ω

Ω
Ω

Ω =
Ω

Ω
Ω

⇒ Ω Ω

⎧Ω = −⎪⎪⇒ ⎨
⎪Ω = −
⎪⎩

  (3-3) 

 

From the above solutions, if the matrix is symmetric, then the transmission zeros are 

symmetric to 0 rad/s. While removing path S-3 (i.e., MS,3 = 0), the transmission zeros of 

±1.3126 rad/s are disappeared, and transmission zeros ±0.1118 rad/s will be disappeared 

when the path 6-L is removed.  

 

Figure 3-6 The performances for the single-path dual-band filter with removing of cross 
couplings (a) removing path S-3 and (b) removing path 6-L. 

 

3.4.2 Symmetric Dual-path Dual-band Filter Characteristic 
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 In the second example, the dual-band filter consists of two 4th order filters with central 

frequencies at -0.75 and 0.75 rad/s in two passbands, and transmission zeros at ±0.1078, 

±1.4657, and ±j0.9613 rad/s. The corresponding coupling matrix is listed in Table 3.8.  

 It is worthy to be noted that the diagonal terms of the coupling matrix are classified 

into two groups to present the central frequencies of two passbands, i.e., resonators 

numbered from 1 to 4 (passband with central frequency 0.75 rad/s), and resonators 

numbered from 5 to 8 (passband with central frequency -0.75 rad/s). The corresponding 

performance is shown in Figure 3-7, and the dual-path coupling scheme is shown in the 

subplot. For the dual-path topology, each path has a cross-coupled quadruplet, so that there 

are two transmission zeros symmetric to the central frequency of each passband. Once the 

cross couplings of these quadruplets are removed, the transmission zeros vanish, and it can 

be observed by the dashed line in Figure 3-7. 

 

Table 3.8 The Coupling Matrix of the Symmetric Dual-path Dual-band Filter 

 

 

 Due to the frequency-separated property, the mechanism of generation of 

corresponding transmission zeros can be observed in each passband. In Figure 3-8 (a), the 

quadruplet cross-coupling within the upper path introduces two transmission zeros 

S 1 2 3 4 5 6 7 8 L
S 0.0 0.5110 0.0 -0.0433 0.0 0.5128 0.0 0..0 0.0 0.0
1 0.5110 -0.7914 0.2328 0.0 0.0 0.0 0.0 0.0 0.0 0.0
2 0.0 0.2328 -0.7405 0.1622 0.0 0.0 0.0 0.0 0.0 0.0
3 -0.0433 0.0 0.1622 -0.7464 0.2191 0.0 0.0 0.0 0.0 0.0
4 0.0 0.0 0.0 0.2191 -0.7911 0.0 0.0 0.0 0.0 0.5128
5 0.5128 0.0 0.0 0.0 0.0 0.7911 0.2191 0.0 0.0 0.0
6 0.0 0.0 0.0 0.0 0.0 0.2191 0.7464 0.1622 0.0 -0.0433
7 0.0 0.0 0.0 0.0 0.0 0.0 0.1622 0.7405 0.2328 0.0
8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.2328 0.7914 0.5110
L 0.0 0.0 0.0 0.0 0.5128 0.0 -0.0433 0.0 0.5110 0.0



 

60 

 

symmetric to the central frequency at 0.75 rad/s, which is the resonant frequency of 

resonators numbered from 1 to 4. Similarly the cross-coupled quadruplet within the lower 

path provided two zeros symmetrical to -0.75 rad/s, as shown in Figure 3-8 (b). Once the 

quadruplet cross coupling is removed from each path, the transmission zeros vanish. 

Furthermore, to identify the locations of transmission zeros in each path, (3-2) is applied to 

the following matrices [A]up and [A]low: 

 

[ ]
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where [A]up is the matrix of the upper path and [A]low is the matrix of the lower path.  

 Consequently, the transmission zeros are 1.4897 and 0.0536 rad/s of the upper path, 

and they are -1.4897 and -0.0536 rad/s of the lower path. Moreover, it is noted that the 

transmission zeros can be obtained similarly in the dual-path topology without 

cross-coupled quadruplets, and they are ±j1.8360 and ±j0.2883 rad/s. It means even no 

cross-coupled quadruplet, dual-path topology also provides complex transmission zeros, so 

that the inherent separation between two adjacent passbands exists, as shown in Figure 3-7. 
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Figure 3-7 The performance of the symmetric dual-band filter and the corresponding 
dual-path coupling scheme based on the coupling matrix in Table 3.8. 

 

 
Figure 3-8 The performances of the (a) upper path and (b) lower path in the symmetric 
dual-band filter. 

 

3.4.2 Asymmetric Dual-path Dual-band Characteristic 

 

 In the third example, the asymmetric dual-path dual-band filter consists of a 3rd and a 

4th order filters with central frequencies at 0.7778 and -0.7778 rad/s in the lowpass domain 

with the multi-band lowpass domain bandwidth δ of 0.4444 rad/s for both passbands. It 
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contains six transmission zeros, which are -1.4305, -0.2078, 0.0948, 1.4802, and -0.7663 ± 

j0.5029 rad/s. The corresponding coupling matrix is listed in Table 3.9.  

 In Figure 3-9, one group of resonators, namely resonators 1 to 3, governs the central 

frequency at 0.7778 rad/s, while the other group of resonators 4 to 7 governs the central 

frequency at -0.7778 rad/s. The value of entry M5,L, however is small enough to be ignored 

without influence on the dual-band characteristic. 

 

Table 3.9 The Coupling Matrix of the Asymmetric Dual-band Filter. 

 

 

 It is worthy to be noted that one quadruplet cross coupling introduces four 

transmission zeros. To make clear the mechanism in generating of transmission zeros, the 

analysis is applied as followings. Figure 3-10 (a) shows the performance in the upper path, 

and it is obvious that the transmission zeros come from the quadruplet cross coupling, To 

identify the transmission zeros of the lower path, the cross-coupled path is retained. This 

extra path consists of the quadruplet cross coupling within the upper path and the resonator 

3, which is shown in the subplot of Figure 3-10 (b). Moreover, the transmission zeros can 

be determined via (3-2), and they are 0.1133 and 1.4806 rad/s of the upper path, while 

-0.2613, -1.4191, and -0.7546 ± j0.4837 rad/s of the lower path. Furthermore, even no 

cross coupling, the dual-path topology inherently maintains the isolation between two 

S 1 2 3 4 5 6 7 L
S 0.0 0.5005 0.0 -0.0597 0.4902 0.0 0.0 0..0 0.0
1 0.5005 -0.8187 0.2353 0.0 0.0 0.0 0.0 0.0 0.0
2 0.0 0.2353 -0.7752 0.2086 0.0 0.0 0.0 0.0 0.0
3 -0.0597 0.0 0.2086 -0.8179 0.0 0.0 0.0 0.0 0.5033
4 0.4902 0.0 0.0 0.0 0.8164 0.2002 0.0 0.0 0.0
5 0.0 0.0 0.0 0.0 0.2002 0.7782 0.1572 0.0 0.0
6 0.0 0.0 0.0 0.0 0.0 0.1572 0.7786 0.1983 0.0
7 0.0 0.0 0.0 0.0 0.0 0.0 0.1983 0.8165 0.4876
L 0.0 0.0 0.0 0.5033 0.0 0.0 0.0 0.4876 0.0
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passbands, as shown in Figure 3-9. 

 

 
Figure 3-9 The performance of the asymmetric dual-band filter and the corresponding 
dual-path coupling scheme based on the coupling matrix in Table 3.9. 

 

 

Figure 3-10 The performances of the (a) upper path and (b) lower path in the asymmetric 
dual-band filter. 
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3.5 Analytical Approach for Dual-band Filter Design Using 

Parallel-Coupled Lines 

 

 The previous section shows the specific coupling scheme for the microstrip 

implementation. Here the relations between the coupling coefficients and the parameters of 

the microstrip lines are discussed. To introduce the slope parameter of the resonator, the 

value of Js of the parallel-coupled line model can be obtained using the following 

equations [137]: 
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where Δ is the fractional bandwidth. Once the values of J inverters are obtained, the even- 

and odd-mode characteristic impedance for non-quarter-wavelength parallel-coupled line 

[138] can be calculated by  
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 Based on (3-6) and (3-7), the parameters of the microstrip parallel-coupled lines can 

be obtained. Here an example for the dual-band filter is provided to show the validation. 

The filter design for the dual-band GPS at 1227 MHz and 1575 MHz is used to show the 

closely adjacent passbands. In the design, each passband has 10% fractional bandwidth. 
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Use (2-13), the central frequency of the dual-band filter is 1390 MHz with fractional 

bandwidth 35%. To transfer the information into the lowpass domain, the passband #1 has 

the normalized central frequency at -0.713 rad/s and the passband # 2 has the normalized 

central frequency at 0.713 rad/s. Both filter orders are 3 and the return loss are 15 dB. The 

dual-path coupling scheme is used in this example, as shown in Figure 3-11. The 

corresponding performance is shown in Figure 3-11 and the coupling scheme is listed in 

Table 3.10.  

 

 
Figure 3-11 The performance and coupling scheme of the dual-band filter design for GPS 
system. 
 

