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Irreducible nonnegative matrices that are similar to positive matrices

student : Hsin-Yuan Wang Advisors : Kuo-Zhong Wang
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ABSTRACT

We study the questions in which the irreducible nonnegative matrices are similar
to positive matrices.We will solve the problems for nxn irreducible nonnegative

matrices with exactly n+2 zeros, and all'the entries.of diagonal are distinct, and for nx
n irreducible nonnegative matrices with-exactly n+2 nonzero elements are similar to
positive matrices.
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1 Introduction

For a matrix A = [a;]7;_;, we say that A is nonnegative is all its entries
a;j are nonnegative. We say that A is positive (A > 0) if all its entries a;;
are positive. A nonnegative matrix A is called reducible matrix if there is a
permutation matrix ) such that
B C
TA —
ae-[2 G|

where B, C' are square matrices, and it is called irreducible if it is not reducible.

We are interested in irreducible nonnegative matrices that are similar to
positive matrices. This question was first studied in the paper of Borobia and
Moro[1], where they obtained several results on the problem. Recently, in [2],
Laffey, Loewy, and Smigoc proved two main theorems:

LLS 1. Let A be an n X n,n > 4, irreducible nonnegative matrix with exactly n
zero elements. Then either A has trace zero or it is similar to a positive
matrix.

LLS 2. Every irreducible m X n nonnegative matrix A with positive trace and
exactly n + 1 zeros is similar to a positive matrix for all n > 3.

In this paper, we consider the following problems:

Question 1. For n > 4;1is every irreducible n X' n nonnegative matrix A with
positive trace and exactlym -2 zeros similar t0'a positive matrix ?

Question 2. Is every irreducible-n.x.n-nonnegative matrix A with positive
trace and exactly n + 1 or n + 2 nonzeros similar to a positive matrix ?

In Question 2, if “exactly m + 1 or n + 2 nonzeros” replaces by “exactly n+3
nonzeros”, then the answer is false.

Counterexample [1, Theorem 5]:
a 0 1—-a

Forae (0,1), | 1—a a 0 is not similar to a positive matrix.
0 l—a a

In section 3, we prove that for n > 4 and n # 5, if A is an n X n irreducible
nonnegative matrix with exactly n + 2 zeros and distinct diagonal entries, then
A is similar to a positive matrix. In section 4, we solve Question 2.



2 Priliminaries

In the section, we list some Lemma, which will be used in the proofs of our
main result. The following lemmas appeared in [2, Corollary 3.4, and Lemma
3.5].

Lemma 2.1 Let A be an irreducible matriz with a positive row or column. Then
A is similar to a positive matrix.

Lemma 2.2 Let

Ann A ]
A=
[ Ao A

be a nonnegative matrixz such that A1y is similar to a positive matriz, Aio > 0,
and Aoy > 0. Then A is similar to a positive matrix.

Let P be a nonnegative pattern matrix (i.e. a matrix whose entries are either
zeros or positive entries), and let. P% P/ (P P;) be two columns(rows) of P. We
say that P/ dominates P'(P; dominates P;);’and we write P/ > PY(P; > P;),
if P7(P;) has positive entries in at least the same positions as P*(P;). We denote
by P'+ PJ(P; + P;) th¢ pattern-column with stars in all positions expect in
those where both P* and P¥(#; and P;) have zeros.

The following two lemmas were proved in [1,Theorems 2 and 4]. We need
them to derive our main results. 'For-the sake of completion, we list their proofs
below.

Lemma 2.3 Let P be an irreducible pattern matriz with rows Pi,..., P, and
columns P1,... P", and suppose P? < PI(P; < Pj) for a certain pair of indices
1,7.Then any nonnegative matriz with pattern P is similar to a nonnegative
irreducible matriz with pattern Q,where Q; = P; + Pj and Q = Py, for k # i
(Q' = P' 4 P7 and QF = P* for k #i).

