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Abstract. The first-order solution is analyzed with particularly initial con-
ditions for a two-conjugate zoom system that consists of three lenses.
We find the solution ranges of system parameters with the conditions in
which the object/image and pupil magnifications of the middle lens are
taken to be 1 and 21 or 21 and 1, and the system magnification is 1 or
21 at the mean position of zooming. Several examples are given to
demonstrate this analysis. © 1997 Society of Photo-Optical Instrumentation Engi-
neers. [S0091-3286(97)03608-8]
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1 Introduction

A two-conjugate zoom system is one in which not only t
object and image but also the entrance and exit pupils
fixed during zooming. Such a zoom system needs at l
three lenses, which move separately. Hopkins1 and Shiue2

discussed two special symmetrical two-conjugate zo
systems with different initial conditions at the mean po
tion of zooming. We have presented the general anal
for the first-order design of a two-conjugate zoom syste3

In that paper, we analyzed the possible solution areas
the two pairs of conjugate positions under two particula
initial conditions. These solution areas are constrained
the positive interlens separations.

In many practical designs, the zoom system has an o
all magnification that varies fromuM u5AR to uM u51/AR
with a zoom ratioR. In this case, the initial condition is
usually specified at the mean position of zooming, in wh
the system magnification is 1 or21. With this initial con-
dition, the design of a two-conjugate zoom system can
significantly simplified. In this paper, we analyze the so
tions for the two-conjugate zoom system of three len
under the initial conditions in which the object/image a
pupil magnifications of the middle lens are taken to
M251 andM̄2521 or M2521 andM̄251, as used in
our previous paper,3 and the object/image magnification o
the system is 1 or21. We find the solution ranges of th
object/image positions and the entrance/exit pupil positi
that make both the interlens separations positive. Five
amples are presented to demonstrate this analysis.

2 Theory

The notation used in this paper is shown in Fig. 1. T
objectO is imaged atO8 with a object/image magnification
M , and the entrance pupilE is imaged at the exit pupi
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E8 with a pupil magnificationM̄ . Here l and l 8 are the
distances from the first principal planeH of the system to
the object and from the second principal planeH8 of the
system to the image, respectively. Similarly,l̄ and l̄ 8 are
the distances from the first principal plane to the entra
pupil and from the second principal plane to the exit pup
The quantityL5(OE) is the distance from object to en
trance pupil of the system, andL85(O8E8) is the distance
from image to exit pupil. In this paper the distance to t
right of a reference point is positive; that to the left
negative. In this analysis, we take the paraxial and thin-l
approximations.

In the following, we discuss the solutions with two in
tial cases in whichM251 andM̄2521 or M2521 and
M̄251, and the system magnificationsM51 or 21 at the
mean position.

2.1 Case 1: M251, M̄2521, and M51 or 21

As shown in Fig. 2, the marginal ray is through the cen
of the middle lens. The distancesd12 andd23 are the inter-
lens separations;l 1 and l̄ 1 are the object and entrance pup
distances from the first lens;l 38 and l̄ 38 are the image and
exit pupil distances from the third lens. From Gaussian
tics, we have3

F252
M12M̄1

2
F1 , ~1!

F352
2

1

M3

2
1

M̄3

F2 , ~2!
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d125~12M1!F1 , ~3!

d2352S 1

M3
21DF3 , ~4!

F35
P2~22M12 1/M1!F1

22M32 1/M3
, ~5!

whereM1 andM̄1 are the object/image and pupil magni
cations of the first lens, respectively, andP is the distance
from object to image (OO8).

Assuming the object/image magnification of system i
at the mean position of zooming, we haveM351/M1 . Eq.
~5! becomes

F35
P

22M12 1/M1
2F15F2

P~ l 11F1!

l 1
2 21GF1 . ~6!

Fig. 1 Diagram of the Gaussian optics. Here P and P̄ are the dis-
tance from object to image and the distance from entrance to exit
pupil, respectively.

Fig. 2 Three-lens zoom system with the initial conditions M251
and M̄2521. The marginal ray is through the center of the middle
lens.
2262 Optical Engineering, Vol. 36 No. 8, August 1997
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Referring to Table 1, taken from Ref. 3, we have the so
tion ranges ofl 11F1 for a positived12. Using Eq.~6!, we
can obtain the solution ranges ofP and l 1 for different
combinations ofF1 andF3 .