Table 3.10 The Coupling Matrix of the Dual-band Filter for GPS System Design. 
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S 1 2 3 4 5 6 L
S 0.0 0.5054 0.0 0.0 0.5053 0.0 0.0 0.0 
1 0.5054 -0.7588 0.2490 0.0 0.0 0.0 0.0 0.0 
2 0.0 0.2490 -0.7152 0.2490 0.0 0.0 0.0 0.0 
3 0.0 0.0 0.2490 -0.7588 0.0 0.0 0.0 0.5054 
4 0.5053 0.0 0.0 0.0 0.7587 0.2491 0.0 0.0 
5 0.0 0.0 0.0 0.0 0.2491 0.7153 0.2491 0.0 
6 0.0 0.0 0.0 0.0 0.0 0.2491 0.7587 0.5053 
L 0.0 0.0 0.0 0.5054 0.0 0.0 0.5053 0.0 
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 Based on the coupling matrix, now the parameters of the parallel-coupled lines can be 

obtained in (3-6) and (3-7). Let f1 = 1575 MHz and f2 = 1227 MHz. For the microstrip 

implementation of the upper path of the dual-path coupling scheme, the schematic is 

shown in Figure 3-12. For the passband at f1, the corresponding path is S-1-2-3-L. 

Choosing θS1 = θ12 = θ23 = θ3L = θ1 = θ2 = θ3 = 60o (i.e., the length of each resonator is 180o, 

so that the slope parameter b = π/2/Z0), the calculated parameters of the parallel-coupled 

lines are listed in Table 3.11. The similar procedure is applied to the lower path, and the 

schematic is shown in Figure 3-13 and parameters are listed in Table 3.12. In Table 3.10, 

the asymmetric property of the passband comes from the different diagonal terms, so that 

the length of the coupled line should be slightly tuned.  

 

 
Figure 3-12 The schematic of the parallel-coupled line for the upper path of the dual-path 
coupling scheme. 

 

Table 3.11 The Calculated Parameters for the Parallel-Coupled Line of the Upper Path. 

f1 = 1575 MHz 
 MS1 M12 M23 M3L 
J 0.0075 0.0014 0.0014 0.0075 

Zoe (Ω) 82.5198 57.8927 57.8927 82.5198 
Zoo (Ω) 37.1236 40.0080 40.0080 37.1236 
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Figure 3-13 The schematic of the parallel-coupled line for the upper path of the dual-path 
coupling scheme. 
 

Table 3.12 The Calculated Parameters for the Parallel-Coupled Line of the Lower Path. 

f2 = 1227 MHz 
 MS4 M45 M56 M6L 
J 0.0075 0.0014 0.0014 0.0075 

Zoe (Ω) 82.5108 57.8963 57.8963 82.5108 
Zoo (Ω) 37.1245 40.0060 40.0060 37.1245 

 

 

Figure 3-14 The performances for the parallel-coupled line model and coupling matrix of 
lower and upper paths. 

 

Table 3.13 The Tuned Lengths of the Parallel-Coupled Line in Figure 3-12 and Figure 

3‐13 
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θ12 65o θ45 65o 

θ23 65o θ56 65o 

θ3L 55o θ6L 57o 

θ1 58o θ4 59o 

θ2 49o θ5 50o 

θ3 58o θ6 59o 

 

 After tuning the lengths, the performances for the upper and lower path are shown in 

Figure 3-14 with the tuned lengths listed in Table 3.13. To combine two filters into a 

dual-band filter, the double-diplexing configuration is used, as shown in Figure 3-15. The 

f0 in the figure is the central frequency of the dual-band filter. In [132], the imaginary part 

of the input admittance for the path S-1-2-3-L (which is passband at f1) is zero at f2, while 

the imaginary part of the input admittance for the path S-4-5-6-L is zero at f1. Applying 

this procedure to the dual-band filter for the GPS system and fine tuning the lengths of 

each filter, the final lengths are listed in Table 3.14. The performances are shown in Figure 

3-16. 

 

 

Figure 3-15 The double-diplexing configuration proposed by [132] 
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Table 3.14 The Final Lengths of the Dual-band Filter for GPS System. 

f1 = 1575 MHz f2 = 1227 MHz f0 = 1390 MHz 

θS1 58.5o θS4 57.5o θ1 150o 

θ12 68o θ45 64o θ2 97o 

θ23 68o θ56 64o  

θ3L 58.5o θ6L 57.5o 

θ1 54o θ4 57.5o 

θ2 45o θ5 50o 

θ3 54o θ6 57.5o 

 

 
Figure 3-16 The bandpass performances of the dual-band filter for the GPS system. 

 

3.6 Microstrip Implementation for Single-path and Dual-path 

Dual-band filters 

  

 The synthesis procedure has been illustrated completely. In this section, the microstrip 
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implementations for the filters described in the previous section will be used to 

demonstrate the validation of the proposed filter synthesis.  

 

3.6.1 The Single-path Dual-band Filter 

 

 Table 3.2 lists the coupling matrix with the coupling scheme shown in Figure 3-2. 

The central frequencies of the two passbands in the practical design are 2.3 and 2.7 GHz, 

while the fractional bandwidth is 5% in each passband. For the practical implementation, a 

0.508-mm-thick Rogers RO4003 substrate with a relative dielectric constant 3.58 and a 

loss tangent of 0.0021 is used. Based on the design procedure in [139] for choosing the 

length of the quadruplet cross-coupling, the layout of the proposed microstrip filter is 

shown in Figure 3-17. The dimensions are listed in Table 3.15.  

 In Table 3.2, the element of cross coupling MS,3 is 0.6590, which is even larger than 

the direct couple MS,1 (0.5624) along the main path. Hence the cross couple will be treated 

similarly as the direct coupled path between source and resonator 3. Such a strong 

cross-coupling strength MS,3 contributes the separation of two passbands. In the practical 

design, the length of each coupled line section is initially set to be a quarter-wave length at 

2.5 GHz. It is then simulated by ADS to obtain the final practical length. 

 

 
Figure 3-17 The circuit layout for the filter with the coupling matrix listed in Table 3.2 
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Table 3.15 Dimensions for the Layout Shown in Figure 3-17. (Unit: mm) 

W0 W1 W2 W3 W4 W5 W6 L0 
1.1180 0.2540 0.2540 0.2540 0.3302 0.2032 0.2032 2.5400 

L1 L2 L3 L4 L5 L6 L7 L8 
16.7400 20.8500 15.7700 21.0600 15.7200 10.1600 32.1300 4.9780 

L9 L10 L11 S1 S2 S3 S4 S5 
11.2300 5.0800 11.4300 0.2540 0.8382 0.8382 0.2540 0.2032 

G0 G1       
0.2540 0.2032       

 

 

Figure 3-18 The practical microstrip implementation for the filter with the coupling matrix 
listed in Table 3.2 
 

 

Figure 3-19 The responses for the single-path dual-band filter in Figure 3-18. 
 

 Figure 3-18 shows the photograph for the single-path dual-band filter and the 

measured S-parameters are shown in Figure 3-19. In the figure, the measured results agree 
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well with the simulated one. 

 

3.6.2 The Symmetric Dual-path Dual-band Filter 

 

Table 3.6 lists the coupling matrix with the coupling scheme shown in Figure 3-4. The 

central frequencies of the two passbands in the practical design are 2.2 and 2.7 GHz, while 

the fractional bandwidth is 5% in each passband. For the practical implementation, a 

0.6350mm-thick Rogers RT/Duroid 6010 substrate, with a relative dielectric constant 10.2 

and a loss tangent of 0.0021, is used to implement such a dual-band filter. The design 

parameters can be obtained using (3-6) and (3-7). The layout of the dual-band microstrip 

filter is shown in Figure 3-20 with the dimensions are listed in Table 3.16. 

 In this example, the transmission zeros within the stopbands are known to be 

governed by the trisection portion of coupling scheme MS,2 and M5,L in Figure 3-4. The 

values of the corresponding elements are -0.0958 and 0.0958 in Table 3.6, which are 

smaller than the element value along the main path. This makes sense because the 

locations of transmission zeros are far from the corresponding passbands. In Figure 3-20, 

the lengths of the two coupling lines L16 (0.685 mm) and L20 (0.7112 mm) are obviously 

shorter than other coupled lines in the main path. The gaps G1 and G2 are also wider than 

the gaps of the main coupling path. Because of the dual-path schematic, a transmission 

zero to separate two passbands exists inherently. The dual-path coupling scheme also 

provides another advantage, which is the initial length of each coupled line that can be 

obtained at each resonant frequency due to each path governs one passband. After 

simulated by ADS, the final practical dimensions will be obtained. 
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Figure 3-20 The layout for the dual-path dual-band filter with the coupling matrix listed in 

Table 3.6. 
 

Table 3.16 Dimensions for the Layout Shown in Figure 3-20. (Unit: mm) 

W0 W1 W2 W3 W4 W5 W6 W7 
1.1180 0.2032 0.8636 0.4064 1.0160 1.1940 0.2286 0.2286 

L0 L1 L2 L3 L4 L5 L6 L7 
2.5400 3.9120 7.1120 2.9970 4.0130 9.2960 9.0420 7.1120 

L8 L9 L10 L11 L12 L13 L14 L15 
7.5180 6.0710 6.9090 1.6510 8.1030 9.3470 8.6870 6.9090 

L16 L17 L18 L19 L20 S1 S2 S3 
0.6850 10.5400 6.5530 8.0010 0.7112 0.2032 0.5080 0.2032 

S4 G1 G2      
0.5080 0.9144 1.0920      

 

 

Figure 3-21 The photograph of implemented microstrip symmetric dual-band filter with 
the coupling matrix listed in Table 3.6. 
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Figure 3-22 The responses for the symmetric dual-path dual-band filter in Figure 3-21. 