Proof. Suppose that i = 1,7 = 2, and P! < P2(the proof in the row case is
completely analogous). We consider the n x n matrix

Y 0
e x=[Y 0],
where
1 ¢
=0 1]

and e is positive. Let A be any nonnegative matrix with pattern P. We partition

A A
A=
[ Ao Ago ]



conformally with (2.1). Then

YALY ! YA
-1 _ 11 12
XAX 1 = AV Aoy

The block

azy az2 — €asl
AnY ! = :

anl Aan2 — €apl

has, for € small enough, the same pattern as Aoy, since ags can only be zero if

a1 is zero as well. Note that Ass does not change, so the row 3,..., n keep the

same pattern as before the change of variable. The same applies to the second

row, since

YApY ! = [ ai +eao  aiz + €(azy —ayg — 62&21) }

a21 22 — €421
ars + eas cee A + ean
YA12 _ 3 3 in n ]
a23 \ a2n,

Finally, the first row can.only increase its pattern, and this will only happen in
those positions where ayg = 0, a9 > 0. In other words, the pattern of the first
row becomes P; + P, and the rest remain invariant. [ |

Lemma 2.4 Let A = [a;;]7'; 2y be.a nonnegative irreducible matriz with a;; =
0,7 # j, and suppose that ay; > 0 for'k #i(a;, > 0 for k # j).If ay; < ajj(a; >
ajj). Then A is similar to a positive matric.

Proof. Suppose again that i = 1, j = 2, and satisfies ago > 0 for k # 2(the proof
with ¢ = 1,7 = 2, and satisfies ay > 0 for k£ # 1 is carried out analogously).
Hence, A is the form
a0 ;
a2

A= a32

an2

with a19 = 0,ap2 > 0 for k # 1, and a11 < age. We consider again the change of
variables (2.1). One can check, as in the proof of Lemma 2.4, that for e small
enough the matrix X AX ! is nonnegative and its pattern strictly dominates



the pattern of A. Thus, X AX ! is irreducible, and its second column

€(age — a1 — €ag)
azg — €asy
az2 — €a3l
ap2 — €anl

is positive. Hence, according to Lemma 2.2, XAX ! is similar to a positive
matrix. ]

3 Matrix with exactly n + 2 zeros

Proposition 3.1 Forn > 6, let A = [aij]ﬁjzl be an irreducible n X n nonneg-
ative matriz with exactly n + 2 zeros,and.let the diagonal entries be all distinct
. Af apy = ana = apg = 0, then A is-similar to .« positive matriz.

Proof.  First, suppose that zeros-in rows 1, 2, 3 does not appear in the same
column. Since there is arecolumn-in the first three columns with exactly a zero,
we may assume that it-is the third column. Then A3 > Al A3 > A2, By
Lemma 2.3, we know that A is similarto a nonnegative irreducible matrix Q,
where Q1 = A1 + A3, Qo= Ag +As, and Q= Apyk # 1,2. Moreover, @) has
exactly k zeros, where k < n + 2. Hence, we apply LLS 1 and LLS 2 to show
that @ is similar to a positive matrix, and_this implies that A is similar to a
positive matrix.

Next, we consider the situation when zeros in rows 1, 2, 3 appear in the
same column.

(1) If column n has only a zero, we may assume that a14 = agq = azq = 0.
Then A is permutationally similar to the form

A A
A= ,
[ Ay Az }

where Aqq is a k X k matrix with the pattern

+ + + 0 + +
+ + 4+ 0 + +
+ + + 0 + +
+ + + + 0 :
: : et
+ 4+ + + 0+ 0
[0 0 0 + + |




Agg is an (n—k) x (n—k) matrix with n—k zeros, and A9, A9 are positive
matrices. Since a1y, = 0 with ag, > 0,1 # k—1 and ay_q); > 0,7 # k,
by Lemma 2.4, we have Aj; is similar to a positive matrix. By Lemma
2.2, this implies that A is similar to a positive matrix.

(2) Suppose that ai, = a2, = as, = 0. Then A is permutationally similar to

the form
A A
A=
[ Az Ago } ’

where Ay is a 4 X 4 matrix with the pattern

S+ + +
o+ + +
o+ + +

0
0
0
_|_

Agg is an (n — 4) x (n — 4) matrix swith n — 4 zeros, and Ay, Ay are
positive matrices. If n > 8, then Ass is irreducible with nonzero trace.
By LLS 1, Ass is similar to a positive matrix. Hence, by Lemma 2.2, A
is similar to a positive matrix.

For 6 < n < 8, therevis an a;x = 0; 4 <.,k < n and i # k, satisfying
a;; > 0, j # k and aj;, > 0, j % 4. By Lemma 2.4, A is similar to a
positive matrix.

