1. Preface

The pseudopotential approach is based on the observation that most physical and chemical
properties of atoms are determined by the structure and dynamics of the atomic valence states.
It exploits this by removing the core electrons as well as by replacing them and the strong
ionic potential by a weaker pseudopotential that acts on a set of nodeless
pseudo-wavefunctions rather than the true valence wave functions. Using the pseudopotential
approximation, it will be easy to handle the valence electrons of the system and to reduce the
dimension of the Hamiltonian matriX. The conStruction of the pseudopotential is described
below.

First we compute the 'total ground stateenergy of'a many-electron system. For
convenience, we use the atomic unit-with—#=m=-e=1. It is a self-consistent calculation. The
procedure requires an initial guess for the electronic density, from which the Hartree potential
and the exchange-correlation potential can be calculated. After self-consistent calculations, we
can obtain the Kohn-Sham eigenstates of the ground state wave functions of atoms. These
eigenstates will normally generate the ground state charge density. Our computation results
are close to nonrelativistic experimental results.

In the total energy computation of many-body electron system, it is desired to reduce the
number of basis in the momentum space and to reduce the drastic charge near the nucleus. By

an equivalent one with only the valence orbital and the corresponding pseudopotential, it is



easy to replace the whole system. Having the ground state density, we can construct the
pseudopotential with some guiding criteria. In the end, we will draw the pseudo-wave

functions and wave functions of atoms.

2. The Premise of Physics

In last several decades, the algorithmic advance and the development of high-speed
supercomputer have made Ab Initio” quantum ‘mechanical simulations possible for a wide
range of physical systems. We will introduce how te compute the total ground state energy of
atoms.

2.1 The Schrodinger equation

The equation has been developed (1926) by the?Austrian physicist Erwin Schrodinger. For

a single particle in three dimensions, the equation is:
0 I/

i = e V()
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where W(r,?) is the wave function, which is the amplitude for the particle to have a given
position r at any given time #, % is the value of the reduced Planck constant, m is the mass of

the particle, and V(r)is the potential. This equation is a time-dependent equation. By

introducing the separation of variables, W(r,#) can be written as

Y=y f(@).



and we obtain

w{hz
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In this equation, the left-hand side has only a variable of t while the right-hand side has only a

variable of r. Let both sides be equal to the same constant, called E (orbital energy). Then,

we can obtain two equations:

LV ewm =By (L.1)

af (” — Ef (1) (12)

Equation (1.1) is called the time-independent Schrodinger equation and can be written as:

Hy(r)= Ey(r),

2
where H= —;—Vz +V (r)" called the Hamiltonian operator.

m
Evidently the time-dependent part is a pure phase factor. Therefore only dealing with the

time-independent Schrodinger equation, one can ‘get the total energy when the particle is in a

static potential.



2.2 Density Functional theory and the Kohn-Sham equation

In principle, density functional theory (DFT) is an exact description of the many-body
wavefunction, while in practice it spurs on varied types of daring approximations. The starting
point of the theory is the observation of Hohenberg and Kohn (1964) that electronic density
contains in principle all the information contained in a many-electron wave function. DFT
was put on a firm theoretical footing by the two Hohenberg-Kohn theorems (H-K).

The first H-K theorem proved that the ground state properties of a many-electron system
are uniquely determined by an electronic density: We can say that the density completely
determines the many-body problem.

The second H-K theorem defines energy:functional for'the system and proves that the
correct ground state electronic density. minimizes-this energy functional. The minimum value
of the total energy functional is‘the ground state energy.

The total energy E of the system as a functional of the charge density n () is written:

E[n]=T[n]+| Vm(r)n(r)dr+% [V, e n(rydr + E, [n1, (2.2)
where T is the kinetic energy of the system,V,  is the external potential (e.g. the Coulomb
potential due to the nuclear charges), V,, is the electron-electron Coulomb potential, E  is
the exchange-correlation functional.

Only the minimum value of the total energy functional E[n] has an important physical

meaning. We can obtain the total ground state energy by minimizing the total energy



functional E[n], and the density that yields this minimum value is the ground state density. In
order to minimize the total energy functional (2.2), we use Lagrange multiplier. The method
of Lagrange multipliers provides a strategy for finding the maximum/minimum of a function

subject to constraints.

ay/?*(r)(E[”]_gf(N‘j”(“)dr)):O 2.3)

where ¥, is the wave function of the state i, & is the Lagrange multiplier and

1

J.n(r)dr = N is the constraint. By equation (2.3), we can obtain the Kohn-Sham equation:

[—%vz + V@)Y, () +V, (r)] =ey,(r) 24
where ¢ is the Lagrangesmultiplier-and may be interpreted as the orbital energy of the state
represented by . (r) &, V. is the ‘exchange-correlation potential, and V, is
electron-electron Coulomb petential.iThe Kohn-Sham:equation (2.4) represents a mapping of
the interacting many-electron system onto a system of non-interacting electrons moving in an
effective potential due to all the other electrons. The set of wave functions y;, are given by
the ab initio self-consistent solutions to the Kohn-Sham equation (2.4) so that the occupied

electronic states generate a charge density that produces the electronic potential that was used

to construct the equations.



2.3 The Local density approximation
The Hohenberg-Kohn theorem provides some motivation for using approximate methods
to describe the exchange-correlation energy as a function of the electron density. The local
density approximation (LDA) is the simplest method of describing the exchange-correlation
energy of an electron system. In LDA, the exchange-correlation energy of an electron system
is constructed by assuming that the exchange-correlation energy & (r) per electron at a
point r in the electron gas, it is equal to the exchange-correlation energy per electron in a
homogeneous electron gas that has thé same denSity as the electron gas at point r. Thus,
E_ [n(r)] =] e, (x)n(r)dr (2.5)

and by [1], we have:

O [n(r)] _ d[n(xye. (r)]
on(r) on(r)

(2.6)
The LDA assumes that the exchange-correlation enérgy functional is purely local. In principle,
it ignores correlations to the exchange-correlation energy at a point r due to nearby
inhomogeneities in the electron density. Considering the inexact nature of the approximation,
it is remarkable that calculations performed using the LDA have been so successful.
2.4 Pseudopotential

It is well known that most physical properties of solids are dependent on the valence
electrons to a much greater extent than on the core electrons. Only the valence electrons play

important roles in the calculation of more complex system such as molecules, clusters or band



structures. The orbitals in the inner-core remain mostly unperturbed. It is desirable to replace

the whole system by an equivalent one with only the valence orbital and the corresponding

pseudopotential. The coulomb interaction of the electrons is the most time-consuming in real

calculation and will become trivial in the momentum space. To reduce the number of the basis

in the momentum space, it is desirable to reduce the drastic charge near the nucleus for the

pseudopotential.

Following Hamann, Schluter and Chiang, the norm-conserving pseudopotential is

constructed with the following guiding criteria:

1. Real and pseudo valence eigenvalues agree:

2. Real and pseudoratomic wave functions.agree beyond a chosen “core radius” r..
p g y p

3. The integrals from 0 to r of the-real-and-pseudo’charge densities agree for r>r, for

each valence state (norm conservation).

4. The logarithmic derivatives of the real and pseudo wave function and their first

energy derivatives agree forr>r, .

Properties (3) and (4) are important for the pseudopotential to have optimum

transferability among a variety of chemical environments in self-consistent calculations

in which the pseudo charge density is treated as a real physical object. Explicitly, the

norm-conserving pseudo potential are constructed for each angular momentum /.



3. Process of study
3.1 The expression of the potential of the Kohn-Sham equation

In this note, we use the atomic unit withi=m=e=1. The ground state energy of

many-electron system is express as a functional E[n] (see(2.2)) of the electronic density n (r):

nr)y= Y fily®F, 3.1)

ieoccupied

where f, are the occupation numbers of the orbital denoted by i. Because we use atomic unit,

the Kohn-Sham equation (2.4) becomes:
1
(—Evz +V, @V () +Vy (r)jl//,.(r) =gy, (r) 3.2)
Here V _(r) is the external potential that is written:
Vext(r) = _E 2 (33)
r

where z is an atomic number(e.g. Mg z=12):

The exchange-correlation potential * V.~ 1s given by:

5Exc[n]

VD)= Sn(r) (3.4)

In LDA, by the equation (2.5), we can get further:

OE [n] de
V.@r)=—7—=¢ (r)+n(r)—= 3.5
(1) Sn(r) o (1) +1(r) in (3.5)
The electron-electron Coulomb potential V,, is written:
v, =] nr) g (3.6)
Ir—r |

Thus, the effective potential Vgﬁ 1S written:

V@)=Y,

ext

) +V, @) +V, (r) (3.7)



3.2 The simplification of the effective potential

It is convenient to employ the spherical coordinates{r,8,¢} . The eigenfunctions are
written as:
y.(r) =R, (nY"(6.9) (3.8)
The electronic orbitals are represented by the index i={n,/,m}, the main quantum number n,
the angular momentum quantum number /, and the magnetic quantum number m respectively.
Let us first consider the closed-shell system for example Ne atom with z=10. The electronic
shells 1s?%,2s5%,2 p6 are all fully oecupied. For'such a closed-shell system, the electronic

density n(r) is spherical symmetric:

n(r) = n(r)
due to the identity by [2]
! 2
Z y"| = 21 #1
m=—1 47[

Hence the external potential V,_(n(r)) and the exchange-correlation potential V_(n(r))

ext

are manifestly spherical symmetric. Further more, using the addition theorem of angular

momentum:

L .y ,Hp,(cose BRI " ¥ (0.0)" (6.0

1+1
|I‘—I‘ | 1=0 r> 2l 1

=0 > m=—1

where r. = min(r,r") ,and r,= max(r,r').



‘We have

n(r')

v, @ =]

lr— rI

Zzz 1ZY'"(9¢)mr'2n(r) Md 'Y (0',¢")sin0'd6'dg'

1=0 m=—I

:4;rj:r' n(ryLar (3.9)

S

Thus, the electron-electron Coulomb potential V,, (n(r)) is also spherical symmetric.

The exchange-correlation energy per unit density £ _(n) may be decomposed into a sum

due to the exchange energy and the correlation energy.
£ (n)y=¢€ (n)+e&.(n) (3.10)

They may be obtained from a system:of uniform ‘€lectron gas with the corresponding density.

