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Theory of Riemann Surfaces and Its Applications to

Differential Equations

Student : Yun-Ting Wu Advisor : Jong-Eao Lee

Department of Applied Mathematics

National Chiao Tung University

Abstract

In this paper, we study the function theory of the solutions of
the nonlinear second-order equations which have the

following forms,

du
dt?

+P,(u)=0
where P,(u) is a polynomial of degree 2N-1 or 2N. Solutions

of such equations reside on Riemann surfaces of genus N-1.
We construct those Riemann surfaces with the correct
algebraic structures. From which, we are able to perform
path integrals on the Riemann surfaces theoretically and

numerically, and, in principle, solutions can be derived. The

roots of R (u) play the essential roles in every aspects, and

complex analysis is our main tool.
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1 Introduction the Riemann Surface

u” + Py(u) = 0 is a nonlinear second-order equation where Py(u) is a polynomial of

u with degree 2N-1 or 2N. From
u” + Py(u) =0,

we have
u"u' + Py(u)u' =0
and

1
S+ Py(u) = B

where FE is the integration constant. It is a conservation law. So the function theory of

N+1
solutions u of the equation involve | [] (u — ux), we must investigate the space where u
k=1
reside.
n
Indeed, f(z) = | [[(z — 2) is a two-valued function of z on complex plane C. We

k=1
use algebra and analysis to develop a new surface such that f becomes a single-valued

and analytic function on this surface, namely, a Riemann Surface.

1.1 Construct the corresponding Riemann Surface

When w, z € C and w™ = z, we use polar form to find the solution

w™ =z = |z]e? = |2|eTT 0 € [~7,7),n €L

6+2nm)i

then w = |z]%e( m . 0e[-mmnm),nel

First, take f(z) = /z for example, f : C — C. Using polar form, let z = |z]e? =

|Z‘€i(6+2mr)’ nez

f(z2) = Vz= et
if n:even,

|
{ —|z|ze% if n:odd. 1)

is a two-valued function. Now we want to let f(z) becomes a single valued function, so we

modify its domain C to develop the corresponding Riemann Surface such that f becomes



a single-valued and analytic function on this surface.
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Figure 1: The idea of two sheets

Starting at z = re?, we have f(z) = /z = \/re2’, r # 0. Fixing 7 and continuing

along a closed path once around the origin so that € increases by 27, f(z) comes to the

value \/re™3"1 = —/res’ which is just the negative of its original value. Continuing

above way then 6 increases by 27 and f(z).comes to original value. First, image two
sheets lying over the complex plane and cut the plane along negative real axis (i.e. from
0 to infinite) and restrict ourselves“so as never/to continue f(z) over this cuts, we get

single-valued branches of f(z). Define that

F(z) = |z|ze?,—m <0< (2)

f(2) = |z]2e?,m <0 <3 (3)

called sheet-I and sheet-II, respectively. The cut on each sheet has two edges, label the
edge of starting edge with — and the edge of terminal edge with +. (Show in Figure
1.) Moreover, we cross the cut, we pass from one sheet to another. Second we extend
the plane of complex numbers with one additional point at infinity constitute a number
system known as the extended complex numbers. Use stereographic projection, we can

consider the two sheets to be a spheres.
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Figure 2: complex plane and extended complex plane

Next, image that the spheres are.made of xubber and stretch each cut into circular

holes.

sheet=] sheet- I

Figure 3: place the cuts open

Rotate the spheres until the holes face each other, and paste two cuts together (4)edge
of sheet-I with (—)edge of sheet-II and (—)edge of sheet-I with (+)edge of sheet-I1I. We
can derive a sphere. We called this sphere, Riemann surface of genus 0 , denoted R,.
Show in Figure 4. Notice that in Riemann Surface (4)edge of sheet-I is equivalent to
(—)edge of sheet-IT and (—)edge of sheet-I is equivalent to (+)edge of sheet-II.

We could using similar way to develop the corresponding Riemann surface for f(z) =

n

[1(z—z).

k=1



sphere Ro

Figure 4: construct Ry

Example 1: There are 7 roots of f(z). Construct the Riemann Surface of f(z) =

7

7
[1z—z2) =11 V(z—2), 2k €Z , 21 > 20 > ... > 27, we cut plane starts from z
k=1 k=1

to —oo, k=1,...,T7.
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Figure 5: Cut plane start from z; to —oo

Since cross one cut, we pass from one sheet to another, the argument of z increases
by 27 then argument of f(z) increases by 7 which is just the negative of its original value.
We have crossing one cut need to change the sign, using —1 represent that. So crossing

odd times will change sign and even times will no change.
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Figure 6: The cut structure



There are branch cuts in [zy, 22|, [23, 24], [25, 26, [27, —00) and then using same idea to

construct the corresponding Riemann Surface.

Figure 7: Placing the cuts open

‘Ricmann Surface

of genius 3

-----

Z 6 Z 5

L7

Figure 8: Geometric graph of Rj

Finally, to place the cuts open and put two sheet together with the rule (4)edge with

(—)edge and then we obtain corresponding Riemann Surface of genus 3.



| 8 8
Example 2: Construct the Riemann Surface of f(z) =4/ [[(z — z) = [[ V(2 — 2&),
k=1 k=

2 €ER 21 > 290 > . > zg. Similarly we cut plane start from z; to —oo, k=1,..., 8.
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Figure 9: cut start from z; to —oo

As same as example 1, so there areibranch cuts in [z, 29], [23, 24], [25, 26, [27, 28]-

Zg +ZT Zt’-j <= Za Z-J Bp Z:% Z'z " Z]

Figure 10: The cut plane of example 2

Zg Zs Z 2
HOZT O}ﬂs i 23 Zl

Figure 11: Same way to place the cut open
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Figure 12: R3

We found f(z) of 7 or 8 roots have different algebraic structures but same geometric
graph with 3 holes. That is no matter 7 or'8 points, we can construct corresponding
Riemann Surface of genus 3.

In general situation, using same idea to construct Riemann surface of f(z) where

fE)=4/I1z=2z) =] V/(z—2), 2z E Rand 2y > 25 > ...... > 2z, for horizontal cut.
\/ k=1

k=1
First, we cut plane starts from z; to —oo. If the curve cross even cuts it will no change

that is becomes no cut. If the curve cross odd cuts, it will has a branch cut.

* * * B * i ? B
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Ll 1} ) -

Figure 13: n =2N — 1 or 2N



So the cuts plane structure is

Casel. If n=2N-1. There are cuts along [z1, 22), [23, 24, - - , [22j-1, 225, - -, [22n—1, —00)
* Lax Z:a\--:';i___“Z::\--'a ZZ].:_-;__?:'_‘_,;-I ?1__'__2, s + 7

Figure 14: n =2N —1

Case2. If n=2N. There are cuts along [21, 2a], [23, 24], - - - , [22j-1, 225, - - -, [2an—1, 22n]
Zo® Vs Bwit T Zos t 2o LY YL

Figure 15: n = 2N

We use same idea to construct the corresponding Riemann Surface:

(1) n=2N-1

LR D, 26 7,

Figure 16: Placing cuts open in both sheets

sheet-1

Figure 17: Together two sheets
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Figure 18: N — 1 holes for n = 2N — 1

becomes Riemann Surface with N-1 holes, that is Ry_; (2) n=2N

Figure-19: do this in two sheets

sheet-1

-

o

sheet-]I

Figure 20: together two sheets
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Figure 21: N — 1 holes for n = 2N

So
P =y TL G- 2% T - =)

will make N cuts and construct Riemann surface of genus N-1. (There is N-1 holes of

geometric graph.)

1.2 The curve in algebraie and geometric structure

For convenience, we use algebraic.to discuss and compute the integrals later. We
n
already know the relation of algebraic and geometric structure with f(z) =,/ [[(z — 2x)

k=1
and how to create the Riemann surface. Here give some examples to show that the curve
in algebraic structure and its corresponding in geometric structure.

We defined something as follow:

1. The curve in sheet-I is solid line and the curve in sheet-II is dash line in algebraic

structure.

2. The curve in overhead Riemann Surface is solid line and the curve in ventral Rie-

mann Surface is dash line in geometric structure.

Example 1.
71 is the curve from a point at (I,4-) to (I,—) in sheet-I and ry is the curve from a point

at (II,+) to (II,—) in sheet-II.

10



algebraic structure is sheet—1I

e

sheet—11

Figure 22: Example 1.

Example 2. The curve r is start from point A in sheet-I and cross the cut to point B
on sheet-11

complex plane

‘ sheet—1

sheet—11

Figure 23: Another example

1.3 The a,b cycles and its equivalent paths

We know every closed curve on Riemann Surface Ry can be deformed into an integral
combination of the loop-cut a; and b;, i=1,2,....N. So in this paper, we will consider

the integrals of f(z) over a, b-cycles help us to obtain the integrals easier. Example

fz) = 2(z = 1)(z = 2)(z = 3)

11



b cycle a cycle

_ -«

complex plane

Figure 24: Cut plane and a,b cycle of f(2) = y/2(2 — 1)(z — 2)(z — 3)

If f(z) has four roots and then construct two cuts and one a, b cycle. Notice a, b cycles

have the same amount.

sheet—1I

Figure 25: Step 1

sheet—1 sheet—I1

Figure 26: Step 2

12
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sheet—11

corresponding geometric
structure and cvcles

sheet—11

Figure 27: Step 3 and Step 4

Now if f(z) has 2N-1 or 2N roots, there:are loop-cuts a; and b;, i=1,2,...,N-1.

Figure 28: a,b cycles on complex plane

13



Figure 29: a,b cycles on Riemann Surface

Each a cycles are non-overlapping and each b cycles are non-overlapping. Also a, b

cycles have the same number.

Sometimes the curves are difficult to write out their parameters, but straight lines
are ease to write out their parameters. It could help us quicker and easier to obtain the
integrals over the curves. So now using homotopic of curves to find the equivalent paths

of curves. Take an example to explain:

Figure 30: Homotopic

14



From C' is homotopic to C, denotes C' = C;. We have

[r@ra= [ e [ e
c Ch Ty

In figure 30, C' = C} =~ C5 =~ (5 and finally we compression the curve C' until we find the

equivalent paths of curves C' =~ T'; |JT'2. So

/Cf(z)ldz = /F1 f(z) Mz + /r2 f(z) dz

We will use this tool in hole paper.

1.4 Conclusion of Riemann Surface

The above statement and result all in horizontal cut, but the way is the same in any
cut. Take w? = a(z — 21)(z — 29)(z — 23), where z1, 29, 23 are distinct for example. We let

f(2) = /(2 — 21)/(z — 22)\/ (2 — 23) and diseuss f(z). Cause \/a does not influence the

cuts. For f(z) the factor \/(z — z) change the sign when when arg (z — 2;) changes by
27. We cut complex plane from z; t0-z5 and from z3 to co. Label left of cut with (+)edge

and right of cut with (—)edge

sheet—1I sheet—11

A
o0
= ~
. = %
r/_'r-{"z /I'b
Z‘l N 23 ..,/
— >

Figure 31: The cut-plane and a, b cycle in sheets

Using similarly way to construct the Riemann Surface. Image this two sheets are

made of rubber, and together the (+)edges of sheet-I with the (—)edges of sheet-II. We

15



get correspond Riemann Surface R;. The curve a,b correspond to the meridian curve a

and latitude curve b on Riemann Surface R;, respectively.

sheet—1

sheet—]

b a

eV o>

sheet—11
sheet—11

Figure 32: Corresponding Riemann Surface

For arbitrary cut, if f(z) has 2N-1 or 2N roots, then
1. There are N cuts in complex plane.

2. It’s geometric graph has N-1 holes, that is construct corresponding Riemann Surface

of genus N-1.

3. There are N-1 a-cycles and N-1 b-cycles.

16



2 The integrals of f(lz) over a,b cycles for horizontal

cut

We will use Mathematica help us to obtain the values of integrals of ﬁ over a,b
cycles. First, discuss the values in sheet-I, sheet-II and Mathematica for horizontal cuts.
f(z) = ﬁ (z — zi), using polar form ﬁ (z — z) = re’. Let 6; denotes 6 in sheet-I and
0y denotesk ;11 sheet-11. So .

92 = 91 + 2w
We have
%2
f)|an = Vre?

i \/7_0691-12—2771.
_ \/Fe%iem

01 .
= Jrezrt= —f(2)|n) (4)

where f(2)|(r) denote the value of f(z) with'z in sheet-I and f(2)|;;) means z in sheet-II.
Because the difference of argument between z-in sheet-I and in sheet-1I is 27 , that is the
difference between f(2)|y and f(2)|r) is 7. So f(2)|a) = —f(2)|an)-

Now discuss the difference in sheet-I of theory and in Mathematica. First, /—1. From
the definition of argument in sheet-I, v/—1 = —i, but we compute /—1 in Mathematica
obtain v/—1 2" i. Why? We found that 0 € (—m, 7] of re?? in Mathematica, actually.

A Mathematica

J 2
m '1\

- b >

W

Figure 33: Domain and range in Mathematica

i
3

17



For any other 6 of re? which does not belong to (—, 7], Mathematica will conversion

re? into re” | 0* € (—n, 7] where re? = ret?".

Compare the value of f(z) with z in sheet-I and in Mathematica, we discover that
Lemma 1. If [](z — 2x) = re® in sheet-1 for horizontal cut
k=1

f(Z)l(I) — { f(z)|Mathematica ng c (_71'77'{')7

B _f(z)|Mathematica Zf@ = -7

Proof.

—T

into re™ and re ™ =

s

Since—7 does not in (—m, 7], Mathematica will conversion re~

re™ but f(z) will different.

In theory: —1l=e L/>\/—_1:e 2 = —1
In Mathematica: — 1 = ¢ Math i L/> V—1= e =i
So f(z) Math. —f(z) if # = —7 in Mathematica. |
In hole paper, f(z) Math. — f(z) denotes the polynomial f(z) in front of Math- 5 the
value of f(z) in theory and the polynomial f(z) behind the Mah- ig the value of f (z) in
Mathematica.

After we known the state above, we must modify the computation when we want to use

Mathematica to calculate the value. Take example to explain: evaluate fr ﬁdz where

f(z) = /2(2 —1)( — 2), z € R and r = r; | r2 where r; = the path on a horizontal cut
from 1 to 2 with (4)edge of sheet-I and 7, = the path on a horizontal cut from 2 to 1

with (—)edge of sheet-1I.

Figure 34: cuts in complex plane of f(z) = \/2(z — 1)(z — 2)

Analysis the integrals: f(2) = /2(z — 1)(z — 2) = Vz2vz — 1v/z — 2

18



1. If z € ry.

(1) In theory: z > 0 then \/z = |22 and 2 — 1 > 0 then vz — 1 = |z — 1|2
2—2<0thenz—2=]z—2le ™ s0vz—2=|z—2ze 3 = —i|z — 2|2

2
dz—z/ |z|_%|z—1|_%|z—2|_%dz
T f( ) 1

(2) In Mathematica: z > 0 then v/z = |z]2 , 2—1>0then yz —1 = |z — 1|2
2 —2<0then z — 2 = |z — 2]e™. We have vz — 2 = |z — 2|2e = i|z — 2|2

2|z — 1|72z — 2| 2dz
[ ste =i [l m -

Compare (1) and (2), we found there a difference of a minus sign with the value

in sheet-I and in Mathematica.
2. 2 Enry

(1) In theory: z > 0 then Z=lz]2 ;2= E>0=> vz —1=|z—1]2
z—2<0then z — 2 = |2 — 2™ then \/z — 2 = |z — 2[2e = i|r — 2|2

1
iz — —i/ 2 H |z — 132 — 2] a2
T2 f( ) 2

(2) In Mathematica: z > 0 then v/z = |z]2 , 2 —1>0then /z —1 = |z — 1|2
2—2<0then z —2 =]z —2|e™ then vz — 2 = |z — 2|2e5" = i|r — 2|2

1
/—dz— z/ 3|2 — 132 — 2] dz
() 2

Compare (1) and (2), it is the same.

By 1,2 we have

1 22] z|72|z — 1]72|z — 2|"2dz  in sheet-I ,
dz 1 . .
. f(2) in Mathematica
0.+ 5.24412i  in sheet-I ,
0 in Mathematica
Clearly, there is a mistake when # = —m. When we use Mathematica to get the

value of integration we want, we need modify some range where the value will wrong.

19



Determine the difference of sign(f) (same or negative) and then modify the computation
of Mathematica to get right value. Because sometimes the form of integration is complex,
if we could simplify the way about modify the difference of sigh(f), it will help us to get
right value easier.

Example: Same f(z) as the example before, using lemmal to modify.
1. Ifz€r,2:1—2

>0 then arg(z)=0 then +z" 2"z
z—1>0 then arg(z—1)=0 then -1 M
z—2<0 then arg(z)=-m then z—2 Math- /2 =2

1 ath. 1
—_dy Math

_/QL ! i
n 1) L VEVES1VE=2

2. Ifzery, 2:2—1

2>0 then arg(z)=0 then vz "Z" 2z
z—12>0 then arg(z—1)=0" then -1 M
z—2<0 then arg(z)=m then z-—2 Math- /=2

1 Math. ! 1 1 1
——dz = — dz
s F(2) s ViVz—1z=2

By 1,2 we have

1 Math. 21 1 1
—dz = =2 — dz
rf(z) 1 \/EVZ_]-VZ_2
= 0.+ 5.24412:

Take another example to consider how to modify computation in Mathematica such
that numeral result is right for horizontal cuts. And discuss the difference between the

value in theory and in Mathematica.

Example 2 : Evaluate f ﬁdz over ay, as, as, by, by and bs cycles. where

f(z) = /(z+3)z+1)(z2—1)(z —3)(z —4)(2 — 6)(2 — 9) . We analysis the integral in

20
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Figure 35: a-cycles and their equivalent path a*

Mathematica and in theory to compare the result and using the result of angle to modify
the computation to get value. Let 21 = 9,20 = 6,23 =4,24 =3,25 = 1,26 = —1,27; = =3

Solution:

1. Let a; is a cycle center at X with radius 2 and enclosed the cut [6,9]. So let

z =1 42" we have

T 2'i9
/ —dz — / - d
a1 — ; —

s 15 0
knl 5 + 2¢f

= 1.0842 x 107 + 0.0776642i

By Cauchy Theorem. Since ay, cyele-is-simple connected, we can use some equivalent

paths, say aj, to easily compute the integrals for a; cycle.

(1) If z € a} of theory in sheet-I where a} =6 -5 9J6 < 9

(a) 6 559 : the path along x-axis from 6 to 9 on (+)edge of sheet-I.

z—9=—|z—9|=|z—9]e”™ then =z — 9|_ée%i =z — 9|_%i

1
vVz—9
= |z — 2|77, k=2,3,4,5,6,7

z — 2z, = |z — 2| then

1
V2 — Zk
) zZ— 2z 2dz

—>9f / H| k|

(b) 6 <9 : the path along x-axis from 9 to 6 on sheet-I with (—)edge.

2= 9= |z~ 9] = |z — 9™ then = e =9 373 = —ilz — 0|3

1
Vo9

2z — zr = |z — z;| then :|z—zk|_%, k=2,3,4,56,7

1
V2 — 2k

21



1 6 . 7 B
/6;9 %dz - /9 (_Z)g |2 — 2| 2dz

So by (a) and (b) we have

1 6 7 .
——dz = —22’/ z — 2| 2dz
< 7 , L1l

k=1
= 0.0776642¢

(2) Analysis the integral over a} in Mathematica

(a) 6 =59 : the path along x-axis from 6 to 9 on sheet-I with (+)edge

2= 9=~z 9] =[z—9[e™ then = |z =9 2 ¥ = il — 9|72

1
vVz—9
= |z — 2|72, k=2,3,4,5,6,7

z — 2z = |z — z;| then

1
V2 — 2k
7

1 o _1
o qtes [ GO ILE - =i

k=1

A difference of a minus sign with in sheet-I

(b) 6 < 9 : the path along x-axis from 9 to 6 of sheet-1 with (—)edge

z—9=—|z—9] = |z —9]¢™ then =|z—972e 8 = —i|z — 9|2

1
vVz—9
— |z — |72, k=2,3,4,5,6,7

z — zr = |z — 2| then

1
V2 — 2k

1 6 L _1
/&_Qf(z)dz—/g (—Z)IH]z—zk| dz

as same as in sheet-1.

But in Mathematica

1
— dz =
ajy f(Z) : 0

(3) Using the results before to modify

(a) 6 5 9: the path along x-axis from 6 to 9 on sheet-I with (+)edge
arg(z — z,) = —m then \/z — 2, 2" — /2= 2
arg(z — zx) = 0 then mMgh' Vi—z, k=2,...,7
So f(2) " —1(2)

22



(b) 6 < 9: the path along x-axis from 9 to 6 on sheet-I with (—)edge
arg(z — z1) = 7 then m \/2—72'1
arg(z — z;) =0 then vz — 2 2" \Vz—zm k=2,...,7
So f(2) "= £(2)

We have
/—dz Math. —2/ —dz

= 0.0776642z

2. Let ay is a cycle center at 5 with radius 1 and enclosed the cut [3,4]. Solet z = 2—1— e,

1 T iei@
= db
ag f(Z) © /—7r 7 7 0

=..0. —0.200969:

we have

Same as a; , by Cauchy Theorem to compute equivalent path aj where af = 3 5

ER=Y

(1) Analysis the integral of aj in sheet-I

(a) 3 5 4: the path along x-axis from 3 to 4 on sheet-I with (+)edge

=2 =—|z— | = |z — zle™
1
then ﬁ=|z—2k|_ée = |z — 2|20, k=1,2,3
1
z—zp = |z — 2| then —:|z—zk|_%,k:4,5,6,7

Vz— 2
/%f( dz—/ 3H|z—zk| 2dz

(b) 3 <— 4 : the path along x-axis from 4 to 3 on sheet-I with (—)edge

2=z = —|z— a| = |z — zle™
th 1 | "2 5 = — "2, k=1,2,3
en —— =|z—2 e 2= —ilz— 2 =
m k k 5 ) &y
1
z—zp = |2 — 2| then —:|z—zk|_%,k‘=4,5,6,7

VZ— Zk
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1 - 3_‘37 L
/3;4%%_/4( Z)EV 2|2 dz

So we have

1 3 . 7 .
/Q;mdz B _2/4(_Z> g"z_zkl dz

= 0. —0.200969:

(2) Analysis the integral of a} in Mathematica

(a) 35 4 : the path along x-axis from 6 to 9 on sheet-I with (+)edge

z— 2= —|z— 2] = |z — z|e™

then

=z — zk|’%e’gi = —ilz — zk|’%, k=1,2,3

1
V2 — Zk

z—zp = |z — 2| then

1 1
= ‘Z_Zk|7§7 k= 4757677
Vi — Zk

1 : ! s
— = / (=) || |z — 2| 2dz
/3i>4 f(2) 3 IH
(b) 3 <— 4 : the path along x-axis from 4 to 3 on sheet-I with (—)edge

Z— 2y = —|2 — 2| Eh=zite™

then = |2 — z| 23 = —i|z — zk]’%, k=1,2,3

1
Vi — Zk

2 — 2. =|z— 2| then =z — 2|77, k=4,5,6,7

1
N
3 7
/3;4 ﬁdz - /4 (=)’ g |z — Zk|_%dz

But by (a),(b) we obtain different value in Mathematica

1
a3 f(Z)

dz=20

(3) Using lemma 1 to modify

(a) 35 4 : the path along x-axis from 3 to 4 on sheet-I with (+)edge
arg(z — z;) = —7 then /z — 25 =M _\z =z, k=1,2,3
arg(z — z,) = 0 then /z — 2, "2 /2 — 2 , k= 4,5,6,7
So f(2) " —1(2)
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(b) 3 <=4 : the path along x-axis from 4 to 3 on sheet-I with (—)edge
arg(z — zx) = 7 then /z — 2 Math. yo— 2, k=1,2,3
arg(z — zx) = 0 then /z — z Math. 2k, k=4,5,6,7
So f(2) "E" f(2)

We have

4
L, Math —2/ = 0. 0.200069i
aj (2) s [f(2)

3. ag : Let as is a cycle center at 0 with radius 2 and enclosed the cut [—1,1]. So let

2z = 2" we have
/ Lalz = /7r Ld@
as f(2) -7 11[ V267 — o
= 3.4652&13 x 107" + 0.151409i

Same as a; , by Cauchy Theoremto compute equivalent path a; where a3 = —1 &

1UJ1+ -1

(1) Analysis of a} in theory

(a) —1 5 1 : the path along x-axis from —1 to 1 on sheet-I with (+)edge

T

z2—zp=—|z—z| = |2 — zi|e”
]_ _1 =, . _1
then \/Z—_izk:LZ—Zk’ 2e2 :Z|Z—Zk’ 2, k:17273;4;5
1
—zp=|z—z| then ———=|z—2]|2 k=67

V2 — 2k
7

1 L )
——dz = / i° z — 2| 2dz
/_1i>1 f(z) 1 | g

k=1

(b) —1 = 1 : the path along x-axis from 1 to -1 on (—)edge of sheet-I

2=z = —|z— 2] = |z — z|e™
1 1 _m : _1
then ﬁ:‘2_2k| 2¢ 2 :_Z’Z_Zk‘ 27 k:172737475
1
z—z,=|z—2 then —:|z—zk|_%, k=6,7
Z — Zk
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1 -1 r 1
—dz:/ —i)® z— 2| 2dz
/_1;1 f(z) 1 (=) g | d
By (a), (b), we obtain the value

1

1 7
dz:2/ i° Z—2z ’%dz
ey i | L

1 7
= 2/ z'H|z—zk]’%dz

b k=1

Math- 5 0151409i

(2) Consider a} in Mathematica

(a) =1 5 1:
z— 2= —|z — 2| = |z — z|e™
th ! | |"2e” % = — "2, k=1,2,3,4,5
en =z — 27272 = —i|lz— 2 =
m k k ) y &y 9y T

z—zr=|2—2z| then :|z—zkl’%,k:6,7

2= R

1 7

/_1$1 H2)dz= /_1(—1'):1‘[1 Iz — 2| 3dz

(b) =1+ 1:
2=z = —|z— 2] = |z — z|e™
th L | |"2e % | "2,k =1,2,3,4,5
en =|z—z e 2 = —ilz—z =
\/m k k 5 g Ly 90y Ty

z — zp = |z — 2| then :|z—zk\_%,k:6,7

1
vV — Zk
1

1 7 1
/_1;1 %dz - /_1(_i)5 g |2 — 2| "2d2

But we obtain different value in Mathematica

/%%dz:O

(3) Using lemma 1 to modify
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4.