 

 Figure 3-21 shows the photograph for the symmetric dual-path dual-band filter and 

the measured S-parameters are shown in Figure 3-22. In the figure, the measured results 

agree well with the simulated one. 

 

3.6.3 The Asymmetric Dual-path Dual-band Filter 

 

 Table 3.9 lists the coupling matrix with the coupling scheme shown in Figure 3-9. 

The central frequencies of the two passbands in the practical design are 2.26 and 2.7 GHz, 

while the fractional bandwidth is 5% in each passband. For the practical implementation, a 

0.508-mm-thick Rogers RO4003 substrate, with a relative dielectric constant 3.58 and a 

loss tangent of 0.0021, is used to implement such a dual-band filter. The design parameters 

can be obtained using (3-6) and (3-7). The layout of the dual-band microstrip filter is 

shown in Figure 3-23 with the dimensions are listed in Table 3.17. The circuit photograph 

is shown in Figure 3-24 and Figure 3-25 shows the measured results, which agree well 

with the simulated performance.  
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Figure 3-23 The layout for the asymmetric dual-path dual-band filter with the coupling 
matrix listed in Table 3.9.  

 

 

Table 3.17 Dimensions for the Layout Shown in Figure 3-23. (Unit: mm) 

W1 W2 W3 W4 W5 W6 W7 W8 
1.2500 1.2500 0.9250 0.2000 0.6000 0.7000 0.2000 1.2500 

W9 W10 L1 L2 L3 L4 L5 L6 
0.6000 1.0250 20.0500 12.1000 19.6500 15.1000 18.6500 19.5000

L7 L8 L9 L10 S1 S2 S3 S4 
20.1250 17.4750 19.9500 18.0250 0.2750 0.6500 1.2500 1.0750 

S5 S6 S7 S8 S9 S10 Wd D1 
0.2000 0.2000 1.2250 0.7500 1.1750 0.2000 0.2000 10.2250

D2 D3 D4 D5 D6 D7 D8 G1 
46.6500 16.4500 0.7750 0.6000 12.5750 57.3500 6.5000 0.2250 

G2 Wa U1 U2 U3 U4 Wb B1 
0.2000 0.2000 23.4500 6.3250 4.9600 23.6000 0.2250 1.6500 

B2 B3 B4 Wc C1 C2 Wf F1 
1.7000 1.7000 1.6500 1.67500 10.0500 10.0500 1.1000 2.5000 

 



 

76 

 

 

Figure 3-24 The photograph of implemented microstrip asymmetric dual-band filter with 
the coupling matrix listed in Table 3.9. 

 

 
Figure 3-25 The responses for the asymmetric dual-path dual-band filter in Figure 3-24. 

 

 Furthermore, to observe the mechanism of the cross-coupling in each passband, the 

current density under two passbands is simulated. In Figure 3-26 (a), the current mainly 

flows through the upper path and the cross-coupled quadruplet at 2.69 GHz. At 2.263 GHz, 

the current flows through not only the lower path, but also the cross-coupled quadruplet 

within the upper path and the resonator 3, as shown in Figure 3-26 (b). It agrees with the 

discussion in Sec. 3.4.2. 
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Figure 3-26 Simulated current density of the filter in Figure 3-24 (a) at 2.69 GHz, and (b) 
at 2.263 GHz. 

 

3.7 Conclusion 

 

 In this chapter, we introduce the relations between the coupling coefficients and 

parameters of the parallel-coupled line. For the convenient of the implementation, the 

single-path and dual-path coupling schemes are proposed. Within these two topologies, the 

dual-path coupling scheme shows the advantage of the physical insights, and the 

transmission zeros can be assigned to each passband using the well-known mechanisms in 

the single-band filter design. By adding the additional quadruplet or trisection coupling 

scheme in the coupling paths, the dual-band filter with finite transmission zeros is design 

and implemented. The measured results have shown good agreement with simulated results. 
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Based on the synthesis procedure in Chapter 2, the proposed dual-band filters have shown 

properties of the flexible response, good performance, and quick design procedure. 
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Chapter 4 

Two-mode Dual-band Filter Design Using E-shaped Resonators 

 

4.1 Introduction 

 

 Two-mode resonators are attractive for its advantage of the size reduction in the filter 

design. Based on the property of two-mode, the interaction between these two modes of the 

resonator can be completely separated for the physical consideration. Many articles have 

been provided to design the dual-band filter with two-mode resonators. However, the fully 

analytical design has not been proposed yet. 

 E-shaped resonator is validated in dual-mode single-band filter design [122]-[124] 

and is a good candidate in dual-band filter design [125]. The even- and odd-mode analysis 

of the E-shaped resonator is proposed in [122] and corresponding coupling scheme is 

proposed in [124]. In this chapter, the analytical approach for two-mode dual-band filter 

synthesis using E-shaped resonators is proposed. Based on the dual-band coupling matrix 

synthesis proposed in Chapter 2, the odd-mode of the E-shaped resonators is firstly 

analyzed to determine the dimensions corresponding to the odd-mode portion of the filter. 

Then, the central open-stub of the E-shaped resonator can be used to adjust the slope 

parameter of the even-mode to fit the requirement of the even-mode filter parameters. In 

addition, the out-of-phase property of the coupled edge of the E-shaped resonator is also 

discussed and used to improve the separation of two adjacent passbands. By properly 

arranging the filter layout, the filter order can be increased and the requested transmission 

zeros are available. The details are discussed in the following sections. 
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4.2 E-shaped Resonator 

 

 Figure 4-1 (a) shows the layout of the E-shaped resonator. Due to the electrically 

symmetric of the layout, the even- and odd-mode analysis can be applied, as shown in 

Figure 4-1 (b) and (c). Considering the boundary conditions of the electric field, that is, 

magnitude of electric field is maximum at the open end and is zero at the short end, the 

electric field distributions for even and odd modes of the E-shaped resonator are illustrated 

in Figure 4-2. In the figure, Lb = Lb1 + Lb2, so that the λo is larger than λe. Consequently, 

the self-resonant frequency of the even mode is higher than that of the odd mode. Based on 

the property, the self-resonant frequency of the even mode can be adjusted by tuning the 

length of the central stub of the E-shaped resonator(i.e., Lc) while the self-resonant 

frequency of the odd-mode is kept unchanged. 

 Due to the property of the separately adjusting the resonant frequency of these two 

modes, the dual-band filter is now analyzed using even-odd mode analysis and the 

analytical synthesized procedure is provided based on the synthesized coupling matrix. 

 

 

Figure 4-1 The schematic of the E-shaped resonator. (a). Layout. (b) Odd-mode. (c) 
Even-mode. 
 

La La

Lb Lb Lc

(a) (b) (c)
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Figure 4-2 The E-field distribution for the (a) odd-mode and (b) even mode of the 
E-shaped resonator. 

 

4.3 Analytical Approach in Two-mode Dual-band Filter Design 

Using E-shaped Resonators 

 

 Due to the even- and odd-mode of the resonators are at different resonant frequency, 

they are independent of the effects between each other at their operated frequency. Using 

these two modes to design a dual-band filter, each passband will be governed by its 

corresponding mode. Therefore, the proposed two-mode dual-band filter can be described 

by the coupling scheme shown in Figure 4-3. The two-mode mechanism is controlled by 

even- and odd-modes. The contributions from even- and odd-modes can be separated by 

two different coupling paths, and the dual-band performance of the two modes are then 

extracted using the coupling matrix synthesis. Each mode governs the performances of one 

passband. Here the back-to-back E-shaped resonator is used to construct the two-mode 

dual-band filter. Figure 4-4 (a) shows the layout for the proposed two-mode dual-band 

filter. Removing the central open stubs from the layout, as shown in Figure 4-4 (b), the 

odd-mode response can be analytically synthesized from the corresponding odd-mode 

portion of the coupling matrix. And then, the effects from the even-mode will be 

LaLb LaLb1Lc Lb2

La + Lb = λo/4 La + Lb1 = Lb2 + Lc = λe/4

|E| |E|

(a) (b)
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introduced by adding the open stubs, which dimensions are also determined in an 

analytical approach. In the following, we will introduce these analytical procedures to 

synthesize the two-mode dual-band filters. 

 

 
Figure 4-3 The coupling scheme for the two-mode dual-band filter design. 

 

 

Figure 4-4 (a) The proposed two-mode dual-band filter. (b) The layout for the odd-mode 
portion of the two-mode dual-band filter. The number shows the resonator index. 
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4.3.1 Analytical Approach for the Odd-mode Analysis 

 

 For the odd-mode analysis, the central open-stub in each E-shaped resonator has no 

effect. Therefore, it can be removed when designing the odd-mode filter. Figure 4-5 shows 

a generalized representation of a bandpass filter with resonators and J inverters. To 

evaluate the values of Js, (3-6) is applied. Once the values of the J inverters are obtained, 

the even- and odd-mode characteristic impedance for parallel-coupled line can be 

calculated by (3-7). For the anti-parallel coupled line [141], the formulation is shown in 

(4-1). Note that the electrical length if the anti-parallel coupled line should not equal 90o. 
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Figure 4-5 A generalized band-pass filter circuit using admittance inverters. 

