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A study of 3-dimensional manipulation of microparticles

by using holographic optical tweezers

Student: Sheng-Yang Tseng Advisors: Dr. Long Hsu

Institute of Electrophysics

National Chiao Tung University

Abstract

Holographic optical tweezers (HOTs) use a spatial light modulator (SLM) to control
properties of a light field in optical tweezers. By displaying a hologram on the SLM, many
particles can be manipulated at the same time. However, the operation of HOTs requires
knowledge of different fields, such as Fourier optics, algorithms of computer-generated
holograms, programming languages and numerical methods. Only the people who have all the
knowledge can use HOTSs as a tool for their own research. This limits the application of HOTs
in other fields. This thesis thus developed two different approaches to expand the ability of
HOTSs in manipulating particles.

One is developing a method of controlling the transverse momentum (TM) by displaying a
hologram only in an azimuth region that centers at & and has a range of 46 of a spatial light
modulator in HOTs. Ray optics is utilized to analyze the TM of the resultant field, revealing
that the direction of the TM is determined by the center angle of the azimuth region and that
the magnitude of the TM is proportional to sin (46/2), without regarding the intensity. By
using this method, particles can move automatically along a designed path in the field without
applying any external forces or changing holograms.

The other is developing a graphic user interface that integrates the functions of displaying live
sample image, receiving user input and computing required holograms in one program. Users
simply use a mouse to click or drag on the live sample image to manipulate particles. People
who do not have any related knowledge can use HOTSs to manipulate particles easily.
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..g‘_ho’;f Lbﬁé—g,qu}ﬁj%%gtﬂ#lxq# @] E‘T"”\i‘m&f‘\if?ﬁ%flﬁ'}ﬁﬁ’%%ﬁ
I TAL DR B AR o § LB SR AR P I R SR R

K LR MRS o T NS R R A4 G PR sk 2 o Sk gheniic 8 Bl ~ itk
i B 1E SLM e xd A o de BAR3E 0 SLM 0d AFAR R 5 0T U A 4 Rk BEECP A% S o

2-3-2-3 HEfs Y F A

“£1% £ ¥ (Random mask) [46])/w &5 i &2 22 B 2 Blisi iz e & £ 7 § - g1 * 2 P&

Bt A SR Rk R YR B 2 e S 1 T B s 2R B AT
AN

,gkwraeggww W g% Py Poendfdad o FA LBITEE B P A2 I g

e Py t A 24 3 8L B 4P B4k 0 PO - P02 o %%%*ié_i» 7SI B A
Fek g o MOL-MO20 iz BEE NFEFehEr § 031> A FHY - ki
F-E 1, V- BREAAREE PRI 0 RfAa A BAD A4 ifp RRIHRA Y

F A BRHEBEELCL AT FIAELES B AR R T
P01xMO01+P02xMO02 - B] 4 7* % Randdom Mask ;& & /2 (3t & /i f2.[8)
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R 4 STk d i Bk R A2 ) o

2-3-3 kA2 FE 2

P ROXT UAKFRBAEZFY il > bHHRT Q)N IR AL F - fam
@ Sk 2235 4 (Grating and lens)[47 Jiz Pl 2827 % 1% (2-9);8 #7 A& 4 # I eh 3 foig Hdp
bvo fpdeisenig % L P~ 8 4p = & (argument) » 75 9P

ux vy

i s S +y?)

27(- I
ST (2-14)

N i
t(x,y) =exp{i arg[ze Hon; Aoy o

s=1

HP ooarg[]™ & 4Fdcdp 4 > N 23R EER e (UsVoZe) = S B aF $R BEEEAE & Bheni>
Botfa 2 iR f i o e BB A G 07 TR g 4R EL > E T ik B
thsk ag B o

2-3-4 B #if B 4c i 22 4 Gerchberg-Saxton % & ;2

S MR R A B SRR 0 17 R R S oA BRI A g
e o B & k4% (generalized adaptive add GAA)[11]¢ 4 # Gerchberg-Saxton
(weighted GS GSW)[48] 7 # 8 Bji(2-15) 5 B 4y » & Bdp i v B? - B 1 &5 Bif
B S B e 4 i

] Np i27r(;fsx.+;lf5y. i%(szryz)
t(x, y); =exp{iarg[ > cle v e Mo I (2-15)

s=1
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BR ARFEAEY > Bl =" AL AL ip 4 > @Y

—izn(—a sy 2(><+y)

T T T @16
X,y

H ¥ Npx & 48 BB 72

(2-17)
¢ ﬁ,f.\ =
t"—'—‘ét L"—'—ll-b = /é ‘:’
Cii .
S
(2-18)
_[-’,'_?
Wii+1 il <| (Z |> (2_19)
Ao ol b2 F BRSO B Tyoig o Jo 2 EhRBEE T LA S SR

LY 35 i a5 e 4L 8L 8 B R R B ot + (graphic processing unit GPU)iE & 4p i
Bt @R ¢ RA R RAeEHHR- Lo
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v
iy
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F2F RFREed L4

3RS Rkt FRAEFEROE 2 o Wk FLAH RS BERS i}ug
%‘“&?T & SLM b eofp i Rlk 0 M-k Bd B R et Bk B b Dldg Tt B oo TR
FRL A~ A T B T E f e endp B o

e f— dFuland BHcis ¢ o 4o Bessel fi-ik[23] ~ Laguerre-Gaussian fi ik [24] & &_sk %
/f6 (optical vortices OV)[25-27] % » 4 df fierie + ¢ A dod- k3¢ Bfm g5 Em b4 o
& HOTs # & cii= 4 » =5 el F FH gRRR 5t L R 3 H & FlAd gl § B’ﬂ‘
Bos ¥ ek 3 5 Fuig & 9 € (orbital angular momentum OAM) » & 4>+ 78+ &z
Pl kS 1S +ﬂ+ TEEFT OAM @ B4aAs 6 o 178 k> 5 Jr.u;ﬂ,t dﬁ;g_,\ R g T
1 0AM ¥ AR G R F-aR v B £ 2 e a4 [28,29] 0 Fp B AR ) HOTS #5416 3%
cfg e g 4 Ja b S+ G ¢ [30-34]