(a) —1 5 1 : the path along x-axis from —1 to 1 on sheet-I with (+)edge
arg(z — z) = —m then /z — 2, Math. —Vz =z, k=1,2,3,4,5
arg(z — z;) = 0 then /z — 2z Math. Vzi—z, k=6,7
So f(2) "= —f(2)

(b) 1+ —1 : the path along x-axis from 1 to -1 on sheet-I with (—)edge
arg(z — z) = 7 then /z — 2, Math. Vzi—z, k=1,2,3.45
arg(z — z;) = 0 then /z — 2 2" \/z =z, k=67
So f(2) "= £(2)

/agf f

= =2

-1 f( )
= 0.151409

Figure 36: b-cycles

bs : Let b3 is a cycle which center at —2 with radius 2. We could write down the
parameter, let 2 = —2 + 2¢ and 0 € [—,0) J[2n, 37). Notice that f(z)|;r =
—f(2)|(1), so we have
0 ; 510 7r 510
2 2
—dz = / 7 do — / 7 d
b f I V24 2e? — 2 O TI V=2+2e7 — 2
k=1 k=1

= —0.0765026 + 6.93889 x 10~'%;

Since by cycle is simple connected, we can use some equivalent paths, say bj, such

that by, ~ b, to easily compute the integrals for by cycle. Here b3 ~ b3.
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_ by _ )
— B

+ 3 A R | o | 6 + 2]

Figure 37: bs’s equivalent path b

(1) Consider b} of theory in sheet-I

(a) =3 —» —1
z+ z3 = |z + 23] then L 2+ 23] 72
VZ+ z3
=2 =—|z— | = |z — zle™
then _ = |z — zk|_%e%i =z - Zk|_%i, k=1,2,3,4,5,6

V2 — 2k
1 -1 6 ’ 1
dz = —/ 1 z — 21| 2dz
/3%1 f(Z) -3 kl:[l | k|

(b) —1 --» —3 : the path_ along'x-axis from -1 to -3 of sheet-II. We known

that f(2)|1) = —f(2)|p : 8o consider —1 — —3

z+23:|z—|—23]then\/%Z:%:V—I—zgr%
=z =—|z— 2] = |z — e ™™
then;:]z—zkr%egi:\z—zk]’%i k=1,2,3,4,56

1 1 — - :
—dz:—/ —dz:/ 7 2z — 2| 2dz
/_36--—1 (2) 31 f(2) -1 kI:[l| :

By (1), (2), we obtain

1 -3
——dz = 2/ i° ]z—zk\’%dz
/bg f(z) -1 ,I[l
-3 7 )
= —2/ H|z—zk\*§dz

L)

= —0.0765026

(2) Consider b} in Mathematica
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(a) =3 — —1

1 1
+ 23 = the =|z+ 23|72
z 4 z3 = |z + 23| then — |2 + 23]
z— 2= —|z — z| = |2 — z|e™
1 1wy . 1
then ———= = |z — 2| 272" = —i|z — 2|72, £ =1,2,3,4,5,6

VZ— Zk

1 -1 7 -1 7
/ dz:/ (—i)6H|z—zk|_5dz:—/ H|z—zk|_%dz
351 f(2) -3 Pl -3 ..

(b) —1 --» —3 : the path along x-axis from -1 to -3 on sheet-II

1 1
= th = 2
Z+ 23 = |z + 23 enm |z + 23]
z— 2= —|z— 2] = |z — z|e™
1 .
then —— = |z — zk|_%em =z - zk]_%i, k=1,2,3,4,5,6

vz =%
37
/—3e_1 ﬁdz: _/_ H|Z—Zk|_%dz

L op—1
But in Mathematica
1

dz =
b;jf(z) 20

(3) Using Lemmal to modify

(a) —3 — —1 : the path along x-axis from -3 to -1 of sheet-I
arg(z — z,) = —7 then /z — 2, Math. -z =z, k=1,2,3,4,5,6
arg(z — z7) = 0 then /2 — 27 Math. N
So f(z) "= /()

(b) —1 --» —3 : the path along x-axis from -1 to -3 of sheet-1I
We known that f(2)|y = —f(2)|ur), so we consider =1 — —3
arg(z — z) = —m then /z — 2, Math. —VzZ =z, k=1,...,6
arg(z — z7) = 0 then /z — 27 "2 /2 — 2,

Math.

From f(2)|-15-3 = f(z). We have

) as = —f(2) s M —f(2)
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L = L
Math. 2/_;%”

= —0.0765026

5. by : Let by is a cycle center at 0 with radius g . So we could write down the
parameter, let z = Ie and € [—,0) [ J[27, 37). Notice that f(2)|ir) = —f(2)|mn),

so we have

/ L = / R L / S Lo
ba f(Z) -7 ’ 7 i6 0 ! 7 _i6
Se¥ —z Se¥ —z
Iyer—= I :

— 0.157328

Using same way in (4). Consider equivalent path b5 = b5J—1 =5 1U-1 «--
1ULl—3Ul+-3

Figure 38: The equivalent path b

(1) Consider b} of theory in sheet-I

(a) =151

z — zx = |z — zx| then \z—zk|’%, k=6,7

1
V2 — Zk n

z—zp=—|z—zi| = |z — zle”™

1 n
then = |z—zk|_%efzzi|z—zk|_%, k=1,2,3,4,5

=Ty I T
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(b) —1 ¢-- 1= —1<=1i.. the path on horizontal cut from -1 to 1 on (—)edge
in sheet-1II equals the path on horizontal cut from —1 to 1 of (+)edge in

sheet-I. So consider z € —1 <~ 1

1 _1
Z—Zk:’Z—Zk‘ thenﬁ:\z—zk| 2, k:677
=2z =—|z— 2] = |z — zle™™
1 _
then —— = |z — zkl’%efl =i|z — zkl’%, k=1,2,3,4,5

/_hhl f(lz)dz - /—1<i1 f(12)dz N /11 i5kf[1 |2 — 2 2dz

(c) 1 =3

z2—zp= |z — 2| = :]z—zk|_%,k:5,6,7

1
Vi — Zk

z2—zp=—|z— 2| = |z — zi|e”

g

1 -
then —="= |z~ zkl‘%efl =z — zk\’%i, k=1,2,3,4

V2 — 2L

1 ST )
—dz:/z' z — zi| " 2dz
153 (2) 1 H‘ t

k=1
(d) 1 «--3: we known that f(2)|qr = —f(2)|r), so we first consider 1 + 3

z — 21, = |z — 2| then :|z—zk|_%,k‘:5,6,7

1
VZ— Zk

z—z=—|z—zK| = |z — zle”

iy

1 .
then —— = |z — zk|_%eEZ = |z — zk|_%z‘, k=1,23,4

VZ— Zk

1 - 1 _ 1 i I
/ TSR [ i / e = sl Edz
By (a), (b), (c) and (d), we have

1 b oF . ST :
——dz = 2/ i° |z—zk|_2dz+2/ i |2 — 2| 2dz
/b;fcz) ol l

1
= 0.157328

(2) Analysis integral over b} in Mathematica
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(a) =1 =1
z— 2= —|z— 2] = |z — z|e™
1 s
then —— = |z — zk|’%e’51 = —i|z — zk\’%, k=1,2,3,4,5

V< — 2k

2 — 2z, = |z — 2| then :|z—zk|_%,k:6,7

1
V2 — 2L
1 7

/131 ﬁdz:/l(_ﬁgb—zkl_%dz

(b) —1¢--1
z— 2= —|z — 2| = |2 — z|e™
1 1 = . 1
then —— = |z — 2| 272" = —i|z — 2|72, k=1,2,3,4,5

VZ— Zk

z — zr = |z — 2| then

1 1
ﬁ:|2—2k|_§,k:6,7
- ~k

/_16__1 f(lz)dz = /1_1(_1')5}211 2 — 2| 2dz

(c)1—3

= |z— 2|72, k=5,6,7

1
Z—zk:|z—zk|then\/z—_72k
z— 2= —|z — 2| = |z — z|e™

1 1 = . 1
then ——— = |z — z| " 2e 2" = —i|z — 2|72,k =1,2,3,4

VZ— Zk

1 BT 1
dz:/ —1 z— 2| 2dz
153 f(2) 1( ) ,€1_Il| H

(d) 1¢--3

z — 2, = |z — 2| then :|z—zk|_%,k’:5,6,7

1
V2 — 2k

z—zp=—|z—z| = |2 — zk|em

1 .
then —— = |z — Z;g|_%e_5Z = —i|z — zk|_%,k =1,2,3,4

VZ— Zk

7

/163 f(lz)d'Z - /31<_i)4kl}1 |2 — 2| 2 dz
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But in Mathematica we obtain different value

1

b} f(Z)dz:O

(3) Using Lemmal to modify

(a) =151
arg(z — z) = —m then mMgh' —z—z, k=1,....5
arg(z — z,) = 0 then /z — z5 "2 \/z =z, k=6,7
So f(z) =" —f(2)

(b) —1¢-1=-1 1 that is the path on horizontal cut from —1 to 1 of
(—)edge in sheet-1I is equal the path on horizontal cut from —1 to 1 of
(+)edge in sheet-I. So consider z € —1 ¢~ 1
arg(z — z) = —m then \/T%Mgh' —Vz2 =z, k=1,....5
arg(z — z;) = 0 then vz — 2 2" \/z =25, k=6,7
So f(=) "= ~f(2)

(c) 1—3
arg(z — z) = —m them y/z — 2, 2" —VzZ =z, k=1,2,3,4
arg(z — 2z;,) = 0 then /z — 2, Math. VZ2— 2,k =5,6,7
So (=) "= f(2)

(d) 1¢--3: we known that f(2)|un = —f(2)|a), so we first consider 1 < 3
arg(z — z) = —m then /z — 2, Math. —VzZ =z, k=1,2,3,4
arg(z — 2z;,) = 0 then /2 — 2, Math. VZ— 2,k =5,6,7
We have f(2)]1cs 2" f(z) then

fR)es=—f(2)lhes = —f(2)

By (1), (2), (3) and Cauchy Integral Theorem

1 1
dz = d
b F2) / )"
7

. SR 1
= 0.157328
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6. by : Let by is a cycle center at 3 with radius 3. So we could write down the parameter,

let z =3+ 3¢ and 0 € [—7,0) J[27, 37). Notice that f(z)|;r) = —f(2)|n), so we

have

1 0 - 10 T
/ A )dz _ / i 3ie d@—/ i 3ie 40
z i i
b L V3436 — 2z O TIV3+3e? -z
k=1

— 0.0565161

Consider equivalent path bt = b3 Jb5 U3 5 4J3 «— 44 — 64 «-- 6

— = — = = — — — == - - — ‘ >

Figure 39: The equivalent path b7

(1) Analysis the integration over b7 in sheet-I

(a) 35 4

==z — | = |z — zle™

1 s
then = |z — zk]’%ef2 =z — zk|’%z', k=1,2,3

VZ— Zk
2 — ] th 1
Z— 2L = |2 —Z en
k k s

1 ST )
dz:/z' z — zi| " 2dz
/3$4f(2) 4 g| H

(b) 3 «-- 4 =3¢~ 4 that is the path on horizontal cut from 3 to 4 of (—)edge

— |z — 2|77, k=4,5,6,7

in sheet-1II is equal to the path on horizontal cut from 3 to 4 of (+)edge in

sheet-I. So we consider z € —1 |

Z—zp=—|z — | = |z — zle™™

= |z — zk]_%e%i =z — zk|_%i, k=1,2,3

then

1
Vi — Zk
|2 — 2| then ——
z — 2z, = |z — z;| then
VZ— Zk

34

= |z — 2|72, k=4,5,6,7




/3@--4%@&:/3&4]”(1 Z_/ 3l_[|z—z;.c| 7dz

(c) 4—6

=2 =—|z— | = |z — zle™

1
then—:|z—zk|_5e = |z — z|” 2, k=1,2

V2 — 2k

z — zp = |z — zx| then

1 1
ﬁ = |Z—Zk|_§, k:374,5,6,7
— <k

7

1 6 .
dz-/i2 2z — 2| 2dz
/—>6f() 4 IH‘ k|

(d) 4 ¢«--6: we known that f(2)|u) = —f(2)|1), so we first consider 4 < 6

z—zp=—|z— 2| = |z — zile™™

1 .
then ————— = |z — 2| Ze3’ = |z — 2|77, k=1,2

V2 — Zk

z — 2z, = |z — 2} then :|z—zk|_%, k=3,4,56,7

1

1 1 4 7 1
—— AR/ A dr = — ;2 — 2 |72d
/4«6 f(2) “ A(—ﬁ ) < /6 { kl:[l|2’ 2| 2dz

3 7
—dz—2/ 26 |z—zk|%dz+2/ i4H\z—zkl’%dz
v f - -

k=
7

/ Z2H |z — zx|™ 2dz
k=1

(2) Consider b} in Mathematica

(a) 354

z—zr=—|z—z| = |2 — zk|em

1 .
then —— = |z — zk|_%6_EZ = —i|z — zk|_%, k=1,2,3

V2 — 2k

z — 2z = |z — z;| then

1
ﬁ: |Z—Zk|_%7 k:4,5,6,7
- ~k

/1—>1 f(z )dz—/_1(_i)3kl_[1|z_zk|_édz
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(b) 3 ¢4

2=z =—|z — 2| = |z — zle™
1 _1 = . _1
then ———= = |z — 2| 2e 2" = —i|z — 2| 2, k=1,2,3

Vi — Zk

z — 2z = |z — zi| then

1
=" |2 — 2|72, k=4,5,6,7

/3;4 f(lz)dz = /43(—@')4 ﬁ(—z)“lz — 5| 2 dz

k=1
()4 —6
z— 2= —|z— 2| = |z — z|e™
1 1 _=y . 1
thenm:\z—zﬂ 2672 = —ilz— 2|72, k=1,2

z — zr = |z — 2| then :]z—zk\’%,k:3,4,5,6,7

1
1 6 7 1
[ e T - arte

(d) 4«--6
z— 2= —|z — 2| = |2 — z|e™
th ! |2 — 2|27 E = —ilz — |73, k=1,2
en = |z — Z| Z2¢€ = e —zK 2, k=1,
VZ— Zk

z — zr = |z — 2| then :|z—zk|_%,k:3,4,5,6,7

1
Vi
1 B 4_.27 L
A«ﬁmdz_l( ) kl_[1|z 2| 2dz

(3) Using Lemmal to modify
(a) 354
arg(z — z) = —m then /z — 2, Math. —Vz =z, k=1,2,3
arg(z — z;,) = 0 then /2 — 2, Math. VZz— 2z, k=4,5,6,7
S0 f(2) " 1 (2)
(b) 3 «=- 4 = 3 <~ 4 = the path on horizontal cut from 3 to 4 of (—)edge in

sheet-1I is equal to the path on horizontal cut from 3 to 4 of (+)edge in
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sheet-I. So consider z € 3 < 4.
arg(z — z) = —m then /z — 2, Math. —Vz—z, k=1,2,3
arg(z — z) = 0 then /z — 2, Math. Vzi—z, k=4,56,7
So f(2) "= 1 (2)

(c) 4—6
arg(z — z) = —m then /z — 2, Math e = ke =1,2
arg(z — 2;) = 0 then /z — 2 2" \/z = 25, k = 5,6,7
So f(2) " f(2)

(d) 4 «--6: we known that f(z)|) = —f(2)|a) , so we first consider 4 < 6
arg(z — z) = —m then /z — 2 Math. —z—=zi, k=12
arg(z — z;,) = 0 then /z — 2, Math. VZ— 2k, k=3,4,56,7

From f(z)|4cs Math. f(2), we have

O = o f6) e "= —f(2)

By (1), (2), (3) and Cauchy Integral Theorem

1 1
/bl O i

Math. —2/ f(lzdz+2/f 2/69%2)@

Discuss in general situation:

—3

Compute [ ﬁdz over a,b cycles for horizontal cut where f(z) = (z—2k), 2z €R,

k=1

VeE=1~mand z; > 29 > ...... > Zm

1. a-cycle

Figure 40: a-cycles for 2N-1 points
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/4—\8“"‘ /\ad /4—%
— : : : = LR — —
= o + T “+ 5
=2 2N-3 2 2,j-1 3 1

+
ZI-_’.\' ZB.\'—]

Figure 41: a-cycles for 2N points
There are N cuts (N-1 holes), we give that a; is a cycle center at x with radius r

enclosed |29, 29;_1] and doesn’t intersect with other cuts.

If 2 € aj, let z =1z + re? where 6 € [—7, )
1 1
——dz = / ——dz S
\/aj f(z) a; m ( )
[0z = z)
k=1
T 7 510
_ / _ rie 20 (6)
= [ Varred =
k=1

2. Consider fa* ﬁdz where a;k» is<an equivalént path for a; and it’s from zy; to 29,1
J

in (+)edge and then from z;;=;"t0 25; in (= )edge.
a:’(_] aT a:r a?"
. — L % | — l e
— — b
>

- = e Wi
_——_—
T T >
Loys Z'.:’.i e Z"JJH By ¥ Zy Z, *+ Z,

T
-‘{3.\'—1 Limn T

af—] g a; a?q
= = s =" v e —
7 + - —_— —_— o oae 1= P I
Loy Loy ng_._j- Lo Z'_-:,j + ZELH 24 Tl iy Z!
Figure 43: a*-cycles for 2N points
By Cauchy theorem, we can get that
(7)

1 1
L TR / ek

Similarly, we use some ideas of complex number to analysis the integrations, first.

(1) 295 B 22;—1: That is consider the path from z5; to 29,1 on (4)edge
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(a) Analysis in theory
z—z > 0then arg(z — z) =0,k =25,2j + 1, ...... ,m
z— 2z <0 then arg(z — zx) = —m, k= 1,2, ...... 27— 1

So we have z — 2, = |z — 2| where 6, = arg(z — 2;) then

0y,

Vz—z =]z — zk]%eT

/ ! dz = /ZQj_1 ﬁ |z — zk|%e_(_w7k)(2j_l)dz
Zgji>Z2j,1 f(Z) 2

J k=1
2j-1 Lo
%3 k=1

m

) 2251
= (—1)J+1i/ H|z—zk|%dz
% k=1

J
We can use this with Mathematica to get value, and we compare with the
result below to know the difference.
(b) Analysis in Mathematica:
z — 2z, > 0 then arg(z —2p) =0, k= 25,25 + 1, ...... ,m
2z — 2z < 0 then arg(z —zg)=m, k=1,2,...... , 27 —1
So
1 0
Vz— 2z =]z — z|ze?

/ Lalz = /ZQ]‘_1 ﬁ |z — zk|%6_(w7k)(2j_1)dz
szi)Zijl f(Z) Zj

i k=1
z25-1 ™M L
= / H]z—zkﬁejmidz
Zi k=1
) z25-1 ™ L
= (—1)%’/ H|z—zk|§d2
Zi k=1

We can find that the difference of value between theory in sheet-1 and Mathe-

matica. is a minus and it must be pure imaginary number.

(2) 2g; < #2j-1: That is consider the path from z5;_; to z9; in (—) edge

Same as above
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(a) In theory
z—z > 0then arg(z — z) =0,k =25,2j + 1, ...... ,m

z— 2z, < 0then arg(z — zx) =7, k=1,2,...... 27 — 1

m

1
/ ——dz = / H]z—zk\ e (N1 g,
Zoj 2251 f(Z) 221 p—1
m
1 ..
= [T e
Zi—1 k=1

(b) In Mathematica, same as above
But if we can modify the computation it will more quick and easier.
(3) Using Lemma 1 to modify the computation.
(a) 22, * 2251
arg(z — z,) = 0 then vz — 2z 2" 2 =2, k=25,2j+1,....m

arg(z — z) = —m then /z — 2 Math- Jk=1,2,...,2j—1
So

/ N dy A8 /ZQJ._1 - dz
z2j3zzj,1 f(Z) 295 (_1)2j*1f(2;)

J

- L

’
(b) 29 < 2951
arg(z — z) = 0 then mMgh'm,k:%jj—i—l, ...... ,m
arg(z — z) = 7 then mMﬁh’m,k:LQj, ...... 27 —1
So
1) "E" 1 (2)

1 Math. /VZQj1 1
dz = dz
/ﬁ f(z) STE)

/ L j ‘/ZQHH| =2d
——dz = 2™ z— 2| 2dz
a; f(Z) zj k=1

a 22j-1 ]
Math. —2 / ——dz
wy J(2)

Conclusion: We obtain
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3. b-cycles

Figure 44: bj-cycle for 2N-1 points

Give b; is a circle centered at x with radius r and enclosed the [zon_1, 22;] and

intersect at the points on [295, 22;_1] and [zan_1, 2on].

Figure 45: b;-cycle for 2N points

Give b; is a circle centered atox with radius r and enclosed the [zon_1, 22;] and

intersect at the points on [295, Z2j-1] and [zay_1,00). If 2 € b;, 2 = x + re’ where

0 € [—m 0)J[27, 37). From

f)Nan = =f(&)w

1 0 - 10 3 - 10
/mdz - / e d0+/ e o (10)
b; J\Z ™ 11 VT + re — 2 2 ] VT + re — 2

k=1

k=1

rie riet?

0 0 T -

- /.= - [ =
] Ve +re? — z O T vV +ret? — z

=1 =1

do  (11)
4. The equivalent path b7 :

B N y

s — e —
Ix™® Lpa Zngt Zovs 2y, 7 Ly LT, BT E

Figure 46: b}-cycle for 2N-1 points
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_—
" Z?f-" Z.1+ Lg Z:g * Z

Figure 47: b3-cycle for 2N points

From Cauchy Theorem, we have

1 1
/bj mdz = g mdz (12)

where b7 is a path from z,, to 29, in sheet-I and then from z5; to z,, in sheet-II

(1) the path on the cut that is the path from zosy9 to 29511, s = 7,7+ 1, ...... SN —2
on (+)edge in sheet-I and the path from 24,1 to 29540, s=74,j+1,--+ ;N —2
on (—)edge in sheet-II.

(a) In theory
(i) 2242 5 Zasit:
z — 2z, > 0 then arg(z — 2z;) = 0-then arg(y/z — zx) =0
then v/z — zp = |z—zk|%, k=2s+22s+3,---,m
2z — 2z, < 0 then arg(z=2z;) = —7 then arg(\/z — 2;) = —
then vz — 2z = |2 — zx|2e 3 = —ijz — 2|2, k=1,2,--- 25 + 1

MIE

So we have
m

HOR T | ERE

k=1
(ii) 2gep2 €¢-- 2as41 in (—) edge of sheet-II is as same as in (+)edge of
sheet-1, so consider 29519 * 29541
z— z > 0 then arg(z — 2,) = 0= arg(y/z — 2z;) =0
then\/z—izk:|z—zk|%,k:2s+2,23+1, ...... ,m
z — 2, < 0 then arg(z — z,) = — then arg(y/z — 2z,) = =%
then \/z — 2z, = |z — z|2e 3 = —i|z — z|2, k=1,2,.......,2s + 1

We found that same as above

m
OETa | [FEE
k=1
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(b) In Mathematica:

(1) 22612 o 22s+1

z — 2z, > 0 then arg(z — 2z;) = 0 then arg(y/z — 2x) =0

then m:|z—zk|é yk=2s4+2--- m
z — 2z, < 0 then arg(z — ;) = 7 then arg(y/z — 2;) = §

then vz — 2z = |2 — zp|2ei = ilz — 2|2, k=1,2,--- 25+ 1
We have

) = (i e - ol
k=1

(ii) 22542 - 22541+ 22542 i> 22s541-
z — z > 0 then arg(z — z;) = 0 then arg(y/z — z;) =0
thenm:|z—zk|é,k:23+2,23+1, ...... ,m
z — 2, < 0 then arg(z — z,) = m then arg(y/z — 2;) = 5
then \/z — 2z, =% — 2| 2€2' = i|z — 2|2, k=1,2,.....,25 + 1

So we obtain samewalue of f(z) as (i), but different with in theory
ORI oM | (Rt
k=1

(c¢) Using Lemma 1 to modify the computation.

(i) 2z € 22542 =5 Z2s41"
arg(z—zk):0theangh'm,k:25+2, ...... ,m
arg(z — z) = —m then mMgh' —Vz=z, k=1,2,...... 25+ 1
We obtain

f2) M (1P f(2) = —£(2)

(i) 2osp2 —> 2osp1: in (=) edge of sheet-II is as same as in (+)edge of
sheet-I, 29519 * 29541
arg(z—zk)zothenmMgh'm,k:2s+2, ...... ,m

arg(z — z) = —m then /z — 2 Math Jk=1,2,.... 25+ 1
We have



(2) In no cuts that is the path from 25,1 t0 295, s = 7,7+ 1, ...... , N — 2 in sheet-I

and the path from 295 to 20511, s =7,7+1,...... , N — 2 in sheet-II.
(a) In theory:
(1) 22641 = 224
z — 2z, > 0 then arg(z — 2z;) = 0 then arg(y/z — 2zx) =0
then vz — 2z = |z — |2, k=25 +1,....m

z — 2z < 0 then arg(z — zx) = —n then arg(y/z — 2) = —
then /z — 2z = |z — zkﬁe_%i = —i|z — zk|% yk=1,2,...,2s

(MIE

Then we have

fy=T]lz—al2 = (=1 ]|z — =l 2
k=1 k=1

(ii) The path zp511 ¢-- 2g is in sheet-II. We known that f(2)|;) =
—f(2)|r), so we first, consider o511 <= 2o
z — z > 0 then arg(z+ z;) =0 then arg(y/z — z;) =0
then vz — 2= |7 — 2|2, k= 25+ 1,...,m
2z — zp < 0 then arg(z. — z,)= —m then arg(y/z — 2;) = —
then /z — 2p = |2 — zl2e 2 = —ilz — 2|2 , k=1,2,...,2s

-2 U 1 m 1
Zpaprtzae = 0 [Tlz=2"2=(=1)*]] |z — 2| 2. So
k=1 k=1

]

We have f(z)

f(2)

S C | IEEE
k=1
(b) In Mathematica:
(1) 22541 — 224
z — z > 0 then arg(z — z;) = 0 then arg(y/z — z;) =0
then vz — 2z =z — 2|2, k=25s+1,....m
z — 2z, < 0 then arg(z — z,) = m then arg(y/z — 2;) = 5

then \/zl—izk — |z — 2| 2e 8 = —ilz— 22, k=1,2,......, 25
So
f2)= (==l ==l 2 = (=1 ][] Iz — 2l 2
k=1 k=1
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(ii) 22541 €77 X258
z — 2z, > 0 then arg(z — 2z;) = 0 then arg(y/z — 2;) =0
thenm:|z—zk|é,k:2s+l, ...... .M
z — 2z, < 0 then arg(z — ;) = m then arg(y/z — 2;) = §
then vz — 2z = |z — zx|2eB = i|lz — 2|2 , k=1,2,......,2s

So we have same value of f(z) as (i), but different with in theory
o5 T 1 ST 1
1) = P Tl b= (1 ] — ol
k=1 k=1

(c) Using Lemma 1 to modify the computation in Mathematica:

(i) If 2 € 29511 — 294
arg(z — z) = 0 then 'z — 2 Math- Vz—2p, k=2s+1,...... ,m
arg(z — z) = —m then /z — 2 Math- /7= 2k, k=1,2,..... ,28
So
Math. s Math.
fE =" (D)% f(2) =" f(2)
(i) If 29541 ¢ 225 , since 'f(2)|r) = —f(2)|(r) consider zo511 < 22,

arg(z —zx) = 0= vz — z Math. Vzi—zp, k=2s+1,...... ,m
arg(z — zx) = —m = V2 — 2 Math- /o= 2k, k=1,2,...... , 28

So if 2 € 29411 ¢—- 294

Flz) M (=12 f(2) M (2)

/b;%dz - gu—l)sz kH|—|d] (13)
N-1 225
S [ ) .
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3 The integrals of ﬁ over a,b cycles for vertical cut

After knowing the integrals in horizontal cut, we will discuss the integrals for vertical

cuts. In this case, we define that

{ re® 0 € [-3, %) iff z in sheet-I
Z — 2k =

rei® 9 ¢ [g’ ?”) iff z in sheet-I1 (15)

the cut in each sheet has two edges, label the starting edge with ”"4” and the terming

7 and 2z, is the end point of the vertical cut.

edge with 7 —
Analysis the value of f(z) in sheet-I and sheet-II of theory.

Example f(z) = v/z. If z =i C sheet-I

) 3 1 0 0 3
2= [l 0 € [ 2) then vz = [2ffe®, D € -5, T) (16)
If z = ri C sheet-11
2= |2le”,0 € [, ) thel YR =slte¥, S € [1.21) (17)
sheet—I
A &
X M P -
in I . 4
s 3 ____,__.—-—-—____} .

Figure 48: Example of f(z) = /2
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If f(2) = kH (z — z1), then
=1
a 0 3mom, .
H(z —zp) = re¥ 0 € [—?, 5) in sheet-I
k=1
d i0 T oom, .
H(z —zp) = re'? 0y € [5, 7) in sheet-11

k=1

From the idea of definition, re’* = re’? and 6y = 6, + 2.