They are frequently expressed in terms.of the radius. r.* of:a unit charge defined by

r. = (i (3.11)
4n

The exchange term can be'calculated exactly for a uniform electron gas, and is given by

£.(n)=-

3 (91)% 0.458

=— 3.12
47r, \4n I. ( )

s

In general, the magnitude of the correlation energy is much smaller than the exchange energy,
and yet it is much harder to calculate. The correlation energy was calculated by Ceperley and

Alder using Monte-Carlo simulation and was parameterized by Perdew and Zunger as:

—y|(+BJr. +Br) for  >1, low density,

£ = (3.13)
Alnr,+B+CrInr.+Dr,  forr, <1, high density,

where the values of the constants are given by

y=0.1423; S =1.0529; B,=0.3334

and
10



A=0.0311; B=-0.0480; C=0.0020; D=-0.0116

By the equation (3.10) to (3.12), the exchange-correlation potential V  can be simplified as:

V. ()= OF ] =¢&_(r)+n(r) Pre
xc on(r) xc dn
=& (r)+n(r) y +n(r) i
xc dn dn

2 drs
£ oD+ n(0)] 0458 77 —2 (3.14)
dr dr
0.5 -2 -0.5
n(r){7(1+ ,[)’Irs +,[7’2rs) -(O.Sﬂlrs d_:+ﬂ2 d—:)] for s >1,
- drs
€ . (r)+n(r) 0.458rs T +
_par dr _pdr dr
n(r)| Ar —S+Cc—Elnr+Crr —S4+p—= forr <1,
s dn dn s s s dn dn s
where Zr“ is from the equation (3.11) and is.written as:
n
dr _ @) 7 ddany
dn
Thus, the terms of the effective’potential are obvious to calculate.
3.3 The simplification of the Kohn-Sham equation
Using the expression of the Laplace operator in the spherical coordinates:
10 ,ow.  1( 1 o0 .  Jdy 1
Vyr)=——0" )+ —| ———(sinf =) + 3.15
wr) r’ ar( r) rz[sinﬁaﬁ( 80) sin” @ az¢j G-19)
And the identity:
2
1 i(sinﬁi)+%87 Y" =11+ D)Y" (3.16)
sin@ 06 00" sin“09°¢

By the equation (3.15) and (3.16), the Kohn-Sham equation (3.2) now takes the form:

11



R,+V R Y"=gRY"

nl eff ~'nl i nl

119 ,0R, . 11( 1 2 . 3 1 &
- —_n Y’"___ . 6_ + - Ym
27 2r2[sin9 26" %3¢’ sin2682¢j !

Using the equation (3.16), we have:

1 1 a aR” m 1 1 m m m
_Er_zg(rz a_r])y; _Er_Z[_l(l +1)] Y; Rnl +Veﬁ’RnlY; = giRn/Y;

Canceling the both sidesY,", we obtain:

119 ,,0R, I(I+1])

—— (=) + R,+V R, =&R

2 r2 ar( ar ) 2]"2 nl eff “nl i nl

Introducing
Pnl(r) = ar[ (r)
and multiplying both sides by r*;then we can obtain:
1d°P +1
LD O Db (0 VP (=, (3.17)

2 Wy 22

Here we know P,(0)=0i"P,(r)=0 asr-—>oco.

3.4 The discretization of the Kohn-Sham equation

2
By the Taylor series, we can get the discretization of % that is written as:
r
dzil)”é(Xi) ~ Pnl (xi+1) - 2R};EXI) + Pnl (xi—l) , (3.18)
r

where h is the distance of the x, —x,_, . Using the equation (3.18) substitute for (3.17), we

can get:

— 2 P, (x) +Veﬁ‘(xi)Pn/(xi) =¢&,b,(x)

_lP (x'+1)_2Pn/(xi)+Pn/(xi—1)+l(l+1)
2 h’ 2

It can be written as a tridiagonal symmetric matrix:

12



1 1 1
] 5 0
' Pnl (xl) Pnl (xl)
= Py(x,) Py(x)
1 : = gnl :
1 1 l(l + 1) Pnl (xn—l) Pnl (xn—l)
0 o7 |t Ve ()
2h h™ 2x , '
Introducing
1 I(+1) 1
| 5 0
1
A= 20’
b
2n*
1 1 I(l+1)
0 M vt
n—1
and
B, (x)
B, (x,)
ok - AT,
Pnl (xn—l)
This equation may also be written as:
Ax=Ax (3.19)

In this equation, we can solve the eigenvalues and the eigenvectors to get the orbital energy

and the wave function P, (7).
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3.5 The procedure of Ab Initio self-consistent

Having the equation (3.19), we can start to calculate. The procedure of ab initio
self-consistent is shown in the flow diagram in Fig. 1. The procedure requires an initial guess
for the electronic charge density. From which the Hartree potential and the

exchange-correlation potential can be calculated.

‘ Initial guess n(r)

¢

‘ Calculate ¥, and V',

{

‘ Solve the equation (3.19) to get eigenstate 2, ‘

N

‘ Calculate new n(r) ‘

¢

‘ Iz golution self-congistent ? ‘

Yes v NO |

‘ Compute total energy ‘ ‘ Generate new density n(r) !

Fig. 1. Flow chart describing the computational procedure for the calculation of the ground

state density of atoms.

In the end, we can obtain the ground state density of atoms to calculate total ground state

energy.

14



3.6 The total ground state energy and simplification
From equation (2.2), the ground state energy functional is written as:
Eln]=T[n]+ j V. (r)n(r)dr + % j V, [rl(r)dr + E_[n]

The first term on the right hand side is the kinetic energy functional that is expressed in terms

of a system of noninteracting electrons.

T(nl= Z flw <r)<——)«/f,<r>dr

By multiplying both sides of equation (3.15) with —%l//,.*(r) , carrying out the integration, and

then summing over all the occupied states i, the Kinetic energy functional may be written as :

Tinis Y £l {; J%Pnﬂ}dr (3.20)

icoccupied o
The second term on the right hand side of‘equation (2.2) is thé external energy that can be
simplified as:
[V.,0)n(r)dr = Hj—%n(r)rzdr sin0d0dp = —4x j: zrn(r)dr (3.21)

The third term on the right hand side of equation (2.2) is the Hartree energy (electron-electron

Coulomb energy) can be simplified as by using the addition theorem of angular momentum:

% [V, rhydr = j j ”(r)”(r

—%J.”J.” n(Hn(rYrr'* drdr'dQdQ)

1
Ir—rI

n(rn(r )r

ﬂ —dd , (3.22)
where dQ =sin 6d6d¢, dQ'=sin8'd6'd¢'.

In the subsection 3.5, we have gotten the ground state density n. Substituting the ground

15



state density n for the energy functional equation (2.2), we can obtain the total ground state
energy of atoms. In table 1 the resulting values of the ground state energy are displayed, for
all atoms from z=1 to z=102, together with the corresponding values of E”"(Z). The ratio

(Et1-E7)/E

tot

is shown in figure 2. As can be seen, the difference between the HF

value and the value computed from equation (2.2) rarely exceeds 7%.

= 4 R R
. *e

+* *

Al | \ | \ |

0 20 40 60 80 100

Figure 2 The ratio ‘\ E[n]—Ef\/Ef‘ plotted against Z. The values 2l»] and Ef are from

table 1.
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3.7 Construction of Pseudopotential
Explicitly, the norm-conserving pseudopotential are constructed for each angular
momentum / in the following steps: We fist solve for the radial part P,(r) of the valence

eigenfunctions ¥, and the corresponding eigenvalues £, by first carrying out an ab initio

nl

self-consistent of the figure 1. The radial parts of the valence states are given by the equation

(3.17) or
1d°P,(r
LD Ly b=,k (323)
2 d°r
where
I +1
V) =D |y

For each [, we choose a=cutoff radius 7 , typically 0.5 to71.0 times the radius 7, of the

outermost peak of P, (r). In table:2-to-table-5:-the choices of the cutoff radius r, are

displayed, for all atoms from z=1 to.z=102.

18



Ay
CorD
a0
GRS
QEQ

pE

Pl

aprl
DLP D
FOS
AR
8850
Pl
PLLD
8OL0
0680
el
6Ll

Lyl

dg

8600
CIID
a LLLE
ErAN;
ErAR;
LD
PLD
P70
S910
Bl
LANG;
[eh
S
eI
AL
LE0
ae’l
APP0
DPSTD
CLS
a0

dz

A
bl
C8s[
591
FRELT
FOG'T
{8i’C

s¥

Pl

aprl
QLF D
PO
CLs0
PLS
D190
CLE0
aCLl
R6L0
LA
a0 [
ol
EY A
a1

sg

pLO
PO
P70
P
=R
A9 10
cull}
961"k
[0
FCCD
EINAn
ELTA
¢
S0
Sv
cHe' D
PEP D
6l
PLSD
EEERL
PR
apll
i)

ST

aclr
YA
YA
SCrl
EYALE;
aclrid
aC0i
YA
CPOD
CROD
PO
PO
CPoo
e
e
DEOD
Lo
LO0
a0
2600
DEL
Pe LD
[<0
oL
A

ST

e st [v]
Pest [v]
PS5t [1v]
PESE [1v]
e st [v]

St [v]

S [ ]
AeselPN]
Ae.s¢lan]

MLty BTN |

A selan]
cA€,8¢aN]
de selanl]
S€[2N]
Selan]
m_u.wﬂmhﬂ.mhﬁ
m%ﬂmhﬂmhﬁ
w%ﬂmhﬂ.mhﬁ
MD._‘HNM..HN.W.—.
Nbﬂﬂmh‘.ﬁlmh.ﬁ
T .NN .NNM..,.—.
AT
T

AT

ST

2]L]1S DIMIOMI[2

S BmuE oS

=H
H

moje

"SMIOJR §7=Z 0] T=Z JO $2}e)s [2ea 10F (V) */ SnIpel oo a1} JO S22101d 21T, ‘T 2[qeL

ORI O R | | A T 0D G

]

19



FOS T
3150
DpL0
2850
9150
ppo
9B
PILTY
LLD
pa0
0680
2001

PF

ARy,

ANe;

peld
pEID
pell
2010
2910
8910
810
310
9810}
9610
10

Z4qn
ZAAN
EiXA
Al
BoT0
80

pac
ANl
3LL0
S0

3LL0
26t

PE

iz
Lyl

de

Py D
gyl
avD
BLFD
A,
31L0
¢80
D50
2850
T8
2l
DRV
gCLD
PEL T
pe8 0
160
860
3L 1
e
SR

dy

Oa10
910
RG10
B0
7310
N,
9610
04810
10
[0
aAL
LD
S0
ANAL
YAl
A,
8T
PaZ 0
PACD
S0E0
N,
80
POLD
BLED
680

dg

CHn
gy,
oo
BEO0
9800
Qeon
QSO0
9e00
Qeon
GBS0
9s00
Qeon
L
L0
L0
Lo
L0
L0
FROD
SO0
PROD
FROD
8600
8600
8600
dz

