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Abstract

The aim of this paper is to investigate several classical methods and
applications of the linear elliptic partial differential equations. First, a practical
example is given based on the Laplace’s equation for the electrostatic potential,
and is solved by Finite element method. Secondly, classical solving techniques
are introduced, such as separation of variables in different domains, and Fourier
transforms in both finite and infinite domains. At last, numerical Finite
difference method is introduced to solve the Laplace’s equation on a square
with nonhomogeneous Dirichlet boundary condition, which is computed
by Mathematica.
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Chapter 1

Introduction

The linear second-order partial differential equation is often facilitated by a recognition of the type of the differential
equation in question. For, depending on the type of the equation, it is frequently possible by means of a coordinate
transformation to reduce the equation to one of three canonical forms. These canonical forms correspond to different
simple forms in which the second-order derivative terms can appear in the equation. Moreover, the type of a partial
differential equation plays a decisive role in determining the kind of auxiliary condition that can be considered with
the equation so that the resulting problem has a unique solution.

For purposes of classification, it is not necessary to restrict consideration to linear equation. The classification is
also valid for equations that are linear only in their second derivatives. Such equation, in two independent variables,

are the form
a(z, y)uze + b(2, Y)ugy + c(x, y)uyy = f(2,y,u, Uy, uy) (z,y) € domain € (1.1)

where f is any function of its arguments whatsoever. It is assumed that a, b and ¢ have continuous first partial derivatives
in 2 and that these coefficient functions do not all vanish simultaneously. We classify such PDEs into one of three
types-elliptic, parabolic or hyperbolic, each type of PDE displays characteristics quite distinct from the others.

At a point (x,y), partial differential equation (1.1) is said to be

hyperbolic  if  b? — 4ac > 0; (1.2)
parabolic  if  b* — 4ac = 0; (1.3)
elliptic if b —4dac<0. (1.4)



Elliptic differential equations typically occur in problems that describe stationary situations; i.e., time has no ex-

n_o 92

licit role. The Laplacian V? := —
write A instead. The simplest and most well know elliptic equation is the Laplace’s equation, defined on a domain

is called the Laplace operator in n-dimensional space. Sometimes we may

Q c R%(d=1,2,3), say:
Viu =0, x e Q. (1.5)
In the inhomogeneous case we have the Poisson’s equation
V2u = f(x), x €. (1.6)

A further type that is often encountered is the Helmholtz’s equation, which is actually related to the eigenvalue problem

of (1.5):
VZiu — M =0, xe0 AeR. (1.7)

Any solution in C?(€2) of the equation (1.5) is called a harmonic functin. The operator also occurs quite often in
time-dependent problems like the heat equation of the wave equation (see [6]).
In order to define a solution more precisely, we have to specify a boundary condition. Three common cases are

distinguished for xe 92

u(x) = a(x) (Dirichlet), (1.8)
ou

%(x) = b(x) (Neumann), (1.9)
au(x) + 8 31: (x) = c(x), @, B0 (Robin). (1.10)

The boundary condition of (1.8) is often called Dirichlet condition or boundary condition of the first kind. For
example, the problem can be interpreted as finding the equilibrium temperature in €2 when a fixed temperature distri-
bution is given on the 0f2.

The boundary conditon of (1.9) is called the Neumann condition or boundary condition of the second kind. The
g—ﬁ := n - Vu where n is the outward unit normal on 9f2. Such a problem arises, for example, when we determine the
equilibrium temperature in a uniform body €2 for which a given amount of heat is supplied to the 2. And the (1.10)
is called a Robin(mixed) boundary condition. Physically, we allow for radiation of heat from the boundary of the body
into the surrounding medium. We can easily establish the uniqueness of a solution of (1.5) and either one of the two

boundary conditions (1.9) or (1.10) (see [8]).

Elliptic partial equation has many applications in engineering, physics, medical and material science. For example,



the measurement of the cortical thickness, the estimate of the electrostatic field around human head in front of Video
display unit, state decomposition in microwave tube, Navier-Stokes equation in incompressible fluid and so on.

Next, we offer the math model being excerpted from [9], [10] and introduce the techniques of separation of vari-
ables; Fourier transforms in both finite and infinite domains; Green’s functions and cosine transform in different do-
main. And last, we use numerical method (Finite difference method) to solve the Dirichlet problem (2.3) and compute

it by Mathematica.

1.1 Laplace’s equation as a mathematical model

Now, we offer the math model which is excerpted from [9], [10]. Video display units (VDU’s) based on cathode ray
tube (CRT) are sources of several types of radiation e.g. X ray radiation, optical radiation electromagnetic radiation
and electrostatic field. Along with the expanding use of VDU’s some concerns about the effect of these field on the
human health have appeared. Over the years of work it has been proven that levels of X ray radiation, optical radiation,
high(MHz) and low (kHz) frequency electromagnetic fields stay well below technical guidelines, hence, not considered
to be harmful for human health. On the other hand, extremely low frequency (ELF) electromagnetic and electrostatic
fields might be associated with some skin diseases, suppression of melatonin, or induction of phosphenes in the eyes.
Nevertheless, there is no strong evidence of adverse health effects from domestic levels of ELF electromagnetic fields.
The realistic, three-dimensional, anatomically based model of the human head exposed to electrostatic field from
VDU is proposed. The electrostatic field around the human head is assessed using the standard Finite Element Method
(FEM). Special attention is focused to the correlation between field strength and distance between display and head.
The motivation for studying this problem is lack of information of electrostatic field at the surface of human face, and
its nature. That information then can be used for solving problems like particle deposition on human face and eyes.
Assuming the charge density to be negligible, the 3D electrostatic field between a VDU and human head is governed

by the Laplace’s equation for the electric potential ¢ :
V3o =0 (1.11)
with the associated boundary conditions :
= s on the display, (1.12)
where ¢, denotes the electric potential on the display boundary,

@ = ¢y, on the head, (1.13)



where (;, denotes the electric potential on the head boundary, and

Ve -n=0 on the far field boundaries. (1.14)

Figure 1.1: Geometry and boundary conditions for numerical 3D model of human seated in front of a VDU.

