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1 Introduction E’ with a pupil magnificationM. Herel and|’ are the
A two-conjugate zoom system is one in which not only the distances from the first principal plar of the system to
object and image but also the entrance and exit pupils arethe object and from the second principal plasé of the

fixed during zooming. Such a zoom system needs at leastsystem to the image, respectively. Similadyand |’ are
three lenses, which move separately. Hopkiasd Shiué the distances from the first principal plane to the entrance
discussed two special symmetrical two-conjugate zoom pypil and from the second principal plane to the exit pupil.
systems with different initial conditions at the mean posi- e quantityL = (OE) is the distance from object to en-
tion of zooming. We'have presented_ the general ag%alysstrance pupil of the system, and = (O'E’) is the distance
for the first-order design of a two-conjugate zoom system. ¢ \ima06 1o exit pupil. In this paper the distance to the
In that paper, we analyzed the possible solution areas forright of a reference point is positive; that to the left is

f[h.e. two pairs of conjugate positions under two partl_cularly negative. In this analysis, we take the paraxial and thin-lens
initial conditions. These solution areas are constrained by approximations

thelnp%sflitrl]\;eplrrl;gtrilgzarllls dzi%arlwr:“tcr)\r:es.zoom system has an over-_ In the fqllowipg, we discuss the solutions with two ini-
all magnification that varies frofM|= R to |[M|=1/\R tial cases in whictM,=1 andM,=—1 or M,=—1 and
with a zoom ratioR. In this case, the initial condition is M2=1, and the system magpnificatiohs=1 or —1 at the
usually specified at the mean position of zooming, in which Mean position.

the system magnification is 1 er1. With this initial con- _

d'itio_r]l, thelde_signr?fg tlwohc':onjugate zoom Tysterrr: canI be2.1 cCase 1: M,=1, M,=—1, and M=1 or —1
significantly simplified. In this paper, we analyze the solu- - . .
tiogns for tr){e twg-conjugate zgor% system ofythree lenses AS shovv_n in Fig. 2, the ”_‘arg'”a' ray is through th? center
under the initial conditions in which the object/image and ©f the middle lens. The distances, andd,; are the inter-
pupil magnifications of the middle lens are taken to be lens separations; andl; are the object and entrance pupil
M,=1 andM,=—1 or M,=—1 andM,=1, as used in distances from the first len$; and|; are the image and
our previous papetand the object/image magnification of ~ exit pupil distances from the third lens. From Gaussian op-
the system is 1 or-1. We find the solution ranges of the tics, we havé

object/image positions and the entrance/exit pupil positions

that make both the interlens separations positive. Five ex-_  M;— M—l

amples are presented to demonstrate this analysis. Fo=— 2 Fi, 1
2 Theory 2

The notation used in this paper is shown in Fig. 1. The Fs=-— 1 1 Fa, )
objectO is imaged aD' with a object/image magnification -

M, and the entrance pupi is imaged at the exit pupil Mz Mj
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Fig. 1 Diagram of the Gaussian optics. Here P and P are the dis-
tance from object to image and the distance from entrance to exit
pupil, respectively.

di=(1-My)Fy, ()
1
d23:_(M_3_1)F3, (4)

Fa= 2—Mz;—1M;

whereM,; and M are the object/image and pupil magnifi-
cations of the first lens, respectively, aRds the distance
from object to image©@O’).
Assuming the object/image magnification of system is 1
at the mean position of zooming, we havie=1/M,. Eq.
(5) becomes
1} Fi.

. o _[ PUtFY
MM, | T T

(6)

—»—— marginal ray
—b—— principal ray

ba— §1 ——dlsz—sta—dlzs—ol— [ ;—»
——f —]
e——fs——

Fig. 2 Three-lens zoom system with the initial conditions M,=1

and M,=—1. The marginal ray is through the center of the middle
lens.
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Table 1 Solution ranges of object position /; for different types of
F; with the initial conditions M,=1 and M,=—1.

Type of F; Solution range of /;
F,>0 Ii+Fy>F; or I+ F;<0
F,<0 Fi<l,+F;<0

Referring to Table 1, taken from Ref. 3, we have the solu-
tion ranges of ; + F, for a positived;,. Using Eq.(6), we
can obtain the solution ranges &f and |, for different
combinations of; andF3.