 

4.3.2 Analytical Approach for the Even-mode Analysis 

 

 Now adding the central open-stub to the E-shaped resonator as shown in Figure 4-6 to 

design the even-mode-filter, note that the only adjustable parameters are the impedance 

and the electrical length of the central open-stub. These parameters must be adjusted to 

match the even-mode resonant frequency and the slope parameter to fit the requirement of 

Je
j-1,j. Based on the extracted Zoe, j-1,j and Zoo,j-1,j for the coupled lines, the Je

j-1,j is obtained 
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by (3-7). By the known Je
j-1,j and Me

j-1,j, the slope parameter can be obtained by (3-6). 

 To calculate the slope parameter from the equivalent circuit, Figure 4-7 shows the 

corresponding half circuit for even-mode analysis. In Figure 4-7, the slope parameter for 

even-mode half circuit can be obtained by (4-2) 
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where ωe is the even-mode resonant frequency. 

 In Figure 4-7, the even-mode resonant condition is 

 

0 2
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1
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0 .
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Y Z
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Figure 4-6 The circuit schematic of the E-shaped resonator. 
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Figure 4-7 (a) The even-mode analysis for the E-shaped resonator in Figure 4-6. (b) The 
equivalent circuit for the even-mode analysis. 

 

 By rearranging (4-2) we have  

 

2 2 '
0 2 2 0 1 2

' 2 '
0 1 1

sec 2 tan tan
.

4 2 sec

e

S e

Z Z b
Z

b Z
θ θ θ θ

θ θ
+

=
−                 (4-4) 

 

 To solve (4-3) and (4-4), the variables ZS and θ2 can be determined. Because the Zoe 

and Zoo based on Mo
j,j+1 are already fixed when designing the odd-mode filter, once the ZS 

and θ2 are obtained, the corresponding coupling coefficient for even-mode Me
j,j+1 is fixed 

accordingly. This phenomenon restricts the achievable filter parameters for the even-mode. 

(a)

(b)
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To identify the available dual-band characteristics, the Me
j,j+1 of the extracted layout needs 

to be estimated. Figure 4-8 shows the circuit that is used to identify the coupling 

coefficient between two E-shaped resonators operating at even-mode. 

 

 
Figure 4-8 The circuit is proposed to identify the coupling coefficient between two 
E-shaped resonators operating at even-mode. 

 

 The S21 can be derived based on the ABCD matrix of the circuit shown in Figure 4-8. 

The poles of S21 are dominated by element C’ of the sub-ABCD matrix shown in Figure 4-8 

due to the weak coupling (i.e., a very small value of capacitor CK). To find the roots of C’, 

the details is derived as follows. Firstly, the well-known equation for determining the 

coupling coefficient is  
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The above equations can be represented as  
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 Based on the coupling coefficient, two resonant frequencies can be obtained. 

Furthermore, the resonant frequencies can be also derived from the circuit in Figure 4-8. 

To use the cascade ABCD matrix, the ABCD matrix of the whole circuit can be represented 

as  
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 Based on the ABCD matrix, the S21 can be represented as 
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(4-9) 

 

The resonances are the roots of the denominator of S21. For the weak coupling test, here the 
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capacitance of CK is chosen as a very small value, say 0.0001 pF, Hence the 1/(ωCK)2 has 

relatively larger value than other terms, so the roots of C’ is close to the roots of the 

denominator of S21. 

 To find the expression C’, the analysis procedure in [141] can be applied to obtained 

the Ain, Bin, Cin, and Din by terminating two terminals of the coupled line with transmission 

lines, which have θS length and characteristic impedance 2ZS. Finally, C’ can be 

represented as 

 

2 2 2
0 0 0' sin cos sin cos sin cos .in a a in a in a in a aC jA Y Y B C jY Dθ θ θ θ θ θ= − + +    (4-10) 
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 From the above equation, it can be noted that C’ is a real coefficient equations and it 

is a second order equation with variable χ = -2ZScotθS. Hence the roots of C’ can be 
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obtained using the quadratic formula. 

 Based on (4-10), the roots of the denominator of S21 can be obtained by root finding 

for C’ under the weak coupling test. The exact value of the roots can be also obtained by 

(4-7). Due to the solutions from (4-7) are equal to the roots of C’, the derived equation is 

obtained as follows: 
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    (4-11) 

 

 Solving the equation, two resonant frequencies, which are fH and fL, can be extracted, 

and they are corresponding to two peaks of S21. Then the coupling coefficient is  

 

2 2

, 1 , 1 2 2 .e H L
j j j j

H L

f f
k M

f f+ +

−
= Δ =

+                       (4-12) 

 

where fH is the root with larger value than fL. 
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4.3.3 Impact of the Constrained Even-Mode ke on the Filter 

Performance 

 

 Because the even-mode coupling coefficient of the back-to-back E-shaped resonator 

is fixed during designing the odd-mode filter, the available even-mode filter parameters 

have limitations and will be discussed in the following. Here two cases are analyzed. The 

first one is to change the bandwidth ratio with frequency ratio as a parameter but the 

odd-mode bandwidth is fixed as 10%. The second condition is with a fixed frequency ratio 

but the bandwidth ratio is varied. Using (4-12), the impact on the return loss of the 

even-mode passband due to the relative error of coupling coefficient (Δke) can be observed 

through following examples. Here three topologies are used, as shown in Figure 4-9. 

Figure 4-10 shows the theoretical results of the two-mode dual-band filter with different 

central frequency ratio but the odd-mode bandwidth is fixed to be 10% and the bandwidth 

ratio is also fixed to be 1.3. Figure 4-11 shows the calculated Δke of the proposed analytical 

design of back-to-back E-shaped resonator versus bandwidth ratio with frequency ratio as a 

parameter where the odd-mode bandwidth keeps being 10%. On the other hand, Figure 

4-12 shows the theoretical return loss of the same coupling scheme. In this case, however, 

the central frequency ratio is fixed to be 0.75 with different fractional bandwidth. Again, 

Figure 4-13 shows the Δke versus bandwidth ratio. 
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Figure 4-9 Three topologies used for estimating ke. (a) The coupling scheme for the 
coupling matrix in Table 4.1. (b) The coupling scheme for the Example 1 in the following 
section. (c) The coupling scheme for the Example 2 in the following section. 
 

 

Figure 4-10 S11 with various even-mode frequencies. (a) Coupling scheme shown in Figure 
4-9 (a) with 15 dB return loss. (b) Coupling scheme shown in Figure 4-9 (b) with 20 dB 
return loss. (c) Coupling scheme shown in Figure 4-9 (c) with 15 dB return loss. (Circle: fo 
= 0.8fe. Triangle: fo = 0.75fe, X: fo = 0.7fe). All cases are under the 10% fractional 
bandwidth on odd-mode and Δodd/Δeven = 1.3. 
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Figure 4-11 The difference between the exact and the estimated coupling coefficients with 
various fractional bandwidth on even-mode and different frequency ratios of two 
passbands. (Triangle: Coupling scheme shown in Figure 4-9 (a) with 15 dB return loss. 
Circle: Coupling scheme shown in Figure 4-9 (b) with 20 dB return loss. Square: Coupling 
scheme shown in Figure 4-9 (c) with 15 dB return loss). All cases are under the 10% 
fractional bandwidth on odd-mode. 
 

 

Figure 4-12 S11 with various fractional bandwidths on odd-mode. (a) Coupling scheme 
shown in Figure 4-9 (a) with 15 dB return loss. (b) Coupling scheme shown in Figure 4-9 
(b) with 20 dB return loss. (c) Coupling scheme shown in Figure 4-9 (c) with 15 dB return 
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loss. (Circle: Δodd = 5%. Triangle: Δodd = 10%). All cases are under fo = 0.75fe and Δodd / 
Δeven = 1.3. 

 
Figure 4-13 The difference between the exact and estimated coupling coefficients with 
various fractional bandwidth on both odd- and even-modes. (Triangle: Coupling scheme 
shown in Figure 4-9 (a) with 15 dB return loss. Circle: Coupling scheme shown in Figure 
4-9 (b) with 20 dB return loss. Square: Coupling scheme shown in Figure 4-9 (c) with 15 
dB return loss). All cases are under fo = 0.75fe. 

 

 Figure 4-11 gives designers a guideline to choose the frequency ratio under the 

specific coupling scheme. Here Δodd /Δeven = 1.3 is used as an example to explain how to 

choose the frequency ratio. For the case which has the coupling scheme in Figure 4-9 (b) 

with 20 dB return loss (circle symbol), it shows Δke is about +11% under fo = 0.7fe (solid 

line), Δke is about +0.5% under fo = 0.75fe (dashed line), and Δke is about -7% under fo = 

0.8fe (dotted line). Compared with the results shown in Figure 4-10 (b), the S-parameters 

under fo = 0.7fe with +11% relative error is close to the dotted line with X symbols, the 

S-parameters under fo = 0.75fe with +5% relative error is close to the solid line with 

triangle symbols, and the S-parameters under fo = 0.8fe with -7% relative error is close to 

the dashed line with circle symbols.  
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return loss chosen with Δodd /Δeven = 1.3, the frequency ratio fo = 0.75fe is the better choice 

for the small relative error. For the example shown in Figure 4-18, the Δodd /Δeven = 1.3 and 

fo = 0.718fe , such that the relative error of coupling coefficient is within 0~10% as shown 

in Figure 4-11. The same analysis can be applied to Figure 4-13. For other specific 

coupling scheme, the figure of relative errors has to be firstly analyzed to provide the 

guideline in two-mode dual-band filter design. 