As shown in Figure(1.1), the Dirichlet boundary conditions (1.12) and (1.13) are applied on the face and the display,
while the Neumann conditions (1.14) are imposed on all remaining exterior boundaries. It is worth noting that the head
is considered to be the perfect conductor thus being itself an equipotential surface with potential ¢;, determinated by

the boundary condition (1.13).

1.1.1 Model properties

Presented formulation requires input parameters /5, ds, s and ¢p. They represent distance between display and nose
tip, size of display (diagonal display size given in inches), electrostatic potential on display and electrostatic potential
on head, respectively. The mean electric potential on a CRT monitors is in the range of 1 —15kV. In this case the electric
potential of the display is assumed to be very high (15 kV) and it is regarded as worst-case scenario. A parameter study
is performed in accordance to a data given in the Table 1.1

It is important to note that, the eyebrows are considered to be at the same potential as the face. Other parameters
such as temperature, humidity and conductivity of the surface of the screen glass are not considered in order to simplify
the model. But, it has to be underlined that air humidity is very important factor, and in this calculations is considered

very low (dry air).



1.1.2 Numerical solutions

Applying the weighting residual approach to equation (1.11) yields:
//Q V2o W;dQ =0 where W is the weight function. (1.15)
By using the weak formulation of the problem:
V2eW,; = V(VeW;) — VeV, (1.16)
and generalized Gauss theorem:

— —
// V-FdQ:#F-ndF (1.17)
Q T

N
were F' is an arbitrary vector function, then the integral formulation (variational equation) of the Laplace’s equation is

obtained:

// VeV, dQ) = # (‘)ﬁwj dr (1.18)
Q ron

Then by using the Galerkin-Bubnov procedure (WW; = N; ), equation (1.18) becomes:

/// VoV N; dQ = # 92y, ar (1.19)
Q ; T on

Furthermore, taking into account nonhomogenus Neumann condition on the part of the boundary g—i = 0, equation

(1.19) simplifies into:

// VYN, dQ =0 (1.20)
Q

Using finite element algorithm, the unknown solution (potential) on the element is expressed by linear combination

of shape functions:

4
¢ = Z a;N; (1.21)
i=1

Es ds Ps Ph
(m) (n) (kV) (kV)

Standard condition | 0.4 14 15 0

Table 1.1: Standard condition for a person seated in front of a VDU.




or using matrix notation:

Q2

¢ ={N}{a} = [N1 Ny N3 Ny

ag

Q4

where vector {a} represents unknown coefficients of the solution, and shape functions are given by:

1

Ni(e,y,7) = 5

(Vi + a;x + by + ¢;z) fori=1,2,3,4, (z,y,z) €e
Combining equations (1.20) to (1.23) results in the global matrix system:
lal{a} ={Q}

where {Q} represents the flux vector. Global matrix [a] is composed from local finite element matrices [a]§

Potential gradient is defined as:

and expressed in terms of shape functions is given by:

a1
(el ON; ON; ONs ONs
ox ox ox ox ox
o~ Q2
V;\' = op = ON7 ON> ON3 ONy
oy oy oy oy oy
a3
9% ON1  ONp ONs 9Na
0z 0z 0z 0z 0z
ay

Combining equation (1.20) and (1.26) yields the finite element matrix :

0N1 8N1 0N1
ox oy 0z

8N1 BNQ 6N3 8N4

N, N, N, ox ox ox ox
[a]® = /// oc Oy 0Oz ON, 8Ny ANy 9Ny | dQ.
Qe ON; ON3 ONj Oy Oy dy dy
9z Oy 0z ON, ON; ON; 0Ny
AN, AN, AN, Oz Oz Oz Oz

oz oy 0z

Having computed the scalar potential distribution one may determine the electrostatic field from expression:

E = —Ve.

i

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)



Chapter 2

The methods of solving Elliptic PDEs

2.1 Separation of variables to construct solutions of system of Laplace’s

equation.

2.1.1 The domain is a rectangular (dimension = 2) in orthogonal coordinates.
Consider
Upy +Uyy =0 for O<z<m 0<y <. 2.1

We may apply separation of variables to the equation (2.1) with the form u(x,y) = X (z)Y (y) and divide by u.

The process gives

X// Y//
T4+ =0
X Y ’
or
X// Y//

The left-hand side of the equation (2.2) depends only upon x and the right-hand side is independent of x. If we take the
partial derivative with respect to x,

we find that
d X//

It follows that
X/l

X = —A where ) is a constant.



By the equation (2.2), we find
Y//
=
Y

Thus v = X (2)Y (z) is a solution of Laplace’s equation if and only if X(x) and Y (y) satisfy the two ordinary differential

equations

X"+ AX =0,
Y” - XY =0.
The homogeneous problem always has the trivial solution X = 0, but this is no use to us. We are interested in case
to find the non-trivial solution of X(x). Since we can see the relationship between A and X(x) in the previous paper

[1], we focus only on the changing of the boundary condition.

Casel
Upy +Uyy =0 for O<z<m 0<y<m, 2.3)
u(0,y) = u(m,y) = u(z,7) =0, 2.4)
u(z,0) = z(m — ). (2.5)

If we consider those solutions of the equation which satisfy these conditions, we must have

X"+XX =0 for 0<az<m, (2.6)

X(0) = X () = 0. @7
and

Y —AY =0 for 0<y<m, 2.8)

Y (r) = 0. 2.9)

Considering the equation (2.6), the general solution is X (x) = asinv/Az 4 bcos v/ Az where a, b are determined to
satisfy boundary conditions (2.7).