0 . 01427 . 01, _.
F(2)an = Vre?' = rem T ' = rezte™ = — (=) (18)

Discuss the difference between the value in theory and in Mathematica and find out

how to modify the computation.

sheet—I

A A
+

£
_3n Mathematica
2 5 d

e
2 T
’ﬁﬁz
i /-' x
> _3n
_'JI 4
&j 3 theory

Figure 49: The value in sheet-I and Mathematica of 1/z

#

)

&

(381 =|

So we need to modify the computation in Mathematica s.t. the numerical result of

Mathematica is identical to the numerical result of theory when 6 € [—3%, —].

Lemma 2. When z in sheet-1 for vertical cut whose one of the end points is z,

v [ VTR i e - a) €[,
o Vi—a  if arg(z — ) € (-7, %)

Proof.

Let z in sheet-I and using polar form z — z;, = re®®. When 6 € (-, %), the argument

in theory or Mathematica is the same. When 0 € [—37“, —m], Mathematica will conversion
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0 into 0 + 27 € [T, 7| where § 4 27 € [3, 7] and ref = refit2m byt

In theory: V7= 2 = \Jret
In Mathematica: V7 — = Jre T = _\Jres

Soif § € [-%, —n]

VZ— 2k Math. —\zZ — 2z

As same as horizontal cut. We first discuss the difference between the value in theory
and the value in Mathematica. Compare their sign(f) is different or not? Using statement
before about modify and get value, the result will be the same or not?

Example: The integrals of ﬁ over a,b cycles for vertical cut where
f(z) = /(2 —i)(z — 2i)(z — 3i) (2 — 4i)(z — 5i)(z — 6i). Let f(z) =
zr="ki, k=1,2,3,4,5,6

o

\/ 2 — 25, where

k=1

A61'
+ | 2 + | -

21

> >

Figure 50: a and its equivalent path a*

1. Compute fa{ ﬁdz where aj is equivalent path for a; and aj = the path along
vertical cut from 7 to 2i on (+)edge of sheet-I (called af;) and then back from 2i to
i on (—)edge of sheet-I (af,)
(1) aiy: Let z=ri,r:2— 1,dz =idr
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(2)

(a)

*

Analysis in theory:

Since z — ki = |z — ki|e®8—ki

consider arg(z — ki).
arg(z — i) = —37 then argv/z —i = =37
arg(z — ki) = —% then argv/z — ki = -5, k=2,...,6

6
H|z—k@| 2)e 4 = H|Z—k:z| 2)e 1

=1

ol

|2 —ki|"z2 =R

o

k=1

6
(Let [ |z — ki| "2 = R)
k=1
Analysis in mathematica (no matter in which sheet):

arg(z— kz)'L

Since z — ki = |z — kile consider arg(z — ki).

us

arg(z —i) = 5 then argvz —i =%

arg(z — ki) = —% then arg/z'< ki = —7, k=2,3,4,5,6
6 6 o
:H|z—k2] Zedn H]z—kzirie_ﬂ
k=1 k=1
6 1
=—]] 1=kl > =-R
k=1

Compare with (a) and (b), we find that when you want to get true value,
the value which we get from Mathematica should multiply —1 that is
sign(f(2)|(r))=-sign(f (2)|aratn.)

Using the Lemma 2 to modify:

arg(z — i) = —37 than vz — i Math- _ 2=

arg(z — ki) = —2 than vz — ki "2" /2 — ki, k=2, 3,4, 5,6

So f(z) Math- (z), the same result as above difference between theory

and Mathematica, the difference is a minus.

aj, : Let z =ri,r : 1 — 2 and then dz = idr

Analysis in theory:

Since z — ki = |z — ki|e®8=k)i consider arg(z — ki).
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arg(z — i) = 5 than arg(vz — i) =
arg(z — ki) = —7 than arg(v'z — ki)

H|z—kz| Jei(e 1) H|z—kz| 2747
:—H|z—k¢|—%
k=1

(b) Analysis in Mathematica (no matter in which sheet):

N

—T k=2,3,4,5,6

Since z — ki = |z — ki|e®8=k)i consider arg(z — ki).
arg(z — 1) = 5 than arg(vz —i) =
arg(z — ki) = —7 than arg(vz — ki) = =7, k=2,3,4,5,6

H\z—kz] Tei(e7 1) H|z—kz| 2747
:_H\z—kz’r%
k=1

Compare with (a) and(b) we find the value is same

N

(c¢) Using Lemma 2 to modify:
arg(z —1) = 5 than vz —1 Math- 2=
arg(z — ki) = —% than vz — ki Math. o — ki, k=2,3,4,5,6

Here we obtain f(z) Math. f(2), the same result as above.

1 1
ok / ek
2 6
:—2/ i[[1ri— ki|"2dr
L =1

Math S
o '2/ g
1 f(”)

= 0.+ 0.8715631¢

2. Compute fa* ﬁdz where aj is equivalent path for a; and aj = the path along
2
vertical cut from 4i to 3i on (+)edge of sheet-I (called a3,) and then back from 3i

to 4i on (—)edge of sheet-1 (a3,)
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(1) a}, : Let z =ri,r:4 — 3,dz =idr

(a) Analysis in theory:

Since z — ki = |z — ki|e®8=k)i consider arg(z — ki).

arg(z — ki) = —3m than arg(vz — ki) = =37,k =1,2,3
arg(z — ki) = —7 than arg(vz — ki) = =5,k =4,5,6

6

6
H\z—/my e i e )P =[] |2 — kil ze 5T

k=1
—_ H 2 — ki| "2
k=1

(b) analysis in Mathematica (no matter in which sheet):

arg(z— kz)z

Since z — ki = |z — kile consider arg(z — ki).

arg(z — ki) = 5 than arg(vz —1i) = 7, k=1,2,3
arg(z — ki) = —7 than arg(yv/z — ki) = =75, k=4,5,6

H|z—kz\ 3(e%)? H|z—kz\ 2

Compare with (a) and (b)-we find that when you want to obtain true

value, the value which we have from Mathematica should multiply —1,
szgn(f(z)|(1)) = _Sign(f(z)’Mathewatica>

(c¢) Using Lemma 2 to modify:
arg(z — i) = —37 than vz — i Math- 2= k=1,2,3
arg(z — ki) = —F than vz — ki Math S ki ,k=4,5,6

same as the above result
(2) aby: Let z=ri,r: 1 — 2,dz =idr

(a) Analysis in theory:
Using polar form z — ki = |z — ki|e®#=ki consider arg(z — ki).

arg(z — ki) = 5 than arg(vz — ki) = 7, k=1,2,3
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arg(z — ki) = —7 than arg(vz — ki) = =75, k=4,5,6

H|z—k@| 3(e)? H|z—kz\ 2

(b) Analysis in Mathematica (no matter in which sheet):
Using polar form z — ki = |z — ki|e®#=*)i consider arg(z — ki).
arg(z — ki) = Z than arg(vz — ki) = T, k=1,2,3

~T than arg(v/z — ki) = — %, k=4,5.6

H|z—k’@| 3(et)’ H|z—kz| 2

Compare with (a) and (b) we find the value is same

arg(z — ki)

(c¢) Using Lemma 2 to modify:
arg(z —1i) = 5 then vz — 1 Math. = i, k=1,2,3
arg(z — ki) = — 7 theny/z—Fki Math ki, k=4,5.6

F(z) =" f(2)

same as the above result

NELRIAE

:2/ ¢H|m'—k;z‘|—%dr
3 k=1

Math )
2'2/ —dr
5 f(ri)

=0.+1.74313:

3. Compute fb* ﬁdz where b3 is an equivalent path for by and b5 = the path along
vertical line from 5i to 4i on sheet-I (called b3,) and then back from 5i to 4i on

sheet-11 (b3,)

(1) b3, : Let z =ri,r:5 — 4 and then dz = idr
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__6i 61
—\ —
NN i =
jl,ﬂ*'\ b:}c + 2
o 2

44 I'—li
= I + —
31 ! 31

Vi
217 21
-
— + -
1 i

Figure 51: b and b*

(a) Analysis in theory:

Using polar form z — ki= [z — ki|e®#==*i  consider arg(z — ki).

arg(z — ki) = —3m then arg(v/z = ki) = —3m, k=1,2,34
arg(z — ki) = —7 then arg(v/z = ki) = —7, k=5,6

6
z — ki|” 2( 3”)4(6_%)2:H|z—k2| 2e T

k=1

f(z) =

6
IT
k=1

6
1

H |z — ki| 72

k=1
Analysis of Mathematica (no matter in which sheet):
Using polar form z — ki = |z — ki|e®#=*)i consider arg(z — ki).
arg(z — ki) = 5 then arg(vz — ki) = 7, k=1,2,3,4
arg(z — ki) = —7 then arg(vz — ki) =

6
H |z — ki|™ 2 (e 1)%(e¥)

k=

1
6
@H|z—lm| 2

k=1

—T k=56

H|z— ki|~ 2¢iT

»J* \

Compare with (a) and (b) we find the value is same.
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(c)

(2) b3y

Using Lemma 2 to modify:
arg(z —1) = 5 then vz —1 Math. o= 1, k=1,2,3,4
arg(z — ki) = —7 then vz — ki Math- /7 ki, k=5,6

Math.
fz) "= f(2)
same as the above result

We known that f(z)|) = —f(2)|ur) , so we can consider b33 is the path

along vertical line from 4i to 5i on sheet-I.

Let z =ri,r : 4 — 5 then dz = idr

(a)

Analysis in theory:
Using polar form z — ki = |z — ki|e®8==*)i consider arg(z — ki).
—37 then arg(vz — ki) = =37, k=1,2,34

arg(z — ki) = —im themarg(vV/Z = ki) = —17, k=5,6
6

H|z—k;z| (e 17) H|z—kzz| Te T

6

=i ][]z —ki[™=
k=1

arg(z — ki)

So
6

by = —lH |Z - /{Z’L|7%

k=1

f(2)

by, = —f(2)

Analysis in Mathematica (no matter in which sheet):
Using polar form z — ki = |z — ki|e®#=*)i consider arg(z — ki).
arg(z — ki) = 17 then arg(v/z — ki) = 1, k=1,2,34
— 17 then arg(vz — ki) = —1r, k=56

6
H]z—k:z| 2( H|z—kz| 2eiT
6

=[]z kil
k=1

Compare with (a) and (b) we find when you want get true value, the value

arg(z — ki)

which we obtain from Mathematica should multiply —1
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(c¢) Using Lemma 2 to modify:
arg(z — i) = %7‘(‘ then vz — i Math. Vz—i, k=12.34
arg(z — ki) = —17 then vz — ki Math- /2 " Fi, k=56
F(2) oz """ f(2) then

f(2)

b, — —f(2)

vy = —f(2)
same as the above result

1 1
WOk e

5 6
:—2/ iH|z—ki|_%dr
4 k=1

Math b
= '—2/ —dr
4 f(”)
= —1.48065

dz

4. Compute be ﬁdz where b7 is equivalent path for by and b} = b5 |J b7, U b1 U b1, U b5
where b}, = the path along vertical eut from 4 to 3i on (4)edge of sheet-I b], = the
path along vertical cut from 3i.to 4i-on(~)edge of sheet-11, bi; = the path along
vertical line from 3¢ to 27 on sheet-I, b7, = the path along vertical line from 27 to 3i

on sheet-II.

(1) b}, = al; : Done

(2) b}, = the path along vertical cut from 3i to 4i on (+)edge of sheet-I
Let z =ri,r : 3 — 4, so dz = idr
(a) In theory:

Using polar form z — ki = |z — ki|e®#=*)i consider arg(z — ki).

arg(z — ki) = —%’ﬂ then arg(vz — ki) = —%W, k=1,2
arg(z — ki) = —%71’ then arg(v/z — ki) = —%ﬁr, k=3,4,5,6
6 6
£(2) =] 1= = kil 2 (e ) (e i) = [[ |z — kil 2e %"
k=1 k=1
6
= —1 H |z — ki| ™2
k=1



(b) In Mathematica (no matter in which sheet):
Using polar form z — ki = |z — ki|e®#=ki consider arg(z — ki).
arg(z — ki) = 17 then arg(v/z — ki) = 17, k=12
z—i=—|z—kili arg(z — ki) = —37 then arg(v/z — ki) = —iﬂ', k=3.4,5,6

H|z—k:z| 2(e71 H|z—k@| 24T
6

=] | E

k=1

Compare with (a) and (b) we find that the value is same

(c¢) Using Lemma 2 to modify:
arg(z — ki) = 17 then vz — ki Math- e ki, k=1,2
arg(z — ki) = —im then vz — ki Math- . J— ki, k=3,4,5,6

Fla) " f(2)

same as the above result
(3) biy: Let z =ri,r: 3 — 2, so dz=4idr

(a) In theory:

Using polar form z — ki = |z — ki|e®#=*i consider arg(z — ki).
—%’ﬂ then arg(vz — ki) = —%W, k=1,2
arg(z — ki) = —im then arg(vz — ki) = —1m, k=3,4,5,6

H|z—k:z| 2 7” H\z—kz| 2g 4T
6
1
=—i[[lz— kil=
k=1

(b) In Mathematica:

arg(z — ki)

Using polar form z — ki = |z — ki|e®8(==k)i  consider arg(z — ki).

arg(z — ki) = im then arg(vz — ki) = 1, k=1,2
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arg(z — ki) = —3m then arg(vz — ki) = —3m, k=3,4,5,6
H|z—kz\ 2( —am H|z—kz\ 2747
= —iH |2 — ki "2
k=1

Compare with (a) and (b) we find the value is same

(c¢) Using Lemma 2 to modify:
arg(z — i) = 17 then vz — i Math- /2=, k=1,2
arg(z — ki) = —im then vz — ki Math- /= ki, k=3,4,5,6

Flz) M f(z)

same as the above result

4) by, : We known that f(z)|) == (11) » S0 we can consider b7;= the path
14 (5= 14
along vertical line from 2i to-3i on sheet-1.

Let z =ri,r: 2 — 3, sodz = dr

(a) Analysis in theory:

arg(z— k:'L)z

Using polar form z — ki = |z — kile consider arg(z — ki).

arg(z — ki) = im then arg(vz — ki) = 3, k=1,2
arg(z — ki) = —im then arg(v/z — ki) = —3m , k=3,4,5,6

H|z—k:z| 2( H|z—k‘z| 2g T
= —iH 2 — ki| "2
k=1

So

f(2)

(b) In Mathematica (no matter in which sheet):

Using polar form z — ki = |z — ki|e®®=*i consider arg(z — ki).

57



arg(z — ki) = 3w then arg(vz — ki) = ¢, k=1,2
arg(z — ki) = —im then arg(vz — ki) = —1m, k=3,4,5,6

6 6
F2) =11z = kil 2 ety (e )2 = [] 12 — kil 2e7i"
k=1 k=1

6
1
=—i[]lz—kil2
k=1

Compare with (a) and (b) we find when you want get true value, the value

which we got from Mathematica should multiply -1

(c¢) Using Lemma 2 to modify:
arg(z — i) = %W then vz — i Math. Vz—i, k=12
arg(z — ki) = —1m then vz — ki """ /2 — ki, k=3,4,5,6
Pz " F(2) then f(2)li, = —F ()l "= ~1(2)

same as the above result

By (1), (2), (3), (4) and Cauchy Integral Theorem
1 1
——dz = | —=dz
/61 f(2) b f(2)
5 6 ) 3 6 )
= —22’/ H |z — ki|"2dr — 22’/ H |z — ki|"2dr
4 p=1 2 k=1

Math b 5
%'—2/ ,dr—2/ —dr

gy f(ri) o f(ri)
= —-2.9613

We find that when compute the integral by Mathematica, the difference of integral form
between theory and Mathematica can help us know how to modify. We also can use angle
to decide how to modify. It will the same so we only use angle to decide how to modify

below.

In general situation: Compute [ ﬁdz over a*,b* for vertical cut where f(z) =

—3

(z — zi) and 2z, = agi, ax € R.

k=1
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1. a-cycles: a; cycle is a cycle center at x with radius r enclosed [22;, 22;_1] and doesn’t
intersect with other cuts. faj Lo fa,f ﬁdz in sheet-I. The equivalent path
!

a;f =the path on a vertical cut from-25;t0 221 with (4)edge of sheet-I and then

Figure 52: a-cycle and their equivalent path a*

1 (2)

from z5;_1 to 2zo; with (—)edge of sheet-I.

Using lemma to modify:

(a)

2 € 2y; & Zoj—1: Let z =ri,r : Im(zg5) = Im(225_1), so dz = idr
arg(z — zx) = —37” then /z — z Math-_ fo— 2k k=1,2,3,...... 27— 1
arg(z — z) = —4 then \/z — 2 Math- 2k, k=25,27+1,...... ,m

F2) M ()P () £ (2)

2 € 2951 — 295+ Let z =ri,r = Im(z9;) = Im(225_1), so dz = idr
arg(z — z) = —4 then \/z — 2 Math. 21,k=1,2.3,......2]-1
arg(z — zx) = —% then /2 — 2 Math. 2k k=25,27+1,...... ,m

F(z) M £ ()
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By (a),(b) and Cauchy Theory:

1 1
dz = dz

o 1G) v 1)

Math /Im(zzj) e 1 p (19)
=" 2 | | ———dr 19
Im(z25-1) k=1 V Z = 2k

2. b-cycles :

Figure 53: b; and bj of 2N — 1 points and 2N points

b; is a circle centered at x with radius r and enclosed the [zon_1, 22;] and intersect at
the points on [29;, 29;-1] and [zan_1, 2on] Or b; is a circle centered at x with radius r

and enclosed the [z2n_1, 22;] and intersect at the points on [z9;, z9;_1] and [zan_1, 00)

By Cauchy Theorem, we know that

|, 7 / e (20)

Equivalent path b} is a path from z,, to zg; in sheet-I and then from zy; to z, in

sheet-11
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(1) the path in cut i.e. the path from 25,9 to 29511, s = 7,7 + 1,......
(4)edge in sheet-I and path from zo411 to 29540, s = j,5+ 1,--- ,N —2 on
(—)edge in sheet-II.

(a) 22542 5 22s+1
m Math.
arg(z — zx) =—3 then vz — 2z = Vz— 2k, k=25+2,...... ,m
3 a
arg(z — zx) = —57 then vz — 2 Math /7~ 2k =1,2,...... 25+ 1
So
Math. s Math.
fl2) "= ()2 () TET —f(2)

(b) if 22542 — 22541

arg(z — z) = —4 then \/z — 2 Mgh'\/z—zk,k:2s+2, ...... ,m
arg(z — zj;) = +m then \/z,— 2k Math- = 2k =1,2,...... ,2s+ 1

So
M ath.
fzh = f(2)
(2) In no cuts that is the path from 2z, 1 t0 295, s = 7,7+ 1, ...... , N — 2 in sheet-I
and the path from 295 to 20511, s =7,7+1,...... , N — 2 in sheet-II.

arg(z—zk):—g then vz — z, Math- Vzi—z,k=2s+1, ... ,m
3 a
arg(z — zx) = —; then \/z — z Math /77— 2k =1,2,...... ,2s

So
Flz) M (1) () M f(2)

(b) If 29511 ¢-- 2250 Since f(2)|r) = —f(2)|r), we consider zps1 < 224
™ Math.
arg(z—zk):—§ then /z— 2z, = Vz—z,k=2s+1,.... ,m
3 a
arg(z — zx) = —; then vz — 2 Math- 7= 2, k=1,2,..... , 25
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So

2 € Zygyr €= 2o then f(z) MEY —(=1)2f(2) =" —f(2)
From (1), (2) we have
1 1
——dz = ——d
w P2 P
N—-1

Mgh, Z (2 /Z2s

1
2@ [ 1"

(21)

When we want to modify the computation of f(z) and f(z) has m roots. We needs

to consider \/z — z, k=1,....m. There are m steps of modifying the computation, if m

is large it will become troublesome. Here we provide a way to reduce the step. We can

divided domain R into many areas to discuss the way to modify on vertical cuts We call it

the area to modify. Take a example to explain f(z) = \/(z —i)(z — 2i) = Vz —iv/z — 2i

Figure 54: 6 blocks of domain

Only discuss in sheet-I and divided it into six blocks (A),(B),(C),(D),(E) and (F)

where
A)={z=2+yi:2<0,2<y}, B)={z=a+yi:x<0,1<y<2}
C)={z=a+yi:x<0, y<l1}, D)={z=x+yi: x>0, 2<y},

(E)={z2=2+4yi:2>0,1<y<2}, F)={z=z+yi:x>0 y<l1}
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1. z€ (A4)

arg(z — i), arg(z — 2i) € (=2, —m) (where we need to modify)

SoVz—1 Math. —v/z—1and vz — 2i Math. —z—2i
F(2) " 1 (2)
2. z€ (B)

arg(z —i) € (—%, —m) then vz —i Math- =
arg(z — 2i) € (—m, —5) then /2 — 2i Math- fr =i

3. 2 € (0),(D), (E), (F)
arg(z —1i),arg(z — 2i) € (—m, )

SoVz—1 Math. Vz—1and \/z —2i (e Vz—21
F& 20 (2)

4. z € (4)edge of the cut [i, 2i].
arg(z — i) = —2% then vz — i Math- =
arg(z — 2i) = —7% then vz — 2i Math- Jz =i

5. z € (+)edge of the cut [7, 21].
arg(z —i) = 5 then vz —1 Math- /o
arg(z — 2i) = —75 then vz — 2i Math- e =i

F2) M= f(2)
Conclusion:

Math. [ f(z) if z € (B)J(+)edge of the cut [i,2i],
—f(z) otherwise.
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s

If f(2) =

(z — zi) for vertical cut.

o~
Il
—_

2N .
------- Lo ol

N1+ il = &=
------- ZoN-1 mmmmm e N TNy
sem---- g L2542 aeeeaan L2 +2

adtl o — 2J+1 +]|—
A e T
e ke B [

J 2

> =1 +]— 241 +]II—_ -
------- L2-1 SEsEmEn Ton s
------- Lo e el D

T = o [, S
'''''' Z1 T Ty v

Figure 55: The areas with points2/N = 1 and 2N in vertical cuts

In each case we can find the z-region where f(2) Math. f(2) and where f(z) Math. —f(2).

Case 1. zp =agi,ar € R, k=1,2,...... 2N —1=m

region — (1) = {(z,y) : v < 0,a; <y < as} U{m cut in (+)edge}
region — (2) = {(z,y) : v < 0,a2 <y < as} U{% cut in (4) edge }
region — (25 — 1) = {(z,y) : v < 0,a2j—1 <y < as;} U{ZQj_]_sz cut in (4) edge}

region — (2N — 1) = {(z,y) : © < 0,aony—1 < y} U{ng_l — —oo cut in (+) edge}

1. z € region—(25 — 1)
arg(z — z;) € [, —7] then /z — 2 Math- o= 2, k=1,2,...,27 — 1

arg(z — zx) € (—m,m) then \/z — z Math.f— 2k, k=27 — 1,27, ...... 2N —1
So

F2) 2 (—1)¥ f(z) M2 —p(2)
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2. z € region—(2y)
arg(z — zx) € [—37”, —7] 2z — 2 Math- = 2k, k=1,2,...,27
arg(z — zx) € (—m, ) then /z — z Mt o, k= 27,27+ 1, ...... 2N —1
So

F2) 5 (=1 () M f(2)

Case 2. zp =axt, ap € R, k=1,2,...... 2N =m

region — (1) = {(z,y) : x < 0,a1 <y < az} U{m cut in (+)edge}
region — (2) = {(z,y) : x < 0,as <y < az} U{% cut in (+) edge }
region — (2j — 1) = {(z,y) : * < 0,a95_1 <y < ay;} U{m cut in (+) edge}
region — (2N — 1) = {(z,y) : © < 0,a9n-1 < y} U{ng_l — —oo cut in (+) edge}
region — (2N) = {(z,y) : x < 0,a2n_1 < y}
1. z € region—(25 — 1), j = 1,2, N
arg(z — z,) € [, —7| then /2 =2 A\ g —Vz—z, k=1,2,...,2j — 1

arg(z — zx) € (—m, ) then /z=zx o vz = 2k, k=2j-1,2j,......,2N-1
So
f(2) " ()P () = 1 (2)
2. z € region—(2j) , 7 =1,2,...,N
arg(z — z,) € [, —7] then /z — 2z Math = k=1,2,...,2j
arg(z — z) € (—m,7) then /2 — 2, Math. Vi—zi, k=25,2+1, ... 2N —1

So
() (DY ) = f(2)
Conclusion:
Case 1.
Math. | —f(z) if z € (25 —1), j=1,2,...,N-1,
Fz) 7= { f(z)  otherwise. (23)
Case 2.
Mah. [ —f(z) ifz€ (2 —1),j=12,...N,
f(z) 7= { f(z)  otherwise. (24)
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Take an example to show this way how to help us modify : Compute [ ﬁdz over ay,

as, as, by, by and by cycles where f(z)=

V(E=242i)(z—2-20)(2 —1+3i)(z — 1 =3i)(z +i)(z —i)(z + 1 + 3i)(z + 1 — 31)
Let 21 = 221,20 = 2421, 23 = 1-31, 24 = 1431, 25 = —1, 26 = 1,27 = —1—31, 28 = —1+31.

Using the way of blocks to modify the computation in Mathematica to get right value.

~1+3i=Zg 1+31 =24

2+21 =22

1=Ze.
+ +1-
>
_i 4.._

2=21=¥,

=1-3i=Z7 ) 1481 =74

Figure 56: cut plane

—1+34 L+31

~1=81

Figure 57: a-cycles and their equivalent path

1. Compute fa{ ﬁdz where a} is equivalent path for a; and a} = a3, Jaj,
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(1) z € aj,= the path for vertical cut from 2 + 2i to 2 — 2i on (+)edge in sheet-I

Let z=2+4+ri,r:2— —2 = dz =1idr

Ve—ae—n =V - o
Vi—mVi—a S r -
VZ—25v7 — 2 2 T 257 — 2
Vo=V —z 2 ez — 2

Lalz Math. _ /_2 ;'dr
aiy f(2) 2 f(2+11)
(2) z € aj, = the path on vertical cut from 2 — 2i to 2 + 2i in (—)edge of sheet-I

Let z=2+ri,r: =2 — 2 = dz =idr

Ve — TR S = e — 2

Vz S[wviE= 2 Vg Vz— 232 — 2

V7 DBz JE [ = 27 — 2

Viz— 2z — 23 Math. Viz— 2z — 23
() " £ (2)

2 .
1 Math. l
[ Z P

o, f2) T S f2+ )

by (1), (2) and Cauchy Integrate Theorem

dr

1 1
—dz —dz
() o f(2)

2

al

= 1.04083 x 107Y +0.119738i

2. Compute fa; ﬁdz where aj=a3, |J a3, Jass U as, U ass U ads is the equivalent path
for as and a}, = the path on vertical cut from 14 37 to 1+ 2¢ on (+)edge in sheet-I,

as, = the path on vertical cut from 1+ 2i to 1+ 3i on (—)edge in sheet-1, a3, = the
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path on vertical cut from 1+ 2i to 1 — 27 on (+)edge in sheet-1, a3, = the path on
vertical cut from 1 — 2i to 1 4 2 on (—)edge in sheet-1, a5, = the path on vertical
cut from 1 —2i to 1 — 3¢ on (+)edge in sheet-I and al; = the path on vertical cut

from 1 — 3i to 1 — 2¢ on (—)edge in sheet-I.

