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摘要 

 

  本研究主要利用共旋轉有限元素法推導旋轉傾斜尤拉梁的運動方程

式，探討設定角為 具不同傾斜角之等速旋轉傾斜尤拉梁的穩態變形及以

穩態變形為平衡點的自然振動頻率。 

0

    本文利用非線性梁理論的一致線性化、d’Alembert 原理和虛功原理在當

前的旋轉元素座標上推導梁元素的節點變形力、節點慣性力、元素剛度矩

陣、元素向心力剛度矩陣(centripetal stiffness matrix)，元素質量矩陣(mass 

matrix)，元素陀螺矩陣(gyroscopic matrix)。本研究中將變形參數對時間的微

分視為擾動量，故僅取到一次項，元素節點變形內力取到變形參數的二次

項，元素節點慣性內力僅取到變形參數的一次項且忽略變形參數與變形參

數對時間的微分的耦合項。將系統的非線性運動方程式中對時間的微分的

項去掉即為系統的穩態平衡方程式，將系統運動方程式用泰勒級數在穩態
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變形的位置展開，取到一次項，即為旋轉梁微小振動的運動方程式。 

    本文利用基於牛頓法的增量迭代法求出軸向位移及側向位移的穩態

解。旋轉傾斜梁的振動方程式中存在陀螺矩陣，所以其自然振動頻率對應

的振動模態為複變數，其頻率方程式(frequency equations)為一組代數齊次方

程式，該組齊次方程式為一個二次特徵值問題，其係數形成之矩陣的行列

式值為零時的根，即為自然振動頻率。本文以二分法來求行列式值為零時

的根。 

    本研究以無因次化的數值例題探討傾斜角、無因次轉速、無因次轉軸

半徑及細長比對旋轉傾斜梁無因次側向穩態變形和無因次自然頻率的影

響，本研究還探討旋轉傾斜梁的兩個振動頻率接近時，對應之振動模態的

耦合現象、特徵值曲線轉向(eigenvalue curve veering)及振態交換的現象。 
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Abstract 

   In this paper a co-rotational finite element formulation is proposed to derive 

the equations of motion for a rotating inclined Euler beam with constant angular 

velocity.  The steady state deformation and natural frequency of the 

infinitesimal free vibration measured from the position of the corresponding 

steady state deformation are investigated for rotating inclined Euler beams with 

zero setting angle. 

   The element deformation nodal forces, inertia nodal forces, stiffness matrix, 

centripetal stiffness matrix, mass matrix and gyroscopic matrix are 

systematically derived by consistent linearization of the fully geometrically 

non-linear beam theory using the d'Alembert principle and the virtual work 

principle in the current rotating element coordinates. In this paper the terms up 

to the second order of deformation parameters and their spatial derivatives 

corresponding to the steady state element deformations are retained.  However, 

only the terms up to the first order of deformation parameters, their spatial 

derivatives, and time derivatives corresponding to the free vibration of the beam 

element are retained.  The coupling among deformation parameters and their 
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time derivatives are neglected.  The steady state equilibrium equations may be 

obtained by dropping the terms of the time derivatives in the equation of motion.  

The governing equations for linear vibration may be obtained by the first order 

power series expansion of the equation of motion at the position of the 

corresponding steady state deformation. 

    An incremental-iterative method based on the Newton-Raphson method is 

employed to solve the steady state deformation.  The frequency equations for 

free vibration of rotating inclined beam are a set of homogeneous equations. The 

natural frequencies may be determined by solving the homogeneous equations 

using the bisection method. 

    Dimensionless numerical examples are studied to investigate the 

dimensionless steady lateral deformation and the dimensionless natural 

frequency of rotating inclined beams with different inclined angle, 

dimensionless angular velocities, dimensionless radius of the hub, and 

slenderness ratios. The phenomenon of the coupling of mode shapes, the 

phenomenon of eigenvalue curve veering and mode shape changes are also 

investigated for rotating inclined beams that has two modes with closely spaced 

natural frequencies. 
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第一章 導論 

 

    旋轉梁結構在實際上的應用是很重要的，像吊扇、渦輪的葉片、直升

機的旋轉翼、風力發電機的葉片、衛星的支臂、飛機的螺旋槳和機械手臂。

振動分析在旋轉梁結構的設計和分析上扮演很重要的角色，文獻上在這方

面已有很多的研究。[1-16] 

 關於旋轉梁結構的振動分析可從文獻[1,2]有詳細的探討與回顧， 

Schilhansl [3]在考慮離心力，但忽略科氏力的情況下，導出了如圖一所示之

等速旋轉梁振動的微分方程式。Lee 與 Kuo[4]探討了如圖一所示之旋轉

Euler 梁，對其旋轉軸的中心半徑、設定角及轉速對旋轉梁彎矩振動自然頻

率的影響。Yokoyama[5]將旋轉慣量及剪變形、旋轉軸的中心半徑和設定角

合併到有限元素的模式中，探討其對自然頻率的影響。Lee and Lin[6]用線

性梁理論去推導旋轉 Timoshenko 梁之運動方程式，並探討了旋轉速度和質

量慣性矩(mass moment of inertia)的耦合效應、設定角和旋轉速度對彎矩自

然頻率的影響。Eick and Mignolet [7]探討旋轉梁在不同旋轉軸中心半徑與旋

轉梁長度之比值下，其受軸向壓應力挫屈時之臨界轉速。 

文獻[3-7]均用線性梁理論推導旋轉梁的運動方程式，且在作其振動分

析時都不考慮科氏力，但均無討論其適當性或影響，在文獻[8]Simo and 

Vu-Quoc 提到在分析旋轉結構需要用幾何非線性梁理論(至少取到二次項)

才能適當的計算離心力對彎矩剛度的影響，若用線性梁理論(只取到一次項)

將會產生虛假的彎矩剛度流失，所以文獻[3-7]中推導的旋轉梁之運動方程

式及所求得之振動的自然頻率應是不正確的。 

文獻[9,10]利用非線性梁理論的一致線性化、虛功原理和 d’Alembert 原

理在旋轉座標上推導旋轉 Timoshenko 梁正確的線性運動方程式，文獻[9,10]
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在分析時考慮了軸向變形及科氏力。旋轉梁的自然振動是指以其穩態解為

平衡點的微小振動，故須先求出其穩態解，除了設定角為 或 外，旋轉

梁之穩態變形是三維的變形，且其自然振動是軸向、側向與扭轉耦合的三

維振動，文獻[9,10]僅分析設定角為 或 之旋轉梁，並僅考慮軸向變形及

一個側方向的位移與旋轉的二維振動，文獻[9]提出一套旋轉梁之自然頻率

的級數解法及計算其自然頻率的數值計算程序，並探討科氏力對旋轉梁之

自然頻率的影響。文獻 [10]以文獻 [9]提出的方法及細長比很大的

Timoshenko 梁模擬旋轉 Euler 梁，文獻[10]發現在低轉速時，科氏力對細長

比很大的旋轉梁的自然頻率影響不大，但文獻[9,10]中並無高轉速的結果，

因在高轉速時，文獻[9,10]的數值方法對細長比很大的旋轉梁無法收斂。 

0 90

0 90

文獻[11]分析如圖一所示，設定角為 或 的旋轉 Euler 梁，利用虛

功原理與 d’Alembert 原理，配合非線性梁理論的一致線性化，在旋轉座標

上推導旋轉 Euler 梁正確的線性運動方程式，並僅考慮軸向變形及一個側方

向的位移與旋轉的二維振動，文獻[11]將旋轉梁分成數段，每段稱為一個元

素，每個元素用一個級數解來表示其自由振動，文獻[11]發現當細長比很大

時，在高轉速下僅用一個元素無法求得正確的自然頻率，需將旋轉梁分成

兩個以上的元素，才能求得精確的自然頻率，但文獻[11]並未探討其原因。

文獻[12]考慮一具雙軸對稱之三維旋轉 Timoshenko 梁，利用共旋轉有限元

素法(Co-rotational finite element formulation)和虛功原理配合非線性梁理論

的一致線性化，推導梁元素節點慣性力與節點變形力。具雙軸對稱之三維

旋轉梁的穩態解包含軸向和扭轉變形，文獻[12]保留軸向和扭轉變形的穩態

解到二次項及扭轉率的三次項，文獻[12]將旋轉梁的運動方程式中的時間函

數去掉求得系統穩態平衡式，再用牛頓法求得穩態解，文獻[12]用泰勒級數

在穩態平衡點將運動方程式一致線性化，求得旋轉梁的振動方程式，文獻[12]

0 90
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探討旋轉速度和設定角對三維旋轉梁之穩態變形及自然頻率的影響。 

文獻[13-16]探討，如圖二所示，具有設定角與傾斜角的旋轉梁之自由

振動。當傾斜角不為零時，若設定角不為 ，旋轉梁之軸向位移及側向位

移的穩態解都不為零，但文獻[13]僅考慮軸向的穩態變形對自然頻率的影

響，並未考慮側向穩態位移的影響，因文獻[13-15]忽略了側向位移的穩態

解，故其旋轉梁之自然頻率可能不準確。當傾斜角不為零時，僅有設定角

為 或 時，旋轉傾斜尤拉梁的穩態解及自然振動是二維運動，文獻[16]

用虛功原理與 d’Alembert 原理及幾何非線性梁理論的一致線性化，推導設

定角為 或 之旋轉 Euler 梁的二維運動方程式。當設定角為 時，旋轉

傾斜尤拉梁的側向穩態解為零，且因為科氏加速度的值為零，旋轉梁的軸

向與側向振動不耦合，所以文獻[16]用與文獻[11]相同的方法，求得軸向穩

態變形與自然振動頻率及振態，並探討傾斜角、轉速、轉軸半徑及細長比

對等速旋轉傾斜尤拉梁之自然振動頻率的影響；當設定角為 時，旋轉傾

斜尤拉梁之側向穩態變形不為零，且因為科氏加速度的值不為零，其軸向

與側向振動耦合。文獻[16]假設側向穩態變形為小變形，文獻[16]先求出其

軸向穩態解析解，再用級數解法求得旋轉梁之穩態解。文獻[16]將穩態解代

入運動方程式，用一致線性化求得振動的統御方程式，但文獻[16]並未求其

自然振動頻率及振態。 

90

0 90

0 90 90

0

    文獻[16]僅保留到變形的二次項，所以側向穩態變形太大時可能不準

確，且文獻[16]以旋轉梁變形前所受的離心力求其軸向及側向穩態變形，但

旋轉梁所受的離心力為與結構變形位置相關的外力(configuration dependent 

load)，當旋轉梁的側向穩態變形不是很小時，必須考慮幾何非線性，才能

得到可靠的側向穩態變形。當旋轉傾斜梁的細長比很大，在高轉速時，其

側向位移的穩態解可能很大，其軸向和側向穩態變形會互相耦合，為高度
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的幾何非線性問題，若將旋轉梁分成數段(元素)，用共旋轉法描述旋轉梁的

變形，則可除去梁元素的剛體旋轉，故可以僅保留到變形的二次項，但仍

維持解的精度，不過須以迭代的方式求得正確的穩態變形。如果採用文獻[16]

的級數解，求穩態變形的過程將會很複雜，文獻[12]利用共旋轉有限元素法

成功的求出旋轉梁之軸向及扭轉耦合的穩態變形，故本研究擬採用共旋轉

有限元素法求軸向和側向耦合的穩態變形。本研究的主要目的為以共旋轉

有限元素法探討設定角為 之旋轉傾斜梁的穩態變形及自然振動頻率。本

文在第二章中先以梁變形前的形心軸之長度為獨立變數推導梁元素的變

形，本研究利用文獻[16]中旋轉梁的變形機制，由梁元素在當前元素座標之

位置向量及轉速求得梁元素的加速度，再以虛功原理、有限元素法及非線

性梁理論的一致線性化，在梁元素當前之元素座標上推導節點慣性力和節

點變形力，將元素的節點力轉到總體座標後組合成系統的非線性運動方程

式。本研究將旋轉梁的運動方程式的時間函數項去掉求得系統穩態平衡方

程式，再用基於牛頓法的增量迭代法求出軸向位移及側向位移的穩態解，

將運動方程式在穩態平衡位置用泰勒級數展開，取到一次項，求得旋轉傾

斜梁的振動方程式。假設自然振動頻率存在，可獲得一組代數齊次方程式，

該組齊次方程式係數形成之矩陣的行列式為零時，即可求得旋轉梁以穩態

解為平衡點的自然振動的頻率及其對應的振態。本研究擬探討傾斜角、旋

轉速度、轉軸半徑及細長比等對旋轉 Euler 梁之穩態變形、自然頻率及振態

的影響。 

0
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第二章 理論推導 

 

2.1 問題描述 

    如圖二所示，本文考慮一長度為 具均勻斷面且雙軸對稱之尤拉梁，

其支承端以設定角(setting angle)

TL

β與傾斜角(inclination angle)α剛接在一半

徑為R剛性圓柱上，該圓柱以等角速率Ω繞其軸心旋轉。本文中所有梁的

位移、變形和振動指的是在一個以等角速率Ω繞圓柱中心軸旋轉的旋轉座

標上描述的位移、變形和振動。本文中僅考慮梁的軸向位移，單一個側向

位移及旋轉。以等角速率旋轉的傾斜梁存在著一個含軸向及側向的穩態變

形。本文中所有的振動都是指以該穩態變形為平衡點的振動。本文中考慮

的振動是線性振動，所以由振動造成的位移、速度和加速度都視為是一微

小量(infinitesimal quantity)。 

 

2.2 基本假設 

    本文對梁元素的推導，做如下的假設： 

(1)Euler-Bernoulli 假說成立。 

(2)梁元素的形心軸之單位長度伸長量(unit extension)為均勻的伸長。 

(3)梁元素的變形與應變皆為小變形與小應變。 

   

2.3 座標系統描述 

    本研究是使用共旋轉有限元素法(co-rotational finite element formulation 

)，將梁分割成若干個兩個節點的梁元素，節點1及節點2為元素的兩個端點。 

為了描述旋轉梁系統的運動，本文中使用以下二個座標系統： 

(1) 總體座標系統(Global coordinates) 、 、  1X 2X 3X
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    總體座標系統是以等角速率Ω繞圓柱中心軸旋轉，如圖三與圖四所

示，總體座標系統的原點是取在旋轉梁斷面的形心軸與旋轉圓柱的交點(即

O點)上，其 軸和梁變形前的斷面形心軸一致，其 和 軸是取旋轉梁

變形前的斷面主軸方向，將圓柱的轉軸方向繞 軸逆時鐘方向轉

1X 2X 3X

1X β角即為

和 軸的方向。本文中假設梁只有在 、 方向的變形，本文中旋轉梁

的節點座標、節點位移、節點速度、節點加速度及整個系統的運動方程式

均在此座標系統中定義。 

3X 1X 2X

 (2)元素座標系統(Element coordinates) 、 、  1x 2x 3x

    元素座標系統是建立在每個元素當前的位置上，且以一個等角速率Ω

繞圓柱中心軸旋轉，如圖五所示，元素座標系統的原點是定義在節點1(即o

點)上，令o點當前的總體座標為( , , 0)， 軸的方向為梁元素兩節點連

線的方向，令 軸與總體座標的 軸間的夾角為

oX oY 1x

1x 1X eθ ，因本文中假設只有

平面的變形，所以 軸與總體座標 軸的方向一致， 軸的方向由右

手定則決定，本文中梁元素的位移、變形、速度、加速度及運動方程式，

均在此座標系統定義。 

1x 2x 3x 3X 2x

元素座標系統與總體座標系統關係可表示成 

                                                  (2.3.1) xAX GE=

        

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡ −
=

100
0cossin
0sincos

ee

ee

GE θθ
θθ

A                            (2.3.2) 

其中 ， 。本文中以{ }代表行矩陣。                 },,{ 321 xxx=x },,{ 321 XXX=X

令 為旋轉梁的角速度向量在總體座標上的表示式，其分量可表示如下： XΩ

                                            (2.3.3) =XΩ }cos,sin,0{ ββΩ

由(2.3.1)、(2.3.3)式可得，令Ω為旋轉梁的角速度向量在元素座標上的表示
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式如下： 

       =Ω X321 },,{ ΩAt
GE=ΩΩΩ nΩ=                          (2.3.4) 

       =n },,{ 321 nnn }cos,cossin,sin{sin βθβθβ ee=           (2.3.5)  

                                                                      

其中n為旋轉軸的單位向量， (i=1,2,3)為其在元素座標軸 的分量，in ix β為

梁的設定角， eθ 為梁元素變形後元素座標之 軸與總體座標之 軸的夾角。 1x 1X

    因除了 及 外，傾斜旋轉梁的穩態解是三維的，故本文假設僅

適用於 及 ，為了推導上的方便，本文在推導過程中仍視為

0=β 90

0=β 90 β變數。

當 時，穩態解僅有軸向位移，[16]用級數解詳盡的探討了其自然振動

頻率。當 時，穩態解有側向和軸向位移，故其所受離心力為變形位置

的函數，文獻上仍沒有其側向位移的非線性穩態解及其自然振動頻率，故

本研究主要探討如圖六所示設定角 之旋轉傾斜梁的軸向、側向位移的

穩態解及自然振動頻率，當 時(2.3.4)式的角速度向量 退化成 

90=β

0=β

0=β

0=β Ω

        =Ω },,{ 321 ΩΩΩ nΩ=                                (2.3.6) 

                                         (2.3.7) =n },,{ 321 nnn }1,0,0{=

 

2.4 Euler 梁的變形描述 

    本文是在旋轉元素座標上描述梁元素的變形。由2.2節中的基本假設可

知，梁元素的變形可由其形心軸在元素座標上的位移及其斷面的旋轉決

定。本文採用梁變形前形心軸的長度為獨立變數。 

 

2.4.1梁元素之位移 

    圖七中的P點為梁中的任意點，Q點為P點在形心軸上的對應點，即P點

與Q點位於梁的同一斷面上。在元素座標上，Q點在梁變形前後的位置向量
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可分別表示為 與 。其中t為時間， 及}0,0,{x }0),,(),,({ txvtxx p ),( txxp ),( txv

分別是Q點在 與 軸方向的座標。 1x 2x

P點在梁變形前後的位置向量可分別表示如下 

                                                 (2.4.1) },,{0 zyx=r

         =               (2.4.2) },,{ 321 rrr=r },cos,sin{ zvyyx p +− θθ

其中x、y與z分別為梁變形前P點在 (i = 1,2,3)軸的座標，ix θ為 軸和形心軸

的切線向量的夾角。 

1x

(2.4.2)式之 θsin 及 θcos 可表示成如下 

         
,

0 0

1sin
1 1

xvv x v v
s s x x

θ
ε ε

∂ ∂ ∂ ∂
= = = =
∂ ∂ ∂ + ∂ +                    (2.4.3) 

          

2/12 )sin1(cos θθ −=
∂
∂

∂

∂
=

∂

∂
=

s
x

x
x

s
x pp

                       
(2.4.4) 

          
10 −

∂
∂

=
∂
∂−∂

=
x
s

x
xsε

                                      
(2.4.5) 

其中s為圖七中o點到Q點間形心軸在變形後的弧長， 0ε 為形心軸的單位伸長

量。 

由(2.4.3)-(2.4.5)式可得
          

 

                               
 
(2.4.6) ∫ −++=

x
xp dxvutxx

0
2/12

,
2

01 ])1[(),( ε

其中 為節點1在 方向上的位移，由元素座標系統的定義，其值為零，但

其變分及對時間的微分並不為零。 

1u 1x

由小變形的假設，利用近似式 )
2
11(])1[( 2

,0
2/12

,
2

0 xx vv −+≈−+ εε ，(2.4.6)式

可表示成 
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             ∫ −++=
x

xp dxvutxx
0

2
,01 )

2
11(),( ε                        (2.4.7) 

 

由(2.4.7)式及梁元素的形心軸之單位伸長量為均勻的假設，可以得到形心軸

的單位伸長量 0ε  
 

            ∫+
−

=
L

xdxv
LL

Ll
0

2
,0 2

1ε                                  (2.4.8) 

                                                        (2.4.9) 12 uuLl −+=

其中L為梁元素變形前的長度， l 為梁元素之形心軸變形後的弦長， 為節

點2在 方向的位移。 

2u

1x

本文中假設梁元素變形後的形心軸的側向位移 ),( txv 為 x的三次 Hermitian

多項式。因此 ),( txv 可表示成 

             (2.4.10) =′′= },,,{},,,{),( 22114321 vvvvNNNNtxv t
b

t
buN

          )2()1(
4
1 2

1 ξξ +−=N ， )1)(1(
8

2
2 ξξ −−=

LN ，         (2.4.11) 

          )2()1(
4
1 2

3 ξξ −+=N ， )1)(1(
8

2
4 ξξ ++−=

LN             

          
L
x21+−=ξ                                       (2.4.12) 

          },,,{)( 2211 vvvvtbb ′′== uu                         (2.4.13) 

其中 是)2,1( =jv j v在節點 j 的節點值， jv′則是
x
vv
∂
∂

=′ 在節點 )2,1( =jj 之節

點值， 代表形狀函數(shape function)。 )41( −=iNi

在小變形的假設下，由(2.4.2)式及近似式 θθ ≈sin ， 2

2
11cos θθ −≈ ，可以將

位置向量r重新寫成如下 
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       == },,{ 321 rrrr },)
2
11(,{ 2 zvyyxp +−− θθ                  (2.4.14) 

 

將(2.4.10)式代入(2.4.8)式整理可得 

      0ε )
2
1(1

0
2
,∫+=

L
xa

t
a dxv

L
uG )

2
1(1

b
t
ba

t
aL

uGuG +=               (2.4.15)  

其中 

                                              (2.4.16) =au },{ 21 uu

                                               (2.4.17)            =aG }1,1{−

             dxvGGGG xbbbbbb ∫ ′== ,4321 },,,{ NG                  (2.4.18) 

 

將(2.4.15)式代入(2.4.7)式整理可得 

∫−++=
x

xb
t
ba

t
ap dxv

L
xxtxx

0
2
,2

1
2

),( uGuN                        (2.4.19) 

⎭
⎬
⎫

⎩
⎨
⎧ +−

=
2

1,
2

1 ξξ
aN                                           (2.4.20) 

 

2.4.2 梁之位置向量的變分 

    將(2.4.14)式的位置向量r變分可表示成 

    rδ }0,,{}0,,{ 21 vyxyrr p δθδθδδθδδ +−+−==            

 

(2.4.21) 

在小變形的假設下，利用近似式 θθ ≈sin 、 )1(
)1(

1
0

0
ε

ε
−≈

+
，將(2.4.3)式及

變分可得 
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           xx vv ,0,0 )(1 δεδεδθ −+−=
                           

(2.4.22) 

由(2.4.15)式的變分可得 

          0δε )(1
b

t
ba

t
aL

GuGu δδ +=                                 (2.4.23) 

x的一次微分可表示成 將(2.4.10)式對

                                                (2.4.24) b
t

bxv uN′=,

由(2.4.24)式的變分可得 

                                              (2.4.25) b
t
bxv Nu ′= δδ ,

由(2.4.19)式的變分可得 

pxδ dxvv
L
x

x
x

xb
t
ba

t
a ,0 ,∫−+= δδδ GuNu                           (2.4.26) 

將(2.4.23)式代入(2.4.22)式整理可得 

)()1()1( ,
00,0, b

t
ba

t
a

x
xx L

v
vv GuGu δδδθεδεδθεδ +++≈++≈        (2.4.27) 

將(2.4.22)及(2.4.26)式代入(2.4.21)式，位置向量的變分 rδ 可以寫成 

 1rδ axx vyyv Nu t
a,00, )1( δδεδε +−−=  b

t
bL

x Guδ+ ∫−
x

xx dxvv
0 ,, δ      (2.4.28) 

 2rδ vvvyvy xxx δδεδεε +−−−= ,,
2

00,
2

0 )1()1(           

因為梁元素為小變形，所以 在元素較多時都將趨近於零，故在計算慣性

力時，上式中畫底線的項可以忽略。 

xv,

 

2.5 梁的應變及其變分、速度、加速度 
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2.5.1梁的應變及其變分 

    本文中的應變採用工程應變。為了推導上的方便，本文中先推導出

Green strain ijε ，再由Green strain求得與其對應之工程應變。Euler梁的Green 

strain非為零的應變只有 11ε ，可表示成 

 

         )1(
2
1

1111 −= gg tε                                  (2.5.1) 

其中 

          
x∂
∂

=
rg1                                           (2.5.2)             

將(2.4.7)、(2.4.14)式代入(2.5.2)式，可得 的分量 和 如下 1g 11g 12g

          
0

,2
,011 12

11
ε

ε
+

−−+= xx
x

v
yvg  

          2
0

,,
,12 )1( ε+
−= xxx

x
vv

yvg                               (2.5.3)  

由小變形的假設，將(2.5.3)式及近似式 )1(
)1(

1
0

0
ε

ε
−≈

+
，代入(2.5.1)式，且

保留變形參數及其微分到二次項，可得：

           
2
,

2
,

2
0011 2

1
2
1

xxxx vyyv +−+= εεε                       (2.5.4) 

 

Green strain 11ε 與對應之工程應變 11e 的關係可表示成[17]： 

                                                1)21( 2/1
1111 −+= εe (2.5.5) 

將(2.5.4)式代入(2.5.5)式，且保留變形參數及其微分到二次項可得：  

           xxyve ,0011 )1( εε −−=                                   (2.5.6) 
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由(2.5.6)式的變分可表示成 

           xxxx vyyve ,00,011 )1( δεδεδεδ −−+=                   (2.5.7) 

x的二次微分可表示成 將(2.4.10)式對

                                                 b
t

bxxv uN ′′=,

由上式的變分可得 

                                               (2.5.8) b
t
bxxv Nu ′′= δδ ,

將(2.4.23)、(2.5.8)式，代入(2.5.7)式，可得 

      b
t
bb

t
b

xx
a

t
a

xx y
L
yv

L
yv

e NuGuGu ′′−−
+

+
+

= δεδδδ )1(
)1()1(

0
,,

11                 

         

                                                          (2.5.9) 

 

2.5.2 梁的速度及加速度 

    因梁的位置向量是在旋轉元素座標上描述，所以P點的絕對速度在當前

元素座標的分量可表示成 

rrΩvv +×+== ovvv },,{ 321                                    (2.5.10) 

ooooo vvv rΩv ×=Ω= },,{ 321                                      (2.5.11)

oG
t
GEoooo rrr rAr == },,{ 321                                        (2.5.12) 

}sinsin,cossin,cos{ βαβαα RYRXR oooG +−+=r               (2.5.13) 

其中 為 o 點的絕對速度，r為 P 點對元素座標原點 o 的速度， 為元素

座標原點 o 在總體座標的位置向量的表示式， 為原點 o 在當前元素座標

ov oGr

or
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的表示式。 

將(2.3.2)、(2.3.4)式代入(2.5.11)、(2.5.12)式可得： 

=1ov 2332 oo rnrn −                                                  (2.5.14) 

=2ov 3113 oo rnrn −  

=3ov 1221 oo rnrn −                                                   

=1or )cossin(sin)cos(cos oeoe YRXR −−+ βαθαθ                 (2.5.15) 

=2or )sin(cos)cos(sin oeoe YRXR −−+− αθαθ  

βα sinsin3 Rro =                                                   

由(2.3.6)式可知，當 時，0=β 021 == nn ， 13 =n ，故(2.5.14)、(2.5.15) 

式會退化成 

=1ov 2or− ， ，                                    (2.5.16) =2ov 1or 03 =ov

=1or )sin(sin)cos(cos oeoe YRXR −−+ αθαθ                      (2.5.17) 

=2or )sin(cos)cos(sin oeoe YRXR −−+− αθαθ  

03 =or                                                             

將(2.4.14)式對時間 t 微分，P點對元素座標原點o的速度可表示成 

}0,,{},,{ 321 θθθ yvyxrrr p −−==r                              (2.5.18) 

由小變形的假設下，利用近似式 θθ ≈sin 、 )1(
)1(

1
0

0
ε

ε
−≈

+
，將(2.4.3)、

(2.4.15)、(2.4.19)式對時間 t 微分可得 

∫−+=
x

xxb
t
ba

t
ap dxvv

L
xx

0 ,,uGuN                             (2.5.19) 
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x,x vv ,00 )-1( εεθ −=                                              (2.5.20) 

)(1)(1
,0 ,0 b

t
ba

t
ax

L
xa

t
a L

dxvv
L

uGuGuG +=+= ∫ε                     (2.5.21) 

因為梁元素為小變形，所以 在元素較多時都將趨近於零，故在計算慣性

力時，畫底線的項可以忽略。 

xv,

由(2.3.4)、(2.4.2)式，及近似式 θθ ≈sin 、 1cos ≈θ ，(2.5.10)式之 可表

示成 

rΩ ×

},,{ 321 ppp vvvΩ=× rΩ                                           (2.5.22)  

)(321 vynznv p +−=  

znyxnv pp 132 )( −−= θ  

)()( 213 θyxnvynv pp −−+=  

將(2.5.14)、(2.5.15)、(2.4.18)及(2.5.22)式代入(2.5.10)式，P點的絕對速度分

量可表示成 

11 ovv Ω= )]([ 31 vynzn +−Ω+ θ θyxp −+                        (2.5.23) 

2v +Ω= 2o ])([ 13 znyxn p −−Ω θ θθyv −+
 

33 ovv Ω= )]()([ 21 θyxnvyn p −−++                            

由(2.3.6)式可知，當 時，0=β 021 == nn ， 13 =n ，故(2.5.23)式會退化成 

11 ovv Ω= )( vy +Ω− θ θyxp −+                               (2.5.24) 

2v +Ω= 2o )( θyxp −Ω θθyv −+
 

33 ovv Ω=                                                  

因梁的位置向量是在旋轉元素座標上描述，所以P點的絕對加速度在當前元
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素座標的分量可表示成 

rrΩrΩΩrΩaa +×+××+×+== 2)(},,{ 321 oaaa             (2.5.25) 

                                
(2.5.26) )(},,{ 321

2
ooooo aaa rΩΩa ××=Ω=

其中 為o點的絕對加速度，r為P點對元素座標原點o的加速度，因為本研

究僅考慮等角速度的旋轉，所以 為零。 

oa

Ω

由(2.3.4)、(2.5.12)式代入(2.5.26)式之 )( orΩΩ ×× 可表示成 

3311
2
3

2
22211 )( oooo rnnrnnrnna ++−=                                (2.5.27) 