PLET
2581
L1

(851
Ll
AP
B!
5o
B0%'1
BLE]
6%’

00¢
LT'C

(5¢

8¢

iy
DLV D
A
pOS 0
8150
AR
950
PLETD
oy
T8
proo
¢y
PILD
DSLT
86L0
Pl
0880
2560
il
Zl'l
el
Sl
Ol
ppel
pl
st

9610
9610
9610
10
120
10
Zean
FCC
8L
AL,
5C0
YAl
990
98¢0
80
ZTAl
1zl
80L0
AN,
9LL0
580
POL
8LL D
7680
90F 0
SE

LOD
LOD
L0
LOD
LOD
L0
pR0°T
pROT
pR0D
pR0°0
pROT
pA0D
PR0°Q
8600
8600
860°0
8600
8600
co
ARl
AR
crro
ey
ANy
OC1l
ST

pIOD
PIOD
pIOD
pIOD
pIOD
pIOD
pIoD
pIOD
PIOD
pIOD
pIOD
pIOD
pIOD
PIOD
pIOD
pIOD
PIOD
pIOD
pIOD
PIOD
200
300
300
200
800

ST

Noﬂmgﬁ@_wmmm TM_
s prss [l
PP 86 ]
aPr [13]
Fr 8¢ ]
prsg 1]
P8¢ 1]
by s¢ 1]
Prss 1]
PP 8¢ (]
Py 8¢ (1]
pr.s¢ ]
ENE
s¢ [o]
v e s [1v]
maﬂ_.emu.mmm_. Tﬂ_
At pe st [v]
(Ar . pe st [1v]
g
Ay resr vl
o PESY [1v]
Eh@ﬂﬁmw T«;
2 PE,51 [17]
e sy lv]
€57 [1v]
2JEJ= OM0LI2]2

Uus
U]

F}
8y
Pd
Uy
Iy
2L
Ol
qn
7
A

5

4y
2|
i

=5

5%
=)
ED)
w7z
m
N
03
=d

uoje

0%
o
&y
Ly
Op
&
44
Ly
oy
|44
0p
13
8t
%
Ot
5t
pL
&t
et
[t
0t
6C
8¢
L
9¢

Z

"SW0JE 0$=Z 0] 97=Z JO $3]e)s Yoea JoJ (V) *¢ SNIPEI JJOInd at) Jo S3s10Yd AT, '€ AqeL

20



8LC
8LC0
¢5C
aay
090
8920
A,
8C0
il
80E0
S0t 0
ey
0L 0
580
580
8LLD
8L D
90D

86L0
pel

0680
1560
0Ll

9011

Opcl
Opc'l

¢80
¢80
00C0
00¢0
990
80
800
a0
o0
L
30t 0
8080
ey
0tL 0
0tL0
580
P
oL
8LED
7680
80¢ 0
cro
PLED
i dd]
0Ly 0

pr

A,
A,
8LT0
8ET0
7500
YAl
AYAl;
9oz0
Al
80
870
8T0
LA,
P62 0
80¢0
iy
Lo
SN
DLED
500
PIL0
8LE0
7680
900
o
dy

8600 SO0
8600 ST00
8600 80
800 800
8600 800
8600 8700
¢Ire 800
0 800
0 300
0 300
0 800
0 800
0 800
0

i

0

0

8O0
Crio
ryo
pon
1] oo
1] oo
il oo
0 oo
Crn
Crio
Croo
Cryn
dg dz

8rd'l
P06’
061

Fp0e
it
{981
e1ee
961

RS
1€¢

AN
el
8t

PAET
vt
0ty
8T
80v¢
{(re
65T

16T

=0

LTl
Ay
LAY
ez
oz
S0L0
g0e0
8080
e
W
HLL0
BLL0
HLL0
SL0
580
PaL
poLo
8LED
8LED
T6t0
00F 0
i
i
)
v

sp

9500
0500
0500
0500
0500
0500
0500
0500
0500
o500
9500
9500
0500
0500
0500
0500
0500
0500
0500
Lo
Lo0
LO0
Lo0
LO0
LO0
8T

= | = | === =|=l=l=| = === =| = ==l=| = | === = | =| ==

ST

Fs,80, It [9X]
L5850, 3t [2X]
mﬁmmmwﬁww T..M_
0589, 3 [pX]
NI Tl DN
59,3 [X]
S0 3t [2X]
89, 3 [3X]
S0, 3 [x]
S0, 3 [2x]
59,5 [2x]
S0ps, I [px]
50,11 [2X]
59,3 [2X]
0.3 [2X]
50,51 [2X]
59,37 [ox]
S9Pps 3 [px]
ELENEN

59 [9x]
so[ax]
RN |
Aspr s [m]
A8 b 8¢ []
s pr s [n]

3]B)s JIUOI)II[A | WO

=1
M
tl
H
]
94
Wl
18
oH
Ad
4L
po
4]
tig
g
PN
Ad
=2
a]
Eq
5
=X
l
=L
a5

5L
Pl
tL
L
s
0L
69
89
8
59
59
pa
t0
9
19
09
6%
85
L5
9%
55
%3
t5
s
1§

z

"SWOJR §/=Z 0} T§=Z JO $aJe}s 1ok 0] (V) *4 SUIPEI JFOJNI 3t JO S0101d AL, ' 2[qLL,

21



el
sl
a7l
9L¥’0
i

50
8150
90
950

S0
2090
90

bT0
Y
pT0
pT0
b0
baT 0
paT0
baT 0
paT 0
paT
89’0
BaT0
8ol
8910
89Tl
2810
2T
2810
210
%10
%10
%10
120
120
120
Al
bzl
¥

LAl

oTeT
preT
el
8ae'
Lyl

P9

A
8L
8Len
el
el
o0
0
g
LAY
eyl
il
ot
Eady
6¥'(
IS0
8150
gesh
950
%0
8850
00
£90
80
%0
L0
gL
LL0
ps

84Tt
gaTd
goTd
8aTd
8aTd
gaT0
2810
zer
ze10
281
2810
%10
%10
9610
%10
%10
10
120
120
120
Al
(Al
Ay
8l
Al
Al
ez
Py

900
9500
%00
9600
9600
9500
9600
9600
Lo
L
Lo
Lo
Lo
Lo
Lo
Lo
Lo
Lo
Lo
Lo
Lo
L
Lo
7300
800
800
7800
pe

a0
8590
290
990

L0
82L0
oL
L0

L0

8.0
180
0

8930
167

560
80T
50T

90Tt
art
Al
1%

do

ol
620
e
80
el
&l
aeh
el
%el
Seh

S0

A
FoE0
8LE0
el
e
o
il

gl

Feyl)
il
iy
oLy
gy

gl

8150
zesh

o

10

o

V510
a0
a0
¥eT0
¥eT0
a0
8
891’0
810
8
81’0
2810
a1
2
2810
%10
%10
%10
%10
120

1270

120

120

ezl

9070
%00
%00
100
100
100
100
10
100
100
100
100
100
100
10
100
#01
1§00
100
#4010
1010
100
#5010
100
1§00
1010
%010
de

7100
7100
7100
#1070
#1070
7100
1100
7100
7100
7100
7100
#7100
7100
8200
800
%00
%00
800
800
%00
200
800
500
8200
800
%00
%00

dz

9z

pLIC
89
889
e
91Le
819
e
88LC
pLIe
wie
£Le

89
88T
10e

PEe

L
8eel
Za010
2560
9960
&0

80

80T
el
il
90T
T

70T
01T
il
T
&1
£eT

Ue'l
oyl
8or'T
T
8T

aeT
09T
LT
90gT

90
o0y
i
oo
i
eyl
ver0
el
gy
oyl
o0
oLy
gy
6y
50
50
8150
zesh
o0
oy
950
S0
850
g
9150
90
oo
S¢

120
120
120
120
120
120
120
1220
1220
1220
1220
1220
%20
%20
%20
%20
%20
%520
%20
%520
%20
%20
%20
%920
%20
%70
%70
s

86070
8a00
800
86070
86070
8a00
8600
86070
8a00
¢
2o
ZIr
2
2o
2o
2
I
ZIro
ZIro
ZIr
2o
90
%0
%I
%0
%0
%0

S¢

i
o
i
a0
it
vl
a0
i
o
il
a0
i
ol
avli0
A
o
ol
a0
o
o
a0
i
o
o
a0
9500
9500

5T

bI07
pI00
P10
p1070
bI07
pI00
p10°0
b1
pI00
b1
p100
bI00
pI00
p1070
p1070
pI0°0
b1
p1070
bI00
pI00
pI070
b1
pI00
b0
pI070
bI07
pI00

51

S 5L ma] o

o SAL[mg] M
&L
AL
L6a[m] D
Jss[m] W
9,45 5L [mg]
Jsimg]
NI (L
9,455 [mg]
o jesLlw) o
9.5 s mi] w
P9, 5L |mg] 1L
oL [mg]
L

sulmi] 4
mm.cgh@mmézﬁ. [ox] m
mQQE@m%wvmw_@w_ﬁﬁ
49, 15,89, Jr[ox] o
muao%mmm.@zﬁ lox] @
mmugnmm_ﬂ.ﬁ_# _gﬂ &
o, pes0 wox] 1L
aP$59,3r 2]
589, 3 2]
PS50, 3 K]
PeR9, 3 [x] 1
05,59, 3¢ [3x] 50

fEEi e =

o

ll
Ul
oot
i
8
Lo
%
5
1o
t0
i
16
0o
68
8
L8
9%
58
13
£8
8
18
03
bl
8L
LL
9L

2)8)S AMWONI[ ok 7

'SI0Je 70T=Z 0} 9/=2 JO $18)s 4283 1] () °4 SIpe1 JOJD 8t} JO $29101 A, ' QLT

[

22



An intermediate pseudo potential V,”:
. r r
Vim(r) = {1 - f(r—)}V[(r) +le(r—) (3.24)
was first formed with the corresponding the radial Schrédinger equation:

_l dzwl(r)
2 d*r

+V.2(ryw,(r)=gw(r), (3.25)

where introducing a cut-off function f(x) which approaches 0 asx — oo, approaches 1 at

least as fastas x° as x — 0,and cuts off for x=1. A convenient choice was:
f(x)=exp(-x*)

The constant ¢, was adjusted so that the nodeless bound solution w, of the radial

Schrodinger equation (3.25) with, ¥/*(r)~has lenergy. £, equal to the original eigenvalue of

the valence state &

nl *

Bywusing the secant:méthod, we can do'loop to get c,.
Property (1) of the subsection 2.4:1$ now automatically;satisfied. Further, property (2) of
subsection 2.4 is satisfied within a multiplicative constant y, for normalized functionw, :
1w (r) = Py (r) (3.26)
Since both satisfy the same differential equation for r >r, and with the same homogeneous

boundary condition. Here we choose

_Pa)

Y owa)’

where a is about the middle point(= 5 2‘,) of the domain (O~10£& ).
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To satisfy properties (2)-(4) of the subsection 2.4, the intermediate pseudo wave function w,

1s modified to
Wz(r):%{wl(”)"'é‘/g/(ri)} > (3.27)

where another cut off function g,(x) was introduced, which cuts off to zero for x>1, and

' at small x.The convenient choice is written as:

behaves as x'*
g,(x) =x"exp(—x*).
The asymptotic behavior of f(x) and g,(x) guarantees the potential to be finite at the

origin. We choose ¢, that is the.smaller solution of the'quadratic equation of the

normalization condition:
2
> I
fo %{wl(r)ﬂig,(;)} dr=1 (3.28)
Expanding the equation (3.28),%we have:
2f* 2, T 2 2™ r 9
{71 [ e (—)dr}s, 4{271 [ wl(r)g,(—)dr}s, J{yfjo W, (r)dr—l}:o (3.29)
rL‘ rL‘

Solving the quadratic equation (3.29), we can get smaller solutiond, .