BecauseM351/M1 , the image distancel 38 can be ex-
pressed as follows:

l 385S 12
1

M1
DF352

F3

F1
l 1 , ~7!

or

l 382F352~ l 11F1!
F3

F1
. ~8!

The value ofl 382F3 is also required to be located in th
solution ranges for a positived23 listed in Table 2, which is
also taken from Ref. 3. This requirement provides anot
constraint on the solution ranges ofP and l 1 with Eq. ~8!.
From above analysis, we can list the solution ranges
P, l 1 , and l 38 for different combinations ofF1 andF3 in
Table 3~a!.

If the object/image magnification of the system is21 at
the mean position, we getM3521/M1 . Equations~6! to
~8! become

F35
P2~22M12 1/M1!F1

21M11 1/M1
, ~9!

l 385S 11
1

M1
DF35

l 112F1

F1
F3 , ~10!

or

l 382F35~ l 11F1!
F3

F1
. ~11!

Using the same method as before, we get the results li
in Table 3~b!.

Table 1 Solution ranges of object position l1 for different types of
F1 with the initial conditions M251 and M̄2521.

Type of F1 Solution range of l1

F1.0 l11F1.F1 or l11F1,0

F1,0 F1, l11F1,0

Table 2 Solution ranges of image position l38 for different types of
F3 with the initial conditions M251 and M̄2521.

Type of F3 Solution range of l38

F3.0 l382F3.0 or l382F3,2F3

F3,0 2F3. l382F3.0
erms of Use: http://spiedl.org/terms
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As discussed in Ref. 3, the solutions forl̄ 1 and l̄ 38 are
acceptable only ifl 1 and l 38 are located in their solution
ranges. So in practical design,P, l 1 , and F1 are given
according to the system requirements. The values ofF3 and
l 38 are then calculated from Eqs.~6! and ~7! for M51 or
from Eqs.~9! and ~10! for M521. Referring to the solu-
tion areas in Fig. 3 of Ref. 3, we selectl̄ 1 and then can
determineM̄1 andF2 with l̄ 15(1/M̄121)F1 and Eq.~1!.
The interlens separations,d12 and d23, are obtained from
Eqs.~3! and~4!. Finally, l̄ 38 is given by the following equa-
tions:

M̄35
F3

L2P1~22M̄12 1/M̄1!F114F21~22M3!F3

~12!

and

l̄ 385~12M̄3!F3 , ~13!

whereL5 l̄ 12 l 1 .
Of course, if the initial structure is not satisfactory, t

input parameters should be adjusted. In zooming, we ob
the interlens separations,d12 and d23, and the object and
image distances,l 1 and l 38 , with the same procedures a
described at Sec. 2.3 in Ref. 3.

Table 3 Solution ranges of P, l1 , and l38 for different combinations
of F1 and F3 with the initial conditions M251 and M̄2521.

Types of lenses Range of P Range of l1 Range of l38

(a) M51, M151/M3

F1.0, F3.0 P.2
l 1
2

l11F1
.0 l1,2F1 l38.F3

P,2
l 1
2

l11F1
,0

l1.0 l38,0

F1.0, F3,0 No solution No solution No solution

F1,0, F3.0 No solution No solution No solution

F1,0, F3,0 P.2
l 1
2

l11F1
.0 0, l1,2F1 F3, l38,0

(b) M521, M1521/M3

F1.0, F3.0 P.2
l 1
2

l11F1
l1.0 l38.2F3

P,2
l 1
2

l11F1

l1,22F1 l38,0

F1.0, F3,0 P.2
l 1
2

l11F1
.0 22F1, l1,2F1 F3, l38,0

F1,0, F3.0 P.2
l 1
2

l11F1
.0 0, l1,2F1 F3, l38,2F3

F1,0, F3,0 No solution No solution No solution
oaded From: http://opticalengineering.spiedigitallibrary.org/ on 04/28/2014 T
2.2 Case 2: M2521, M̄251, and M51 or 21

In this case, the principal ray is through the center of
middle lens as shown in Fig. 3. Similar to case 1, we ha
the related equations as follows:

F25
M12M̄1

2
F1 , ~14!

F35
2

1

M3

2
1

M̄3

F2 , ~15!

d125~12M̄1!F1 , ~16!

d2352S 1

M̄3

21D F3 , ~17!

F35
P2~22M12 1/M1!F124F2

~22M32 1/M3!
~18!

5
P̄2~22M̄12 1/M̄1!F1

22M̄321/M̄3

, ~19!

l 385~12M3!F3 , ~20!