1212
2
3

2
13322 )( oooo rnnrnnrnna ++−=  

2323
2
2

2
11313 )( oooo rnnrnnrnna ++−=                               

由(2.3.6)式可知，當 時，0=β 021 == nn ， 13 =n ，故(2.5.27)式會退化成 

11 oo ra −= ， ，                                   (2.5.28) 22 oo ra −= 03 =oa

將(2.3.4)、(2.3.5)及(2.4.2)式代入(2.5.25)式之 )( rΩΩ ×× 可得

=                              (2.5.29) )( rΩΩ ×× },,{ 321
2

ppp aaaΩ

3311
2
3

2
22211 )( rnnrnnrnna p ++−=  

1212
2
3

2
13322 )( rnnrnnrnna p ++−=  

2323
2
2

2
11313 )( rnnrnnrnna p ++−=                              

由(2.3.6)式可知，當 時，0=β 021 == nn ， 13 =n ，故(2.5.29)式會退化成 

)sin(1 θyxa pp −−= ， )cos(2 θyva p +−= ， 03 =pa                 (2.5.30) 

將(2.3.4)、(2.5.18)式代入(2.5.25)式之 rΩ× 可表示成 

},,{ 122131132332 rnrnrnrnrnrn −−−Ω=× rΩ  
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        (2.5.31) )}()(),(),({ 2133 θθθθθθ yxnyvnyxnyvn pp −−−−−−Ω=

由(2.3.6)式可知，當 時，0=β 021 == nn ， 13 =n ，故(2.5.31)式會退化成 

                             (2.5.32) }0,),({ θθθ yxyv p −−−Ω=× rΩ

將(2.5.18)式對時間 t 微分，P點對元素座標原點o的加速度可表示成 

}0,,{},,{ 2
321 θθθθ yyvyxrrr p −−−==r                        (2.5.33) 

將(2.5.19)、(2.5.20)、(2.5.21)式對時間 t 微分可得 

px −++= ∫
L

xxxa
t
a dxvvv

L
x

0
2
,,, )(uN ∫ +

x
xxx dxvvv

0
2
,,, )(

 

   −++= )( b
t
bb

t
ba

t
a L

x uGuGuN ∫ +
x

xxx dxvvv
0

2
,,, )(                  (2.5.34) 

xx vvv ,0,0x,0 2)1( εεεθ −−−=                                      (2.5.35) 

因本文僅保留擾動量到一次項，且不考慮變形與速度、加速度的耦合項，

所以畫底線的項可以忽略。 

將(2.5.27)、(2.5.29)、(2.5.31)、(2.5.33)、(2.5.34)及(2.5.35)式代入(2.5.25)式，

忽略畫底線的項，且保留擾動量到一次項，P點的絕對加速度分量可表示成 

]))(()([ 31
2
3

2
221

2
1

2
1 znnxnnvynnaa a

t
ao +++−+Ω+Ω= uN a

t
avn uN+Ω− 32  

                                                   (2.5.36) xvy ,−

)]())(([ 21
2
3

2
132

2
2

2
2 xnnvynnznnaa a

t
ao ++++−Ω+Ω= uN   

     )(2 ,3 xa
t
a vyn −Ω+ uN v+  

)]()()([ 32
2
2

2
131

2
3

2
3 vynnznnxnnaa a

t
ao +++−+Ω+Ω= uN  
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                                     )]([2 ,213 xa
t
a vynvnn −−Ω+ uN

由(2.3.6)式可知，當 時，0=β 021 == nn ， 13 =n ，故(2.5.36)式會退化成 

)(2
1

2
1 xra a

t
ao +Ω−Ω−= uN a

t
av uN+Ω− 2 xvy ,−                 (2.5.37) 

)(2
2

2
2 vyra o +Ω−Ω−=  )(2 , xa

t
a vy−Ω+ uN v+  

03 =a                                                               

 

2.6 元素節點內力之推導 

    本文利用虛功原理及 d’Alembert 原理在當前的元素座標上推導元素節

點內力。若給元素節點 j ( 1,2)j = 虛位移 juδ 、 jvδ 及虛旋轉 jδθ ，則由虛功

原理可得 

extWδ = intWδ                                               (2.6.1) 

t
extW θ θδ δ= q f                                               (2.6.2) 

11 11
t

int V V
W Ee e dV dVδ δ ρ δ= +∫ ∫ a r q ftδ=

}

                       (2.6.3) 

1 1 1 2 2 2{ , , , , ,u v u vθδ δ δ δθ δ δ δθ=q                           (2.6.4) 

1 1 1 2 2 2{ , , , , ,u v v u v v }δ δ δ δ δ δ δ′=q ′

I

                           (2.6.5) 

D
θ θ= +f f fθ

}

                                                (2.6.6) 

11 21 1 12 22 2{ , , , , ,D f f m f f mθ θ θ θ θ θ
θ =f                              (2.6.7) 

11 21 1 12 22 2{ , , , , , }I I I I I I If f m f f mθ θ θ θ θ θ
θ =f                           (2.6.8) 

D= +f f f I

}

                                                 (2.6.9) 

11 21 1 12 22 2{ , , , , ,D f f m f f m=f                              (2.6.10) 
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11 21 1 12 22 2{ , , , , , }I I I I I I If f m f f m=f                              (2.6.11) 

其中內力所作的虛功包含虛應變 11eδ 所作的虛功及慣性力所作的虛功，因虛

應變 11eδ 為虛位移向量δq的函數，所以內力所作的虛功可以表示成 。

本文採用的元素節點內力為對應於虛位移向量

tδq f

θδq 的 θf ，(2.6.6)及(2.6.9)式

中 、Df D
θf 為元素變形節點內力， If 、 I

θf 為元素慣性節點內力，由(2.4.27)

式可知 jδθ 和 jvδ ′ 不同，對應於 jδθ 的廣義力 jmθ 為傳統的力矩，對應於 jvδ ′ 的

廣義力 為一廣義的力矩。所以由內力所作的虛功得到的 和jm f θf 不同，兩

者的關係將在以下推導。 

由 (2.4.17)、(2.4.18)及(2.4.27)式可得 

        θ θδ δ=q T q                                         (2.6.12) 

        1 2
θ θ= +T T Tθ                                        (2.6.13) 

        
1 1

0
1

2 2
0

1 0 0 0 0 0
0 1 0 0 0 0

0 1 0 0

0 0 0 1 0 0
0 0 0 0 1 0

0 0 0 1

v v
L L

v v
L L

θ

ε

ε

⎡ ⎤
⎢ ⎥
⎢ ⎥

′ ′⎢ ⎥−
+⎢ ⎥

⎢=
⎢ ⎥
⎢ ⎥
⎢ ⎥

′ ′−⎢ ⎥+⎢ ⎥⎣ ⎦

T ⎥                   (2.6.14) 

    

        

1 1 1 2 1 3 1 4

2

2 1 2 2 2 3 2 4

0 0 0 0 0 0
0 0 0 0 0 0

0 0

0 0 0 0 0 0
0 0 0 0 0 0

0 0

b b b b

b b b b

v G v G v G v G
L L L L

v G v G v G v G
L L L L

θ

⎡ ⎤
⎢ ⎥
⎢ ⎥

′ ′ ′ ′⎢ ⎥
⎢ ⎥

= ⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

′ ′ ′ ′⎢ ⎥
⎢ ⎥⎣ ⎦

T              (2.6.15) 
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其中 1
θT 為變形的零次和一次項， 2

θT 為變形的二次項 

將(2.6.2)、(2.6.3)及(2.6.12)式代入(2.6.1)式可得 

        t
θ θ=f T f                                            (2.6.16) 

因本文中的穩態變形含大位移及旋轉，為考慮軸向與側向變形的耦合，故

(2.6.16)式中保留變形到二次項及部分三次項，但本文僅考慮微小的振動，

所以(2.6.16)式中僅保留到速度及加速度的一次項。本文中假設慣性力中速

度及加速度與變形耦合項可以忽略，所以由(2.6.8)、(2.6.11)式可得以下之近

似式 

         I I
θ ≈f f                                           (2.6.17) 

為了推導上的方便，本文中將δq分成 aδu 及 bδu ， 及 在(2.4.13)式及 

(2.4.16)式已定義，與

au bu

δq對應的 分成 及 ，並定義如下 f af bf

                                                                          
D

a a= +f f f I
a

I
b

}

(2.6.18) 

                                                                          
D

b b= +f f f (2.6.19) 

        11 12{ ,D
a f f=f  

        11 12{ , }I I I
a f f=f  

         21 1 22 2{ , , ,D
b }f m f m=f  

         21 1 22 2{ , , , }I I I I I
b f m f m=f  

將 θδq 分成 1 2{ }a u uθδ δ δ=u 及 1 1 2 2{ }b v vθδ δ δθ δ δθ=u ，與 θδq 對應的 θf

分成 a
θf 及 b

θf ，並定義如下 

        = D I
a a a
θ θ +f f f θ                                        (2.6.20) 
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        11 12{ ,D
a }f fθ θ θ=f  

        11 12{ , }I I I
a f fθ θ θ=f  

        D I
b b b
θ θ= +f f f θ

}

                                      (2.6.21) 

        21 1 22 2{ , , ,D
b f m f mθ θ θ θ θ=f  

        21 1 22 2{ , , , }I I I I I
b f m f mθ θ θ θ θ=f  

由(2.6.14)、(2.6.16)、(2.6.18)-(2.6.21)式可得 

            
t

a a ba b
θ = +f f T f                                      (2.6.22) 

       
1 1

2 2

0 0

0 0ba

v v
L L

v v
L L

⎡ ⎤
⎢ ⎥′ ′−⎢ ⎥
⎢= ⎢
⎢ ⎥

′ ′−⎢ ⎥
⎢ ⎥⎣ ⎦

T ⎥
⎥

b

                                    (2.6.23) 

           
t

b b
θ =f T f                                           (2.6.24) 

                                               (2.6.25) 1
b b= +T T T2

b

       1
bT 0

0

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

ε

ε

⎡ ⎤
⎢ ⎥+⎢=
⎢ ⎥
⎢ ⎥+⎣ ⎦

⎥

]b

                            (2.6.26) 

                                       (2.6.27) 2
bT [ 1 2, , , t

bv v′ ′= 0 G 0 G

將(2.4.28)、(2.5.9)、(2.5.36)式代入(2.6.3)式可得 

20
0

(1 )D
a a xx

EI
, aEA v dx

L
εε −

= − ∫f G G                              (2.6.28) 

2 2
0 , 0 , 0 ,(1 ) (1 ) /D

b b x b xx xx bEA v dx EI v dx EI L v dxε ε ε′ ′′= + − − −∫ ∫f N N ∫ G    (2.6.29)  

 21



2 2
1 1 2

2 2 2
2 3 3( ) ( ) 2

I t
a a a a o a a

t
a a a a

A dx a A dx n n A vdx

A n n x dx n A vdx

ρ ρ

ρ ρ

= +Ω +Ω

−Ω + + − Ω

∫ ∫
∫

f N N u N N

N N u N

ρ ∫
∫

2 b

           (2.6.30) 

2 2 2 2 2
2 1 3 1 2

2
3 1

( ) ( )

2

I t
b b o b b a a

t
b b a a b ,x

A a dx n n A vdx n n A x dx

A vdx n A dx I v dx n n I dx

ρ ρ ρ

ρ ρ ρ ρ

= Ω −Ω + +Ω +

′+ + Ω + −Ω

∫ ∫ ∫
∫ ∫ ∫ ∫

f N N N N u

N N N u N N′               
                                                          (2.6.31) 

由(2.3.6)式可知，當 時，0=β 021 == nn ， 13 =n ，故(2.6.30)、(2.6.31)式會

退化成
                   

2
1( (

2

I t t
a a a a o a a a a

a

) )A dx A a dx x dx

A vdx

ρ ρ

ρ

= +Ω −

− Ω
∫ ∫ ∫
∫

f N N u N N N u

N

+

b

         (2.6.32) 

2 2
2

2

I
b b o b

t
b a a b ,x

A a dx A vdx A vdx

A dx I v dx

ρ ρ ρ

ρ ρ

= Ω −Ω +

′+ Ω +

∫ ∫
∫ ∫

f N N N

N N u N
∫

                 (2.6.33) 

由(2.4.10)、(2.6.22)、(2.6.23)、(2.6.28)及(2.6.29)式，保留部份的三次項，可

得 D
a
θf  

2
12 0 0 ,xx

EIf EA v dx
L

θ ε ε= − ∫                                      (2.6.34) 

20
0 ,

D
a a xx

EI
aEA v dx

L
θ εε= − ∫f G G                                 (2.6.35) 

(2.6.34)式在附錄 A 中有詳細推導。 

由(2.6.24) - (2.6.27)及(2.6.29)式，保留部份的三次項，可得 D
b
θf  

1 2
0 , 12 ,(1 )D t

b b b xx b xEI v dx v dxθ θε ′′ ′= − +∫ ∫f T N f N                       (2.6.36) 

(2.6.36)式在附錄 A 中有詳細推導。 

由(2.6.17)式可得 
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        I I
a a
θ ≈f f  

        I I
b b
θ ≈f f                                            (2.6.37) 

 

2.7 元素剛度矩陣及慣性矩陣之推導 

    因為在數值計算時，對於系統運動方程式的平衡迭代過程中需要先求

得梁元素切線剛度矩陣和質量矩陣。依元素切線剛度矩陣的定義可知，對

應於 θδq 元素剛度矩陣 θk 可以表示成 

        
D D

t
θ

θ
θ θ

θ

∂ ∂
= =
∂ ∂
f fk T
q q

T                                 (2.7.1) 

         
D∂
=

∂
f k
q

                                           (2.7.2) 

其中k 為對應於δq元素剛度矩陣可以由下列之子矩陣 (i = a, b, j = a, b)組

合而成 

ijk

D
a

aa
a

∂
= =
∂
fk
u

t
aaL

EA GG t
aaxxdxv

L
EI GG∫+ 2

,2                          (2.7.3) 

2
, 02 2 (1 )

D
t t ta

ab ba a b xx a b a xx b
b

EA EI EIv dx v dx
L LL

ε∂ ′′= = = + − −
∂ ∫ ∫
fk k G G G G G N
u ,

t   

                                                          (2.7.4) 

0
0 ,

2 (1 )D
t tb

bb b b b b b xx b
b

EIEA tEA dx v d
L L

εε∂ −′ ′ ′′= = + −
∂ ∫ ∫
fk G G N N N
u

xG         

            ∫ ′′′′−+ dxEI t
bbNN2

0 )1( ε 0
,

2 (1 ) t
b xx

EI N v dx
L b

ε− ′′− ∫ G     (2.7.5) 

因為 在元素較多時都將趨近於零，所以畫底線項可以忽略。 xv,

由(2.6.35)、(2.6.36)及(2.7.1)式，可得對應於 θδq 元素剛度矩陣 θk 的顯式， θk
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可以由下列之子矩陣 ij
θk (i = a, b, j = a, b)組合而成 

D
a

aa
a

θ
θ

θ
∂

= =
∂
fk
u

2
,2( t)xx a

EA EI v dx
L aL

− ∫ G G                            (2.7.6) 

10
,

2D D
t ta a b

ab ba a xx b b
b b b

EI v dx
L

θ θ
θ θ

θθ θ
ε∂ ∂ ∂ ′′= = = = −

∂ ∂ ∂ ∫
f f uk k G N T
u u u

            (2.7.7) 

1 2 1
0 12( (1 ) )

D
t tb

bb b b b b b b
b

tEI dx f dx
θ

θ θ
θ θθ ε∂ ′′ ′′ ′ ′= = − +

∂ ∫ ∫
fk T N N T N
u

N           (2.7.8) 

由(2.6.32)、(2.6.33)式可以知道元素慣性力 I
θf 與元素節點位移、速度及加速

度有關，對應於 θδq 、 θδq 及 θδq 之慣性力改變量 I
θδ f 可以表示成 

        2= + +I
θ θ θ θδ δ δ δΩΩ Ωf k q c q m q                          (2.7.9) 

         2

Iθ

θ
Ω

∂
=
Ω ∂

fk
q

                                      (2.7.10) 

         
Iθ

θ

∂
=
Ω∂

fc
q

                                         (2.7.11) 

         
Iθ

θ

∂
=
∂
fm
q

                                         (2.7.12) 

其中 為元素向心力剛度矩陣(centripetal stiffness matrix)，m為元素質量矩

陣(mass matrix)，c為元素陀螺矩陣(gyroscopic matrix)。 

Ωk

本文中假設慣性力中速度及加速度與變形耦合項可以忽略，所以由(2.7.10) 

至(2.7.12)式可得以下之近似式 

         2

I

Ω
∂

=
Ω ∂

fk
q

                                       (2.7.13) 

          
I∂

=
Ω∂

fc
q

                                        (2.7.14) 
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q
f

m
∂

∂
=

I

                                        (2.7.15) 

Ωk 、c、m的顯式可以由下列之子矩陣 ijΩk 、 、  (i = a, b, j = a, b)組

合而成 

ijc ijm

2 2
2 32 ( )

I
ta

aa a a
a

A n n dρΩ
∂

= = − +
Ω ∂ ∫

fk
u

xN N                         (2.7.16) 

t
ab baΩ Ω= =k k 1 22

I
ta

a b
b

n n A dxρ∂
=

Ω ∂ ∫
f N N

u
 

bbΩ =k 2 2
1 32 ( )

I
tb

b b
b

n n A dρ∂
= − +

Ω ∂ ∫
f N N

u
x  

0
u
f

c =
∂
∂

=
a

I
a

aa                                              (2.7.17) 

32
I

t ta
ab ba a b

b
n A dxρ∂

= − = = −
Ω∂ ∫

fc c N N
u

 

0
u
f

c =
∂
∂

=
b

I
b

bb    

a

I
a

aa u
f

m
∂
∂

= dxA t
aa∫= NNρ                                    (2.7.18) 

I
t a

ab ba
b

∂
= = =

∂
fm m
u

0  

b

I
b

bb u
f

m
∂
∂

= dxIdxA t
bb

t
bb ∫∫ ′′+= NNNN ρρ   

其中 及 已在(2.6.30)及(2.6.31)式中定義。 I
af I

bf

由(2.3.6)式可知，當 時，0=β 021 == nn ， 13 =n ，故(2.7.16) - (2.7.18)式會

退化成 
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2

I
ta

aa a a
a

A dxρΩ
∂

= = −
Ω ∂ ∫

fm
u

N N                                (2.7.19) 

I
t a

ab ba
b

Ω Ω
∂

= = =
∂

fm m
u

0  

=Ωbbm 2

I
tb

b b
b

A dxρ∂
= −

Ω ∂ ∫
f N N

u   

0
u
f

c =
∂
∂

=
a

I
a

aa                                               (2.7.20) 

2
I

t ta
ab ba a b

b
A dxρ∂

= − = = − Ω
∂ ∫

fc c N N
u

 

0
u
f

c =
∂
∂

=
b

I
b

bb      

a

I
a

aa u
f

m
∂
∂

= dxA t
aa∫= NNρ                                     (2.7.21) 

I
t a

ab ba
b

∂
= = =

∂
fm m
u

0  

b

I
b

bb u
f

m
∂
∂

= dxIdxA t
bb

t
bb ∫∫ ′′+= NNNN ρρ                    

由(2.7.17)式可知(2.7.14)式之陀螺矩陣c有以下的性質 

                                                   (2.7.22) t = −c c

 

2.8 系統的運動方程式 

    旋轉梁系統的運動方程式可表示成 

        
2( ) ( , , , )D I= + Ωφ F Q F Q Q Q 0=                        (2.8.1) 
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其中φ為系統的不平衡力、 和 為系統的節點變形力及慣性力，DF IF Ω為旋

轉梁的轉速，Q、
t

∂
=
∂
QQ 和

2

2
d
dt

=
QQ 為在時間為 t 時系統的節點位移、速

度和加速度。 和 可以由(2.6.28)至(2.6.31)式之元素節點變形力及慣性

力從當前的元素座標轉換到總體座標後組合而成。 

DF IF

    令 表示旋轉梁在轉速為sQ Ω時的穩態節點位移，因 ，所以

由(2.8.1)式，旋轉梁系統的穩態平衡方程式可表示成 

0QQ == ss

                                 (2.8.2) 2( ) ( )D I
s s sref s= +Ωφ F Q F Q 0=

)其中 (D
s sF Q 為對應於穩態變形 的系統節點變形力，可以由(2.6.28)及

(2.6.29)式之元素節點變形力從元素座標轉換到總體座標後組合而成，

sQ

2 (I )sref sΩ F Q 為對應於穩態變形 的系統節點慣性力，可以由(2.6.30)及

(2.6.31)式之元素節點慣性力中將速度及加速度項去掉，再從元素座標轉換

到總體座標後組合而成。(2.8.2)式為一非線性方程式，本文以基於牛頓法的

增量迭代法求出在不同轉速

sQ

Ω下的穩態解，詳細的數值方法及程序將在第

三章中說明。 

    令 表示以 為平衡點的微小振動，將( )d d t=Q Q sQ d= +Q Q Qs代入

(2.8.2)式，用泰勒級數在 s=Q Q 展開，取到一次項，則旋轉梁微小振動的運

動方程式可表示成 

        2
d d dΩ+ Ω + + Ω =MQ CQ (K K )Q 0                     (2.8.3) 

其中M為系統的質量矩陣，C為系統的陀螺矩陣（gyroscopic matrix），K和

為系統的剛度矩陣及向心力剛度矩陣(centripetal stiffness matrix)。 、

、K及 可以由(2.7.1)式及(2.7.13)至(2.7.15)式中元素之m、c、k 及

ΩK M

C ΩK Ωk

從元素座標轉換到總體座標後組合而成。 
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若振動方程式(2.8.3)式存在自然振動頻率，則其解的形式可以表示如下 

        ( i t
d R Ii e) λ= +Q Q Q                                  (2.8.4) 

其中 i 為虛數 1− ，λ為自然頻率，Q 和R IQ 為對應於λ之振態的實部和虛

部。 

將(2.8.4)式代入(2.8.3)式，並由實部和虛部分別為零，可得一個λ的二次特

徵值問題 

                                                   (2.8.5) =HΘ 0

 

( , )λ= Ω =
2 2

2 2

tλ λ

λ λ
Ω

Ω

⎡ ⎤+ Ω − Ω
⎢ ⎥

Ω +Ω −⎢ ⎥⎣ ⎦

K K M C

C K K
H H

M
            (2.8.6) 

R

I

⎧ ⎫
= ⎨
⎩ ⎭

Q
Θ

Q ⎬                                                  (2.8.7) 

其中 為一對稱矩陣。 H

因(2.8.5)式為一齊次方程式(homogeneous equation)，所以僅有當 的行列式

值

H

det 0=H ，才有非零解，在固定轉速 0Ω ≠ 時，本文採用二分法解出滿足

det 0=H 的λ，當轉速 時，(2.8.5)式將退化成一廣義特徵值問題，本

文採用子空間法(subspace method)求其特徵值

0Ω =

λ及特徵向量 ，詳細的數值

方法及程序將在第三章中說明。 

Θ

 

 28



第三章 數值方法及程序 

 

     本章將數值計算的方法及程序分作穩態解及振動頻率分析兩個部份，本章

中僅考慮設定角 之矩形斷面旋轉梁，令0=β TL 為旋轉梁的長度，b、t 分

別為矩形斷面寬與高，則斷面的二次矩可表示成
3

12
btI = 。因旋轉梁一般在

彈性範圍內使用，大部分的工程材料的降伏應變 1yε << ，所以本文將限制

旋轉梁的最大轉速，使其最大應變儘量不超過 。若不考慮側向變形對

慣性力的影響，旋轉傾斜梁之穩態解造成的最大膜應變(membrane strain)及

撓曲應變(flexural strain)都發生在旋轉梁的根部，並可表示成(詳細推導在附

錄 B) 

0.01

        2
0max

1( cos )
2

k rε α= +                                   (3.1) 

         
2

max
3 sin

2b
k rη αε =                                    (3.2) 

         /Tk L ρ= Ω E                                        (3.3) 

         /TL A Iη =                                          (3.4) 

                                                     (3.5) / Tr R L=

其中k 為無因次轉速，ρ為密度，E為楊氏係數，r為無因次轉軸半徑，η為

細長比， A為斷面面積。 

    旋轉傾斜梁之穩態解造成的最大應變為(3.1)和(3.2)式的和，所以其最大

應變與 成正比，由(3.1)、(3.2)式可以估算旋轉梁運轉時的最大允許轉速，

但因(3.1)、(3.2)式為線性解，故分析時仍需要檢查非線性解的最大應變。為

了方便分析與討論，本章及下一章中將採用無因次變數 、 r、

2k

k η及無因次

自然頻率K  
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         /TK Lλ ρ= E                                        (3.6) 

3.1 穩態解 

   為了簡潔，在不造成混淆的情況下，本節中將(2.8.2)式之下標s及上標D省

略，再令
2

2( ) ( )I
srefk

Ω
=P Q F Q ，則旋轉梁系統的穩態平衡方程式可改寫成 

                                          (3.7) 2( )+ ( )k=φ F Q P Q 0=

其中 稱為參考負荷，P k 稱為負荷參數。 

    本文以基於牛頓法的增量迭代法解非線性代數方程式(3.1)式，求得在

不同無因次轉速 下，旋轉梁的節點位移向量 。 k Q

3.1.1 增量迭代數值計算方法 

   本文中將選定之最大負荷參數，即最大無因次轉速 等分成數個增量

負荷參數 ，若第 I 個增量的平衡位置為已知，即其位移向量為

maxk

kΔ IQ 、負荷參數

為 Ik 為已知，則對應於第 1+I 個增量之負荷參數 Ik k k= + Δ 的初始增量位移向

量Δ ，可利用尤拉預測值(Euler predictor)[19]求得 Q

                                        (3.8) 1(2 )Ik k k −Δ = − + Δ ΔQ TK P

    
I

T
=

∂
=
∂ Q Q

K
Q
ϕ  ， ( )I=P P Q                                 (3.9) 

其中 為第 I 個增量的平衡位置之系統切線剛度矩陣，K和 為

系統的剛度矩陣及向心力剛度矩陣。 

2= +T ΩΩK K K ΩK

     由 可求得每個元素當前的元素座標及節點變形位移，將其代入

(2.6.30)、(2.6.31)、(2.6.35)及(2.6.36)式，可算出元素的節點變形力及慣性力，將

元素的節點力轉換到總體座標，可組合得到(3.7)式之不平衡力φ，再依牛頓法，

可得位移修正量如下：    

ΔI= +Q Q Q

                                                 (3.10) 
-1
Tδ = −Q K ϕ

其中 為不平衡力， 為當前的系統切線剛度矩陣。 φ TK
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    將求得的位移修正量δQ，加入上次迭代之Q中，可得新的節點位移向

量，再進行下一次迭代，此過程一直重複至(3.7)式中的不平衡力滿足斂準則為

止。本文以不平衡力φ的 weighted Euclidean norm 做為平衡迭代時的誤差度

量，所使用的收斂準則為 

        2 tole
k N

=
φ

P
e=                                     (3.11) 

其中 i 為 的歐幾里德範數(Euclidean norm)，N 為方程式的數目， 為一

設定的容許誤差，本文中取

i tole

510−=tole 。 

3.1.2  數值程序 

    本文所使用的增量迭代法之數值之數值程序可以分成三個部分： 

  1. 輸入與計算開始分析所需要的資料 

(a) 輸入結構資料及給定外力負荷參數的最大值。 

(b) 給定增量數、最大迭代數及收斂時的容許誤差。 

(c) 計算增量負荷參數、負荷參數、 

(d) 用(3.9)式計算系統切線剛度 2= +T ΩΩK K K 、參考負荷 。 P

2.使用迭代法求在已知負荷參數的收斂解 

(a) 利用(3.8)式求初始增量位移向量ΔQ。 

(b) 將前一個平衡位置的節點位移向量 IQ 加上ΔQ得到 。 Q

(c) 由Q中萃取元素之節點位移，計算出當前的元素座標及元素的節點力，再

計算(3.7)式之不平衡力 。 φ

(d) 檢查(3.11)式的收斂準則，若滿足則進行(e)；若不滿足，檢查迭代次數，

若迭代次數小於給定之最大迭代次數，則利用(3.10)式求得位移修正向量

δQ，將當前的節點位移向量 加上Q δQ得到一個新的Q，再回 2(c)進行

迭代；若迭代次數大於最大迭代次數則停止迭代並印出迭代相關資料。 

(e) 檢查增量次數是否大於最大增量次數，若滿足，則完成增量迭代步驟；若
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不滿足，則進行步驟 3。 

3.計算下一次增量所需要的資料 

(a) 計算(3.9)式中的切線剛度及參考負荷。 

(b) 計算下一次增量的負荷參數。 

    (c) 回到 2 執行迭代工作。 

3.2  振動分析 

本節將說明求旋轉梁自然頻率及振動模態的計算程序。本文先用本文採用子

空間法(subspace method)[20]，求出當無因次轉速 0k = 時的無因次自然頻率

K 及特徵向量 ，將由 3.1 節之增量迭代法求得對應於無因次轉速 的穩態

解代入(2.8.6)式中，再以二分法(bisection method)[21]解(2.8.5)式。 

Q k

 (2.8.5)式之 ( )KH 可分解成 ，其中 L 為下三角矩陣，D 為對角

線矩陣，其對角線元素的值皆為 1。令 

( ) tK =H LDL

         ( ) det ( ) 0D K K= H =                                        (3.12) 

其中 為( )D K ( )KH 的行列式值，其值為 D 矩陣之對角線元素的乘積。 

    若 BK 滿足 ，則( )BD K = 0 BK 為旋轉梁之ㄧ無因次自然頻率。由於H 的

維數隨著元素數目的增加而變大，為了避免其行列式的數值過大，所以本文中將

)(KD 做以下的標準化(normalization)處理： 

     
)(
)()(

0KD
KDKD =                                            (3.13) 

其中 0K 為一參考值。 

    若 L B RK K K< < ，其中 BK 為一無因次自然振動頻率，則 ，其中

、 分別為

LN N< R

LN RN ( )LKD 、 ( R )KD 中負的對角線元素的個數。如已知 RK 及 LK ，

則可由二分法求得 BK 。 

    本文解(3.12)式所採用的計算程序如下： 

    設定需要的自然頻率的數目，先用子空間法(subspace method)求出當無
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因次轉速 時的無因次自然頻率0k = K 及特徵向量 。若第 I 個增量的穩態平

衡位置已求出，即其位移向量為

Q

IQ 、負荷參數 為已知，先以前一個無因次

轉速

Ik

1Ik − 得到之無因次自然頻率為參考值，設定無因次自然頻率的起始值 0K

及增量 KΔ ，計算 中負的對角線元素的數目 ，設定容許誤差 及

，本文中取 ，

)( 0KD 0N tole

2tole 710−=tole 5
2 10−=tole 。 

(A) 