N‘\TK

-

|

g g EF RS R B E S wdt e o ROV E R SRR IOA kS R
WA SR o T TP R S e  B A R R R kS 5 R
A E st B - pRlRr AL kR F A h S oA R2 A F R H D
N iT e

K22 & andzsh AP L fl R e B E LT T LIRS aip B R AR A T
mETem P RFpir B RAe - LA g o SLM T g b g B R A T fr%v’f‘r—
FEE_o et HOTs ¢ #7f@ * 9 SLM F i 24 % » Sk Hcnjp = A > F|p 2 & — 1 3w
e 1% 248 SLM 23 % ~ 8k F-enss B 2 o Roichman &2 Gneri&*ﬂ,ﬁ%g - 3
BNPE (shape phase algorithm) [32] > #* = & H 4k 32 SLM sfzds & 7 £ 3|34 & » fq‘Jciz‘% R
LA A RER e & E A F P o Jesacher £ 4 B3 A AR A HOTs L& stengp
R L = SR AP R kg~ Bk ehsg B A [33] o

F et i eh E o fi i A AV PSR 34 k% (optical vortices OV) &+ v 4 b
A2ho UAPREGREIL . FE- EHRPIEI R e dE LT 7 E o AP A 4 OV AT
ToAp Bl OV B chss B SHEB 4 o 40 OV b3 it 4 chdsih 5 Al » B3k » ¥
HERBLA S BAC {17 B SR HOTS ¢ A e E s 2 E g
%}%*ﬁ‘?’ﬁ’ﬁgﬁ(%ﬁ?’%ﬁﬁJ AE)eD R o BB FRFI T AR TP b4 17
BB OERT o kB B0 EF R T PRAS B

3-1 kT kI ard fg £ B8 2 AR

% i (Optical Vortex OV) - fif#skenk g B A+ 2%k » 0 2% 73 E ¢ FRFE S
TR SR E R FRRSE  GRE S Y kRS i 4 a7 g
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S ks R

B AN ek 4 WE SR R S i 4 SRR S ﬁ AR > TR d13F 5 R % [15, 49,
50] -

OV ¥ et g8 L FI5 § F 3% L5807 e enfp o e #1505 - Bk T 5
La + -] enfusg & # £ (orbital angular momentum OAM)[24, 39, 51] - § A4 $i_ e OV p e
FF BT F s i F 5 OAM ek 3 (5 & ¢ B F iz OAM> @ ¥ OV # & o

£ BN g g el S O RLR 1 (T R A S & P endp R f%),ﬁ A
20V aAp e h FRIN S g %o 2 fIeINA 0V P f dadpd i o
FI G A OAM Wi irm E A Fp AR ? o AP SLM T g 2 H r g 4
OV R ek 35 B B 72 0 1% B emT g k4 i 0 o 2R OV Y e B B bk
o

3-1-1 kpifhi s

& HOTs #, OV &3 27 wtffd dod] SLM & 4 535 Sdic s et? T 4 HOT ok &
ZRGRETG)A 2 ~ B OV[10, 11] HEEAeR 5 AT 0 — i BER R SE - B
A4 T Eelics: eV SIM A RS KB AR E S T AN HE TR LAY OV e

Objective

Front focs ll] lane Back focal plane
lens {
l‘il:'k‘l
E. (x.,v)
Spatial light
modulator
t(x.y) =¢'** Eduy)
Phase pattern Intensity

W5 £iifsAd S 5 n LW
3-1-2 kiR chi

gl * HOTs 24 OV sz » SLM F ek g R A# B2 E TG F OV ek R A H
- EA PR F iR B (2[28, 52] - § SLM % & i @gsérﬁ]p\ A EEAPE > Horg 4
e OV é_%~§s§r‘]ﬁv‘% he g% o A e AR L8 SLM AR LR B
BT TP 3 AF I A0 EAEL B 6ESLM T Lm;;p.«/;#ﬁag)i/;#ﬁﬁ
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FZF kFfgesRad

EETR PATA S RS g R AT BBl 6 (a)2(b)EF SLM B =& 6 4 0=-15
"310=157 (T AG=307 ) R kARG A > R E TG P A [ w5 50 #2-50 ¢
OV z ks B AaFajpi=ar® o a B 6 (C)(d)R] % 40=60° i mT™ » L & % 5 50
2150 ch OV ek s B A F G dp e F o i P AT UF R F SLM 1 ehE - 2 g
AOF RPN chRARFFH 12 > OV ek — 3 & AQFFIP ks 2 7 > 38 JEH 0 40
PO AIE AP b PR T S TG LA DR REAP B LS0ERT §
10435 SLM A3 ch R B AOE 90° 0 @ f L<OsfFiR T § 4p 43t SLM A4 ch T 2
APz 3 -90° -

Phase Intensity Phase Intensity
/=50 A0=30° /=-50 A 6= 30°

phase
SLM plane
Focal plane
0
Intensity

SLM plane

Focal plane &=

Bl 6SLM T ggt £ T 5 1 Lipsp R inesd o
(a) 5 L=50 #2 46=30°- (b) 5 L=-50 £2A40=30° () 5 L=50 %246 60°- (d) 5 L=-50 £ A6=60° -
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A 9= 1500 150
ANA0=90° B
200 100 100 200 ]‘
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Bl 7 # |RAOT > Ag¥t L b 2 B2 g Op%t L el 2B o
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A e AGT 0 g0, L chbd B - Bl L e B 258199 F] 200 -
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200 -
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B Ak e B R s G r £ SLM g benmie ® e gpe 20 ¥ K
S o MR FREHE A e B B e @ e Cedp AR 5 ok e o @ B 4 e do % A T
@ﬁﬁﬁﬁ4OVﬁw%ﬁﬁ’%W?u%mﬁéOV%W%%ﬁ&%{—E%¥*&
g enskip ol TR s BT S S fonip R UEF A - B R AR HER
M4 o Bt A PR e R T ek i 1 RS E OV P SR kR -