(1) z€ab;: Let z=14ri,r:3 — 2 and dz = idr

Vi—avz—zm ez — 2
Ve —zVz—z 2 e 2z — 2
VZ— 2/ — 25 2 e = vz — 2%
VZ—zvz— 2 " e ez — 28

(2) z€ a3y Let z=14ri,r: 2 =3and dz = idr

Vz I 2 — 21V — 2
VzZ N T [ 2a\/Z — 24
Vz—25v7 — 25 "2 2= 2577 — 2
Vz— vz — 28 "2 2= 2z — 28

F(z) M £ ()

(3) z€aby: Let z=14ri,r:2— —2 and dz = idr

Vi—avzr—m eV — 2

Ve zaVz =z e zE — 2

VZ—25v7 — 2 2 T 257 — %

Vz— 27— 2 2 T = 2z — 2
flz) "= f(z)
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(4) z€as, : Let z=147ri,r: —2 — 2 and dz = idr

Ve—avz—z 2= aVzE— 2
Ve —zVz—z 2 e = 27— 2
VZ— 2z — 25 2 T mE — %
Vi— iz 2=z — 7

(5) z€ab; : Let z=1+ri,r: =2 — —3 and dz = idr

Vimavi—zm N E =z — o
VZ—z3/z— 2 2 = mVE—
VZ— 257/ — 25 2 e = sz — 2
V= B =z — %

(6) z € abg: Let z=1+ri,re=3 — =250 dz = idr

VZ—z3/z— 24 2 = 2sVE —

VZ— 2z — 25 2 e = 2z — 2

Vz— 27—z 2 2= 2z — 2
1) " £ ()

By (1), (2),......,(6) and Cauchy Integrate Theorem

/%d - /%d

2 .
Math. [/

3 i
- 2/2 T A

_92 i
+2 / o
s f(l—=ri)
= 0.—-0.1031562
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3. Compute f dz where a} is equivalent path for a3 and af = a3, |J a3, where af;
is the path on vertical cut from i to —i on (+)edge in sheet-I and a3, is the path on

vertical cut from —i to ¢ on (—)edge in sheet-I

(1) z€a}y : Let z=ri,r: 1 - —1 and dz = idr

Ve—aVz—z 2 e zVE - 2
Ve zVe— 2 eV — 2
VzZ— 257 — 2 2 2= 25v/Z — 2
Vz— vz — 28 "2 2= 21/7 — 28

(2) z€aly: Let z=ri,r: =1 — 1 and dz = idr

VZ— zyamag, 2 a7 — %

V7 FNEIE BN /7~ 2377 — 24

VZ Sz 25 7 — 2\/Z — %

vz — 2/ ez — 2
flz) "= f(z)

L o M 1 o dr
ag, J(2) 1 f(2+7)
By (1), (2) and Cauchy Integrate Theorem
1 1
—dz =
as J(2) i )

ajy
Math
25
/ e (25)
= —1.73472 x 107 4+ 0.227188:

In order to compute by cycles, we compress and deform b, to a equivalent closed

T —dz - /b; o
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Figure 58: The b-cycles

—1+34 I+31

22
i >

Figure 59: The equivalent path 0;

v
=1=31

4. The equivalent path b3 = b3, J b3, U b33 U b5, U b55 U b5 U b5 U b3s where b3, = the
path on horizontal line from ¢ to —1 + ¢ in sheet-I, b3, is the path on horizontal line
from —1 44 to ¢ in sheet-1I, b3, is the path on vertical cut from —1+4 to —1 —7 in
(4)edge of sheet-1, b3, is the path on vertical cut from —1 —i to —141 in (—)edge of
sheet-1, b} is the path on vertical cut from —1 — i to —1 — 27 in (+)edge of sheet-I,

bis is the path on vertical cut from —1 — 2i to —1 — i in (—)edge of sheet-I, b3, is

71



the path on vertical cut from —1 —2i to —1 — 3i in (4)edge of sheet-I and b} is the

path on vertical cut from —1 — 3i to —1 — 27 in (—)edge of sheet-I.

(1) z€ by : Let z=r+i,r: —1 — 0 and then dz = dr

Ve—avz—z 2 = zVE - 2

Vz— 2z — 24 "2 =237 — 2

\/2—725\/2—726]\/@]% V72— 2572 — 2

Ve—mve—z S r a2
F(2) "= £ (2)

(2) 2 € =141 «-- 1 : We known that f(z)|q) = —f(2)|ur) , so we can consider

z€ =141+ first. Let z=7r+4+14,7:0— —1 and then dz = dr

Vi—a¥z — & Vi avz— %

Vz BN EE 2 — 57—

VZ— I — 26 2 T — 27— 2

VZ—az— 2 " ez — 28
F2) M= £ (2)

So

/—H—it———i f(lz)dz - /—1+i<—i f(lz)dz = /01 f(T1+ i)dr

(3) z€bly: Let z=—1+ri,r:1— —1 and then dz = idr

Ve—aVz—z 2 e ziVE - 2

VZ =2z =z e zE — 2

VZ—25V7 — 2 2 2= 25v/Z — 2

Vz— 27— 2 2 2= 2z — 2
flz) "= f(z)
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(4) z€ b, : Let z=—1+ri,r: =1 — 1 and then dz = idr

Vi avi—a = —Vr—avE -z
Vo= zVz— 2 " ez — 2
VzZ— 257 — 2 2 /2= 25v/Z — 2
Vz—zv7— 2 "2 2= 2z — 2

(5) ze€ bl Let z=—1+7ri,r: —1 — —2 and then dz = idr

N e N
Vi—aVi—u 2 =i — Vi a
Ve —zsVzE—z5 22— 25z — 7

Ve —aVamas, = =z — 2z — 2

(6) z € by : Let 2z = —1+rigr s =2/— —1 and then dz = idr

Vi—avz -z " e a2

VZ—z/z— 2 2 = mVE—

VZ— 2z — 2 e 2z — %6

VZ— vz — 2 " ez — 2
F2) =" 1 (2)

(7) z€ bl : Let z=—1+ri,r: —2 — —3 and then dz = idr

Vimavi—zm 2 VE—ayE— o

Ve zVe— 2 eV — 2

VzZ—25v7 — 2 "2 2= 257/ — 2

Vz— vz — 25 "2 2= z1/7 — 2
() " ()
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(8) z€bly: Let z=—1+ri,r: —3 — —2 and then dz = idr

Vi—zvz—2 "2 =z — %
Ve—mVi—a S =i = Vi —
VZ— 2/ — 25 2 = VE — %
Ve—mvi—z S e e — 2

By (1), (2),......,(8) and Cauchy Integrate Theorem
1 1
—dz = —dz
/bg f(2) b% f(2)
Math. o, [0 i b
g [t [
EAGE ) 1 f(=14ri)

-1 i —2 i
+2 — —dr —2 —d
/_2 f—1+ri)" / f—1+ri)"
= 0.09447344- 0.0000942992¢

5. by: consider equivalent path b3 = b3 () aj b5 U b3y U b33 U b5, U 055 | b3

= Pt 1+3i
- : 2+2i
! |
1
i = =Y
+{[- +1— +] -

22

v
~]—33 1-83

Figure 60: The equivalent path 0

b3, is the path on horizontal line from ¢ to 1+¢ in sheet-I, b3, is the path on horizontal

line from 1+ to ¢ in sheet-II, b34 is the path on vertical cut from 1+ 3¢ to 14 27 in
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(4)edge of sheet-11, b3, is the path on vertical cut from 1+ 2i to 1+ in (4)edge of
sheet-11, b3, is the path on vertical cut from 1+ 2 to 1+ 3i in (—)edge of sheet-11

and b} is the path on vertical cut from 1+ to 1 + 2 in (—)edge of sheet-II.

(1) zebyy=i—14+i: Let z=r+4,r:0—1and dz = dr

Vi—avz—zm " e avE - %

Ve —zVz—z 2 e 2z — 2

VZ— 27— 25 2 T = ez — %

VZ—zz— 2 ez — 28
flz) "= f(z)

(2) z € b3y =i «--1+i: We known that f(2)|) = —f(2)|ur) , so we can consider

zebyy =14 1+1 first. Let z=7r414,7:1 — 0 and then dz = dr

VZ - SN BRI V7 — V7 — %

VZ S e A HE /7 — 2377 — 24

vz — N at ez — 25z — 7

Vz— 27— 2 "2 T = 2z — 2
flz) "= f(z)

Jo, 7" / %d e %dz

B , Math. /
b3 f flr+i)

(3) Since the (4)edge of sheet-II is equivalent to the (—)edge of sheet-I and the

So

(—)edge of sheet-II is equivalent to the (+)edge of sheet-I. We have b}, = the
path on vertical cut from 1+ 37 to 1+ 2¢ in (—)edge of sheet-1, b5, = the path
on vertical cut from 14 2i to 1 + ¢ in (—)edge of sheet-I, b5, = the path on
vertical cut from 1+ 2i to 1+ 3¢ in (+)edge of sheet-I and b3, = the path on

vertical cut from 144 to 14 2¢ in (4)edge of sheet-I. So we consider in sheet-1.
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(a) z € by Let 2z =1+1ri,r: 3 — 2 and then dz = idr

Vz—21vVz— 2 Math. Vz—21vVz— 2

VZ—z3/z— 24 2 = mVE—

VZ—25v7 — 2 2 T 257 — %

Vz— 27— 2 2 T = 2z — 2
) " 1)

(b) z € bl,: Let z=14ri,r:2— 1,80 dz = idr

Vz—zavz—2 "2 ez — 2
VZ—zVz— 2 B = mVE —
VZ = 2vVz — 26 2 2= 25v/7 — 2
Vz—zamzs 2 Z— a7 — 2

(c) z€by;: Let 2 =1+ri,r:2=3and then dz = idr

V2 — 2172 — 2 Math. —Vz— 212 — 2
V7 = a7 — 2y e Vz— 232 — 2
VZ— 2z — 25 " \r = vz — 7

Vi—zz—z5 2 = aE — %

(d) ze€bly: Let z=1+7ri,r:1— 2 and dz = idr

Vz—avz—2 2 ez — 2

VZ—zVz =z 2 = z5VZ — 2

VzZ—25V7 — 2 2 2= 2577 — 2

Vz— vz — 2 2 e = zvz — 78
() " )
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By (1), (2), (3) and Cauchy Integrate Theorem

/b2 = /b; f(lzflz

0

') 1
= 2 ———dr + 2 ——=dr
1 f(ri) 1 flr+1)
1 ! dr + 2 o ! d
—9 - I
1 f(=14171) T —o f(=1471) g

-2 i Ly
‘2/_3 f(—1+m'>d”2/0 T

3 i 2 i
-2 ——dr +2 —d
/z f(1+ri) " /1 f(1+ri) "
= 0.189492 + 0.1652667

6. by = b5 Uy bl

—1+3i
+1- 2+21
h :
; = 4 E._. -
_1+1 ! 2+1
+i= + | -
I >
b i
! | | R
—-1-3i 1-3i

Figure 61: The equivalent path b7

(1) b3, = the path on a vertical cut from 1+ 4 to 1 — 2i with (+)edge of sheet-I.
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Let z=147ri,r: 1 — —2, so dz = idr

Ve—aVzi—z 2 e zVE - 2

Vo= Ve — 2 " eV — 2

VzZ—25v7 — 2 2 2= 25v/7 — 2

Vz— vz — 28 2 2= 217 — 28
() " (=)

(2) b}, = the path on a vertical cut from 1 — 2i to 1 + ¢ with (—)edge of sheet-I.

Let z=147ri,r: =2 — 1, so dz = idr

Ve—avz—z 2 =z — 2
Vz—23v7 — 2 "2 2= 25v/7 — 2
\/TZSMM%HL V72— 2572 — 2
VZ = A e — a7 — 7

(3) bi; = the path on a vertical cut from 1 — 2i to 1 — 3¢ with (4)edge of sheet-1.

Let z=1+ri,r: =2 — —3, so dz = idr

Vi—zz—z B aVE - 2
VZ— 23z — 2 2 = mVE—
VZ—z3v/7— 25 2 e = 2z — 2
Vi—a/e—z 2 VE— /e —

(4) b, = the path on a vertical cut from 1 — 3i to 1 — 2 with (—)edge of sheet-I.
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Let z=14ri,r: =3 — —2, so dz = idr

Vz—zavz—2z "2 =z — 2
VzZ—23V7 — 2 "2 2= 23z — 24
Vz—25v7 — 2 "2 2= 2577 — 2
Vz— vz — 2 "2 2= 27 — 28

F(z) M f(z)

(5) b5 = the path on a horizontal line from 1+ ¢ to 2 + ¢ on sheet-I.

Let z=r+41u,7r:1—2 sodz=dr

Vi—avi—zm " —i— aVEi— 2
Vz—2vVz— 21 "2 2= 237 — 2
\/TZSMM%HL V72— 2572 — 2
Vi g 7 — 27 — 7

(6) bis = the path on a horizontal line from 2 + i to 1 + 4 on sheet-I1I. We known
that f(2)|(y = —f(2)|ar , so we can consider b = the path on a horizontal

line from 244 to 1 + 7 on sheet-I. Let z=r+1i,7:2 — 1, so dz = dr

Vi avi—a = Vi —avE— 4

Ve Ve — 2 " aE — 2

VzZ—25v7 — 2 2 2= 257/ — 2

Vz— vz — 28 "2 2= 217 — 28
T @ Math —f(2)

So f(2)

Math.
v = f(2)

(i) = —f(2)
(7) by, = the path on a vertical cut from 2 + 2i to 2 + ¢ with (+)edge of sheet-11

= the path on a vertical cut from 2 + 2 to 2 + ¢ with (—)edge of sheet-1.
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Let z=24ri,r:2— 1, so dz =idr

Vz— vz =z e = oz — 2

VZ— 2z — 21 2 =237 — 2

VZ—zVz — 26 " 2= a/Z — 2

Vz—zvz — 2 2 2= 2z — 2
1) " f(2)

(8) by = the path on a vertical cut from 2 + i to 2 + 2i with (—)edge of sheet-11
= the path on a vertical cut from 2 + i to 2 4 2¢ with (+)edge of sheet-I

Let z=2+4ri,r:2— 1 and dz = udr

Vi—avz—zm " e avE — %
Ve zVama, 2 e = vz —
VZ N e /2 — 250\/Z — 2
VZ e ze S /2 — 27z — 78

By (1)-(8) and Cauchy Integrate Theorem

1 1
——dz = / ——dz = —0.108259 — 0.187169:
) bt f(2)

b f(2

1
o T =)

k=1

After look the way of area, now let us discuss the integrals of over a,b

cycles for other kind of vertical cut (general and special cuts like figure below) by using

two ways. Consider f(z) = [](z — z)2, where n = 2N, 2y, = 7, k=1,...,.N and
k=1

Re(z1) > Re(zg) > -+ > Re(zan—1), Im(z1) = Im(z3) = -+ = Im(zan_1) and Im(zs) =

Im(zy) =+ = Im(zay).
1. Compute fa,f ﬁdz where a} is an equivalent path for a;
J

(1) Compute by using argument of complex number to modify

80



3 + :'J T [ = g
sy
Zon-1 ZoN-3 Z25-1 Za Z1

Figure 62: a; and b; cycles in other special kinds of vertical cuts

Zon  Zon-2 Z2 ZL s

i

i | SR ) G

ZoN-1 ZoN-3 Z25-1 Z3 Z1

Figure 63: aj cycles in other special kinds of vertical cuts

the path from z5; to 29,1 on (+) edge of sheet-1.

Let z = Re(zq;) + 71, modm(z55) — Im(z9;-1)

arg(z — z1) € [, =] then's\/z—z; Math. —Vz—z, k=1,..,2j—1
arg(z — zi) € (—m, ™) \then v/z = 7 Math. —V/z — 21, Vk = otherwise
So

The path from 2y;_1 to 2z2; on (—)edge of sheet-I
Let z = Re(zq;) + 11, r : Im(29;) — Im(z9;_1)
arg(z — z1) € [, —n] then VE = = k=1,3,..,2j — 3
arg(z — zi) € (—m, ) then /z — 2z, Math- Sz = %, Wk = otherwise
So
f2) " (-1 ()

1 Math. Im(z25-1) (_1)]'2'
L%W ‘[Mﬂﬂwwwﬁ (26)

Im(z2;) —1)-Y
—1—/ (=177 —dr
Im(z25-1) f(RE(ZQj) + TZ)
Im(z25-1) 1

Mﬂh. -1
ath9i(_1) /Im(%) TR @)
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(2) Using the result about modify of blocks and then we can compute | . f(lz) dz
k

(a) The path from zy; to z9;_1 in (4) edge of sheet I

Let z = Re(zq;) + 1i, r : Im(29;) — Im(z9_1)

ath

Math. .
VZ— -1z — 2o = —NZ— ZopE— 2k k=1,2,-- ]

Math

VZ— 2oz — 2o = 72— zokaVE— 2 k=j+1,j+2,--- N

So we have
m

F) M (1 [ V=2 = (-1Y£(2)

k=1
(b) The path from z5;_; to 2z5; in (—) edge of sheet-I

Let z = Re(z;) + 1i, v : Im(225) = Im(2g_1)

VE = VE = o R =T E — ko =1,2,— 1

ah ..
V2 — 2oV 7% — 2ok Mt Vi—zop—ivVr— 2 k=35,7+1,--- N

So we have

f(2)" W H vE=2 = (17 f(2)

k=1

1 Math. D) (—1)7%
/a; 7% 2 P T T 2

Im(zz;) (—1)j_1i
+f —dr
Im(z25-1) f<Re(Z2j> + TZ)
Im(z25-1) 1

Math. -1
- 2D /Imw f(Re(z2j>+M)dr (29)

2. Compute |[,, dz where b} is equivalent path for b; and b} = N 2oN -3
b3 J+1 s

Z2; U RZoN $ Z2;

LEET R
) 3 | |
Z

Zon-1 Zoi-3 Zoj+y1  Zo2j Z3 Z

Figure 64: b} cycles in other special kinds of vertical cuts

1) z€a’, . : as above
( 7+1
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(2) 22042 ¢ 22sJ 20512 > 225, 5 =J,--- N =1
(A) Compute by using the argument of complex number to modify
(a) 29549 < 295 (That is b%), s =7, ,N —1

Let z =1+ ilm(zas), 7 : Re(za5) — Re(29542)

arg(z — zop_1) € (=%, —m)
then \/z = zop_1 "2 — T =z k=1,2,- 5

arg(z — zop—1) € (—m, )
then /z — zgp 1 2" =z 1, k=s+1,-- N

arg(z — z95) = —7 then mMgh' —VzZ =z, k=1,2,--+ s

arg(z — 2a4) = 0 then /z — 2o 2" \/z—zon , k=s+1,-- N

VZ— 22k-1

=

N
[[ve=m: " -y
k=1

e
Il

1
N

[IVesad® 0 [[ve—sm
k=1

=

B
Il
—

FE M 1) f(2) = £(2)

dr (30)

1 g Math. /Re(zQS”) 1
Re(z25) f(T + ZIm(ZQS»

b, (2)
(b) 22542 -=* 225 (That isb%,). We known that f(2)|y = —f(2)|un), so we
first consider zosy19 — 294(b%5), s =7, , N — 1
Let z =7+ ilm(za), 7 : Re(zas) — Re(29542)
arg(z — zop_1) € (=%, —m)
then /z — zgp 1 2" —\Z = ang k=1,2,- s
arg(z — zop—1) € (—m, )
then /z — zop 1 2" JZ— g1, k=s+1,- N
arg(z — z9,) = —7 then mMgh' —VzZ =z, k=1,2,--+ s
arg(z — z9,) = 0 then mMgh’ Vzi—zy  k=s+1,--- NIf

ze b, f(z) Math- f(2), so we have if z € b%,,



1 Math /
—_— —dz

Re(zgs) 1
Math
@n , dr (31)
/Re(%Q) T+ im(z2y))

By (a), (b), we have

1 Math. / Re(z25+2) 1
——dz =72 - dr 32
/ ) reeny T T (o) 32)

(B) Compute by using areas of domain to modify the computation in Mathe-

matica
(a) 22542 ¢ 205(b%y), s =13, , N — 1

7z — zop_1\V 2z — 2k Math- VZ— zo_1Vz— 2k, Vk

Fz) M= £ ()

(b) 2asy2 —-* 224(b%,) and then we known that f(2)| = —f(2)|ur), so we
first consider zogiow== 295(bls)ys=7,--- , N — 1

2 — zop_1V 2z —2k T 2 =21V iz — 2k, Vk
If z € b33, f(2) Math f(2),s0 if z € b%, then

Reduced by half steps to modify the computation of f(z) than (A).

Conclusion: By (1), (2) and Cauchy Integrate Theorem

/ —dz = —dz
b*

1
= Z dz+ ) / dz (33)
sejr17a f P f(z)
N Im(z2;) ;
Math. i1 ?
o (1Y / 4 (34)
S_JZ+1 Im(zz5-1) Re(’Z?j) +r
Re(z25+2) 1
+ / . dr
_Jz;rl Re(225) f(r+iIm(zas))
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No matter what way we use, way of areas or way of the arguments of complex number,
the modifying is the same. We could according to different situation chose one way which

let us modify easier.

Example: Compute f ﬁdz over aj, as, ag, by, by and b3 cycles where

fe)=v(E-2-2)(z—2+2)(z—1-3i)(z — 1 —5i)(z — 0)(2 — 20)(z + 1 — i).

Let 21 =24 21,20 =2 — 24,23 =14+3t, 2y =1+ 50,25 = 0,26 = 20,27 = —1 +1

+1- +51
a;
a1
i 221

21 ~
i
—1+; 1[4 '[
_|_ —

N

0
as

w7 e A

2=

Figure 66: b,
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1. The equivalent path a} = aj,|Jaj, where af; = the path on a vertical cut from

2 + 2i to 2 — 2i with (+)edge of sheet-I and aj, = the path on a vertical cut from

2 — 2 to 2 + 2i with (—)edge of sheet-I.

(1)

aj; r Let z=247ri,r:2 = =2 and dz = idr

arg(z — 2+ 2i) = —37” then vz — 2+ 2i Math. —Vz—2+2i.
arg(z — z;) € (—m, ) then \/z — 25 "2 Sz =z, k=2, ..,7
So we have f(z) Math. —f(2)

ajy r Let z=247ri,r: =2 = 2 and dz = idr

arg(z — zx) € (—m,m) then /2 — z Math- 2K, k=1,2,...,7
So we have f(z) Math. f(z)

By (1), (2) and Cauchy Integrate Theorem

1 1

L T Y ST

2 .

Math. 1
=m0 A\ M.
/_2 o)

= —0:281519 + 0.0877839

2. The equivalent path aj = a¥, | Jaj, where a;, = the path on a vertical cut from

1+ 5i to 1+ 3¢ with (+)edge of sheet-I and a}, = the path on a vertical cut from

1+ 3i to 1 4 5i with (—)edge of sheet-1.

(1)

as;: Let z=147ri,7:5— 3 and dz = idr

arg(z — z1) and arg(z — 2) € (=2, —m)

then /z — 21 2" —/z—z and 2 — 2 ¥ —r— 2
arg(z — 1 —3i) = =3 then vz —1—3i Math- e —1—3i
arg(z — 2;,) € (—m, ) then /2 — 2, Mgth. Vz—z, k=4,56,7

So we have

as,= the path on a vertical cut from 1+ 3i to 1 4 5¢ with (—)edge of sheet-I.

Let z=147ri,r:3 — 5 and = idr
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arg(z — z1) and arg(z — 22) € (=2, —m)

then /z — z; 2" —/z =z and \/m Math =2,
arg(z — 1 —3i) = 7 then Vz—1—3 M =1 =30
arg(z — 2;) € (=, ) then /z — z5 "= /2= 2, k = 4,5,6,7
So we have

F2) M f(2)

By (1), (2) and Cauchy Integrate Theorem

; f / _dz

Math. . 1
/3 f(1+ri)
= —0.137892 — 0.3209342

3. The equivalent path a} = a}; |J alswhere aj; = the path on a vertical cut from 2i
to 0 on (+)edge of sheet-I and af, = the path on a vertical cut from 0 to 2i on

(—)edge of sheet-1.

(1) a%y: Let z=ri,r:2 — 0 and dz = idr
arg(z — z1) € (—— —7) then \/z — 2, " 2M 2= 5
arg(z — z;) = —5 then /z — 25 Math. —V/Z— 25
arg(z — z1,) € (—7?,7r) then vz — 2z "M \/z = 2, k=2,3,4,6,7
So we have
HOR A (O
(2) a%y: Let z=ri,r: 0 — 2 and dz = idr
arg(z — ;) € (=3, =) then vz — 2, =" —\/z— 2
arg(z — z5) = 5 then \/z — 2 Math. —/z— 25
arg(z — 2;) € (—m, ) then \/z — 25 =" /z = 2, k=2,3,4,6,7

So we have
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By (1), (2) and Cauchy Integrate Theorem

agf f

Math. /
f 1)

= 0.545309 + 0.41295¢

4. The equivalent path b} = b}, |Jb%, | bi5 U b3, where b5, = the path on a vertical cut
from —1 4+ 2i to —1 + 4 with (+)edge of sheet-I, b5, = the path on a vertical cut
from —1 47 to —1 4 2 with (—)edge of sheet-1, b5; = the path on a horizontal line
from 1+ 27 to 2¢ on sheet-I and b3, = the path on a horizontal line from 2¢ to 1+ 27

on sheet-II.

1+51

22

Figure 67: b3

(1) b%;: Let 2z = —1+ i, : 2 — 1 and then dz = idr. Here using area to modify

(cause we can choose idea which help us modify the sign easier.)

Vz— 21z — 2 Math. Vz— 2172 — 29
VZ— 23z — 24 2 = sVE —
VZ =z — 25 2 \r = 2z — 2
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Now only one point need to discuss:

arg(z — z7) = —37” then /z — 27 Math. —/z— 27

So we have

b5y Let 2= —141ri,r:1 =2, sodz =1idr

Vz—avz—2z 2 =z — 2
Vo vz =z " e o —
VZ— vz — 26 " 2= a/Z — 2

Now only one point need to discuss,

arg(z — z7) = 5 then /z — z; Math. N

So we have
P f(2)

bis: Let 2 =7+ 24,7 : =1 =0, sodz = dr

Vz — ANG= 2 T — a7 — 7
VzZ—23V7 — 2 B T 23z — 2
Vz—25v7 — 2 2 2= 25\/7 — 2

Now only one point need to discuss
arg(z — z7) € (—m,m) then /z — 27 Math- =
So f(=) " 1(2)
5.0 We known that f(2)|) = —f(2)|ar , so we can consider b3; =the path
on a horizon line from 2¢ to —1 + 2¢ on sheet-I.

Let z=7r+4+2i,7r:0— —1,s0dz =dr

Vz— vz —2 2 =z — 2
VZ—2vVz— 21 2 =237 — 2

VZ— vz — 26 " 2= a/Z — 2

89



Now only one point need to discuss

arg(z — z7) € (—m, m) then /z — 27 Math- =

So
F@)leg, = =1 (e "= = f(2)
By (1), (2), (3), (4) and Cauchy Integrate Theorem
1 1
—dz = —d
W I 5 1)

Math 2 1 o
94 - dr—2 —d

/ F=1+ri)" / fr+2i)"
= —0.527726 — 0.0295031:

5. The equivalent path b5 = 05 a3 b5, b5, U bss U 054 | b35 U bsg where b, = the
path on a vertical line from 27 to 3¢ on sheet-I, b3, = the path on a horizon line
from 37 to 1 + 37 on sheet-I, b3, = the path on a vertical cut from 1 + 37 to 1 + 57
with (—)edge of sheet-11, b5, = the path onca vertical cut from 1+ 5i to 1+ 3¢ with
(4)edge of sheet-11, b, = the path on a horizon line from 1 + 3¢ to 3¢ on sheet-1I

and b3, = the path on a vertical line from 37 to 2¢ on sheet-II.