   (1)令 0 ( 1)nK K n K ( 1, 2, 3, ...n= + − Δ )= ，由 nK 、 Ik 、K 及 IQ 計算 ( n )KD ，  

     一直到相鄰兩個 ( n )KD 中，負的對角線元素的數目不一樣。 

  (2)令 1L nK K −= ， R nK K= ，其中下標 及L R分別代表根的左邊極限及右邊極 

     限。 

  (3)以二分法取
2

RL
B

KKK +
= ，並重新計算 ( B )KD ，及其負的對角線元素的 

     數目 。 BN

  (4)若 ，取 ；若 ，取0NN B = BL KK = 0NN B > BR KK = 。 

  (5)若 R L
tol

B

K K e
K
−

< ，且 2)( tolB eKD < ，則取 為(3.12)式之解，繼續進行 BK

     步驟(B)求振態，否則回到步驟(3)。 

(B) 

  (1)將 分解成 。 )( BKH t
BK LDLH =)(

  (2)找出對角線矩陣 中元素之絕對值有最小值的行，令該行為第 k 行。 D

  (3)令振態之第 k 個分量的值為 1，再將(2.8.5)式改寫成 
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                                                           (3.14) 

  (4)利用高斯消去法求解(3.14)式得到振態 。 Θ

  (5)將 除以其分量中絕對值最大的分量Θ maxΘ ，即 

maxΘ
=

ΘΘ                                            (3.15) 

  (6)以步驟(A)求得之 及前一個無因次轉速BK 1Ik − 得到之無因次自然頻率為  

    參值，設定無因次自然頻率的起始值 0K 及增量 KΔ ，回到步驟(A)繼續求 

     下一個自然頻率及振動模態。 
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第四章 數值例題 

 

    如同第三章，本章中僅考慮設定角 之矩形斷面旋轉傾斜 Euler

梁，本章將分析不同細長比

0=β

η ((3.4)式)、無因次轉軸半徑 r ((3.5)式)、傾斜角

α的旋轉傾斜梁在不同的無因次轉速k ((3.3)式)下之穩態解、無因次自然頻

率 K((3.6)式)及振態。當無因次轉速 k = 0 時，無因次振動頻率 K 僅與梁的

細長比η有關且其軸向和側向振態不互相耦合；當 0≠r 、 0≠k 、 0=α 時，

由(2.5.17)、(2.5.28)、(2.6.32)、(2.6.33)式可知梁未變形時慣性力僅有軸向分

量，故旋轉梁的穩態解僅有軸向變形，但由文獻[16]或(2.7.17)式可知因科氏

力不為零，故其軸向和側向振態互相耦合；當 0≠r 、 0≠k 、 0≠α 時，由

(2.5.17)、(2.5.28)、(2.6.32)、(2.6.33)式可知梁未變形時慣性力有軸向和側向

分量，故旋轉梁的穩態解有軸向和側向變形，因穩態解有軸向和側向變形，

所以其振態含軸向和側向分量。本章中第 i 個振態指的是對應於無因次轉速

k = 0 時的第 i 個無因次自然頻率 之振態，軸向振態指的是該振態在無因

次轉速 k = 0 時的振動是軸向振動，側向振態指的是該振態在無因次轉速 k = 

0 時的振動是側向振動。 

iK

    本章中將考慮不同的無因次轉軸半徑 r((3.5)式)、細長比η ((3.4)式)、傾

斜角α。為了方便計算，但不失一般性，本章中採用旋轉梁的長度 1TL m= 、

梁的斷面寬度 0.1b m= 、密度 、彈性模數37.8 10 /kg mρ = × 3 11101.2 ×=E  

2/ mN ，若給定 r、η、k ，則可決定梁的斷面的厚度 t、面積 A、斷面的二

次矩 I、轉軸半徑 R、旋轉梁的轉速Ω。 

因本文在推導時假設穩態解的應變 <<ε 1，所以本文中將穩態解的允許

最大應變定為 210− 。本文將限制旋轉梁的最大無因次轉速轉速 k，使其最大

膜應變(membrane strain) 0maxε 和最大撓曲應變(flexural strain) maxbε 的和儘量

不超過 。由附錄 B 可知旋轉梁的最大膜應變和最大撓曲應變為 、r、210− k η、
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α的函數，所以具不同η、α、r 的旋轉梁有不同的最大無因次轉速。 

4.1 收斂分析  

本節在探討使用不同的元素數目 N 時，旋轉傾斜 Euler 梁之自然頻率的

收斂情形。在無因次轉軸半徑 r = 1.5 時，本節中考慮了傾斜角 =α 5 、 、

、 四種情況。表一至表六為旋轉傾斜 Euler 梁在細長比

30

75 90 =η 10、20、

50、100、500、1000 時之最大膜應變 0ε 、最大撓曲應變 bε 、無因次端點側

向位移 及前七個無因次自然頻率 (i=1~7)。由表一至六可發現，隨

著元素數目的增加，相同細長比及傾斜角所對應的無因次振動頻率 變化

幅度愈小，當元素數目為 50 時，振動頻率變化幅度大約小於 ，已足夠

精確，因此在本章的其他例題皆使用 50 個元素。 

Ttip LV / iK

iK

410−

4.2 準確性分析 

    為探討本文方法的準確性，本節中分析了文獻[14]的例題並與其結果比

較。本節中首先考慮了無因次轉軸半徑 1r = 、細長比 70=η 、無因次轉速 k 

= 5/70 的旋轉梁，表七為本文的結果及文獻[14]的結果。由表七可以發現除

了傾斜角 =α 0 外，最大膜應變 0ε 、最大撓曲應變 bε 都遠大於本文的允許

最大應變 ，所以表七的結果僅供比較用。由表七可以發現當傾斜角210−

=α 0 時，側向位移的穩態解為零，本文的結果及文獻[14]的結果相當接

近，但因文獻[14]沒有考慮梁的轉動慣量項，故仍有些微的不同；當傾斜角

α逐漸增加時，穩態側向位移逐漸增加，本文及文獻[14]的無因次振動頻率

之差異逐漸增加，這可能是因文獻[14]沒有考慮梁的側向位移的穩態解

造成的。 

1K

    本節中還分析了無因次轉軸半徑 1r = 、不同細長比η、不同無因次轉速

k 之旋轉梁的穩態變形，並與附錄 B 的線性解及文獻[16]的結果比較，由表

八可以發現當 100=η 時，線性解與本文的非線性解的差異不太大，但當

500=η 、1000 時，線性解比本文的非線性解大很多，這應是離心力引起的
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軸向拉力會增加梁的側向剛度，且其影響隨細長比η增加而增加。當

時，文獻[16]的級數解與本文的非線性解的相當接近，但隨著

側向位移的穩態解增大兩者的差異逐漸增大，這應是因文獻[16]沒有考慮離

心力引起的側向力是側向位移的函數，且文獻[16]在推導其統御方程式時，

僅取到變形二次項，所以側向位移太大時，其結果應不準確。由表八可以

發現對相同的傾斜角

2.0/ <Ttip LV

α，當 kη 有相同的值時，本文的 之值非常接近，

文獻[16]的 有相同的值，由文獻[16]可以發現當 有相同的值

時，旋轉傾斜梁在不同的無因次轉速下之無因次穩態側向位移 有相同

的無因次統馭方程式，故其 有相同的值。 

Ttip LV /

Ttip LV / αη sin22 rk

TLV/

Ttip LV /

4.3 個案分析 

    本節中將探討具不同無因次轉軸半徑 r、細長比η及傾斜角α之旋轉傾

斜 Euler 梁在不同無因次轉速 k 的穩態解、無因次振動頻率 K 及振態。 

    當無因次轉速 k = 0 時，無因次振動頻率 K 僅與細長比η有關且其軸向

和側向振態不互相耦合，表九為 k = 0 時不同細長比η之旋轉梁的的前七個

無因次振動頻率 (i = 1~7)，表九中(a)表示該振動頻率對應的振態為軸向

振態，由表九可以發現當

iK

=η 38-40 時，第一個軸向振態對應的振動頻率和

第三個側向振態對應的振動頻率相當接近，且第二個軸向振態對應的振動

頻率和第五個側向振態對應的振動頻率相當接近， =η 75-80 時，第一個軸

向振態對應的振動頻率和第四個側向振態對應的振動頻率相當接近。 

    當 0=r 、 0≠k 時，如前所述，因科氏力不為零，故其軸向和側向振態

互相耦合，表十為 0=r 、 0≠k 時，不同細長比η之旋轉梁在不同無因次轉

速 k 的前七個無因次振動頻率 (i = 1~7)，表十中(a)表示該振動頻率對應

的振態在 k = 0 時為軸向振態，當

iK

0≠r 、 0≠k 、 0=α 時，由文獻[16]或

(2.5.17)、(2.5.28)、(2.6.33)式可知旋轉梁的穩態解僅有軸向變形，但由文獻

[16]或(2.7.17)式可知因科氏力不為零，故其軸向和側向振態互相耦合。 
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    表十一到表三十七為無因次轉軸半徑 =r 0.5、1、1.5，傾斜角 =α 、 、

、 、 、 、 、 、 ，細長比

0 5

10 15 30 45 60 75 90 =η 10、20、50、100、500、

1000 之旋轉梁在不同無因次轉速 k 的最大膜應變 0ε 、撓曲應變 bε 、無因次

端點側向位移 及前七個無因次振動頻率 (i = 1~7)。由表中可以發現

當傾斜角

Ttip LV / iK

=α 0 、 ，細長比5 =η 10、20 時，旋轉傾斜梁最大的無因次轉速

k 主要由最大膜應變 0ε 決定，當傾斜角 ≠α 0 、細長比 >η 20 時，旋轉傾斜

梁最大的無因次轉速 k 主要由最大撓曲應變 bε 決定；本文中考慮的最大無

因次轉速隨著傾斜角α和細長比η的增加而減少，當傾斜角 =α 0 、 、

、 時，本文中最大無因次轉速取 k = 0.06、0.03、0.02、0.01，當傾斜

角

5

10 15

30≥α 、細長比 100≤η 時，本文中最大無因次轉速取 k = 0.01，當傾斜角

30≥α 、細長比 100≥η 時，本文中最大無因次轉速 k 隨著傾斜角α和細長

比η的增加而減少。由表十一到表三十七中可以發現無因次轉速 k 對無因次

振動頻率 (i = 1~7)的影響隨著 i 的增加而減少，但隨著細長比iK η及無因次

轉軸半徑 r 的增加而增加；側向振動頻率 隨著無因次轉速iK k 增加而增加，

且 i 愈小、細長比η愈大、無因次轉軸半徑 r 愈大時，其增加率愈明顯。在

細長比 100≤η ，相同無因次轉速 k 下，傾斜角α對側向振動頻率 似乎影

響不是很大。 

iK

    圖八至圖十六為細長比 =η 80、100、1000、傾斜角 5=α 、 、 時，

旋轉傾斜梁在不同無因次轉速

30 90

k 的穩態變形、穩態軸向及側向位移，圖中的

穩態變形在 X、Y 方向是依相同的尺度繪製，故為旋轉梁真正的變形圖。由

圖八及圖十一可以發現當傾斜角 5=α 、 =η 80、100 時，側向位移很小，

因離心力的效應，軸向位移是正的；其餘的情況，因側向位移較大，其效

應大於離心力的效應，故軸向位移是負的。 

    本章中將旋轉梁的振態分成 和 的分量，1X 2X ui
IR eUiUU φ=+ 及
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vi
IR eViVV φ=+ ，其中 2/122 )( IR UUU += 、 2/122 )( IR VVV += 為振態的大小，

R

I
u U

U
=φtan 、

R

I
v V

V
=φtan ， uφ 、 vφ 為相角(Phase angle)。本章中的振動模態

圖中取 πφπ ≤≤− u 、 πφπ ≤≤− v ， )(sin usignUU φ= 、 )(sin vsignVV φ= ，

其中 1)( =xsign  若 0≥x ， 1)( −=xsign  若 0<x 。 

    圖十七至圖二十八為無因次轉軸半徑 r = 1、細長比 =η 50、100、1000、

傾斜角 0=α 、 、 、 時，在不同無因次轉速 k 下，對應於前六個振

動頻率的振動模態及相角。因為在無因次轉速 k=0 時，

5 30 90

0== vu φφ ，且在傾

斜角 0=α 、無因次轉速 0≠k 時， 0=uφ 、
2
πφ =v ，所以在其振動模態圖中

中沒有繪出相角。由圖十七至圖二十八可以發現當無因次轉速 k = 0 時，其

軸向和側向振態不互相耦合。 

    由圖十七到二十四可以發現當細長比 =η 50 及 100 時，其第四個振態及

第五振態分別為其第一個軸向振態，當 0≠k 時，可以看出該振態有側向分

量，其側向分量的大小隨著無因次轉速 k、傾斜角α和細長比η增加而增加，

但其軸向分量的形狀和大小與 k = 0 時幾乎一樣；由圖十七到二十四亦可以

發現其餘的振態皆為側向振態，當 0≠k 時，可以看出這些振態有軸向分量，

其軸向分量的大小隨著無因次轉速 k、傾斜角α和細長比η增加而增加，但

其側向分量的形狀和大小與 k = 0 時幾乎一樣。 

    由圖二十五到二十八可以發現當細長比 =η 1000 時，所有的振態皆為側

向振態，當 0≠k 時，可以看出這些振態有軸向分量，其軸向分量的大小隨

著無因次轉速 k、傾斜角α增加而增加，且其側向分量的形狀和大小與 k = 0

時有相當的改變。 

    當傾斜角 0≠α 時，側向穩態位移隨傾斜角α、無因次轉速 k 及細長比

η增加而變大，所以以穩態解為平衡點的振動都是軸向與側向耦合的振動，
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且其耦合的程度隨傾斜角α、無因次轉速 k 及細長比η增加而增加。當傾斜

角 0=α 時，旋轉梁的穩態解僅有軸向變形，但因科氏力不為零，故其軸向

和側向振態互相耦合，由圖十七，細長比 =η 50 的第四個振態及圖二十一，

細長比 =η 100 的第五振態可以發現振態耦合的現象，文獻[22]中提到當兩

個振動頻率愈接近，其對應振動模態的耦合愈明顯，由表九可以發現在無

因次轉速 k = 0 時，細長比 =η 50 的第三及第四個無因次振動頻率為 1.21530

及 1.57086，細長比 =η 100 的第四及第五個無因次振動頻率為 1.20047 及

1.57086，這兩組振動頻率分別為 =η 50 和 100 之前六個無因次振動頻率中

最接近的無因次振動頻率，所以其耦合的現象最明顯。 

4.4 旋轉梁之特徵值曲線轉向(Eigenvalue curve veering)分析 

    由上節的例題可以發現旋轉傾斜梁的無因次振動頻率會隨著無因次轉

速 k 改變，且兩個振動頻率愈接近，其對應振動模態的耦合愈明顯，但上

節的例題因振動頻率不夠接近，並未發現特徵值曲線轉向(Eigenvalue curve 

veering)及振態交換[23,24]的現象，本節中將考慮不同細長比η的旋轉梁，

探討旋轉梁之特徵值曲線轉向及振態交換的現象。 

    表三十八到表四十五為無因次轉軸半徑 =r 1，細長比 =η 38、38.5、39、

40、77、78、79、80，傾斜角 =α 0 、 、 、 、 、 、 、 、

之旋轉梁在不同無因次轉速 k 的前六個無因次振動頻率 (i = 1 - 6)，圖

二十九為無因次振動頻率-無因次轉速曲線，圖三十到四十五為細長比

5 10 15 30 45 60 75

90 iK

=η 38、39、40、77，傾斜角 0=α 、 、 、 時，在不同無因次轉速

k 下，對應於前六個振動頻率的振動模態。由上述的表及圖中可以發現當傾

斜角

5 30 90

0=α ，細長比 =η 38.5、39、77、78、79、80 時，有無因次振動頻率

曲線轉向及振態交換的現象，圖三十四中，無因次轉速 k = 0、0.004，振態

3 和 4 對應的無因次振動頻率分別為 和 ，但無因次轉速 k = 0.005、

0.006，振態 3 和 4 對應的無因次振動頻率分別為 和 ；圖四十二中，

3K 4K

4K 3K
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無因次轉速 k = 0、0.002，振態 4 和 5 對應的無因次振動頻率分別為 和

，但無因次轉速 k = 0.003、0.004，振態 4 和 5 對應的無因次振動頻率分

別為 和 。除了上述情況外，圖三十到四十五中，振態 i(i = 1-6)對應的

無因次自然頻率為 。由表九可以發現在無因次轉速 k = 0 時，細長比

4K

5K

5K 4K

iK

=η 38、39、40 的旋轉梁除了第三及第四個無因次振動頻率外，第六及第七

個無因次振動頻率亦相當接近，所以由圖三十到四十一中可以發現除了第

三及第四個振態外，第六振態亦有明顯的振態耦合現象。 
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第五章 結論與展望 

 

本研究採用共旋轉有限元素法探討設定角為 之等速旋轉的傾斜尤拉

梁的穩態變形及以該穩態變形為平衡點的微小振動之自然振動頻率。本文

中僅考慮梁的軸向位移及單一個側向位移和旋轉二維運動，本研究採用

d'Alembert 原理、虛功原理、幾何非線性梁理論的一致線性化，在梁元素當

前之元素座標上推導節點慣性力和節點變形力，將元素的節點力轉到總體

座標後組合成系統的非線性運動方程式。當設定角為 時，旋轉梁的軸向

和側向穩態變形都不為零，本研究將旋轉梁的運動方程式的時間函數去掉

求得系統穩態平衡方程式，再用基於牛頓法的增量迭代法求出軸向位移及

側向位移的穩態解，將運動方程式在穩態平衡位置用泰勒級數展開，取到

一次項，求得旋轉傾斜梁的振動方程式，假設自然振動頻率存在，可獲得

一組代數齊次方程式，該組齊次方程式係數形成之矩陣的行列式為零時，

即可求得旋轉梁以穩態解為平衡點的自然振動的頻率及其對應的振態。 

°0

°0

由本研究的數值例題可以得到以下的結論： 

1. 旋轉梁的側向穩態位移隨傾斜角α、無因次轉速 k 及細長比η增加而

變大，且以穩態解為平衡點的振動都是軸向與側向耦合的振動，且

其耦合的程度隨傾斜角α、無因次轉速 k 及細長比η增加而增加。 

2. 旋轉梁的最大的無因次轉速 k 在傾斜角 =α 0 、 ，細長比5 =η 10、

20 時，主要由穩態解之最大膜應變決定，當傾斜角 ≠α 0 、細長比

>η 20 時，主要由穩態解最大撓曲應變決定。 

3. 由離心力引起的軸向拉力會增加梁的側向剛度，且其影響隨細長比

增加而增加。 
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4. 無因次轉速 k 對第 i 個無因次振動頻率 的影響隨著 i 的增加而減

少，但隨著梁的細長比

iK

η及無因次轉軸半徑 r 的增加而增加；無因次

側向振動頻率隨著無因次轉速k 增加而增加，且 i 愈小、細長比η愈

大、無因次轉軸半徑 r 愈大時，其增加率愈明顯。 

5. 梁的無因次振動頻率會隨著無因次轉速 k 改變，且兩個振動頻率愈

接近，其對應振動模態的耦合愈明顯。在傾斜角為 且細長比°0

=η 38-40、77-80 時，可發現當兩個振動頻率很接近時會發生特徵值

曲線轉向(Eigenvalue curve veering)及振態交換的現象。 

    本研究僅探討設定角為 時，旋轉傾斜尤拉梁穩態變形及振動，其運

動是二維的運動，以後的研究應考慮設定角不為 時的旋轉傾斜尤拉梁的

穩態變形及振動，其運動是三維的運動。 

°0

°0
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表一  不同傾斜角與不同轉速的旋轉梁之振動頻率的收斂分析( 10=η ， 5.1=r ) 

α  
元素

數目 
k  0ε )10( 3−  bε )10( 3− Ttip LV /

)10( 3−  
1K  2K )(a  3K  4K  5K )(a  6K  7K  

5  10 0.03 1.72672 1.00662 1.44842 .346300 1.57297 1.91534 4.64752 4.75786 7.82258 8.05791 
 20  1.76145 1.00806 1.44846 .346288 1.57176 1.91526 4.64593 4.72569 7.81539 7.90662 
 40  1.77854 1.00843 1.44847 .346286 1.57146 1.91524 4.64560 4.71775 7.81356 7.87006 
 50  1.78193 1.00848 1.44847 .346285 1.57142 1.91524 4.64556 4.71681 7.81324 7.86581 
 80  1.78701 1.00853 1.44847 .346285 1.57138 1.91524 4.64552 4.71578 7.81285 7.86126 
 100  1.78870 1.00854 1.44847 .346285 1.57137 1.91524 4.64551 4.71554 7.81275 7.86022 

30  10 0.01 .173261 .647778 .936098 .343934 1.57247 1.91385 4.64995 4.75630 7.82680 8.05717 
 20  .176628 .648601 .936101 .343933 1.57126 1.91380 4.64903 4.72357 7.82103 7.90479 
 40  .178279 .648807 .936101 .343932 1.57096 1.91380 4.64894 4.71542 7.82046 7.86705 
 50  .178607 .648832 .936101 .343932 1.57092 1.91380 4.64893 4.71445 7.82039 7.86255 
 80  .179097 .648859 .936101 .343932 1.57088 1.91380 4.64893 4.71339 7.82032 7.85769 
 100  .179260 .648865 .936101 .343932 1.57087 1.91380 4.64892 4.71314 7.82030 7.85657 

75  10 0.01 .0867650 1.25238 1.81023 .343750 1.57247 1.91378 4.65000 4.75630 7.82699 8.05717 
 20  .0878387 1.25396 1.81024 .343749 1.57126 1.91374 4.64909 4.72357 7.82123 7.90479 
 40  .0883433 1.25435 1.81024 .343749 1.57096 1.91373 4.64900 4.71542 7.82066 7.86705 
 50  .0884416 1.25440 1.81024 .343749 1.57092 1.91373 4.64899 4.71445 7.82060 7.86255 
 80  .0885874 1.25445 1.81024 .343749 1.57088 1.91373 4.64899 4.71339 7.82052 7.85769 
 100  .0886356 1.25446 1.81024 .343749 1.57087 1.91373 4.64898 4.71314 7.82050 7.85657 

90  10 0.01 .0498854 1.29698 1.87490 .343672 1.57247 1.91375 4.65002 4.75630 7.82707 8.05717 
 20  .0499869 1.29861 1.87490 .343671 1.57126 1.91370 4.64911 4.72357 7.82131 7.90479 
 40  .0500053 1.29902 1.87490 .343671 1.57096 1.91370 4.64902 4.71542 7.82074 7.86705 
 50  .0500064 1.29907 1.87490 .343671 1.57092 1.91370 4.64902 4.71445 7.82068 7.86255 
 80  .0500064 1.29912 1.87490 .343671 1.57088 1.91370 4.64901 4.71339 7.82061 7.85769 
 100  .0500059 1.29913 1.87490 .343671 1.57087 1.91370 4.64901 4.71314 7.82059 7.85657 
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表二  不同傾斜角與不同轉速的旋轉梁之振動頻率的收斂分析( 20=η ， 5.1=r ) 

α  
元素

數目 
k  0ε )10( 3−  bε )10( 3−  

Ttip LV /

)10( 3−  
1K  2K  3K )(a  4K  5K )(a 6K  7K  

5  10 0.03 1.72680 1.93655 5.48934 .180882 1.06562 1.57335 2.82949 4.75639 5.19801 8.00220 
 20  1.76150 1.94011 5.48989 .180860 1.06554 1.57214 2.82878 4.72359 5.19374 7.90467 
 40  1.77856 1.94104 5.49003 .180855 1.06552 1.57184 2.82872 4.71541 5.19341 7.86675 
 50  1.78195 1.94115 5.49004 .180854 1.06552 1.57180 2.82871 4.71442 5.19339 7.86221 
 80  1.78702 1.94128 5.49006 .180853 1.06552 1.57176 2.82871 4.71336 5.19337 7.85729 
 100  1.78871 1.94131 5.49007 .180853 1.06552 1.57175 2.82871 4.71312 5.19337 7.85615 

30  10 0.01 .173298 1.29046 3.72389 .175392 1.06018 1.57252 2.82541 4.75613 5.19573 8.00213 
 20  .176647 1.29216 3.72393 .175390 1.06014 1.57131 2.82480 4.72333 5.19170 7.90455 
 40  .178289 1.29258 3.72394 .175389 1.06014 1.57100 2.82476 4.71514 5.19143 7.86661 
 50  .178615 1.29263 3.72394 .175389 1.06014 1.57097 2.82476 4.71416 5.19142 7.86207 
 80  .179102 1.29269 3.72395 .175389 1.06014 1.57093 2.82476 4.71310 5.19141 7.85715 
 100  .179264 1.29270 3.72395 .175389 1.06014 1.57092 2.82476 4.71285 5.19141 7.85601 

75  10 0.01 .0869040 2.50173 7.22633 .174999 1.05987 1.57253 2.82520 4.75612 5.19562 8.00207 
 20  .0879121 2.50493 7.22636 .174998 1.05984 1.57132 2.82460 4.72332 5.19160 7.90451 
 40  .0883807 2.50573 7.22637 .174997 1.05983 1.57102 2.82456 4.71513 5.19134 7.86659 
 50  .0884715 2.50583 7.22637 .174997 1.05983 1.57098 2.82456 4.71415 5.19132 7.86205 
 80  .0886060 2.50593 7.22638 .174997 1.05983 1.57094 2.82456 4.71309 5.19132 7.85713 
 100  .0886504 2.50596 7.22638 .174997 1.05983 1.57093 2.82456 4.71284 5.19132 7.85599 

90  10 0.01 .0500346 2.59388 7.49567 .174830 1.05974 1.57253 2.82511 4.75612 5.19557 8.00206 
 20  .0500657 2.59716 7.49569 .174829 1.05971 1.57132 2.82451 4.72331 5.19156 7.90451 
 40  .0500454 2.59798 7.49570 .174829 1.05971 1.57102 2.82447 4.71513 5.19129 7.86659 
 50  .0500385 2.59808 7.49570 .174829 1.05971 1.57098 2.82447 4.71415 5.19128 7.86205 
 80  .0500263 2.59819 7.49570 .174829 1.05971 1.57094 2.82447 4.71309 5.19127 7.85712 
 100  .0500217 2.59821 7.49570 .174829 1.05971 1.57093 2.82447 4.71284 5.19127 7.85599 
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表三  不同傾斜角與不同轉速的旋轉梁之振動頻率的收斂分析( 50=η ， 5.1=r ) 

 
元素

數目 
k  0ε )10( 3−  bε )10( 3−  Ttip LV /  1K  2K  3K  4K )(a  5K  6K  7K )(a  α

5  10 0.03 1.72718 3.89539 .0250785 .0848761 .455824 1.23339 1.57392 2.37221 3.85294 4.75649 
 20  1.76166 3.91291 .0250895 .0848304 .455686 1.23296 1.57270 2.36997 3.84395 4.72369 
 40  1.77860 3.91756 .0250922 .0848189 .455654 1.23291 1.57239 2.36977 3.84326 4.71551 
 50  1.78196 3.91814 .0250925 .0848175 .455650 1.23290 1.57236 2.36976 3.84323 4.71453 
 80  1.78699 3.91878 .0250929 .0848161 .455646 1.23290 1.57232 2.36975 3.84320 4.71346 
 100  1.78866 3.91893 .0250929 .0848157 .455645 1.23290 1.57231 2.36975 3.84320 4.71322 

30  10 0.01 .173543 3.14014 .0224082 .0718399 .439698 1.21709 1.57305 2.35587 3.83741 4.75622 
 20  .176773 3.14519 .0224097 .0718343 .439671 1.21680 1.57183 2.35382 3.82874 4.72341 
 40  .178350 3.14647 .0224101 .0718329 .439667 1.21678 1.57153 2.35368 3.82814 4.71523 
 50  .178662 3.14662 .0224101 .0718327 .439667 1.21677 1.57149 2.35367 3.82812 4.71425 
 80  .179129 3.14679 .0224101 .0718325 .439667 1.21677 1.57145 2.35367 3.82810 4.71318 
 100  .179284 3.14683 .0224102 .0718325 .439666 1.21677 1.57145 2.35367 3.82810 4.71294 

75  10 0.01 .0878436 6.19826 .0444794 .0709001 .438758 1.21517 1.57464 2.35531 3.83649 4.75645 
 20  .0883942 6.20706 .0444809 .0708973 .438738 1.21488 1.57342 2.35326 3.82783 4.72365 
 40  .0886110 6.20927 .0444812 .0708966 .438736 1.21486 1.57311 2.35312 3.82724 4.71547 
 50  .0886496 6.20953 .0444812 .0708966 .438735 1.21486 1.57307 2.35311 3.82722 4.71449 
 80  .0887045 6.20982 .0444813 .0708965 .438735 1.21486 1.57303 2.35311 3.82720 4.71343 
 100  .0887220 6.20989 .0444813 .0708964 .438735 1.21486 1.57303 2.35311 3.82720 4.71318 

90  10 0.01 .0510541 6.47860 .0466112 .0704770 .438377 1.21466 1.57485 2.35498 3.83613 4.75648 
 20  .0505878 6.48726 .0466120 .0704755 .438359 1.21438 1.57363 2.35294 3.82748 4.72368 
 40  .0502942 6.48943 .0466122 .0704751 .438357 1.21436 1.57332 2.35280 3.82689 4.71550 
 50  .0502306 6.48969 .0466122 .0704751 .438357 1.21436 1.57328 2.35279 3.82687 4.71452 
 80  .0501320 6.48997 .0466122 .0704750 .438357 1.21436 1.57325 2.35279 3.82685 4.71346 
 100  .0500983 6.49004 .0466122 .0704750 .438357 1.21436 1.57324 2.35279 3.82685 4.71321 
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表四  不同傾斜角與不同轉速的旋轉梁之振動頻率的收斂分析( 100=η ， 5.1=r ) 

 
元素

數目 
k  0ε )10( 3−  bε )10( 3−  Ttip LV /  1K  2K  3K  4K  5K )(a  6K  7K  α

5  10 0.03 1.72775 5.09357 .0511913 .0591219 .254778 .652135 1.24001 1.57551 2.02262 2.99338 
 20  1.76185 5.15588 .0512287 .0590608 .254541 .651746 1.23871 1.57422 2.01772 2.97847 
 40  1.77853 5.17329 .0512379 .0590456 .254483 .651675 1.23857 1.57390 2.01730 2.97732 
 50  1.78184 5.17548 .0512390 .0590437 .254476 .651668 1.23856 1.57386 2.01728 2.97726 
 80  1.78678 5.17791 .0512402 .0590418 .254469 .651659 1.23855 1.57382 2.01726 2.97721 
 100  1.78842 5.17847 .0512404 .0590413 .254467 .651657 1.23855 1.57381 2.01725 2.97721 