Bl 8(a) A+t # €% 0=180 M if erdp B HE 2 e endp B4R o B¢ chs ] s ki i
TR AETG Fenkig R AT o KR AP T IE RS BAP CRIRE LG d i
ﬁﬁ“’ﬁ{%%ﬁﬁ*ﬁ%*é'WFom%8@E ot g @0 020" 13T chtp )
Hg eeadp B o BY P A R B ERSE ) AE TG kB RAT o R
Boooipd B4R ERIPRET RS G Aple dont o SRER RE B G GhenE 230 Bt A
4OV edp mRBET M- EEES AR R ok o
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B MEGE F OV > o Bt g OV ¥ enje 3 R (R L ? ooy ravﬁvﬂ%wfg,rf
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g&«ﬁ”p{‘}\?v%bvﬁ PiEirF-u> “L At Je @ 0F 73w OV FHH B¢

B ST AR AR s 2 a0 g8 @R S % o 1 150 ch OV ¥ hfiif 6§

AnFL 23 % o pL3 p B2 ) w e BRATIRRE S v A - e A 13 L0 eh OV o R
PR ke E o E P L0 h OV P i A R E AL F-2 0w o

B Lk ATINE S R R PR hA T @R A OV ¢ B Rk 4 kot kA

SR RRER B B R o ApROT LY & B R A 4 0 R | A 172 *ﬁOV#&ﬁvq‘ﬂ—rm

B ED - BURFECE LR o RERMET 0 N R Z IR A 57
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RN L GRER ¥ ﬁrv»ﬁvf‘_/w\#m,!ci%

BBAGEEEL Y > AR AP BB GuEARY § F LA Bk A 4 o (e
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oo BT RIR A SR SR A enphe SN VPR R AR B SLM % - 2
Th RPN o AT Radimy > APRAY Bk FHEd %2 RSP cfp 2 H
RrAA RS e d B et o TATEDNREES ARSI v E > 2 o

3-2-1 # % 88 & F chf ok B 53k

it ] ¢ AR S LA 45 HOTs ¥ FHCEF i o BB AT o g AP
3% 4R 1*‘5%‘]%%‘—"%?7 A SLM 0% - & i+ & fvf)‘]]\ Ve BT A RO AR LT
DS R AN TBEK N SR G - B N SRR B B B S Dol £
AL o &_J{}ﬁ SLM #p Bk chdESf s 2. w0 A I'F“Ju&\%fr”'”r’ﬁ B KB
BE R SRR B R L AT e s R Bt

i HOTs @ » &7 & SLM I cidp B4k € = & ente BT o b > @ 7 F adff 5k
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% %_Abbe 11t 3= % 32 (Abbe sine condition) » ¥ ¥ 7 2 ff it £ % - 4 T 5 (1% PP) >
A TG (2WPP) sk G S[53] - ke S ek ﬁ_m‘,ﬂu F R A TG o

SLM plane

1* principle plane

2M principle plane

Focal plane

1 principle plane

2" principle plane

ray
~ 7z

Iptical
axis

Azimuthregion

B 10 £ » 54 & HOTS ¥ siaidh 3§52 s

B 10 ¥ - =35 » &k A HOTS ¥ » € SLM 3| & T 5 F Gk 3 T o At 2 P iRk
kphi L F 2 29 T2 R SEM F a8 r=r cos(@)x+rsin(@)y &I o ZkMR

%—iwr#&ifiﬁaS%AﬂzﬂAﬂ@%Joﬁ%AMemiﬁtMmy
A Al w Baafie A R 58 ARl o BT R p@ B b f e - B B 4§
I:)t,ray TZS\
& (n pray) r
tray = f r
c obj
n )
_ —(%) r [cos(6) x +sin(8) y], (3-1)
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B on iRy dTERS Pray = K Ard ek F ok By P ki fooj A7 L K
FEom XBYyAWEXEY el ize g od AR E BB TG L
EONSPOLAGR G R LB O FI R SRR R L O pdp ek K8

R K 4 a2 p =
et L E PR T
Pp J- J-OOJrAO/Z da d
otal — r r
ttotal — 00— 4072 t ray'r

(R 00+A0/2N n Protal 0 in(@ 240 4
__L LO_MZ i (C fobj)(” n? Nr)[cos( ) X +sin(6) y] r.’dd dr,
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3xc f
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HY REAFEHE AL E >N Zr5kmyE SLM ke R R > & Pray © d
ptotall(”RZNr)% » oo

%{@&MFw%@ﬁﬁ%%ﬁ@.ﬂwww%%%ﬁ%ﬁﬁﬁ&M“Qﬂﬁﬁ’
AP F> e @ %%ZP&%# e E R R o T BB F NKEE P ok A E
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Hl(x y)dxdy
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pﬁrz— s ek sg B A o #(3-2);8 F ~(3-3)38 fs > A EE UED KRB B E
41}§P

I (X, ¥) =—( = )n i) Prowr SIN(40/2)[c0s(6,) X +5in(6y) Y11, (X y), (3-5)

' 3zc fop;