Theorem 3.2 Forn >4 andn #5, let A = [a;;]}';—; be an irreducible n x n
nonnegative matrix with exactly n+2 zeros. If the diagonal entries are distinct,
then A is similar to a positive matriz.

Proof. By Lemma 2.1, we may assume that A has at least a zero in every row
and column. It only need to consider that row n has three zeros or two zeros.
Case 1. Row n has three zeros:

From Proposition 3.1, we only need to consider the case a,1 = an2 = apyn = 0. If
there exist a;,; = a;,; = aj,; = 0 and a;; > 0. Then we can replace A by AT and
use the arguments from Proposition 3.1 to finish the proof. Next, if zeros in rows
1, 2, n appear in the same column and a zero of them is on the main diagonal.
Since the diagonal entries are distinct, we have ay, = a2, = an, = 0.Then
Al > A", By Lemma 2.3, A is similar to a nonnegative irreducible matrix Q,
where @, = A1 + A, and Qy = Ay, for k # n. Moreover, () has exactly k zeros,
where k < n + 2. Thus A is similar to a positive matrix. Finally, We consider
the situation when zeros in rows 1, 2, n do not appear in the same column. In
the situation, if n > 6, then there is an a;; = 0,3 < j < 5, 7 # j such that



aj > 0 for k # ¢ and a; > 0 for [ # j. By Lemma 2.4, A is similar to a positive
matrix. For n = 4, applying Lemma 2.4, we only need to consider the pattern:

+ 4+ 0 +
+ 4+ 0 +
+ 4+ + 0
00 + 0

By Lemma 2.3, we know that it is similar to a nonnegative irreducible matrix
with exactly k zeros, where k < n + 2. Hence it is similar to a positive matrix.

Case 2. Two zeros in row n are off the main diagonal. We may assume that
(p1 = Gpz = 0:

1. There are two additional zeros in the first two columns:
If n > 6, then there is an a;; = 0,3 < j < 5, ¢ # j such that az; > 0
for k # i and a5 > 0 for [ # j. By Lemma 2.4, A is similar to a
positive matrix. For n = 4, using LLemma 2.4, we only need to consider
the following patterns:

+ + 050 I PRRA, - 0 + + +
0 + 45+ o R 0\ 0 + + 0 0
+ 0 = +7 10 4+ + 0 + + |’
00 + +] 100 + +] 10 0 + +
[+ 0 + A0
0.+ 4
+1+00 0
[ 0 0 + +

Four patterns above, by Lemma 2.3, we know that these are similar to
nonnegative irreducible matrices with exactly k zeros, where k < n + 2.
Hence these are similar to positive matrices.

2. There is an additional zero in the first two columns:
We may assume that column 1 has two zeros. First, we consider the
situation when zeros in rows 1, 2 do not appear in the same column.
Since A2 > A', by Lemma 2.3, A is similar to a nonnegative irreducible
matrix @), where Q1 = Ay + As, Qr = Ay for k # 1. Then @ has exactly
m zeros, where m < n + 2. Hence, @ is similar to a positive matrix and
this implies that A is similar to a positive matrix.

Next, we consider the situation when zeros in rows 1, 2 appear in the
same column. If n > 6, then there is an a;; = 0,3 < j < 5, ¢ # j such
that ag; > 0 for k& # i and a; > 0 for [ # j. By Lemma 2.4, A is similar



to a positive matrix. For n = 4, by Lemmas 2.3 and 2.4, we only need to
consider the following patterns:

+ 4+ 0 + + 4+ 0 + + o+
+ + 0 0 0 + 0 + 0 +
=10 + + + [ AB= 14 4 4 o [AD=] 4 4
0 0 + + 0 0 + + 0 0

All of the above patterns are discussed in Proposition 3.3.

3. The first two columns are both a zero:
First we consider the situation when zeros in rows 1, 2 do not appear
in the same column. Since A? > A!. By Lemma 2.3, A is similar to a
nonnegative irreducible matrix ) such that @ has exactly k zeros, where
k < n+ 2. Hence A is similar to a positive matrix. Next, suppose that
a1r = agr = 0. If r = n, from Lemmas 2.2 and 2.4, our analysis reduces
to the situation:

00+
S R S
B=moma g
S0 X\»

By LLS 2, B is similar to a positive matrix. If 3 < r < n, we may assume
that r = 3 and n = 6. By the hypothesis, there is an a;; = 0, 4 < j <mn,
3 <i < mn,i# jsuch that agj >0for k #4¢ and a; > 0 for [ # j. By
Lemma 2.4, A is similax to'a positive.