Notice that this condition (3.28) guarantees that the norm conservation condition because for

w, with P, since both function coincide for r > r,. The pseudopotential V, (r) producing

the nodeless eigenfunction w,(r)at eigenvalue &£

nl

is now found by inverting the radial

Schrodinger equation:
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1d wz(r)} 1 (3.30)

vV, (r)= [gn,wz(r) +5 Zr )

To form the final bare-ion pseudopotential, the valence pseudo charge density is found by
using the wave functions w, in the same configuration as the original atom calculation. The

Hartree and exchange-correlation potentials due to this density are then calculated and

subtracted from each V. Analytical expressions containing a few parameters can

subsequently be fitted to the numerical potential functions.
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A Appendix

A.1 The main program of No atom

module toole

implicit none

real(kind=8)::z1=102.0 !atomic number of NO

real::a0=0.529 !Bohr radius

real,parameter::pi=3.14159265

integer,parameter::g=400

real,parameter::h=10.0/real(g) !~/ %['[JF'EIEJE'E

real,parameter::h1=10.0 !#&]#! 0-hl

real(kind=8)
a(g,g),v_I(g),vll_ps(g),v2l_ps(g),e_nlLr.cscalsrl.delta_l,w10(0:g),w20(0:g),pnl(0:g)

real(kind=8)
v(g),r_s(0:g),v_xc(0:2),v_ee(0:g),v_eff(g)se _xc(0:2).e_x(0:g),e_c(0:g),electron,electronl
,ev0(7),ev1(6),ev2(4),ev3(2)

real(kind=8)
k(0:2),p_10(0:g),p_20(0:2);p_30(0:g);p_40(0:2);p=21(0:2),p_31(0:2),p_32(0:g),p_41(0:g2)
.p_50(0:2),p_42(0:2),p_51(0:2),p=60(0:2),p_52(0:g)

real(kind=8) p_43(0:g),p_61(0:g),p_70(0:g),p_62(0:2),p_53(0:g2)

real(kind=8)
£(0:g,0:2),f1(0:g),diffr_s(0:g),f2(g,0:g),f2_1(0:2),f3(0:g),f4(0:2),n(0:g),n_out(0:g),dex4(0:g)
,dex5(0:g)

real(kind=8)
dex_10(g),dex_20(g),dex_30(g),dex_40(g),dex_21(g),dex_31(g),dex_32(g),dex_41(g)
,dex_50(g),dex_42(g),dex_51(g),dex_60(g),dex_52(g)

real(kind=8) dex_43(g),dex_61(g),dex_70(g),dex_62(g),dex_53(g)
integer key,ierr
double precision w(g-1),e(g-1),z(g-1,g-1)

real::1
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real(kind=38) kinetic_energy,E_xc_functional,external_energy,coulomb_energy,total_energy

end module

program main

use toole

implicit none
real(kind=8) norm,norm1
integer i,count,error
real*8,external::normal_P

logical alive

call gp()

inquire(file="DENSITY MD.txt'5exist=alive)

if (.not. alive) then

write(*,*) trim("DENSITY:MD.txt"),"doesn't exist."
end if

open(10,file="DENSITY'MD.txt")

do while(.true.)

read(10,*,iostat=error)n

if (error/=0) exit

end do

close(10)

do while (.true.)
norm=0.0
norm1=0.0
call sub11()
call sub12()
if (abs(electron-z1)<le-3) then
n=n
else
n=(zl1/electron)*n
end if
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call radius() !the radius r_s of a unit charge

call ee() Ithe exchange energy e_x

call ce() Ithe correlation energy e_c

call ece() Ithe exchange-correlation energy per unit density e_xc
call subO()  !diff. of r_s

call ecp() I'The exchange-correlation potential v_xc

call sub10() !F I electron-electron coulomb potential f[ IH~7F]
call sub10_1()

call eecp()  !the electron-electron coulomb potential v_ee

call ep() lexternal potential v

call effp()  leffective potential v_eff

1=0.0

call computing_ev_evt() !Ff jT eigenvalue & eigenvector
p_10(1:g-1)=z(:,1)

p_20(1:g-1)=2(:,2)

p_30(1:g-1)=2(:,3)

p_40(1:g-1)=z(:,4)

p_50(1:g-1)=z(:,5)

p_60(1:g-1)=z(:,6)

p_70(1:g-1)=2(:,7)
p_10=sqrt(1.0/normal_P(p_10))*p-10
p_20=sqrt(1.0/normal_P(p_20))*p_20
p_30=sqrt(1.0/normal_P(p_30))*p_30
p_40=sqrt(1.0/normal_P(p_40))*p_40
p_50=sqrt(1.0/normal_P(p_50))*p_50
p_60=sqrt(1.0/normal_P(p_60))*p_60
p_70=sqrt(1.0/normal_P(p_70))*p_70
evO(1)=w(1)

ev0(2)=w(2)

ev0(3)=w(3)

ev0(d)=w(4)

ev0(5)=w(5)

ev0(6)=w(6)

ev0(7)=w(7)

I=1.0
call computing_ev_evt() !Ff jT eigenvalue & eigenvector
p_21(1:g-1)=z(:,1)
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p_31(1:g-1)=z(:,2)

p_41(1:g-1)=z(:,3)

p_S1(l:g-1)=z(:,4)

p_61(1:g-1)=z(:,5)
p_21=sqrt(1.0/normal_P(p_21))*p_21
p_31=sqrt(1.0/normal_P(p_31))*p_31
p_41=sqrt(1.0/normal_P(p_41))*p_41
p_51=sqrt(1.0/normal_P(p_51))*p_51
p_61=sqrt(1.0/normal_P(p_61))*p_61
evl(1)=w(1)

evl(2)=w(2)

evl(3)=w(3)

evl(d)=w(4)

evl(5)=w(5)

1=2.0

call computing_ev_evt() 'Fl§T eigenvalue & eigenvector
p_32(1:g-1)=z(:,1)

p_42(1:g-1)=z(:,2)

p_52(1:g-1)=z(:,3)

p_62(1:g-1)=z(:,4)
p_32=sqrt(1.0/mormal_P{p_32))*p.-32
p_42=sqrt(1.0/normal_P(p_42))*p_42
p_52=sqrt(1.0/mormal_P(p_52))*p._52
p_62=sqrt(1.0/normal_P(p_62))*p_62
ev2(1)=w(1)

ev2(2)=w(2)

ev2(3)=w(3)

ev2(4d)=w(4)

1=3.0

call computing_ev_evt() !Ff T eigenvalue & eigenvector
p_43(1:g-1)=z(:,1)

p_53(1:g-1)=z(:,2)

p_43=sqrt(1.0/normal_P(p_43))*p_43
p_53=sqrt(1.0/normal_P(p_53))*p_353

ev3(1)=w(l)

ev3(2)=w(2)
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call density_out() !density n_out

do i=0,g
norm=norm+(n(i)-n_out(i))**2.0
norml=norml+n(i)**2.0
end do
if(sqrt(norm/norm1)<1le-4) then

exit
else
do i=0,g
n(i)=0.5*n_out(i)+0.5*n(i)
end do
end if
end do

open(unit=10,file='energy.txt')
call E_G() !Total energy E=G[n]

write(10,%) "EI*J'FJ‘:: " kineti€_energy

write(10,*) "coulomb_energy=",coulomb_energy.

write(10,*) "exchange-correlation fuctional E_xc=",Ef xcr functional
write(10,*) "external_energy=",external _energy

write(10,%) "E?Eiﬁ:: " total_energy

write(10,*) " Z =",(abs(-total_energy-32790)/32790)*100.0,"%"

"=,

write(*, *) ]EI*J'FJ‘:: " kinetic_energy

write(*,*) "coulomb_energy=",coulomb_energy

write(*,*) "exchange-correlation fuctional E_xc=",E_xc_functional
write(*,*) "external_energy=",external_energy

write(¥, %) "E?Eiﬁ:: " total_energy

open(unit=10,file="DENSITY NO.txt')
write(10,%) (n_out(i),i=0,g)
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1=3.0 !>
pnl=p_53 !
e_nl=ev3(2) %
call find_c_101()
call sub15()
call sub16()
call computing_ev_evt_ps()
wl0(1:g-1)=z(:,1)
w10=sqrt(1.0/normal_P(w10))*w10
rl=p_53(200)/w10(200) e
call find_delta_l()
call sub_w2_0()
call pseudo()
open(unit=10,file='w20 p_53.txt") ld¥
do i=0,g
write(10,*)w20(i)
end do
open(unit=10,file='v21_ps #p_53.txt") 13
do i=1,g-1
write(10,*)v21_ps(i)
end do

end

subroutine gp() !grid point
use toole
implicit none
integer i
do i=0,g
k(i)=(real(i)/real(g))*h1
end do

end
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subroutine radius() !the radius r_s of a unit charge
use toole
implicit none
integer i
do i=0,g-1
r_s(1)=(3.0/(4.0*pi*n(i)))**(1.0/3.0)
end do

end

subroutine ee() !the exchange energy
use toole
implicit none
integer i
do i=0,g-1
e_x(1)=-0.458/r_s(i)
end do