F3-B)s P AT i e B B B R A A5 F —[cos(0,)X +5iN(G,)y] * e 0 8t 2w
o G-t ¥ m»fnﬂxa'ﬂg.}*;mﬂ' o K;rtﬁ LAk B 0 o r ket Foeb Rt
SiN(402) ° % 40 % 0°FF » X5 » S A E TG b o U e B ELERRLE 0§ 40
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Bl 11 25 ek Bl o W”mﬁﬁgﬁmﬁﬁﬁ*ﬁ <L 10W -~ A E 5 1.064 um
ek R F k:qL(YLR-10-1064 LP; IPG photonics) o & %4 %k 4 & 1) 15 5 +@#§ é\ %(beam
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Controlling the transverse momentum distribution of a
light field via azimuth division of a hologram in

holographic optical tweezers
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This study proposes a method for creating a light field with controlled distribution of
transverse momentum (TM) by displaying a hologram only in an azimuth region that
centers at & and has a range of 46 of a spatial light modulator in holographic optical
tweezers. This study utilized ray optics to analyze the TM of the resultant field,
revealing that the direction of the TM is determined by the center angle of the azimuth
region, and that the magnitude of the TM is proportional to sin (46/2), without
regarding the intensity. The relationship was verified experimentally. In addition, this
study demonstrated moving particles along a designed path and depleting particles by
the fields.

OCIS codes: 140.7010, 090.1760, 230.6120

Introduction

Using holographic optical tweezers (HOTs) [1-4] to create a light field with momentum
transverse to the optical axis provides a simpler approach for controlling the motions of
microparticles. Without any light intensity change or external force, particles in the field can
move along the region of highest intensity because of the transverse momentum (TM). A large
number of applications have thus utilized special light modes with the TM, such as optical
vortices. [5-7]. Studies of creating a light field with a controlled distribution of momentum
have been conducted as well [8-12].

In electromagnetic theory, the TM of a field is proportional to the phase gradient and
intensity of the field [13]. Applying only phase modulation to a light field is insufficient to
control the TM distribution. Certain studies adjust both the amplitude and phase of a light
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field to produce a desired TM distribution. For instance, the shape-phase algorithm [10] by
Roichman and Grier uses a phase-only hologram to direct partial light with assigned phase
shifts, according to a shape function that produces a required amplitude distribution. Another
method, proposed by Jesacher et al. [11], is based on controlling amplitude and phase
distribution with two cascade phase-only holograms.

In ray optics, models of light fields are composed of rays. Because the momentum of a
ray rests along the ray’s direction, inclined rays contribute the TM [14]. In conventional
optical tweezers [15], numerous inclined rays are created when incident rays are brought into
focus. However, because of the azimuth symmetry of incident light intensity, the TM
contributed by the incident rays is cancelled out completely at the focus. This implies that
breaking the azimuth symmetry can realize alternative approaches toward creating a light
field with TM distribution.

Based on this notion, this study proposes a method for creating a light field with a
controlled TM distribution by displaying a hologram only in an azimuth region of a spatial
light modulator (SLM) in HOTSs. This paper uses ray optics to analyze the TM distribution of
the resultant field. By tracing all the incident rays from the SLM to the focal plane of an
objective in HOTs and summing the TM contributed by all the rays passing through the same
points of the focal plane, the TM distribution of the field can be obtained. Implementation of
this approach reveals a criterion for creating a light field with a controlled TM distribution. To
verify the proposed method, electromagnetic theory is used to calculate the TM distributions
of resultant fields numerically. In addition, the ability of moving particles of these fields is
experimentally demonstrated.

Theory

This section presents the usage of ray optics to analyze the TM flux density, the TM per unit
time per unit area, of an optical pattern produced by a hologram that is displayed only in an
azimuth region of an SLM in HOTs. The azimuth region centers at &, and has an angle range
of 46. A normally incident, collimated ray bundle of power pi that extends over the entire
input aperture of an objective models the incident light. Before considering the diffraction
effect of the hologram, the TM flux at focus is analyzed, to which all of the incident rays
within the azimuth region converge.

In HOTSs, a hologram displayed on an SLM is imaged onto the back focal plane of an
objective. The resultant light field is consequently created on the front focal plane of the
objective. Thus, the setup of HOTs can be simplified to an objective between the front and
back focal planes. A typical objective used in HOTSs is an infinite-corrected objective, which
conforms to the Abbe sine condition, and can be modeled by the first principal plane (PP), the
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second PP, and a spherical surface S [16]. The spherical surface S is centered at the focus, and
is a tangent to the second PP.

Fig. 1 shows the path of a normally incident ray in HOTs from the SLM plane through
an objective to the focal plane. The optical axis is in the z direction. The ray originates from
the azimuth region at the position r, =r cos(€@)x+r,sin(d)y and crosses the first PP at
Point Az, which is at the same position r,. According to the Abbe sine condition [16], the ray
emerges from Surface S at Point A, of which the transverse component of the position vector
is also ry, before converging to the focus. At the focus, the TM flux contributed by the ray Py
ray Can be shown as follows:

np
P r ray
t, ray (Cf

),

obj

% _(%) r. [cos(6) x +sin(€) y], 1)

obj

where n is the refractive index of the surroundings, pray IS the power transported by the ray, c
Is the speed of light in vacuum, fop; Is the focal length of the objective, and x and y are the unit
vectors in the x and y direction, respectively. Since all the normal incident rays within the
azimuth region converge to the focus, after summing, or integrating, the TM contributed by

all the rays within the region, the total TM at the focus P/jee!  can be obtained by

t total

00+A6’/2
PR = [ [, NP, rdodr,
:_I I%W/Z )( p“"a' )[COS(H)X+sm(49) ylr.2d6 dr,
0—a0r2 ' 7 R2
=-(5 . )n N, Proa SIN(40 12) [cos(6,)x +sin(8,)y], @)

Obj

where R is the radius of the objective’s back aperture, N, is number density of the incident
rays on the SLM, and pray is substituted by protar/ (7 R*N,).

When considering the diffraction effect of the hologram, the incident ray bundle is
assumed to be split into a large number of collimated ray bundles bearing different headings
and power after the hologram. This is similar to the concept of the angular spectrum in
Fourier optics [17], which decomposes a field into plane waves, though these ray bundles
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originate only from the azimuth region. Once these ray bundles pass through the objective,
they converge to points on the focal plane and form an intensity distribution I(x,y).