Case 3. Row n has two zeres and a zeroin row n is on the main diagonal:
We may assume that a,1 = ap, = 0." Then there exist a;,; = ai,; = 0
for some 1 < iy1,i9 < n and i1,i2 # j. Replace A by AT, By Case 2, we
obtain the proof. [ |

Proposition 3.3 For 1 < i < 3, A(i) is defined as in the proof of Theorem
3.2. Then A(i) is similar to a positive matriz.

Proof. Let Ej; denote a (0, 1) matrix with element (4, j) equal to one and all
other elements equal to zero. We define

E-j(e) =1- GEZ'j.

Clearly, Figl(e) = Fij(—e).

For i = 1,2,3, A(i) = [aij]ij:p if agy < as, Fia(€)A(i)Fp'(e) is nonneg-
ative and has positive column 2 for all sufficiently small € > 0. If aso > aqq,
Fia(—€)A(i) Fy,' (—€) is nonnegative and has positive column 2 for all sufficiently
small € > 0. Thus A(7) is similar to a positive matrix. |

+ o+ +
+ + oo



4 Matrix with exactly n4+2 nonzero entries

Suppose that A is an n x n irreducible nonnegative matrix with tr(A) > 0. In
this section, we show that A is similar to a positive matrix when A has exactly
n + 1 or n 4 2 nonzeros entries.

Proposition 4.1 Let A be an n X n irreducible nonnegative matrix with exactly
n—+2 positive elements and tr(A) > 0. Suppose that A is permutationally similar
to a matriz of the form

0 +
+ 0

- —
+ @
+ &

0

L + O -
where the positions of positive diagonal entries‘are (i — 1,1 — 1)th and (i,i)th,
and we replace + of diagonal-entries by &. Then A is similar to a positive
matric.

Proof. Obviously, A”~! > A"~2, By Lemma 2.3, A is similar to a nonnegative
irreducible matrix B with pattern

0 +
+ 0

+ @+




Using similar step, we get that A is similar to a nonnegative irreducible matrix

C with pattern

[+
+

++ +

+
+
+

++ +

++ +

+

++ +

+ @+ + o

0
+

0
0

by observing this pattern, we have C' > C™, and then it is similar to a non-
negative irreducible matrix P with pattern

[+ 4+ ot
+ + o+
Lo+

P:
L+ +

_l’_
+
_l’_

_l’_
+
_l’_

ok

+

+ @ Tk

_l’_




Using similar step, by Lemma 2.3, P is similar to a nonnegative irreducible
matrix with pattern

[+ + + + +
+ 4+ + + 4+ +
+ o+ + 4+ +
+ + + +
+ 4+ +
+ @ ’
+ @
+ +
+
L+ + + -+ + + 0 + 4

where it has positive column's —1." By Llemma 2.1, it is similar to a positive
matrix. [ |

From the proof of Propesition 4.1, the diagonal entry of position (i,4) can
be zero. Hence we haverthe following theorem.

Theorem 4.2 Let A bé_an n X nrirreducible nonnegative matriz with exactly
n + 1 positive elements and tr(A) > 0. Then A'is.similar to a positive matriz.

Proof. From the hypothesis, ‘A is permutationally similar to a matrix of the
form

0 an+1
aq 0
a;—2 Q-1
a; 0 ’
ai+1 0
L an, 0 |

where ay, - ,ap, apt+1 > 0. From the proof of Proposition 4.1, we show that A
is similar to a positive matrix. [

Proposition 4.3 Let A be an n X n irreducible nonnegative matrix with exactly
n + 2 positive elements and tr(A) > 0. If A is permutationally similar to a

10



matriz of the form

0 +
+ 0

+ &

0
+ 0

where the positions of positive diagonal entries are (i,i)th and (i + k,i + k)th,
and we replace + of diagonal entries by @.. Then A is similar to a positive
matrix.