end

subroutine ce() !the correlation energy
use toole
implicit none
integer i
do i=0,g-1
if (r_s(i)>=1.0) then
e_c(1)=-0.1423/(1.0+1.0529*sqrt(r_s(i))+0.3334*r_s(i))
else if (r_s(i)<1.0) then
e_c(1)=0.0311*log(r_s(i))+(-0.0480)+0.002*r_s(i)*log(r_s(i))+(-0.0116)*r_s(i)
end if
end do

end

subroutine ece() !the exchange-correlation energy per unit density
use toole
implicit none
integer i
do i=0,g-1
e_xc(i)=e_x(1)+e_c(1)
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end do

end

subroutine sub0() !diff. of r_s
use toole
implicit none
integer i
do i=0,g-1
diffr_s(i)=-4.0*pi*3.0%*(-2.0/3.0)*(4.0*pi*n(i))**(-4.0/3.0)
end do

end

subroutine ecp() !The exchange-correlation potential v_xc
use toole
implicit none
integer i
do i=0,g-1
if (r_s(i)>=1.0) then

v_xc(i)=e_xc(1)+n(1)*(0.458*r_s(1)**(-2.0)*diffr_s(1)+0.1423%(1.0+1.0529*r_s(1)**(0.5)+0.3
334%r_s(1))**(-2.0)*(0.5*1.0529*r_s(1)**(-0.5)*diffr_s(1)+0.3334*diffr_s(i)))

else if (r_s(i)<1.0) then

v_xc(i)=e_xc(1)+n(i)*(0.458 *r_s(i)**(-2.0)*diffr_s(i)+0.03 11 *r_s(i)**(-1.0)*diffr_s(i)+0.002
*diffr_s(i)*log(r_s(i))+0.002*diffr_s(i)-0.0116*diffr_s(i))
end if
end do

end

subroutine ep() lexternal potential v
use toole
implicit none
integer i
doi=1,g
v(i)=-z1/k(i)
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end do
end

subroutine eecp() !The electron-electron coulomb potential V_ee

use toole lv_ee(r)= § (0.0,10.0)n(r1)*(r1 *%2.0)*1.0/max(r,r1)
implicit none 12 from sub10()
integer i

real,external::trape_integral4,trape_integral5
do i=0,g
if(i==0) then
v_ee(i)=4.0*pi*trape_integral4 (f2_1,h,0)
else
v_ee(i)=4.0*pi*trape_integral5(f2,h,i)
end if
end do
end

subroutine effp() leffective-potential v_eff
use toole
implicit none
integer i

do i=1,g-1

v_eff(i)=v(1)+v_xc(i)+v_ee(1)

end do

end

real function trape_integral3(datas2,width,j) !simpson #i 7}
use toole
implicit none
real(kind=8) datas2(0:g,0:g)
real width
real sum
integer 1i,j
sum=(datas2(0,j)+datas2(g.j))
do i=1,g-1
if (mod(i,2)==0) then
sum=sum+4.0*datas2(i,j)

else

34



sum=sum+2.0*datas2(i,j)
end if
end do
trape_integral3=sum*width/3.0
return

end

real function trape_integral4(datas,width,j) !simpson ¥ 5}
use toole
implicit none
real(kind=8) datas(0:g)
real width
real sum
integer 1i,j
sum=(datas(j)+datas(g))
do i=j+1,g-1
if (mod(i,2)==0) then
sum=sum+4.0*datas(t)
else
sum=sum+2.0*datas(i)
end if
end do
trape_integral4=sum*width/3.0
return

end

real function trape_integral4 1 (datas,width,j) !simpson #i 7}
use toole
implicit none
real(kind=8) datas(g)
real width
real sum
integer 1i,j
sum=(datas(j)+datas(g-1))
do i=j+1,g-2
if (mod(i,2)==0) then
sum=sum+4.0*datas(i)
else

sum=sum+2.0*datas(i)
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end if
end do
trape_integral4 1=sum*width/3.0
return

end

real function trape_integral5(datas2,width,i) !simpson #i 7}
use toole
implicit none
real(kind=8) datas2(g,0:g)
real width
real sum
integer 1i,j
sum=(datas2(i,0)+datas2(i,g))
do j=1,g-1
if (mod(j,2)==0) then
sum=sum-+4.0*datas2(i,})
else
sum=sum+2.0*datas2(i,j)
end if
end do
trape_integral5=sum*width/3.0
return

end

subroutine computing_ev_evt()
use toole 7 5T eigenvalue and eigenvector

implicit none

integer:: i,
dojelgl (L bk % il
doi=1,g-1

if (i==j) then
a(i,j)=(1.0/(h**2.0)+1*(1+1.0)/(2.0*k(1) **2.0)+v_eff(i))
else if (abs(i-j)==1) then
a(i,j)=(-1.0/(2.0*h**2.0))
else
a(i,j)=0.0
end if
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end do
end do

do i=1,g-1
w(i)=a(i,i)
end do

do i=2,g-1
e(1)=(-1.0/(2.0*h**2.0))
end do

call rst(g-1,g-1,w,e,1,z,ierr)

end subroutine

subroutine sub3() !Ff {1} EI*JHZ FYF

use toole

implicit none

integer i

1=0.0

do i=1,g-1
dex_10(1)=(-1.0/2.0)*p_10@{)*(p_10(+1)-2.0*p10G)+p_10G-1))/(h**2.0)&

&+(1*(1+1.0)/(2.0*k(1) ¥%2:0)) #p210(1)**2.0
end do

do i=1,g-1
dex_20(1)=(-1.0/2.0)*p_20(1)*(p_20(+1)-2.0*p_20(i)+p_20(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0)) *p_20(1) **2.0
end do
do i=1,g-1
dex_30(1)=(-1.0/2.0)*p_30(1)*(p_30(+1)-2.0*p_30(i)+p_30(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0)) *p_30(1) **2.0

end do

do i=1,g-1
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dex_40(1)=(-1.0/2.0)*p_40(1)*(p_40(i+1)-2.0*p_40(1)+p_40(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0))*p_40(1) **2.0

end do

do i=1,g-1
dex_50(1)=(-1.0/2.0)*p_50(1)*(p_50(+1)-2.0*p_50(i)+p_50(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0)) *p_50(1) **2.0
end do

do i=1,g-1
dex_60(1)=(-1.0/2.0)*p_60(1)*(p_60(@i+1)-2.0*p_60(i)+p_60(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0)) *p_60(31) **2.0
end do

do i=1,g-1
dex_70(1)=(-1.0/2.0)*p_70@)*(p_70(i+1 )-2.0%p_70(1)+p_70G-1))/(h**2.0)&
&+(1*(1+1.0)/2.0%k(1)**2:09)Hp=700)%+2.0
end do

1=1.0
do i=1,g-1
dex_21(@1)=(-1.072.0)*p_2KD)*(p_21(1+1)-2.0*p_21(1)+p_21G-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k@) #%*2.0)) #p=21 (1) ¥*2.0
end do
do i=1,g-1
dex_31(1)=(-1.0/2.0)*p_31(1)*(p_31(1+1)-2.0*p_31(1)+p_31(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0)) *p_31(1) **2.0
end do
do i=1,g-1
dex_41(1)=(-1.0/2.0)*p_41(1)*(p_41(1+1)-2.0*p_41(1)+p_41(i-1))/(h**2.0)&

&+(1#(1+1.0)/(2.0%k(1) **2.0))*p_41(1) **2.0

end do
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do i=1,g-1
dex_51(1)=(-1.0/2.0)*p_S1()*(p_51(+1)-2.0*p_S51(1)+p_51(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0))*p_S51(1) **2.0

end do

do i=1,g-1
dex_61(1)=(-1.0/2.0)*p_61(1)*(p_61(1+1)-2.0*p_61(1)+p_61(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0)) *p_61(1) **2.0

end do

1=2.0
do i=1,g-1
dex_32(1)=(-1.0/2.0)*p_32(1)*(p_32(+1)-2.0*p_32(i)+p_32(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0*k(1)**2.0)) *p_32(1) * #2.0

end do
do i=1,g-1
dex_42(1)=(-1.0/2.0)*p_42(1)*(p.42G+1)-2.0%p-42(1)+p_42(i-1))/(h**2.0) &
&+(1*(+1.0)(2.0*%k@) *%2.0)) *p2426) **2.0
end do
do i=1,g-1
dex_52(1)=(-1.0/2.0)*p_52(1)*(p_52(i+1)-2.0*p_52(i)+p_52(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0)) *p_52(1) **2.0
end do
do i=1,g-1
dex_62(1)=(-1.0/2.0)*p_62(1)*(p_62(i+1)-2.0*p_62(i)+p_62(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0)) *p_62(1) **2.0

end do

1=3.0
do i=1,g-1
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dex_43(1)=(-1.0/2.0)*p_43(1)*(p_43(i+1)-2.0*p_43(1)+p_43(i-1))/(h**2.0)&
&+(1#(1+1.0)/(2.0%k(1) **2.0))*p_43(1) **2.0

end do
do i=1,g-1
dex_53(1)=(-1.0/2.0)*p_53(1)*(p_53(+1)-2.0*p_53(i)+p_53(i-1))/(h**2.0)&

&+(1#(1+1.0)/(2.0%k(1) **2.0))*p_53(1) **2.0

end do

end

subroutine KE() !EI*J'FJ‘: T

use toole

implicit none

real,external::trape_integral41
kinetic_energy=2.0*trape_integral4 1 (dex=10:h,1)+2 .O*trape_integral41(dex_20,h,1)+6.0*trap

end

e_integral4l(dex_21,h,1)+2.0%trape_integral4 1(dex_30,h,1)&
&+6.0*trape_integrald 1(dex_31;h,1)+2.0%trape_integral4 1(dex_40,h,1)+10.0
*trape_integral41(dex_32,h;1)4+6.0*trape_integral41(dex_41,h,1)&
&+2.0*trape. integraldd(dex_50,h,1)+10.0*trape_integral4 1(dex_42,h,1)+6.0
*trape_intégrald 1(dex.51,h, H)+2.0%trape_integral41(dex_60,h,1)&
&+10.0*trapeg integral4 1 (dex_52,h,1)+14.0*trape_integrald 1(dex_43,h,1)+6.
O*trape_integral4 1(dex 61;h;1)+2 0%*trape_integrald1(dex_70,h,1)&
&+0.0*trape_integrald 1 (dex_62,h,1)+14.0*trape_integral41(dex_53,h,1)

! I

subroutine sub4() !Ff jI exchange-correlation fuctional E_xc | Ifﬁl H

use toole

implicit none

integer i

do i=0,g
if(i==g) then

dex4(i)=0.0

else

dexd(i)=e_xc(i)*n_out(i)*(k(i)**2.0)!

end if
end do
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end

subroutine Excfunctional() !exchange-correlation fuctional E_xc
use toole

implicit none

real,external::trape_integral4
E_xc_functional=4.0*pi*trape_integral4(dex4,h,0) !