BecauseM;=1/M, the image distancE; can be ex-
pressed as follows:

e 1o S |F—— 23 7

I VIV L =R (7)

or

’ F3

|3_F3:_(|1+F1)F_- (8
1

The value ofl;—F; is also required to be located in the
solution ranges for a positivey; listed in Table 2, which is
also taken from Ref. 3. This requirement provides another
constraint on the solution ranges Bfandl, with Eq. (8).
From above analysis, we can list the solution ranges of
P, 11, andl; for different combinations of; andF3 in
Table 3a).

If the object/image magnification of the system-4 at
the mean position, we géil;=—1/M,. Equations(6) to
(8) become

P_(Z_ Ml_ 1/M1)Fl

P =M, m, ©

PO U P 10

I VY Al T (10

or

, Fs

l3—F3=(l1+Fy) = (11
1

Using the same method as before, we get the results listed
in Table 3b).

Table 2 Solution ranges of image position /3 for different types of
F3 with the initial conditions M,=1 and M,=—1.

Type of F;3 Solution range of /3
F3>0 I5—F3>0 or I3— F3<—F;
F3<0 —F3>I3=F3>0
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Table 3 Solution ranges of P, I;, and /; for different combinations
of F, and F3 with the initial conditions M,=1 and M,=—1.

—»—— marginal ray
—=&—— principal ray
Ki Ko Ks

fam £1 Sa—dio—wla—doz—w}—{ 3'—>|
—
e—— s ——

Fig. 3_Three-lens zoom system with the initial conditions M,=—

and M,=1. The principal ray is through the center of the middle
lens.

2.2 Case 2: My=—1, M,=1, and M=1 or —1

In this case, the principal ray is through the center of the
middle lens as shown in Fig. 3. Similar to case 1, we have
the related equations as follows:

Types of lenses Range of P Range of /; Range of /3
(@) M=1, M;=1/M,4
13
F,>0, F;>0 > —— > I, <—F IL>F
1 3 P i F 0 1 1 3~ F3
2 ;>0 15<0
<— <
P h+F; 0
F1>0, F3<0 No solution No solution No solution
F,<0, F3>0 No solution No solution No solution
2
F,<0, F3<0 P>—/+1F >0 0<h<—-F, Fa<I3<0
1 1
(b) M=—1, My=—1/M,
i
F,>0, F3>0 - 1,>0 15>2F.
1 3 P> Wi 1 3 3
o 12 h<—-2F; 13<0
<_
h+F;
I2
F1>0, F3<0 P>— 7 +1F >0 —2F<Lh<—-F; F3<l3<0
1 1
IZ
F,<0, F3>0 P>~ +1F >0  O0<h<—-F,  Fa<I}<2F,
1 1
F,<0, F3<0 No solution No solution No solution

As discussed in Ref. 3, the solutions fqrand|; are
acceptable only if, andl; are located in their solution
ranges. So in practical desigR, |;, and F; are given
according to the system requirements. The valuds;aind
|3 are then calculated from Eqé6) and (7) for M=1 or
from Egs.(9) and(10) for M= —1. Referring to the solu-
tion areas in Fig. 3 of Ref. 3, we selelgt and then can
determineM; andF, with I,=(1/M;—1)F; and Eq.(2).
The interlens separationd;, andd,3, are obtained from
Egs.(3) and(4). Finally, 15 is given by the following equa-
tions:

— F
M= — (12
L—P+(2—M;— 1M )F1+4F ,+(2—My)F,

and
l3=(1—Mj)Fs3, (13

whereL=1,—1;.
Of course, if the initial structure is not satisfactory, the

input parameters should be adjusted. In zooming, we obtainwhere P is the distance from entrance pupil to exit pupil

the interlens separationd;, andd,3, and the object and
image distanced,; and |}, with the same procedures as

M;—M;
Fo=—p— F1, (14
Fe 2 (15)
3 1 1 29
Mg M,
dio=(1—M)Fy, (16)
dom—| = —1]F (17)
23 M_3 3
c _Po(2-Mi- IMyF,—4F, 8
s (2—M3z— 1/M5,) (18)
P—(2—M;— 1/M)F
_ ( _l _l) 1 (19)
2—Ms—1/Ms,
[3=(1—Mj)Fs3, (20
_ Fa
L—P+(2—M;— 1/M;)F;+(2—M3)Fs
15=(1-Mg)Fs, 22)

(EE").

described at Sec. 2.3 in Ref. 3.

In the same way as we did in case 1, we analyze the two
cases corresponding to the object/image magnification
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Table 4 Solution ranges of entrance pupil positiorl/_1 for different
types of F; with the initial conditions M, = —1 and M, = 1.