30  10 0.01 .174250 5.74549 .0788668 .0383279 .223645 .617615 1.20301 1.57860 1.98709 2.95692 
 20  .177102 5.76051 .0788849 .0383174 .223613 .617446 1.20193 1.57731 1.98247 2.94234 
 40  .178466 5.76440 .0788893 .0383147 .223606 .617431 1.20185 1.57700 1.98215 2.94131 
 50  .178734 5.76488 .0788899 .0383144 .223606 .617430 1.20185 1.57696 1.98213 2.94126 
 80  .179132 5.76540 .0788905 .0383141 .223605 .617428 1.20185 1.57692 1.98212 2.94124 
 100  .179264 5.76552 .0788906 .0383140 .223605 .617428 1.20185 1.57691 1.98212 2.94123 

75  10 0.01 .0907471 11.9290 .166216 .0368604 .221453 .612094 1.19273 1.59872 1.99177 2.95541 
 20  .0897082 11.9519 .166237 .0368544 .221434 .611941 1.19168 1.59719 1.98718 2.94085 
 40  .0890411 11.9577 .166242 .0368529 .221430 .611929 1.19161 1.59684 1.98684 2.93981 
 50  .0888954 11.9584 .166242 .0368527 .221430 .611928 1.19160 1.59680 1.98682 2.93976 
 80  .0886691 11.9591 .166243 .0368525 .221430 .611928 1.19160 1.59676 1.98680 2.93974 
 100  .0885916 11.9593 .166243 .0368524 .221429 .611928 1.19160 1.59675 1.98680 2.93973 

90  10 0.01 .0543132 12.7940 .179785 .0361111 .220583 .610488 1.19029 1.60306 1.99241 2.95467 
 20  .0520411 12.8146 .179797 .0361073 .220569 .610339 1.18923 1.60148 1.98784 2.94012 
 40  .0507494 12.8197 .179800 .0361063 .220567 .610328 1.18916 1.60113 1.98749 2.93907 
 50  .0504783 12.8203 .179801 .0361062 .220567 .610327 1.18916 1.60109 1.98747 2.93903 
 80  .0500633 12.8210 .179801 .0361061 .220566 .610327 1.18916 1.60105 1.98745 2.93900 
 100  .0499228 12.8211 .179801 .0361060 .220566 .610327 1.18916 1.60104 1.98745 2.93899 
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表五  不同傾斜角與不同轉速的旋轉梁之振動頻率的收斂分析( 500=η ， 5.1=r ) 

 
元素

數目 
k  0ε )10( 3−  bε )10( 3−

Ttip LV /  1K  2K  3K  4K  5K  6K  7K  α

5  10 0.03 1.73038 5.04954 .0803070 .0464280 .134390 .247496 .393200 .571561 .784736 1.03544 
 20  1.76394 5.76426 .0804024 .0463541 .133696 .246343 .391776 .569491 .780885 1.02742 
 40  1.77967 6.04540 .0804161 .0463376 .133519 .246063 .391472 .569153 .780442 1.02671 
 50  1.78268 6.08649 .0804174 .0463356 .133498 .246030 .391438 .569118 .780406 1.02667 
 80  1.78709 6.13455 .0804186 .0463336 .133475 .245995 .391401 .569083 .780372 1.02663 
 100  1.78852 6.14641 .0804189 .0463331 .133470 .245986 .391392 .569075 .780365 1.02663 

30  10 0.008 .114268 8.46079 .352547 .0144174 .0553632 .133507 .250244 .406843 .604350 .843603 
 20  .114306 8.60956 .352775 .0144002 .0553013 .133485 .250083 .405945 .601303 .835644 
 40  .113982 8.65147 .352830 .0143958 .0552855 .133486 .250089 .405911 .601126 .835109 
 50  .113885 8.65675 .352837 .0143953 .0552836 .133486 .250091 .405913 .601122 .835091 
 80  .113717 8.66258 .352844 .0143947 .0552815 .133486 .250094 .405915 .601122 .835083 
 100  .113655 8.66395 .352845 .0143946 .0552810 .133487 .250094 .405916 .601123 .835083 

75  10 0.003 .00848906 4.97759 .325332 .00799673 .0446289 .121364 .238962 .396654 .595333 .835863 
 20  .00817969 4.99116 .325406 .00799381 .0446229 .121333 .238737 .395692 .592299 .828112 
 40  .00799694 4.99460 .325425 .00799307 .0446215 .121331 .238720 .395623 .592080 .827535 
 50  .00795804 4.99501 .325427 .00799298 .0446213 .121330 .238719 .395619 .592070 .827510 
 80  .00789818 4.99546 .325429 .00799288 .0446211 .121330 .238719 .395617 .592064 .827495 
 100  .00787782 4.99556 .325430 .00799286 .0446211 .121330 .238719 .395617 .592063 .827493 

90  10 0.003 .00526392 5.50358 .363581 .00774943 .0441721 .120239 .237680 .395230 .593820 .834230 
 20  .00479652 5.51497 .363632 .00774726 .0441682 .120208 .237453 .394262 .590779 .826470 
 40  .00453290 5.51777 .363645 .00774671 .0441673 .120206 .237435 .394191 .590556 .825889 
 50  .00447769 5.51810 .363646 .00774664 .0441672 .120206 .237434 .394187 .590546 .825863 
 80  .00439327 5.51846 .363648 .00774657 .0441671 .120206 .237433 .394185 .590539 .825847 
 100  .00436471 5.51854 .363648 .00774655 .0441671 .120205 .237433 .394184 .590538 .825845 
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表六  不同傾斜角與不同轉速的旋轉梁之振動頻率的收斂分析( 1000=η ， 5.1=r ) 

 
元素

數目 
k  0ε )10( 3−  bε )10( 3−

Ttip LV / 1K  2K  3K  4K  5K  6K  7K  α

5  10 0.03 1.73113 3.88613 .0835235 .0454694 .127442 .217642 .323061 .442957 .577154 .726538 
 20  1.76526 5.17029 .0837847 .0453581 .126503 .215621 .320468 .439874 .573192 .720772 
 40  1.78106 5.89061 .0838230 .0453354 .126247 .215078 .319816 .439172 .572419 .719852 
 50  1.78397 6.01548 .0838255 .0453331 .126216 .215013 .319740 .439096 .572342 .719773 
 80  1.78809 6.17213 .0838275 .0453309 .126183 .214944 .319660 .439015 .572263 .719697 
 100  1.78938 6.21315 .0838279 .0453304 .126175 .214927 .319641 .438996 .572245 .719680 

30  10 0.008 .117176 8.73688 .429697 .0129066 .0405573 .0836364 .143457 .221474 .319570 .439088 
 20  .116206 9.19910 .429937 .0128898 .0404478 .0836092 .143553 .221286 .318124 .434692 
 40  .114745 9.34364 .429982 .0128852 .0404185 .0836045 .143617 .221403 .318213 .434607 
 50  .114344 9.36265 .429987 .0128846 .0404148 .0836039 .143625 .221421 .318236 .434627 
 80  .113663 9.38393 .429993 .0128840 .0404109 .0836032 .143634 .221442 .318264 .434657 
 100  .113413 9.38899 .429994 .0128839 .0404101 .0836030 .143637 .221447 .318271 .434665 

75  10 0.003 .00938191 7.02594 .663462 .00571542 .0238973 .0587160 .115623 .193319 .292133 .412286 
 20  .00834191 7.07182 .663647 .00570942 .0238954 .0587390 .115534 .192822 .290543 .408259 
 40  .00771222 7.08294 .663692 .00570781 .0238942 .0587461 .115530 .192785 .290420 .407943 
 50  .00757673 7.08424 .663697 .00570762 .0238940 .0587470 .115531 .192783 .290414 .407928 
 80  .00736725 7.08564 .663703 .00570740 .0238939 .0587479 .115531 .192781 .290408 .407916 
 100  .00729575 7.08595 .663705 .00570735 .0238938 .0587481 .115531 .192781 .290408 .407914 

 

90  10 0.003 .00632598 8.11019 .747141 .00561366 .0232167 .0566047 .113316 .190888 .289635 .409720 
 20  .00489502 8.14495 .747230 .00560767 .0232188 .0566244 .113214 .190376 .288040 .405709 
 40  .00405954 8.15225 .747251 .00560603 .0232182 .0566290 .113204 .190328 .287902 .405375 
 50  .00388231 8.15303 .747254 .00560584 .0232181 .0566295 .113203 .190324 .287893 .405356 
 80  .00360996 8.15384 .747256 .00560562 .0232180 .0566301 .113202 .190321 .287886 .405341 
 100  .00351746 8.15402 .747257 .00560557 .0232180 .0566302 .113202 .190320 .287884 .405339 
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表七 不同傾斜角的旋轉梁之振動頻率的準確性分析(
70
5

=k ， 1=r ， 70=η ) 

 

 

 

α  0ε  bε  Ttip LV /  1K  1K [14] 2K  2K [14] 

0  .00761579 0 0 .105427 .104966 .410792 .417489 
10  .00753381 .0220374 .119890 .105377 .104674 .410400 .416567 
20  .00728963 .0438841 .237606 .105225 .102756 .409219 .414031 
30  .00688882 .0653510 .351025 .104971 .100040 .407246 .410294 
40  .00634057 .0862526 .458121 .104612 .0960628 .404475 .404936 
50  .00565758 .106408 .557013 .104146 .0912700 .400900 .398364 
60  .00485594 .125641 .646008 .103568 .0850186 .396518 .389997 
70  .00395486 .143786 .723643 .102875 .0771729 .391331 .381219 
80  .00297641 .160683 .788722 .102058 .0683600 .385349 .371329 
90  .00194513 .176180 .840342 .101109 .0571429 .378595 .361034 
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表八 不同傾斜角與不同細長比的旋轉梁之端點位移的準確性分析( 1=r ) 
 

α  η  k  0ε )10( 4−  L
0ε )10( 4−    bε      L

bε Ttip LV /  T
L

tip LV /  Ttip LV / [16]

5  500 0.02 5.94466 5.98478 .00335361 .0150958 .0734169 1.08945 .073612 
 1000 0.01 1.48600 1.49619 .00167595 .00754791 .0733957 1.08945 .073612 
 1000 0.03 13.3890 13.4658 .00519998 .0679312 .0825422 9.80502 .082773 

10  500 0.01 1.47373 1.48481 .00305801 .00751919 .119162 .542651 .12020 
 1000 0.005 .368421 .371202 .00152880 .00375959 .119151 .542651 .12020 

15  500 0.004 .232945 .234548 .00133657 .00179315 .0825672 .129410 .082973 
 1000 0.01 1.45421 1.46593 .00501583 .0224144 .218450 3.23524 .224477 

30  100 0.01 1.35791 1.36603 .00399154 .00433013 .0553226 .0625000 .055441 
 500 0.008 .862862 .874256 .00691072 .0138564 .310627 1.00000 .331620 
 1000 0.004 .215709 .218564 .00345508 .00692820 .310607 1.00000 .331620 

45  100 0.01 1.20113 1.20711 .00571738 .00612372 .0794779 .0883883 .079854 
 1000 0.003 .106851 .108640 .00349175 .00551135 .367905 .795495 .406945 

60  100 0.008 .637717 .640000 .00464576 .00480000 .0656798 .0692820 .065896 
 500 0.006 .349676 .360000 .00904678 .0135000 .473591 .974279 .568146 
 1000 0.003 .0874165 .0900000 .00452322 .00675000 .473573 .974279 .568146 

75  100 0.008 .485134 .485644 .00525596 .00535370 .0745883 .0772741 .074912 
 1000 0.003 .0645893 .0682937 .00544045 .00752865 .565891 1.08667 .756726 

90  100 0.008 .321229 .320000 .00552865 .00554256 .0788019 .0800000 .079189 
 100 0.01 .502076 .500000 .00860877 .00866025 .121597 .125000 .123034 
 1000 0.003 .0398360 .0450000 .00621305 .00779423 .642909 1.12500 .988891 
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0k =表九  旋轉傾斜梁在不同細長比下的振動頻率( ) 

 η    1K       2K    3K    4K   5K  6K     7K
 

10 .343681 1.57086  )(a 1.91364 4.64936 4.71413 )(a 7.82132 7.86206 )(a

20 .174787 1.05953 1.57086 )(a 2.82431 4.71413 )(a 5.19120 7.86206 )(a

38 .0923781 .573449 1.57086 )(a 1.58182 3.03502 4.71413 )(a 4.88776 
38.5 .0911822 .566163 1.56231 1.57086 )(a 2.99909 4.71413 )(a 4.83278 
39 .0900168 .559057 1.54325 1.57086 )(a 2.96396 4.71413 )(a 4.77893 
40 .0877730 .545362 1.50647 1.57086 )(a 2.89600 4.67451 4.71413 )(a

50 .0702550 .437859 1.21530 1.57086 )(a 2.35176 3.82646 4.71413 )(a

75 .0468608 .292950 .817035 1.57086 )(a 1.59193 2.61236 3.86790 
76 .0462448 .289117 .806427 1.57086 )(a 1.57150 2.57930 3.81980 
77 .0456446 .285383 .796090 1.55157 1.57086 )(a 2.54705 3.77285 
78 .0450599 .281744 .786013 1.53214 1.57086 )(a 2.51558 3.72700 
79 .0444900 .278196 .776186 1.51318 1.57086 )(a 2.48487 3.68223 
80 .0439342 .274736 .766600 1.49468 1.57086 )(a 2.45488 3.63849 
100 .0351520 .219989 .614602 1.20047 1.57086 )(a 1.97619 2.93707 
500 .00703197 .0440661 .123375 .241735 .399539 .596720 .833235 
1000 .00351601 .0220341 .0616949 .120893 .199838 .298509 .416903 
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表十 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 0r = ) 

k  0ε
4(10 )−  bε  

tip

T

V
L

 η  1 2 3 4 5 6 7K  K  K  K  K  K  K  

10 0.01 .499954 0 0 .343670 1.57092 )(a 1.91370 4.64902 4.71445 )(a 7.82068 7.86255  )(a
 0.02 2.00007 0 0 .343639 1.57111 )(a 1.91389 4.64802 4.71536 )(a 7.81886 7.86394  )(a
 0.04 8.00427 0 0 .343513 1.57185 )(a 1.91465 4.64426 4.71880 )(a 7.81245 7.86861  )(a
 0.06 18.0246 0 0 .343306 1.57310 )(a 1.91591 4.63867 4.72385 )(a 7.80359 7.87457  )(a

20 0.01 .499954 0 0 .174823 1.05972 1.57096 )(a 2.82446 4.71417 )(a 5.19127 7.86208  )(a
 0.02 2.00007 0 0 .174930 1.06027 1.57127 )(a 2.82489 4.71427 )(a 5.19148 7.86213  )(a
 0.04 8.00427 0 0 .175354 1.06248 1.57251 )(a 2.82663 4.71467 )(a 5.19234 7.86236  )(a
 0.06 18.0246 0 0 .176054 1.06615 1.57458 )(a 2.82952 4.71533 )(a 5.19377 7.86273  )(a

50 0.01 .499954 0 0 .0703844 .438455 1.21592 1.57096 )(a 2.35238 3.82704 4.71417  )(a
 0.02 2.00007 0 0 .0707689 .440240 1.21780 1.57125 )(a 2.35425 3.82879 4.71426  )(a
 0.04 8.00427 0 0 .0722524 .447313 1.22528 1.57240 )(a 2.36171 3.83581 4.71466  )(a
 0.06 18.0246 0 0 .0745530 .458872 1.23765 1.57433 )(a 2.37409 3.84748 4.71531  )(a

100 0.01 .499954 0 0 .0354205 .221216 .615938 1.20187 1.57096 )(a 1.97760 2.93847 
 0.02 2.00007 0 0 .0361954 .224860 .619929 1.20605 1.57124 )(a 1.98183 2.94267 
 0.04 8.00427 0 0 .0389181 .238890 .635620 1.22261 1.57239 )(a 1.99865 2.95942 
 0.06 18.0246 0 0 .0425305 .260607 .660876 1.24968 1.57431 )(a 2.02636 2.98715 

500 0.01 .499954 0 0 .00814757 .0498972 .130004 .248856 .406927 .604274 .840899 
 0.02 2.00007 0 0 .0100978 .0642386 .147927 .268932 .428225 .626321 .863435 
 0.04 8.00427 0 0 .0135687 .102725 .202962 .335905 .503267 .706764 .947569 
 0.06 18.0246 0 0 .0164590 .145081 .268690 .421555 .605093 .821022 1.07120 

1000 0.01 .499954 0 0 .00504927 .0321223 .0739765 .134505 .214203 .313344 .432052 
 0.02 2.00007 0 0 .00677821 .0513635 .101497 .168006 .251762 .353634 .474228 
 0.04 8.00427 0 0 .00942143 .0942683 .169116 .257543 .360229 .477630 .610650 
 0.06 18.0246 0 0 .0116029 .138373 .240912 .355544 .483657 .624839 .779391 
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表十一 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.0=r ， 0=α ) 

k  0ε )10( 3−  bε  
T

tip

L
V

 1 2 4K  K  3K  K  5K  6K  7K  η  

10 0.01 .0994970 0 0 .343771 1.57092 )(a 1.91374 4.64898 4.71445 )(a 7.82057 7.86255  )(a
 0.02 .398032 0 0 .344042 1.57111 )(a 1.91404 4.64789 4.71536 )(a 7.81843 7.86392  )(a
 0.04 1.59285 0 0 .345120 1.57186 )(a 1.91526 4.64377 4.71877 )(a 7.81085 7.86841  )(a
 0.06 3.58661 0 0 .346903 1.57311 )(a 1.91730 4.63762 4.72373 )(a 7.80021 7.87390  )(a

20 0.01 .0994970 0 0 .175041 1.05988 1.57096 )(a 2.82457 4.71417 )(a 5.19132 7.86208  )(a
 0.02 .398032 0 0 .175798 1.06092 1.57127 )(a 2.82535 4.71427 )(a 5.19171 7.86213  )(a
 0.04 1.59285 0 0 .178785 1.06505 1.57252 )(a 2.82847 4.71466 )(a 5.19326 7.86236  )(a
 0.06 3.58661 0 0 .183629 1.07192 1.57459 )(a 2.83366 4.71533 )(a 5.19584 7.86273  )(a

50 0.01 .0994970 0 0 .0709373 .438931 1.21639 1.57096 )(a 2.35284 3.82747 4.71417  )(a
 0.02 .398032 0 0 .0729406 .442131 1.21966 1.57125 )(a 2.35608 3.83052 4.71426  )(a
 0.04 1.59285 0 0 .0803894 .454706 1.23266 1.57241 )(a 2.36900 3.84268 4.71466  )(a
 0.06 3.58661 0 0 .0912769 .474929 1.25401 1.57434 )(a 2.39038 3.86289 4.71531  )(a

100 0.01 .0994970 0 0 .0365097 .222183 .616926 1.20289 1.57096 )(a 1.97864 2.93950 
 0.02 .398032 0 0 .0402768 .228637 .623843 1.21012 1.57124 )(a 1.98596 2.94678 
 0.04 1.59285 0 0 .0524164 .252784 .650685 1.23857 1.57240 )(a 2.01495 2.97574 
 0.06 3.58661 0 0 .0674213 .288455 .692841 1.28440 1.57432 )(a 2.06229 3.02335 

500 0.01 .0994970 0 0 .0119675 .0540290 .134663 .253929 .412249 .609756 .846491 
 0.02 .398032 0 0 .0200813 .0762383 .163340 .286920 .447870 .647045 .884889 
 0.04 1.59285 0 0 .0370596 .130652 .243280 .387911 .564823 .775613 1.02188 
 0.06 3.58661 0 0 .0541445 .188305 .332907 .507593 .711566 .945280 1.21033 

1000 0.01 .0994970 0 0 .0100424 .0381228 .0816862 .143506 .224040 .323729 .442813 
 0.02 .398032 0 0 .0185394 .0653273 .121659 .194022 .282569 .388114 .511474 
 0.04 1.59285 0 0 .0356716 .123413 .212746 .316745 .434993 .567018 .713250 
 0.06 3.58661 0 0 .0528045 .182500 .307134 .445787 .599005 .765364 .944405 
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表十二 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.0=r ， 5=α ) 

k  0ε )10( 3−  bε )10( 3−

T

tip

L
V

)10( 3−
1 2 4K  K  3K  K  5K  6K  7K  η  

10 0.005 .0248264 .00943349 .0136160 .343703 1.57088 )(a 1.91366 4.64926 4.71421 )(a 7.82113 7.86218  )(a
 0.01 .0993087 .0377248 .0544395 .343771 1.57092 )(a 1.91374 4.64898 4.71445 )(a 7.82057 7.86255  )(a
 0.02 .397280 .150753 .217366 .344040 1.57111 )(a 1.91404 4.64789 4.71536 )(a 7.81843 7.86392  )(a
 0.03 .894049 .338649 .487608 .344488 1.57142 )(a 1.91455 4.64613 4.71683 )(a 7.81511 7.86595  )(a

20 0.005 .0248264 .0188599 .0544314 .174851 1.05962 1.57089 )(a 2.82438 4.71414 )(a 5.19123 7.86206  )(a
 0.01 .0993088 .0753371 .217236 .175040 1.05988 1.57096 )(a 2.82457 4.71417 )(a 5.19132 7.86208  )(a
 0.02 .397280 .299724 .861205 .175794 1.06091 1.57127 )(a 2.82535 4.71427 )(a 5.19171 7.86213  )(a
 0.03 .894050 .668432 1.90939 .177043 1.06264 1.57179 )(a 2.82665 4.71443 )(a 5.19235 7.86222  )(a

50 0.005 .0248265 .0470270 .338773 .0704258 .438127 1.21557 1.57089 )(a 2.35203 3.82671 4.71414  )(a
 0.01 .0993089 .186410 1.33534 .0709353 .438929 1.21639 1.57096 )(a 2.35284 3.82747 4.71417  )(a
 0.02 .397281 .720242 5.04737 .0729336 .442122 1.21964 1.57127 )(a 2.35608 3.83051 4.71427  )(a
 0.03 .894048 1.53748 10.4047 .0761333 .447393 1.22500 1.57184 )(a 2.36148 3.83557 4.71444  )(a

100 0.005 .0248265 .0931927 1.33514 .0354959 .220538 .615182 1.20108 1.57089 )(a 1.97680 2.93767 
 0.01 .0993091 .359940 5.04454 .0365061 .222179 .616918 1.20288 1.57098 )(a 1.97864 2.93949 
 0.02 .397272 1.27852 16.5298 .0402677 .228619 .623782 1.20999 1.57150 )(a 1.98602 2.94677 
 0.03 .893967 2.48198 28.6429 .0457772 .238965 .635024 1.22164 1.57246 )(a 1.99833 2.95888 

500 0.005 .0248252 .371275 22.7407 .00857670 .0467568 .126287 .244824 .402727 .599970 .836523 
 0.01 .0992814 1.03467 46.1594 .0119649 .0540176 .134605 .253821 .412091 .609550 .846218 
 0.02 .397089 2.47033 64.4901 .0200785 .0762298 .163282 .286748 .447537 .646508 .884061 
 0.03 .893645 3.93617 71.4377 .0285341 .102679 .201130 .333403 .500339 .703443 .943719 

1000 0.005 .0248196 .517285 46.1559 .00598284 .0270110 .0673132 .126944 .206128 .304950 .423444 
 0.01 .0992609 1.23470 64.4758 .0100409 .0381185 .0816572 .143422 .223882 .323491 .442492 
 0.02 .397143 2.69658 75.0800 .0185380 .0653250 .121647 .193975 .282446 .387868 .511055 
 0.03 .893990 4.13175 78.9386 .0270995 .0941368 .166441 .253819 .355873 .472835 .605502 
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表十三 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.0=r ， 10=α ) 

k  0ε )10( 3−  bε )10( 3−

T

tip

L
V

)10( 3−  1 2 4K  K  3K  K  5K  6K  7K  η  

10 0.005 .0246855 .0187952 .0271285 .343703 1.57088 )(a 1.91366 4.64926 4.71421 )(a 7.82113 7.86218  )(a
 0.01 .0987451 .0751628 .108465 .343769 1.57092 )(a 1.91374 4.64899 4.71445 )(a 7.82057 7.86255  )(a
 0.015 .222187 .169049 .243866 .343880 1.57100 )(a 1.91386 4.64853 4.71483 )(a 7.81967 7.86314  )(a
 0.02 .395025 .300364 .433088 .344035 1.57111 )(a 1.91404 4.64789 4.71536 )(a 7.81843 7.86392  )(a

20 0.005 .0246855 .0375765 .108449 .174850 1.05962 1.57089 )(a 2.82438 4.71414 )(a 5.19123 7.86206  )(a
 0.01 .0987452 .150104 .432832 .175037 1.05988 1.57096 )(a 2.82457 4.71417 )(a 5.19132 7.86208  )(a
 0.015 .222188 .336981 .970271 .175349 1.06031 1.57109 )(a 2.82489 4.71421 )(a 5.19148 7.86210  )(a
 0.02 .395027 .597219 1.71605 .175785 1.06091 1.57128 )(a 2.82535 4.71427 )(a 5.19171 7.86213  )(a

50 0.005 .0246856 .0936995 .674997 .0704242 .438125 1.21557 1.57089 )(a 2.35203 3.82671 4.71414  )(a
 0.01 .0987458 .371451 2.66097 .0709292 .438923 1.21638 1.57097 )(a 2.35284 3.82746 4.71417  )(a
 0.015 .222190 .823659 5.84641 .0717626 .440249 1.21772 1.57111 )(a 2.35418 3.82872 4.71421  )(a
 0.02 .395032 1.43571 10.0625 .0729123 .442098 1.21956 1.57135 )(a 2.35607 3.83048 4.71428  )(a

100 0.005 .0246857 .185701 2.66058 .0354928 .220535 .615179 1.20107 1.57089 )(a 1.97680 2.93767 
 0.01 .0987467 .717494 10.0569 .0364955 .222166 .616894 1.20284 1.57106 )(a 1.97865 2.93948 
 0.015 .222186 1.53142 20.7296 .0381045 .224855 .619711 1.20569 1.57149 )(a 1.98178 2.94251 
 0.02 .394995 2.55085 32.9871 .0402404 .228564 .623602 1.20957 1.57228 )(a 1.98623 2.94675 

500 0.005 .0246805 .741032 45.3966 .00857017 .0467402 .126231 .244745 .402627 .599852 .836378 
 0.01 .0986356 2.06691 92.1628 .0119570 .0539832 .134432 .253499 .411625 .608941 .845417 
 0.015 .221809 3.48592 115.715 .0159239 .0642325 .147134 .267622 .426439 .624048 .860520 
 0.02 .394262 4.93625 128.676 .0200699 .0762036 .163106 .286233 .446545 .644923 .881650 

1000 0.005 .0246582 1.03336 92.1559 .00597887 .0269938 .0672270 .126785 .205904 .304674 .423120 
 0.01 .0985537 2.46722 128.648 .0100366 .0381054 .0815699 .143170 .223412 .322786 .441549 
 0.015 .221780 3.92973 142.420 .0142671 .0513339 .100529 .166561 .249851 .351204 .471215 
 0.02 .394474 5.38896 149.716 .0185334 .0653175 .121609 .193831 .282074 .387128 .509801 
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表十四 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.0=r ， 15=α ) 

k  0ε )10( 4−  bε )10( 3−

T

tip

L
V

)10( 3−
1 2 4K  K  3K  K  5K  6K  7K  η  

10 0.004 .156492 .0179294 .0258795 .343695 1.57087 )(a 1.91365 4.64930 4.71418 )(a 7.82120 7.86214  )(a
 0.006 .352109 .0403387 .0582220 .343712 1.57088 )(a 1.91367 4.64922 4.71425 )(a 7.82105 7.86224  )(a
 0.008 .625978 .0717070 .103489 .343736 1.57090 )(a 1.91370 4.64912 4.71433 )(a 7.82084 7.86237  )(a
 0.01 .978104 .112030 .161667 .343768 1.57092 )(a 1.91374 4.64899 4.71445 )(a 7.82058 7.86255  )(a

20 0.004 .156492 .0358505 .103479 .174827 1.05959 1.57088 )(a 2.82435 4.71414 )(a 5.19122 7.86206  )(a
 0.006 .352109 .0806353 .232692 .174876 1.05966 1.57090 )(a 2.82441 4.71415 )(a 5.19124 7.86207  )(a
 0.008 .625979 .143281 .413335 .174945 1.05975 1.57093 )(a 2.82448 4.71415 )(a 5.19128 7.86207  )(a
 0.01 .978107 .223735 .645157 .175033 1.05987 1.57096 )(a 2.82457 4.71417 )(a 5.19132 7.86208  )(a

50 0.004 .156492 .0894812 .645051 .0703617 .438028 1.21547 1.57088 )(a 2.35193 3.82662 4.71414  )(a
 0.006 .352111 .200857 1.44579 .0704948 .438239 1.21569 1.57090 )(a 2.35214 3.82682 4.71415  )(a
 0.008 .625985 .355903 2.55653 .0706808 .438535 1.21598 1.57093 )(a 2.35244 3.82710 4.71415  )(a
 0.01 .978121 .553765 3.96727 .0709192 .438914 1.21636 1.57097 )(a 2.35283 3.82746 4.71417  )(a

100 0.004 .156493 .177937 2.55629 .0353672 .220336 .614968 1.20085 1.57088 )(a 1.97658 2.93745 
 0.006 .352117 .396613 5.66435 .0356346 .220768 .615422 1.20132 1.57093 )(a 1.97707 2.93793 
 0.008 .625999 .696076 9.86035 .0360058 .221372 .616052 1.20196 1.57102 )(a 1.97776 2.93860 
 0.01 .978140 1.07029 15.0050 .0364778 .222145 .616853 1.20276 1.57118 )(a 1.97866 2.93947 

500 0.004 .156464 .761716 49.2689 .00804423 .0457777 .125164 .243606 .401446 .598645 .835150 
 0.006 .351812 1.48039 85.4447 .00914593 .0478334 .127322 .245838 .403692 .600876 .837319 
 0.008 .624910 2.27095 115.249 .0104759 .0505844 .130323 .248950 .406813 .603957 .840287 
 0.01 .975640 3.09429 137.855 .0119437 .0539259 .134145 .252969 .410863 .607954 .844133 