So we have

X0)=ax0+bx1=b=0,
(2.10)

X(m) = a sinvAr = 0.



It implies either
a=0 = X(x)=0 (trivial solution)
or
SnVIM =0 = VAr=nr = \ = n?n=12,...

We have A = n? = \,,. Thus X,,(z) = siny/\,z is the solution of X(x) system (2.6), (2.7) when A = n? = \,,.
In equation (2.8); for each )\, we have linear independent solutions eV2n¥ and e~V Y. Thus we get the general

solution of Y;,(y) = a e¥Y*»¥ + b e~ V=¥ where a, b are constants. By boundary condition (2.9), we get Y, () =

—AnT

2

Xnw

and b = ¢ 5

aeVinT 4 he VAT — (. It implies a = —©

1
= Ya(y) = §(€mw e~V _ emVAnT VAnY) —sinh /A, (7 — ).

For each \,, = n?, X,,(z) = sinnx and Y;,(y) = sinh n(m — y). We have constructed the particular solutions
un(x,y) = X, (2) Y, (y) = sinna sinh n(r —y) (2.11)

of the system (2.3), (2.4). Any finite linear combinations of w,, (x, y) is also a solution of the system (2.3), (2.4). We

attempt to represent the solution u as an infinite series in terms of wu,, :

oo

u(z,y) = Z ¢p sinnx sinh n(r — y). (2.12)

n=1
We need to determine the coefficients ¢,, so as to satisfy the nonhomogeneous boundary condition (2.5). Thus, setting
y=0 in (2.12), the coefficients

b, = ¢y sinh n,
must satisfy the relation
o0
z? (m—2) = Z b, sinnx. (2.13)
n=1

The expansion of an arbitrary function in a series of eigenfunctions is called a Fourier series. The particular case

where the eigenfunctions are all sines is called a Fourier sine series. If we define

< f@)gle) = [ " f(@)g(a) da,

then

< 2%(7 — x),sinnz >
b, — .

- - (2.14)
< slnnx,smmnr >

10



Thus we find

nf:l [1+2(— —3% sin nx. (2.15)

In order to verify the function u represented by the series (2.15), with b,, given by (2.14) is the solution of the
problem (2.3), (2.4) and (2.5), we should check whether the nonhomogeneous boundary condition f(x) = 2?(m — z)
is continuous and piecewise smooth on [0, 7] and that f(0) = f(w) = 0. Then the Fourier sine series (2.13) of
22 (7 — x) coverges absolutely and uniformly to the function on [0, 7].

Now, for y > 0,

C€ —ny 2 T 7.(.3
E n h n(r —y)| < § =— dr = —
|c,, sinna sinh n(m —y)| < (c /0 |f(z)| dx 6 )

where the series on the right converges. Therefore, the series (2.15) converges absolutely and uniformly to u(x,y) for
0 <z <mand 0 <y < 7. Since each term of the series is continuous and satisfies boundary conditions (2.4), (2.5), it

follows that u, too (see [8]).

There remains to be verified that the series (2.15) satisfies the Laplace’s equation (2.3). Since the series for a“, gZ,
gxfj and Y are all dominated by a constant times Y n?e~"¥ which is converge uniformly for any y > 0, it follows

that these derivative of u exist and may be obtained by term-by-term differentiation. We see that

[oe}
Uy + Uyy = Z ¢, sinh n(m — y) sinna[—n? +n? = 0.

n—1
The completes the verification that (2.12) with (2.14) is a solution of the problem (2.3), (2.4), (2.5) under the
conditions that nonhomogeneous boundary condition is continuous and piecewise smooth on [0, 7] and vanishes at the

end points.

Figure 2.1: The graphic of the casel where the boundary condition is «(0, y) = u(m,y) = u(z,7) = 0.

11



Case2

Ugg +Uyy =0 for O<z<m 0<y<m,
U(O,y) = u(ﬂ-7y) = uy(l'ﬂr) = 07
u(z,0) = 2%(7 — ).

We have

X'"+2XX =0 for 0<z<m,

and

Y'Y =0 for 0<y<m,

The systems (2.17), (2.18) imply

X,(z) =sinnz and Y,(y) = cosh n(m —y).
Thus we find

_scosh n(m —y)

cosh nm

u(zr,y) =—4 Z[l +2(—1)"In
n=1

sinnz.

(2.16)

(2.17)

(2.18)

(2.19)

Figure 2.2: The graphic of the case2 where the boundary conditions are u(0,y) = u(m, y) = uy(z,7) = 0 and the

comparison between the graphic and the Figure 2.1.

Case3

Ugg +Uyy =0 for O0<z<m 0<y<m,
w(0,y) = uy(m,y) = u(z,m) =0,

u(x,0) = 2%(7 — ).

12

(2.20)



We have
X"+XX =0 for 0<z<m,
X(0)=X'(mr)=0

and

Y'Y =0 for 0<y<m,

The systems (2.21), (2.22) imply

Xn(z) =sin(n — %)x and Y,(y) =sinh (n — %)(w —y).

Thus we find

00 2(1 — 20)2)(=1)" - 47(1 — 2n)] sinh(n — 1) (7 —
o) = & 37 (CHH T3 4 dnll = 20) sl ()

(1 —2n)4 sinh(n — 3)7

n=1

1
sin(n — i)x

221

(2.22)

(2.23)

Figure 2.3: The graphic of the case3 where the boundary conditions are u(0,y) = u,(7,y) = u(x,7) = 0 and the

comparison between the graphic and the Figure 2.1.