Table 6 Solution ranges of P, I;, and /; for different combinations
of F; and F5 with the initial conditions M,=—1 and M,=1.

Type of F; Solution range of /;
F1>0 I+ F,>F, or l,+F,<0
F,<0 F,<l,+F,<0

M=1 or M=-1 at the mean position of zooming. The
solutions forl; andl; are acceptable If, andl§ are in their
solution ranges given in Tables 4 and 5 under the initial
conditiond M,=-1 and M,=1. Using the relations
l,=(IM;—1)F; and Mz=-1/M,; for M=1 or
M;=1/M, for M=—1, we can find reasonable solutions
for P, 1;, andlj with Egs.(18) and (20). The results are

listed in Table 6. According to system requirements and the
solution areas in Fig. 6 of Ref. 3, we give the parameters

I, Iy, P, M, andF,, so we haveM; and M; from
[,=(1M;—1)F, andl,;=(1/M,—1)F,, and then can cal-
culateF, and F; with Egs. (14) and (18), where we use
Mz=—1/M; or 1IM;. The values ofd;,, d,3, I3, and
|3 are then obtained from Eq€L6), (17), (20), and(22). In
this case, the results fof—F; andl;—F; may not fall in

the solution areas in Fig. 7 of Ref. 3. This means that the

separatiort,; is not positive and the input parameters, es-

peciallyl,, should be adjusted.
In order to make sure botth, andd,; are positive, we

can assume two special situations of pupil magnifications:

M=1 with M;=1M3, andM=—-1 with M;=—-1/M;.
Using Eg.(19) and the solution ranges fdy andl; in
Tables 4 and 5, we can find the solution range$of ,,
andl; listed in Table 7. In desigr,, I, M, M, andF,
are given. So we knowl,, M;, M3, andM3. Note that
the combinationsM=1 and M=1 or M=-1 and
M= —1 cannot be taken, since both of them will result in
L=L'=0. The values ofr, and F3 are calculated from
Eqgs.(14) and(15). If the system wittM =—1 andM =1 is
used, we have the resufis=F; andL=—L", which were
described by Hopkins. Likewise, we have the results
Fi;=—F3 and L=-L" in the case ofM=1 and
M= —1. As befored,,, dy3, |3, andl; are then given by
the related equations. After we get the initial structure,
dy,, dy3, 1, andl; during zooming are calculated with the
same procedures as that in Sec. 2.1.

Table 5 Solution ranges of exit pupil position @ for different types of
F3 with the initial conditions M,=—1 and M,=1.

Type of F; Solution range of lz
F5>0 Iy~ F3>0 or I3~ F3<—F
F3<0 —F3>I_g—F3>O

2264 Optical Engineering, Vol. 36 No. 8, August 1997

Types of lenses Range of P Range of /;  Range of /}
(@ M=1, M;=—1/M,
2
F,>0, F3>0 P> H,__ ——+4F,  h>—F; l3> F3
1
or
/2
F1<0,F3<0 P<— TF ——+4F, h<—-F I3<F3
1
/2
F,;>0, F3<0 P> E 4R L<-F I3>F3
1
or
I2
F1<0, F3>0 P<— F ——+4F, Ih>—-F I3<F3
1
(b) M=—1, M;=1/M,
2
F,>0, F3>0 P>—ﬁ+4/:2 h<-F; I3>F3
or
I2
F1<0, F3<0 P<— TF +4F, Ih>-F I3<F3
1
/2
F,>0, F3<0 P>— TF ——+4F, h>—F 15> F;
1
or
/2
F,<0, F3>0 p< /1+1F1+4F2 h<—F, I3<Fj

3 Examples

With the method described above, we design five different
types of zoom systems. Here as examples we take the sys-
tems that consist of two positive lenses and a negative lens
in between. The zoom system has the overall magnification

M, which varies from/M|= R to [M|=1/JR.

3.1 Example 1: Given |;=85, E:—120, and M=1 at
the Mean Position and P=-110, F;=50

In this example, the object is virtual and the entrance pupil
is real at the mean position. Using the solution range in the
second row of Table @), we haveM,=1, M,=—1, and
M3;=1/M,. A positive F; and a negativé; are predicted.
Following the calculating procedures described at case 1 in
Sec. 2.1, we obtainF,=—27.1164, F;=52.7682, |;
—89.706, I3 133.038, M;=0.370370, M3=2.7, d;»
=31.481, andd,;=33.224 at the mean position. In this
caselL is negative and.’ is positive. During zooming, the
result is shown in Fig. 4, with the natural logarithm of
M| as ordinate. The system has a zoom ratio of 16 : 1, and
the magnificatiorM is from 4 to 0.25.
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Table 7 Solution ranges of 5 /_1 and E, for different combinations
of F; and F3 with the initial conditions M,=—1 and M,=1.