+ = 1+51
= .
b? ;|
: | ==
aif, _ 0l
e == [
=
—1+2i le - Aoz T oees
—1+il'1l + |-
v ol (i
| >
0

=2

Figure 68: b3

(1) b3, = the path on a vertical line from 2i to 3i on sheet-I

Let z=ri,r : 2 — 3 and dz = idr
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arg(z — z1), arg(z — z) € (=2, —m) (where we need to modify)

then /z — 21 2" — 2=z and z — 2 "E" T = 2
arg(z — z5) = arg(z — 26) = 5
then /z — 25 2" \/z = 25 and vz — 26 =M /2 — 2
arg(z — 2;) € (—m, ) then /z — 25 "2 /z = 25, k = 3,4,7
So
£(z) " f(z2)

b5, = the path on a horizontal line from 37 to 1 + 37 on sheet-I
Let z=r+43i,r:0— 1 and dz = dr

arg(z — z1), arg(z — z) € (=2, —m) (where we need to modify)

then /z — 21 2" —/z—z and z — 2 "Z" T — 2
arg(z — 23) = —7 then /z — 23 Math. —/z— 23
arg(z — 2;) € (=, ) then /F=zg e /2= 20,k = 4,5,6,7
So

bss = the path on a vertical cut from 1+ 3i to 1 + 5i with (4)edge of sheet-1.
Let z=1+7ri,r:3 — 5 and dz = dr

arg(z — z;,) € (—m,m) then /2 — 2, Math. Vzi—z2,k=1,2,56,7

arg(z — 2) = —3 then vz =35 @ _ /775

arg(z — z4) = —% then /z — 2, Math. =

S0

b3, = the path on a vertical cut from 1+ 5¢ to 1 + 3¢ with (—)edge of sheet-I.
Let z=1+7ri,r:5— 3 and dz = dr

arg(z — z;) € (—m, ) then \/z — z5 "2 /2 — ze. k= 1,2,5,6,7

arg(z — z3) = 5 then /2 — z3 Math. N

arg(z — z4) = =% then /z — 2, Math =
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So
F(z2) M £ ()

b5 = the path on a horizontal line from 1 + 37 to 37 on sheet-II

We known that f(2)|1) = —f(2)|ar , so we can consider b3; = the path on
a horizontal line from 1 + 37 to 3i¢ on sheet-I. Let z = r + 37,7 : 1 — 0 and
dz =dr

arg(z — z1), arg(z — 2) € (=2, —m) (where we need to modify)

then /z — 2z; Math. —+/z — 7z and \/z — 29 Math. —\/Z — 29
arg(z — z3) = —7 then /2 — z3 Math- _ J2 = z3

f(z) ) = f(2)

(bg), = — S (2)

bs = the path on a vertical line from 37 to 27 on sheet-11
We known that f(2)|) = —<f(2)lum ,80 we can consider bs; = the path on a
horizontal line from 3i to 2¢ onisheet-1. Let z = ri,r : 3 — 2 and dz = idr
arg(z — z1), arg(z — 29) € (—2F, —m) (where we need to modify)

then /z — 21 2" —/z—z and z — 2 "2 = 2
arg(z — z5) = arg(z — 26) = 5

then /z — 25 2" \/z = 25 and vz — 26 =" /2 — 2
arg(z — 2;) € (—m, ) then /z — 25 "2 /z— 2, k= 3,4,7

So f(2) (532) Math. f(2) then

Math.

(bsr) = —f(2)

F@)les) = —f(2)
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By (1), (2), (3), (4), (5), (6) and Cauchy Integrate Theorem

1
—d
bgf /b (Z ’
- f 1+m /f?“—|—2@ "
—22'/0 f(m,)drvLQz'/2 f(m')dr

1 5
2/ L4 +2'/ L 4
— ——dr+2i | ———dr
o f(r+3i) 5 f(1+ri)
= 0.211319 — 0.451722

6. The equivalent path b7 = b3 |J b3, |J b3, U b33 U b4 where b}, = the path on a vertical
line from 1+ 3¢ to 1 + 27 on sheet-I, b}, = the path on a horizontal line from 1 + 2:
to 2 + 2¢ on sheet-1, bj; = the path on a horizontal line from 2 + 27 to 1 + 2¢ on

sheet-II and b7, = the path on a vertical line from 1 4 2¢ to 1 4 3¢ on sheet-II.

e e Ne-5 i
%
b if
-
l}‘ ¥ : I+31
=1+21 B¢ = J1|2i i
|
—1+1lT + ‘ £
v Gl >

=g

Figure 69: b}

(1) b, : Let z=14ri,r:3 — 2, s0 dz =idr

arg(z — z1), arg(z — z) € (—2F, —m) (where we need to modify)

then v/z — 1 Math. —v/z— 2z and /z — 2z Math. —/z2 — 29
arg(z — zx) € (—m,m) then /z — z Math- 2k =3,4,5,6,7
Math.
So f(z ) (b)) < f(2)
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(2) by : Let z=r+2i,r:1— 2 sodz=dr

arg(z — z1), arg(z — 2) € (=%, —m) (where we need to modify)

then /z — z; Math. —+v/z — 21 and /z — 29 Math. —/Z — 29
arg(z — zx) € (—m,m) then /2 — z Math.fo— 2k =3,4,5,6,7
Math.
So f(2)leg,) = f(2)

(3) bjs : We known that f(2)|y = —f(2)|ur) , so we can consider bj5 = the path

on a horizontal line from 2 + 27 to 1 + 27 on sheet-1

Let z=r+42i,r:2— 1,80 dz =dr

arg(z — z1), arg(z — 2) € (=2, —m) (where we need to modify)

then /z — 1 Math. —+/z — 21 and /z — 29 Math. —+\/Z — 29
arg(z — zx) € (—m,m) then \/z — z Math. vz — 2z, k=3,4,56,7

Math

So f(Z) (b33 = f(Z) then
Math.
Flelury = @l =" —f(2)
(4) bj4: We known that f(2)|y.==f(2)|(r) , so we can consider bj; = the path

on a vertical line from 1 +27:t0.1 437 on sheet-I

Let z=1+4ri,r:2— 3, so dz = idr

arg(z — z1), arg(z — z) € (=2, —m) (where we need to modify)
then /z — 21 2" —/z—z and \z — 2 "E" T = 2

arg(z — z;,) € (—m, ) then /2 — 2, Math. Vz—z1,k=3,4,5,6,7

So f(2)] @ Math f(2) then

f@lery ==f@em = —f(2)

By (1), (2), (3), (4) and Cauchy Integrate Theorem

1 1
A; mdz B by f(Z)

Math. 1
= d
b f(2) /f1+m e /f7“+2Z '
= —0.220099 — 0.6524671
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4 The integrals of % over a,b cycles for slant cut

1
Same as usual, before compute the integrals of / mdz over a, b-cycles for slant cut
z

where f(z) =,/ [[ (z — zx). We have to consider the definition of the sheet-I and sheet-11
k=1
and discuss how to modify the computation in Mathematica for slant cut. We know all

cuts on a straight line and the slope of the line is m = tana, 0 < a < 7.

Definition 3. The cut with o means the slope of the straight line where the cut on is

m=tana, 0 < a <.

First, take a special angle: 1. The cut with av = 45° = % and f(z) = /2

Y
A

y

!d-’ﬂ45°> i

Figure 70: o = 45° = 7

In this case, we define two sheets first,

- { rei? § € [T T) if 7z in sheet-I

‘ 1
re? 0 € [T, 2%) if 7 in sheet-II (35)

The cut in each sheet has two edges, label the starting edge of the cut with "+” and the

Y

terminal edge of the cut with ”—". Analysis in theory

, T T 1w 0 T
_ 0 -~ — 2p2 —
2 o= e O e [=—p, ) then vz = [z]2e2, S e [-—=,0) (36)
_ e, et Om et e mm
2= Jele®, 0 (7 2) then vz = Jsfte?, § e [2,0T) (37)

Discuss the difference between the value in theory and in Mathematica. and find out
how to modify the computation. Since in Mathematica the value is always single-value,

no matter in which sheet.
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sheet—I11
A
v/ ——
. 9
r/' 4 T“ ‘ = »
LA =

Figure 71: The value,in sheet-I and sheet-11

sheet—1
A A
+ 2 ~ -3 hhﬁnmﬂﬁa
> N2
(B -
T ﬂ" ’ ’
& \./ —— _7‘-—_)
23
theory

Figure 72: The value in sheet-I and Mathematica

Compare the range of 6 then we get that if € [—%’T, —m] we need to modify. Let

_ \z|ef97 0el-I %) if z in sheet-I (39)
|2]e®t2™ 0 4 21 € [Z,%%) if z in Mathematica
Do the following to compare the value:

w 0 7

Vz = |z|%e50, 5 € [—g,g) if z in sheet-I
\/z _ |Z|%619-‘52ﬂ'

i 7

= —|Z|%€79,19 € [—Iﬂ, %) if z in Mathematica
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When 2 in sheet-I and one of the end points is z of slant cut with 7. The value of

vz — 2, in theory and in Mathematica is

——— Math. —/z—z if arg(z — z) € [—%r, -], (39)
b Vi—z, if arg(z — z,) € (-7, §)

2
Example 2: The cut with o = 120° = ?ﬂ and f(z) =+/z

P <

&N120°

Figure 73: a = 120°

In this case, we define that

re e [ 2F). if z in sheet-I
= { re’, 0 € [ S5y if 7 in sheet-I1 (40)

the cut in each sheet has two edges, label the edge of the left of the cut with ”4” and the

right of the cut with 7"

sheet—I sheet—11
termixal edge ~ terminal edge
% A 4

starting edge ::1.;_ starting edge ;'"::;_:_I

b
A

_41: ':‘::._:_rl _j,-'_ "21-(" % 1
s e
Figure 74: value of ¢
- 4 2 i 2
z=z]e", 0 € [—g, g) then vz = |z|%650, g € [—?ﬂ, g) (41)
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2l g e (25T P A L
z = |z|e", 06[3 3)then\/_ |z|6,2€[3,3) (42)
sheet—I
& ST
/
/
/
>
A
| v
!
LA /
/
/
___J

Figure 75: The value in'sheet-I and sheet-11

Discuss the difference between the value in theory and in Mathematica. and find out

how to modify the computation. Since in Mathematica the value is always single-value,

no matter in which sheet.

sheet—1
A A [/
= Mathpmatica
s . - T
"5'33 — it 3
4n
;53 \ -
theory

Figure 76: The value in sheet-I and Mathematica

The argument of z in § € [-2, ) in sheet-I will change when we use Mathematica
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to compute in mathematica & € (-2, 7]

The difference is 7 then we get that if 6 [—%”, —7| we need to modify

~f |zl€?, 6 e [-4F,3) if z in sheet-I

= { |2]e®T2™ 0 + 27 € [3, %) if z in Mathematica (43)

1 3 0 2
Vz = \z|5679, 5 € [—%, g) if z in sheet-1. (44)
VZ o= |2zeE if z in Mathematica

1 i0 4 27
= —|z]7ez,l e [——, = 45
et e (-2 2) ()
That is when 2 €sheet-I,
2 a

If arg(z) € [—?ﬂ, —7] then /2 Math- —z (46)

After discuss four different cuts, we could sum up a conclusion.

Definition 4. Consider any cut on the line. and the slope of line ism =tana, 0 < a < 7.
Define that

L re? 0 & |a — 21, a) Vifz in sheet-1
| e, 0 efaya £ 2m) Jif 2 in sheet-11

the cut in each sheet has two edges, label the starting edge with ”+7 and the terminal edge

wlth 7}_77
sheet—1 sheet—11
v A y A
e i o
+ 7 +
> o > ov+2 7
= T
Figure 77: In two sheets
0 1w 0 oa—21 «
z=|zle ,He[oz—27r,oz)then\/zz|z|262,56[ 5 ,5) (47)
) o 0 2
z=|z]e?, 0 € [, 0 4 2) then 2z = |Z|%€79, 3 € [%, ag 7T) (48)
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Since in Mathematica the value is always single-value, no matter in which sheet.

Compare the range of 6.

sheet—1I
A A
+ ﬂ Math¢matica
B () -
j | 0-21 )/ >
_
24
theory

Figure 78: Example of f(z) = /=

Theorem 5. If the cut with z; on the line where the slope of line ism = tana, 0 < a < 7.

If z in sheet-I then

—— Math. | —/Z =2 ifaig(z — z) € [a — 27, 7],
=TT { NN if arg(z — z;) € (—m, )

Proof.
Let z in sheet-I and using polar form z — z, = re? where arg(z — z;,) = . When 0 €
(—m, a), the argument in theory and in Mathematica is the same. When 6 € [a— 27, —7],

Mathematica will conversion 6 into 6 + 27 where 6 + 27 € [a, 7] and re? = re?2 but

In theory: Vz— 2 = \/Fe%i
In Mathematica: VZ — 2z, = \/re R —\/7_"6g

S0
Vo= M T il e [ — 27, —7]

Example: Compute [ ﬁdz over a,b cycles where
F(2) =z =3+ 0)(z = 4= VBi+i)(z—2—i)(z = 2 — V3~ 2i)2(z — 2~ 20)(= + ). Let
n=3—i,z0=4+(V3—1)i,23 =244,z = (24+V3+2i),25 = 0,26 = 2+ 20, 27 = —i
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>

Figure 80: b cycles

1. The equivalent path af = af; |Ja}, where aj; =the path along slant cut from 4 +
(v/3—1)i to 3—1 on (+)edge of sheet-I and a’, =the path along slant cut from 3 —i
to 4 + (v/3 — 1)i on (—)edge of sheet-I
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(1) aiy: Letz:3—i+r(%+‘/7§i),T:2—>0anddz:%+‘/7§idr

Fl2) M —f(2)

(
TR
JC I (R e
ot 2 fB—i+r(+ %))

2

(2) a3y LetzzB—i—i—r(%—i—%gi),r:0—>2anddz:%+‘/7§idr

arg(z — z1) = % then vz — 1 Math. Vz—2
2 a
arg(z — z9) = —% then vz — 29 Math. Vz— 2
arg(z — zx) € (—m,m) then v/z — z Math. yo— 2k, k=3,4,5,6,7

F2) " f(2)

2 1
Math. 7+
/a’;2 il /0 f@B—i+r(

By (1), (2) and Cauchy Theorem

2 1 V3,
! dz = /LdzMgh'Q/ 3+ 5! 7 dr
a [(2) ar [(2) o fB—i+r(i+ %))

2
= —0.226932 + 0.0125601%

&

l

+54)

dr

= (B

2. The equivalent path ay = a3}, |Jas, where a%; =the path along slant cut from 2 +
V34 2i to 24 on (+)edge of sheet-I and a%, =the path along slant cut from 2 + i
to 24 /3 + 2i on (—)edge of sheet-I
(1) a3, : Letz:2+i+r(‘/7§+%i), r:2—0, sodz:\/Tg—k%idr

11 a
arg(z — z3) = —TW then 2z — 23 Math. —VZz— 23

5 ath.
arg(z — z4) = —% then V2 — 24 Math Vz— 2z

D a
arg(z — zx) € [—§7r, —m| then vz — z Math = zm k=12
arg(z — zx) € (—m,m) then vz — z Math- = n, k=5,6,7



R B4
f(z)dz =" — 7 dr
a3 2 f2+i+7(%+ 50))

2
(2) abs : Let z:2+i+r(\/7g+%i), r:0— 2 then dz = @—i—%idr
arg(z — 20) = 7 then vz =25 2" V75
arg(z — 2;) € [—gﬂ', —7] then vz — 2 " _\/z =z, k=1,2
arg(z — 2;) € (—m, ) then \/z — z Mt e, k= 4.5.6,7

1
f(2)dz Math. /02 I .T + 30 —dr

"
29

By (1), (2) and Cauchy Theorem

1 1
a2 (Z) a3 f(Z)
Math. 3 \/Tg + %Z
" 8 7 dr
0 f(2+i+r(73+%i))

= —0.0584232 + 0.8427661

3. The equivalent path af = a}, |Jal, Jass Jad,Uass Jass where af; = the path
along slant cut from 24 2i to 1+ on (+)edge of sheet-1, a%, = the path along slant
cut from 1+1 to v/3 —1(y/3 — 14) on (+)edge of sheet-1, a}; = the path along slant
cut from v/3 — 1(y/3 = 14) to 0 on (+)edge of sheet-I, af, = the path along slant
cut from 0 to v/3 — 1(v/3 — 1i on (—)edge of sheet-I, a%; = the path along slant cut
from v/3 — 1(v/3 — 1i to 1 + i on (—)edge of sheet-I and al; = the path along slant

cut from 1+ 4 to 2 4 2 on (—)edge of sheet-1.
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(1)

(3)

Qs3s -

:Letz:r(\/i5 %) \/_—>\/_(\/_ 1) and dz

a}, : Let z:r(\%—i—\%i), r:2v/2 = /2,50 dz = (\%—i—\%i)dr

5 a
arg(z — z1) € [—gﬂ', —7] then vz — 2 "2z =z, k=12

arg(z — 24) € [—%ﬂ', —n] then vz — 2 "EM 2= o
arg(z — z5) = —Eﬂ' then v/z — 25 Math. —V/zZ — 25

arg(z — 2) = —Zﬂ' then vz — 2 "4t o 2

arg(z — z;) € (—m, ) then vz — 25 "2 /2= 2, k=3,7

V2 11y
Math.
f(z)dz = / f(r\(/i +fii))dr
V2 V2

5 a
arg(z — z;) € [—gﬂ', —7] then vz — 2 "2z =z, k=12

7 a
arg(z — z5) = vy then=/z — 25 M ath. —\z — 25
3 a
arg(z — zg) = wd then A/z2 — 25 J Vz— zg
arg(z — zx) € (—m,7) themw/z'— 2 Math = ek =3,4,7

Math. Va(/3-1) % - \/LiZ
f( ) - 1 T - dr
aky V2 f(fr.(Ti + 752))
%30 Let z:r(\%—i—\%i),r :vV2(v/3—1) = 0and dz = (\%—i—%z’)dr

arg(z — 21) € [—gﬂ', —7] then vz — 2z &M /=2

arg(z — 25) = —;—iﬂ' then vz — 25 4h o 2

arg(z — z5) = —Z’ﬂ' then /z — 2 Math. Vz—2

arg(z — z;,) € (—m, m) then vz — 2, Mtk =2.3,4,7

)

Math \/L» + \/LEZ
f i T dr
vaws-n fr( + 550))
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(4) a}y: Letzfr(f f)r O—>\/_(\/§—1)anddz:(\/i§+\/$§i)dr
arg(z — 21) € [—gﬂ', —7] then vz — 2, &M /=2
arg(z — 25) = iﬂ' then vz — 25 "4t o 2
arg(z — zg) = —Zﬂ' then /2 — 2 Math. Vz—2
arg(z — z;,) € (—m, m) then vz — 2, Mtk =2,3,4,7
f2) " = f(2)

 ain V2(v/3-1) \/Li + \/%2
f T T~ dr
0 fr(5+ 51)

(5) als: Letz—r(\[+\[) rvV2(V3—1) — 2anddz—(f—|—f)d
arg(z — zx) € [—gm —m| then vz — z Math =z k=1,2
arg(z — zx) € (—m,m) then v/z — 2z Math.fo— 2p kb =3,4,5,6,7
1) " (12 (=) = S

1 1
/ F(2)d3] e / ) VK dr
i f(r( 7 + 759)
(6) aks: Let 2 = (\[—1—[) A2 — 2+/2, sodz—(%—i—%’)d
arg(z — z1) € [—gﬂ', —7] then vz — 2 "2 —\/z = zp k=1,2
11 ath.
arg(z — z3) € [—Ew, —m] then /z — 23 Mah e = 2
arg(z — zx) € (—m, ) then v/z — z Math. /o 2k k=4,5,6,7
ath.
F(2) " (1 () = =1 (2)
2v/2 441y
/ f(2)dz Math. —/ \/51 fl —dr
a3 vz [+ 50)
By (1), (2),...,(6) and Cauchy Theorem
1
— —d
v 1) / )

— 1 1.
Math. _2/ \/31) <7§+7§Z dr
0

)

N

(% + 50)
1 1 1 1
-I—Q/ﬂ Vit d?“—2/2\/§ Vit dr
I = sy el P (Y s

= 0.291554 — 0.388271:
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4. The equivalent path b5 = b5, (J b5, U 053 U 054 U 055 U 056 where

b3, =the path along slant cut from —% — %z to —i on (+)edge of sheet-I,

b%, =the path along slant cut from —i to —3 — 3i on (—)edge of sheet-I,

b%; =the path along slant line from —§ — %z to 0 on sheet-I,

b;, =the path along slant cut from 0 to 2 + 2i on (—)edge of sheet-II,
bi; =the path along slant cut from 2 + 2i to 0 on (+)edge of sheet-1I and

bis =the path along slant line from 0 to —3 — 1 on sheet-II

Figure 81: The equivalent path 0;

(1) b%;: Letz:—i—l—(—\%—kLi)r,r:%—>O:>dz:( dr

1 1.
T 7 —vit )
5 Math.
arg(z — z1) € (—gﬂ', —mlthen Vz— 2 = —Vz—12z
) a
arg(z — z7) = 17 then vz — 27 Math. -z — 27

arg(z — zx) € (—m, ) then \/z — z Math. o= 2k, k=2,3,4,5,6

Math. [* _\/Li + \/Lil
f(z)dz "=" / _ —dr
b3, ~ f(=i+ (—\/% + \/%2)7“)
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(2) biy : Let z=—i+ (—\% + \%z’)r,r 10— \/Li’ so dz = (—\% + \%z’)dr

5 ath.
arg(z — z1) € [—§7T, —m] then vz — 2 Mah e ==
3 a
arg(z — z7) = v then 2z — 27 Math. Vz— 27
arg(z — zx) € (—m,m) then \/z — z Math. yo— 2k, k=2,3,4,5,6

1 1 -
Math. V2 V2 + fZ
O e s
b32 0 V2 TR
(3) b3y Let 2 =r(g5 + J50), 72 =75 = 0 and dz = (g5 + J5i)dr

5) a
arg(z — 21) € [—gw, —7] then vz — 21 2" —\/Zz = 2
3 a
arg(z — zx) = 37 then 2z — z Math. Vz— 2z, k=56
arg(z — zx) € (—m,m) then /2 — z Math. /o 2k =2,3,4,7

/ by = /O \/Li i \/Liz dr

f@) o flr(g5 + 50)

4) b3, = the path along slant cut from 0 to 2+ 27 on (4 )edge of sheet-I and b3, =
34 35

the path along slant cut from 2 4 2¢ to 0 on (—)edge of sheet-I

/b§4Ub§5 %dz - /(13 %dz

(5) b3 : We known that f(2)|y = —f(2)|r) , so we can consider bi; = the path
along slant line from 0 to —% = %z on sheet-I
Letz—r(\[—i-f)r 0— — f,sodz:(\%—i-\%i)dr
5 Math.
arg(z — z1) € [—§7T, —m] then vz —z1 =" —Vz— 2z
3 a
arg(z — zx) = 7 then /z — z Math. Vz— 1z, k=56
arg(z — zx) € (—m,m) then \/z — z Math. o= Ze, k=2,3,4,7

1 1 man [V st
@ / " / fr(G+ =i

ok
36
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By (1), (2),...,(5) and Cauchy Theorem

1 1
dz = dz
/b3 f(2) b f(z)
Math. 0 _\/Li + \/Lﬁl
== 2 s 1 1 - dr
3 f(=i+ (=5 + 70r)
1 1 1
V2 75 + 7§Z
+/ —dr — dz
o TG 50 )y I

= 0.219078 — 0.138721s

5. by: Consider equivalent path b5 = b3, | b3y | b5, U ads U 05, U b5o (U 055 (U 054 U 035 U b3
where b3, =the path along vertical line from 2+ 27 to 244 on sheet-I, b5, =the path
along slant cut from 247 to 2 ++/3 +2i on (—)edge of sheet-I1, b, =the path along
slant cut from 2 + /3 + 2i to 2+ 4 on (+)edge of sheet-II and b}, =the path along

vertical line from 2 + 7 to 2 4+ 2¢ on sheet-11.

A

Figure 82: The equivalent path 03

(1) b%: Let z=2+4ri,r:2— 1, s0 dz = idr

) ath.

arg(z — zx) € [—§7r, —m] then /z — 2 Math e = mk =1,2
11 a

arg(z — zx) € [—Eﬂ', —7] then vz — z Math e = 2k = 3,4

arg(z — zx) € (—m, ) then vz — 2 Mt ek =5,6,7
f2) " (14 () = £(2)



/bg1 flz)dz M — /21 mdr

(2) b5, = the path along slant cut from 2 + i to 2 + v/3 + 2i on (+)edge of sheet-I
and b, = the path along slant cut from 2 4+ v/3 + 2i to 2 + i on (—)edge of

sheet-1

/b§2Ub§3 ﬁdz - /a2 f(lz)dz

(3) b3, : We known that f(2)|iy = —f(2)|ur) , so we can consider b3} = the path
along vertical line from 2 + 7 to 2 + 27 on sheet-I

Let z=2+ri,r:1— 2,s0 dz = idr

) ath.
arg(z — zx) € [—§7r, —m| then /z — 2 Math e = mk =1,2

11

arg(z — zx) € [—Eﬂ', —7] then vz — z Math e = k= 3,4

arg(z — zx) € (—m, ) then vz — 2 Math =2k =5,6,7
f2) " (M (e e

1 1 Math, [ i
e E g M [ g
/b’2‘4 F2) /b =)™ /1 2+

s sk
24

By (1), (2), (3) and Cauchy Theorem

1 1
—dz = —dz
b f(2) b f(2)
Math. 1 2 {
= — 2
/b§ f(z)dz—l— /1 2+m,dr
2

f .
Py L=
o f2+i+r(L+ 1)
—  —0.383089 + 1.06343i

dr

6. by: consider equivalent path b = b5, (b7, b5, Ui U b1, U b5 U bss U bsg where
bi; = the path along horizontal line from —i to 3 — ¢ on sheet-I, b], = the path
along slant cut from 3 — i to 4 + (v/3 — 1)i on (+)edge of sheet-I, b5, = the path
along slant line from 4 4 (v/3 — 1)i to 3 + v/3 4 2i on sheet-II, b, = the path along
horizontal line from 3 + v/3 + 2i to 2v/3 + 2i on sheet-IT and bi; = the path along

horizontal line from 2v/3 + 2i to 2 + 2i on sheet-I1.
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B

>

Figure 83: The equivalent path b3
(1) b3, : Let z=r—i,7r:0—3,s0dz =dr

arg(z — z1) = —m then v/z — 2 Math. —VzZ—2z
arg(z — zx) € (—m, m) then /2= 2 Math. .y~ 2k =2,3,4,5,6,7

J

5
11

ath. 3 1

(2) bjy = —aj,

1
——dz = — —dz
b, f(2) at, (2)
(3) bis: We known that f(2)|) = —f(2)|ar) , so we can consider bj; = the path

along horizontal line from —i to 3 — i on sheet-I Let z =3 — i + r(% + ‘/ng), r:

2—)2\/§anddz:%+‘/?§idr

5) ath.
arg(z — zx) = —37 then 2z — z Math —z—z,k=1,2
arg(z — zx) € (—m,m) then v/z — z Math. ym— 2k =3,4,5,6,7

1, V3,
25t dr
—i+r(}+ L))
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(4) b7, We known that f(z)|) = —f(2)|ur) , so we can consider b7} = the path
along horizontal line from 3 + V3 + 2i to 2 + /3 + 2i on sheet-I
Let z=7+2i,r:3+v3—= 2+ /3 and dz = dr

arg(z — zx) € [—gﬂ', —m| then /z — 2 Math-_ J7— 2k =1,2
arg(z — zx) € (—m, ) then \/z—zk \/z—zk,k 3,4,5,6,7
F(2) M (<125 (2) = £(2)

Math 2+v3 1
fz)dz= bk fz)dz _/3+\/§ mdr

(5) bi5 : We known that f(2)|y = —f(2)|ur) , so we can consider bj; = the path

*
b14

along horizontal line from 2v/3 + 2i to 2 + 2i on sheet-I
Letz:r+2i,r:2+\/5%2anddz:dr

) ath.
arg(z — zx) € [—gﬂ', —mthen /z — 2 Math =k =1,2
11

=0 —7] then vz — 2 Math-_ Jz— e k= 3,4

arg(z — zx) € (—m, o )ithen/z ~ 2 Math =2,k =5,6,7
1) "= 1(2)

Math 2 1
e M W e

arg(z — z1) € [—

*
615

By (1),..., (5) and Cauchy Theorem

1 Math. 1 / 1 /
—dz = —dz =" - | ——
b S bt f(2) 2 Jys f(z fr—1)

1 V3 1 \/5-
_/2 3T %51 5 5l dr
o f(3— z+r(§+ V3, (%—1—‘/732))

243 1
_ b / _
/3+\/§ f(r +2i) 213 (1 + 2i)
= —0.0281258 — 0.494596:

Similarly we divided domain C' into many blocks to discuss way to modify on slant

cuts. It can help us reduce the steps of modifying f(z).
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Figure 84: Divided domain C' into 6 blocks

Example 1. o = 45° = T and f(2) = V2 — 2k/2 — 211

(A) ={(z,y) x—y <Oand y > Im(zx:1)}
(B) ={(z,y) : x —y <0 and Im(z;) <y < Im(zx41)}
(C)={(z,y) :xz =y <Oandy < Im(z)}

(@)= D) JE) JEy=dy) 2 —y >0}

Vs

(1) = € (A): arg(z — 7). avg(z — 50) € [T 7]
N Math. —v/z — zr and /2 — 211 Math. —\/Z — Zki1
F(z) " f(2)

(2) z € (B) : arg(z — 2) € [~ I, —n] then /2 — z, Math e =
arg(z — 2p11) € (—m,7) then \/z — zpgr 2 /2= Zim
() " —f(2)

(3) 2 € (CYU(G) : arg(z — ), arg(z — z41) € (=7, 7)
N Math. Vz— 2z and /2 — 2111 Math. VZ— Zki1
£(z) " £ (2)

(4) z €{the cut with (+)edge of sheet-1}:
arg(z — zx) = —%’T then /z — z Math. —/z — z
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- ath.
arg(z — zpy1) = —?’T then /z — zx 1 Math- = Zkt1
Math.
f(z) "= = f(2)

(5) z €{the cut with (—)edge of sheet-1}:
arg(z — 2,) = T then /Z — 2, "2 /2= 2
arg(z — zp1) = — 2 then \/Z — 251 =" /Z = 2ot
() " £ ()
So

Math. | —f(z) if z € (B)|J{the cut with (+)edge of sheet-1},
f(z)  otherwise.