End

subroutine sub5() !5 i external energy § v(r)n(r)dr ffi "]
use toole
implicit none
integer i
do i=0,g
dex5(i)=z1*k(@)*n_out() !
end do

end

subroutine sub6() '?{‘E,T?FJH'ZH i § v(o)n(r)dr
use toole

implicit none

real,external::trape_integral4
external_energy=-4.0*pi*trape_integral4(dex5,h,0)

end

subroutine sub7() !5 i coulomb energy ffli ™|
use toole

implicit none

integer 1i,j
do j=0,g
do i=0,g
if(i==0 .and. j==0) then
f(i,j)=0.0
else

f(1,j)=(k()**2.0)*(k(j)**2.0)*(1.0/max(k(i),k(j))) *n_out(i) *n_out(j)
end if
end do
end do
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end

subroutine sub8() IFF T coulomb energy ffi ™|
use toole
implicit none
integer j
real,external::trape_integral3

do j=0,g

f1(j)=trape_integral3(f,h,j)
end do

end

subroutine sub9() !coulomb energy (1/2)*.§. § (Vee*n)dr
use toole

implicit none

real,external::trape_integral4
coulomb_energy=0.5%(4.0%pi1)**2.0*trape_integral4(fl;h,0)

end

subroutine sub10()
use toole
implicit none
integer 1i,j
do j=1,g
doi=1,g
2(1,j)=k(j) **2.0*n(j)*(1.0/max(k(i),k(j)))
end do
end do

end

subroutine sub10_1()
use toole
implicit none
integer i
do i=0,g
f2_1(1)=k(1)*n(i)
end do
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end

subroutine sub11()
use toole
implicit none
integer i
do i=0,g
f3(1)=k(i)**2.0%*n(i)
end do

end

subroutine sub12()

use toole

implicit none
real,external::trape_integral4
electron=4.0*pi*trape_integral4({3,h,0)

end

real*8 function normal_P(p_nl)
use toole
implicit none
real(kind=8) p_nl(0:g),temp(0:g)
integer i
real,external::trape_integral4

do i=0,g

temp(i)=P_nl(i)**2.0

end do

normal_P=trape_integral4(temp,h,0)

end

subroutine density_out() !density n_out
use toole
implicit none

integer i

p_10(0)=0.0
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p_20(0)=0.0
p_30(0)=0.0
p_21(0)=0.0
p_31(0)=0.0
p_40(0)=0.0
p_32(0)=0.0
p_41(0)=0.0
p_50(0)=0.0
p_42(0)=0.0
p_51(0)=0.0
p_60(0)=0.0
p_52(0)=0.0
p_43(0)=0.0
p_61(0)=0.0
p_70(0)=0.0
p_53(0)=0.0

p_10(2)=0.0
p_20(2)=0.0
p_30(g)=0.0
p_21(g)=0.0
p_31(g)=0.0
p_40(2)=0.0
p_32(g)=0.0
p_41(g)=0.0
p_50(g)=0.0
p_42(g)=0.0
p_51(g)=0.0
p_60(g)=0.0
p_52(g)=0.0
p_43(2)=0.0
p_61(g)=0.0
p_70(2)=0.0
p_53(g)=0.0
do i=0,g
if (i==0) then

n_out(1)=(1.0/(4.0*p1))*(2.0*(2.0*(p_10(1)/k(1))-(p_10(2)/k(2)))**2.04+2.0*(2.0*(p_20(1 )/k(
1))-(p_20(2)/k(2)))**2.0+6.0*(2.0*(p_21(1)/k(1))-(p_21(2)/k(2)))**2.0&
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&+2.0%(2.0*(p_30(1)/k(1))-(p_30(2)/k(2)))**2.0+6.0*(2.0*(p_31(1)/k(1))-(p_31(2)/k(2)))**2
042.0%(2.0*%(p_40(1)/k(1))-(p_40(2)/k(2)))**2.0&
&+10.0*(2.0%(p_32(1)/k(1))-(p_32(2)/k(2)))**2.0+6.0*(2.0*(p_41(1)/k(1))-(p_41(2)/k(2)))**
2.0+2.0*(2.0*(p_50(1)/k(1))-(p_50(2)/k(2)))**2.0&
&+10.0*(2.0%(p_42(1)/k(1))-(p_42(2)/k(2)))**2.0+6.0*(2.0*(p_S51(1)/k(1))-(p_51(2)/k(2)))**
2.0+2.0*(2.0*(p_60(1)/k(1))-(p_60(2)/k(2)))**2.0&
&+10.0*(2.0*(p_52(1)/k(1))-(p_52(2)/k(2)))**2.0+14.0*(2.0*(p_43(1)/k(1))-(p_43(2)/k(2)))*
*2.046.0%(2.0*(p_61(1)/k(1))-(p_61(2)/k(2)))**2.0&
&+2.0%(2.0*(p_70(1)/k(1))-(p_70(2)/k(2)))**2.0+0.0*(2.0*(p_62(1)/k(1))-(p_62(2)/k(2))) **2
0+14.0%2.0*(p_53(1)/k(1))-(p_53(2)/k(2)))**2.0)

else

n_out(i)=(1.0/(4.0*pi))*(2.0*(p_10(1)/k(1)) **2.0+2.0*(p_20(1)/k(i)) **2.0+6.0*(p_21(1)/k(i)) *
*2.0+2.0%(p_3031)/k(1))**2.0+6.0*(p_3 L(i)/k()) **2.0&
&+2.0%(p_40@1)/k(1))**2.0+10.0#(p=32(1)/k(1))**2.0+6.0*(p_41(1)/k(1)) **2.0+2.0*(p_50(1)/k(
1))**2.0+10.0*(p_42(1)/k(1)) $*2.0&
&+6.0*(p_S1(1)/k(1))**2.042.0*(p_60(1)/k(1))**2.0+10.0%(p._52(i)/k(i))**2.0+14.0*(p_43(1)/
k(i))**2.0+6.0*(p_61(1)/k(1)) **2.0&
&+2.0%(p_70(1)/k(1))**2.040.0*(p_62(1)/k(1))**2.0+14.0%(p 53 (1)/k(i))**2.0 )
end if
end do

end

subroutine computing_ev_evt_ps()
use toole 7 BT eigenvalue and eigenvector of ps.
implicit none
integer:: i,
doj=l.g-1  WEfe(™L & & pusifi
do i=1,g-1
if (i==j) then
a(i,j)=(1.0/(h**2.0)+v1l_ps(i))
else if (abs(i-j)==1) then
a(i,j)=(-1.0/(2.0*h**2.0))
else
a(i,j)=0.0
end if
end do
end do
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do i=1,g-1
w(i)=a(i,i)
end do

do i=2,g-1
e(1)=(-1.0/(2.0*h**2.0))
end do

call rst(g-1,g-1,w,e,1,z,ierr)

end subroutine

real*8 function adjust_c_l(x,p_nl,en)

use toole

implicit none

real(kind=8) x,en

real(kind=8) p_nl(0:g)

c_l=x

call sub15() lcompitting v__1
call cutoff_radius(p_nl,r_c)!computing r_c
call sub16() lvl_ps
call computing_ev_evt_ps()
adjust_c_l=w(1)-en

return

end

subroutine find_c_101() !find c_I
use toole
implicit none

real*8,external::adjust_c_1

real(kind=8)::al,bl,cl
real(kind=8)::fa,fb,fc
al=-2.0

b1=0.0
fa=adjust_c_l(al,pnl,e_nl)
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fb=adjust_c_I(b1,pnl,e_nl)
cl=al-fa*(bl-al)/(fb-fa)
fc=adjust_c_l(c1,pnl,e_nl)
do while(abs(fc)>1e-4)
al=bl

bl=cl
fa=adjust_c_l(al,pnl,e_nl)
fb=adjust_c_I(b1,pnl,e_nl)
cl=al-fa*(bl-al)/(fb-fa)
fc=adjust_c_l(c1,pnl,e_nl)
end do

c_l=cl

end

subroutine sub15()
use toole
implicit none
integer i
do i=1,g-1
v_I(D)=(1*(+1.0)/(2.0*k(1) #%2.0))+v_eff (i)
end do

end

subroutine sub16()
use toole

implicit none
integer i
real*8,external::func

do i=1,g-1

v11_ps(i)=(1.0-func(k(i)/r_c))*v_l(i)+c_l*func(k(i)/r_c)

end do

end

real*8 function func(x)
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use toole
implicit none
real(kind=8) x

func=exp(-x**4.0)

return

end

real*8 function gl(x)
use toole

implicit none
real(kind=8) x

gl=x**(1+1)*exp(-x**4.0)

return

end

subroutine sub_w2_0()

use toole

implicit none

integer i

real*8,external::gl
do i=1,g-1

w20(@()=r1*(w10(@)+delta_I*gl(k(i)/r_c))

end do

end

subroutine find_delta_I()
use imsl
use toole
implicit none
real(kind=8) p(3),temp1(0:g),temp2(0:g),temp3(0:g)
complex(kind=8) r(2)
integer i
real,external::trape_integral4,gl

do i=0,g

temp1(1)=(w10(1))**2.0
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end do
p(1)=r1**2.0*trape_integral4(temp1,h,0)-1.0

do i=0,g
temp2(i)=w10(@)*gl(k(i)/r_c)
end do
p(2)=2.0*r1**2.0*trape_integral4(temp2,h,0)

do i=0,g
temp3(1)=(gl(k(i)/r_c))**2.0
end do
p(3)=r1**2.0*trape_integral4(temp3,h,0)

call dzplre(2,p,r)
delta_l=r(1)

end

subroutine cutoff_radius(p_nl,rc)
use toole
implicit none
integer,external::sequential_search
real(kind=8) P_nl(0:g),rc,temp,b(0:g)
integer 1i,j
b=p_nl
do j=1,g-1
if (abs(b(j))>abs(b(j+1))) then
temp=b(j)
b(j)=b(j+1)
b(j+1)=temp
end if
end do
r_c=0.56*k(sequential_search(p_nl,b(g)))

end



integer function sequential_search(in,value)! f’ﬁ HefgaiE
use toole

implicit none

real(kind=8) value

real(kind=8) in(0:g)

integer i

do i=0,g
if (value==in(i)) then
sequential_search=i
return
end if
end do
sequential_search=0

return

end function

subroutine pseudo()

use toole

implicit none

integer i

do i=1,g-1
v21_ps(i)=(e_nl*w20(i)+0.5*((w20(3i+1)-2.0*w20(1))+w20(-1))/h**2.0))*(1.0/w20(i))
end do

end

subroutine E_G() !total energy & jT
use toole

implicit none

call sub3()

call KE() !EI*J'FJ‘: T

n=n_out

call radius() !the radius r_s of a unit charge
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call ee() Ithe exchange energy e_x

call ce() Ithe correlation energy e_c

call ece() Ithe exchange-correlation energy per unit density e_xc
call sub4()

call Excfunctional() l!exchange-correlation fuctional E_xc

call sub5()

call sub6() ‘?{‘ET]@JHZ FIEY § v(o)n(r)dr

call sub7()

call sub8()

call sub9() !lcoulomb energy (1/2)* § § (Vee*n)dr

total_energy=kinetic_energy+E_xc_functional+external_energy+coulomb_energy

end

Ifind the eigenvalues and eigenvectors, (if desired)
lof a real symmetric tridiagonal matrix.
subroutine rst(nm,n,w,e,matz;z,ierr)

integer i,j,n,nm,ierr,matz

double precision w(n),e(n);z(nms;n)

le

le this subroutine calls the recommended sequence of

le subroutines from the eigensystem subroutine package (eispack)
Ic to find the eigenvalues and eigenvectors (if desired)