Types of lenses

Range of P Range of /_1 Range of l_é
(8) M=1, M;=1/M,
_ 12 _ _
F,>0, F3>0 P>—=—1->0 L<-F, 13> Fy
h+Fy
_ 2 1,>0 14<0
P<— <0
h+Fy
F;>0, F3<0 No solution No solution No solution
F1<0, F3>0 No solution No solution No solution
_ 2 _ _
F1<0, F3<0 p>——1>0 0<L<-F, Fa<14<0
h+Fy
(b) M=—1, My=—1/M,
. r _ _
F,>0, F3>0 P>—= ;>0 13>2F;
h+Fy
2 l,<—2F, 14<0
p<——
h+Fy
_ 12 _ _
F1>0, F3<0 P>——2—>0 —2F,<l<—F, F3<l4<0
h+F
_ 12 _ _
F,<0, F3>0 P>——1 >0  0<h<-F, F3<l}<2F,
h+Fy
F,<0, F3<0 No solution No solution No solution

3.2 Example 2: Given |;,=120, I;,=-160, and M=—1

at the Mean Position and P=180, F;=50
Here we use the solution range in the first row of Taljl® 3
and haveM,=1, M,= -1, andM3;=—1/M,. Both posi-
tive F5 and |} are predicted. Following the same design
procedures as that in example 1, we obtak,

T T T T T T
15 .
§ 10 | .
= o5 -'E- _
: 12 z
S 00| % e
g = N
= g =
= ostE @A
s =
& >4
= o0t .
5 ' ) .
A 1 A ) n 1 1 i 1
0 50 100 150 200 250 300
Distance from entrance pupil plane
Fig. 4 Loci of three lenses in zooming with F;=50, F,

=—27.1164, F3=52.7682, and zoom ratio 16. The distance P from
object to image is — 110, the distance P from entrance to exit pupil
is 317.744, and L=—205 and L' =222.744.

T T T T T T T T T
15F 4
§ 10fF / .
= B lenst lens2 lens3 i
= 05 g- / - = o
= o
=} W 8 = %‘0
E 00F 9 = 2 .
= = = - £
S = [ |© = =
E 0.5F j:' E -
s T =
&0 )
=
> 1or 4
155 .
1 1 1 1 1 1 3 1 1
0 50 100 150 200 250 300 350 400 45
Distance from entrance pupil plane
Fig. 5 Loci of three lenses in zooming with F;=50, F,

=—18.7166, F;=46.4876, and zoom ratio 16. The distance P from

object to image is 180, the distance P from entrance to exit pupil is
344.229, and L=-280 and L'=—115.771.

=-18.7166,F;=46.4876,1,=204.545,1,=88.774, M,
=0.294118,M ;= —-3.4, d,,=35.294, andl,;=60.160 at
the mean position. In this case, bdtrandL’ are negative.
The zoom loci are shown in Fig. 5. The system has a zoom
ratio of 16:1, and the magnificatiohl is from —4 to
—0.25.

3.3 Example 3: Given I;=-130, I;=100, and

M=—1 at the Mean Position and P =340,

F;=50
In this case, we use the solution range in the first row of
Table @b) with M,=—-1, M,=1, andM;=1/M,. Both
the positiveF; and |} are also predicted. Following the
calculating procedures at case 2 in Sec. 2.2, weFget
=—23.9583, F3=53.1558, 1 ;=138.205, | ;= — 139.133,
M;=-0.625, M3=—1.6, d;,=33.333, andd,;=38.462
at the mean position. The valueslgf-F; andl;—F3 are
located in the solution area marké/b) in Fig. 7(b) of
Ref. 3. In zooming, the result is shown in Fig. 6. The sys-
tem has a zoom ratio of 16 : 1, and the magnificafibris
from —4 to —0.25.