 

4.3.4 Analytical Calculation Example: Fourth-order Two-mode 

Dual-band Bandpass Filter 

 

 To demonstrate the proposed analytical approach for two-mode dual-band bandpass 

filter design, a forth-order two-mode dual-band filter is used as an example. The filter 

parameters for the dual-band synthesis are as follows: The first passband central frequency 

is firstly shifted from 0 to -0.764 rad/s at the lowpass domain and the multi-band lowpass 

domain bandwidth is 0.4587 rad/s. Similarly, the second passband central frequency is 

shifted from 0 to 0.8211 rad/s and the multi-band lowpass domain bandwidth is 0.3489 

rad/s. Both filters are the second-order filters with return loss of 15 dB. After parallel 

addition of two filtering functions, the corresponding coupling matrix is obtained in Table 

4.1 with coupling scheme shown in Figure 4-9. The four-pole dual-band filter is then 

transformed to the bandpass domain with central frequency at 2 GHz and the fractional 

bandwidth bandwidth 40%. It means the frequencies for odd- and even-mode are 1.707 and 

2.376 GHz, with odd-mode bandwidth 1.3 times larger than that of even-mode. The circuit 

schematic of the two-mode dual-band filter is illustrated in Figure 4-14. To evaluate the 

parameters for odd-mode firstly, the central open-stubs are removed and the corresponding 

layout is shown in Figure 4-15. The values of the J inverters are then calculated by (3-6) 
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and Zoe and Zoo of the coupled line are obtained by (3-7) and (4-1) and shown in Table 4.2 

with E1 = E2 = 2E3 = 60o. The Zoe and Zoo for the MS,1
o and M2

o
,L are calculated by (3-7), 

and Zoe and Zoo for the M1
o

,2
o are calculated by (4-1). The odd-mode performances are 

simulated with ADS and shown in Figure 4-16, where the performances from the extracted 

circuits agree well with that from the coupling matrix. 

 

Table 4.1 Coupling Matrix for the Two-mode Dual-band Filter 

 

 

 

Figure 4-14 Two proposed layouts of back-to-back E-shaped resonators. 

 

S 1o 2o 1e 2e L
S 0.0 0.4973 0.0 0.4404 0.0 0.0 
1o 0.4973 0.8043 0.2872 0.0 0.0 0.0 
2o 0.0 0.2872 0.8043 0.0 0.0 -0.4973 
1e 0.4404 0.0 0.0 -0.8614 0.2202 0.0 
2e 0.0 0.0 0.0 0.2202 -0.8614 0.4404 
L 0.0 0.0 -0.4973 0.0 0.4404 0.0 
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Figure 4-15 The corresponding layout for the odd-mode part of the filter 

 

Table 4.2 The Calculated Impedances for the Odd-mode Analysis 

 MS,1
o M1

o
,2

o M2
o

,L 
J 0.0079 0.0018 0.0079 

Zoe 84.9270 62.3482 84.9270 
Zoo 36.9231 40.9896 36.9231 

 

 
Figure 4-16 The performances for the odd-mode part of the filter in Figure 4-15. 
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B receive signals with the same amplitude but 180 degree out-of-phase, as shown in Figure 

4-16 and Figure 4- 17. It can be illustrated using the odd-mode analysis. Due to the 

odd-mode, the electrical fields ate two ends of the resonator have same magnitude but they 

are 180-degree out-of-phase. This phase inversion has no influence on a single mode filter 

but can provide an extra transmission zero for two-mode filter. Now, the odd mode filter 

design is completed. 

 

 

Figure 4- 17 The 180-degree out-of-phase between two output ports in Figure 4-15. 
 

 To introduce the even-mode, we add the central open-stubs. Use (4-3) and (4-4), ZS,4 

= ZS,5 = 20.3602 Ω and E4 = E5 = 49.025o. Using (4-11) and (4-12), the estimated ke
1,2 is 

0.0829, such that the approximated M1
e,2e is 0.2072. (Here the ideal M1

e,2e is 0.2202.) The 

simulation results are obtained using ADS and shown in Figure 4-18.  
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Figure 4-18 The performance of the two-mode dual-band filter of the circuit A in Figure 
4-14 

 

 It should be pointed out that as the sign of elements M2
o

,L and ML, 2
o in Table 4.1 is 

changed, i.e., -0.4973, a transmission zero appears between two passbands and provides a 

good rejection of these two passbands. As we have mentioned, different circuit prototypes 

of back-to-back E-shaped resonators provide 180 degree phase difference, and it 

corresponds to the sign change in the coupling coefficient. Hence when choosing the 

circuit B in Figure 4-14 without changing the layout dimensions, the new response is 

shown in Figure 4-19. It provides an easy physical mechanism to change the sign of the 

coupling coefficient. In this case, with moving the output port location, the stopband 

rejection can be enhanced.  

 In this example, the Δodd/Δeven = 1.3 and fo = 0.718fe, such that the relative error of the 

coupling coefficient is within 0~10% as shown in Figure 4-11. Hence in Figure 4-10 we 

predict the return loss level of the second passband will be larger than 20 dB, and it agrees 

with the result shown in Figure 4-19. 

Frequency (GHz)
1.6 1.8 2.0 2.2 2.4 2.6

|S
11

|,|
S

21
| (

dB
)

-60

-50

-40

-30

-20

-10

0

Coupling Matrix
Circuit A

S21

S11



 

99 

 

 
Figure 4-19 The performance of the two-mode dual-band filter of the circuit B in Figure 
4-14. 
 

4.4 Examples for Practical Filter Implementation 

 

 The two-mode dual-band filters with E-shaped resonators have been synthesized 

analytically using the proposed approach. Furthermore, the additional transmission zeros 

on the stopbands can be analyzed using the coupling matrix synthesis, and they are 

introduced in the following examples. For the practical implementation, a 0.635-mm-thick 

Rogers RT/Duroid 6010 substrate, with a relative dielectric constant 10.2 and a loss 

tangent of 0.0021, is used to implement following filters. 

 

4.4.1 Example 1: Fourth-order Two-mode Dual-band Bandpass 

Filter with 4 Transmission Zeros 
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filter is determined by the analytical coupling matrix synthesis procedure in Chapter 2. The 

relative error of coupling coefficient can be obtained by the lines with triangle symbol in 

Figure 4-11. In this example we choose Δodd/Δeven = 1.3 and fo = 0.707fe, so that the relative 

error is 0~10%. Based on the above relation, we choose fo = 1.688 GHz and fe = 2.385 

GHz. The settings for the synthesis procedure are as follows: The first passband central 

frequency is firstly shifted from 0 to -0.8219 rad/s with two shifted transmission zeros at 

-1.55 and -0.095 rad/s and the multi-band lowpass domain bandwidth is 0.43 rad/s in the 

lowpass domain. Similarly, the second passband central frequency is shifted from 0 to 

0.863 rad/s with two shifted transmission zeros at 0.15 and 1.6 rad/s and the multi-band 

lowpass domain bandwidth is 0.36 rad/s in the lowpadd domain. Both filters are the 

second-order filters with return loss 14.5 dB. After parallel addition of two filtering 

functions, the lowpass domain response of the dual-band filter is shown in Figure 4-20 and 

the coupling scheme is shown in Figure 4-9 (b). The corresponding coupling matrix is 

listed in Table 4.3. The four-pole dual-band filter is then transformed to the bandpass 

domain with central frequency of 2 GHz and bandwidth of 40%. 

 

 
Figure 4-20 The lowpass response and the coupling scheme for example 1. 
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Table 4.3 The Coupling Matrix for the Filter in Example 1. 

 

 

 To implement this filter using the proposed method, here the source-load coupling is 

firstly neglected and it will be discussed latter. The first phase is odd-mode analysis. The 

odd-mode portion governs the lower passband and the odd-mode coupling path is 

S-1o-2o-L of the coupling scheme in the Figure 4-9 (b). Based on that E1 and E2 are both 

60o and E3 is 30o in Figure 4-15, the values of J inverters can be calculated by (3-6), (3-7), 

and (4-1) with MS,1
o, M1

o
,2

o, and M2
o

,L, and the calculated Zoe and Zoo are listed in Table 4.4. 

After determining the Zoe and Zoo, the second phase is to do the even-mode analysis. The 

central frequency of these two passbands are 1.688 and 2.385 GHz, such that the extracted 

ZS,4 and θ4 based on MS,1
e are 19.5383 Ω and 45.8750o, and ZS,5 and θ5 based on M2

e
,L are 

14.5280 Ω and 37.4750o by (4-3) and (4-4). Furthermore, for the implementation issue, the 

circuit A in Figure 4-14 is used for the convenience of the source-load coupling. 

 

Table 4.4 The Calculated Impedances for the Odd-mode Analysis in Example 1. 