Ic of a real symmetric tridiagonal'matrix:

le

Ic on input

le

le nm must be set to the row dimension of the two-dimensional
Ic array parameters as declared in the calling program

le dimension statement.

le

le n is the order of the matrix.

le

Ic w contains the diagonal elements of the real

Ic symmetric tridiagonal matrix.

le

Ic e contains the subdiagonal elements of the matrix in

Ic its last n-1 positions. e(1) is arbitrary.

le
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matz is an integer variable set equal to zero if
only eigenvalues are desired. otherwise it is set to

any non-zero integer for both eigenvalues and eigenvectors.

on output

z contains the eigenvectors if matz is not zero.
ierr is an integer output variable set equal to an error
completion code described in the documentation for imtql1

and imtql2. the normal completion code is zero.

questions and comments should be directed to burton s. garbow,

mathematics and computer science div,argonne national laboratory

this version dated august1983.

if (n .le. nm) go to*10
ierr =10 * n
go to 50

10 if (matz .ne. 0) go to 20

.......... find eigenvalues only ..........

call imtqll(n,w,e,ierr)

go to 50

.......... find both eigenvalues and eigenvectors ..........
20do40i=1,n

do30j=1,n
7(j,i) = 0.0d0

30 continue

2(i,i) = 1.0d0

40 continue

call imtql2(nm,n,w,e,z,ierr)

50 return
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end

subroutine imtql1(n,d,e,ierr)

integer i,j,1,m,n,ii,mml,ierr

double precision d(n),e(n)

double precision b,c,f,g,p,r,s,tstl,tst2,pythag

Ic

Ic this subroutine is a translation of the algol procedure imtql1,

Ic num. math. 12, 377-383(1968) by martin and wilkinson,

Ic as modified in num. math. 15, 450(1970) by dubrulle.

Ic handbook for auto. comp., vol.ii-linear algebra, 241-248(1971).

Ic this subroutine finds the eigenyalues of.a symmetric

Ic tridiagonal matrix by thesimplicit qI method.

Ic

Ic on input

Ic

Ic n is the order'of the matrix.

Ic

le d contains the diagonal.elements.of the input‘/matrix.
Ic

le e contains the subdiagonal elements’of the input matrix
Ic in its last n-1 positions. e(1) is arbitrary.

Ic

Ic on output

Ic

Ic d contains the eigenvalues in ascending order. if an
Ic error exit is made, the eigenvalues are correct and
Ic ordered for indices 1,2,...ierr-1, but may not be

Ic the smallest eigenvalues.

Ic

Ic e has been destroyed.

Ic

Ic ierr is set to

Ic ZEro for normal return,

Ic ] if the j-th eigenvalue has not been

Ic determined after 30 iterations.
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c calls pythag for dsqrt(a*a + b*b) .

le
Ic questions and comments should be directed to burton s. garbow,
Ic mathematics and computer science div, argonne national laboratory
le
Ic this version dated august 1983.
le
e
le
ierr =0
if (n .eq. 1) go to 1001
le
do100i=2,n
100 e(i-1) = e(i)
le
e(n) = 0.0d0
le
do2901=1,n
j=0
Ic look for small sub-diagonal element--.........

105 do110m=1,n
if (m .eq. n) go:to 120
tstl = dabs(d(m)) +dabs(d(m+1))
tst2 = tstl + dabs(e(m))
if (tst2 .eq. tstl) go to 120

110 continue

120 p=dd)
if (m .eq. 1) go to 215
if (j .eq. 30) go to 1000
j=j+1

g=(d(+1)-p)/(2.0d0 * e(1))

r = pythag(g,1.0d0)

g=d(m) - p +e(l) / (g + dsign(r,g))
s = 1.0d0

¢=1.0d0

p =0.0d0
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mml=m-1
Ic e for i=m-1 step -1 until 1 do -- ..........
do 200 ii = 1, mml
i=m-ii
f=s%*e(1)
b=c *e(i)
r = pythag(f,g)
e(i+l)=r
if (r .eq. 0.0d0) go to 210
s=f/r
c=g/r
g=d(+1)-p
r=(d@{)-g) *s+2.0d0 *c*b
p=s*r
d+l)=g+p
g=c*r-b

200 continue

d)=d@d-p
eh=g
e(m) = 0.0d0
go to 105
Ic recover from undeiflow ..........
210 d@+1) =d@+1) -p
e(m) = 0.0d0
go to 105
Ic order eigenvalues ..........
215 if (1.eq. 1) go to 250
Ic for i=1 step -1 until 2 do -- ..........
do230ii=2,1
i=1+2-ii
if (p .ge. d(i-1)) go to 270
d@) =d@-1)
230 continue
Ic
250 i=1
270 di@)=p
290 continue

Ic
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go to 1001

Ie set error -- no convergence to an

le eigenvalue after 30 iterations ..........
1000 ierr =1
1001 return

end

subroutine imtql2(nm,n,d,e,z,ierr)
integer 1,j,k,1,m,n,ii,nm,mml,ierr
double precision d(n),e(n),z(nm,n)

double precision b,c,f,g,p,r,s,tst1,tst2,pythag

le this subroutine is a translation of the algol procedure imtql2,

Ic num. math. 12, 377-383(1968) by.martin and wilkinson,

Ic as modified in num. math. 15,450(1970) by dubrulle.

Ic handbook for auto. comp:, vol.ii-linear.algebra, 241-248(1971).

le

le this subroutine finds the eigenvalues andseigenvectors

le of a symmetric tridiagonal matrix by the implicit ql method.
Ic the eigenvectors of a full symmetric matrix-can also

le be found if tred2*, has been nsed to.reduce this

Ic full matrix to tridiagonal form.

le

Ic on input

le

le nm must be set to the row dimension of two-dimensional
Ic array parameters as declared in the calling program

le dimension statement.

le

le n is the order of the matrix.

le

le d contains the diagonal elements of the input matrix.

le

Ic e contains the subdiagonal elements of the input matrix
Ic in its last n-1 positions. e(1) is arbitrary.

le

Ic z contains the transformation matrix produced in the

Ic reductionby tred2, if performed. if the eigenvectors
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Ic of the tridiagonal matrix are desired, z must contain

Ic the identity matrix.

Ic

Ic on output

Ic

Ic d contains the eigenvalues in ascending order. if an

Ic error exit is made, the eigenvalues are correct but

Ic unordered for indices 1,2,...,ierr-1.

Ic

Ic e has been destroyed.

Ic

Ic z contains orthonormal eigenvectors of the symmetric
Ic tridiagonal (or full) matrix. if an error exit is made,
Ic z contains the eigenvectors associated with the stored
Ic eigenvalues.

Ic

Ic ierr is set to

Ic Zero for normal return,

le ] if the j-th eigenvalue has not been

Ic determined after30 iterations.

Ic

Ic calls pythag for dsqrt(a*a +:b*b).!

le
le questions and comments‘should be.directed. to burton s. garbow,
Ic mathematics and computer science div, argonne national laboratory
le
Ic this version dated august 1983.
le
e
le
ierr =0
if (n .eq. 1) go to 1001
le
do100i=2,n
100 e(i-1) = e(i)
le
e(n) = 0.0d0
le
do2401=1,n
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105

110

120

j=0

do110m=1Ln
if (m .eq. n) go to 120
tstl = dabs(d(m)) + dabs(d(m+1))
tst2 = tstl + dabs(e(m))
if (tst2 .eq. tstl) go to 120

continue

p=d()

if (m .eq. 1) go to 240
if (j .eq. 30) go to 1000
j=j+1

......... form shift ..........

g=(d(d+1)-p)/(2.0d0 * e(l))

r = pythag(g,1.0d0)

g =d(m) - p + e(l)./(g+ dsign(r;2))
s = 1.0d0

¢=1.0d0

p =0.0d0

mml=m-1

......... for i=m-1 step =1 untill do -- =.o.is

do 200 ii = 1, mml
i=m-ii
f=s%*e(1)
b=c *e(i)
r = pythag(f,g)
e(i+l)=r
if (r .eq. 0.0d0) go to 210
s=f/r
c=g/r
g=d(+1)-p
r=(d@{)-g *s+2.0d0 *c *b
p=s*r
d+l)=g+p
g=c*r-b

......... form vector ..........

do180k=1,n
f = z(k,i+1)
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z(k,i+1)=s *z(k,j) + c *f
z(kj)=c *z(k,i) -s *f
180 continue

200 continue

d)=d@d -p
eD=g
e(m) = 0.0d0
go to 105
Ic recover from underflow ..........
210 d@i+1) =d@i+1) - p
e(m) = 0.0d0
go to 105
240 continue

Ic order eigenvaluessa
do300ii=2,n
i=ii-1
k=i
p=d()

do 260 j=ii,n )
if (d(j) .ge.p) g
k=j
p=dQ)
260 continue

if (k .eq. 1) go to 300
d(k) =d(i)
d@®=p

do280j=1,n
p =2(,)
2(j,1) = 2(}.K)
z(j.k) =p
280 continue
lc
300 continue
Ic
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go to 1001

I set error -- no convergence to an

le eigenvalue after 30 iterations ..........
1000 ierr =1
1001 return

end

double precision function pythag(a,b)
double precision a,b
le
Ic finds dsqrt(a**2+b**2) without overflow or destructive underflow
le
double precision p,r,s,t,u
p = dmax1 (dabs(a),dabs(b))