1000 0.004 .156224 1.13540 115.243 .00523820 .0252941 .0651716 .124510 .203500 .302189 .420578 
 0.006 .350988 1.96781 154.772 .00674778 .0288771 .0693729 .128986 .208055 .306744 .425095 
 0.008 .623450 2.82562 177.669 .00836615 .0332373 .0749036 .135153 .214484 .313247 .431579 
 0.01 .973789 3.69537 192.213 .0100294 .0380837 .0814241 .142751 .222639 .321644 .440042 
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表十五 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.0=r ， 30=α ) 

k  0ε )10( 4−  bε )10( 3−

T

tip

L
V

)10( 3−
1 2 4K  K  3K  K  5K  6K  7K  η  

10 0.004 .148580 .0346372 .0499958 .343693 1.57087 )(a 1.91365 4.64930 4.71418 )(a 7.82120 7.86214  )(a
 0.006 .334307 .0779295 .112479 .343708 1.57088 )(a 1.91367 4.64922 4.71425 )(a 7.82105 7.86224  )(a
 0.008 .594330 .138531 .199932 .343730 1.57090 )(a 1.91370 4.64912 4.71433 )(a 7.82085 7.86237  )(a
 0.01 .928654 .216433 .312334 .343757 1.57092 )(a 1.91373 4.64899 4.71445 )(a 7.82059 7.86255  )(a

20 0.004 .148580 .0692600 .199914 .174823 1.05959 1.57088 )(a 2.82435 4.71414 )(a 5.19121 7.86206  )(a
 0.006 .334308 .155786 .449566 .174868 1.05965 1.57090 )(a 2.82440 4.71415 )(a 5.19124 7.86207  )(a
 0.008 .594334 .276832 .798628 .174931 1.05974 1.57093 )(a 2.82447 4.71415 )(a 5.19127 7.86207  )(a
 0.01 .928663 .432305 1.24665 .175012 1.05986 1.57096 )(a 2.82456 4.71417 )(a 5.19132 7.86208  )(a

50 0.004 .148581 .172899 1.24646 .0703529 .438020 1.21546 1.57088 )(a 2.35192 3.82661 4.71414  )(a
 0.006 .334316 .388196 2.79463 .0704751 .438222 1.21566 1.57090 )(a 2.35213 3.82680 4.71415  )(a
 0.008 .594357 .688087 4.94376 .0706461 .438503 1.21594 1.57095 )(a 2.35242 3.82707 4.71416  )(a
 0.01 .928716 1.07108 7.67594 .0708659 .438864 1.21629 1.57102 )(a 2.35279 3.82741 4.71418  )(a

100 0.004 .148586 .344016 4.94331 .0353499 .220320 .614949 1.20083 1.57090 )(a 1.97657 2.93743 
 0.006 .334337 .767509 10.9666 .0355969 .220732 .615371 1.20124 1.57102 )(a 1.97705 2.93789 
 0.008 .594407 1.34866 19.1194 .0359418 .221305 .615941 1.20178 1.57129 )(a 1.97777 2.93854 
 0.01 .928788 2.07668 29.1467 .0363833 .222037 .616645 1.20239 1.57180 )(a 1.97874 2.93937 

500 0.002 .0371501 .415273 29.1417 .00727916 .0444794 .123797 .242174 .399984 .597168 .833678 
 0.004 .148469 1.49004 96.5785 .00799487 .0456820 .124887 .243241 .401001 .598129 .834529 
 0.006 .333126 2.91366 168.308 .00908053 .0476379 .126599 .244787 .402350 .599279 .835362 
 0.008 .590060 4.48524 227.218 .0104055 .0503120 .129142 .247046 .404274 .600853 .836444 

1000 0.002 .0371172 .745007 96.5767 .00399752 .0228423 .0624517 .121651 .200581 .299243 .417623 
 0.004 .147512 2.24248 227.205 .00520298 .0251579 .0645832 .123571 .202276 .300760 .418964 
 0.006 .329805 3.89809 304.452 .00671105 .0287201 .0685214 .127308 .205649 .303769 .421631 
 0.008 .584146 5.60339 348.562 .00832811 .0330971 .0740247 .133053 .211145 .308859 .426295 
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表十六 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.0=r ， 45=α ) 

k  0ε )10( 4−  bε )10( 3−

T

tip

L
V

)10( 3−
1 2 4K  K  3K  K  5K  6K  7K  η  

10 0.004 .135993 .0489849 .0707057 .343690 1.57087 )(a 1.91365 4.64930 4.71418 )(a 7.82120 7.86214  )(a
 0.006 .305987 .110212 .159074 .343703 1.57088 )(a 1.91367 4.64923 4.71425 )(a 7.82106 7.86224  )(a
 0.008 .543985 .195921 .282763 .343720 1.57090 )(a 1.91369 4.64912 4.71433 )(a 7.82086 7.86237  )(a
 0.01 .849990 .306103 .441747 .343742 1.57092 )(a 1.91373 4.64899 4.71445 )(a 7.82061 7.86255  )(a

20 0.004 .135994 .0979532 .282739 .174818 1.05958 1.57088 )(a 2.82435 4.71414 )(a 5.19121 7.86206  )(a
 0.006 .305990 .220339 .635872 .174856 1.05964 1.57090 )(a 2.82440 4.71415 )(a 5.19124 7.86207  )(a
 0.008 .543992 .391575 1.12972 .174909 1.05973 1.57093 )(a 2.82446 4.71415 )(a 5.19127 7.86207  )(a
 0.01 .850008 .611558 1.76373 .174977 1.05983 1.57097 )(a 2.82454 4.71417 )(a 5.19131 7.86208  )(a

50 0.004 .135997 .244592 1.76347 .0703388 .438008 1.21545 1.57088 )(a 2.35191 3.82660 4.71414  )(a
 0.006 .306005 .549378 3.95577 .0704437 .438194 1.21563 1.57091 )(a 2.35210 3.82677 4.71415  )(a
 0.008 .544039 .974308 7.00265 .0705909 .438454 1.21588 1.57098 )(a 2.35238 3.82702 4.71416  )(a
 0.01 .850114 1.51763 10.8821 .0707807 .438786 1.21617 1.57108 )(a 2.35273 3.82734 4.71419  )(a

100 0.004 .136007 .487119 7.00207 .0353222 .220295 .614919 1.20079 1.57093 )(a 1.97655 2.93741 
 0.006 .306049 1.08839 15.5633 .0355363 .220674 .615292 1.20113 1.57114 )(a 1.97703 2.93784 
 0.008 .544140 1.91629 27.2008 .0358385 .221199 .615774 1.20151 1.57166 )(a 1.97777 2.93844 
 0.01 .850256 2.95766 41.5870 .0362301 .221866 .616333 1.20185 1.57266 )(a 1.97883 2.93923 

500 0.003 .0764842 1.27694 86.8781 .00752478 .0449027 .124084 .242418 .400176 .597310 .833733 
 0.004 .135750 2.15140 139.954 .00791215 .0455302 .124466 .242694 .400341 .597372 .833626 
 0.005 .211495 3.15828 194.485 .00839937 .0463332 .124905 .242933 .400383 .597235 .833224 
 0.006 .303365 4.25202 246.054 .00896911 .0473213 .125475 .243204 .400376 .596978 .832624 

1000 0.003 .0758403 2.12594 246.045 .00448470 .0236623 .0627492 .121649 .200324 .298812 .417025 
 0.004 .133598 3.29272 332.757 .00514289 .0249340 .0636582 .122163 .200505 .298748 .416744 
 0.005 .206917 4.50987 397.106 .00587487 .0265538 .0651281 .123182 .201115 .299037 .416766 
 0.006 .295795 5.75361 444.206 .00664893 .0284572 .0671547 .124804 .202295 .299848 .417276 
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表十七 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.0=r ， 60=α ) 

bε )10( 3−

T

tip

L
V

)10( 3−
7Kη  k  0ε )10( 5−  1 2 4K 3K 5K 6KK K       

10 0.004 1.19590 .0599949 .0865980 .343687 1.57087 1.91365 4.64930 4.71418 7.82121 7.86214  )(a )(a )(a
 0.006 2.69081 .134985 .194833 .343695 1.57088 1.91367 4.64923 4.71425 7.82107 7.86224  )(a )(a )(a
 0.008 4.78373 .239966 .346338 .343706 1.57090 1.91369 4.64913 4.71433 7.82088 7.86237  )(a )(a )(a
 0.01 7.47472 .374931 .541089 .343721 1.57092 1.91372 4.64900 4.71445 7.82063 7.86255  )(a )(a )(a

20 0.004 1.19591 .119975 .346312 .174811 1.05958 1.57088 2.82435 4.71414 5.19121 7.86206  )(a )(a )(a
 0.006 2.69084 .269898 .778925 .174840 1.05963 1.57090 )(a 2.82439 4.71415 )(a 5.19123 7.86207  )(a
 0.008 4.78384 .479701 1.38407 .174880 1.05970 1.57093 )(a 2.82444 4.71415 )(a 5.19126 7.86207  )(a
 0.01 7.47498 .749299 2.16122 .174932 1.05980 1.57097 )(a 2.82452 4.71417 )(a 5.19130 7.86207  )(a

50 0.004 1.19596 .299686 2.16094 .0703204 .437992 1.21543 1.57088 )(a 2.35190 3.82658 4.71414  )(a
 0.006 2.69108 .673466 4.85053 .0704027 .438158 1.21559 1.57092 )(a 2.35207 3.82674 4.71415  )(a
 0.008 4.78454 1.19522 8.59432 .0705185 .438390 1.21580 1.57100 )(a 2.35232 3.82696 4.71417  )(a
 0.01 7.47658 1.86339 13.3707 .0706689 .438685 1.21603 1.57115 )(a 2.35265 3.82724 4.71420  )(a

100 0.004 1.19611 .597569 8.59368 .0352859 .220262 .614882 1.20075 1.57095 )(a 1.97652 2.93737 
 0.006 2.69173 1.33781 19.1488 .0354566 .220599 .615196 1.20100 1.57126 )(a 1.97699 2.93776 
 0.008 4.78606 2.36162 33.5787 .0357013 .221062 .615575 1.20121 1.57204 )(a 1.97774 2.93831 
 0.01 7.47867 3.65658 51.5416 .0360246 .221647 .615965 1.20124 1.57358 )(a 1.97888 2.93903 

500 0.001 .0747628 .186314 13.3687 .00707423 .0441520 .123463 .241827 .399632 .596813 .833328 
 0.002 .299134 .731223 51.5340 .00720735 .0444011 .123669 .242024 .399815 .596982 .833467 
 0.003 .672458 1.59370 108.905 .00744485 .0447970 .123862 .242147 .399860 .596957 .833321 
 0.004 1.19176 2.71183 177.375 .00779555 .0453339 .123957 .242049 .399573 .596503 .832608 

1000 0.001 .0747834 .365610 51.5338 .00360371 .0222017 .0618417 .121039 .199979 .298648 .417038 
 0.002 .297937 1.35589 177.372 .00389785 .0226682 .0619880 .121061 .199888 .298486 .416803 
 0.003 .661312 2.72290 316.194 .00440406 .0234508 .0620462 .120707 .199203 .297583 .415696 
 0.004 1.15365 4.25712 429.053 .00505566 .0246273 .0624752 .120479 .198480 .296520 .414351 



表十八 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.0=r ， 75=α ) 

k  0ε )10( 5−  bε )10( 3−

T

tip

L
V

)10( 3−
1 2 4K  K  3K  K  5K  6K  7K  η  

10 0.004 1.00489 .0669167 .0965896 .343683 1.57087 )(a 1.91365 4.64930 4.71418 )(a 7.82121 7.86214  )(a
 0.006 2.26102 .150562 .217318 .343686 1.57088 )(a 1.91366 4.64923 4.71425 )(a 7.82108 7.86224  )(a
 0.008 4.01966 .267665 .386323 .343691 1.57090 )(a 1.91368 4.64913 4.71433 )(a 7.82089 7.86237  )(a
 0.01 6.28085 .418223 .603587 .343696 1.57092 )(a 1.91371 4.64901 4.71445 )(a 7.82066 7.86255  )(a

20 0.004 1.00490 .133825 .386298 .174802 1.05957 1.57088 )(a 2.82434 4.71414 )(a 5.19121 7.86206  )(a
 0.006 2.26107 .301082 .868966 .174821 1.05962 1.57090 )(a 2.82438 4.71415 )(a 5.19123 7.86207  )(a
 0.008 4.01980 .535195 1.54432 .174847 1.05968 1.57093 )(a 2.82443 4.71415 )(a 5.19125 7.86207  )(a
 0.01 6.28119 .836120 2.41197 .174880 1.05976 1.57097 )(a 2.82449 4.71416 )(a 5.19128 7.86207  )(a

50 0.004 1.00496 .334416 2.41170 .0702990 .437974 1.21541 1.57088 )(a 2.35188 3.82657 4.71414  )(a
 0.006 2.26136 .751960 5.41752 .0703547 .438117 1.21555 1.57093 )(a 2.35203 3.82670 4.71415  )(a
 0.008 4.02067 1.33562 9.60911 .0704337 .438315 1.21571 1.57102 )(a 2.35225 3.82689 4.71417  )(a
 0.01 6.28317 2.08447 14.9696 .0705373 .438568 1.21588 1.57120 )(a 2.35254 3.82713 4.71420  )(a

100 0.004 1.00515 .667774 9.60849 .0352433 .220224 .614840 1.20070 1.57097 )(a 1.97648 2.93733 
 0.006 2.26217 1.49846 21.4738 .0353624 .220512 .615093 1.20087 1.57136 )(a 1.97692 2.93767 
 0.008 4.02256 2.65356 37.8065 .0355376 .220906 .615368 1.20093 1.57234 )(a 1.97767 2.93816 
 0.01 6.28571 4.12454 58.3140 .0357766 .221398 .615595 1.20068 1.57431 )(a 1.97884 2.93879 

500 0.001 .0628291 .208424 14.9676 .00706102 .0441400 .123450 .241812 .399616 .596797 .833311 
 0.002 .251417 .824818 58.3065 .00715769 .0443511 .123597 .241943 .399725 .596885 .833360 
 0.0025 .392696 1.27764 89.1996 .00723839 .0445011 .123643 .241954 .399698 .596823 .833239 
 0.003 .564857 1.81927 125.027 .00734494 .0446775 .123639 .241883 .399558 .596622 .832939 

1000 0.001 .0628543 .412407 58.3062 .00357888 .0221767 .0618061 .120999 .199935 .298601 .416990 
 0.002 .249711 1.56838 206.724 .00382250 .0225558 .0617268 .120742 .199523 .298094 .416383 
 0.0025 .386233 2.35163 293.354 .00403219 .0228344 .0615122 .120295 .198890 .297343 .415521 
 0.003 .548173 3.22129 376.281 .00429559 .0231971 .0612738 .119726 .198072 .296367 .414405 
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表十九 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.0=r ， 90=α ) 

k  0ε )10( 5−  bε )10( 3−

T

tip

L
V

)10( 3−
1 2 4K  K  3K  K  5K  6K  7K  η  

10 0.004 .799902 .0692784 .0999992 .343679 1.57087 )(a 1.91365 4.64930 4.71418 )(a 7.82122 7.86214  )(a
 0.006 1.79980 .155879 .224996 .343677 1.57088 )(a 1.91366 4.64923 4.71425 )(a 7.82109 7.86224  )(a
 0.008 3.19971 .277126 .399988 .343674 1.57090 )(a 1.91368 4.64914 4.71433 )(a 7.82091 7.86237  )(a
 0.01 4.99966 .433023 .624970 .343671 1.57092 )(a 1.91370 4.64902 4.71445 )(a 7.82068 7.86255  )(a

20 0.004 .799911 .138557 .399966 .174793 1.05956 1.57088 )(a 2.82434 4.71414 )(a 5.19121 7.86206  )(a
 0.006 1.79985 .311758 .899828 .174800 1.05960 1.57090 )(a 2.82437 4.71415 )(a 5.19122 7.86207  )(a
 0.008 3.19986 .554251 1.59945 .174810 1.05965 1.57093 )(a 2.82441 4.71415 )(a 5.19124 7.86207  )(a
 0.01 5.00002 .866044 2.49866 .174824 1.05972 1.57097 )(a 2.82446 4.71416 )(a 5.19127 7.86207  )(a

50 0.004 .799975 .346391 2.49843 .0702760 .437954 1.21539 1.57088 )(a 2.35186 3.82655 4.71414  )(a
 0.006 1.80016 .779385 5.61696 .0703030 .438072 1.21550 1.57093 )(a 2.35199 3.82666 4.71415  )(a
 0.008 3.20079 1.38557 9.97430 .0703421 .438236 1.21563 1.57103 )(a 2.35218 3.82682 4.71417  )(a
 0.01 5.00216 2.16490 15.5613 .0703945 .438444 1.21575 1.57122 )(a 2.35243 3.82702 4.71421  )(a

100 0.004 .800182 .692755 9.97376 .0351974 .220183 .614798 1.20065 1.57098 )(a 1.97644 2.93729 
 0.006 1.80104 1.55847 22.3628 .0352597 .220421 .614994 1.20076 1.57139 )(a 1.97684 2.93758 
 0.008 3.20282 2.76949 39.5477 .0353571 .220743 .615180 1.20070 1.57248 )(a 1.97753 2.93799 
 0.01 5.00481 4.32362 61.3395 .0354991 .221139 .615273 1.20027 1.57467 )(a 1.97867 2.93853 

500 0.001 .0500194 .216470 15.5596 .00704669 .0441272 .123436 .241798 .399601 .596782 .833295 
 0.002 .200183 .864647 61.3328 .00710214 .0442990 .123534 .241874 .399651 .596807 .833277 
 0.0025 .312610 1.34817 94.6072 .00715405 .0444180 .123531 .241829 .399561 .596678 .833081 
 0.003 .449395 1.93425 133.848 .00722824 .0445546 .123452 .241670 .399322 .596369 .832658 

1000 0.001 .0500457 .432322 61.3326 .00355111 .0221506 .0617743 .120964 .199898 .298563 .416950 
 0.002 .198042 1.69560 225.723 .00373046 .0224392 .0614996 .120477 .199228 .297782 .416054 
 0.0025 .304202 2.58480 326.051 .00391126 .0226422 .0610578 .119757 .198288 .296707 .414852 
 0.003 .426938 3.59170 423.658 .00415519 .0229167 .0605189 .118825 .197068 .295312 .413304 
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表二十 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 1=r ， 0=α ) 

k  0ε )10( 3−  bε  
T

tip

L
V

 η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.01 .148998 0 0 .343872 1.57092 )(a 1.91378 4.64895 4.71445 )(a 7.82046 7.86255  )(a
 0.02 .596058 0 0 .344444 1.57111 )(a 1.91420 4.64776 4.71536 )(a 7.81800 7.86390  )(a
 0.04 2.38527 0 0 .346719 1.57186 )(a 1.91588 4.64328 4.71873 )(a 7.80924 7.86822  )(a
 0.06 5.37076 0 0 .350462 1.57312 )(a 1.91869 4.63657 4.72360 )(a 7.79677 7.87329  )(a

20 0.01 .148998 0 0 .175258 1.06004 1.57096 )(a 2.82469 4.71417 )(a 5.19138 7.86208  )(a
 0.02 .596058 0 0 .176661 1.06156 1.57127 )(a 2.82581 4.71427 )(a 5.19194 7.86213  )(a
 0.04 2.38527 0 0 .182150 1.06762 1.57252 )(a 2.83030 4.71467 )(a 5.19418 7.86236  )(a
 0.06 5.37076 0 0 .190897 1.07766 1.57460 )(a 2.83779 4.71533 )(a 5.19792 7.86273  )(a

50 0.01 .148998 0 0 .0714858 .439405 1.21686 1.57096 )(a 2.35330 3.82790 4.71417  )(a
 0.02 .596058 0 0 .0750486 .444012 1.22152 1.57125 )(a 2.35791 3.83224 4.71426  )(a
 0.04 2.38527 0 0 .0877636 .461975 1.23999 1.57241 )(a 2.37627 3.84954 4.71466  )(a
 0.06 5.37076 0 0 .105339 .490429 1.27012 1.57435 )(a 2.40655 3.87823 4.71531  )(a

100 0.01 .148998 0 0 .0375668 .223145 .617913 1.20392 1.57096 )(a 1.97967 2.94053 
 0.02 .596058 0 0 .0439754 .232350 .627728 1.21418 1.57124 )(a 1.99008 2.95089 
 0.04 2.38527 0 0 .0630513 .265905 .665347 1.25429 1.57240 )(a 2.03110 2.99195 
 0.06 5.37076 0 0 .0852550 .313660 .723130 1.31800 1.57433 )(a 2.09747 3.05905 

500 0.01 .148998 0 0 .0148226 .0578458 .139137 .258881 .417488 .615179 .852038 
 0.02 .596058 0 0 .0265111 .0864577 .177158 .303589 .466489 .666975 .905720 
 0.04 2.38527 0 0 .0505357 .153227 .276760 .432184 .618642 .837278 1.08978 
 0.06 5.37076 0 0 .0746277 .222828 .385008 .578158 .800313 1.05084 1.33083 

1000 0.01 .148998 0 0 .0132579 .0432330 .0885977 .151847 .233362 .333715 .453260 
 0.02 .596058 0 0 .0252836 .0766152 .138402 .216170 .309504 .418994 .545501 
 0.04 2.38527 0 0 .0494470 .146591 .247884 .364608 .495920 .640731 .799060 
 0.06 5.37076 0 0 .0735850 .217470 .360269 .518160 .691561 .878499 1.07803 
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表二十一 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 1=r ， 5=α ) 

k  0ε )10( 3−  bε )10( 3−

T

tip

L
V

)10( 3−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.005 .0371543 .0188650 .0272283 .343728 1.57088 )(a 1.91367 4.64926 4.71421 )(a 7.82110 7.86218  )(a
 0.01 .148622 .0754183 .108819 .343871 1.57092 )(a 1.91378 4.64895 4.71445 )(a 7.82046 7.86255  )(a
 0.02 .594553 .301007 .433772 .344441 1.57111 )(a 1.91420 4.64776 4.71536 )(a 7.81800 7.86390  )(a
 0.03 1.33799 .674794 .970406 .345388 1.57142 )(a 1.91490 4.64584 4.71682 )(a 7.81418 7.86588  )(a

20 0.005 .0371543 .0377019 .108796 .174905 1.05966 1.57089 )(a 2.82441 4.71414 )(a 5.19124 7.86206  )(a
 0.01 .148622 .150388 .433403 .175256 1.06004 1.57096 )(a 2.82469 4.71417 )(a 5.19138 7.86208  )(a
 0.02 .594555 .594973 1.70572 .176655 1.06156 1.57128 )(a 2.82581 4.71427 )(a 5.19194 7.86213  )(a
 0.03 1.33800 1.31504 3.73772 .178959 1.06408 1.57180 )(a 2.82768 4.71443 )(a 5.19287 7.86222  )(a

50 0.005 .0371544 .0937658 .674872 .0705638 .438245 1.21569 1.57089 )(a 2.35214 3.82682 4.71414  )(a
 0.01 .148623 .368372 2.62960 .0714819 .439402 1.21685 1.57096 )(a 2.35330 3.82790 4.71417  )(a
 0.02 .594560 1.37849 9.53161 .0750365 .443994 1.22144 1.57134 )(a 2.35792 3.83222 4.71428  )(a
 0.03 1.33800 2.81927 18.5488 .0805930 .451541 1.22898 1.57208 )(a 2.36562 3.83940 4.71448  )(a

100 0.005 .0371547 .184151 2.62905 .0357700 .220780 .615428 1.20133 1.57089 )(a 1.97706 2.93793 
 0.01 .148624 .688752 9.52424 .0375607 .223136 .617890 1.20387 1.57105 )(a 1.97969 2.94052 
 0.02 .594541 2.24028 27.6708 .0439644 .232313 .627575 1.21380 1.57195 )(a 1.99029 2.95088 
 0.03 1.33786 4.02653 42.8179 .0528363 .246845 .643385 1.23009 1.57328 )(a 2.00786 2.96808 

500 0.005 .0371523 .623972 35.8503 .00964371 .0478904 .127486 .246092 .404032 .601297 .837856 
 0.01 .148592 1.53057 59.7156 .0148209 .0578323 .139055 .258706 .417215 .614805 .851525 
 0.02 .594466 3.35362 73.4169 .0265094 .0864514 .177104 .303407 .466095 .666282 .904574 
 0.03 1.33806 5.16695 77.9682 .0384949 .119171 .224942 .363905 .536149 .743176 .986233 

1000 0.005 .0371469 .765180 59.7101 .00741092 .0289187 .0695390 .129389 .208697 .307592 .426132 
 0.01 .148600 1.67595 73.3957 .0132571 .0432299 .0885713 .151759 .233177 .333411 .452825 
 0.02 .594715 3.47188 80.2091 .0252828 .0766140 .138394 .216134 .309404 .418777 .545103 
 0.03 1.33890 5.19998 82.5422 .0373627 .111397 .192494 .289119 .400294 .525712 .665915 
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表二十二 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 1=r ， 10=α ) 

k  0ε )10( 3−  bε )10( 3−

T

tip

L
V

)10( 3−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.005 .0368725 .0375866 .0542495 .343728 1.57088 )(a 1.91367 4.64926 4.71421 )(a 7.82110 7.86218  )(a
 0.01 .147495 .150264 .216812 .343869 1.57092 )(a 1.91378 4.64895 4.71445 )(a 7.82047 7.86255  )(a
 0.015 .331879 .337786 .487132 .344103 1.57100 )(a 1.91395 4.64845 4.71483 )(a 7.81942 7.86313  )(a
 0.02 .590045 .599746 .864286 .344432 1.57111 )(a 1.91419 4.64776 4.71536 )(a 7.81801 7.86390  )(a

20 0.005 .0368725 .0751176 .216766 .174904 1.05966 1.57089 )(a 2.82441 4.71414 )(a 5.19124 7.86206  )(a
 0.01 .147495 .299644 .863556 .175251 1.06004 1.57096 )(a 2.82468 4.71417 )(a 5.19138 7.86208  )(a
 0.015 .331881 .671134 1.92998 .175830 1.06066 1.57109 )(a 2.82515 4.71421 )(a 5.19161 7.86210  )(a
 0.02 .590052 1.18562 3.39920 .176636 1.06154 1.57128 )(a 2.82580 4.71426 )(a 5.19193 7.86213  )(a

50 0.005 .0368727 .186831 1.34473 .0705607 .438242 1.21568 1.57089 )(a 2.35214 3.82681 4.71414  )(a
 0.01 .147498 .734133 5.24094 .0714704 .439390 1.21682 1.57099 )(a 2.35329 3.82789 4.71417  )(a
 0.015 .331891 1.60542 11.3083 .0729618 .441293 1.21868 1.57121 )(a 2.35522 3.82967 4.71423  )(a
 0.02 .590072 2.74889 19.0110 .0750004 .443941 1.22121 1.57163 )(a 2.35793 3.83216 4.71432  )(a

100 0.005 .0368734 .366998 5.23986 .0357642 .220774 .615419 1.20132 1.57091 )(a 1.97706 2.93792 
 0.01 .147501 1.37346 18.9963 .0375426 .223109 .617820 1.20373 1.57131 )(a 1.97974 2.94050 
 0.015 .331883 2.80853 36.9624 .0403322 .226941 .621727 1.20753 1.57238 )(a 1.98436 2.94481 
 0.02 .589994 4.47238 55.2464 .0439313 .232203 .627119 1.21266 1.57405 )(a 1.99092 2.95085 

500 0.005 .0368639 1.24607 71.5843 .00963699 .0478600 .127360 .245903 .403787 .601000 .837484 
 0.01 .147373 3.05801 119.162 .0148156 .0577917 .138807 .258185 .416409 .613704 .850035 
 0.015 .331594 4.87936 137.386 .0205807 .0712323 .156015 .277757 .437207 .635045 .871422 
 0.02 .589691 6.70119 146.399 .0265043 .0864319 .176943 .302860 .464916 .664231 .901243 

1000 0.005 .0368421 1.52880 119.151 .00740825 .0288984 .0694156 .129133 .208312 .307095 .425532 
 0.01 .147405 3.34889 146.356 .0132546 .0432202 .0884912 .151491 .232621 .332510 .451545 
 0.015 .331945 5.15678 155.338 .0192519 .0595841 .112452 .181853 .267806 .371091 .492432 
 0.02 .590688 6.93832 159.879 .0252802 .0766099 .138369 .216026 .309101 .418120 .543898 
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表二十三 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 1=r ， 15=α ) 

k  0ε )10( 4−  bε )10( 3−

T

tip

L
V

)10( 3−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 .232993 .0358565 .0517545 .343710 1.57087 )(a 1.91366 4.64929 4.71418 )(a 7.82118 7.86214  )(a
 0.006 .524239 .0806657 .116422 .343747 1.57088 )(a 1.91369 4.64921 4.71425 )(a 7.82101 7.86224  )(a
 0.008 .931991 .143377 .206907 .343799 1.57090 )(a 1.91373 4.64910 4.71433 )(a 7.82077 7.86237  )(a
 0.01 1.45626 .223969 .323161 .343865 1.57092 )(a 1.91377 4.64895 4.71445 )(a 7.82047 7.86255  )(a

20 0.004 .232994 .0716798 .206879 .174860 1.05961 1.57088 )(a 2.82437 4.71414 )(a 5.19122 7.86206  )(a
 0.006 .524241 .161163 .464982 .174952 1.05971 1.57090 )(a 2.82445 4.71415 )(a 5.19126 7.86207  )(a
 0.008 .931995 .286224 .825404 .175079 1.05985 1.57093 )(a 2.82455 4.71415 )(a 5.19131 7.86207  )(a
 0.01 1.45627 .446646 1.28723 .175243 1.06003 1.57096 )(a 2.82468 4.71417 )(a 5.19138 7.86208  )(a

50 0.004 .232995 .178621 1.28693 .0704475 .438102 1.21554 1.57088 )(a 2.35200 3.82668 4.71414  )(a
 0.006 .524249 .399999 2.87568 .0706875 .438404 1.21584 1.57090 )(a 2.35231 3.82696 4.71415  )(a
 0.008 .932020 .706460 5.06355 .0710224 .438828 1.21626 1.57095 )(a 2.35273 3.82736 4.71416  )(a
 0.01 1.45632 1.09469 7.81586 .0714511 .439370 1.21678 1.57102 )(a 2.35328 3.82787 4.71418  )(a