Case4
Ugg +Uyy =0 for O<z<m 0<y<m,
uz(0,y) = u(m,y) = u(z, ) = 0,
u(z,0) = 2%(7 — 2).

We have

X'"+2XX =0 for 0<z<m,

(2.24)

(2.25)



and

Y'Y =0 for 0<y<m,

(2.26)
Y(r)=0
The systems (2.25), (2.26) imply
1 . 1
X (x) = cos(n — i)x and Y, (y)=sinh (n — 5)(7r —v).
Thus we find
=64 = 34 7(1 — 2n)(—1)" ] sinh(n — 3)(7 —y) 1
u(z,y) = — 7; T S e cos(n — )a. 2.27)

Figure 2.4: The graphic of the case4 where the boundary conditions are u,(0,y) = u(m,y) = u(z,7) = 0 and the

comparison between the graphic and the Figure 2.1.

Considering Figure 2.1, we see the boundary condition (2.5) decides the graphic in the boundary y = 0 and
the figures in other sides (y = m,z = 0,2 = 7) are determined on the boundary equations (2.4). Moreover, the
Maximum Principle tells that the maximum value of u(x,y) always appears on the boundary. Undering the different
kind of the boundary conditions, the system (2.19) shows that even though we differentiate u(x,y) respect to y in the
boundary condition. The distinct solutions of the casel and case2 don’t make any difference between Figure 2.1 and
Figure 2.2. The Figure 2.3 and 2.4 show that the boundary conditions which are differentiated respect to x will change

the shape in that side.

14



2.1.2 The domain is a disk (dimension = 2) in polar coordinates
We consider a solution u of Laplace’s equation in the unit disk with values given on the boundary. It is natural to

introduce the polar coordinates

r=+/r2+y2 and 6 =tan '(y/z). (2.28)

A computation shows that Laplace’s equation in these coordinates is

ou 1o 1o
or2  ror 1200

u(1,0) = f(0).

=0 for r <1, (2.29)

(2.30)

The function f(#) is a given continuously differentiable function which is periodic of period 27. The solution
u(r, §) must also be periodic of period 27 in §. We may apply separation of variables to (2.29), (2.30) with the form

u(r,0) = R(r)©(0) as detail in [1]. There is another way to show the answer of the system (2.29), (2.30).

If f(0) is absolutely integrable, we seek a solution of the problem (2.29), (2.30) with the form

u(r,0) = %ao + ni;] (anr™ cosn + b,r" sinnd). (2.31)
Therefore a,, and b,, are the Fourier coefficients of f(6),
an = = [T f(¢) cosngdg,
by =2 ["_f(¢)sinngdo.
Thus we find
u(r,0) = 1 f((p)[1 + i r" cosn(6 — ¢)] de. (2.32)
T J)_ . 2 =

To evaluate the series,
[r? + 1—2r cos 6] Z r" cosnf
n=1
oo
- 2:{[1“”+2 + 7" cosnf — r"cos(n 4+ 1)6 + cos(n — 1)0]}
n=1

oo

oo o0 o0
= E r"*t2 cosné + E r" cosnf — E r" cosnf — E r"*t2 cosné
n=1 n=1 n=2

n=0

=rcosf —r2.

Then
[r?+1— 27"cost9}[1 + ir"cos nf] = 1(1 —r?)
2 = 2

15



and

JR 1—r?
= " 0= . 2.33
2—}—;7“ cos 2[r2 +1 — 2r cos 6] (2.33)

Replacing 6 by 6 — ¢, we find that if [ |f(#)|d6 is finite, the series solution (2.32) can be represented as the integral

1= T f(9)
u(r,6) = 2 /_7T 1472 —2rcos(f — ¢) d¢ (2.34)

for r < 1. This is called Poisson’s integral formula. If boundary problem is on a circle of radius R, the series can also

be written in the form as

R [T f(¢)
u(r,0) = o /_7r IR 9 Reos(0—9) do for r < R. (2.35)

This is the general form of Poisson’s integral formula.
These formulas again represent a continuous solution when we define u(R, 6) = f(0) is continuous and periodic

and f f'2d# is finite. Furthermore, the series (2.31) or the Poisson integral (2.35) satisfies Laplace’s equation under

J7_|f|d6 is finite.

Now, we solve the system (2.36), (2.37) by the Green function. Assume the dimension is n (n > 2), and
— —
X = (x1,29,...,2p)and Y = (y1, Y2, .-, Yn)-

-
If u( X)) satisfies

Au=0 in B°0,r), (2.36)
i) =) on d0B(0,r), 2.37)
then
2
7,,2 _ ? —
u(X) = H H / IV 4s(F) (2.38)
na(n) 8B(0,r) ‘X -Y

where na(n) is the surface area of ball with radius r in R™ (see [4]).

Example I:

1 1
Upp + —Up + —Uugg =0 for r <1, (2.39)
r r

u(1,6) = sin® 6. (2.40)

16



Answer :

since 7 = y/22 + y2 and @ = tan~!(y/x), the system (2.39), (2.40) can be transformed into

Uy + Uy, =0 for 2?4y <1,
u(z,y) = 9> for 22 +y%=1.
We can solve the system (2.39), (2.40) by separation of variables. The answer is
u(r,0) = 1(3rsin® — r3sin 36).
(= u(z,y) = 13y — 3yz® + 4°))

If we solve the system (2.41), (2.42) by the Green function, we get the answer

1— (23 4 23) / Y3
u(zy, 29) = ——————=2 ds(Y).
(@1, 2) 2m oB(0,1) (T1 —y1)? + (22 — y2)? ¥)

Claim : The answers (2.43) and (2.44) are identical

1— 2 P ? 3
o) = T -  dS(Y)
27 9B(0,1) (T1r=y1)* + (T2 = y2)
—
(y1 = cos B, yp = sinf,dS(Y ) = db.)
11— (2% +a3) /'27T sin® 6 19
N 27 o (21 —cos0)?+ (x9 —sinh)? ‘

(By Residue Theorey, letcos ) = L(z+ 1) and sinf = L(z — 1). Thus we find df = 4.)