10 continue
t=4.0d0 +r
if (t .eq. 4.0d0)
s=r/t

p=u*p
r=(s/u)**2 *r
go to 10
20 pythag =p
return
end
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A.2 The initial electron density of No atom(1*401)

107084.007828308
2745.91161917885
517.051763519848
231.320654298285
113.740401626887
47.8322918811604
23.6807816232239
15.4231953497467
11.3492259742482
8.42701541242964
6.16574673671114
4.48028895432457
3.27040769438993
2.41636727839534
1.81243131970336
1.37950656016855
1.06316840210656
0.827399583719429
0.648560898054416
0.510975795157975
0.403998090272881
0.320186606536367
0.254181144073415
0.202017856902356
0.160700544202954
0.127928344025784
0.101913332498783
8.125498364289073E-002
6.484987503584268E-002
5.182542753444918E-002
4.148974157580070E-002
3.329319502591192E-002
2.679859747752530E-002
2.165787433951473E-002
1.759369667040717E-002
1.438500497240101E-002

34372.7202003888
1624.66343877385
354.800421382601
188.341687507305
85.3953312399476
36.6624632645909
20.0194356502229
13.8477810162582
10.2911567867160
7.60486812302368
5.54406555171051
4.03005286824163
2.95191799334773
2.19173325135725
1.65226375522610
1.26319882912490
0.976999821221959
0.762364868721077
0.598723661220932
0.472335824607880
0.373786537892698
0.296425802473405
0.235420159665273
0.187166163485957
0.148924491324130
0.118582005664314
9.449192099516436E-002
7.536132896241667E-002
6.017024046721889E-002
4.811119642185761E-002
3.854353246913057E-002
3.095805076599340E-002
2.494959032376140E-002
2.019548439481859E-002
1.643860878903685E-002
1.347397809970459E-002
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5300.30345368854
892.197653574079
280.003233664372
148.569806588318
63.6774371773841
28.9606046635084
17.3967305601694
12.5191465439582
9.32069403295397
6.85187952990541
4.98350001575553
3.62830563879969
2.66854854916613
1.99139802790508
1.50861503142306
1.15819069653529
0.898695023259516
0.702942201908803
0.552990586063213
0.436767214016821
0.345914497227430
0.274472443596859
0.218068965152489
0.173421923097319
0.138022306315634
0.109927520435997
8.761932895483111E-002
6.990367048803577E-002
5.583724402556516E-002
4.467271542712876E-002
3.581671468731099E-002
2.879745787173793E-002
2.323941942108340E-002
1.884347232932811E-002
1.537120840670903E-002
1.263254693531655E-002



1.185553407455260E-002
9.864722160225423E-003
8.300481899761514E-003
7.073454903081042E-003
6.112429498216537E-003
5.360689047079300E-003
4.773097140783451E-003
4.313768928726015E-003
3.954209759697231E-003
3.671829862411742E-003
3.448754308609661E-003
3.270875381509599E-003
3.127091196957642E-003
3.008699695388421E-003
2.908913158824198E-003
2.822470043278500E-003
2.745323703078859E-003
2.674393472946103E-003
2.607364923534576E-003
2.542529953206961E-003
2.478658027306466E-003
2.414893696350247E-003
2.350672575447646E-003
2.285656019340413E-003
2.219677495588686E-003
2.152699472602142E-003
2.084780655473636E-003
2.016047870133048E-003
1.946675281901410E-003
1.876867266208779E-003
1.806845158029764E-003
1.736837183780744E-003
1.667071255161842E-003
1.597768324217861E-003
1.529138801069894E-003
1.461379109343330E-003
1.394669765906052E-003
1.329174369132426E-003

1.113813960804344E-002
9.300743863008295E-003
7.857856086626652E-003
6.726625618606037E-003
5.841038107483337E-003
5.148529188640743E-003
4.607279767040080E-003
4.184054900614255E-003
3.852477476473913E-003
3.591648038451772E-003
3.385043110725487E-003
3.219633054924623E-003
3.085176423897589E-003
2.973658235972852E-003
2.878838408990432E-003
2795891543 766766003
2:721117957650 124 E-003
2.651712573239848E-003
2.585579058293296E-003
2.521181418041916E-003
2.457424453632664E-003
2.393558203744460E-003
2.329100071057797E-003
2.263774214852109E-003
2.197461331112933E-003
2.130159293665480E-003
2.061952400499435E-003
1.992985135609288E-003
1.923443632740960E-003
1.853539117905898E-003
1.783496274244414E-003
1.713543843074242E-003
1.643908202517696E-003
1.574806982149893E-003
1.506446337823151E-003
1.439017530768938E-003
1.372695530528835E-003
1.307638102807593E-003
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1.047591147786275E-002
8.780427516106309E-003
7.449721203108031E-003
6.406980137083121E-003
5.591011940225279E-003
4.953105720501421E-003
4.454520103278698E-003
4.064479111616121E-003
3.758570222046024E-003
3.517462724052065E-003
3.325886409134098E-003
3.171811762731331E-003
3.045795870980201E-003
2.940460565578269E-003
2.850073623823818E-003
2.770213858375975E-003
2.697502897497303E-003
2.629390629829836E-003
2.563982437714587E-003
2.499901211479095E-003
2.436176558278047E-003
2.372155294234838E-003
2.307429861672135E-003
2.241781791908709E-003
2.175134536064552E-003
2.107518102411886E-003
2.039039288663764E-003
1.969858403951470E-003
1.900171567406406E-003
1.830195594001334E-003
1.760157467748888E-003
1.690285828883776E-003
1.620804612982832E-003
1.551928041618833E-003
1.483857526295779E-003
1.416779063764879E-003
1.350861920173128E-003
1.286258039648673E-003



1.265038930184872E-003
1.202391640081171E-003
1.141343220490764E-003
1.081987414842048E-003
1.024401978048282E-003
9.686491649160720E-004
9.147770038020224E-004
8.628202102971768E-004
8.128011744773198E-004
7.647312076441417E-004
7.186113914133056E-004
6.744338387625802E-004
6.321824790771983E-004
5.918341191080150E-004
5.533592114626592E-004
5.167227890248 111E-004
4.818852130320150E-004
4.488028633045277E-004
4.174288444855190E-004
3.877136591572628E-004
3.59605647920508 8E-004
3.330514570944315E-004
3.079965831750256E-004
2.843858490141192E-004
2.621636143384974E-004
2.412741936935813E-004
2.216621930621292E-004
2.032726756341046E-004
1.860514357313390E-004
1.699451582707738E-004
1.549016118921286E-004
1.408697603609828E-004
1.277999033592902E-004
1.156437607345007E-004
1.043545499571042E-004
9.388706333789075E-005
8.419769986704480E-005
7.524449709139090E-005

1.243985324631714E-003
1.181859535426908E-003
1.121365722369299E-003
1.062592179433795E-003
1.005611430924838E-003
9.504808334294193E-004
8.972439105427312E-004
8.459311125501529E-004
7.965610474378127E-004
7.491414647760732E-004
7.036703658639563E-004
6.601370304849589E-004
6.185229287273050E-004
5.788026139460014E-004
5.409446700569664E-004
51049124808675147E004
4706649924409 126 E-004
4.381574369243010E-004
4.073419754864941E-004
3.781683578037545E-004
3.505842764935176E-004
3.245359523655750E-004
2.999686163511237E-004
2.768269115816597E-004
2.550551277448907E-004
2.345976469758367E-004
2.153992161898536E-004
1.974051051394466E-004
1.805613948654891E-004
1.648151092777054E-004
1.501144006286792E-004
1.364086660527135E-004
1.236486735183032E-004
1.117866294336247E-004
1.007762716294620E-004
9.057292307064520E-005
8.113352736170394E-005
7.241667489680423E-005
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1.223101534021123E-003
1.161508907636419E-003
1.101579499595279E-003
1.043396265656977E-003
9.870265691125674E-004
9.325230324215833E-004
8.799247079612382E-004
8.292579726991195E-004
7.805377097853968E-004
7.337682930893217E-004
6.889447092259839E-004
6.460535266826204E-004
6.050738387382229E-004
5.659780795942923E-004
5.287330122818653E-004
4.933004954917013E-004
4.596381181057025E-004
4.277000418730818E-004
3.974375490586837E-004
3.687996739624399E-004
3.417335532411549E-004
3.161850116181944E-004
2.920990624907081E-004
2.694201843353941E-004
2.480926721292887E-004
2.280609911969619E-004
2.092700470485398E-004
1.916653515765149E-004
1.751932807943345E-004
1.598012239753983E-004
1.454377292444565E-004
1.320526440699947E-004
1.195972041386971E-004
1.080241178349560E-004
9.728764813793271E-005
8.734365366187201E-005
7.814962404826182E-005
6.966470673017529E-005



6.698716124042257E-005
5.938706592125868E-005
5.240725605101484E-005
4.601244548432785E-005
4.016900113533645E-005
3.484492388128720E-005
3.000981798593975E-005
2.563486704568786E-005
2.169279860606880E-005
1.815784953029817E-005
1.500573313169347E-005
1.221359259022907E-005
9.759967616749666E-006
7.624753618472298E-006
5.789161395555947E-006
4.235680322660612E-006
2.948039405738857E-006
1.911173186825374E-006
1.111188596421449E-006
5.353346255180588E-007
1.719775726759456E-007
1.058210769637239E-008

6.438262942915002E-005
5.699331877717903E-005
5.021234720585632E-005
4.400498164801167E-005
3.833813489737094E-005
3.318034686957430E-005
2.850175084636160E-005
2.427404903926884E-005
2.047047597764557E-005
1.706576500327527E-005
1.403611052929391E-005
1.135912510726964E-005
9.013805232616786E-006
6.980488950541492E-006
5.240817286523790E-006
3777697330128666E=006
2.575263362181452E-006
1.618844395690042E-006
8.949311547228810E-007
3.911475602763726E-007
9.622777119175851E-008
0.000000000000000E+000
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6.184971996407868E-005
5.466715074595912E-005
4.808115892318528E-005
4.205756181876279E-005
3.656381758656045E-005
3.156900082257126E-005
2.704377065421627E-005
2.296034428220840E-005
1.929245954364334E-005
1.601534152541144E-005
1.310566181693788E-005
1.054149817778547E-005
8.302299182735209E-006
6.368841018787273E-006
4.723191124608669E-006
3.348669674857610E-006
2.22981275098 1608E-006
1.352340243898984E-006
7.031234266772041E-007
2.701585979875611E-007
4.254590363656890E-008



A.3 The diagrams of output resulting
In these diagrams, pseudo wave functions and radial functions P are described by

red lines and green lines, respectively.
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