Example 2. o = 120° = 3 and f(2) = vz — 2i/Z — 2541

Figure 85: Divided domain C' into 6 blocks

(A) ={(z,y) : V3z+y < 0and y > Im(z41)}
(B) = {(z,y) : V3z +y < 0and Im(z) <y < Im(zx41)}
(C) ={(z,y) : V3x +y < 0and y < Im(z)}
(@) = (D) JE)JEFE) = {(z.y) : V32 +y > 0}
(1) z € (A): arg(z — z), arg(z — 2x41) € [=7F, 7]

N Math. —v2z — 2z and /2 — 211 Math. —\/Z — Zk41
Math.
f(2) "= f(2)
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(2) z € (B) : arg(z — z) € [, —n) then /z — z, Mah- e
arg(z — zpp1) € (—m,7) then \/Z — zpr1 = — /7= Zont
1) " 1)

(3) 2 € (C)U(G) : arg(z - =) arg(z — 1) € (—m,7)
S Mt e and N Math. N
1) " f(2)

(4) z €{the cut with (+)edge of sheet-1}:
arg(z — z) = —4F then vz — 2 = —\Z— 2%
arg(z — zpp1) = —5 then /2 — 2z Math. VZ = Zrt1
f2) " = f(2)

(5) z €{the cut with (—)edge of sheet-1}:
arg(z — z) = 2 then /Z — 2, SN/ 2,
arg(z — zpp1) = — % then /Z = 25 28T~ Zoi1
1) " f(2)

So

Math. | —f(z) if z € (B)|J{the cut with (+)edge of sheet-1},
1) f(z)  otherwise.

We sum up the conclusion.

Definition 6. Any slant cut whose slope of line is m = tanca, 0 < a < 7 and the end

points of cut are zr, = T+ 1yr and zgs1 = Tpr1 +1yYrsr1. We define the condition C is that

(x,y) € C = if tana >0 then y —yp > tana(z —x) and (51)

if tana < 0 then y— yp < tana(x — xy)

114



Theorem 7. If f(2) = /2 — zx\/Z — 241 and the cut of slope is m = tan . We divided

domain C into 6 areas

(A) ={(z,y) : (z,y) € C andy > Yr11}
(B) ={(z,y) : (v,y) € C and yr, <y < Yr11}
(C) ={(z,y) : (v,y) € C and y < yx}

&) = D)) JF) ={(z.y): (x,y) € R\CH J{(z,9) : y — yp = tana(z — )}
then we have

£(2) Math. { —f(2) if z € (B)U{the cut with (+)edge of sheet-I}, (52)

f(z)  otherwise.

Proof.

(F)

y=Im (Zk)

+1

VE)

y=Im (Zk+l)
P x

Figure 86: Divided domain C' into 6 blocks

(1) z € (A): arg(z — zx), arg(z — zp41) € [ — 27, —71]
Vz =z 2 ez and V7 =zt 2 7= e
F(2) " £ (2)

(2) z € (B) : arg(z — 2zx) € [a — 27, —7] then /z — 2 Math- e =
arg(z — zx41) € (—m, m) then /2 — 2541 Mah =
Math.
f(z2) =" =1(2)
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(3) z € (C)U(G) + arg(z — zi), arg(z — 241) € (—m,7)
VZ =z e =z and 72— e 2 T et
F(z) " 12

(4) z €{the cut with (+)edge of sheet-1}:
arg(z — z) = a — 27 then /z — 2 Math. —Vz =z
arg(z — zx41) = o — m then /z — 2441 Math VZ— Zes1
f2) " =1 (2)

(5) z €{the cut with (—)edge of sheet-1}:
arg(z — z;) = a then /z — 2z, Math =
arg(z — zp41) = o — m then /2 — 2441 Math. VZ— Zes1
ORI O

Example: a = 120° = ¢ and | f(2) = kﬁ (2 —2), zx = @) + iy, where y =
tan %’rxk = —/31; :
¥
i
) ~ | IR e y=Im(Zs)
(B) Z::\]_go? - — — y=Im(Z,)
(©) ¥ _Za (> x

(F)

Figure 87: regions of domain
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(A) ={(x,y) : V3z+y<0andy > Im(zs)}

(B) = {(x,y) : V3z+y < 0and I'm(z5) >y > Im(z)}
() ={(2,9) : V3x +y < 0and I'm(zy) >y > I'm(z3)}
(D) = {(x,y) : V3z +y < 0and Im(z3) >y > Im(z)}

(E) = {(z,y) : V3z +y < 0 and I'm(z) >y > Im(z)}

(F) ={(z,y) : V3z +y < 0and Im(z) > y}
(G) = {(z,y) : V3z +y > 0}
Solution:

(1) z € (A):

arg(z — zx) € (—%”, —m) then /z — z Math 2k, Vk =1,

F(2) " (=12 ) = — f(2)

(2) z € (B):

arg(z — z;) € (—4F, —) then /Z =z Male e k=1,

arg(z — z5) € (—m,7) then \/z — 25 " 2" \Jz — 2
Flz) M (—1)t () MY f(z)

(3) z € (O):

arg(z — zx) € (—— —m) then \/z — 2 Math. —z—z,, k=1,-

arg(z — 21) € (—m,7) then /z — 23 2" \/Z = 24
arg(z — z5) € (—m,m) then /z — 25 Math

F(2) M (13 f(2) = — f(2)

(4) z € (D):

arg(z — z;) € (—2F, —) then /z — z Math = k=1,2
arg(z — zx) € (—m, ) then /2 — z Math 2k, k=3,4,5

Flz) M £ ()
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(5)

z € (E):
arg(z — z1) € (— %, —m) then /z — 2 Math-_ e ==
arg(z — zx) € (—m, ) then /z — z Math , k=2,3,4,5

z € (F)U(G):
arg(z — zx) € (—m,m) then \/z — z Mt k=1,2,3,4,5

Flz) M £ ()

z € {y=1Im(z) and V3zr —y < 0}:
arg(z — z;) € (—2F, —) then /z — z Math- o= 2, k=1,2,3,4
arg(z — z5) = —m then /2 — z5 Math. —\/z — 25

z € {y = Im(z) and 3z — y-< 0}

arg(z — z;) € (=3, —) then /z =2 Hah —Vz— 2z, k=1,2,3
arg(z — z4) = —m then /2 — 24 Math. —V/zZ =2

arg(z — z5) € (—m,7) then \/z — 25 " 2" \Jz = 25

f2) = (1 () T ()

z € {y=Im(zs) and 3z —y < 0}:

arg(z — 2,) € (=4, —7) then /Z — 2, "2 /T =k = 1,2
arg(z — z3) = —7 then /2 — 23 Math. —/zZ— 23

arg(z — 2) € (—m, ) then /z — 25 "2 /z— 2, k= 4,5

z € {y=1Im(z)and V3r —y < 0}:
arg(z — z1) € (— %, —m) then vz — 7 Mah _ e ==
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arg(z — z3) = —m then /z — 23 Math. —\/zZ — 29
arg(z — zx) € (—m, ) then /2 — z Math = 2k k=3,4,5

Fz2) M ()2 F(2) M f(2)

(11) z € {y = Im(2) and 3z —y < 0}:
arg(z — z1) = —m then /z — 2 Math. —/z—z
arg(z — zx) € (—m,m) then \/z — z M — o  k=2,3,4,5

(12) z € 3z —y = 0:

(a) z €{the slant cut from z5 to —oo with (+)edge of sheet-1}:

arg(z — zx) = —%ﬂ' then /z — z; Math 2, k=1,2.3,4,5

(b) z €{the cut from z5 to —o0 with (—=)edge of sheet-1}:

arg(z — zx) = %7‘(’ then /z — z Math. o 2k k=1,2,3,4,5
Math.
f(z) "E" f(2)

(c) z € Zyzs:
arg(z — z;) = —3m then /z — 2 Math- ,k=1,2,3,4
arg(z — z5) = —% then /z — z; Math- o — 25

Flz) M= (<)t (2) M f(2)

(d) z €{the cut from z3 to z, with (+)edge of sheet-1}:
arg(z — zx) = —%ﬂ' then /z — 2 "2 _ /2 — 2k, k=1,2,3
arg(z — zx) = arg(z — z;) = —5 then \/z — 2 Math e, k=4,5



(e) z €{the cut from z3 to z4 with (—)edge of sheet-1}:
arg(z — zx) = %7‘(‘ then v/z — z Math. o — e, k=1,2,3
arg(z — 2zx) = arg(z — z) = —% then \/z — z Mt 2, k=4,5

Flz) M £ ()

(f) z € Zazs: arg(z — 21) = arg(z — 2) = _%17T

then v/z — Math. —v/z— 2z and /2 — 2o Math. —\/Z — 29
arg(z — z;) = —% then /z — 2 Math. Vz—1z5, k=3,4,5

f(2) "E (P f() TR £ ()

(g) z €{the cut from z; to zo with (+)edge of sheet-1}:
arg(z — z1) = —%W then /z — z; Math. —/z2— 2z
arg(z — zx) = —3 then /z — 2z Math- 2k k=2,3,4,5

(h) z €{the cut from z3 to z, with-(=)edge of sheet-1}:
%7? then /z — 1 Math. N
arg(z — zx) = —3 then /z — 2 Math.ro— 2k k=2,3,4,5

arg(z — z1)

F(z) M £(2)

(i) z € [z4,00]: arg(z — zx) = —% then /2 — 2 Math e k=1,2,3,4,5

F2) M £(2)

Conclusion:

f(2) i {(ey) Bz —y < Oandy > Im(z)}
rath U{(z,y) : V32 —y < 0 and Im(z) >y > Im(z3)}
f(z) =" U{(z,y) : V32 —y < 0and Im(z) >y > Im(z)}
(J{the cuts of any (+)edge in sheet-1},
f(z)  otherwise.
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In this special case (only consider in sheet-I): Any slant cut which has slope m = tan «,
O<a<mand f(2)=,/][(z— 2k), zx = xx + iy on the same line.
k=1

Casel. m =2N —1

Figure 88: Casel.-m =2 — 1 for slant cuts

(B1) ={(z,y) : (z,y) € Cand y < y1}

(B2) ={(z,y) : (z,y) € Cand y1 <y <y}

(Baj) = {(z,y) : (z,y) € C and yo; 1 <y < yz;}
(Bajr1) ={(z,y) : (z,y) € C and yo; <y < o1}
(Bon-1) = {(z.y) : (z,y) € Cand yon—2 <y < yo;_1}
(Bon) = {(z,y) : (z,y) € C and yon—1 < y}

(G) ={(z,y) : (z.9) € R\ C}H J{(z,9) : y — pn = tana(z — 1)}
(1) z € (By) : arg(z — 21,) € (—m,7) then vz — 2z 2" \Jz =z, Yk =1, ,m

F(z) M £ ()
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(2) 2z € (By): arg(z — z1) € (o — 2w, —7] then /z — 21 Mah =
arg(z — zx) € (—m, ) then /2 — z Mt i Yk =2, . m

(3) S (ng)l
arg(z — zx) € (o — 2m, —7| then /2 — z Math 2, Yk = 1,---,25—1
arg(z — zx) € (—m, m) then /2 — 2 Math = e Yk =2j,- - .m

(4) z € (Bgj+1): arg(z—z,) € (a—2m, —7] then /2 — 2, Mah =z k=1,

Flz) M (—1)P T f(z)

,2]

arg(z — zx) € (—m, m) then sqrtz — z Mah = Yk =2j+1,---,m

F2) M= (0¥ f(2)

(5) z € (G): arg(z — zx) € (—m,7) then W/ z— z Math. yr— 20, V=1, ,m

FRbeE)

(6) z€ L:y—y =tana(r — z1):

(a)

No cuts, z € LN {(z,y) :y < }:
arg(z — zx) = a — 7w then /z — z Math. Vz—2z ,Vk=1,--- 2N —1

f2) " f ) M £ ()

No cuts, z € LN {(z,y) : y2; <y <yojs1},7=1,2,.., N —1
arg(z — zx) = a — 27 then /2 — 2 Math. —/z—z;, Vk=1,---,2j
arg(z — zx) = o — m then /z — 2 Math- Vz—2zp ,Vk=2j+1,--- 2N — 1

F) = (1P ) T ()

On cuts of z € LN {(2z,y) : y2j-1 <y < yo;} with (+)edge, j =1,2,...,.N -1
arg(z — z) = o — 2w then vz = e = JVe=1,---,2j—1
arg(z — zx) = o — m then /z — 2 Math. Vz—z,Vk=25--- 2N —1

Flz) M (—1)P T f(z)

122



(d) On cuts with z € L {(z,y) : yan—1 < y} with (+) edge
arg(z — zx) = a — 27 then /2 — z Math. —z—zr,Vk=1,--- 2N —1

Flz) M (1)L p(2)

(e) Oncutsof z € LN {(x,y) : y2j-1 <y < yo;} with (=) edge , j =1,2,...,N -1
arg(z — z) = o then /2 — z Math. Vz—z,Vk=1,---,2j—1
arg(z — zx) = o — m then /z — 2 Math- Vz—rz ,Vk=24,--- 2N — 1

Flz) M f ()

(f) On cuts with z € LO{(x,y) : yan—1 < y} with (+) edge

arg(z — z) = « then \/z—szgh' —z—z, ,Vk=1,--- 2N —1

Flz) M £ ()

Case 2. m = 2N

Figure 89: Case 2. m = 2N for slant cuts
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(B1) ={(z,y) : (z,y) € Cand y <y}

(B2) = {(z,y) : (z,y) € Cand yy <y <y}

(Bzj) ={(z,y) : (z,y) € C and yp;-1 <y <y}
(Bzjr1) ={(z,y) : (z,y) € C and yo; <y < o1}
(Bon) ={(z,y) : (z,y) € Cand yan—1 <y < yan}
(Ban+1) = {(z,9) : (z,y) € C and yoy <y}

(G) ={(z,9) : (w,y) € RACYHJ{(w,9) 1y — 1 = tana(e — 21)}

Solution:

(1) A <B2j)7 ] = 1, ,N
arg(z — zx) € (o — 2w, —7] then /z — z Math = k=1, .2 — 1
arg(z — zx) € (—m,m) then /2= 2z A Ve — 2z, Vk=24,--- 2N

flz) )P f(2)

(2) S (B2j+1)7j = 17""7N_ 1
arg(z — zx) € (o — 2w, —7| then /z — z Mah e =z k=1, ,2j
arg(z — zx) € (—m, ) then /2 — z Mt e Yk =2j+1,--+ 2N

Fl2) M= (0¥ f(2)

(3) z € (BQN+1):
arg(z — zx) € (v — 2w, —7| then /z — z Math- = 2, Vek=1,--- 2N

f(z) " (=) f(2)
(4) z € (G): arg(z — ) € (—m, ) then vz — 2z "2 /e =z, Vk=1,--- ,m
F(z) " £(2)

(5) z€ L:y—y =tana(x — )
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(a) no cuts, z € LN {(z,y) :y < w1}

arg(z — zx) = o — 7w then /z — z Math. Vzi—zp ,Vk=1,--- 2N — 1
f(2) "= £ T 1)

(b) no cuts, z € LO{(z,y) 1 425 Sy <21}
arg(z — z) = o — 2w then /z — z Math = k=1, , 2]
arg(z — zx) = o — m then /z — 2 Math- Vz—2p, Vk=2j+1,--- 2N — 1

Flz) M (C1)H () M £(2)

(c) no cuts, z € LN {(x,y) : yan <y}

arg(z — zx) = o — 2w then /z — z Math. —Vz— 2z, Vk=1,--- 2N
f2) " (F1PN () Y f(2)

(d) on cuts of z € LN {(z,y) spj—1 <YK yo;} with (+) edge , 7 =1,2,..., N
arg(z — zx) = a — 27 thenw/z = z; Meke = 2k, Ve=1,---,25—1
arg(z — zx) = o — m then /2 =z Mes 2 — 2k, Vk = 24,--+ 2N

Flz) M (1) 2L f(2)

(e) on cuts of z € LO{(z,y) : y2j-1 <y < yo;} with (=) edge , 7=1,2,...,N
arg(z — z) = o then \/z — z Math- = 2k, VE=1,---,25—1
arg(z — zx) = o — 7 then /z — 2 Math.yo— 2k, Vk = 24,--+ 2N

Flz) M f(z)

Conclusion:
1. m=2N-1:
( N—-1
—f(z) if U{(z,y) € Candyy_1 <y <y}
j=1
Math U{(~T,y) : (x7y> GC’and YaN-1 Sy}
flz) "=" N (43)

1
U {(z,y) : (z,y) € L and ypj—1 <y < yg;with (+) edge}
~

J
U{(z,y) : (z,y) € L and yoy—1 < ywith (+) edge}
L f(2)  otherwise.
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2. m=2N:

N
—f(z) if L_Jﬁ(x, y) € Cand yo;-1 <y < Y25}

J

N
UA{(z,y) : (z,y) € L and yoj_1 < y < yo;with (4) edge}
j=1

f(z)  otherwise.

(44)

1
f(z)
f(2) = \/(z—3+z')(z—4—\/§z'+z‘)(z—2—z')(z—2—\/3—2¢)z(z—2—2¢)(z+i)(z+1).

Using the way of areas what we discuss before to modify. Let z; = 3—i, 2, = 4+ (v/3—1)i,

Example: Compute / dz over a,b cycles where

23 =244, 24 =2+4+V3+2i, 25 =0, 26 =24 20, 27 = —i, 25 = —1.
A

2+2i=Z¢ (2+/3)+2i=74

> 7T E 4+(B -1)i=22
—=l=Z%

Figure 91: a cycles and their equivalent path
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1. ay : consider the equivalent path af = af, |Ja}, where af, =the path along slant
cut from 4+ (v/3 —1)i to 3 — i on (4)edge of sheet-I and a}, =the path along slant
cut from 3 — i to 4 + (v/3 — 1)i on (—)edge of sheet-I

(1) a’l‘lzLetz:Z&—i—i—r(%—l—{)r 2 — 0 and then dz = 1 + zdr
\/m\/z—z—\/ﬁ—zz“%’*h'm\/z—z—ﬁ—zi
Vavz—2—2 " e E =2 =i
Vetive+ 1 e tivE+1

Math 0 Ly 3y
[ e [,
aj, 2 fB—itr(z+%1)
(2) ajy: Let z=3—i+r(3 +‘[)r:0—>2anddz:%+‘/7§idr
Vz—3+iVz—V3i+i M 3T — V3i+i
Veo2—ivz—2— V3 M E e i —2— V3~ 2
Vavz —2 =21 MEh T =0
\/z—i—z'\/z—i-lMgh'\/z—l—i\/z—l—l

OR IO
1, V3,
, Math. 5T+ 51 d
/ fle / f(3—i+r(%+‘/7§i))r
By (1), (2) and Cauchy Theorem

. f / _dz

Math. 5+ \/732
=" 2 : VT dr
0 f(3—@+T(§+73Z)

= —0.104573 — 0.000693869:

2. ay: consider the equivalent path ay = a3, |J a3, where a3, =the path along slant cut
from 2 4+ v/3 + 2i to 2+ on (+)edge of sheet-I and aj, =the path along slant cut

from 2+ to 24+ V3 + 2i on (—)edge of sheet-1I.
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(1) a3;: Letz:2—|—i+r(‘/7§+%i),r:2—>0anddz=‘é—l—%idr
Vi—3t+ive—VEi+i "2 E =31 iV — Vit
Vz_2—ivr—2-3-—2iM T e —2—/3—2i
Vave—2-2i "\ a/E -2 - %

Vetive 1 E Vet ivE+1

Math.  [* B g
f(z)dz =" — 7 dr
as, 2 fR+i+7r(E 4+ 50))

2
(2) aby: Let z:2+i+r(\/7§+%i),r :0—2and dz = \/7§+%idr
Ve—3+iVe—V3i+i " a3V - VBi+i
Ve—2—ivz—2-V3-2" o -2 — VB - 2i
VavE—2—= 20 \aa =2 -2
Vetive+ 18 r iyl

P = f(2)
2 V3 1;
. Math! 5 T3
a;Qf(Z) “ /0 FCHi+r(L+ 1)

By (1), (2) and Cauchy Theorem

1 1
LT T / Gk

Math. 2 \/Tg + %Z
=" 2 . NEY dr
o f24+i+r(E+ 1)
= 0.0384459 + 0.4221541

dr

3. asz: consider the equivalent path af = a3, |Jal, |Jals |Jal, U ads U als where a3 =
the path along slant cut from 2 + 2i to 1 + 4 on (+)edge of sheet-1, a%, = the path
along slant cut from 1+ to v/3 — 1(y/3 — 1i) on (+)edge of sheet-I, a%, = the path
along slant cut from /3 — 1(v/3 — 1) to 0 on (+)edge of sheet-I, a}, = the path
along slant cut from 0 to v/3 — 1(/3 — Ii on (—)edge of sheet-I, aj; = the path
along slant cut from /3 — 1(v/3 — 1i to 1 + i on (—)edge of sheet-I and aj; = the

path along slant cut from 1+ i to 2 + 2i on (—)edge of sheet-I.
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(1) ajy: Let z:r(% %z) T 2\/§—> V2 and dz = (%—i—\%i)dr
Vz—3+1Vz— z+z \/z—3+1\/z— @+z

Math.

Vi—o—ivi—2-vV3—2i i a—iVe—2—3 -2

Vavz—2 = M =2 =2

Vit+ivz+1 Math. Vztivz+1

F2) " f(2)

1 1
/ (2 Math/2 =T i o
Flr(s + o)
(2)a§Q:Letz—r(\[ \[) \/_—>\/_(\/_—1)anddz:(\/i§+\/i§z’)dr
Vz—3+iVz—3 z+wMgth—3+in— V3i+i
\/2—2—2\/2—2—\/_ 2i M. \/z—2—2\/z—2— V3 —2i
Vavz—2 = M e —2 =2
Vztivz+ 1M o FiyEFl

)

awve-1y Ly Ly
/f Math. / V2 ‘/i,dr

s TS0
(3)@33:Letz—r(\[+\[) \/5(\/3—1)—>0anddz:(\%+\%i)dr

Vz=3+ivz—VBi+i " =3+ iV —VBi+i
Ve—2—ivz—2-V3-—2M ST i 2 /32
Vave —2— 20 =2 -2
Vativz+1l " e rivz+1

Fz) M £ ()

Math \/LE—F\/L?L
f T ——dr
vawa- f(r(z + 751)
(4) a34.LetZ—r(f+\f)r 0—>\/_(\/§—1) ddz:(%—i—\%i)dr
VZ—3+1iVz—3 z+z \/z—S—H\/z—
\&—2—w¢z—2—¢§—% at Mz—2—r¢z—2— V3 —2i
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Vavz—2 =2 M S r—2 =2
Vz vz P M i 1

Flz) M —f(2)

_ 1 :
/  Math /\/5(\/g 1) 5T 5l p
e i T

0 (r(5 +51)

(5) aj5: Let z = 7“(7 + TZ) V23 —1) = V2 and dz = (\/AE + \/Lﬁi)dr
Vi—3+i1vVz— z—l—z \/2—3—1—@\/2— @—I—z
Ve_2—ivz—2-V3-—2iMh T i —2 /32
Vavz —2 =2 M e =2 — 2
\/z+i\/2+1Mgh'\/z+i\/z+1

F2) M f(2)

V2 441y
/ f Math / V2 \/5 d?"
Vava-n f(r( + 50)
(6) a36.LetZ—r(f f) \/_—>2\/_andd (\%—k\%z)

Vz—3+i1vVz— z+l \/z—3+1\/z— @+z
Math.
\/z—2—1\/z—2— NEE V) A i Sosiy/ ) —2\/z—2—\/_ 21
Vavz —2 =2 M Sz — 0,

Vit+ivz+1 Math. Vztivz+1

2v2 L 4 1y
f(z)dz Mith'—/ V2 V2 —dr
By (1), (2),..., (6) and Cauchy Theorem
/ 1
= z
vy f(2)

0 L_{_LZ‘
Math 2/ (f 2 —dr

Fr( G+ 50)
1 1
—2/\[(\[ K Vit dr
V3 flr(

_|_
0 A1, 1
V2 V2
+2/ T T dr
vaa-1 f(r (75 + 75@))

= 0.153675 — 0.222745:
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Figure 92: b cycles

4. bz : consider the equivalent path b} = b3, (J b3, | b5 U 054 | b35 U b5 where b3, =the
path along slant cut from —% — %z to —i on (+)edge of sheet-1, b}, =the path along
slant cut from —i to —% — %z on (—)edge of sheet-1I, b, =the path along slant line
from —% — %z to 0 on sheet-I; b3, =the path along slant cut from 0 to 2 + 2¢ on
(—)edge of sheet-II, b}, =the path along slant cut from 2 + 2i to 0 on (+)edge of

sheet-11 and b%; =the path along slant fine from 0 to —3 — 1 on sheet-II.