21 z 1z

e | Lo )
= 2
2 e lrr =5z + PP+ [z — 55 (2 — )P
REEEE N (2 -1y o
- 16m(—x1 +iz2) Jo 23(2 — mljim)(z — (21 +ixa))
Let o = ml—lmg’ and as = 1 + ixo. We find
22 -1 3 2,2 -1 3
J() = — 1( ) _ ( ) .
23(z — xl_m)(z — (21 +iz2))  2B(z—a1)(z —a2)

(2.41)

(2.42)

(2.43)

(2.44)

Thus f(z) has simple poles at z = «a;, ay and pole of order 3 at origin. Since o; may be outside of the unit ball, we
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only consider the Res(f;a2) and Res(f;0).

It implies
1 _ 2 2 72 -
r= Lot sz [Res(f; az) + Res(f;0)]
167
where
coe) — T (a3 —1)?
Res(fiaa) = 2132 (2~ a2)f(=) = ag(az - 041)7
? 1 3 3 1 1
R ;0) = 1 Z B3] = — (= - = ).
ES(fa ) lm [ f( )] as —aq aq o a?+ag)
Thus we find
1
I = Z(xg + 322 — 3xixs) = u(21, 22).
Example II :
Ty 4l0e LOu_0  for r<l0<6<Z,
(r,0) = up(r, %77) =0,
(1,0) =40
Answer :

Using separation of variables, we get

r1+1
sm(2n —1)0r2" 1,

4 oo
e

If we transform the system (2.47) from Polar coordinate into Cartesian coordinate, we get
Ugg + Uyy =0 for 2?4+ y*<1,0<tan (%) <%,

u(z,y) =0 for y =0,

—ug(2,y)y? =0 for x =0,

u(z,y) =tan"H(£) for 22 +y?=1.

The solution of the problem (2.47) will also be the solution of the problem (2.48)

St n+1
2n—1
2 2) 3

Z sm[(?n -1 tanfl(%)](:c +y

u(r,0) = u(x,y)

18

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)



2.1.3 The domain is a cube (dimension = 3) in orthogonal coordinates

Consider

Vgu:um—l—uyy—i—uzzzo for 0<z<mO0<y<mO<z<m, (2.50)
u=20 for r=0andm,y=0and 7,z =, (2.51)
u(z,y,0) = g(z,y). (2.52)

We apply the method of separation of variables to a product function V (z,y, z) = X (2)Y (y)Z(z) which solves

the system (2.50), (2.51) and (2.52). We have

X// Y// Zl/
+ = —— = Cl and
o 7 (2.53)
X =C0-%=0C
where C; and C5 are constants. The homogeneous boundary conditions (2.51) give
X(0) =X(m) =0,
0= s (0 (2.54)
Z(r)=0
By the systems (2.53) and the boundary conditions (2.54), we get three ODE systems
X" —CyX =0,
(2.55)
X(0)=X(x)=0
Y"—(Cy —C)Y =0,
(2.56)
Y0)=Y(r)=0
7"+ C’lZ =0,
(2.57)
Z(m) = 0.

By the systems (2.55), (2.56) , we get X,,(z) = sinnx and Y,,(y) = sinmy. It implies Cy = —n? and C; — Cy =
—m?, then C; = —m? — n?. So that the system (2.57) shows Z(z) = sinh v/m? + n2(m — z). We seek a solution of

the form

u(z,y,2) = Z Z Qpm Sinh /m?2 4+ n2(m — 2) sin nx sinmy. (2.58)

n=1m=1

19



By the boundary condition (2.52), we obtain

o0 o0
g(z,y) = Z Z Opm sinh \/m? + 27 sin na sin my.

n=1m=1
Therefore,
4 s s
Opm SINh /M2 + 1271 = 0pyn, = — / / g(z,y) sinnx sinmy dx dy
™ Jo Jo
and

x> inh v/m?2 2(mm
u(x,y,z) = Z Z §nm S motn (,/T Z)
sinhvm? + n?n

sin na sin my. (2.59)

n=1m=1

Since we must verify that the series (2.59) gives a solution to the system (2.50), (2.51) and (2.52), we should check
whether fow foﬂ |g| dzdy is finite. (the J,,, are uniformly bounded). Then the series (2.59) and all its derivatives
converge absolutely and uniformly for zp < 2 < 71,0 < x < 7,0 < y < 7 for any constant zg > 0. It follows that
u(x, y, z) is infinitely differentiable for z > 0 and satisfies Laplace’s equation.

In order to sure that u satisfies the boundary condition at z=0, we should check whether g(x,y) is continuous and
continuously differentiable and the squares of its second partial derivatives have finite integrals, then the double Fourier

series converges absolutely and uniformly to g(x,y) as a double series (see [2]).