Proof. Using the method of Proposition 4.1 and Lemma 2.3, A is similar to
the following pattern matrix

[+ + o470 +
+ + 4+ ‘40
+ & 0
+ 0
+
P= .
0
0 0 + &
+ 0 + 0
+ 0 0
+ + + + 0 + +

11



Since P; > P;y1, by Lemma 2.3, P is similar to the following pattern matrix

[+ + + + + +
+ + + + +
+ @& +
+ +
+
Q= :
0
0 + &
+ + 0
+ 0
+ + + + + + ]

By the discussion above, @ is:similarto-a nonnegative irreducible matrix with
pattern

[+ + A4 + +
+ + '+ +
20 +
s +
+ +
: +
0 + &
+ + + 0
+ 0
L+ + + + o+ + + + |

It has positive column ¢ + k — 1 and then A is similar to a positive matrix. =

Proposition 4.4 Let A be an n X n irreducible nonnegative matrix with exactly
n + 2 positive elements and tr(A) > 0. If A satisfies the following properties:

(i) The diagonal entries have a nonzero element.

(ii) There is a positive (i,7) position with i # j, and ith row and jth column
have an additional positive element respectively.

12



Then A is similar to a positive matriz.
We need the following lemma to prove Proposition 4.4.
Lemma 4.5 Let A = [a;]};_ be an irreducible nonnegative matriz with ex-

actly n + 1 positive elements and tr(A) = 0. If A satisfies (ii) of Proposition
4.4. Then A is permutationally similar to a matrix of the form

o T
+ 0
+
S +
| 0 + 0 ]
Proof. Obviously. [

The proof of Proposition 4.4:
Here we replace the nonzero diagonal entry (k, k) and positive (i, j) position by
notation @. By Lemma 4.5, we only need to consider the following two cases.
Case 1. @ in the position (¢;1), where 3 < i <k

0 0 0 -
+ 0 0
0 + 0
+
A | @ -
0
+ @
+ 0
0 0
L +O_

Since A¥ > A*~1 by Lemma 2.3, A is similar to a nonnegative irreducible
matrix A" with A} | = Ay + Ay_1 and A, = A, for r # k — 1. Repeat this

13



step, then A is similar to the following pattern

0 0 0 0 0 -
+ o+ o+ + 4
+ o+ + 4
N :

c=| ® +
+ 4
+ @
+ 0
0 0
i + 0 |

Since Cy > Cii1, by Lemma 2.3, C is similar to a nonnegative irreducible
matrix ¢/ with C’**1 = GF 1k and O = O for r # k + 1. Repeat this
step, then C' is similar to the following pattern

0 0 0 0 0 0 +
+ + + + + + +
+ o+ + o+ + o+
+
| ® +
+ + +
+ @ -
+ + +
+ 4
L ++_

From Lemma 2.1, D is similar to a positive matrix.
Case 2. @ in the position (i, 1), where i > k:

14



S
Il

+ <o
4+ o o

o

+ o

+ &

0 0
+ 0

Since A¥ > AF~1 by Lemma 2.3, A is similar to a nonnegative irreducible
matrix A" with A} | = A+ Aj—; and A} = A, for r # k — 1. Repeat this
step, A is similar to the.following pattern

O
Il

0
+

++ o

0
+
+

0
+
+

0
+
+

+ O

0
0
0

o

_|_
0 0
+ 0 |

Since Qr > Qri1, by Lemma 2.3, @ is similar to a nonnegative irreducible
matrix Q" with A*t1 = QF + A1 and Q" = Q" for r # k + 1. Repeat this



step, @ is similar to the following pattern

0 0 0 0 0 0 0 +
+ + + + + + +
+ o+ + o+ o+ -
+ 4+ o+ 4 -
+ @ + +
R= + o+ -
+

@ + 0
0 0
L + 0]

Since R~! > R!, by Lemma 2.3, R is similar to a nonnegative irreducible
matrix R’ with R} = R14 R;_iand R, = R, for r 1. Repeat this step, R is
similar to the following pattern

0 0 0 0 .00 - +
+ 0 0 0 0 + - +
0 + + e S S =
+ o+ HE +
+ @ + -
+ o+ +
_|_

< + 0
- 0 0
I + + 0 |

which is positive column ¢ — 1. From Lemma 2.1, A is similar to a positive
matrix. [ |

Proposition 4.6 Let A be an n X n irreducible nonnegative matrix with exactly
n + 1 positive elements and tr(A) = 0. If A doesn’t satisfy (i1) of Proposition

16



4.4. Then A is permutationally similar to a irreducible matrix

0 + + 0
0
+
+ 0
M(1) = 0 :
+
_+ 0_
or _ _
0 + + 0
0
+
_|._
M(2) = 0 ,
_|_
_+ 0_
or
C 0+ o+ 0]
0
_|_
M(3) =
_|_
+
0
+
L+ 0