Usually, the size of the optical pattern is significantly smaller compared to the focal
length of the objective. The inclined angles between the ray bundles and the optical axis are
close to zero. This study thus assumes that regardless of the inclined angles, these ray bundles
contribute the same TM flux at the focal plane as long as they have the same power. In other
words, the total TM flux of the entire optical pattern is equal to the TM flux at the focus to
which all the incident rays converge. Consequently, the TM flux density of the optical pattern

JPeet(x,y) can be obtained by redistributing the total TM at the focus to the entire optical

pattern according to the intensity distribution, as follows:

3% (x, Y) = Pt (%, ) @3)
where
LoGy) =Y (4)

”I(x,y)dxdy

which 1s a normalized intensity distribution of the optical pattern. After substituting Equation
(2) into Equation (3), the TM flux density of the optical pattern becomes

2 R
J Powl X, . . n
t total ( y) ( 3 e )( f -

obj

) Piotar SIN(40/2) [cas(6,) X +5in(6) Y11, (X, y) . (5)

From = Equation (5), the direction of the TM flux density is along

—[cos(8,)x +sin(8,)y], Which is determined only by @, The magnitude of the TM flux

density is proportional to the normalized intensity I,(x,y) and the total incident power piotar. In
addition, the magnitude of the TM flux density is also proportional to sin(482). When 46is
equal to 0°, the TM flux density is zero due to an absence of incident rays. As 48 increases,
the magnitude of the TM flux density increases in conjunction with the extension of the
azimuth region, reaching its maximum value at 16 = 180°. However, when 48 is larger than
180°, more rays arrive at the focal plane, though part of the TM flux density is cancelled by
the newly added rays. The magnitude of the TM flux density thus decreases and experiences a
complete cancellation when 46 = 360°. This is the reason why the TM flux, or the transverse
scattering force, is not observed in optical tweezers.
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Creating an optical pattern with controlled TM distribution thus becomes two parts: (1)
controlling the direction of the TM by adjusting 6, of an azimuth region with 46 < 360°; and
(2) calculating a required hologram for producing a desired intensity distribution, which can
be accomplished by most algorithms used in HOTSs, such as the Gerchberg-Saxton (GS)
algorithm [18], the weighted GS algorithm (GSW) [19], or the generalized adaptive add
algorithm (GAA) [3].

Setup

The schematic illustration of the experimental setup is shown in Fig. 2. The trapping laser is a
fiber laser (YLR-10-1064-LP; IPG photonics) with an output power of up to 10 W at 1064 nm.
The laser beam is first expanded by a beam expander to fulfill the active area of the SLM
(X10468-03; Hamamatsu). A half-wave plate and a polarized beam splitter are utilized to
control incident laser power on the SLM. The laser beam immediately leaving the SLM is
consequently imaged by a telescope onto the back focal plane of a 100 X water-immersion
objective, with a numerical aperture (NA) that equals 1.1 (Plan; Nikon). Once the laser beam
passes through the objective, a designed optical field is formed on a sample held on a stage.
The sample is illuminated by a light-emitting diode (LED) and is imaged on a CCD camera
(PL-B955G; PixeLink) by the objective and a tube lens.

Results

Fig. 3(a) shows a phase-only hologram for producing two trap arrays with opposite directions
of TM. The hologram is divided into two azimuth regions, separated by a horizontal dash line.
The hologram in each region produces a point trap-array-labeled with the same number as that
of the azimuth region, as shown in Fig. 3(b). The trap arrays extend in the y direction. The
traps in each trap array are arranged to set the distances between the neighboring traps at 2
um. According to Equation (5), the central angle of Region 1 is 90% the TM of the resultant
trap array is therefore along —y. Similarly, the central angle of Region 2 is 270°; the TM of the
resultant trap array is hence along y.

Fig. 3(c) and Fig. 3(d) show the normalized simulated TM distributions of the resultant
field in the x and y directions, respectively. The field produced by the hologram was
calculated by performing a fast Fourier transform (FFT) on the transmittance of the hologram.
The TM distribution of the field was subsequently calculated by multiplying the intensity
distribution by the gradient of the phase distribution of the field [13] before normalizing by
the maximum magnitude of the result. These figures show that the TM of the trap array
produced by Region 1 is along -y, indicated by a black color, and that of the trap array
produced by Region 2 is along y, indicated by a white color. These results are consistent with
the results predicted by Equation (5).
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These trap arrays were projected in a solution of 9 um diameter polystyrene beads,
which was placed between a cover slip and a slide. Fig. 3(e) shows the sequential snapshots of
beads moving along the trap arrays. The beads were pushed against the slide surface and were
confined in the trap arrays. Within the trap arrays, the beads experienced only light gradient
force due to cancellation between the gradient forces from different traps. As the beads
scattered the photons of the trap array, they obtained the TM and thus moved along the y
direction. Equation (5) shows that the TM is proportional to sin(442) and pita; the average
moving speeds of the beads should thus also be proportional to sin(442) and potal-

Fig. 4(a) shows the average moving speed in the y direction of the beads in the trap
arrays at different 46 and pyar. The solid lines are a result of the fits to the function Vpmax
sin(46'2), where Vinax IS @ free parameter. The data show the same dependence on 46 as the
TM flux density predicted by Equation (5). Fig. 4(b) shows Vmax at different pyi. The solid
line is a linear fit and does not pass through the origin, indicating that a minimum input power
of approximately 63.2 mW is required to move the beads. This may be caused by the
resistance between the surface and the beads.

A more complex path can also be created. A phase pattern which produces point traps
that form a heart-shaped path is shown in Fig. 5(a). The traps are arranged to set the direction
of TM along the path. The corresponding intensity and the simulated TM distributions in the x
and y directions are shown in Figs. 5(b), 5(c), and 5(d). Fig. 5(e) (Media 1) represents the
sequential snapshots of moving 9 um diameter beads along the path. The time interval
between snapshots is one second. The white triangle in each snapshot indicates the same bead
at different times. These figures show that the beads move along the path in a direction, as
predicted by the simulated results.