Example:
Viu—u=0 for O<I<7r,0<y<g,0<z<1, (2.60)
u =0 for z=0,y=0,z2=1, (2.61)
U, =0 for z=m, (2.62)
Uy =0 for y= 5 (2.63)
uz(z,y,0) = 2z — 7. (2.64)
Answer :

Considering a product function V(z,y,z) = X (z)Y (y)Z(z) which solves the system (2.60), (2.61), (2.62), (2.63)

20



and (2.64), we have

X'YZ+XY'"Z+XYZ'—-XYZ=0.
x" o yr g

2 42 =9

—x vty Ttz

:>X// +Y// B Z// +1_C
X 'Y Zz -
X// Y//

:>7:Cl_7202

where C; and Cj are constants. The homogenous boundary conditions (2.61), (2.62) and (2.63) give

Y(o)=Y'(5) =0,
Z(1)=0
Thus, we get three ODE systems
X" — CX =0,
(2.65)
X0)=X'(m)=0
Y"—(C1 -C)Y =0
(2.66)
Y(0)=Y'(3)=0
7" +(C,—1)Z =0
(2.67)
Z(1)=0
By the system (2.65), we have C = (n — )2 with correspond eigenfunction
. 1
X, (x) =sin(n — §>$
and the system (2.66) implies
Yo (y) = sin(2m — 1)y,
hence C; —Cy = —(2m —1)?and C; — 1 = —[(n — $)* + (2m — 1)? — 1].
By the system (2.67), we get
. 1
Z(z) = sinh \/(n - 5)2 +(2m—-1)2+4+1(1-2).
We seek the solution of form
u(z,y,z) = Z Z O Sin(n — i)x sin(2m — 1)y sinh \/(n - 5)2 +(2m—-1)24+1(1 - 2). (2.68)

n=1m=1
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By the boundary condition (2.64), we make

_\/(n — 124 @m-1)2+ 1cosh(\/(n —3)2+(2m =12+ Dawm = dom

Ed - 1
/2 / (22 — 7) sin(n — 5)33 sin(2m — 1)y dz dy
—Jo Jo

A N
sin®(n — =) sin”(2m — 1)y dz dy
o Jo 2

sl )

T 2m — 1

8(=Lr + 245

n TI'(’!L—%)2

:>anm:

7(2m — 1)\/(n -2+ (@2m-1)2+ lcosh(\/(n -2+ (@2m—-1)2+1)

) sin(n — &)z sin(2m — 1)y sinh \/(n -2+ 0@2m—-1)2+1(z—-1)

(2m — 1)\/(n — 32+ (@2m-1)2+ lcosh(\/(n — 32+ (@2m-1)2+1)

(2.69)

Figure 2.5: The projection of the solution (2.69) on the z = 0, %, % (brown, red, green) .

Because we doubt if the graphics of u(z,y,0), u(z,y, i) and u(z,y, %) would intersect at the same line in the
region [1.4,1.6] x [0, 2] on the xy-plane, we use the numerical method to show the values in Appendix B.1, and the

answer is no.

22



2.1.4 The domain is a cylinder (dimension = 3) in cylindrical coordinates

If we introduce cylindrical coordinates r, 8, z such that

x =rcosb,
y =rsind,
z=z.

Laplace’s equation in cylindrical coordinates becomes

0%u  10u 1 0%u @ B

i e 0 for 0 Ry,0
8r2+rar+r2892+822 or <r<hpl<z<m,

u(r,0,0) = u(r,0,7) =0,

u(Ry,0,2) = g(0,2).

(2.70)

.71

(2.72)

Consider the product function V(r,0,2) = R(r)©(6)Z(z) such that V(r,0, z) solves the system (2.70), (2.71)

and (2.72). Then
R// + lR/ 1 6// Z//

— = = C
R =e) Z !
’1”2RN +T’R/ : e
= 0= — =
an R (A Cl /o) CQ

where C and C5 are constants.

By the boundary conditions (2.71) and the equation (2.73), we have

7"+ C17 =0,

It implies that
Z,(2) =sinnzwithC; =n? n=1,2....
Considering that © is periodic of period 27, then
0" + (20 =0,
©(0) = 6(2n),
©’(0) = ©'(27).

Then Cy =m? m =0,1,2,..., and the corresponding eigenfunctions are

0y =1, 0,, =sinmb, cosmd. (m =1,2,...are double eigenvalues)

Finally, we obtain the differential equation
1 2
Rxm + 7Rfmn - (mT + nZ)Rmn =0,
r r

Rmn (Rl) =1

23
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This equation is singular at r=0. In place of a boundary condition we impose the condition that R remain finite at r=0.

(Frobenius method) We seek a solution of the form
r)=7Y cr®™* o #0and o,y are constants.

By the equation (2.75), we have

oo 0o oo
o+ k)Q E CkTa+k_1 _ m2 § ck,r,a-‘rk—l _ 77,2 E ck,roc-‘rk-‘rl
k=0 k=0 k=0

= aPeor® M+ (a+1)%eir® —mPeer® !t — mier® + Z([(a + k)2 = m?|e — nPep_g)rotht
o k=2

= {(@®=m?)co + [(a+1)* = mPerr}ro + Z —mer — n2ep_o)ro Tl = 0,
k=2

The power series is identically zero only if all its coefficients vanish. It implies that

’ﬂzCL,Q

O[::l:m, 01:0 and CL:m.

Hence ¢y =c3=c¢5;=...=0and
n2cy
Co = 7=
(o +2)—m?
’I’L202 n4co
04 = ==

@t+4? —m2 [(at 92 —m[(a+2)? —m

nc

[(a+20)2 —m2][(a+2(t —1))2 —m?]...[(a+2)2 —m?2]

Co, =

Thus we find
> et
k=0

oo
_ CQ?”a + E CkT(y—Hs:
k=1
[

= cor® + g Co,rO T2
=1
o0

. (rn)?
= CoT [1+; [(a-‘rZL)Q _mg}[(a+2(L_ 1))2 —m2]...[(04+2)2 _mg]]-

If we choose @ = m and define ¢y = then

2m omoml?

o0 n2L+m (%,r.)m-i-%

Ry (r) =7 ; Ty =V m() 2.77)
where J,, is the Bessel function that converges for all r (see [2]).
By the boundary condition (2.76),
1 I (n1)
= ———— = Rpn(r) = ——=.
T TRy ") = 3 Ry
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We seek the solution u in the form

1 — Jo(nr) . — Im(nr) :
_1 Sy mlnn) 2.
u(r, 0, z) 5 n2:1 Cno o) sinnz + 22 T (nRD) sin nz(cpm cos mb + dpm, sinmo) (2.78)

where

9 ™ 2m
Com = — / / 9(0, 2) sinnz cosmb df dz,
™ Jo Jo

) T 27
dpm = —2/ / 9(0, 2) sinnz sinmb df dz.
™ Jo Jo

Similarly, we should verify the series (2.78) satisfies the problem (2.70), (2.71), (2.72). We must check if |g(0, z)]

and its second partial derivatives have finite integrals.