Proof.  Since A = [a;;]};_; is irreducible with exactly n + 1 nonzero entries,
there exist ¢th row and jth column such that a;j,,a;j,,ai,;,ai,; > 0. By the

17



hypothesis, columns ji, jo and rows i1, i are only a zero. Without loss of gen-
erality, we may assume that i = 1,j; = 2, and jo = 3. Hence if j = 1, then A
is permutationally similar to M (1). If j # 1, then A is permutationally similar
to M(2) or M(3). ]

Proposition 4.7 Let A = [aij]ﬁjzl be a nonnegative irreducible matriz with
exactly n + 2 positive elements and tr(A) > 0. If A doesn’t satisfy (ii) of
Proposition 4.4 and the diagonal entries have a nonzero element, ®. Then A
is similar to a positive matrix.

Proof. By Proposition 4.6, we only need to consider the cases M (i) + @ Ejyy,
where 1 <7 <3,1 <k <n, and E}y, is defined as in Proposition 3.3.

The case M(1) + @ FEyy:

Suppose that a;; # 0.

(1) For £ = 1,2,3, by Lemma 2.3 (column), M(1) + ©Ej is similar to a
nonnegative irreducible matrix:with-positiveé ecolumn k. Hence M (1) + @ Eyy is
similar to a positive matrix.

(2) For 4 < k < i+ 1, if'k isjoddy by Lemma 2.3 (column), M (1) + @ FEx is
similar to a nonnegativesirreducible pattern matrixB(1) with the form

0o + + 1
0 0 0 + O
0 0 0 D
08"+
0 + +
0 0 +
B(1) = ® 0 +
0 0 +
+ 0 0
0 +
0 +
L+ 0 ]

18



B(1)* > B(1)*~1. Then B(1) is similar a nonnegative irreducible pattern ma-

trix B(2) with the form

0 + +
0 0 0
0 0 0
B(2) =
+
L +

+ +

oo + +

o+ +

S+ + +

0

+
0

B(2)* > B(2)kt!. Then B(2) is similar to a nonnegative irreducible pattern

matrix B(3) with the form

[0+

0 0 0

0 0 0
B(3) =

_|_

L+

-

co + +

o+ +

19

+ @+ + +

o o+
+ 4+ +

o +




B(3)* > B(3)**2, and keep on repeating these steps. Then B(3) is similar to a

nonnegative irreducible pattern matrix B(4) with the form

[0

_'_

+ +
0 0
0 0

oo + +

o+ +

+ 0+ + +

+
+

+ + +

_l’_
+

B(4)* > B(4)!, and keep on repeating these steps.“Then B(4) is similar to a

nonnegative irreducible pattern matrix B(5) with the form

[0

+ +
0 0
0 0

oo + +

o+ + oo

20

_l’_

O+ A+

++ o+

)

_l’_

+++oo ++ -

ot

o+




B(5) has positive column k and than B(5) is similar to a positive matrix.

Suppose that k is even. its proof will be omitted, since it is similar to the
proof above.
(3) For i + 2 < k < n, by Lemma 2.3 (column), M(1) + @ Ej is similar to a
nonnegative irreducible pattern matrix P with the form

0 + +
00 0 + 0
0 0 0 0 +
0 0 +
+ 0 0 0
0 +
P =
0 +
& +
+ o+ o+ o+
|+ + + o+ +

Since P, > Pj_1, then P is similar to a nonnegative irreducible pattern matrix
P', where P'*~1 = pn 4 pF<l pi — Pl for 1<~k — 1. Repeat these steps, it is
similar to a nonnegative irreducible pattern matrix with the form

0 + +
0 0 0 + 0
0 0 0 0 +
0 0 +

+ 0 0 0

0 +

0 +
o +

+ + + + + +
|+ + + + + o+
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It has positive row n. Hence M (1) 4+ @ Fyy, is similar to a positive matrix.
The cases M(2) + @ Ey;, and M (3) + @ Fky -
Its proof will be omitted, since it is similar to the proof above. [

From Propositions 4.1, 4.3, 4.4, and 4.7, we obtain the following theorem.

Theorem 4.8 Let A be an n X n nonnegative irreducible matriz with exactly
n + 2 positive elements and tr(A) > 0. Then A is similar to a positive matriz.
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