In addition to moving particles along closed loops, trap arrays can also be used to deplete
particles. Fig. 6(a) shows a phase pattern for producing an equally-spaced trap array with 2
um spacing, which forms a hexagon. The phase pattern is divided into six regions. The phase
pattern in each region produces a triangular trap array, which is labeled with the same number
as the corresponding region, shown in Fig. 6(b). The TM of these triangular trap arrays directs
outward from the center of the hexagon, as shown in Figs. 6(c) and 6(d). Fig. 6(e) (Media 2)
represents the sequential snapshots when the trap array was projected in a solution containing
0.5 um diameter beads. The time interval between snapshots is one second. At the beginning
of the experiment, a large number of beads were located in the center of the screen. Over time,
the beads jumped outward because of the TM and help from Brownian motions and particle
collisions. When most particles were outside the trap array, particle collisions became rare.
The Brownian motions of particles became the only aid for the particles to overcome the
gradient forces. The depletion rate thus decreased and some particles remained trapped at the
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end of the experiment. This process can be reversed with the reversal of the direction of the
TM in each sub-trap array. In this manner, particles can be concentrated at the central region
and local particle concentration can thus be controlled.

Conclusion

This paper proposes an alternative method for controlling the TM distribution of a light field,
other than by modulating its phase and amplitude distribution. This study used ray optics to
analyze the TM distribution of a field produced by a hologram. The results reveal that a field
with controlled TM distribution can be created by displaying a hologram only in an azimuth
region with an angle range of 48 < 360°. The direction of the resultant TM distribution is
determined by the center angle & and lies along the direction —[cos(&)x+sin(é)y]. The
magnitude of the TM is proportional to sin(44/2), without regarding the intensity distribution
of the field. The control of the TM distribution of a light field is thus divided into two parts: (1)
controlling the direction of the TM by adjusting 6, of an azimuth region with 46 < 360°; and
(2) calculating a required hologram to produce a desired intensity distribution.

The relationship is experimentally verified. In addition, this study created point trap
arrays with controlled TM distributions to demonstrate moving particles along predetermined
paths and the depletion of particles.
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Fig. 3. Moving particles along two trap arrays (a number near the trap array indicates the
region from which the trap array was created): (a) is the phase pattern for creating two trap
arrays; (b) is the corresponding intensity distribution on the focal plane; (c) and (d) are the
simulated TM distributions in the x and y directions, respectively; and (e) represents the
sequential snapshots of two 9 um diameter beads moving in trap arrays.
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Fig. 5. Particles moving along a heart-shaped path: (a) is the phase pattern for producing a
heart-shaped path; (b) is the corresponding intensity distribution on the focal plane; (c) and (d)
are the simulated TM distributions in the x and y directions, respectively; and (e) represents
the sequential snapshots of beads moving along the path (Media 1).
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Fig. 6. Depleting 0.5 um diameter beads by an equally-spaced trap array with TM directing
outward (a number near each triangular trap array indicates the azimuth region from which
the triangular trap array was created): (a) is the phase pattern for producing an equally-spaced
trap array, which forms a hexagon; (b) is the corresponding intensity distribution on the focal
plane; (¢) and (d) are the simulated TM distributions in the x and y directions, respectively;
and (e) represents the sequential snapshots of beads depletion (Media 2).
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An intuitive view of the origin of orbital angular momentum in

optical vortices

Sheng-Yang Tseng*, Long Hsu
Department of Electrophysics, National Chiao Tung University, 1001 TaHsueh Road,
Hsinchu, Taiwan 300, ROC

ABSTRACT

A modulated laser beam by a phase pattern exp(il¢) can be focused by an objective into a ring-like optical vortex,
where | is a constant and @is the azimuth angle. The vortex is capable of trapping the particles nearby and
circulating them along the ring. This phenomenon is often explained involving Fourier optics and the transfer
of orbital angular momentum (OAM). Although Fourier optics transforms the electric field distribution of the
modulated laser beam behind the phase pattern to that of the vortex, it does not include both the path and OAM
of the photons of the electromagnetic wave. Therefore, it is difficult to further trace the transfer of OAM from
the photons to the particles in the vortex. In this paper, we propose a simple and intuitive view to the origin of
optical vortex. By analyzing the relationship of the intensity distributions between the phase of the phase
pattern and the intensity of the vortex by utilizing Fourier transform, we propose that the phenomenon of vortex
also involve the transfer of linear momentum on the vortex plane transversely.

Keywords: Optical vortex, orbital angular momentum, holographic optical tweezers.

1. INTRODUCTION

An optical vortex can be generated by focusing a laser beam modulated with a phase pattern, exp(il6), where / is
a constant and @1is the azimuthal angle'. At the back focal plane of the focusing lens, an optical vortex is formed.
Optical vortices have ring-shaped intensity distributions. In addition, particles trapped in optical vortices move
along the circumference. This phenomenon is explained by orbital angular momentum (OAM) . Every photon in
optical vortices can carry an OAM of /7i , like the photons in Lagarre-Gaussian beam® or Bessel beam® do. As
the particles in optical vortices absorb or scatter these photons, the orbital angular momentum is transferred to

particles.
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Many researchers have been trying to utilize this property of optical vortices for transporting particles. Some
researchers used an array of optical vortices to drive particles flow in a micro-fluid channel’. Some other
researchers developed methods for producing optical vortices with desired intensity distributions®’. However,
within these methods, the OAM carried by a photon is hard to define. Since the phase patterns calculated by
these methods is no longer the form, exp(il§). Thus, using the OAM carried by photons to describe the OAM in
optical vortices becomes complicated.