 MS,1
o M1

o
,2

o M2
o

,L 
J 0.0076 0.0019 0.0068 

Zoe 83.1529 63.0422 78.5648 
Zoo 37.0656 40.6257 37.5806 

 

 To model the source-load coupling the capacitive type π section is used due to the 

negative source-load coupling coefficient (i.e., MS,L = -0.2427), and the π section to is 

S 1o 2o 1e 2e L
S 0.0 0.4973 0.0 0.4244 0.0 -0.2427 
1o 0.4973 0.8331 0.3007 0.0 0.0 0.0 
2o 0.0 0.3007 0.8439 0.0 0.0 0.4304 
1e 0.4244 0.0 0.0 -0.8739 0.2309 0.0 
2e 0.0 0.0 0.0 0.2309 -0.8846 0.3831 
L -0.2427 0.0 0.4304 0.0 0.3831 0.0 
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shown in Figure 4-21. To make Y matrices of the π section and the source-load coupling 

equal, the value of C is 

 

,

0 0

S LM
C

Zω
= −                           (4-13) 

 

 
Figure 4-21 The capacitor type π section for source-load coupling in example 1. 

 

 Here the designated central frequency 2 GHz is used and then initial C is 0.386 pF. 

Connecting the π section to the node C and D in the Figure 4-14 and fine tuning the value 

of C, the performance is shown in Figure 4-22 with C = 0.26 pF. The performance will be 

further improved by tuning lengths of coupled lines due to the asynchronously tuned 

property. 

 
Figure 4-22 The performance of the synthesized circuit in example 1. 
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 For the microstrip implementation, the interdigital capacitor is used to replace the 

capacitor type π section [142]. The final schematic and circuit photograph are shown in 

Figure 4-23 with dimensions listed in Table 4.5. 

 

 

Figure 4-23 The schematic layout of the two-mode dual-band filter in example 1. 
 

Table 4.5 The Dimensions in Figure 4-23 (Unit: mm) 

WS W1 W2 W3 W4 W5 W6 WC 
0.575 0.225 0.225 0.675 2.025 3.650 0.575 0.150 

LS L1 L2 L3 L4 L5 L6 L7 
2.500 11.550 11.925 6.725 6.700 4.825 9.025 9.575 

LC S1 S2 SS GC DC   
1.250 0.200 0.200 0.500 0.150 0.250   

 

 Figure 4-24 shows the circuit photograph, and Figure 4-25 shows the simulated and 

measured performances and the corresponding group delays. The EM simulator Sonnet is 

used to efficiently provide the simulated results. Here the inter-digital capacitor is used to 

produce the source/load coupling, so that two quadruplet coupling schemes, S-1o-2o-L-S 

and S-1e-2e-L-S, are presented to introduce the upper and lower sideband transmission 

zeros in each passband. Two back-to-back E-shaped resonators contribute two passbands, 
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and each passband is governed by either even-mode or odd-mode. By two-mode operation 

of the E-shaped resonator, the coupling scheme shown in Figure 4-9 (b) can be achieved 

successfully. The measured result agrees well with the simulated performance, hence the 

proposed design flow is validated well. 

 

 
Figure 4-24 The circuit photograph of the two-mode dual-band filter in example 1. 

 

 
Figure 4-25 Measured and simulated performances and group delay of the two-mode 
dual-band filter in example 1. 
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4.4.2 Example 2: Sixth-order Two-mode Dual-band Bandpass 

Filter 

 

 To validate the ability of the proposed method for high order two-mode dual-band 

filter, here a sixth-order two-mode dual-band filter is used. The performance of the 

sixth-order two-mode dual-band bandpass filter is also determined by the analytical 

coupling matrix synthesis procedure in Chapter 2. The relative error can be obtained by the 

lines with square symbol in Figure 4-11. In this example, we choose Δodd/Δeven = 1.3 and fo 

= 0.79fe, so that the relative error is within 0% ~ -7%. Here we choose fo = 1.79 GHz and fe 

= 2.265 GHz. The settings for the synthesis procedure are as follows: The first passband 

central frequency is firstly shifted from 0 to -0.738 rad/s and the multi-band lowpass 

domain bandwidth is 0.515 rad/s in the lowpass domain. Similarly, the second passband 

central frequency is shifted from 0 to 0.797 rad/s and the multi-band lowpass domain 

bandwidth is 0.396 rad/s in the lowpass domain. Both filters are the third-order filters with 

return loss of 15 dB. After parallel addition of two filtering functions, the lowpass domain 

response of the dual-band filter is shown in Figure 4-26 and the coupling scheme is shown 

in Figure 4-9 (c). The corresponding coupling matrix is listed in Table 4.6. The six-pole 

dual-band filter is then transformed to the bandpass domain with the central frequency of 

2GHz and bandwidth of 30%. 
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Figure 4-26 The lowpass response and the coupling scheme for example 2. 

 

Table 4.6 The Coupling Matrix for Dual-band Filter in Example 2 

 

 

 Before applying the proposed method to analyze the sixth-order two-mode dual-band 

filter, the circuit layout used in this example is circuit A in Figure 4-27. First phase is to 

determine the values of J inverter. The coupling path of odd-mode analysis is S-1o-2o-3o-L 

of the coupling scheme in Figure 4-9 (c). The initial E1, E3, and E4 are 60o, and E2 and E5 

are 30o. Hence the values of J inverters can be calculated by (3-6), (3-7), and (4-1) with 

MS,1
o, M1

o
,2

o, M2
o

,3
o, and M3

o
,L, and the calculated Zoe and Zoo are listed in Table 4.7. After 

determining the Zoe and Zoo, the second phase is to do the even-mode analysis. The central 

LOWPASS PROTOTYPE FREQUENCY (rad/sec)
-2 -1 0 1 2

|S
11

|,|
S 2

1|
 (d

B
)

-60

-50

-40

-30

-20

-10

0

S11

S21
S L

1o 2o

1e 2e

3o

3e

Source/Load

Resonator

S 1 2 3 4 5 6 L
S 0.0 0.4783 0.0 0.0 0.4214 0.0 0..0 0.0
1 0.4783 0.7689 0.2247 0.0 0.0 0.0 0.0 0.0
2 0.0 0.2247 0.7435 0.2247 0.0 0.0 0.0 0.0
3 0.0 0.0 0.2247 0.7689 0.0 0.0 0.0 0.4783
4 0.4214 0.0 0.0 0.0 -0.8282 0.1729 0.0 0.0
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6 0.0 0.0 0.0 0.0 0.0 0.1729 -0.8282 0.4214
L 0.0 0.0 0.0 0.4783 0.0 0.0 0.4214 0.0
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frequencies of these two passbands are 1.79 and 2.265 GHz, such that the ZS,6 is 15 Ω, E6 

is 53.5750o based on MS,1
e, ZS,7 is 29.3353 Ω, E7 is 59.3250o based on M2

e
,3

e, and ZS,8 is 15 

Ω, E8 is 53.5750o based on M3
e
,L by (4-3) and (4-4). The performance can be improved due 

to the asynchronously tuned property. By slightly tuning the lengths, E1 is 59o, E2 is 31o, E3 

is 58.5o, E4 is 61.5o, E5 is 30.5o, E6 is 53.5o, E7 is 71o, and E8 is 52.5o. The response of the 

synthesized circuit is illustrated in Figure 4-28. As we mention previously, the circuit A 

and circuit B in Figure 4-15 will have 180 degree out-of-phase. To validate the separation 

enhancement, the performances of circuit A and B in Figure 4-27 are analyzing without 

changing values of design parameters and they are presented in Figure 4-29. The S11 are 

similar, but the rejection between two passbands is better in the circuit A than that in the 

circuit B. 

 

 
Figure 4-27 The circuit schematic of two-mode dual-band filter in example 2. 
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Table 4.7 The Calculated Impedances for the Odd-mode Analysis in Example 2. 

 MS,1
o M1

o
,2

o M2
o

,3
o M3

o
,L 

J 0.0066 0.0011 0.0021 0.0066 
Zoe 77.1181 56.7306 56.8866 77.1181 
Zoo 37.7917 44.4001 44.6139 37.7917 

 

 
Figure 4-28 The performance of the synthesized circuit in example 2. 

 

 
Figure 4-29 The performance of circuit A and circuit B in example 2. 

 

 For the microstrip implementation, the final layout is shown in Figure 4-30 and the 
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circuit photograph is shown in Figure 4-31 with dimensions listed in Table 4.8. The 

measured and simulated results are shown in Figure 4-32. 

 

 

Figure 4-30 The layout of the two-mode dual-band filter in example 2. 
 

 
Figure 4-31 The circuit photograph of the two-mode dual-band filter in example 2. 

 

Table 4.8 The Dimensions in Figure 4-31 (Unit: mm) 

WS W1 W2 W3 W4 W5 W6 W7 
0.575 0.200 0.575 0.575 0.550 0.575 0.2 3.375 

W8 W9 LS L1 L2 L3 L4 L5 
1.700 4.225 2.500 11.000 8.475 6.650 7.950 6.650 
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L6 L7 L8 L9 L10 L11 S1 S3 
9.250 7.600 9.550 6.500 6.675 7.950 0.200 1.000 

S4 S6       
0.500 0.200       

 

 
Figure 4-32 Measured and simulated performances and group delay of the two-mode 
dual-band filter in example 2. 