Example:
Viu=0 for 0<r<1,0<z<m, (2.79)
u(r,6,0) =0, (2.80)
u,(r,0,7) =0, (2.81)
u(1,6,z) = zcos® 6. (2.82)
Answer :

By separation of variables, we obtain three ODE systems

7"+ 07 =0,
(2.83)
Z'(x) = Z(0) =0
0" + (Cy0 =0,
(2.84)
0(0) = ©(2r) and ©'(0) = ©'(27).
Rxm+llen7 n7l2+m2Rmn:0,
v (n—23)"+ (%)) 255

R,,, remain finite atr=0and R,,,(1) = 1.

The systems (2.83) , (2.84) imply

Zy(z) = sin(n — %) withC; = (n— =) n=1,2...
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and Cy = m?,m =0, 1,2,... with the corresponding eigenfunctions
Oy =1, O,, =sinmb, cosmb. (m =1,2,...are double eigenvalues)
By the system (2.85), we let

(r)y=¢ Z crrF e with co # 0, £ and o are constants.

We have
{(a® =m?)co + [(a +1)* = m?|err}ro™! + i [(a+ k)2 —m?cx — (n— %)2%,2)7"‘”’“_1 =0.
k=2
The power series is identically zero only if all its coefficients vanish, it implies
a=1m, c¢;=0 and cbzm.
B

Im ((n— )) )

Since R, (1) = 1, it implies R, (1) = =1

. We get the solution u in the form

1 & Jo((n —Hr) 1
u(r,0,z) = = ZCM}M sin(n — i)z

2 n=1 J()(n = %)
= R ]m 3
N Z ((n 21)7”) sin(n — =)z(Cam cos MmO + dyym sin mé)
==l Jm(n & 5)

where

2
b fo sin(n — 1)2)%(sinmb)? df dz

P foﬁ f027r zcos® Osin(n — 1)zsinmd df dz
nm )

27T
(. / zcos® @sinmfdd =0 VYm)
Jo

_ I Js 2T 2 cos3 0 sin(n — )z cosmf df dz
)z

IN fo sin(n — 1)2)2(cos mf)2 dd d=

(n—%)24 for m=1,
1n+1
= E )1 Z for m =3,
n—1
2
0 otherwise.

Then solution u is
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2.1.5 The domain is a sphere (dimension = 3) in spherical coordinates
If we introduce spherical coordinates r, 8, ¢ such that

x =rsinf cos @,

y =rsinf sin ¢,

z =rcosf,
then Laplace’s equation becomes
u 20u 1 0 ou 1 0%u
s T -t 3ol )+ -5 = f 2.
Or? +r8r +rzsin089(bm989)+r2sin295¢2 0 orr <& (2.86)
u(R,0,¢) = f(0,0). (2.87)

Applying separation of variables, we find that the equation (2.86) has solutions of the form R(r)©(0)®(¢). It

yields that

R'+ 2R | (sin6@')’ -
R Or2sinf = ®r2sin?f

Multiplying by 72 sin? # and transposing the last term, we see

R'+ 2R (sinh@') o
2 . 0 r e
(r“sin ) + =

= ¢ where cis a constant and ¢ > 0.(if ¢ < 0, we will get & = 0)

Since ® must be periodic of period 27, we have ® = cosm¢ or sinme@ where m=0,1,...

Then
R'+ 2R . (sing@’)" — m* N
R Or2sinf  r2sin?2
We get
2R// 2 R/ 2 . 9@/ /
r ;— v si7:2 7 — (Sé)zm 9) =A where ) is a constant.
We get two equations
2 1/ 2 /
r*(R" + ;R )— AR =0. (2.88)
m2
(sinfO®’) — —— O + Asin 6O = 0. (2.89)
sin 6

The equation (2.89) for ©(0) is singular at its two endpoints § = 0 and # = 7. We impose the condition that ©
and O’ remain bounded at both ends. This gives an eigenvalue problem with two singular endpoints. Let ¢ = cos 6 and

©(0) = P(cos ). Then equation (2.89) becomes

dP m2

P HAP=0 for —1<t<l. (2.90)
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If m=0 and A = 0 in the equation (2.90) , we find the solution P = 1 which is continuously differentiable for

—1 <t < 1. But the eigenfunction P=constant isn’t included in our discussion. Since the eigenvalue
I3 P2 m2, P2ar

A= P > 0, we first consider the case m=0 and A # 0. We have
-1

-2 ar =0 @91)

We seek a solution in the neighborhood of t=1 as a power series in (t-1)
Pt)=(t-1)"> a(t—1F ¢ #0. (2.92)
k=0
By the equation (2.91), we have

—co20®(t — 1) — i{%k +a+1)2epi1 + [-A+ (b +a+1)(k+ a)]ep }(t — 1) = 0.
k=0

The power series is identically zero only if its coefficient vanish, we obtain

[k(k+1)— A

a=0 and cpy1 =— 20k + 1)

Ck.