In this paper, we use linear momentum of photons to describe the OAM in optical vortices instead the OAM of
photons. A method is proposed to provide a clarity concept of the origin of OAM in optical vortices. In this
method, the initial propagating directions of the photons on the phase plane are qualitatively obtained from the
localized gratings of the phase plane. Then, a ray-tracing approach is used to describe the photon propagation

from the phase plane to optical vortices. A simpler and more intuitive picture of OAM can be obtained.

2. THEORY
2.1. Generation of optical vortices (holographic optical tweezers)

In this section, the apparatus we used to generate optical vortices is introduced and the principle of it is also
reviewed.

Optical vortices can be easily generated by holographic optical tweezers (HOT)'. HOT are basically optical
tweezers (OT) with a phase-only spatial light modulator. The laser intensity distribution in the OT can be
controlled by the spatial light modulator. This gives HOT the capability of manipulating multiple objects at the
same time, and creating some special laser modes, such as Bessel beam, Laguerre-Gaussian beam, or optical
vortices.

The simplified setup is shown in Fig. 1. The light comes from the left then is incident on the phase plane with
transmittance t(x,y). The phase plane is where the spatial light modulator is placed and the transmittance of it can
be controlled by a computer. After the light passes through the phase plane, the modulated light is focused by the

lens.

Phase Plane ¢ Lens : Focal Plane

[« >+ »

Light

Ei(%y) t(x,y) Efu,v)
Fig. 1. The simplified setup of HOT.
There are two ways to see how HOT control the intensity distribution on the focal plane. One way is from the
basic property of a converging lens". Since the phase plane is placed in the front focal plane of the lens. The light

field at the back focal plane is the scaled Fourier transform of the light field just behind the phase plane. The
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light field just behind the phase plane is the product of the incident light field and the transmittance of the phase
plane, that is E; (x,y)t(x,y). Thus by proper control of t(X,y), any desired intensity distribution can be obtained.
Another way is from the concept of angular spectrum®. The angular spectrum of the light filed on the phase plane
tells us the composition of the plane waves that propagate in different directions away form the phase plane. The
plane waves propagating in different directions focus to different points on the focal plane, as shown in Fig. 2.
Thus, the intensity distribution on the focal plane can be controlled by controlling the angular spectrum.

These two points of view are equivalent. Since the angular spectrum of the light field just behind the phase plane
is simply the Fourier transform of the light field just behind the phase plane. The relation between the light field
at the back focal plane and the light field just behind the phase plane.is still a Fourier transform.

The last one, however, can give us extra information, how photons travel from the phase plane to the focal plane.
With this information, the transverse momentum distribution on the focal plane contributed by the photons can
be known. Then the OAM distribution on the focal plane can be obtained. This is also the approach we used to

describe the OAM in optical vortices.

Phase‘ Plane ¢ LePs ¢ FocallPlane
- .h /’/‘;:\‘N\‘ ul
S Y [ _H‘“‘:j::,:;\n
S s S k—:‘; ey

_"‘)_”‘_’__,_ "1 -
____;»-*""_/‘/ \Uj Focal point i
t(xy)

Fig. 2. The convergence of plane waves propagating in different directions.

To generate an optical vortex, the transmittance of the phase plane is chosen to be
t,(r.0)=e""", (1)

where the r and 9 are polar coordinates of the phase plane and the | is a constant. Then, an optical vortex is
generated in the focal plane. The | in equation (1) controls some properties of an optical vortex, such as the
radius of an optical vortex and OAM. It has been shown that the radius of an optical vortex linearly depends on

IZT()

the magnitude of I>". A larger magnitude of | produces an optical vortex with larger radius. The OAM carried by

the photon in optical vortices also depends on I. It has also been shown that every photon carries an OAM of 1/
2.

The phase pattern of equation (1) with different | and the corresponding simulated intensity distributions on the
focal plane are shown in Fig. 3. In these and latter simulations, we assume the phase plane is illuminated by a
unit-amplitude plane wave. The field just behind the phase plane is equal simply to t,(r,0). Since the light field
on the focal plane is the Fourier transform of the light field just behind the phase plane. The intensity distribution
on the focal plane is obtained from the Fourier transform of t,(r,0). The Fourier transform is performed by fast

Fourier transform (FFT).
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From Fig. 3, we can see that the optical vortices have ring-shaped intensity distribution and the optical vortex

with a larger | has larger radius.

=10

Phase

N

1
Intensny | .
0

Fig. 3. The phase pattern with different | and the corresponding intensity distributions of optical vortices. The

figures in the first row are the phase pattern. The figures in the second row are the corresponding intensity

distributions, which are normalized by the maximum intensity of the | =10 optical vortex.
2.2.  Properties of optical vortices

In addition to these I-dependent properties, it is worth noting that there exits an intensity correspondence
between the phase plane and optical vortices. If certain range of the azimuth angle, 6, of the phase plane is
blocked, a range of the azimuth angle, ¢, of the optical vortex disappears. It is also noted that these two ranges of
the azimuth angle have 90° shift, as shown in Fig. 4.

Fig. 4 shows the results of computer simulations. Each figure in Fig. 4 displays the phase and intensity
distributions of the light field on the phase plane and the focal plane. From Fig. 4, we can see that the blocked
angle range, /\6, in the phase plane approximately equals to the disappearing angle range, A\ ¢, of the optical
vortex, even for different I. Besides, the center angle, ¢,, of the disappearing angle range shifts by 90° from the
center angle, 6,, of the blocked angle range for a positive I. For a negative |, the angle shift between ¢, and 6, is
-90°.

The angle shift, ¢, -6, , and A ¢at different | and different A @ are shown in Fig. 5. From Fig. 5 (a), we can
see that A\ ¢ is approximately equal to A @. From Fig. 5 (b), we can see that ¢, -8, are equal to 90° for
positive | and —90 ° for negative I, even at different A 6.