M̄35
F3

L2P1~22M̄12 1/M̄1!F11~22M3!F3

, ~21!

l̄ 385~12M̄3!F3 , ~22!

where P̄ is the distance from entrance pupil to exit pup
(EE8).

In the same way as we did in case 1, we analyze the
cases corresponding to the object/image magnifica

Fig. 3 Three-lens zoom system with the initial conditions M2521
and M̄251. The principal ray is through the center of the middle
lens.
2263Optical Engineering, Vol. 36 No. 8, August 1997
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M51 or M521 at the mean position of zooming. Th
solutions forl 1 andl 38 are acceptable ifl̄ 1 and l̄ 38 are in their
solution ranges given in Tables 4 and 5 under the ini
conditions3 M2521 and M̄251. Using the relations
l 15(1/M121)F1 and M3521/M1 for M51 or
M351/M1 for M521, we can find reasonable solution
for P, l 1 , and l 38 with Eqs. ~18! and ~20!. The results are
listed in Table 6. According to system requirements and
solution areas in Fig. 6 of Ref. 3, we give the paramet
l 1 , l̄ 1 , P, M , and F1 , so we haveM1 and M̄1 from
l 15(1/M121)F1 and l̄ 15(1/M̄121)F1 , and then can cal-
culateF2 andF3 with Eqs. ~14! and ~18!, where we use
M3521/M1 or 1/M1 . The values ofd12, d23, l 38 , and
l̄ 38 are then obtained from Eqs.~16!, ~17!, ~20!, and~22!. In
this case, the results forl 382F3 and l̄ 382F3 may not fall in
the solution areas in Fig. 7 of Ref. 3. This means that
separationd23 is not positive and the input parameters, e
pecially l̄ 1 , should be adjusted.

In order to make sure bothd12 andd23 are positive, we
can assume two special situations of pupil magnificatio
M̄51 with M̄151/M̄3 , and M̄521 with M̄1521/M̄3 .
Using Eq. ~19! and the solution ranges forl̄ 1 and l̄ 38 in
Tables 4 and 5, we can find the solution ranges ofP̄, l̄ 1 ,
and l̄ 38 listed in Table 7. In design,l 1 , l̄ 1 , M , M̄ , andF1

are given. So we knowM1 , M̄1 , M3 , andM̄3 . Note that
the combinationsM51 and M̄51 or M521 and
M̄521 cannot be taken, since both of them will result
L5L850. The values ofF2 and F3 are calculated from
Eqs.~14! and~15!. If the system withM521 andM̄51 is
used, we have the resultsF15F3 andL52L8, which were
described by Hopkins.1 Likewise, we have the result
F152F3 and L52L8 in the case of M51 and
M̄521. As before,d12, d23, l 38 , and l̄ 38 are then given by
the related equations. After we get the initial structu
d12, d23, l 1 , andl 38 during zooming are calculated with th
same procedures as that in Sec. 2.1.

Table 5 Solution ranges of exit pupil position l̄38 for different types of
F3 with the initial conditions M2521 and M̄251.

Type of F3 Solution range of l̄38

F3.0 l̄382F3.0 or l̄382F3,2F3

F3,0 2F3. l̄ 382F3.0

Table 4 Solution ranges of entrance pupil position l̄1 for different
types of F1 with the initial conditions M2 5 21 and M̄2 5 1.

Type of F1 Solution range of l̄1

F1.0 l̄11F1.F1 or l̄11F1,0

F1,0 F1, l̄ 11F1,0
2264 Optical Engineering, Vol. 36 No. 8, August 1997
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3 Examples

With the method described above, we design five differ
types of zoom systems. Here as examples we take the
tems that consist of two positive lenses and a negative
in between. The zoom system has the overall magnifica
M , which varies fromuM u5AR to uM u51/AR.

3.1 Example 1: Given l1585, l̄152120, and M51 at
the Mean Position and P52110, F1550

In this example, the object is virtual and the entrance pu
is real at the mean position. Using the solution range in
second row of Table 3~a!, we haveM251, M̄2521, and
M351/M1 . A positiveF3 and a negativel 38 are predicted.
Following the calculating procedures described at case
Sec. 2.1, we obtainF25227.1164, F3552.7682, l 38

5289.706, l̄ 385133.038, M150.370370,M352.7, d12
531.481, andd23533.224 at the mean position. In th
case,L is negative andL8 is positive. During zooming, the
result is shown in Fig. 4, with the natural logarithm
uM u as ordinate. The system has a zoom ratio of 16 : 1,
the magnificationM is from 4 to 0.25.