3.4 Example 4: Given I;=-130, EleO, M=-1,
and M=1 at the Mean Position and F;=50

Instead ofP in the previous example, we hal=1 as an
input parameter. We use the solution range in the second
row of Table 7a) for |; andl;. Following the procedures

on the condition oM =1 described in case 2 of Sec. 2.2,
we obtain F,=—23.9583, F3=50, 1;=130, |3=—100,
M;=-0.625, M;=-1.6, M;=0.333333, M3=3, di»
=33.333, andd,3=233.333 at the mean position. We have
the resultd,=F3, d;p=dy3, M;=1/M3, M;=1/M4, and
L=—L" as derived by Hopkin§The zoom loci are shown

in Fig. 7. The system has a zoom ratio of 16 : 1, and the
magnificationM is from —4 to —0.25.
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Fig. 6 Loci of three lenses in zooming with F;=50, F,

—23.9583, F3=53.1558, and zoom ratio 16. The distance P from

object to image is 340, the distance P from entrance to exit pupil is
—167.338, and L=230 and L'=—277.338.

3.5 Example 5: Given I;=-200, I;=200, and M=1

at the Mean Position and P=40, F;=50
We use the solution range in the second row of Tal& 6
with M,=—-1, M,=1, andM3=—1/M,. Following the
same procedures as in example 3, we fggt — 13.3333,
F3=129.9997, |,=-259.9993, |;=-111.428, M,
—0.333333,M3;=3, d;,=40, andd,3=60 at the mean
position. The values df;—F; andl;—F5 are in the solu-
tion area markedlll) in Fig. 7(b) of Ref. 3. The zooming
result is shown in Fig. 8. The system has a zoom ratio of
9:1 and the magnificatioM is from 3 to 0.333333.

4 Discussion and Conclusion
We have analyzed the solutions with the particular initial
conditions in whichM,=1 andM,=—1 orM,=—1 and

M,=1, and the system magnificatiivi=1 or —1 at the
mean position. We found the solutions for related system

T T T T T T

1.5f .
- (
=" | ]
= lensllens2\lens3 &
= o5 = y = E
s |5 s ) . )
o= @ [=% P> ]
® oor= = = £
& ° - N\ g -
E‘: @ A R
= -05) e .
50 \ @
& N
= -10F \ i

i kY
1.5l .
1 " 1 i 1. e J n 1 A 1
0 50 100 150 200 250 300
Distance from object plane
Fig. 7 Loci of three lenses in zooming with F;=50, F,

—23.9583, F3=50, and zoom ratio 16. The distance P from ob-
ject to image is 326.667, the distance P from entrance to exit pupil is
—133.333, and L=230 and L'=-—230.
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T T T T T T T
10 E
H]
S ost =\lens1\lens2 \Jens3 =
N’
= ~— o g‘ 2
=) @ 20 o =
o— Q - : @ |
= 0.0 - <
51 < | = =
< =] ot » <
b= @ &
~Nad
5 -0sf w,,// =
2 — ¥
//
-1.0F e k
i i i 1 1 1 n 1 n 1
0 50 100 150 200 250 300 350 40
Distance from object plane
Fig. 8 Loci of three lenses in zooming with F;=50, F,

—13.3333, F3=129.9997, and zoom ratio 9. The distance P from
object to image is 40, the distance P from entrance to exit pupil is
—211.428, and L=400 and L'=148.572.

parameters that make both, andd,; positive. In case 1,
where M,=1, M,=—1, andM=1 or —1, the solution
ranges are easily found and are listed in Table 1. But in
case 2, wherdl,=—1,M,=1, andM=1 or — 1, we take

the pupil magnification to be 1 or-1 as an additional
condition at the mean position to make both the interlens
separations positive. Tables 3, 6, and 7 show the solution
ranges of system parameters, corresponding to the object/
image and pupil positions, with different lens combinations
and different initial conditions. From Tables 3 and 7, we
find that only theF; andF 3 with the same sign are reason-
able under the condition dfi=1 in case 1 oftM=1 in
case 2, and both the negatit/g andF3 are unacceptable
under the condition o= —1 in case 1 oM = —1 in case

2. In examples 1 and 2, we use the same initial conditions
onM, andM,, but different values oM. We find that the
moving ranges of three lenses during zooming in example 1
are more compact than that in example 2. A similar situa-
tion occurs in examples 3 and 5.

In general, the first-order design of a two-conjugate
zoom system is more difficult than that of an ordinary zoom
system, since both the entrance and exit pupils are fixed
during zooming. In our previous papewe have analyzed
the general solutions for two pairs of the parameters
(I4,11) and (3,13) under two initial conditions. In this pa-
per, with the extra conditionM=1 or —1 at the mean
position, we can find the solutions that make both dhe
and d,; positive. With these analyses, it should be much
easier to solve for the initial structure of the two-conjugate
zoom lens.
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