A

Figure 93: The equivalent path 03

(1) b3y: Let z = —i + (_\/Li + \%z)"r’ LT \/Li — 0 and dz = (—\/L§ + \%z’)dr

131



Va3t iVz—VEi+i " =3 - VBi+i
Ve—2—ivz—2-v3-2M o2 —ivz—2— 32
VavE—2—2i E -2 -2

Verivz+1 M iz +1

Fz) M f(2)

1 1
Math/ \/§+\/§Z dr
f(—i+ (= \/§+\}§Z>)

bz;l
—\% + \%i)dr
Ve =3+ iVz—VEi+i " 31— VBiti
Ve—2—ivVz—2-V3—2iM rma—ive—2—3 -2
VavE—2—2i e =2 -2

Vetivz+1 " ez L

1
(2) by Let 2= —i+ (— f—l—f)rr 0—>fanddz:

bl 1 1
f( ) Math. _/\/5 _\/§+ V3! dr
b, o Sfl=i+ (= \}g‘*'\}gz))
(3) bis: Let z:r(%+%i),r —% — 0 and dz = (\}§+ \}iz)dr

\/m\/z—z—\/ﬁ—zi %'\/m\/z—2—\/§—2z’
VavE—2—2i e e =2 -2
Verivz+ 1M iz
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(4) b3, = the path along slant cut from 0 to 2 + 2i on (+)edge of sheet-I

bis = the path along slant cut from 2 + 2i to 0 on (—)edge of sheet-I

1 1
dz = — d
/b§4Ub;;5 f(2) : a3 f(2) ’

(5) b3 : We known that f(2)|y = —f(2)|ur) , so we can consider bs; = the path

along slant line from 0 to —% — %Z on sheet-1

Letz—r(\[—i-f)r 0— — anddz:( i)dr

b
ﬁi?ﬁﬁijfﬁWWﬂﬁiﬁﬂgfﬁTi
Ve—2—ivz—2-v3-2M o2 —iv—2— 32
VavE—2-2i e e -2 -2

N CE N RN e e |

1 v st
dZ Math d Math. / 21 \/51 dr
big by f(2) o flr(z+50)
By (1), (2),..., (5) and Cauchy Theorem
1 1
—dz = ——dz
/bg f(2) b% f(2)
0 S S
Math. 2/ Vit fl —dr

R v R ULl

-
-*[.f‘}+}' /f

= 00378157 0.00223065¢

5. by : consider the equivalent path b5 = b5, | b5, (J b3, U a3y U 05, U b3s U 055 U 05, U b5 U D36
where b3, =the path along vertical line from 2 + 2¢ to 2 + ¢ on sheet-1,
b5, =the path along slant cut from 2 47 to 2 + v/3 + 2i on (—)edge of sheet-II,
b, =the path along slant cut from 2 + v/3 + 2i to 2 + 4 on (+)edge of sheet-II and

b3, =the path along vertical line from 2 + 7 to 2 + 27 on sheet-II.
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Figure 94: The equivalent path 03

(1) b5 : Let z=2+7ri,r:2— 1 and dz =idr
Ve=3+ive—VBi+i V=3V - VEBi+i
Ve—2—ivz—2—V3- M8 T i -2 /3 -2
Vavz—2—2i " g B2
Vetivz+1 ="z EiVeAT

Math. ! i
- f(Z)dZ = - L W(l?”

(2) b5, = the path along slant cut from 2 +i to 2 + /3 + 2i on (+)edge of sheet-I
and b, = the path along slant cut from 2 4 v/3 4 2i to 2 4 i on (—)edge of

sheet-1.
1 1
——dz = —/ ——dz
/I;;Qubg3 f(z) a3 f(z)

(3) b3, : We known that f(2)|y = —f(2)|ur) , so we can consider b3; = the path
along vertical line from 2 + ¢ to 2 + 2¢ on sheet-I
Let z=2+ri,r:1— 2 and dz = udr
VE—3+iva—VBit+i " Va3 iV - VEi+i
Ve—2—ivz—2—-3-2i M 20— 23— 2
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Vavz—2 =2 M S r—2 =2
Vz vz P M i 1

g [ g [,
b, J(2) by: f(2) 1 f(24 i)
By (1), (2), (3) and Cauchy Theorem

s f /b %dz

Math. 1 /
b f f 2 + 1)

f + Z
+2/ f > dr
0 f(2—|—z+7"(7—|— 51))
— —0.169794 + 0.678808¢

6. by : Consider equivalent path-b] = b5, 1) bi; L b5, U b1 U b5, U bi5 U b3 U b where
bi; = the path along horizontal linefrom —i to 3 — ¢ on sheet-I,
b, = the path along slant cut from-3 —4to 4 + (v/3 — 1)i on (+)edge of sheet-I,
b%, = the path along slant line from 4 + (v/3 — 1)i to 3 + v/3 + 2i on sheet-1II,
b, = the path along horizontal line from 3 + v/3 4 2i to 2v/3 4 2i on sheet-II and

bi; = the path along horizontal line from 2v/3 + 2i to 2 + 2i on sheet-II.

(1) b5, : Let z=r—id,r: 0 - 3 and dz = dr
mm@h'—mm
Vzi—2—ivz—2-3-2iM 2T T -2 — /B -2
Vave—2-2i " a/a =2 =2
Vetive+1 e eVl




: ' / ES
4+(/3 -1)i7 B
>
-+ A
Y,
3

Figure 95: The equivalent path 03

(2) b7y = —aiy;

1
——dz = — ——dz

biy f(2) aj (2)

(3) bis : We known that f(2)|ay= —F(2)|1) , so we can consider bj5 = the path
along horizon line from =.to 3 — i on sheet-I
Let z=3—z’+r(%+§i),r:2—>2\/§and dz:%+*/7§idr
Vz—3+iVz—VBi+i "ENET 3TV —VBi+i
Ve—2—ivz—2-V3-2" T -2 — VB - 2i
VavE =220 \aa =2 -2
Vetive+ 18 e rivE+

Fz2) M f(2)

2V/3 1 V3
ath. 5+ %5
f(z)dz = — f(z)dz Math / 2 T 5" NG dr
bl by 2 f(3—i+ 7’(% + 732))

(4) by, : We known that f(2)|y = —f(2)|ur) , so we can consider bj; = the path
along horizon line from 3 + V3 4 2i to 2v/3 + 2i on sheet-I Let z = r + 20,7
343 — 2+ /3 and then dz = dr
Ve=3tiva—Ei+i M e=3 iV — VBiti
Ve—2—ivz—2—-3-2 M2 oo T —2 - VB -2
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Vavz—2 =2 M S r—2 =2
Vz vz P M i 1

F(z) M f(2)

243 1

Math.

(5) bis: We known that f(2)|) = —f(2)|ur) , so we can consider bj; = the path

/m F(2)dz = —/b

* ok
14

along horizontal line from 2v/3 4+ 2i to 2 + 2i on sheet-I

Let z:r+2i,r:2+\/§—>2 and then dz = dr
Ve—2—ivz—2-V3-—2 M ST i —2 /32
Vave—2 -2 VE /e =2 -2

Vetive+ 1 M8 a1

FE M f(2)

f(z)dz = — f(2)dz Math. /22\/3 f(;dr
-

bis bis r+2i)
By (1),..., (5) and Cauchy Theorem

1 1
—dz = dz

b f(2) b’{f(z)
. L Lt
= 2/{)§ (Z)dz i f(r—z')dr

_/2 %""\/752 dr_/%/g %+\/7§Z dr
o f(3—i+r(+ L) > fB—i+r(d+ L)

2+\/§ 1 2 1
B R S
srv3 J(r+2i) av3 f(r+2i)
= —0.0617421 — 0.1454714
Now we know how to modify the computation of the integral [ \/n%dz by Math-
IT (z—2x)
k=1

ematica in any cuts. So we could use the statement above to modify in any situation
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Example:

S—i.= Z}

Figure 96: The cut plane of f(z)

Evaluate [ ﬁdz over ai, as, as, by, by and bz cycles

f2) =30 3+ - NEE0( 1 (i) 30,

welet 21 =341,20=3—4,23=2;20=1,2=0,26 = 1 + i, 2 =1, 28 = 2i.

Figure 97: The cuts of f(z) in complex plane

1. a; : Consider the equivalent path aj = aj, |J af, where af; = the path on the vertical

cut from 3 44 to 3 —i on (+)edge of sheet-I and a}, = the path on the vertical cut
from 3 — i to 3+ on (—)edge of sheet-I.
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(1) afy: Let z=3+ri,r:1— —1,dz =idr
arg(z —3+1i) = —%7‘1’ then /2 —3+1 Math. —Vz—3+1
—%ﬂ' then /2 —3 —i Math. Vz—3—1i
arg(z — z;) € (—m, ) then /z — 25 2" /z = 2, k=3,4,5,6,7,8

So we have

arg(z —3 —1)

Ldz Math. —/ 1 _ dr
o, [(2) N ICE )
(2) ajy: Let z=3+ri,r: —1 —=1,dz =idr
arg(z —3—1i) = —im then vz —3—1 Math- =3 —1
arg(z —3+14) = 3w then vz —3+1 Math =3+
arg(z — z;) € (—, ) then /z — z5 =" /2 — 2 , k=3,4,5,6,7,8
So we have

@ f(2)

1 mah [ i
/* ek /_1f<3+m')dr

aig

By (1), (2) and Cauchy Theorem

1 1
dz = dz
o f(2) /af f(2)

1 .
Math. 1

2 —d
1 f(3 + TZ) "
= —0.156969 + 0.2250712

2. ay : Consider the equivalent path a} = a¥, |J a3, C R where aj; = the path on the
horizontal cut from 1 to 2 on (+)edge of sheet-I and a%, = the path on the horizontal

cut from 2 to 1 on (—)edge of sheet-I.

(1) az;:
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arg(z —3+1) € (—3m, —m) then vz -3 +1 Math _ fz=3+1i
arg(z — 2) = —7 then /z — 2 Math. —Vz=2
arg(z — 1) = 0 then \/mM&th' Vz—1
arg(z — z;) € (—m,m) then /2 — 2, Math. Vz—2,,k=256,78
We have

f2) " £ (2)

[z [

(2) a3,
arg(z —3+1) € (—3m, —m) then Ve—3+iME 231
arg(z — 2) = m then \/zT Math- f2 =2
arg(z — 1) = 0 then vz — 1 2" /z—1
arg(z — zx) € (—m,m) then'y/z =z . Vz—2z,,k=256,7.8

So we have

1 Math, 11
——dz = —d
w F) / IO
By (1), (2) and Cauchy Theorem
a f / f)
d
2/1 e

= 1.07276 — 0.117388¢

3. az : The equivalent path af = a3, |J a3, where a}; = the path on the slant cut from
0 to 1+ on (+)edge of sheet-I and aj, = the path on the slant cut from 1+ to 0

n (—)edge of sheet-I

(1) a3 Let z =r(141d),r:0—=1,dz = (1+14)dr
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z—3+1i) € (—3m, —m) then vz —3+i Math _ fz=3+1i
—Vz
argz—l—z):——ﬁthen\/m \/m

arg(z — z;) € (—m, ) then /2 — 2, Math. Vz—2z,,k=23478
We have

®
=
03
&
|
|
N
3
-+
=
@
=
=
8
>

Fz2) M £ ()

Math/ 1+
amf Fr(1+1)
(2) aky: Let z =r(1+1), 7":1—>O,dz:(1+i)dr

z—3+i) € (=3r —7) then vz —3+i 2 _\/z—3+i

o
o3
&

|
I

N

=

2
E

§
=
o

(
(
arg(z — 1 — i) = —32x then Ve—1— " o1
arg(z — zx) € (—m,m) then'y/z =z N Vz—z,,k=234738

0 .
—1 dzMgh'—/ —1+Z,d7‘
az, f(2) I AGE )

By (1), (2) and Cauchy Theorem

1 1
——dz = ——d>
as [(2) a [z )
/ i = 127643+ 0.383835i

4. by : Consider the equivalent path b5 = 0%, |Jb5, where b5, = the path on the
horizontal line ¢ to 1 + ¢ on sheet-I and b3, = the path on the horizontal line from

1+ to ¢ on sheet-11.

(1) b%;: Let z=r+i,7r:0— 1,dz=dr
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Figure 98: b-cycles

2i
* s £
: Rs 15; 3+i
T £
: o]
0 N
3—i

Figure 99: The equivalent path 03

arg(z —3+1) € (—3m, —) then vz -3+ Mah  /Z =3+

arg(z) € (—3m, —) then /z Mah-_ /2

arg(z —3 —1) = arg(z — 1 — i) = — then

Vz—3—1i Math. —Vz—3—4 and sqrtz —1—1i Math. —Vz—1—1i arg(z —
2) € (=7, m) then vz — 2z "2 /z = 2 , k=3,4,7,8

So we have

F(2) M f(2)
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. Math. /
bs, f f?“—i—z

(2) b3y We known that f(2)|q) = —f(z)|(m , so we can consider bj5 = the path
on the horizontal line from 1 + ¢ to ¢ on sheet-I
Let z=r+14,7r:1—0,dz=dr
arg(z —3+1) € (—3m, —m) then vz -3 +1 Math 2 =3+1i
arg(z) € (—2m, —) then /z Math. —/z
arg(z —3 — 1) = arg(z — 1 — i) = — then
Vz—3—1i Math. —Vz—3—4 and sqrtz —1—1i Math. —Vz—1—1i arg(z —
2) € (=7, m) then vz — 2z "2z — 2 , k=3,4,7,8
So we have

F2) M= 1(2)

1 1 Math. 0 ]-
——di == dz " — d
/ & Tl iG)E / for+a"

By (1), (2) and Cauchy Theorem

—dz
by f

b*
Math. / o dr = 0.955186 — 0.204659;

5. by : Consider the equivalent path by = 03 | 05, | b5, U b33 U 05, where b3, = the path

on the vertical line 7 to 0 on sheet-I, b3, = the path on the horizontal line 0 to 1 on

sheet-I and 055 = the path on the vertical line 1 to 1 4 4 on sheet-II.

(1) b5y: Let z=ri,r:1—0, dz = idr
arg(z —3+1) € (—3m, —m) then vz -3+ Math 2 =3+1i
arg(z) € (—2m, —) then /z Mah- _ /2
arg(z — 21,) € (—m,m) then /2 — 2, Math. VZz — 2, k=2,3,4,6,7.8
So we have

F(z) M £ ()
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21,
+ | — *

2
e - {_?*1+1 3+1

+ 4 —I
VA L
= ,1 . L
B=i

Figure 100: b3

[ [

arg(z —3+1) € (—3m, =) then Vo T R, gy
(z —2) = —7 then /2 ~2 M=z — 2

arg(z — 1) = —r then vz — 1 "2" _\/z—1

arg(z — 2;) € (—m, ) then \/z — 25 "2 /z = 2 , k=2,5,6,7,8

So we have
1) "= = 1(2)
1 Math. /1 1
—dz =" — dz
/5;2 f(2) o [f(2)
bss : We known that f(2)|) = —f(2)|ur) , so we can consider b5 = the path

on the vertical line 1 to 1 4 ¢ on sheet-I

Let z=1+4+7ri,r:0— 1, dz =idr

arg(z —3+1) € (—3m, —) then vz -3+ Math 2 =3+1i
arg(z — 2;) € (—m, ) then \/z — 25 "2z =z k=2,...,8
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So we have

, Math. ! i
b, f /b a /o fa+ Ti)dr
By (1), (2), (3) and Cauchy Theorem
bs f / f)
Math. ! R
= / F(ri dr /0 dr
/ FA+7ri) / fr+1) r—l—z

= 0.406494 + 0.556588:

6. by : Consider the equivalent path bj.= b5, |Jbs, a3, bt Ubi, U bis U b, where
b}, = the path on the horizontal line 2 to 3 on sheet-I 0], = the path on the vertical
cut 3 to 3+ i on (—)edge of sheet-I1'bj; = the path on the horizontal line 3 4 i to

1 + 7 on sheet-11

A
29d
+ —
. B 3+
I S e
£
+ 4 — b [
1 - 2 I >
0 B s > >
3—i

Figure 101: b3

(1) by;:
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So we have

1 Math. 51
—_y Math- _ d
b J2) / &

bi, = the path on the vertical cut from 3 to 3 + ¢ on (4)edge of sheet-I
Let z=3+4+ri,r:0—1,dz =idr

arg(z —3+14) = —37 then vz — 3+ Mah =3+

arg(z —3 — i) = —im then vz —3—1 Math- 7 =3 =%

arg(z — 2z1,) € (=, ) then'’\/z — 25 2™ \/z — 21, k=3,4,5,6,7,8

So we have

Ld,z Math. _ /1 _ dr
b S (2) o f(3+ri)

biz : We known that f(2)|) = —f(2)|1) , so we can consider bj5 = the path
on the horizontal line 3 + ¢ to 1 + ¢ on sheet-I
Let z=r+1,r:3—1,dz=dr
arg(z —3+1) € (—3m, —m) then vz -3+ Math 2 =3+1i
arg(z —3 —1i) = —7 then /2 —3 —i Mah 23—
arg(z — zx) € (—m,m) then /z — 2, Math. VZ—zk,k=3,...,8
We have

ORS A (O

L e=- ﬁdzw'_/; i

* *
13 13
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By (1), (2), (3) and Cauchy Theorem

7t - g e
- /OfL /of<1
/fr+z +/1
[ /;frﬂ

= 0.14418 — 0.0612153¢

o[ 3 et

Using areas of domain to modify:

1. a; : Consider the equivalent path aj = aj, |J aj, where af; = the path on the vertical
cut from 3414 to 3 —i on (+)edge of sheet-I and a}, = the path on the vertical cut

from 3 — i to 3+ on (—)edge of sheet-I.

(1) ajy: Let z =3+ ri,r: 1= =1,dz =udr
Ve—3—ivz—3+i 2 NZ—8 iz —3+1
Vz =2z — 1M S TN —1
Vave—T—i M e —T =
Vz—ivz— 2 "E =iz = 2

1 Math. - i
/a* eI et

(2) aly: Let z=3+ri,r: -1 —1,dz =idr
Ve—3—ivz—3+i ¥ o3 -i/z—3+1
Vz—2vz 1M o=z —1
VavE—1—i e aya =11
Vz—ivz —2i e T = 2

F(z) M £ ()
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1 Math, 1 7
—d:""E - d
/% ()" / B+

By (1), (2) and Cauchy Theorem

1 1
LT - F"

1 .
Math. (4
/_1 FBrrm)

= —0.156969 + 0.225071¢

2. a2 : Consider the equivalent path a} = a3, a3, C R where a3; = the path on the
horizon cut from 1 to 2 on (4)edge of sheet-I and a}, = the path on the horizon cut

from 2 to 1 on (—)edge of sheet-I.

(1) a3
Vz—3—ivz—31i" 3 i3+
Vz =2z — 1M [ oE =
Vavz — 1= M2 e —1 =i
Vz —ivz — 21 e N — 2

F2) M f(2)

1 yan 71
/azlmdz = /1f(2)dz

(2) a3y
Vz—3—ivz—3+i & i —3—ivz—-3+1
N N N o N
VavE—1—i e aE =11
Vz —iz =2 e i — 20

1 Math, [ 1
dz = d
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By (1), (2) and Cauchy Theorem

agf /fZ
Math. 2/1 mdz

= 1.07276 — 0.117388¢

3. az : Consider the equivalent path af = a%, | a%, where a}, = the path on the slant
cut from 0 to 1+ 4 on (+)edge of sheet-I and a3, = the path on the slant cut from

1+ to 0 on (—)edge of sheet-1.

(1) a%y: Let z=r(1+4),r:0—1,dz=(1+41)dr
Vzi—3—ivz—3+i "2 z—3—ivz—3+1
Vz—2vz 1M a1
Ve —1—i S o
Vz— iz =2 M i 2

FEE f(2)

/_ Math/ I+1

ay, | Fr(1+14)

(2) a3y Let z=r(1+41d),r:1—0,dz = (1+14)dr
Vz—3—ivz—3+i" T3 i/ -3+
Vz—2vz 1" r =2z -1
Vivz—1—i " S —1—1
Vz—ivz—2i " e — 26

1 “ O 144
/ —dz M:th' _/ ﬁdr
oz, f(2) v f(r+ri)
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By (1), (2) and Cauchy Theorem

agﬁdz = /%dz

Math. 1414
f T+ 1)
= 1.27643 + 0.3838351

4. by : Consider the equivalent path b; = b3 b5, where b5, = the path on the

horizontal line 7 to 1 4+ ¢ on sheet-I and b3, = the path on the horizontal line from

1+ to ¢ on sheet-1I.

(1) b%;: Let z=r+1i,7:0— 1,dz=dr
Ve—3—ivz—8+i ¥ T3z —3+1
\/2—2\/2—1Mgh' Vzi—2v/z—-1
\/Nm@h' Vave—1—1
Vz—ivz =21 M2 i = 2i

@ "2 1(2)

Math/
bglf fT+Z

(2) b3,: We known that f(2)|) = —f(2)|ur) , so we can consider b5; = the path
on the horizontal line from 1+ ¢ to ¢ on sheet-I
Let z=r+14,7r:1—0,dz=dr
Vzi—8—ivz—5+:i & T3 —i/z—3+1
Vz—2vz 1M =1
Vave—T—i " =T =i
Vz—ivz—2i " iz = 2

F(z) M £ ()

1 1 Math. 0 1
dz = — dz =" — d
/u* T T ) e /1 for+"

32
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By (1), (2) and Cauchy Theorem

1 1
b3 %dz

b f(2)
Math /
f( r—l—z

= 0.955186 — 0.204659:

by : Consider the equivalent path b5 = b3 | b3, U b5, U b33 U b5, where b3, = the path

on the vertical line 7 to 0 on sheet-1. 03, = the path on the horizontal line 0 to 1 on

sheet-1. and 035 = the path on the vertical line 1 to 1 4 % on sheet-IIL.

(1) by: Let z=ri,r:1—0, dz =idr
Ve—3—ivz—3+i ¥ _\z—3—ivz—-3+i
Vz—ovz— 1M o =1
VavE—T1—i " oz i
Vz — iz — 21 L T =00

FEE 1(2)

L sraen [0 1
/b ek [ oM

(2) b3y
VZ—3—ivz—3+i & -3 —ivz—-3+1
Vz oz 1M a1
Vave—1—i " aE =11
Vz —i/z =2 M T — 20

Math /
b5, f f z)

(3) b33 : We known that f(2)|) = —f(z)|(H) , so we can consider b3; = the path

on the vertical line 1 to 1 4+ 7 on sheet-I
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Let z=147ri,r:0—1,dz =1dr
Vz—3—ivz—3+i " \z—3—ivz—3+1i
Vz—2v/z 1M oz =1
Vave—T—i " /=T =i
Vz—ivz—2i e T = %

1 1 Math. [ {
——dz = — ——dz = —d
/b;3 &7 ) T® / fa+r)®
By (1), (2), (3) and Cauchy Theorem
b2f / f(z)
Mzzth
/ T ‘"—/o G
/fl—irm /fr—l—z

= .0.406494 + 0.5565881

6. by : Consider the equivalent path b} = b5, |J b3, a3, b5, UbT, Ubs U bS5, where
b7, = the path on the horizontal line 2 to 3 on sheet-I, b], = the path on the vertical

cut 3 to 3+ on (—)edge of sheet-II and bj; = the path on the horizontal line 3 4 ¢

to 1 + ¢ on sheet-II.

(1) b1y
VZ—3—ivz—3+i & -3 —ivz—-3+1
Vz oz 1M a1
VavE—1—i " aE =11
Vz —i/z =2 M i — 20
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1 Math. |
gy Math _ g
b J2) / &

(2) b, = the path on the vertical cut from 3 to 3 + ¢ on (+)edge of sheet-I. Let

z=3+ri,r:0—1,dz=1dr

Ve—3—ivz—3+i ¥ _\z—3-ivz—3+i
NCE N e RN e N

Vave—1—i "= aE—1—1

Vz—ivz -2 " =i =2

1 Man [P
L7 - | e

(3) bis : We known that f(2)i-==f(2)l@r , so we can consider bj3 = the path
on the horizontal line 3 47 to 1 4+ on sheet-I
Let z=r+41,r:3—1,dz=dr
VZ—3—ivz—3+i o3z -3+
Vz—2v/z 1M e =z —1
Vave—1—i " ayE =T -
Vz—ivz— 2 "E =iz — 2

F(2) M f(2)

L smt= [ e - / i

*
13 13
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By (1), (2), (3) and Cauchy Theorem

/b1 ﬁdz N bt f(lz)dz
o 1 0 1 51
S o U e

! i L |
— —.dr—/ - dr
/0 f(3+ri) 5 f(r+1i)
= 0.14418 — 0.0612153i

In fact, we can draw the areas of modify together, the region which need to change
the sign, maybe overlapping. Like the cut if cross even times then it will be no change.
Otherwise, odd times will change sign. Now we draw the region where need to modify of
Vz—3—ivz—3+1i,Vz—2Vz—1,+2Vz—1—1iand vz — i\/z — 2i into one figure,

we called it "figure of modify”. The region needs change sign of /2 —3 —iv/z — 3+

is{z=z+iy: 2 <3,—-1<y < L} J{(+)edge of Z1z2}. The region needs change sign
of vz —2v/z—11is {(+)edge of Z3zi}. The region needs change sign of \/zvz—1—1
is{z =2+ :2—-y < 0,0 <y < THU{(+)edge of Z5z} and vz —ivz — 20 is

{z=x+iy:2<0,1 <y <2} J{(+)edge of zZ7z5}.

Figure 102: the regions need change sign of cuts
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The region {z =z +iy:x —y < 0,0 <y < 1} J{(+)edge of Z5Zs} has twice change
the sign, so no change here. We let (G) ={z=z+iy: 2 < 0,1 <y <2} J{(+)edge of
ZatU{r=2r+iy 2 <3, -1 <y <1} U{(+)edge of Zizz}\{z =2+ 1y : 2 —y < 0,0 <

y < 1P\{(+)edge of z57}

Figure 103:region of modify (G)
Solution:

1. a;y : Consider the equivalent path aj = aj, |J aj, where af; = the path on the vertical
cut from 3414 to 3 —i on (+)edge of sheet-I and a}, = the path on the vertical cut

from 3 — i to 3+ on (—)edge of sheet-I.

(1) z€ajy: Let z=3+ri,r: 1 — —1,dz =idr

Math.

z € (G) then f(z) —f(z) as same as above result.

-1 .
Math. 7
—dz = —/ ——dr
/an f(z ACE L)

(2) ajy: Let z=3+ri,r: —1 — 1,dz =idr

Math.

z € C\(G) then f(z)

f(2) as same as above result.

1 g Math. /1 i J
——dz = —dr
az, (2) 1 f(3+i)
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By (1), (2) and Cauchy Theorem

1 1
A IC R e

1 .
Math. 1
/1 fB+ri) '
= —0.156969 + 0.2250712

as : Consider the equivalent path a = a3, |J a3, C R where a3, = the path on the
horizon cut from 1 to 2 on (+4)edge of sheet-I and a}, = the path on the horizon cut

from 2 to 1 on (—)edge of sheet-I.

(1) a3: z € C\(G) then f(z) Math. f(2) as same as above result.

%T_ Wm/f

Math.

(2) aby: z € (G) then f(z) —f(z) as same as above result.

amf_ mm/f

By (1), (2) and Cauchy Theorem

- [t
A@hgﬁfm“

= 1.07276 — 0.117388¢

as : Consider the equivalent path a} = a}; |Jaj, where aj; = the path on the slant
cut from 0 to 1+ 4 on (+)edge of sheet-I and a3, = the path on the slant cut from

1+ to 0 on (—)edge of sheet-I.