Table 6 Solution ranges of P, l1 , and l38 for different combinations
of F1 and F3 with the initial conditions M2521 and M̄251.

Types of lenses Range of P Range of l1 Range of l38

(a) M51, M1521/M3

F1.0, F3.0 P.2
l 1
2

l11F1
14F2 l1.2F1 l38.F3

or

F1,0,F3,0 P,2
l 1
2

l11F1
14F2 l1,2F1 l38,F3

F1.0, F3,0 P.2
l 1
2

l11F1
14F2 l1,2F1 l38.F3

or

F1,0, F3.0 P,2
l 1
2

l11F1
14F2 l1.2F1 l38,F3

(b) M521, M151/M3

F1.0, F3.0 P.2
l 1
2

l11F1
14F2 l1,2F1 l38.F3

or

F1,0, F3,0 P,2
l 1
2

l11F1
14F2 l1.2F1 l38,F3

F1.0, F3,0 P.2
l 1
2

l11F1
14F2 l1.2F1 l38.F3

or

F1,0, F3.0 P,2
l 1
2

l11F1
14F2 l1,2F1 l38,F3
erms of Use: http://spiedl.org/terms
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3.2 Example 2: Given l15120, l̄152160, and M521
at the Mean Position and P5180, F1550

Here we use the solution range in the first row of Table 3~b!
and haveM251, M̄2521, andM3521/M1 . Both posi-
tive F3 and l 38 are predicted. Following the same desi
procedures as that in example 1, we obtainF2

Fig. 4 Loci of three lenses in zooming with F1550, F2

5227.1164, F3552.7682, and zoom ratio 16. The distance P from
object to image is 2110, the distance P̄ from entrance to exit pupil
is 317.744, and L52205 and L85222.744.

Table 7 Solution ranges of P̄, l̄1 , and l̄38 for different combinations
of F1 and F3 with the initial conditions M2521 and M̄251.

Types of lenses Range of P̄ Range of l̄1 Range of l̄38

(a) M̄51, M̄151/M̄3

F1.0, F3.0 P̄.2
l̄ 1
2

l̄11F1
.0 l̄1,2F1 l̄38.F3

P̄,2
l̄ 1
2

l̄11F1
,0

l̄1.0 l̄38,0

F1.0, F3,0 No solution No solution No solution

F1,0, F3.0 No solution No solution No solution

F1,0, F3,0 P̄.2
l̄ 1
2

l̄11F1
.0 0, l̄ 1,2F1 F3, l̄ 38,0

(b) M̄521, M̄1521/M̄3

F1.0, F3.0 P̄.2
l̄ 1
2

l̄11F1
l̄1.0 l̄38.2F3

P̄,2
l̄ 1
2

l̄11F1

l̄1,22F1 l̄38,0

F1.0, F3,0 P̄.2
l̄ 1
2

l̄11F1
.0 22F1, l̄ 1,2F1 F3, l̄ 38,0

F1,0, F3.0 P̄.2
l̄ 1
2

l̄11F1
.0 0, l̄ 1,2F1 F3, l̄ 38,2F3

F1,0, F3,0 No solution No solution No solution
oaded From: http://opticalengineering.spiedigitallibrary.org/ on 04/28/2014 T
5218.7166,F3546.4876, l 385204.545, l̄ 38588.774,M1

50.294118,M3523.4, d12535.294, andd23560.160 at
the mean position. In this case, bothL andL8 are negative.
The zoom loci are shown in Fig. 5. The system has a zo
ratio of 16 : 1, and the magnificationM is from 24 to
20.25.

3.3 Example 3: Given l152130, l̄15100, and
M521 at the Mean Position and P5340,
F1550

In this case, we use the solution range in the first row
Table 6~b! with M2521, M̄251, andM351/M1 . Both
the positiveF3 and l 38 are also predicted. Following th
calculating procedures at case 2 in Sec. 2.2, we getF2

5223.9583, F3553.1558, l 385138.205, l̄ 3852139.133,
M1520.625, M3521.6, d12533.333, andd23538.462
at the mean position. The values ofl 382F3 and l̄ 382F3 are
located in the solution area marked~IVb! in Fig. 7~b! of
Ref. 3. In zooming, the result is shown in Fig. 6. The sy
tem has a zoom ratio of 16 : 1, and the magnificationM is
from 24 to 20.25.