100 0.004 .233001 .353188 5.06288 .0355386 .220486 .615117 1.20100 1.57090 )(a 1.97674 2.93761 
 0.006 .524272 .780114 11.0871 .0360170 .221104 .615750 1.20164 1.57102 )(a 1.97745 2.93829 
 0.008 .932074 1.35273 18.9983 .0366779 .221965 .616617 1.20248 1.57128 )(a 1.97848 2.93924 
 0.01 1.45640 2.05010 28.3642 .0375124 .223064 .617706 1.20350 1.57175 )(a 1.97983 2.94047 

500 0.004 .232945 1.33657 82.5672 .00878114 .0464921 .125811 .244238 .402050 .599215 .835658 
 0.006 .523761 2.40353 127.695 .0105614 .0493800 .128805 .247270 .405036 .602116 .838383 
 0.008 .930567 3.49014 158.100 .0126123 .0531886 .133036 .251633 .409363 .606322 .842347 
 0.01 1.45349 4.57922 178.071 .0148067 .0577239 .138395 .257330 .415102 .611946 .847700 

1000 0.004 .232637 1.74492 158.089 .00630646 .0265964 .0665293 .125858 .204796 .303429 .421755 
 0.006 .523165 2.83438 191.617 .00854092 .0314085 .0723732 .132190 .211269 .309887 .428128 
 0.008 .930220 3.92558 208.459 .0108760 .0370658 .0798239 .140759 .220369 .319173 .437418 
 0.01 1.45421 5.01583 218.450 .0132503 .0432039 .0883572 .151045 .231702 .331041 .449500 
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表二十四 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 1=r ， 30=α ) 

k  0ε )10( 4−  bε )10( 3−

T

tip

L
V

)10( 3−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 .217169 .0692704 .0999838 .343707 1.57087 )(a 1.91366 4.64929 4.71418 )(a 7.82119 7.86214  )(a
 0.006 .488635 .155839 .224918 .343740 1.57088 )(a 1.91368 4.64921 4.71425 )(a 7.82102 7.86224  )(a
 0.008 .868696 .276998 .399741 .343786 1.57090 )(a 1.91372 4.64910 4.71433 )(a 7.82079 7.86237  )(a
 0.01 1.35736 .432711 .624368 .343845 1.57092 )(a 1.91377 4.64896 4.71445 )(a 7.82049 7.86255  )(a

20 0.004 .217170 .138483 .399691 .174853 1.05961 1.57088 )(a 2.82437 4.71414 )(a 5.19122 7.86206  )(a
 0.006 .488640 .311386 .898436 .174936 1.05970 1.57090 )(a 2.82444 4.71415 )(a 5.19126 7.86207  )(a
 0.008 .868711 .553076 1.59506 .175052 1.05983 1.57093 )(a 2.82453 4.71415 )(a 5.19130 7.86207  )(a
 0.01 1.35740 .863181 2.48796 .175200 1.06000 1.57097 )(a 2.82466 4.71416 )(a 5.19137 7.86207  )(a

50 0.004 .217177 .345204 2.48741 .0704300 .438086 1.21552 1.57088 )(a 2.35199 3.82667 4.71414  )(a
 0.006 .488671 .773414 5.56161 .0706487 .438369 1.21579 1.57093 )(a 2.35228 3.82693 4.71415  )(a
 0.008 .868804 1.36686 9.80109 .0709550 .438764 1.21615 1.57103 )(a 2.35269 3.82730 4.71417  )(a
 0.01 1.35761 2.11970 15.1438 .0713488 .439268 1.21657 1.57120 )(a 2.35322 3.82777 4.71420  )(a

100 0.004 .217197 .683351 9.79987 .0355048 .220453 .615073 1.20094 1.57097 )(a 1.97673 2.93758 
 0.006 .488757 1.51201 21.5075 .0359457 .221027 .615619 1.20142 1.57136 )(a 1.97747 2.93822 
 0.008 .869005 2.62751 36.9515 .0365619 .221821 .616314 1.20192 1.57227 )(a 1.97863 2.93913 
 0.01 1.35791 3.99154 55.3226 .0373502 .222830 .617116 1.20232 1.57395 )(a 1.98028 2.94031 

500 0.002 .0543143 .798138 55.3097 .00747272 .0446394 .123905 .242269 .400063 .597231 .833714 
 0.004 .216965 2.62907 162.583 .00872059 .0462982 .125115 .243280 .400855 .597815 .833958 
 0.006 .486672 4.75037 251.546 .0105026 .0490506 .127347 .245018 .402093 .598573 .834055 
 0.008 .862862 6.91073 310.627 .0125602 .0528088 .131069 .248188 .404621 .600444 .835114 

1000 0.002 .0542410 1.31451 162.579 .00436038 .0231505 .0625672 .121676 .200527 .299137 .417464 
 0.004 .215709 3.45508 310.607 .00628041 .0264065 .0655495 .124158 .202506 .300707 .418660 
 0.006 .484207 5.61912 374.732 .00851749 .0312451 .0712882 .129769 .207592 .305203 .422605 
 0.008 .861283 7.78577 406.544 .0108529 .0369462 .0788909 .138171 .215887 .312999 .429813 
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表二十五 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 1=r ， 45=α ) 

k  0ε )10( 4−  bε )10( 3−

T

tip

L
V

)10( 2−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 .191997 .0979652 .0141402 .343702 1.57087 )(a 1.91366 4.64929 4.71418 )(a 7.82119 7.86214  )(a
 0.006 .431998 .220400 .0318102 .343728 1.57088 )(a 1.91368 4.64922 4.71425 )(a 7.82103 7.86224  )(a
 0.008 .768008 .391767 .0565383 .343765 1.57090 )(a 1.91371 4.64911 4.71433 )(a 7.82081 7.86237  )(a
 0.01 1.20004 .612026 .0883145 .343813 1.57092 )(a 1.91376 4.64897 4.71445 )(a 7.82053 7.86255  )(a

20 0.004 .191999 .195864 .0565319 .174842 1.05960 1.57088 )(a 2.82436 4.71414 )(a 5.19122 7.86206  )(a
 0.006 .432007 .440463 .127094 .174911 1.05968 1.57090 )(a 2.82442 4.71414 )(a 5.19125 7.86206  )(a
 0.008 .768038 .782471 .225689 .175008 1.05980 1.57093 )(a 2.82451 4.71415 )(a 5.19129 7.86207  )(a
 0.01 1.20011 1.22146 .352126 .175132 1.05994 1.57097 )(a 2.82462 4.71416 )(a 5.19135 7.86207  )(a

50 0.004 .192011 .488498 .352056 .0704020 .438062 1.21550 1.57089 )(a 2.35197 3.82665 4.71414  )(a
 0.006 .432069 1.09530 .787936 .0705867 .438313 1.21572 1.57096 )(a 2.35223 3.82688 4.71416  )(a
 0.008 .768224 1.93774 1.39041 .0708469 .438663 1.21598 1.57113 )(a 2.35261 3.82720 4.71419  )(a
 0.01 1.20053 3.00891 2.15186 .0711843 .439107 1.21625 1.57145 )(a 2.35312 3.82761 4.71424  )(a

100 0.004 .192052 .968774 1.39025 .0354506 .220402 .615005 1.20085 1.57107 )(a 1.97670 2.93753 
 0.006 .432241 2.14959 3.06198 .0358306 .220906 .615421 1.20110 1.57183 )(a 1.97749 2.93811 
 0.008 .768627 3.74874 5.28369 .0363729 .221596 .615862 1.20110 1.57367 )(a 1.97883 2.93894 
 0.01 1.20113 5.71738 7.94779 .0370830 .222461 .616235 1.20062 1.57710 )(a 1.98091 2.94004 

500 0.003 .108006 2.37654 15.7344 .00792274 .0451555 .123910 .242068 .399657 .596644 .832837 
 0.004 .191502 3.83283 23.7537 .00861721 .0459857 .124039 .241840 .399096 .595793 .831570 
 0.005 .298065 5.39008 30.8957 .00945862 .0470968 .124360 .241633 .398426 .594730 .830002 
 0.006 .427412 6.98381 36.7920 .0104019 .0485093 .125076 .241706 .397955 .593799 .828543 

1000 0.003 .106851 3.49175 36.7905 .00520115 .0242565 .0625541 .120920 .199178 .297385 .415351 
 0.004 .188592 5.09603 45.2284 .00623616 .0260909 .0640141 .121694 .199390 .297176 .414802 
 0.005 .293352 6.70054 50.5786 .00733889 .0283735 .0664014 .123470 .200564 .297868 .415117 
 0.006 .421568 8.30520 54.1259 .00847821 .0309696 .0695305 .126204 .202707 .299497 .416342 
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表二十六 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 1=r ， 60=α ) 

k  0ε )10( 5−  bε )10( 3−

T

tip

L
V

)10( 2−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 1.59191 .119986 .0173188 .343695 1.57087 )(a 1.91365 4.64930 4.71418 )(a 7.82120 7.86214  )(a
 0.006 3.58186 .269950 .0389627 .343713 1.57088 )(a 1.91367 4.64922 4.71425 )(a 7.82105 7.86224  )(a
 0.008 6.36788 .479868 .0692552 .343739 1.57090 )(a 1.91370 4.64912 4.71433 )(a 7.82084 7.86237  )(a
 0.01 9.95007 .749705 .108188 .343771 1.57092 )(a 1.91374 4.64898 4.71445 )(a 7.82057 7.86255  )(a

20 0.004 1.59194 .239914 .0692486 .174828 1.05959 1.57088 )(a 2.82436 4.71414 )(a 5.19122 7.86206  )(a
 0.006 3.58200 .539609 .155715 .174879 1.05966 1.57090 )(a 2.82441 4.71414 )(a 5.19124 7.86206  )(a
 0.008 6.36832 .958813 .276593 .174950 1.05975 1.57093 )(a 2.82448 4.71415 )(a 5.19128 7.86207  )(a
 0.01 9.95114 1.49716 .431705 .175043 1.05988 1.57097 )(a 2.82458 4.71416 )(a 5.19133 7.86207  )(a

50 0.004 1.59213 .598775 .431633 .0703655 .438030 1.21546 1.57090 )(a 2.35194 3.82662 4.71414  )(a
 0.006 3.58293 1.34391 .967280 .0705054 .438241 1.21562 1.57100 )(a 2.35217 3.82681 4.71416  )(a
 0.008 6.37111 2.38084 1.70989 .0707047 .438532 1.21579 1.57124 )(a 2.35251 3.82708 4.71420  )(a
 0.01 9.95750 3.70333 2.65209 .0709666 .438899 1.21588 1.57171 )(a 2.35298 3.82741 4.71428  )(a

100 0.004 1.59275 1.19032 1.70972 .0353793 .220335 .614922 1.20074 1.57117 )(a 1.97666 2.93746 
 0.006 3.58552 2.65115 3.78356 .0356773 .220751 .615186 1.20073 1.57232 )(a 1.97748 2.93796 
 0.008 6.37717 4.64576 6.56798 .0361176 .221308 .615331 1.20019 1.57517 )(a 1.97899 2.93869 
 0.01 9.96627 7.12453 9.94533 .0367164 .221990 .615201 1.19873 1.58053 )(a 1.98153 2.93967 

500 0.001 .0995708 .370269 2.65157 .00710412 .0441743 .123473 .241833 .399633 .596811 .833319 
 0.002 .398630 1.42467 9.94347 .00734584 .0444712 .123552 .241842 .399566 .596676 .833067 
 0.003 .895261 3.00402 20.0010 .00779944 .0449239 .123279 .241278 .398722 .595591 .831610 
 0.004 1.58240 4.90168 30.4970 .00846717 .0455709 .122699 .240117 .397048 .593498 .828946 

1000 0.001 .0996573 .712333 9.94341 .00367296 .0222367 .0617842 .120950 .199862 .298514 .416886 
 0.002 .395596 2.45079 30.4964 .00423367 .0227869 .0613626 .120111 .198677 .297113 .415275 
 0.003 .874165 4.52322 47.3573 .00512761 .0238860 .0611240 .118999 .196928 .294949 .412763 
 0.004 1.52872 6.63384 57.8448 .00617231 .0256517 .0620640 .118883 .196085 .293610 .411048 
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表二十七 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 1=r ， 75=α ) 

k  0ε )10( 5−  bε )10( 3−

T

tip

L
V

)10( 2−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 1.20988 .133831 .0193175 .343687 1.57087 )(a 1.91365 4.64930 4.71418 )(a 7.82121 7.86214  )(a
 0.006 2.72229 .301112 .0434614 .343696 1.57088 )(a 1.91367 4.64923 4.71425 )(a 7.82107 7.86224  )(a
 0.008 4.83976 .535292 .0772574 .343708 1.57090 )(a 1.91369 4.64913 4.71433 )(a 7.82087 7.86237  )(a
 0.01 7.56239 .836356 .120700 .343723 1.57092 )(a 1.91372 4.64900 4.71445 )(a 7.82063 7.86255  )(a

20 0.004 1.20992 .267629 .0772516 .174811 1.05958 1.57088 )(a 2.82435 4.71414 )(a 5.19121 7.86206  )(a
 0.006 2.72246 .602055 .173753 .174841 1.05963 1.57090 )(a 2.82439 4.71414 )(a 5.19123 7.86206  )(a
 0.008 4.84031 1.07005 .308735 .174883 1.05970 1.57093 )(a 2.82445 4.71415 )(a 5.19126 7.86206  )(a
 0.01 7.56372 1.67140 .482078 .174938 1.05980 1.57097 )(a 2.82452 4.71416 )(a 5.19130 7.86206  )(a

50 0.004 1.21015 .668484 .482015 .0703228 .437993 1.21542 1.57090 )(a 2.35190 3.82658 4.71414  )(a
 0.006 2.72363 1.50213 1.08182 .0704101 .438157 1.21553 1.57102 )(a 2.35209 3.82674 4.71416  )(a
 0.008 4.84380 2.66550 1.91635 .0705370 .438382 1.21559 1.57132 )(a 2.35238 3.82694 4.71421  )(a
 0.01 7.57166 4.15461 2.98011 .0707082 .438661 1.21552 1.57191 )(a 2.35279 3.82719 4.71431  )(a

100 0.004 1.21092 1.33266 1.91621 .0352951 .220258 .614832 1.20063 1.57124 )(a 1.97660 2.93738 
 0.006 2.72687 2.98161 4.26491 .0354939 .220575 .614945 1.20039 1.57270 )(a 1.97740 2.93779 
 0.008 4.85134 5.25596 7.45883 .0358065 .220983 .614804 1.19935 1.57639 )(a 1.97903 2.93839 
 0.01 7.58219 8.11670 11.3912 .0362605 .221459 .614181 1.19700 1.58348 )(a 1.98195 2.93922 

500 0.001 .0757132 .415405 2.97964 .00707818 .0441499 .123443 .241800 .399598 .596774 .833279 
 0.002 .303269 1.62313 11.3894 .00725456 .0443646 .123361 .241618 .399312 .596396 .832748 
 0.0025 .473408 2.48620 17.1154 .00741641 .0445017 .123093 .241199 .398746 .595706 .831861 
 0.003 .679771 3.48824 23.4115 .00763826 .0446579 .122624 .240485 .397803 .594575 .830452 

1000 0.001 .0758172 .811561 11.3894 .00362732 .0221834 .0616888 .120839 .199738 .298382 .416746 
 0.002 .298516 2.89324 36.2410 .00413243 .0225406 .0606359 .119228 .197673 .296043 .414143 
 0.0025 .457932 4.14845 47.5851 .00454687 .0228868 .0599396 .118028 .196109 .294259 .412171 
 0.003 .645894 5.44045 56.5891 .00502734 .0234253 .0595231 .117027 .194724 .292633 .410357 
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表二十八 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 1=r ， 90=α ) 

k  0ε )10( 5−  bε )10( 3−

T

tip

L
V

)10( 2−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 .799911 .138557 .0199998 .343679 1.57087 )(a 1.91365 4.64930 4.71418 )(a 7.82122 7.86214  )(a
 0.006 1.79985 .311759 .0449992 .343677 1.57088 )(a 1.91366 4.64923 4.71425 )(a 7.82109 7.86224  )(a
 0.008 3.19986 .554252 .0799975 .343674 1.57090 )(a 1.91368 4.64914 4.71433 )(a 7.82091 7.86237  )(a
 0.01 5.00003 .866046 .124994 .343670 1.57092 )(a 1.91370 4.64902 4.71445 )(a 7.82068 7.86255  )(a

20 0.004 .799949 .277114 .0799932 .174793 1.05956 1.57088 )(a 2.82434 4.71414 )(a 5.19121 7.86206  )(a
 0.006 1.80004 .623516 .179965 .174801 1.05960 1.57090 )(a 2.82437 4.71414 )(a 5.19122 7.86206  )(a
 0.008 3.20045 1.10850 .319889 .174811 1.05965 1.57093 )(a 2.82441 4.71415 )(a 5.19124 7.86206  )(a
 0.01 5.00146 1.73208 .499725 .174826 1.05971 1.57097 )(a 2.82446 4.71416 )(a 5.19127 7.86206  )(a

50 0.004 .800204 .692777 .499678 .0702768 .437953 1.21538 1.57090 )(a 2.35186 3.82655 4.71414  )(a
 0.006 1.80129 1.55871 1.12331 .0703070 .438068 1.21543 1.57103 )(a 2.35201 3.82666 4.71417  )(a
 0.008 3.20420 2.77081 1.99439 .0703545 .438223 1.21541 1.57135 )(a 2.35223 3.82680 4.71422  )(a
 0.01 5.01000 4.32854 3.11046 .0704248 .438412 1.21523 1.57200 )(a 2.35257 3.82696 4.71432  )(a

100 0.004 .801032 1.38534 1.99428 .0352036 .220177 .614745 1.20053 1.57127 1.97653 2.93730 
 0.006 1.80479 3.11508 4.46722 .0352910 .220389 .614728 1.20013 1.57288 1.97726 2.93760 
 0.008 3.21229 5.52865 7.88019 .0354544 .220646 .614359 1.19875 1.57704 1.97887 2.93806 
 0.01 5.02076 8.60877 12.1597 .0357312 .220916 .613344 1.19577 1.58523 1.98193 2.93871 

500 0.001 .0500975 .432814 3.11011 .00704972 .0441242 .123414 .241769 .399566 .596740 .833244 
 0.002 .200817 1.72159 12.1583 .00714860 .0442553 .123200 .241437 .399113 .596183 .832514 
 0.0025 .313142 2.66832 18.5342 .00726241 .0443213 .122774 .240833 .398338 .595264 .831370 
 0.003 .448275 3.79060 25.7176 .00743838 .0443815 .122046 .239816 .397053 .593764 .829553 

1000 0.001 .0502041 .860795 12.1582 .00357433 .0221288 .0616084 .120749 .199640 .298279 .416639 
 0.002 .194123 3.21654 40.7207 .00400094 .0222722 .0599363 .118425 .196788 .295121 .413183 
 0.0025 .290777 4.68882 54.0274 .00440751 .0224722 .0587409 .116668 .194632 .292733 .410601 
 0.003 .398359 6.21305 64.2909 .00489484 .0228875 .0578803 .115176 .192739 .290593 .408272 
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表二十九 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.1=r ， 0=α ) 

k  0ε )10( 3−  bε  
T

tip

L
V

 η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.01 .198500 0 0 .343973 1.57092 )(a 1.91382 4.64892 4.71445 )(a 7.82035 7.86255  )(a
 0.02 .794084 0 0 .344846 1.57111 )(a 1.91435 4.64763 4.71536 )(a 7.81756 7.86388  )(a
 0.04 3.17769 0 0 .348310 1.57186 )(a 1.91650 4.64279 4.71870 )(a 7.80763 7.86804  )(a
 0.06 7.15492 0 0 .353985 1.57313 )(a 1.92007 4.63552 4.72348 )(a 7.79328 7.87272  )(a

20 0.01 .198500 0 0 .175475 1.06020 1.57096 )(a 2.82480 4.71417 )(a 5.19144 7.86208  )(a
 0.02 .794084 0 0 .177520 1.06221 1.57127 )(a 2.82627 4.71427 )(a 5.19217 7.86213  )(a
 0.04 3.17769 0 0 .185453 1.07019 1.57252 )(a 2.83214 4.71467 )(a 5.19509 7.86236  )(a
 0.06 7.15492 0 0 .197894 1.08337 1.57461 )(a 2.84192 4.71534 )(a 5.20000 7.86273  )(a

50 0.01 .198500 0 0 .0720301 .439880 1.21732 1.57096 )(a 2.35376 3.82833 4.71417  )(a
 0.02 .794084 0 0 .0770980 .445886 1.22338 1.57125 )(a 2.35974 3.83396 4.71426  )(a
 0.04 3.17769 0 0 .0945541 .469124 1.24727 1.57241 )(a 2.38351 3.85639 4.71466  )(a
 0.06 7.15492 0 0 .117702 .505425 1.28599 1.57436 )(a 2.42258 3.89351 4.71531  )(a

100 0.01 .198500 0 0 .0385945 .224102 .618898 1.20494 1.57096 )(a 1.98070 2.94156 
 0.02 .794084 0 0 .0473812 .236000 .631585 1.21823 1.57124 )(a 1.99418 2.95499 
 0.04 3.17769 0 0 .0721063 .278366 .679633 1.26977 1.57240 )(a 2.04709 3.00805 
 0.06 7.15492 0 0 .0999008 .336839 .751962 1.35058 1.57434 )(a 2.13195 3.09426 

500 0.01 .198500 0 0 .0172021 .0614083 .143445 .263719 .422648 .620545 .857542 
 0.02 .794084 0 0 .0316424 .0955023 .189772 .319172 .484211 .686184 .925973 
 0.04 3.17769 0 0 .0610727 .172703 .305993 .471303 .666924 0.893468 1.15254 
 0.06 7.15492 0 0 .0905376 .252467 .430045 .639373 .877838 1.14394 1.43827 

1000 0.01 .198500 0 0 .0158242 .0477558 .0949072 .159645 .242235 .343339 .463416 
 0.02 .794084 0 0 .0305566 .0863532 .153022 .235739 .333668 .447131 .576950 
 0.04 3.17769 0 0 .0601094 .166457 .278177 .405893 .548602 .704779 .874116 
 0.06 7.15492 0 0 .0896171 .247409 .406028 .580433 .771135 .975828 1.19320 
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表三十 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.1=r ， 5=α ) 

k  0ε )10( 3−  bε )10( 3−

T

tip

L
V

)10( 3−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.005 .0494824 .0282946 .0408368 .343753 1.57088 )(a 1.91368 4.64925 4.71421 )(a 7.82108 7.86218  )(a
 0.01 .197935 .113080 .163138 .343971 1.57092 )(a 1.91382 4.64892 4.71445 )(a 7.82035 7.86255  )(a
 0.02 .791827 .450766 .649227 .344841 1.57111 )(a 1.91435 4.64763 4.71536 )(a 7.81757 7.86389  )(a
 0.03 1.78193 1.00848 1.44847 .346285 1.57142 )(a 1.91524 4.64556 4.71681 )(a 7.81324 7.86581  )(a

20 0.005 .0494824 .0565259 .163093 .174959 1.05970 1.57089 )(a 2.82444 4.71414 )(a 5.19126 7.86206  )(a
 0.01 .197936 .225155 .648508 .175473 1.06020 1.57096 )(a 2.82480 4.71417 )(a 5.19144 7.86208  )(a
 0.02 .791831 .885872 2.53403 .177511 1.06220 1.57128 )(a 2.82627 4.71426 )(a 5.19217 7.86213  )(a
 0.03 1.78195 1.94115 5.49004 .180854 1.06552 1.57180 )(a 2.82871 4.71442 )(a 5.19339 7.86221  )(a

50 0.005 .0494825 .140220 1.00833 .0707017 .438364 1.21580 1.57089 )(a 2.35226 3.82692 4.71414  )(a
 0.01 .197937 .546082 3.88463 .0720245 .439874 1.21731 1.57097 )(a 2.35376 3.82833 4.71417  )(a
 0.02 .791843 1.98428 13.5413 .0770825 .445857 1.22323 1.57144 )(a 2.35976 3.83392 4.71429  )(a
 0.03 1.78196 3.91814 25.0925 .0848175 .455650 1.23290 1.57236 )(a 2.36976 3.84323 4.71453  )(a

100 0.005 .0494829 .272974 3.88359 .0360421 .221021 .615673 1.20158 1.57090 )(a 1.97732 2.93819 
 0.01 .197939 .991225 13.5281 .0385867 .224088 .618855 1.20485 1.57114 )(a 1.98075 2.94155 
 0.02 .791821 3.01351 35.6750 .0473706 .235948 .631344 1.21758 1.57239 )(a 1.99455 2.95498 
 0.03 1.78184 5.17548 51.2390 .0590437 .254476 .651667 1.23856 1.57386 )(a 2.01728 2.97726 

500 0.005 .0494807 .817670 44.3501 .0106024 .0489976 .128676 .247355 .405335 .602621 .839187 
 0.01 .197920 1.88557 66.1259 .0172010 .0613954 .143356 .263512 .422306 .620056 .856854 
 0.02 .791934 3.99912 76.9430 .0316414 .0954978 .189728 .319005 .483819 .685449 .924684 
 0.03 1.78268 6.08649 80.4174 .0463356 .133498 .246030 .391438 .569118 .780407 1.02667 

1000 0.005 .0494786 .942627 66.1187 .00860106 .0307005 .0716908 .131795 .211248 .310231 .428825 
 0.01 .197962 1.99825 76.9150 .0158237 .0477536 .0948853 .159564 .242052 .343020 .462936 
 0.02 .792371 4.05799 82.0756 .0305562 .0863526 .153016 .235713 .333588 .446949 .576597 
 0.03 1.78397 6.01549 83.8255 .0453331 .126216 .215013 .319740 .439096 .572342 .719773 
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表三十一 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.1=r ， 10=α ) 

k  0ε )10( 3−  bε )10( 3−

T

tip

L
V

)10( 3−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.005 .0490596 .0563741 .0813632 .343753 1.57088 )(a 1.91368 4.64925 4.71421 )(a 7.82108 7.86218  )(a
 0.01 .196245 .225304 .325040 .343968 1.57092 )(a 1.91381 4.64892 4.71445 )(a 7.82036 7.86255  )(a
 0.015 .441571 .506213 .729800 .344327 1.57100 )(a 1.91404 4.64838 4.71483 )(a 7.81918 7.86312  )(a
 0.02 .785067 .898152 1.29361 .344828 1.57111 )(a 1.91435 4.64764 4.71536 )(a 7.81758 7.86389  )(a

20 0.005 .0490597 .112623 .324951 .174957 1.05970 1.57089 )(a 2.82444 4.71414 )(a 5.19125 7.86206  )(a
 0.01 .196246 .448625 1.29219 .175465 1.06020 1.57096 )(a 2.82480 4.71417 )(a 5.19144 7.86208  )(a
 0.015 .441576 1.00250 2.87930 .176309 1.06102 1.57110 )(a 2.82540 4.71421 )(a 5.19174 7.86210  )(a
 0.02 .785081 1.76544 5.05037 .177484 1.06217 1.57128 )(a 2.82626 4.71426 )(a 5.19216 7.86212  )(a

50 0.005 .0490602 .279401 2.00925 .0706971 .438359 1.21580 1.57089 )(a 2.35226 3.82692 4.71414  )(a
 0.01 .196251 1.08843 7.74345 .0720079 .439855 1.21726 1.57102 )(a 2.35375 3.82831 4.71418  )(a
 0.015 .441598 2.34914 16.4217 .0741434 .442333 1.21961 1.57136 )(a 2.35626 3.83061 4.71425  )(a
 0.02 .785127 3.95809 27.0172 .0770360 .445772 1.22277 1.57201 )(a 2.35980 3.83382 4.71438  )(a

100 0.005 .0490615 .544079 7.74139 .0360338 .221012 .615657 1.20155 1.57094 1.97732 2.93818 
 0.01 .196260 1.97723 26.9912 .0385634 .224046 .618727 1.20457 1.57167 1.98087 2.94153 
 0.015 .441595 3.90304 49.9992 .0424474 .229008 .623708 1.20927 1.57342 1.98700 2.94712 
 0.02 .785042 6.01783 71.2332 .0473385 .235792 .630623 1.21568 1.57579 1.99567 2.95497 

500 0.005 .0490526 1.63324 88.5459 .0105966 .0489579 .128494 .247069 .404953 .602151 .838591 
 0.01 .196181 3.76742 131.904 .0171975 .0613566 .143089 .262894 .421296 .618625 .854865 
 0.015 .441578 5.88407 146.430 .0243492 .0775561 .164368 .287590 .447903 .646167 .882631 
 0.02 .785486 7.99105 153.391 .0316382 .0954838 .189594 .318503 .482645 .683263 .920925 

1000 0.005 .0490439 1.88339 131.889 .00859928 .0306811 .0715578 .131491 .210766 .309586 .428027 
 0.01 .196348 3.99293 153.335 .0158221 .0477466 .0948190 .159319 .241501 .342069 .461519 
 0.015 .442307 6.07260 160.161 .0231753 .0667503 .123010 .195661 .284370 .389811 .512762 
 0.02 .787232 8.10983 163.575 .0305546 .0863505 .152998 .235631 .333346 .446397 .575528 
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表三十二 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.1=r ， 15=α ) 

k  0ε )10( 3−  bε )10( 3−

T

tip

L
V

)10( 3−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 .0309495 .0537813 .0776251 .343726 1.57087 )(a 1.91367 4.64929 4.71418 )(a 7.82116 7.86214  )(a
 0.006 .0696370 .120981 .174598 .343782 1.57088 )(a 1.91370 4.64920 4.71425 )(a 7.82097 7.86224  )(a
 0.008 .123800 .215010 .310253 .343861 1.57090 )(a 1.91375 4.64908 4.71433 )(a 7.82070 7.86237  )(a
 0.01 .193441 .335818 .484481 .343962 1.57092 )(a 1.91381 4.64892 4.71445 )(a 7.82036 7.86255  )(a

20 0.004 .0309496 .107488 .310199 .174894 1.05964 1.57088 )(a 2.82439 4.71414 )(a 5.19123 7.86206  )(a
 0.006 .0696373 .241584 .696872 .175027 1.05977 1.57090 )(a 2.82449 4.71415 )(a 5.19128 7.86207  )(a
 0.008 .123801 .428829 1.23621 .175214 1.05995 1.57093 )(a 2.82462 4.71415 )(a 5.19135 7.86207  )(a
 0.01 .193443 .668737 1.92625 .175453 1.06019 1.57097 )(a 2.82479 4.71417 )(a 5.19143 7.86208  )(a