These properties imply that the light at certain position in an optical vortex only comes from a specific region of
the phase plane. Thus, it is also why a ray-tracing method could be used to find the propagating paths of photons

from the phase plane to an optical vortex on the focal plane.
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Phase Intensity Phase Intensity

/=-50 NE=30°
phase

27
0

Intensity

Phase plane

Focal plane

Phase plane

Focal plane

Fig. 4. The phase and normalized intensity distributions of the light field on the phase plane and on the focal plane,
for (a) 1=50 and A 9=30% (b) I=-50and A@ =30%(c)l=50and A =60%(d)I=-50and /O =
60°.

Fig. 5. (a) The relation between A ¢ and | at different A\ &. The solid line represents the value of /A @. The points
are the simulated results. (b) The relation between ¢, -6, and | at different A . In both figures, the range of |

is from -199 to 200.

2.3. Localized gratings
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From the properties of optical vortices described in previous section, we known that a ray-tracing method could
be used to trace the paths of photons from the phase plane to the optical vortex. If the position and propagating
direction of photons on the phase plane are known, how and where the photons are incident on the focal plane
can be obtain. To find the initial condition of photons on the phase plane, let us consider the phase pattern of

gratings first. The transmittance of the grating has the form

t(x,y)=e*" . )

Here, T is the position vector of the phase plane. k is the direction vector. It determines the direction and the
period of the grating. It also determines the propagating direction of the photons after passing through it.

Consider the phase pattern of equation (1) with a positive I around &= 0° region, as shown in Fig. 6. From the
properties of optical vortices mentioned before, the photons in this region focus to ¢ = 90° region of the focal
plane. However, after passing through the grating with k = Ky , where k is a positive constant, the light also
focuses to ¢ = 90° region of the focal plane. Since this grating deflects the light upward. The upward propagating
wave focuses to ¢ = 90° region of the focal plane. Thus & = 0° region of equation (1) have a similar effect on the
incident photons as the grating with k= Ky does.

For the region around @ = 180° we can also find a corresponding grating that has similar effects on the incident
photons. From the properties of optical vortices, we know that the photons on this region focus to ¢ = 270°
region of the focal plane. The grating with k= —Kky also makes light propagate downward and focus to ¢ =
270° region of the focal plane.

Thus, in a small region of the phase pattern of equation (1), we use the phase pattern of the corresponding
grating to approximate the original phase pattern. Since the phase pattern of the grating with different k only
exist in a small region. We call these gratings as localized grating. In such way, the initial directions of the
photons on the phase plane can be easily qualitatively determined by these localized gratings.

Therefore, the phase distributions of equation (1) can be considered as the assembly of many localized gratings

orientate in different directions at different position.
0= 180° region 0= 0° region

Focal spot

Focal spot

Focal spot
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Fig. 6. The comparison between the phase pattern of exp(il6) and that of gratings. (a) The phase pattern around the
6= 0° region of exp(il @) is similar to that of the grating, exp(iky). The corresponding intensity distributions are
also similar. (b) The phase pattern around &= 180° region is similar to the phase pattern of exp(-iky). The
corresponding intensity distributions are also similar. Thus, the phase pattern, exp(il6), can be considered as

many localized gratings orientate in different directions at different position.
2.4. Anintuitive view of the OAM in optical vortices

OAM is defined as the cross product of a position vector and the transverse momentum of light at that position.
If the transverse momentum distribution is known, the OAM distribution can be obtained. In addition, since
photons carry momentum. If how photons are incident on the focal plane is known, the transverse momentum on
the focal plane can be known.

From previous section, we said that the phase pattern of equation (1) can be considered as the assembly of many
localized gratings orientate in different directions at different position. The orientation and period of each grating
can qualitatively decide the propagating direction of photons after they leave the phase plane. With these initial
conditions of the photons, the ray-tracing method 'is applied to decide the paths of these photons. Then, the
incident angles of the photons at the focal spot on the focal plane can be known. Thus the OAM in optical
vortices can be obtained

Fig. 8 shows the path of photons that travel from the phase plane to the optical vortex with positive I. In the right
of Fig. 8 are the projections of the photon path on y-z plane and x-z plane. From Fig. 8, the photons travel
upward after passing through the @=0° region of the phase plane. Then, the photons are focused to point A on

the focal plane by the lens. From the incident angle of the photons, we know that the direction of the total

transverse momentums, P, on the focal plane is along -0 . The direction of the position vector of point A is

alongV. Thus, the direction of OAM at point A is along Z . The directions of the OAM in other positions of
the optical vortex are also along Z , since the phase pattern has azimuth symmetry. Thus, when the particles
trapped in the optical vortex absorb the photons, they obtain the OAM and move around the optical vortex.

Fig. 9 shows the case of negative |. By the same process, we can know that the direction of the OAM in the
optical vortices with negative | is along - Z . This is the opposite direction of the OAM in the optical vortices
with positive I. Thus the particles trapped in the optical vortex with negative | move around the optical vortex in

different direction.
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Fig. 8. The path of photons traveling from phase plane to the optical vortex with positive |. The projection of the

path on the y-z plane is shown in right top. The projection of the path on the x-z plane is shown in right

bottom.
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Fig. 9. The path of photons traveling from phase plane to the optical vortex with negative |. The projection of the

path on the y-z plane is shown in right top figure. The projection of the path on the x-z plane is shown in right

bottom figure.

3. CONCLUSIONS

In this paper, a method that uses the linear momentum of photons to describe the OAM in optical vortices is

proposed. Although it only gives the qualitative results of the OAM in optical vortices, it provides us a much
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simpler way to obtain some properties of optical vortices. By simply looking at the phase pattern and then the
direction of OAM and the shape of optical vortices can be estimated.

In addition, we also found that the transporting property of optical vortices can be simply described by the linear
momentum transfer form the inclined incident photons. Thus we might be able to create an optical field which

has the transporting property without using optical vortices.
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