(1) a3 Let z=r(1+41d),r:0— 1,dz = (1+14)dr

z € C\(G) then f(2) Math. f(2) as same as above result

, Math. / 1+
a31 f 1+Z
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(2) a3y Let z=r(1+41d),r:1—0,dz=(1+14)dr

z € (G) then f(z) Math. —f(z) as same as above result
, Math. T+
ag, | f T+ 1)

By (1), (2) and Cauchy Theorem
Ldz = / Ldz
as [(2)
Math. / 1+4
f T4 ri)
= 1.27643 + 0.3838351

4. by : Consider the equivalent path 05 = b3, |Jb%, where b5, = the path on the
horizontal line 7 to 1 4+ ¢ on sheet-I and b5, = the path on the horizontal line from
1 + ¢ to 7 on sheet-II.
(1) b5y Let z=r+d,r:0—=1/dz =dr

z € C\(G) then f(2) Mgl f(z)as same-as above result.

1 Math/
b, f(z fr—i—z
1%

—f(2)|(r1) » so we can consider b5 = the path

(2) biy: We known that f(z)
on the horizontal line from 1 + i to ¢ on sheet-I.
Let z=r+14,7:1—0,dz=dr

z € C\(G) then f(2) Math. f(2) as same as above result.

By (1), (2) and Cauchy Theorem

1 1
—dz = —dz
bs f(2) /bg f(2)

1

—dr
o f(r+1)
= 0.955186 — 0.204659:
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5. by : Consider the equivalent path b5 = b5 | b3, | b3, | b33 | b3, where b5, = the path
on the vertical line ¢ to 0 on sheet-1, b5, = the path on the horizontal line 0 to 1 on

sheet-I and 055 = the path on the vertical line 1 to 1 + ¢ on sheet-II.

(1) b%;: Let z=ri, r: 1 — 0, dz =idr

z € C\(G) then f(2) Math. f(2) as same as above result.

b, f_ 2 / f(ri

(2) b3y z € (G) then f(z) Math- —f(z) as same as above result.

1 Math. 1
— 42— g
/b;2 )" / )"

(3) b33 : We known that f(2)|y = —f(2)|ur) , so we can consider b35 = the path

on the vertical line 1 to 1 + % on sheet-1.
Let z=1+47ri,r:0— 1;dz=udr

z € (G) then f(2) Math. = f(2) as same as above result

Lo e [T
/b;S?Z)dz_ /bggf(z)dz = /Of(1+7“i)dr

By (1), (2), (3) and Cauchy Theorem

—dz

v |
/fm [ 7
/fl—i—m /fr—i—z

= 0.406494 + 0.5565881

bzf

6. by : Consider the equivalent path b5 = b3, |J b5, U as, Ubj, Ubj, UbTs U bs,where
bi; = the path on the horizontal line 2 to 3 on sheet-I, b, = the path on the vertical
cut 3 to 3+ on (—)edge of sheet-IT and bj; = the path on the horizontal line 3 44

to 1 4+ ¢ on sheet-II.
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(1) b}y: 2 € (G) then f(2) Math.

—f(z) as same as above result

Math
L / o
b*ll f

(2) b}, = the path on the vertical cut from 3 to 3 + ¢ on (+)edge of sheet-I
Let z=3+ri,r:0— 1,dz =idr

Math.

z € (G) then f(z)

—f(z) as same as above result

1 Math. /1 i
—dz =" — ———dr

(3) b1z : We known that f(2)|) = —f(2)|ur) , so we can consider bj3 = the path
on the horizontal line 3 4+ ¢ to 1 + ¢ on sheet-I
Let z=r+41¢,r:3—1,dz=dr

z € C\(G) then f(2) Math. f(2)1as same as above result

1 _ Math.
—d A )
b, J(2) 2\ bty f / f7“‘|'2

By (1), (2), (3) and Cauchy Theorem
/L
( f
Math. _ 1L
B /1 f(m‘)dr /0 e
o 1 21 S
—/ —fr—l—ldr—i_/l Wd’f’—/ mdz

1
/ FB+ri) 3+m s fr+i) r+z
= 0.14418 — 0.0612153i

Example2. f(z) =+/(z—=3—i)(z —=3+4)(z —2)(z — 1)(2 = 0)(z — 1 —i)(2 — i) (2 — 34).
Evaluate fr ﬁdz. Welet 21 =3+1,20 =3 —t,23=2,24 = 1,25 = 0,26 = 1 + 1,2, =

i, 8 — 21.
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g . [’

G 1

Figure 104: The curve I' in the cut plane

Figure 105: The equivalent path for I'

Solve: Find the equivalent path which is easier write out its parameter type and using
8

Mathematica obtain the value. T' = |J 7
k=1

1. v is the path on the vertical line from ¢ to 0 on sheet-I1. Since f(2)|) = —f(2)|1) »
so consider a path on the vertical line from 7 to 0 on sheet-I, namely 7. Let z = rt,

r:1—0,dz=1idr
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Math.

Vz—3—ivz—3+1 = —Vz2—3—iv/z—3+1i
\/z—2x/z—1Mgh' Vzi—2vz—-1
Vavz—1—i M _ ar—1—1
Vzi—ivz—2 Math. Vzi—ivz—21

From if z in ~; then f(z) Math. f(2), we have if z in 7, then

. 72 is the path on the horizontal line from 0 to 1 on sheet-II. Since f(2)| =
—f(2)|(11) , so consider a path on the horizontal line from 0 to 1 on sheet-I, namely

vy Let z=1ri,r:1 =0, dz = idr

- Math.

Vz—=3—ivz—3+i = —Vz2—-3—ivz—3+1
\/2—2\/2—1Mgh' Vz—2vz—1
Vavz —1 =i M sz — 1=
Vz — iz — 2 e i 220

From if z in 75 then f(z) Mathy —f(2), we have if z in 7, then

£(2) " £ (2)

. 73 is equiv to the path on the horizontal cut from 1 to 2 on (+4)edge of sheet-I.

Math.

Ve=3—ivz—3+i = —Vz2—-3—iv/z—3+1
\/z—2\/z—1Mgh' —z—=2v/z—1

Vavz —1—i M e —1 =

V7 — iz — 2 Mah iz — 26

So we have

. 74 is the path on the horizontal line from 2 to 3 on sheet-I.
arg(z —3+1) € (—3m, —m) then vz — 3+ Math e =3+
arg(z — zx) € (—m, ) then /z — z Math.j— 2k, k=2,3,4,5,6,7,8

So we have



5. 75 is the path on the vertical cut from 3 to 3 — i on (+)edge of sheet-I.
Let z=3+4+7ri,r:0— —1, dz =udr
arg(z —3+14) = —3m then vz =3+ Math 2 =3+i
arg(z — 2;) € (—m, ) then /z — 25 =" /2 — 2 , k=2,3,4,5,6,7,8

So we have

6. 76 is the path on the vertical cut from 3 — i to 3 + ¢ on (—)edge of sheet-I.
Let z=3+ri,r: -1 —1,dz =1dr
arg(z — zx) € (—m,m) then /z — 2 Math. Vzi—z,k=1,...,8
So we have

F2) M £(2)

7. 7 is the path on the horizontal line from 3 44 to 1 + ¢ on sheet-I1. Since f(2)|) =
—f(2)|(r) » so consider a path-on-the horizontal line from i to 0 on sheet-I, namely
vi. Let z =r+i,r:3—1,dz=drarg(z—3+i) € (—2m, —7) then vz — 3+ Math.
—V/z—=3+1
arg(z —3 —1i) = —m then vz — 3 —i Math. —Vz—3—1i
arg(z — 2;,) € (—m,m) then /2 — 2, Mgén. VzZ— 2z, k=3,4,5,6,7,8

From if z in 5 then f(z) Math f(z), we have if z in ~; then

8. 7 is the path on the vertical line from 1+ ¢ to ¢ on sheet-1. Let 2z =r 414, r: 1 — 0,

- Math.

dz=dr Vz—3—iv/z2—3+1 = Vz2—3—iv/z—3+1i
Vz—2vz 1M S ar—1
VavE—1—i S e =1
Vz—ivz—2i e iz — 2

So we have

Fz) M= f ()
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By (1), (2), ...,(8), we have

1 Math.
[

.
d —d
o fB4ri) " 1 f(34ri) "

/fr+z /frﬂr

= —0.0980336 + 0.195762¢
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5 Applications of differential equations

Now discuss some example to apply above chapter of differential equations.
Example 1 : u” + cosu = 0 is a second order differential equation. We know that

cosu ~1— %uQ + %u‘l. Here we want to solve the equation,

1 1
" 2 4
So
1 N2 1 3 1 5 _

where E is integral constant.
Let E=5, we have

2 2
ne _ _ 3_ 4 5
(u)* = 10 2u+3!u Y

= R(u—4.54)(u — 1.59 — 2.24i)(L1:59 + 2.24i) (u 4 3.86 — 1.63) (u + 3.86 + 1.63)

R: constant. If v’ = % = g(u) and then we have

1
SEp
g(u)

/ﬁdu:/dt

So the function theory of solutions u of the equation involve

and

/(= 4.54)(u — 1.59 — 2.24) (u — 1.59 + 2.241)(u + 3.86 — 1.631) (v + 3.86 + 1.631) Let f(u) =

/(0 — 454)(u — 1.50 — 2.247)(u — 1.50 + 2.247)(u + 3.86 — 1.637)(u + 3.86 + 1.637) and com-
pute fﬁdu over a,b cycles. Let u; = 4.54, ug = 1.59 — 2.24i, uz = 1.59 + 2.24i,

ug = —3.86 — 1.637, us = —3.86 + 1.637

Using region of modify to get result by Mathematica:
The region needs change sign of \/u — 4.54 is {u = z+iy : © < 4.54,0 < y} J{(+)edge

of the cut [4.54, 00)} . The region needs change sign of v/u — 1.59 — 2.24iv/u — 1.59 + 2.24¢

is {fu=uo+iy:x <159, -2.24 <y < 224} | J{(+)edge of the cut [1.59 — 2.244,1.59 +
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A

1.59+2.241
~3.86+1.631 + -
+8 = sl I
>
4.54
—3.86—1.631i
1.59-2.24i

Figure 106: cut plane of f(u)

A

— —3.86+1.63)

1.59-2.24i

Figure 107: region of modify

2.24i]} and the region needs change sign of vu + 3.86 + 1.63iv/u + 3.86 — 1.63¢ is {u =
r+iy :x < —3.86,—1.63 < y < 1.63} [J{(+)edge of the cut [-3.86—1.637, —3.86+1.63i]}.
We let the region needs change sign of f(z) is (G)={u = z+iy : x < 4.54,2.24 < y} | J{u =
r+iy: 1.59 <x <4.54,224 <y} J{u =2z +iy: —3.86 < x < 1.59,-2.24 < y < 2.24}
WHu=z+iy:2<—-386,-224<y<-163}J{u=z+iy:2 < —-3.86,0 <y <163}
U{(+)edge of the cut [4.54,00)} [J{(+)edge of the cut [1.59 — 2.247,0]} J{(—)edge of
the cut [0,1.59 + 2.244]} |J{(+)edge of the cut [0, —3.86 + 1.63¢]} (J{(—)edge of the cut
[0, —3.86 + 1.631]}
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Solution:

A

1.59+2.244
—3.86+1.63i + -
a
RS 2
+I181— +|Bl—
= 5 >
q as 4.54
—3.86—1.63i
1.59-2.24i

Figure 108: curve ay, as and their equivalent path

1. ay : Consider the equivalent pathiaj =.a}, |Jaj,JafsJai, aj; = the path along
vertical cut from —3.86 + 1.63¢ to 0 on (+)edge of sheet-I, aj, = the path along
vertical cut from 0 to —3.86-= 1.63¢ on (+)edge of sheet-I, aj; = the path along
vertical cut from —3.86 — 1.63i t0.0-on(=)edge of sheet-I and a}, = the path along

vertical cut from 0 to —3.86 4 1.637 on (—)edge of sheet-I.

(1) a3y : Let w=—3.86 +ri,du =idr,r: 1.63 = 0
2 € (G) then f(u) """ —f(u)

0 .
1 Math. 1

—du =" — ——dr
az, f(w) 1.63 f(—3.86 4 ri)

(2) aiy: Let u = —3.86 + ri,du = idr,r : 0 - —1.63
u € C\(G) then f(u) Math. f(u)

/ 1 p Math. /—1.63 i J
—du = - dr
., 7(0) . =386+ )

(3) ai;: Let u = —3.86+7i,du = idr,r : —1.63 — 0 u € (G) then f(u) Math. —f(u)

—1 u MLth- —/ v dr
oz, f(u) 163 f(—3.86 + 1)
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(4) aiy: Let u=—3.86+ri, du=idr ,r:0— 1.63
z € C\(G) then f(u) Math. f(u)

1 Math, [ l
gy M L E—
(u) o  f(—3.86+ri)

X
a

By (1),(2),(3),(4) and Cauchy Theorem

0 i

)5(2
1 Math. /1'63 i /
— du E" 9 - dr—2 - 4
/C,f F)™ o F(386 1) “) e F(386 )
= 0.35043 — 5.55112 x 10~'7;

. ay: Consider the equivalent path aj = a3, |Jas, Jass|Jas, a3, = the path along
vertical cut from 1.59+2.24i to 0 on (+4)edge of sheet-I, aj, = the path along vertical
cut from 0 to 1.59 — 2.247 on (+)edge of sheet-1, aj; = the path along vertical cut
from 1.59 — 2.247 to 0 on (—)edge of sheet-I and a}, = the path along vertical cut

from 0 to 1.59 + 2.247 on (—)edge of sheet-I.

(1) a¥, : Let w=1.59+ri, du =idr, r:224 — 0
u € C\(G) then f(u) Mttt JAC)

1 athe [° i d
aly f(u) 224 f(1.59 4 ri)

(2) aby: Let uw =159+ ri, dz =idr, r : 0 — —2.24
u € (G) then f(u) Math. —f(u)

1 oy Meth- /_2'24 v d
—du =" — ————dr
az, J (W) 0 f(1.59 + 1)
(3) abs: Let 2 =1.59+1ri, du =idr, r: —2.24 — 0
2 € O\(G) then f(z) 2" f(z2)

/ 1 du ML /0 - dr
als f(u) —2.04 J(1.59 + 71)

(4) ab,: Let uw = 1.59 4+ ri, dz =idr, r: 0 — 2.24
u € (G) then f(u) 2" — f(u)

/ 1 oy Math /2'24 ? J
—du =" — - dr
a3 f(u) o f(1.59 +rd)
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By (1),(2),(3),(4) and Cauchy Theorem

/ 1ciMm'2/M4 ! d+2/0 Ly
——du =" — ————dr ———dr
oy f(u) o f(1.59+7i) 224 f(1.59 + i)

= —0.587776 + 2.77556 x 10~17;

A

_|_ r—
1.59+2.24i h.
—3.86+1.63i b2
+ P
.'I. ’
4.34}
~8 .86-1.631
1,592,241

Figure 109: curve by.and its equivalent path

3. by: Consider the equivalent path &5 =05 = bS, U a3, | ab, | b3, where
b5, = the path along horizon line'from4:54 to 1.59 on sheet-I and

b3, = the path along horizon line from 1.59 to 4.54 on sheet-II.

(1) b3y 2 € (G) then f(u) " =" — f(u)

1 Math, 1.59 1
——du =" — —du
b5, (u) asa f(u)
(2) b3,: We known that f(u)|y = —f(u)|1) , so we can consider b35 = the path
along horizon line from 1.59 to 4.54 on sheet-I
u € (G) then f(u) 2" — f(u)

1 1 Math. 4.54 1
— —du=— | —dz"% —d
v, f@) " /b;; f)® / F)™

By (1),(2) and Cauchy Theorem

2.24 . 1.59
1 Math. 1 1

by (u) o f(1.59 4+ ri) ass f(w)
— —0.293888 — 0.17046&2
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—3.86+1.631

=3 EW.- B

Figure 110: curve b; and its equivalent path

4. by : Consider the equivalent path
b7 = b3 Uazs Uas Ubty UaiyUaiy UbT, Ubis U bty U b3, where
bi; = the path along horizontal line from 1.59 to —3.86 on sheet-I,
bi, = the path along horizontal line from —3.86 to 1.59 on sheet-II,
bi; = the path along vertical ‘cut from 0-to 1.59 — 2.24¢ on (+)edge of sheet-II and

bj, = the path along vertical cut from 1:59 — 2.24i to 0 on (—)edge of sheet-II.

(1) b%: 2 € C\(G) then f(u) " f(u)

1 Math. 73.86L
/If;l Wdu a /1.59 f(u)du

(2) bjy: We known that f(uw)|y = —f(u)|ir) , so we can consider bj5 = the path

along horizon line from —3.86 to 1.59 on sheet-I

z € C\(G) then f(u) Math. f(u)

L L Maih /1-59 L
_— = — —_— == (%
by f(u) b3 () _3.86 f(u)

(3) bj3 = the path along vertical cut from 0 to 1.59 — 2.247 on (—)edge of sheet-I
b}, = the path along vertical cut from 1.59 — 2.247 to 0 on (+4)edge of sheet-I
So

1 1
— du=— / — du
/bi‘gubh f(w) a3, Uaz, [ (1)
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By (1), (2), (3) and Cauchy Theorem

L gy Math o / UL e / ’ Ly
——du =" — —du - dr
b f (1) 150 f(u) 994 f(1.59 +1i)

= 0.175215 — 0.126072

Example 2 :
u’ = 3u® + (£ — 5i)ut — (20 — 361)u® — (27 + 69i)u® + (47 4 6i)u — £ + 36i = 0. We

6

have (u/)? — % + (L —i)u® — (5 — 9i)u' — (9 + 23i)u® + (& + 3i)u® — (£ — 36i)u = E Let
Flu) = =%+ (I —i)u® — (5—9i)u — (9+ 230)u® + (2 + 3i)u® — (£ — 36i)u. Take E=60

and solve this second order equation.

1

—1 p—
So f \/E—2F(u) du f V/ (ut1) (ut1420) (ut4) (u—2—17) (u—3) (u—4) du
Let g(u) = /(u+ 1)(u+1+2i)(u+14)(u—2—1i)(u—3)(u—4). Compute [ ﬁdu

over a,b cycles.

2

=l]=25

Figure 111: The cut plane

Using region of modify to get result by Mathematica. The region needs change
sign of u —3vu —4 is {(+)edge of the cut [3,4]}. The region needs change sign of
Vu+ivu—2—iis (A)UB)={u=a+iy:x—y—1<0,—1 <y < 1} U{(+)edge of
the cut [—4,1+ 2i]} and the region needs change sign of vu + 1v/u + 1+ 2i is (B)|J(C)=

fu=z+iy: 2z < —1,-2 <y < 0} J{(+)edge of the cut [-1,—1 — 2i]}. Let

A)=f{u=z+iy:2—y—1<0,-1 <y < 1} J{(+)edge of the cut [—i,1 + 2i|}\{u =
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r+iy:r < —1,—-1 <y <0}\{(+)edge of the cut [-1,—-1 -]}, B)={u=x+1y:z <
—1,—1 <y < 0}UJ{(+)edge of the cut [-1,—1—1]} and (C)={u=a+iy:x < —1,-2 <
y < —1} [J{(+)edge of the cut [-1,—1 —i]} So (B) does "Not” change the sign. We let
the region needs change sign of g(u) is (G)=(A)J(C)J{(+)edge of the cut [3,4]}

=]=221

Figure 112: region of modify

=1—21

Figure 113: region of modify

Solution:

1. a; : Consider the equivalent path aj = af, |Jaj,; where aj; = the path on the
horizontal cut from 3 to 4 on (4 )edge of sheet-I and af, = the path on the horizontal

cut from 4 to 3 on (—)edge of sheet-I

171



=1=24

Figure 114: curve ay, as and their equivalent path

(1) u € a’y: u € (G) then g(u) "Z" —g(u)
1 Math. 4L 5
oy o
(2) ajy: u € C\(G) then g(u) =" g(u)
1

3
/ —1 du Mgh'/ ——du
a,’l‘2 g(U) 4 g(“)

By (1), (2) and Cauchy Theorem

1 1
[ imde = [
ay g(U) aj g(u)
Math Sl
g [
4

g(u)
— 0.022345 + 0.535123i

2. ay : Consider the equivalent path a = a3, |Jas, where a3, = the path on the slant

cut from 2+ to —i on (+)edge of sheet-I and a}, = the path on the slant cut from
—i to 2+ on (—)edge of sheet-I
(1) a;: Let u=—i+r(1+1i),r:2—0,du=(141)dr
u € (@) then g(u) Math. —g(u)

1 Math. 0 141
——du =" — . —dr
a3, 9(1) 2 g(—=i+r(l+1i))
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(2) a3y: Let u=—i+r(1+14),r:0—=2, du= (1+4)dr

u € C\(G) then g(u) Math. g(u)

1 Math, [ 141
——du = - —dr
By (1), (2) and Cauchy Theorem
1 1
/ —du = / ——du
as g(u) as g(u)

2 .
@ 1
Math. 2/ . +1i _ar
o g(=i+r(l+1))

= —0.273396 — 1.045461

Figure 115: equivalent path 03 for by

3. by : Consider the equivalent path b} and separate it into many paths by figure of
modify b5 = b3, | b5, U b33 U b5, U bss | bsg where b5, = the path on the vertical cut
—1—1ito —1 —2i on (+)edge of sheet-I, b5, = the path on the vertical cut —1 — 2i
to —1 — i on (—)edge of sheet-1, b3, = the path on the horizontal line —1 — i to —i
on sheet-1, b3, = the path on the slant cut —i to 2 + i on (—)edge of sheet-II, b}, =
the path on the slant cut 2 + 14 to —i on (4)edge of sheet-II and b} = the path on

the horizontal line —i to —1 — 7 on sheet-II.
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=12

Figure 116: equivalent path b3 for by

(1) b%;: Let u=—1+7ri,r: —1— =2, du =idr u € (G) then g(u) Math. —g(u)

1 Math. - i
= quMah Y g
by, 9(U) 1 g(=1+7i)
(2) by Letu = —1+ri,r: =2 = =1, = du = idr u € C\(G) then g(u) M
-1 .
/ Y du " / S —dr
b, 9() —y g(=1+7i)

Math

(3) by Let u=r—i,r:—1—0,du=druec(G)then g(u) =" —g(u)
1 a 1
/ _duM:th._/ o
b3y g9(u) —1 9(r —1)
(4) b5, = —a3, the path on the slant cut —i to 2 4+ i on (+)edge of sheet-I and

bss = —aj, the path on the slant cut 2 + i to —i on (—)edge of sheet-I

1 1
/ ——du = —/ —du
bis b3, g9(u) a3 g(u)

(5) b3s: We known that f(2)|) = —f(2)|ur) , so we can consider b5 = the path on the

horizontal line —i to —1 — ¢ on sheet-I




By (1), (2), (3), (4), (5) and Cauchy Theorem

1 1
d = d
/bQ & b 1)
Math. -1 l 0 1
at ' -2 —a
2/2 g(—1+ri) g 2/1 g(r—i) g

) .
_2/ . 1+ _ _
o g(—=i+r(l+1))

0.902328 + 0.939835¢

v

=1~

Figure 117: equivalent path b7 for by

4. by : Consider the equivalent path bf = b5, |J b}, b5, Ubis U b, Ubs U bl where
b7, = the path on the horizontal line from —1 — 27 to 3 — 27 on sheet-I, b7, = the
path on the vertical line from 3 — 2i to 3 on sheet-I, b7; = the path on the vertical
line from 3 to 3 + ¢ on sheet-II, b7, = the path on the horizontal line from 3 + ¢ to
—1 + ¢ on sheet-1I, bj; = the path on the vertical cut from —1++¢ to —1 on sheet-II

and bj; = the path on the vertical cut from —1 to —1 — i on (+)edge of sheet-I.

(1) b1 Let u=r—2i,r: —1 = 3, du =dr u € C\(G) then g(u) Math g(u)

[zt |z

5
11

(2) biy: Let u=3+7ri,r: =2 —= 0,du = idr u € C\(G) then g(u) Math. g(u)

1 Math. 0 1
——du =" — —dr
b, (1) _5 9(3+ i)

*
12

175



(3)

bis: We known that g(u)|rry = —g(u)|r) , so we can consider bj; = the path

on the vertical line from 3 to 3+ on sheet-I Let u = 3+7ri,r: 0 — 1,dz = idr

ath

u € C\(G) then g(u) 2" g(u)
1 a 1 a Lo
[ o™ [ [
b, 9(u) v 9(u) o 9(3+r1)
biy: We known that g(u)|;1) = —g(u)|(r) , so we can consider b} = the path
on the horizontal line from 3 4 ¢ to —1 + ¢ on sheet-I

Let u=r+i,r:3— —1,du=dr u e C\(G) then g(u) Mat “g(u)

/ dy Meth / 1 du Mgh,_/l 1 dr
br, 9(u) vy 9(u) s g(r+1)

*
14

bis: We known that g(u)|rry = —g(u)|r) , so we can consider bi; = the path
on the vertical cut from —1 + ¢ to —1 on sheet-I
Let u=—1+ri,r:1— 0, dw=tidr,u € C\(G) then g(u) 2" g(u)

/ —1 duMgh'—/ LduMgh'—/o—i dr
b g(u) pie g(u) 1 9(=1471)

1s 1
big: Let w=—1+4+7ri,7: 0 = =Ldu=idr
u € C\(G) then g(u) Math. g(u)

1 Math, [! 1
—du = —dr
pr. 9(u) o g(=1+ri)

5
16

By (1), (2), (3), (4), (5), (6) and Cauchy Theorem

1
—_— —dz
/f b f
Math. 7
— — - _ —d
/1 o 1+m / g(r) /29<3+m> '
! i |
_/ L g / _dr
o 9(3+7i) s g(r+i)

0 i -1 1
Y R / ' 4
/19(—1+M) o g(=1+ri)
—  —0.0494252 + 0.215845i
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6 Conclusion

In this paper, we construct Riemann surfaces and use Mathematica to compute the
n

integrals over a, b cycles of the algebraic curve of f(z) =,/ [[ (2 — zx). First, when the
k=1

cut on the line and the slope of line is m = tana, 0 < o < 7. Define that

L re?? 0 € [a — 2w, ) if z in sheet-I
| e, 0 € [a,a+2m) if z in sheet-1I

the cut in each sheet has two edges, label the edge of the left of cut with ”4” and the
right of cut with ”—". To get right value of integrals, we conclude the way to modify the

computation to get right value. If the cut with z; on the line where the slope of line is

m =tana, 0 < a < 7. If z in sheet-I then

—— Math. | 2=z, if arg(z — z,) € [a — 27, —7],
TR T { —V/z— 2z, if arg(z — z) € (-7, Q)

Under above basis, we can use the endpoints of cuts to help us determine how to modify.

If the endpoints of cut is z; and 2,4 and the slope of line is m = tana, 0 < a < 7

where the cut on. If z in sheet-I"then the area of modify with /z — 2zp\/2 — 2x11 is
(B) ={2z =z +yi: (z,y) € C and yy01 < y < yo;} J{ the cut of (+) edge of cut
[2k, zk+1]} where C is a condition (z,y) on the left of the line which we defined above.

Then

— — Math. | /2 — 2k\/%2 — Zk1 if z € C\(B),
VET aE e S { —Vz—zk/Z — 2k if 2 € (B)

We also can draw the region of modification on domain to determine.

177



References

[1] Geore Springer, Introduction to Riemann Surfaces, 2nd ed, Chelsea, 1981

[2] James Ward Brown and Ruel V.Churchill, Complex Variables and Applications, 7th

ed, Mc Graw Hill, 2003

[3] Kevin R. Coombes, Brian R. Hunt, Ronald L. Lipsman, John E. Osborn, Garrett J.

Stuck, Differential Equations with Mathematicarw, John Wiley Sons, Inc., 1995

[4] Wolfram Stephen, Mathematica : a system for doing mathematics by computer,

2nd ed, Redwood city, 1991

[5] Jie-Ru Wu, The Path-Integral Computations on Two-Sheeted Riemann Surfaces of
Genus N , NCTU ,2000

178



	cover.pdf
	cover-1.pdf
	cover-2.pdf

	main.pdf