50 0.004 .0309500 .267421 1.92566 .0705333 .438175 1.21561 1.57088 )(a 2.35207 3.82675 4.71414  )(a
 0.006 .0696391 .597455 4.28994 .0708799 .438569 1.21600 1.57092 )(a 2.35247 3.82711 4.71415  )(a
 0.008 .123807 1.05181 7.52242 .0713630 .439120 1.21652 1.57098 )(a 2.35302 3.82762 4.71416  )(a
 0.01 .193456 1.62331 11.5507 .0719802 .439825 1.21718 1.57110 )(a 2.35374 3.82828 4.71419  )(a

100 0.004 .0309512 .525825 7.52113 .0357094 .220635 .615265 1.20115 1.57093 )(a 1.97691 2.93777 
 0.006 .0696442 1.15128 16.2826 .0363965 .221438 .616069 1.20193 1.57116 )(a 1.97785 2.93865 
 0.008 .123819 1.97390 27.4868 .0373406 .222553 .617158 1.20294 1.57167 )(a 1.97923 2.93989 
 0.01 .193475 2.95281 40.3241 .0385245 .223976 .618517 1.20413 1.57254 )(a 1.98108 2.94148 

500 0.004 .0309468 1.79896 106.459 .00946359 .0472001 .126459 .244862 .402637 .599760 .836128 
 0.006 .0695981 3.08931 152.668 .0118082 .0508952 .130344 .248780 .406467 .603445 .839546 
 0.008 .123703 4.36918 180.195 .0144315 .0556872 .135817 .254481 .412137 .608946 .844717 
 0.01 .193296 5.64182 196.988 .0171916 .0612918 .142645 .261880 .419662 .616350 .851783 

1000 0.004 .0309252 2.18435 180.181 .00721610 .0278460 .0679212 .127287 .206199 .304787 .423059 
 0.006 .0695996 3.45494 207.897 .0100128 .0337441 .0753004 .135456 .214650 .313264 .431442 
 0.008 .123827 4.72050 221.085 .0128992 .0405083 .0844469 .146246 .226329 .325330 .443605 
 0.01 .193667 5.98046 228.768 .0158194 .0477350 .0947077 .158910 .240586 .340509 .459239 
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表三十三 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.1=r ， 30=α ) 

k  0ε )10( 4−  bε )10( 3−

T

tip

L
V

)10( 2−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 .285759 .103900 .0149964 .343721 1.57087 )(a 1.91366 4.64929 4.71418 )(a 7.82117 7.86214  )(a
 0.006 .642965 .233728 .0337319 .343771 1.57088 )(a 1.91370 4.64920 4.71425 )(a 7.82099 7.86224  )(a
 0.008 1.14307 .415401 .0599427 .343842 1.57090 )(a 1.91374 4.64908 4.71433 )(a 7.82072 7.86237  )(a
 0.01 1.78607 .648832 .0936101 .343932 1.57092 )(a 1.91380 4.64893 4.71445 )(a 7.82039 7.86255  )(a

20 0.004 .285761 .207670 .0599330 .174884 1.05963 1.57088 )(a 2.82438 4.71414 )(a 5.19123 7.86206  )(a
 0.006 .642976 .466801 .134661 .175004 1.05975 1.57090 )(a 2.82447 4.71414 )(a 5.19127 7.86206  )(a
 0.008 1.14310 .828735 .238931 .175173 1.05992 1.57093 )(a 2.82460 4.71415 )(a 5.19134 7.86207  )(a
 0.01 1.78615 1.29263 .372394 .175389 1.06014 1.57097 )(a 2.82476 4.71416 )(a 5.19142 7.86207  )(a

50 0.004 .285776 .516920 .372289 .0705071 .438152 1.21558 1.57089 )(a 2.35205 3.82673 4.71414  )(a
 0.006 .643045 1.15569 .830125 .0708225 .438516 1.21591 1.57097 )(a 2.35243 3.82706 4.71416  )(a
 0.008 1.14331 2.03651 1.45737 .0712644 .439022 1.21632 1.57115 )(a 2.35296 3.82753 4.71419  )(a
 0.01 1.78662 3.14662 2.24101 .0718327 .439667 1.21677 1.57149 )(a 2.35367 3.82812 4.71425  )(a

100 0.004 .285821 1.01811 1.45714 .0356599 .220585 .615190 1.20103 1.57109 1.97691 2.93772 
 0.006 .643236 2.23459 3.16418 .0362954 .221318 .615832 1.20151 1.57189 1.97795 2.93855 
 0.008 1.14376 3.84233 5.35981 .0371829 .222328 .616599 1.20183 1.57374 1.97965 2.93973 
 0.01 1.78734 5.76488 7.88899 .0383144 .223606 .617430 1.20185 1.57696 1.98213 2.94126 

500 0.002 .0714904 1.15266 7.88670 .00766574 .0447961 .123986 .242326 .400093 .597237 .833677 
 0.004 .285616 3.54846 20.9805 .00940468 .0469252 .125366 .243308 .400674 .597445 .833320 
 0.006 .641279 6.11430 30.0040 .0117623 .0504960 .128400 .245619 .402257 .598330 .833313 
 0.008 1.13885 8.65675 35.2837 .0143953 .0552836 .133486 .250091 .405913 .601122 .835091 

1000 0.002 .0714036 1.77418 20.9799 .00470244 .0234641 .0626937 .121696 .200456 .299002 .417269 
 0.004 .284703 4.32794 35.2810 .00719798 .0276442 .0667603 .125121 .203192 .301152 .418895 
 0.006 .641188 6.85030 40.5251 .00999761 .0336000 .0742047 .132746 .210299 .307548 .424599 
 0.008 1.14344 9.36264 42.9987 .0128846 .0404149 .0836039 .143625 .221421 .318236 .434627 
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表三十四 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.1=r ， 45=α ) 

k  0ε )10( 4−  bε )10( 3−

T

tip

L
V

)10( 2−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 .248001 .146941 .0212090 .343713 1.57087 )(a 1.91366 4.64929 4.71418 )(a 7.82118 7.86214  )(a
 0.006 .558010 .330565 .0477086 .343754 1.57088 )(a 1.91369 4.64921 4.71425 )(a 7.82100 7.86224  )(a
 0.008 .992037 .587540 .0847861 .343811 1.57090 )(a 1.91373 4.64909 4.71433 )(a 7.82076 7.86237  )(a
 0.01 1.55010 .917769 .132420 .343884 1.57092 )(a 1.91378 4.64895 4.71445 )(a 7.82045 7.86255  )(a

20 0.004 .248005 .293732 .0847741 .174867 1.05962 1.57088 )(a 2.82438 4.71414 )(a 5.19123 7.86206  )(a
 0.006 .558031 .660372 .190520 .174967 1.05972 1.57090 )(a 2.82445 4.71414 )(a 5.19127 7.86206  )(a
 0.008 .992104 1.17269 .338153 .175107 1.05987 1.57093 )(a 2.82456 4.71415 )(a 5.19132 7.86206  )(a
 0.01 1.55026 1.82971 .527260 .175287 1.06006 1.57097 )(a 2.82471 4.71416 )(a 5.19139 7.86206  )(a

50 0.004 .248034 .731720 .527129 .0704654 .438115 1.21554 1.57091 )(a 2.35202 3.82669 4.71414  )(a
 0.006 .558170 1.63777 1.17709 .0707307 .438431 1.21578 1.57104 )(a 2.35236 3.82698 4.71417  )(a
 0.008 .992520 2.89042 2.07049 .0711059 .438867 1.21602 1.57138 )(a 2.35286 3.82738 4.71422  )(a
 0.01 1.55120 4.47432 3.19124 .0715945 .439418 1.21618 1.57205 )(a 2.35355 3.82787 4.71433  )(a

100 0.004 .248125 1.44503 2.07020 .0355805 .220507 .615076 1.20086 1.57130 )(a 1.97689 2.93765 
 0.006 .558553 3.18433 4.51787 .0361312 .221131 .615479 1.20089 1.57292 )(a 1.97807 2.93839 
 0.008 .993424 5.50164 7.69684 .0369233 .221973 .615765 1.20024 1.57670 )(a 1.98022 2.93946 
 0.01 1.55261 8.29579 11.3931 .0379644 .223022 .615795 1.19858 1.58334 )(a 1.98367 2.94090 

500 0.003 .139610 3.33394 21.4531 .00832692 .0454066 .123645 .241572 .398947 .595752 .831679 
 0.004 .247562 5.19859 30.7060 .00930348 .0464778 .123670 .240997 .397844 .594204 .829546 
 0.005 .385611 7.10727 38.1086 .0104433 .0479552 .124184 .240736 .396936 .592763 .827492 
 0.006 .553756 9.01112 43.7125 .0116840 .0498366 .125387 .241080 .396574 .591815 .825942 

1000 0.003 .138435 4.50532 43.7104 .00584218 .0249203 .0627121 .120621 .198530 .296494 .414262 
 0.004 .245339 6.39048 51.0738 .00716734 .0273072 .0649396 .122034 .199241 .296668 .414017 
 0.005 .383287 8.26164 55.4241 .00855346 .0301769 .0682729 .124779 .201274 .298110 .415002 
 0.006 .553007 10.1272 58.2072 .00997229 .0333560 .0724036 .128708 .204555 .300774 .417182 
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表三十五 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.1=r ， 60=α ) 

k  0ε )10( 4−  bε )10( 3−

T

tip

L
V

)10( 2−η  1 2 3 4 5 6 7K  K  K  K  K  K  K  

10 0.004 .198793 .179973 .0259771 .343703 1.57087 )(a 1.91366 4.64929 4.71418 )(a 7.82119 7.86214  )(a
 0.006 .447293 .404895 .0584381 .343731 1.57088 )(a 1.91368 4.64922 4.71425 )(a 7.82103 7.86224  )(a
 0.008 .795210 .719706 .103864 .343771 1.57090 )(a 1.91372 4.64911 4.71433 )(a 7.82080 7.86237  )(a
 0.01 1.24256 1.12432 .162236 .343822 1.57092 )(a 1.91376 4.64897 4.71445 )(a 7.82052 7.86255  )(a

20 0.004 .198799 .359815 .103852 .174845 1.05960 1.57088 )(a 2.82437 4.71414 )(a 5.19122 7.86206  )(a
 0.006 .447324 .809133 .233468 .174918 1.05969 1.57090 )(a 2.82443 4.71414 )(a 5.19125 7.86206  )(a
 0.008 .795309 1.43733 .414557 .175021 1.05980 1.57093 )(a 2.82452 4.71415 )(a 5.19130 7.86206  )(a
 0.01 1.24280 2.24357 .646744 .175154 1.05995 1.57098 )(a 2.82464 4.71416 )(a 5.19136 7.86205  )(a

50 0.004 .198842 .897266 .646613 .0704108 .438067 1.21548 1.57092 )(a 2.35198 3.82665 4.71415  )(a
 0.006 .447534 2.01131 1.44665 .0706099 .438321 1.21562 1.57112 )(a 2.35227 3.82688 4.71418  )(a
 0.008 .795936 3.55683 2.55122 .0708963 .438668 1.21568 1.57162 )(a 2.35272 3.82719 4.71426  )(a
 0.01 1.24423 5.51964 3.94454 .0712769 .439099 1.21550 1.57262 )(a 2.35337 3.82756 4.71442  )(a

100 0.004 .198980 1.77823 2.55092 .0354753 .220405 .614938 1.20067 1.57153 )(a 1.97685 2.93755 
 0.006 .448113 3.93982 5.60471 .0359105 .220891 .615063 1.20019 1.57400 )(a 1.97815 2.93818 
 0.008 .797297 6.85215 9.62555 .0365677 .221521 .614785 1.19846 1.57993 )(a 1.98079 2.93911 
 0.01 1.24628 10.4061 14.3658 .0374757 .222275 .613860 1.19495 1.59043 )(a 1.98539 2.94039 

500 0.001 .0124417 .551847 3.94359 .00713528 .0441953 .123472 .241825 .399619 .596790 .833288 
 0.002 .0498478 2.08080 14.3625 .00749782 .0445298 .123336 .241523 .399149 .596174 .832430 
 0.003 .111919 4.25027 27.4813 .00818433 .0450453 .122528 .240164 .397282 .593888 .829537 
 0.004 .197757 6.69837 39.5492 .00915509 .0458747 .121541 .238260 .394619 .590640 .825581 

1000 0.001 .0124619 1.04039 14.3624 .00374895 .0222661 .0616767 .120794 .199664 .298290 .416636 
 0.002 .0494384 3.34911 39.5483 .00457764 .0229389 .0607865 .119196 .197503 .295781 .413801 
 0.003 .109668 5.85810 55.9504 .00578511 .0244655 .0608303 .118068 .195568 .293314 .410915 
 0.004 .193409 8.33265 64.7602 .00712348 .0268352 .0626337 .118602 .195239 .292390 .409558 
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表三十六 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.1=r ， 75=α ) 

k  0ε )10( 5−  bε )10( 3−

T

tip

L
V

)10( 2−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 1.41488 .200743 .0289755 .343692 1.57087 )(a 1.91365 4.64930 4.71418 )(a 7.82120 7.86214  )(a
 0.006 3.18358 .451651 .0651887 .343705 1.57088 )(a 1.91367 4.64923 4.71425 )(a 7.82106 7.86224  )(a
 0.008 5.65995 .802882 .115875 .343724 1.57090 )(a 1.91370 4.64912 4.71433 )(a 7.82086 7.86237  )(a
 0.01 8.84416 1.25440 .181024 .343749 1.57092 )(a 1.91373 4.64899 4.71445 )(a 7.82060 7.86255  )(a

20 0.004 1.41496 .401411 .115865 .174820 1.05958 1.57088 )(a 2.82435 4.71414 )(a 5.19121 7.86206  )(a
 0.006 3.18398 .902921 .260568 .174862 1.05964 1.57090 )(a 2.82440 4.71414 )(a 5.19124 7.86206  )(a
 0.008 5.66119 1.60456 .462908 .174921 1.05973 1.57093 )(a 2.82447 4.71415 )(a 5.19128 7.86206  )(a
 0.01 8.84715 2.50583 .722637 .174997 1.05983 1.57098 )(a 2.82456 4.71415 )(a 5.19132 7.86205  )(a

50 0.004 1.41550 1.00220 .722528 .0703470 .438011 1.21542 1.57093 )(a 2.35193 3.82660 4.71415  )(a
 0.006 3.18659 2.25048 1.62014 .0704678 .438195 1.21546 1.57118 )(a 2.35216 3.82677 4.71419  )(a
 0.008 5.66902 3.98939 2.86597 .0706477 .438440 1.21534 1.57181 )(a 2.35254 3.82698 4.71429  )(a
 0.01 8.86496 6.20953 4.44812 .0708965 .438735 1.21486 1.57307 )(a 2.35311 3.82722 4.71449  )(a

100 0.004 1.41722 1.99454 2.86571 .0353506 .220289 .614793 1.20047 1.57170 )(a 1.97677 2.93743 
 0.006 3.19387 4.44822 6.34880 .0356431 .220619 .614646 1.19956 1.57488 )(a 1.97813 2.93792 
 0.008 5.68599 7.80121 11.0163 .0361261 .221012 .613820 1.19683 1.58269 )(a 1.98115 2.93867 
 0.01 8.88954 11.9584 16.6242 .0368527 .221430 .611928 1.19161 1.59680 )(a 1.98682 2.93976 

500 0.001 .0886451 .620857 4.44731 .00709709 .0441582 .123422 .241770 .399559 .596726 .833217 
 0.002 .355552 2.39131 16.6211 .00737310 .0443605 .122979 .241098 .398660 .595634 .831812 
 0.0025 .554825 3.61686 24.4522 .00763597 .0444769 .122296 .240118 .397400 .594146 .829984 
 0.003 .795804 4.99501 32.5427 .00799298 .0446213 .121330 .238719 .395619 .592070 .827510 

1000 0.001 .0888877 1.19565 16.6210 .00368659 .0221814 .0614983 .120583 .199426 .298036 .416365 
 0.002 .348595 3.99716 47.2665 .00447598 .0225720 .0596109 .117788 .195925 .294117 .412061 
 0.0025 .534911 5.54461 58.4738 .00506404 .0230877 .0588892 .116401 .194095 .292013 .409741 
 0.003 .757671 7.08424 66.3697 .00570761 .0238941 .0587470 .115531 .192783 .290414 .407928 
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表三十七 旋轉傾斜梁在不同細長比與不同轉速下的振動頻率( 5.1=r ， 90=α ) 

k  0ε )10( 5−  bε )10( 3−

T

tip

L
V

)10( 2−η  1 2 4K  K  3K  K  5K  6K  7K  

10 0.004 .799927 .207835 .0299998 .343679 1.57087 )(a 1.91365 4.64930 4.71418 )(a 7.82122 7.86214  )(a
 0.006 1.79993 .467638 .0674988 .343677 1.57088 )(a 1.91366 4.64923 4.71425 )(a 7.82109 7.86224  )(a
 0.008 3.20011 .831377 .119996 .343674 1.57090 )(a 1.91368 4.64914 4.71433 )(a 7.82091 7.86237  )(a
 0.01 5.00064 1.29907 .187490 .343671 1.57092 )(a 1.91370 4.64902 4.71445 )(a 7.82068 7.86255  )(a

20 0.004 .800011 .415670 .119990 .174793 1.05956 1.57088 )(a 2.82434 4.71414 )(a 5.19121 7.86206  )(a
 0.006 1.80035 .935273 .269947 .174801 1.05960 1.57090 )(a 2.82437 4.71414 )(a 5.19122 7.86206  )(a
 0.008 3.20144 1.66274 .479828 .174813 1.05965 1.57093 )(a 2.82441 4.71415 )(a 5.19125 7.86206  )(a
 0.01 5.00385 2.59808 .749570 .174829 1.05971 1.57098 )(a 2.82447 4.71415 )(a 5.19128 7.86205  )(a

50 0.004 .800586 1.03915 .749498 .0702781 .437952 1.21536 1.57094 )(a 2.35187 3.82654 4.71415  )(a
 0.006 1.80316 2.33792 1.68475 .0703135 .438061 1.21532 1.57120 )(a 2.35204 3.82664 4.71419  )(a
 0.008 3.20987 4.15539 2.99040 .0703752 .438200 1.21505 1.57188 )(a 2.35233 3.82676 4.71430  )(a
 0.01 5.02306 6.48969 4.66122 .0704751 .438357 1.21436 1.57328 )(a 2.35279 3.82687 4.71452  )(a

100 0.004 .802448 2.07760 2.99023 .0352140 .220167 .614656 1.20032 1.57177 )(a 1.97667 2.93730 
 0.006 1.81104 4.66797 6.68756 .0353429 .220337 .614290 1.19909 1.57532 )(a 1.97797 2.93764 
 0.008 3.22810 8.26754 11.7482 .0356146 .220490 .613028 1.19568 1.58431 )(a 1.98111 2.93818 

 
 

 0.01 5.04783 12.8203 17.9801 .0361062 .220567 .610327 1.18916 1.60109 )(a 1.98747 2.93903 
500 0.001 .0502277 .648908 4.66066 .00705477 .0441193 .123377 .241721 .399507 .596672 .833160 

 0.002 .201893 2.56381 17.9777 .00722366 .0441871 .122676 .240754 .398276 .595220 .831351 
 0.0025 .314261 3.93783 26.9195 .00743089 .0441828 .121667 .239394 .396589 .593272 .829019 
 0.003 .447767 5.51810 36.3646 .00774664 .0441672 .120206 .237434 .394187 .590546 .825864 

1000 0.001 .0504732 1.28190 17.9776 .00361187 .0220947 .0613474 .120412 .199237 .297838 .416158 
 0.002 .191177 4.51428 53.6436 .00434099 .0221568 .0584298 .116472 .194500 .292648 .410551 
 0.0025 .283431 6.34013 66.3355 .00494287 .0225120 .0571632 .114502 .192068 .289934 .407619 
 0.003 .388229 8.15303 74.7254 .00560584 .0232181 .0566295 .113203 .190324 .287893 .405356 
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表三十八 旋轉梁在不同傾斜角與不同轉速下的振動頻率( 1=r ， 38=η ) 

α  k  1K  2K  3K )(a  4K  5K  6K )(a  

0  0 .0923781 .573449 1.57086 1.58182 3.03502 4.71413 
 0.01 .0933104 .574596 1.57093 1.58297 3.03606 4.71416 
 0.02 .0960486 .578022 1.57116 1.58637 3.03918 4.71424 
 0.03 .100433 .583687 1.57158 1.59197 3.04436 4.71438 
 0.04 .106241 .591528 1.57221 1.59975 3.05162 4.71457 
 0.05 .113232 .601458 1.57305 1.60967 3.06092 4.71483 
 0.06 .121175 .613377 1.57410 1.62169 3.07226 4.71514 

5  0.01 .0933074 .574593 1.57087 1.58302 3.03606 4.71416 
 0.02 .0960381 .578009 1.57056 1.58697 3.03917 4.71423 
 0.025 .0980332 .580557 1.57023 1.59003 3.04150 4.71427 
 0.03 .100414 .583656 1.56983 1.59376 3.04435 4.71432 

10  0.005 .0926090 .573734 1.57086 1.58212 3.03528 4.71414 
 0.01 .0932982 .574585 1.57071 1.58318 3.03605 4.71416 
 0.015 .0944361 .575999 1.57013 1.58528 3.03734 4.71417 
 0.02 .0960067 .577971 1.56900 1.58854 3.03914 4.71418 

15  0.004 .0925234 .573629 1.57086 1.58202 3.03518 4.71414 
 0.006 .0927048 .573854 1.57082 1.58230 3.03539 4.71414 
 0.008 .0929582 .574168 1.57070 1.58275 3.03567 4.71415 
 0.01 .0932831 .574571 1.57046 1.58343 3.03604 4.71415 

30  0.004 0.0925101 .573618 1.57082 1.58205 3.03517 4.71414 
 0.006 .0926750 .573828 1.57063 1.58246 3.03536 4.71414 
 0.008 .0929059 .574121 1.57016 1.58326 3.03563 4.71414 
 0.01 .0932029 .574496 1.56930 1.58454 3.03598 4.71413 

45  0.004 .0924058 .573487 1.57086 1.58187 3.03505 4.71413 
 0.006 .0924888 .573600 1.57077 1.58208 3.03516 4.71414 
 0.008 .0926275 .573787 1.57038 1.58268 3.03533 4.71413 
 0.01 .0928224 .574047 1.56948 1.58389 3.03557 4.71412 

60  0.004 .0924610 .573576 1.57071 1.58211 3.03514 4.71413 
 0.006 .0925653 .573733 1.57014 1.58287 3.03528 4.71413 
 0.008 .0927130 .573951 1.56884 1.58445 3.03549 4.71411 
 0.01 .0929054 .574227 1.56671 1.58695 3.03576 4.71405 

75  0.004 .0924285 .573549 1.57068 1.58213 3.03511 4.71413 
 0.006 .0924927 .573671 1.56997 1.58299 3.03523 4.71413 
 0.008 .0925846 .573840 1.56839 1.58481 3.03540 4.71410 
 0.01 .0927063 .574053 1.56586 1.58767 3.03561 4.71403 

 

90  0.004 .0923937 .573519 1.57066 1.58212 3.03509 4.71413 
 0.006 .0924144 .573605 1.56990 1.58300 3.03517 4.71412 
 0.008 .0924457 .573722 1.56821 1.58489 3.03529 4.71409 
 0.01 .0924900 .573868 1.56551 1.58787 3.03545 4.71402 
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表三十九 旋轉梁在不同傾斜角與不同轉速下的振動頻率( 1=r ， 5.38=η ) 

α  k  1K  2K  3K  4K  5K  6K )(a  

0  0 .0911822 .566163 1.56231 1.57086  )(a 2.99909 4.71413 
 0.01 .0921270 .567326 1.56340 1.57100  )(a 3.00015 4.71416 
 0.02 .0949006 .570802 1.56655 1.57153  )(a 3.00333 4.71423 
 0.03 .0993372 .576549 1.57034 )(a 1.57387 3.00863 4.71436 
 0.04 .105208 .584500 1.57179 )(a 1.58095 3.01603 4.71454 
 0.05 .112264 .594566 1.57282 )(a 1.59085 3.02552 4.71478 
 0.06 .120272 .606642 1.57394 )(a 1.60299 3.03709 4.71509 

5  0.01 .0921240 .567323 1.56330 1.57110 3.00015 4.71416 
 0.02 .0948900 .570789 1.56500 1.57308 3.00332 4.71421 
 0.025 .0969096 .573374 1.56537 1.57549 3.00570 4.71423 
 0.03 .0993184 .576517 1.56544 1.57881 3.00861 4.71426 

10  0.005 .0914162 .566451 1.56255 1.57092 2.99935 4.71414 
 0.01 .0921147 .567315 1.56303 1.57136 3.00014 4.71415 
 0.015 .0932676 .568750 1.56304 1.57289 3.00146 4.71416 
 0.02 .0948584 .570751 1.56224 1.57586 3.00330 4.71413 

15  0.004 .0913295 .566345 1.56246 1.57090 2.99925 4.71414 
 0.006 .0915133 .566573 1.56259 1.57101 2.99946 4.71414 
 0.008 .0917701 .566891 1.56267 1.57127 2.99975 4.71414 
 0.01 .0920994 .567300 1.56262 1.57176 3.00013 4.71414 

30  0.004 .0913159 .566333 1.56239 1.57096 2.99924 4.71414 
 0.006 .0914831 .566547 1.56230 1.57128 2.99944 4.71413 
 0.008 .0917172 .566844 1.56186 1.57205 2.99971 4.71412 
 0.01 .0920182 .567225 1.56095 1.57339 3.00007 4.71410 

45  0.004 .0912943 .566315 1.56230 1.57103 2.99923 4.71413 
 0.006 .0914350 .566505 1.56193 1.57162 2.99940 4.71413 
 0.008 .0916326 .566769 1.56091 1.57294 2.99965 4.71410 
 0.01 .0918881 .567106 1.55919 1.57508 2.99997 4.71404 

60  0.004 .0912662 .566291 1.56221 1.57110 2.99921 4.71413 
 0.006 .0913720 .566450 1.56156 1.57194 2.99936 4.71412 
 0.008 .0915218 .566671 1.56006 1.57372 2.99957 4.71407 
 0.01 .0917170 .566952 1.55769 1.57648 2.99984 4.71398 

75  0.004 .0912333 .566263 1.56213 1.57115 2.99918 4.71413 
 0.006 .0912984 .566388 1.56129 1.57216 2.99930 4.71411 
 0.008 .0913917 .566559 1.55945 1.57424 2.99947 4.71406 
 0.01 .0915154 .566775 1.55665 1.57739 2.99969 4.71393 

 

90  0.004 .0911980 .566234 1.56209 1.57117 2.99916 4.71413 
 0.006 .0912191 .566321 1.56115 1.57223 2.99924 4.71411 
 0.008 .0912510 .566439 1.55917 1.57441 2.99937 4.71405 
 0.01 .0912963 .566587 1.55617 1.57770 2.99953 4.71391 
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表四十 旋轉梁在不同傾斜角與不同轉速下的振動頻率( 1=r ， 39=η ) 

α  k  1K  2K  3K  4K  5K  6K )(a  

0  0 .0900168 .559057 1.54325 1.57086 )(a 2.96396 4.71413 
 0.01 .0909741 .560237 1.54439 1.57097 )(a 2.96504 4.71415 
 0.02 .0937830 .563763 1.54780 1.57130 )(a 2.96829 4.71421 
 0.03 .0982717 .569591 1.55343 1.57189 )(a 2.97369 4.71431 
 0.04 .104204 .577652 1.56112 1.57287 )(a 2.98124 4.71447 
 0.05 .111325 .587853 1.56961 1.57547 )(a 2.99092 4.71469 
 0.06 .119397 .600085 1.57330 )(a 1.58523 3.00272 4.71498 

5  0.01 .0909710 .560234 1.54436 1.57100 2.96504 4.71415 
 0.02 .0937723 .563750 1.54735 1.57176 2.96828 4.71416 
 0.025 .0958163 .566372 1.54928 1.57264 2.97071 4.71415 
 0.03 .0982529 .569559 1.55131 1.57405 2.97368 4.71411 

10  0.005 .0902539 .559349 1.54353 1.57090 2.96423 4.71414 
 0.01 .0909617 .560225 1.54427 1.57109 2.96503 4.71414 
 0.015 .0921296 .561681 1.54524 1.57168 2.96637 4.71411 
 0.02 .0937404 .563711 1.54610 1.57302 2.96826 4.71401 

15  0.004 .0901660 .559242 1.54342 1.57088 2.96413 4.71414 
 0.006 .0903523 .559473 1.54362 1.57093 2.96434 4.71414 
 0.008 .0906125 .559796 1.54386 1.57104 2.96464 4.71413 
 0.01 .0909462 .560211 1.54412 1.57123 2.96502 4.71412 

30  0.004 .0901523 .559230 1.54339 1.57090 2.96412 4.71413 
 0.006 .0903217 .559446 1.54351 1.57103 2.96432 4.71412 
 0.008 .0905589 .559748 1.54354 1.57132 2.96460 4.71409 
 0.01 .0908640 .560134 1.54340 1.57191 2.96496 4.71403 

45  0.004 .0901304 .559211 1.54335 1.57093 2.96410 4.71413 
 0.006 .0902730 .559404 1.54335 1.57115 2.96428 4.71411 
 0.008 .0904734 .559672 1.54311 1.57171 2.96453 4.71404 
 0.01 .0907324 .560013 1.54244 1.57279 2.96486 4.71391 

60  0.004 .0901019 .559187 1.54331 1.57095 2.96408 4.71413 
 0.006 .0902092 .559349 1.54318 1.57127 2.96423 4.71409 
 0.008 .0903611 .559573 1.54266 1.57208 2.96445 4.71399 
 0.01 .0905592 .559857 1.54149 1.57364 2.96473 4.71378 

75  0.004 .0900686 .559159 1.54326 1.57097 2.96405 4.71412 
 0.006 .0901347 .559285 1.54303 1.57136 2.96418 4.71408 
 0.008 .0902294 .559459 1.54229 1.57235 2.96435 4.71395 
 0.01 .0903551 .559677 1.54075 1.57424 2.96458 4.71368 

 

90  0.004 .0900328 .559129 1.54323 1.57098 2.96403 4.71412 
 0.006 .0900543 .559217 1.54293 1.57140 2.96412 4.71407 
 0.008 .0900868 .559338 1.54208 1.57245 2.96424 4.71394 
 0.01 .0901331 .559487 1.54036 1.57447 2.96441 4.71364 
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表四十一 旋轉梁在不同傾斜角與不同轉速下的振動頻率( 1=r ， 40=η ) 