 

4.5 Conclusion 

 

 The novel analytical approach has been presented to design two-mode dual-band 

filters. Two examples with different filter orders have been implemented to show the 

feasibility of the method. By using these configurations and requested coupling matrices, 

even- and odd-mode analysis of E-shaped resonators have been used to determine the 

circuit parameters. Back-to-back E-shaped resonators have been analyzed to show the 

out-of-phase property by coupling at the specific edge. This out-of-phase property is used 

to enhance the filter selectivity. The transmission zeros are implemented to achieve the 

sharp rollpff. With the coupling-matrix-based synthesis of two-mode dual-band filter 
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design, the compact size, flexible responses, good performances and quick design 

procedure are achieved.  
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Chapter 5 

Two-mode Tri-band and Quad-band Filter Design with Close 

Adjacent Passbands Using E-shaped Resonators 

 

5.1 Introduction 

 

 Dual-path topology has been validated for the convenient coupling scheme for 

dual-band filter design in the microstrip implementation. Based on the idea, that is one path 

governs one passband, the tri-path and quad-path topologies here are proposed for the 

tri-band and quad-band filters design. The filter consisted of the parallel-coupled lines 

discussed in Chapter 3 will be limited in tri-band and quad-band filter design by its spatial 

limitation, that is, the coupling between adjacent paths will ruin the filter performance due 

to the close distance. Moreover, the size of such kind of filters is large. 

 The two-mode E-shpaed resonator proposed in Chapter 4 has been proposed to used 

in dual-band filter design with small size and is valid in microstrip implementation. 

Furthermore, the dual-band coupling scheme has been demonstrated the validation in 

illustrating the coupling effects in this two-mode dual-band filter. Due to these properties, 

in this chapter the E-shaped resonators are proposed to be applied in tri-band and 

quad-band filter design using the tri-path and quad-path topologies. 

 Based on the analysis in Chapter 4, the design parameters can be extracted 

analytically. Moreover, by grouping two adjacent passbands, the tri-band and quad-band 

performances are then divided into two groups in each design. In each group, the filter with 

dual-band performance can be synthesized analytically using E-shaped resonator. Finally, 

to combine these two synthesized filter, double diplexing configuration is used with some 
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fine tunes, and then the tri-band and quad-band filter can be obtained.  

 

5.2 Double Diplexing Configuration 

 

 The double diplexing configuration for dual-band filter design is shown in Figure 

3-15. To apply the configuration for the tri-band and quad-band filter, Figure 5-1 shows the 

schematic. The design equation will be modified as follows: 

 

[ ] ( )

[ ] ( )

3 4

1 2

1 ,

2 ,

Im 0,

Im 0.
f f f

f f f

Y

Y
∈

∈

=

=                     (5-1) 

 

The above equation needs to be satisfied within an interval of frequencies, such that the 

configuration has bandwidth limitation in each path. Hence the passbands in each path 

should be close enough to each other. Moreover, in order to cover the dual-band bandwidth 

in each path, three transmission lines with characteristic impedance ZA, ZB, and ZC and 

electrical length θA, θB, and θC are used as variables to meet the specifications. 

 

 
Figure 5-1 Double diplexing configuration for tri-band and quad-band filter design. 
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5.3 Tri-band and Quad-band Filter Synthesis 

 

 To take the quad-band filter as example, the quad-band coupling matrix is firstly 

synthesized. Next, grouping it as two dual-band filters from the frequency domains and 

synthesize each dual-band filter with the filter topology shown in Figure 5-2. Finally, the 

double-diplexing configuration is applied to connect two dual-band filters to form the 

quad-band filter. For the tri-band filter, substitute one of the dual-band filters to be a 

single-band filter by changing E-shape two-mode resonators to hair-pin single-mode 

resonators. For the practical implementation, a 0.635-mm-thich Rogers RT/Duroid 6010 

substrate, with a relative dielectric constant 10.2 and a loss tangent of 0.0021. 

 

 

Figure 5-2. Proposed unit cell for the two-mode dual-band filter. 
 

5.3.1 Example 1: Tri-band Filter 

 

 In the tri-band filter design, the tri-band coupling matrix is synthesized using the 

IN

OUT

ZS,4 ZS,5
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proposed multi-band coupling matrix synthesis. The settings are shown in Table 5.1, and 

coupling matrix is shown in Table 5.2 with corresponding coupling scheme shown in 

Figure 5-3. For the bandpass filter design, the central frequency is 1.92 GHz and fractional 

bandwidth is 56.2%, the performance of the coupling matrix is shown in Figure 5-4. 

 

Table 5.1 Setting of Tri-band Coupling Matrix Synthesis 

Passband fc 
(rad/s) 

δ 
RL 

(dB) 
Circuit Performances 

fc (GHz) RL (dB) Bandwidth 
-0.825 0.35 15 1.523 16 9.77% 

0 0.3 15 1.935 19.5 9.11% 
0.825 0.35 15 2.417 16 9.81% 

 

Table 5.2 Coupling Matrix of the Tri-band Filter 

 

 

 

Figure 5-3 The coupling scheme of the tri-band filter in example 1. 

 

S 1 2 3 4 5 6 L
S 0.0 0.4430 0.0 0.3796 0.0 0.4435 0.0 0.0
1 0.4430 0.8807 0.2211 0.0 0.0 0.0 0.0 0.0
2 0.0 0.2211 0.8807 0.0 0.0 0.0 0.0 -0.4430
3 0.3796 0.0 0.0 0.0 0.1866 0.0 0.0 0.0
4 0.0 0.0 0.0 0.1866 0.0 0.0 0.0 0.3796
5 0.4435 0.0 0.0 0.0 0.0 -0.8806 0.2215 0.0
6 0.0 0.0 0.0 0.0 0.0 0.2115 -0.8806 -0.4435
L 0.0 0.0 -0.4430 0.0 0.3796 0.0 -0.4435 0.0

S L

1 2

5

Source/Load

Resonator

3 4

6
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Figure 5-4 Performances of the coupling matrix and synthesized circuit in example 1. 

 

 The central frequencies of three passbands are 1.533, 1.92, and 2.417 GHz, and their 

return losses are 15.01, 19.33 and 15 dB, with individual bandwidth 9.21%, 8.37% and 

9.63%. To implement this filter, the two-mode dual-band filter is used to govern the first 

two passbands (i.e., the resonators numbered #1, #2, #3, and #4) and a single bandpass 

filter (i.e., resonators numbered #5 and #6) is used to govern the third passband. The 

synthesized variables are listed in Table 5.3 and Table 5.4. To connect these two filters, the 

double-diplexing configuration is design at 1.92 GHz with ZA, ZB, and ZC are 39 Ω, 41 Ω, 

and 72 Ω, and EA, EB, and EC are 96o, 96o, and 136o. The synthesized filter performance is 

also shown in Figure 5-4.  

 

Table 5.3 Synthesized Zoe and Zoo Based on Coupling Matrix in Table 5.2 

 MS,1 M1,2 M2,L MS,5 M5,6 M6,L 
Zoe (Ω) 88.95 63.16 88.95 88.95 63.16 88.95 
Zoo (Ω) 36.79 40.56 36.79 36.79 40.56 36.79 
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Table 5.4 Synthesized Electrical Lengths and Stub Impedances Based on Coupling Matrix in 

Table 5.2 

Passband #1 & #2 fo = 1.533 GHz, fe = 1.92 GHz 
Design Variable ZS,4 (Ω) ZS,5 (Ω) E1 E2 E3 E4 E5 

Synthesized 12.877 12.877 60o 60o 30o 47.09o 47.09o

Fine tuned 13 13 58o 58o 33o 47o 47o 

Passband # 3 fo = 2.417 GHz 
Design Variable E1 E2 E3     

Synthesized 60o 60o 30o     
Fine tuned 60o 60o 28o     

 

 For microstrip implementation, the layout is shown in Figure 5-5 with dimensions 

listed in Table 5.5, and the circuit photograph is shown in Figure 5-6. Figure 5-7 shows the 

simulated and measured results.  

 

 
Figure 5-5 The layout of the tri-band filter. 
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Table 5.5 Dimensions of the Tri-band Filter (Unit: mm) 

WS LS Wfeed Lfeed Wu LU1 L6_2 LU2 
0.58 2.5 1.2 13.13 0.50 7.53 12.15 15.33 
LU3 LU4 WD LD1 LD2 W1Z LD3 LD4 

12.00 10.85 1.00 2.85 10.13 4.48 6.93 6.05 
W1 S1 L1_1 L1_2 LZ WZ W2 S2 

0.20 0.20 8.75 5.00 7.30 0.58 0.28 0.43 
L2 W3 S3 L3_1 L3_2 W4 S4 L4_1 

6.40 0.20 0.20 8.20 5.78 0.20 0.20 13.45 
L4_2 W5 S5 L5 W6 S6 L6_1  

11.48 0.28 0.43 3.98 0.20 0.20 12.78  

 

 
Figure 5-6 The circuit photograph of the tri-band filter in example 1. 

 

 
Figure 5-7 The simulated and measured results of the tri-band filter. 
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5.3.2 Example 2: Quad-band Filter 

 

 In the quad-band filter design, the quad-band coupling matrix synthesized using the 

proposed method in Chapter 2. The settings are shown in Table 5.6, and corresponding 

coupling matrix is shown in Table 5.7 with corresponding coupling matrix shown in Figure 

5-8. The synthesized values of M4,L, ML,4, M8,L, and ML,8, are all positive based on the 

settings in Table 5.6. In order to generate two transmission zeros between passband #1 and 

#2 and passband #3 and #4, these four components of the coupling matrix should be set to 

be negative, as shown in Table 5.7.  