3.4 Example 4: Given l152130, l̄15100, M521,
and M̄51 at the Mean Position and F1550

Instead ofP in the previous example, we haveM̄51 as an
input parameter. We use the solution range in the sec
row of Table 7~a! for l̄ 1 and l̄ 38 . Following the procedures
on the condition ofM̄51 described in case 2 of Sec. 2.
we obtain F25223.9583, F3550, l 385130, l̄ 3852100,
M1520.625, M3521.6, M̄150.333333, M̄353, d12
533.333, andd23533.333 at the mean position. We hav
the resultsF15F3 , d125d23, M151/M3 , M̄151/M̄3 , and
L52L8 as derived by Hopkins.1 The zoom loci are shown
in Fig. 7. The system has a zoom ratio of 16 : 1, and
magnificationM is from 24 to 20.25.

Fig. 5 Loci of three lenses in zooming with F1550, F2

5218.7166, F3546.4876, and zoom ratio 16. The distance P from
object to image is 180, the distance P̄ from entrance to exit pupil is
344.229, and L52280 and L852115.771.
2265Optical Engineering, Vol. 36 No. 8, August 1997
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3.5 Example 5: Given l152200, l̄15200, and M51
at the Mean Position and P540, F1550

We use the solution range in the second row of Table 6~a!
with M2521, M̄251, andM3521/M1 . Following the
same procedures as in example 3, we getF25213.3333,
F35129.9997, l 3852259.9993, l̄ 3852111.428, M1

520.333333,M353, d12540, andd23560 at the mean
position. The values ofl 382F3 and l̄ 382F3 are in the solu-
tion area marked~III ! in Fig. 7~b! of Ref. 3. The zooming
result is shown in Fig. 8. The system has a zoom ratio
9 : 1 and the magnificationM is from 3 to 0.333333.

4 Discussion and Conclusion

We have analyzed the solutions with the particular init
conditions in whichM251 andM̄2521 orM2521 and
M̄251, and the system magnificationM51 or 21 at the
mean position. We found the solutions for related syst

Fig. 6 Loci of three lenses in zooming with F1550, F2

5223.9583, F3553.1558, and zoom ratio 16. The distance P from
object to image is 340, the distance P̄ from entrance to exit pupil is
2167.338, and L5230 and L852277.338.

Fig. 7 Loci of three lenses in zooming with F1550, F2

5223.9583, F3550, and zoom ratio 16. The distance P from ob-
ject to image is 326.667, the distance P̄ from entrance to exit pupil is
2133.333, and L5230 and L852230.
2266 Optical Engineering, Vol. 36 No. 8, August 1997
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parameters that make bothd12 andd23 positive. In case 1,
whereM251, M̄2521, andM51 or 21, the solution
ranges are easily found and are listed in Table 1. Bu
case 2, whereM2521, M̄251, andM51 or21, we take
the pupil magnification to be 1 or21 as an additional
condition at the mean position to make both the interle
separations positive. Tables 3, 6, and 7 show the solu
ranges of system parameters, corresponding to the ob
image and pupil positions, with different lens combinatio
and different initial conditions. From Tables 3 and 7, w
find that only theF1 andF3 with the same sign are reason
able under the condition ofM51 in case 1 orM̄51 in
case 2, and both the negativeF1 andF3 are unacceptable
under the condition ofM521 in case 1 orM̄521 in case
2. In examples 1 and 2, we use the same initial conditi
onM2 andM̄2 , but different values ofM . We find that the
moving ranges of three lenses during zooming in examp
are more compact than that in example 2. A similar situ
tion occurs in examples 3 and 5.

In general, the first-order design of a two-conjuga
zoom system is more difficult than that of an ordinary zoo
system, since both the entrance and exit pupils are fi
during zooming. In our previous paper,3 we have analyzed
the general solutions for two pairs of the paramet
( l 1 , l̄ 1) and (l 38 , l̄ 38) under two initial conditions. In this pa
per, with the extra conditionsM51 or 21 at the mean
position, we can find the solutions that make both thed12
and d23 positive. With these analyses, it should be mu
easier to solve for the initial structure of the two-conjuga
zoom lens.
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Fig. 8 Loci of three lenses in zooming with F1550, F2

5213.3333, F35129.9997, and zoom ratio 9. The distance P from
object to image is 40, the distance P̄ from entrance to exit pupil is
2211.428, and L5400 and L85148.572.
erms of Use: http://spiedl.org/terms
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