α  k  1K  2K  3K  4K )(a  5K  6K )(a  

0  0 .0877730 .545362 1.50647 1.57086 2.89600 4.67451 
 0.01 .0887554 .546576 1.50765 1.57096 2.89713 4.67548 
 0.02 .0916345 .550201 1.51120 1.57127 2.90050 4.67838 
 0.03 .0962265 .556192 1.51709 1.57178 2.90612 4.68319 
 0.04 .102280 .564471 1.52529 1.57251 2.91396 4.68982 
 0.05 .109529 .574941 1.53572 1.57348 2.92402 4.69803 
 0.06 .117725 .587482 1.54828 1.57477 2.93628 4.70664 

5  0.01 .0887522 .546573 1.50764 1.57098 2.89712 4.67547 
 0.02 .0916237 .550188 1.51100 1.57147 2.90049 4.67826 
 0.025 .0937162 .552883 1.51341 1.57197 2.90302 4.68026 
 0.03 .0962077 .556158 1.51623 1.57269 2.90611 4.68262 

10  0.005 .0880164 .545663 1.50676 1.57089 2.89628 4.67475 
 0.01 .0887426 .546564 1.50759 1.57102 2.89712 4.67544 
 0.015 .0899404 .548061 1.50886 1.57136 2.89851 4.67652 
 0.02 .0915913 .550147 1.51041 1.57208 2.90047 4.67789 

15  0.004 .0879261 .545552 1.50665 1.57088 2.89618 4.67466 
 0.006 .0881173 .545790 1.50687 1.57091 2.89640 4.67484 
 0.008 .0883844 .546122 1.50716 1.57098 2.89671 4.67509 
 0.01 .0887268 .546549 1.50752 1.57109 2.89711 4.67539 

30  0.004 .0879121 .545540 1.50663 1.57089 2.89617 4.67464 
 0.006 .0880860 .545762 1.50681 1.57096 2.89638 4.67480 
 0.008 .0883295 .546073 1.50699 1.57112 2.89667 4.67498 
 0.01 .0886427 .546470 1.50713 1.57143 2.89704 4.67515 

45  0.004 .0878897 .545521 1.50660 1.57090 2.89615 4.67462 
 0.006 .0880360 .545719 1.50671 1.57102 2.89634 4.67473 
 0.008 .0882418 .545994 1.50674 1.57131 2.89660 4.67481 
 0.01 .0885079 .546345 1.50660 1.57189 2.89694 4.67481 

60  0.004 .0878604 .545496 1.50657 1.57091 2.89613 4.67460 
 0.006 .0879707 .545662 1.50660 1.57108 2.89629 4.67465 
 0.008 .0881268 .545892 1.50647 1.57151 2.89652 4.67463 
 0.01 .0883305 .546184 1.50603 1.57236 2.89681 4.67444 

75  0.004 .0878263 .545467 1.50653 1.57092 2.89610 4.67457 
 0.006 .0878942 .545596 1.50649 1.57113 2.89623 4.67458 
 0.008 .0879918 .545775 1.50623 1.57165 2.89641 4.67446 
 0.01 .0881214 .545999 1.50554 1.57271 2.89665 4.67411 

 

90  0.004 .0877895 .545436 1.50650 1.57093 2.89608 4.67454 
 0.006 .0878117 .545526 1.50641 1.57115 2.89617 4.67451 
 0.008 .0878456 .545650 1.50606 1.57171 2.89630 4.67434 
 0.01 .0878938 .545804 1.50523 1.57284 2.89648 4.67389 
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表四十二 旋轉梁在不同傾斜角與不同轉速下的振動頻率( 1=r ， 77=η ) 

α  k  1K  2K  3K  4K  5K  6K  

0  0 .0456446 .285383 .796090 1.55157 1.57086  )(a 2.54705 
 0.01 .0475274 .287806 .798607 1.55415 1.57097  )(a 2.54962 
 0.02 .0527487 .294954 .806106 1.56182 1.57132  )(a 2.55733 
 0.03 .0603897 .306488 .818433 1.57127 )(a 1.57514 2.57012 
 0.04 .0695879 .321922 .835345 1.57226 )(a 1.59254 2.58791 
 0.05 .0797415 .340707 .856536 1.57316 )(a 1.61497 2.61060 
 0.06 .0904762 .362297 .881655 1.57424 )(a 1.64193 2.63804 

5  0.01 .0475221 .287800 .798593 1.55379 1.57135 2.54962 
 0.02 .0527362 .294925 .805992 1.55723 1.57616 2.55735 
 0.025 .0563121 .300156 .811477 1.55835 1.58123 2.56313 
 0.03 .0603752 .306428 .818132 1.55934 1.58777 2.57019 

10  0.005 .0461168 .285985 .796712 1.55212 1.57098 2.54769 
 0.01 .0475062 .287780 .798548 1.55281 1.57240 2.54961 
 0.015 .0497366 .290742 .801540 1.55205 1.57682 2.55284 
 0.02 .0526986 .294837 .805649 1.55006 1.58410 2.55739 

15  0.004 .0459424 .285764 .796483 1.55189 1.57097 2.54745 
 0.006 .0463123 .286238 .796967 1.55207 1.57134 2.54796 
 0.008 .0468261 .286900 .797634 1.55197 1.57225 2.54868 
 0.01 .0474797 .287748 .798475 1.55139 1.57392 2.54960 

30  0.004 .0459158 .285739 .796452 1.55165 1.57121 2.54743 
 0.006 .0462548 .286181 .796881 1.55100 1.57246 2.54792 
 0.008 .0467292 .286795 .797440 1.54916 1.57526 2.54861 
 0.01 .0473383 .287577 .798100 1.54610 1.57975 2.54952 

45  0.004 .0458733 .285700 .796405 1.55132 1.57153 2.54740 
 0.006 .0461624 .286091 .796750 1.54966 1.57385 2.54784 
 0.008 .0465726 .286630 .797151 1.54607 1.57863 2.54850 
 0.01 .0471080 .287309 .797542 1.54082 1.58577 2.54939 

60  0.004 .0458176 .285650 .796346 1.55098 1.57184 2.54735 
 0.006 .0460404 .285976 .796592 1.54841 1.57513 2.54775 
 0.008 .0463639 .286418 .796809 1.54338 1.58155 2.54835 
 0.01 .0467976 .286966 .796890 1.53643 1.59090 2.54919 

75  0.004 .0457522 .285592 .796281 1.55072 1.57207 2.54729 
 0.006 .0458960 .285842 .796426 1.54749 1.57602 2.54762 
 0.008 .0461138 .286176 .796464 1.54148 1.58356 2.54815 
 0.01 .0464205 .286578 .796249 1.53332 1.59449 2.54891 

 

90  0.004 .0456815 .285530 .796216 1.55058 1.57215 2.54723 
 0.006 .0457381 .285702 .796271 1.54705 1.57636 2.54749 
 0.008 .0458366 .285923 .796162 1.54056 1.58439 2.54791 
 0.01 .0459954 .286176 .795716 1.53175 1.59611 2.54856 
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表四十三 旋轉梁在不同傾斜角與不同轉速下的振動頻率( 1=r ， 78=η ) 

α  k  1K  2K  3K  4K  5K  6K  

0  0 .0450599 .281744 .786013 1.53214 1.57086  )(a 2.51558 
 0.01 .0469663 .284199 .788565 1.53476 1.57096  )(a 2.51820 
 0.02 .0522436 .291438 .796166 1.54258 1.57127  )(a 2.52602 
 0.03 .0599473 .303111 .808656 1.55549 1.57182  )(a 2.53901 
 0.04 .0692007 .318714 .825783 1.57125 )(a 1.57470 2.55707 
 0.05 .0793981 .337682 .847230 1.57309 )(a 1.59649 2.58010 
 0.06 .0901664 .359459 .872635 1.57421 )(a 1.62377 2.60794 

5  0.01 .0469609 .284193 .788550 1.53458 1.57116 2.51819 
 0.02 .0522311 .291409 .796050 1.54038 1.57374 2.52604 
 0.025 .0558388 .296704 .801610 1.54380 1.57659 2.53192 
 0.03 .0599330 .303050 .808353 1.54733 1.58068 2.53909 

10  0.005 .0455382 .282354 .786643 1.53274 1.57094 2.51623 
 0.01 .0469449 .284173 .788504 1.53405 1.57176 2.51819 
 0.015 .0492011 .287173 .791537 1.53504 1.57449 2.52147 
 0.02 .0521936 .291319 .795702 1.53521 1.57969 2.52609 

15  0.004 .0453615 .282130 .786411 1.53251 1.57093 2.51599 
 0.006 .0457362 .282610 .786902 1.53285 1.57114 2.51651 
 0.008 .0462565 .283281 .787578 1.53314 1.57168 2.51724 
 0.01 .0469182 .284140 .788430 1.53323 1.57270 2.51818 

30  0.004 .0453346 .282105 .786380 1.53237 1.57106 2.51597 
 0.006 .0456780 .282553 .786814 1.53223 1.57181 2.51647 
 0.008 .0461587 .283175 .787380 1.53140 1.57364 2.51717 
 0.01 .0467756 .283966 .788046 1.52955 1.57694 2.51811 

45  0.004 .0452916 .282065 .786331 1.53217 1.57125 2.51593 
 0.006 .0455846 .282462 .786680 1.53139 1.57270 2.51639 
 0.008 .0460005 .283007 .787084 1.52918 1.57613 2.51707 
 0.01 .0465433 .283694 .787476 1.52523 1.58203 2.51798 

60  0.004 .0452352 .282014 .786271 1.53196 1.57144 2.51589 
 0.006 .0454612 .282344 .786519 1.53055 1.57358 2.51629 
 0.008 .0457895 .282791 .786735 1.52706 1.57850 2.51691 
 0.01 .0462300 .283345 .786810 1.52133 1.58670 2.51779 

75  0.004 .0451690 .281955 .786205 1.53178 1.57158 2.51583 
 0.006 .0453150 .282209 .786350 1.52988 1.57422 2.51617 
 0.008 .0455366 .282546 .786383 1.52546 1.58023 2.51672 
 0.01 .0458490 .282951 .786155 1.51844 1.59012 2.51752 

 

90  0.004 .0450974 .281892 .786139 1.53167 1.57163 2.51577 
 0.006 .0451551 .282067 .786193 1.52953 1.57448 2.51603 
 0.008 .0452560 .282290 .786076 1.52463 1.58097 2.51648 
 0.01 .0454190 .282544 .785612 1.51691 1.59171 2.51717 
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表四十四 旋轉梁在不同傾斜角與不同轉速下的振動頻率( 1=r ， 79=η ) 

α  k  1K  2K  3K  4K  5K  6K  

0  0 .0444900 .278196 .776186 1.51318 1.57086  )(a 2.48487 
 0.01 .0464199 .280683 .778773 1.51584 1.57096  )(a 2.48752 
 0.02 .0517527 .288014 .786476 1.52379 1.57126  )(a 2.49547 
 0.03 .0595184 .299824 .799129 1.53692 1.57177  )(a 2.50865 
 0.04 .0688257 .315595 .816471 1.55502 1.57255  )(a 2.52699 
 0.05 .0790658 .334745 .838172 1.57256 )(a 1.57894 2.55035 
 0.06 .0898666 .356704 .863859 1.57415 )(a 1.60610 2.57859 

5  0.01 .0464145 .280677 .778757 1.51571 1.57111 2.48752 
 0.02 .0517403 .287984 .786358 1.52233 1.57298 2.49549 
 0.025 .0553795 .293343 .791992 1.52673 1.57495 2.50146 
 0.03 .0595043 .299763 .798825 1.53171 1.57768 2.50875 

10  0.005 .0449744 .278814 .776825 1.51381 1.57093 2.48553 
 0.01 .0463983 .280656 .778711 1.51534 1.57155 2.48752 
 0.015 .0486801 .283695 .781783 1.51706 1.57362 2.49085 
 0.02 .0517030 .287893 .786005 1.51848 1.57763 2.49555 

15  0.004 .0447954 .278587 .776589 1.51357 1.57091 2.48529 
 0.006 .0451749 .279074 .777087 1.51397 1.57108 2.48581 
 0.008 .0457017 .279753 .777771 1.51440 1.57149 2.48655 
 0.01 .0463715 .280623 .778635 1.51475 1.57227 2.48751 

30  0.004 .0447682 .278562 .776557 1.51346 1.57102 2.48526 
 0.006 .0451161 .279015 .776997 1.51351 1.57159 2.48577 
 0.008 .0456029 .279645 .777569 1.51311 1.57301 2.48649 
 0.01 .0462277 .280447 .778243 1.51193 1.57567 2.48744 

45  0.004 .0447247 .278522 .776509 1.51331 1.57116 2.48523 
 0.006 .0450216 .278923 .776861 1.51288 1.57228 2.48570 
 0.008 .0454431 .279475 .777268 1.51138 1.57503 2.48639 
 0.01 .0459935 .280170 .777660 1.50837 1.58004 2.48733 

60  0.004 .0446676 .278470 .776447 1.51314 1.57130 2.48518 
 0.006 .0448967 .278804 .776697 1.51222 1.57298 2.48560 
 0.008 .0452299 .279256 .776911 1.50965 1.57703 2.48624 
 0.01 .0456773 .279817 .776980 1.50496 1.58426 2.48715 

75  0.004 .0446006 .278410 .776380 1.51300 1.57141 2.48512 
 0.006 .0447488 .278667 .776525 1.51169 1.57350 2.48547 
 0.008 .0449742 .279007 .776553 1.50828 1.57853 2.48604 
 0.01 .0452925 .279416 .776311 1.50232 1.58745 2.48688 

90  0.004 .0445280 .278346 .776314 1.51290 1.57145 2.48506 
 0.006 .0445869 .278522 .776365 1.51137 1.57371 2.48533 
 0.008 .0446902 .278748 .776240 1.50753 1.57920 2.48580 
 0.01 .0448576 .279003 .775757 1.50088 1.58898 2.48653 
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表四十五 旋轉梁在不同傾斜角與不同轉速下的振動頻率( 1=r ， 80=η ) 

α  k  1K  2K  3K  4K  5K  6K  

0  0 .0439342 .274736 .766600 1.49468 1.57086  )(a 2.45488 
 0.01 .0458877 .277256 .769222 1.49738 1.57096  )(a 2.45758 
 0.02 .0512757 .284677 .777027 1.50544 1.57125  )(a 2.46564 
 0.03 .0591023 .296624 .789842 1.51876 1.57175  )(a 2.47902 
 0.04 .0684624 .312561 .807398 1.53718 1.57247  )(a 2.49763 
 0.05 .0787439 .331891 .829353 1.56032 1.57356  )(a 2.52132 

 

 0.06 .0895762 .354031 .855320 1.57395 )(a 1.58903 2.54996 

5  0.01 .0458823 .277249 .769206 1.49728 1.57108 2.45758 
 0.02 .0512633 .284647 .776907 1.50433 1.57264 2.46567 
 0.025 .0549336 .290070 .782615 1.50923 1.57419 2.47173 
 0.03 .0590884 .296564 .789537 1.51496 1.57627 2.47913 

10  0.005 .0444248 .275362 .767247 1.49532 1.57092 2.45555 
 0.01 .0458660 .277228 .769158 1.49698 1.57146 2.45757 
 0.015 .0481732 .280306 .772271 1.49909 1.57319 2.46096 
 0.02 .0512261 .284555 .776549 1.50126 1.57654 2.46574 

15  0.004 .0442436 .275132 .767009 1.49508 1.57091 2.45531 
 0.006 .0446278 .275626 .767513 1.49552 1.57105 2.45584 
 0.008 .0451611 .276314 .768206 1.49602 1.57140 2.45659 
 0.01 .0458389 .277194 .769081 1.49650 1.57206 2.45756 

30  0.004 .0442160 .275107 .766977 1.49499 1.57100 2.45529 
 0.006 .0445684 .275566 .767421 1.49514 1.57148 2.45580 
 0.008 .0450614 .276204 .768000 1.49496 1.57269 2.45653 
 0.01 .0456941 .277015 .768681 1.49418 1.57499 2.45751 

45  0.004 .0441720 .275066 .766927 1.49486 1.57112 2.45525 
 0.006 .0444728 .275472 .767283 1.49461 1.57207 2.45573 
 0.008 .0449000 .276031 .767692 1.49351 1.57445 2.45643 
 0.01 .0454579 .276734 .768085 1.49113 1.57889 2.45741 

60  0.004 .0441142 .275014 .766865 1.49472 1.57124 2.45520 
 0.006 .0443466 .275351 .767116 1.49406 1.57267 2.45563 
 0.008 .0446846 .275809 .767329 1.49203 1.57622 2.45629 
 0.01 .0451389 .276376 .767391 1.48810 1.58277 2.45724 

75  0.004 .0440464 .274953 .766797 1.49459 1.57133 2.45514 
 0.006 .0441969 .275213 .766941 1.49359 1.57312 2.45550 
 0.008 .0444261 .275557 .766963 1.49082 1.57757 2.45609 
 0.01 .0447503 .275970 .766707 1.48569 1.58578 2.45698 

90  0.004 .0439729 .274888 .766729 1.49450 1.57136 2.45508 
 0.006 .0440330 .275066 .766778 1.49330 1.57331 2.45536 
 0.008 .0441387 .275294 .766645 1.49013 1.57818 2.45585 
 0.01 .0443105 .275551 .766141 1.48431 1.58725 2.45663 
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圖一 無傾斜角的旋轉梁結構 

 
 
 
 

 

 

 

 

 

 

 

圖二 具傾斜角的旋轉梁結構 
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圖三 旋轉傾斜梁的上視圖 

 

 

 

 

 

 

 

 

 

 

O
β

β
3X

2X

Ω

  

圖四 旋轉傾斜梁的側視圖 
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圖五 元素座標及總體座標關係圖 
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圖六 具傾斜角的旋轉梁結構( ) 0=β
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圖七 梁的變形圖 
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圖八 傾斜旋轉梁的 穩態變形 軸向位移 側向位移()(a )(b )(c 80=η ， 1=r ， 

5=α ) 
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圖九 傾斜旋轉梁的 穩態變形 軸向位移 側向位移()(a )(b )(c 80=η ， 1=r ，

30=α ) 
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圖十 傾斜旋轉梁的 穩態變形 軸向位移 側向位移()(a )(b )(c 80=η ， 1=r ，

90=α ) 
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圖十一 傾斜旋轉梁的 穩態變形 軸向位移 側向位移()(a )(b )(c 100=η ，

1=r ， 5=α ) 
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圖十二 傾斜旋轉梁的 穩態變形 軸向位移 側向位移()(a )(b )(c 100=η ，

1=r ， 30=α ) 
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圖十三 傾斜旋轉梁的 穩態變形 軸向位移 側向位移()(a )(b )(c 100=η ，

1=r ， 90=α ) 
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圖十四 傾斜旋轉梁的 穩態變形 軸向位移 側向位移()(a )(b )(c 1000=η ，

1=r ， 5=α ) 
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圖十五 傾斜旋轉梁的 穩態變形 軸向位移 側向位移()(a )(b )(c 1000=η ，

1=r ， 30=α ) 
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圖十六 傾斜旋轉梁的 穩態變形 軸向位移 側向位移()(a )(b )(c 1000=η ，

1=r ， 90=α ) 
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圖十七 不同轉速下的第一至第六振動模態( 0=α ， 1r = ， 50η = ) 
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圖十八 不同轉速下的第一至第六振動模態( 5=α ， 1r = ， 50η = ) 
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圖十九 不同轉速下的第一至第六振動模態( 30=α ， 1r = ， 50η = ) 
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圖二十 不同轉速下的第一至第六振動模態( 90=α ， 1r = ， 50η = ) 
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圖二十一 不同轉速下的第一至第六振動模態( 0=α ， 1r = ， 100η = ) 
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圖二十二 不同轉速下的第一至第六振動模態( 5=α ， ，1r = 100η = ) 
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圖二十三 不同轉速下的第一至第六振動模態( 30=α ， 1r = ， 100η = ) 
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圖二十四 不同轉速下的第一至第六振動模態( 90=α ， ，1r = 100η = ) 
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圖二十五 不同轉速下的第一至第六振動模態( 0=α ， 1r = ， 1000η = ) 
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圖二十六 不同轉速下的第一至第六振動模態( 5=α ， ，1r = 1000η = ) 
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圖二十七 不同轉速下的第一至第六振動模態( 30=α ， 1r = ， 1000η = ) 
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圖二十八 不同轉速下的第一至第六振動模態( 90=α ， ，1r = 1000η = ) 

 117



 
 
 

0 2 4 6
1.56

1.57

1.58

1.59

1.60

1.61

K

k(10-2)

 mode 3
 mode 4

3k

4k

5.38=η

0 2 4 6
1.54

1.55

1.56

1.57

1.58

1.59

K
k(10-2)

 mode 3
 mode 4

3k

4k

39=η 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 2 4 6
1.54

1.56

1.58

1.60

1.62

1.64

K

k(10-2)

 mode 4
 mode 5

4k

5k
77=η

0 2 4 6
1.52

1.54

1.56

1.58

1.60

1.62

K

k(10-2)

 mode 4
 mode 5

4k

5k

78=η 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 2 4 6
1.50

1.52

1.54

1.56

1.58

1.60

1.62

K

k(10-2)

 mode 4
 mode 5

4k

5k

79=η

0 2 4 6
1.48

1.50

1.52

1.54

1.56

1.58

1.60

K

k(10-2)

 mode 4
 mode 5

4k

5k
80=η 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
圖二十九 無因次振動頻率-無因次轉速曲線( 1=r ， 0=α ) 
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圖三十 不同轉速下的第一至第六振動模態( 0=α ， 1r = ， 38η = ) 
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圖三十一 不同轉速下的第一至第六振動模態( 5=α ， 1r = ， 38η = ) 
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圖三十二 不同轉速下的第一至第六振動模態( 30=α ， ，1r = 38η = ) 
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圖三十三 不同轉速下的第一至第六振動模態( 90=α ， 1r = ， 38η = ) 
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圖三十四 不同轉速下的第一至第六振動模態( 0=α ， ，1r = 39η = ) 
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圖三十五 不同轉速下的第一至第六振動模態( 5=α ， 1=r ， 39=η ) 
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圖三十六 不同轉速下的第一至第六振動模態( 30=α ， 1=r ， 39=η ) 
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圖三十七 不同轉速下的第一至第六振動模態( 90=α ， 1=r ， 39=η ) 
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圖三十八 不同轉速下的第一至第六振動模態( 0=α ， ，1r = 40η = ) 

 127



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

圖三十九 不同轉速下的第一至第六振動模態( 5=α ， 1=r ， 40=η ) 
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圖四十 不同轉速下的第一至第六振動模態( 30=α ， 1=r ， 40=η ) 

0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

-p

p
Ph

as
e 

an
gl

e 
F

U
,F

V

M
od

al
 d

ef
le

ct
io

n 
U

,V

x/L

0

6Mode

M
od

al
 d

ef
le

ct
io

n 
U

,

0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

-p

p

Ph
as

e 
an

gl
e 
F

U
,F

V

x/L

0

5Mode

V
M

od
al

 d
ef

le
ct

io
n 

U
,

 129



U V
  
       
       

Vφ
( 0)k =
( 0.006)k =

Uφ

( 0.01)k =

 
 
 
 
 

0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

-p

p

Ph
as

e 
an

gl
e 
F

U
,F

V

M
od

al
 d

ef
le

ct
io

n 
U

,V

x/L

0

2Mode

0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

-p

p

Ph
as

e 
an

gl
e 
F

U
,F

V

M
od

al
 d

ef
le

ct
io

n 
U

,V

x/L

0

1Mode 
 
 
 
 
 
 
 
 
 
 
 
 
 

0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

-p

p

Ph
as

e 
an

gl
e 
F

U
,F

V

M
od

al
 d

ef
le

ct
io

n 
U

,V

x/L

0

4Mode

0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

-p

p

Ph
as

e 
an

gl
e 
F

U
,F

V

M
od

al
 d

ef
le

ct
io

n 
U

,V

x/L

0

3Mode 
 
 
 
 
 
 
 
 
 
 
 
 
 

0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

-p

p

Ph
as

e 
an

gl
e 
F

U
,F

V

M
od

al
 d

ef
le

ct
io

n 
U

,V

x/L

0

5Mode

0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

-p

p

Ph
as

e 
an

gl
e 
F

U
,F

V

M
od

al
 d

ef
le

ct
io

n 
U

,V

x/L

0

6Mode 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

圖四十一 不同轉速下的第一至第六振動模態( 90=α ， 1=r ， 40=η ) 
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圖四十二 不同轉速下的第一至第六振動模態( 0=α ， ，1r = 77η = ) 
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圖四十三 不同轉速下的第一至第六振動模態( 5=α ， 1r = ， 77η = ) 
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圖四十四 不同轉速下的第一至第六振動模態( 30=α ， ，1r = 77η = ) 
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圖四十五 不同轉速下的第一至第六振動模態( 90=α ， 1r = ， 77η = ) 
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附錄A  θD
af 及 θD

bf 的推導 

    將(2.6.7)及(2.6.10)式代入(2.6.16)式可得 

12122
2

1
1

121112 ffm
L
vm

L
vfff +=

′
+

′
+=−= θθ                          (A1) 

21 21 1 1 2 2 1 21 12 1( ) /b bf f m v m v G L f f Gθ ′ ′= − + + = +                        (A2) 

22 22 1 1 2 2 3 22 12 3( ) /b bf f m v m v G L f f Gθ ′ ′= − + + = +                       (A3) 

1 0 1 1 1 2 2 2 0 1 12(1 ) ( ) / (1 )bm m m v m v G L m f 2bGθ ε ′ ′= + + + = + +ε              (A4) 

2 0 2 1 1 2 2 4 0 2 12(1 ) ( ) / (1 )b bm m m v m v G L m f 4Gθ ε ′ ′= + + + = + +ε              (A5) 
 

    由(2.4.10)、(2.6.28)及(2.6.29)式可得 

       )444(
)1( 2

221
2

12
0

012 vvvv
L

EI
EAf ′+′′+′−

−=
ε

ε                 (A6) 

        ≈1m )24()1( 21
2

0 vv
L
EI ′+′− ε                              (A7) 

        ≈2m )42()1( 21
2

0 vv
L
EI ′+′− ε                              (A8) 

    將(A6) - (A8)式代入(A1)式，並保留到三次項可得 

       2
12 0 0 ,xx

EIf EA v dx
L

θ ε ε= − ∫                                 (A9) 

    由(A9)及(2.6.20)式可得 

       axxa
D
a dxv

L
EIEA GGf ∫−= 2

,00 εεθ                          (A10) 

由(A2) - (A5)式及(2.6.24) - (2.6.27)、(2.6.29)式，保留部份的三次項，可得 

=θD
bf   

      ])1()1()[( 2
,0,

2
0,0

21 ∫∫∫ −−′′−+′+ bxxxxbxbbb dxvEIdxvEIdxvEA GNNTT εεεθθ

   +′′−≈ ∫ dxvEI xxb
t

b ,
2

0
1 )1( NT εθ bvmvm G)( 2211 ′+′ ∫ ′+ dxvEA xb ,0 Nε  

     ∫−− bxxdxvEI G2
,0 )1( ε +′′−≈ ∫ dxvEI xxb

t
b ,

2
0

1 )1( NT εθ ∫ ′ dxv xb ,12 Nf θ   (A11) 
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附錄 B 旋轉傾斜梁的線性穩態解 

 

    若不考慮旋轉傾斜梁穩態變形對慣性力及梁之側向剛度的影響，則可

用 d’Alembert 原理及剛體動力學求得慣性分布力，再用材料力學可以求得

旋轉傾斜梁的線性穩態解。 

    令圖 B1 中 為轉軸r A到旋轉梁上任一點P的位置向量， 及 為作用

在

1q 2q

P點 及 方向的慣性分布力，則作用在1X 2X P點之一小段梁dx的慣性分布

力可以表示成 

   Adxdxqq yx ρ)(}{ , rΩΩ ××=                                  (B.1) 

                                              (B.2) }0,0,{ Ω=Ω

   }0,sin,cos{ αα RxR −+=r                                    (B.3) 

其中ρ、 A為梁的密度及斷面積，Ω為轉速。 

    將(B.2)、(B.3)式代入(B.1)式整理可得 

   )cos(2

2
xR

L
EAkq
T

x += α                                      (B.4) 

   αsin2

2
R

L
EAkq
T

y −=                                          (B.5) 

   
E

Lk T
22

2 Ω
=
ρ                                                (3.3) 

其中k 為無因次化轉速。由(B.4)及(B.5)式可知旋轉傾斜梁相當於受到如圖

B2 所示的分布力。 

 136



 
 
 
 
 
 
 
 
 
 
 
 
 
 

              圖 B1 

P

A O

B

Ω
r

α
x

dx dxq1

dxq2

1X

2X

R

TL

 
(a)                                (b) 
 

B 1X

2X

O

2q

TL

)(1 xq

x
B 1X

2X

O

 
 
 
 
 
 
 

             圖 B2 

 

    由(B.5)式及圖 B2(a)可得旋轉傾斜梁在距離固定端 x處的膜應變

(membrane strain) )(0 xε 可表示成 

)](
2
1cos)([ 22

2

2

0 xLxLR
L
k

AE
F

TT
T

x −+−== αε                       (B.6) 

    由(B.6)式可知當 0=x 時，旋轉傾斜梁有最大的膜應變 max0ε  
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           )
2
1cos(2

max0 += αε rk                              (B.7) 

            
TL
Rr =                                           (3.5) 

r為無因次轉軸半徑。 其中

    由(B.5)式及圖 B2(b)可得旋轉傾斜梁在自由端的端點位移 Bδ 為[18] 

        
8

sin
8

224 αηδ rk
EIL

Lq
L T

Ty

T

B ==                               (B.8) 

        
I

ALT
2

=η                                            (3.4) 

其中E為楊氏係數， I 為梁斷面的二次矩，η為細長比， r為無因次轉軸半

徑。 

    若梁的斷面為矩形，厚度為 t，寬度為 b，則 3

12
1 btI = 、 btA = 、

TLt
η

32
= ，由(B.5)式可得梁之任一斷面的最大撓曲應變(flexural strain)為

[18] 

αε sin
22

)(
2 2

22
Rt

EIL
xLEAkt

EI
M

T

T
b

−
== 2

22

2
sin)(3

T

T

L
rxLk αη −

=        (B.9) 

    由(B.9)式可知當 0=x 時， bε 有最大值，且可表示成 

        
2

sin3 2

max
αηε rk

b =                                 (B.10) 
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