 

Table 5.6 Setting of Quad-band Coupling Matrix Synthesis. 

Passband fc 
(rad/s) 

δ 
Circuit Performances 

fc (GHz) RL (dB) Bandwidth 
-0.8990 0.2 1.286 14.86 6.97% 
-0.2929 0.1 1.663 20.47 4.27% 
0.2929 0.17 2.176 16.97 6.49% 
0.8990 0.12 2.809 15.88 5.02% 

 *# of poles = 2, # of zeros = 0 & RL = 13 dB in each passband 

 

Table 5.7 Coupling Matrix of the Quad-band Filter in Example 2. 

 

S 1 2 3 4 5 6 7 8 L
S 0.0 0.3143 0.0 0.2700 0.0 0.3056 0.0 0.2791 0.0 0.0
1 0.3143 0.9240 0.1142 0.0 0.0 0.0 0.0 0.0 0.0 0.0
2 0.0 0.1142 0.9240 0.0 0.0 0.0 0.0 0.0 0.0 0.3143
3 0.2700 0.0 0.0 0.2975 0.0853 0.0 0.0 0.0 0.0 0.0
4 0.0 0.0 0.0 0.0853 0.2975 0.0 0.0 0.0 0.0 -0.2700
5 0.3056 0.0 0.0 0.0 0.0 -0.3208 0.1106 0.0 0.0 0.0
6 0.0 0.0 0.0 0.0 0.0 0.1106 -0.3208 0.0 0.0 0.3056
7 0.2791 0.0 0.0 0.0 0.0 0.0 0.0 -0.9411 0.0881 0.0
8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0881 -0.9411 -0.2791
L 0.0 0.0 0.3143 0.0 -0.2700 0.0 0.3056 0.0 -0.2791 0.0
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Figure 5-8. The coupling scheme for the quad-band filter in example 2. 

 

 For the bandpass filter design, the central frequency is 1.9 GHz and fractional 

bandwidth is 87.4%, the performance is shown in Figure 5-9, and the synthesized central 

frequencies, return loss and fractional bandwidth are shown in Table 5.6. To implement 

this filter, one two-mode dual-band filter is used to govern the first two passbands, while 

the other one is used to govern the third and fourth passbands. The synthesized variables 

are listed in Table 5.8 and Table 5.9. To connect these two filters, the double-diplexing 

configuration is designed at 2 GHz with ZA, ZB, and ZC are 43 Ω, 54 Ω, and 52 Ω, and EA, 

EB, and EC are 99o, 40o, and 125o. The circuit performance is shown in Figure 5-9. 

 

 
Figure 5-9 Performances of the coupling matrix and synthesized circuit. 
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Table 5.8 Synthesized Zoe and Zoo Based on Coupling Matrix in Table 5.7. 

 MS,1 M1,2 M2,L MS,5 M5,6 M6,L 
Zoe (Ω) 81.74 60.47 81.74 80.53 60.10 80.53 
Zoo (Ω) 37.20 42.02 37.20 37.33 42.25 37.33 

 

Table 5.9 Synthesized Electrical Lengths and Stub Impedances  
Based on Coupling Matrix in Table 5.7 

Passband #1 & #2 fo = 1.286 GHz, fe = 1.663 GHz 
Design Variable ZS,4 (Ω) ZS,5 (Ω) E1 E2 E3 E4 E5 

Synthesized 20.78 20.78 60o 60o 30o 59.17o 59.17o

Fine tuned 17 17 62o 62o 30o 51o 51o 

Passband # 3 fo = 2.176 GHz, fe = 2.809 GHz 
Design Variable ZS,4 (Ω) ZS,5 (Ω) E1 E2 E3 E4 E5 

Synthesized 10.94 10.94 60o 60o 30o 41.70o 41.70o

Fine tuned 12 12 60o 60o 28o 49o 49o 

 

 

Figure 5-10 The layout of the quad-band filter 
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 For the microstrip implementation, the layout is shown in Figure 5-10 with 

dimensions listed in Table 5.10. The circuit photograph is shown in Figure 5-11, and the 

simulated and measured results are shown in Figure 5-12 

 

Table 5.10 Dimensions of the Quad-band Filter (Unit: mm) 

WS LS Wfeed Lfeed Wu LU1 W1Z LU2 
0.58 5.00 0.93 16.13 0.28 10.55 5.50 14.03 
LU3 LU4 WD LD1 LD2 L1Z LD3 W1 
4.68 19.88 0.70 7.40 3.75 5.18 3.75 0.45 
S1 L1_1 L1_2 WZ W2Z W2 S2 L2 

0.20 8.10 7.68 0.58 2.43 0.43 0.68 2.50 
W3 S3 L3_1 L3_2 L2Z W4 S4 L4_1 

0.45 0.20 8.38 7.60 10.40 0.38 0.23 15.03 
L4_2 W5 S5 L5 W6 S6 L6_1 L6_2 

13.15 0.73 0.70 7.03 0.38 0.23 14.98 13.18 

 

 
Figure 5-11 The circuit photograph of the quad-band filter in example2. 
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Figure 5-12 The simulated and measured results of the quad-band filter. 

 

5.4 Conclusion 

 

 A coupled-matrix based semi-analytic procedure, i.e., analytic synthesis for the 

two-mode dual-band filters and then connecting them together by the double-diplexing 

configuration with slight tuning, for tri-band and quad-band filter design has been provided. 

For tri-band and quad-band filter, two examples with tri-band and quad-band filters are 

shown to validate the procedure and the measured results show the good agreement with 

the simulated performances. The proposed procedure in tri-band and quad-band filter 

design has shown the properties of good performance, semi-analytic synthesized method 

and quick design procedure. 
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Chapter 6 

Conclusion and Future Work 

 

6.1 Conclusion 

 

 This dissertation describes a design flow for the dual-band, tri-band and quad-band 

filter. Based on the specifications, the corresponding coupling matrix of the requested filter 

is synthesized. For the aspect of the filter realization, the multi-path coupling scheme is 

analyzed and validated for its convenient in multi-band filter design. The analytical filter 

synthesis procedures, which are based on parallel-coupled line or two-mode E-shaped 

resonator, are then applied to extract the design parameters based on the corresponding 

coupling matrix with the multi-path topology. The measured results show the well 

agreement with the simulated responses. 

 In chapter 2, a novel multi-band coupling matrix synthesis for multi-band filter design 

is developed. Based on the well-known single-band coupling matrix synthesis, the 

extracted polynomials are then shifted to the specific central frequencies and shrank to the 

specific bandwidths. After parallel addition, the multi-band filtering function and 

corresponding polynomials can be obtained. Moreover, the prescribed transmission zeros 

can be placed to the specific locations once the transmission zeros in each passband are 

assigned carefully. 

 In chapter 3, the single-path and dual-path coupling schemes for the dual-band filter 

design are analyzed. The dual-path coupling scheme has been validated to be convenient in 

dual-band filter design, Cross-coupling paths are designed in each passband in order to 

generate the specific transmission zeros. Tri-section coupling topology is used to generate 
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one transmission zero above or below the corresponding central frequency in one passband, 

while the quadruplet coupling scheme is used to generate two transmission zeros above 

and below the corresponding central frequency. Moreover, the dual-path coupling topology 

provides an intrinsic transmission zero, which can improve the isolation between adjacent 

passbands. 

 The dual-band filters with two-mode E-shaped resonators are analyzed and designed 

based on the dual-path coupling schemes. The detail derivations of the analytical 

synthesized procedure are described in chapter4. The 180-degree out-of-phase property 

also shows its advantage in the isolation improvement between two adjacent passbands. 

The limitation in back-to-back E-shaped resonators has also been discussed and find out 

the feasible design based on the specific coupling scheme. 

 In the chapter 5, the tri-band and quad-band filter designs are realized based on the 

E-shaped resonator and double-diplexing configuration. By grouping the tri-band or 

quad-band into two categories, one is a dual-band characteristic, and the other is a 

single-band characteristic for the tri-band filter design or a dual-band characteristic for the 

quad-band filter design. And then, the double diplexing configuration is used to connect 

the two filters in these two categories. 

 

6.2 Future Work 

 

 In this dissertation, the double-diplexing configuration is widely used, but there is no 

analytical approach to determine the design parameters. Such an approach can be studied 

in the future to make the whole design more efficient. Moreover, based on the synthesized 

multi-band coupling matrix, some specific coupling scheme can be studied for its property 

in transmission zeros generation for the multi-band filter design. Moreover, some specific 
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two-mode resonators can be analyzed based on the coupling matrix and provide a 

systematic guide line in multi-band filter design. To use the diagnosis technique [143] to 

fine-tuning the EM performance of dual-band and multi-band filter, a automatic tuning can 

be achieved via Matlab-EM co-simulation.  

 To make the multi-band design flow more easy and convenient, a user-interface can 

be developed in Matlab. Users can enter the specifications, such as number of passband, 

filter order, return loss, and transmission zeros in each passband, and then they can 

describe the user-specific coupling scheme, and then the corresponding coupling matrix 

will be extracted. Moreover, while choose the prescribed layout, the initial design 

parameters can be obtained and then be optimized by the Matlab-EM co-simulation solver. 

Thus, if we can complete all above steps, the requested layout will then be generated 

automatically. It will provide filter designers a fast and efficient design procedure.     
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