Thus

[k(k = 1) = AJ[(k = D)(k =2) = A]---[2 = A [-A](=1)*
2k (K!)2

C = Co-

By ratio test we find that the series (2.92) converges for [t — 1| < 2 and in general approach +oo as ¢ — —1 except the

series terminates. That means the function is bounded for —1 < ¢ < 1 if and only if
A=n(n+1), n=20,1...

Setting ¢ = 1 and we obtain the eigenfunction P, (t) corresponding to the eigenvalue A, = n(n + 1) is

n

(n+F)!

n —k)(k!)22k

Pa(t) =
im0 (

(t— 1)k

P,(t) is a polynomial of degree n in t. It is called a Legendre polynomial. Since Py (t) of degree k can be

expressed as a linear combination of P, (t) with n =0, 1,...k and P, are orthogonal, it implies

1
/ tkP,(t)dt =0  fork=0,1,...,n— 1.

-1

So we can verity the identity

which is called the Rodrigues formula.

If m # 0 and n > m, the eigenfunction corresponds to the eigenvalue A = n(n + 1) is

P*ty=(1- tQ)M/2di[pn(t)] 1 (1- t2)m/2 dmn

— 2 n
dtm ~ onp) (¢ 1)

dthrn
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and called the associated Legendre function.

The method of separation of variables thus gives the harmonic functions

r" P (cos @) cosme, 1" P (cos ) sinme (2.93)

which are regular in the whole (r, 8, ¢) space and we call these polynomials spherical harmonics (see [2]).

To solve the boundary equation (2.87), we expand f(6, ¢) in a double Fourier series

oo 1 n
f(0,0) ~ ;[QanoP cosf) + mz::I A, COS MO + by, SinMP) P (c08 0))
where )
2n+1)(n m)!/ ”/”
pm, = 27r(n + ™) £(0,0) P (cos 0) cosme sin 6 df dg,
2 27T
brm = (2n+1 / / (o " (cos 0) sin me sin 0 df de.
2m(n + m)
The formal solution of the problem (2.86) and (2.87) is then
oo o 1 n
u(r, 8, ¢) = ;}(]%)n[ianopn( =R ]; A COS M + by, Sinm@) Pr (cos 0)]. (2.94)

Example:

Vu=0 forr < 1,
(2.95)

uw=z> forr = 1.

Answer :

Translate x into spherical coordinates (x = 7 sin 6 cos ¢)

= Opm = % '0277 Io sin® 6 cos® ¢ P (cos 0) cos me sin 0 df de

— % 02” cos® pcosmedg [ sin® 0P (cos 0) sin 6 df.

Since

2
/ cos® ¢ cosmep dg
0

2 1
= / (= cos3¢>+§cosqz5) cosme do
2

{ [cos(3 + m)¢ + cos(3 — m)¢| do + 3/0 Tr[cos(l + m)¢ + cos(1 — m)¢| do}

S~

for m=3,

for m=1,

Il
— . 0
S e

otherwise.
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For m=1,

/ sin® 0P} (cos #) sin 6 d6
0

:/1 (1—t3)3P (1) dt

-1

- /1 (1— t2)27dlz‘t(t) dt

= 4[/_11 tP,(t)dt) — /_11 t3

Po(t) dt]

16 _ _ 3
= forn=1 = a1 = 5
= _ 16 — —_ _1
3E forn=3 = a3z = —1,
0 otherwise.

For m=3,

0

96

7

0

= u(r,0,¢) = %cos $P}(cos ) — 11—0 cos ¢ P3 (cos ) + 6170 cos 3¢5 (cos 0).

/ sin® 0 P3(cos 0) sin  df

forn=3 = a33 =

otherwise.
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2.2 Finite Fourier transform to construct the solution of system of Laplace’s
equation

Consider the non-homogeneous problem

Upg + Uyy = F(z,79) for0<z<m 0<y<l, (2.96)
u(z,1) = u(0,y) = u(r,y) =0, (2.97)
u(x,0) = 0. (2.98)

To solve the non-homogeneous problem (2.96), (2.97) and (2.98), we expand the solution in a Fourier sine series

for each fixed y.

o0

u(z,y) ~ Z by, (y) sinna.

n=1

The set of sine coefficients

bn(y) = ;/0 u(x,y) sinnz dx

which is a function of the integer n and of y, determines u(x,y) uniquely. It is called the fininte sine transform of

u(x,y).

2 . . . . . . .
It % is continuous, its finite sine transform is given by

2 [T O? 2 1 " T O
;/0 %sinnxdaj e { {gj sin'n,:L}0 - n/o % Cosnxdz} = —nb,(y).

2 . . . . . . . .
If g—yg is continuous, we can interchange integration and differentiation to show that

— ——sinnxdr = —
™ Jo y? 0y?

s

™ 2 2 ™
2 Ou 0 {2/ usinnxdm] :b;(y).
0

Taking the finite sine transform of both sides of the equation (2.96) leads to the equation
bir(y) — n°bn(y) = Ba(y) (2.99)

where
2 (7 .
B, (y) = 7/ F(z,y)sinnz dz.
T Jo

The boundary condition (2.98) means that

b, (0) = 0.
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Taking sine transforms, we have reduced the problem for a partial differential equation to the problem (2.100) for an

ordinary differential equation.
(2.100)

We can use Green’s function to solve the problem (2.100) and the solution has Fourier sine series form. By
Schwarz’s inequality and Parseval’s equation, we know that the series Y b, () sin nz converges uniformly for 0 <

x<m 0<y<1,then

u(z,y) = Z by (y) sinna.
n=1

Example:
Solve
Uge + Uyy = y(1 —y) sin® for0<z<m 0<y<l,
(2.101)
u(z,0) = u(z,1) = u(0,y) = u(m,y) = 0.
Answer :
We expand the solution in a Fourier sine series for each fixed y and we find
& : 24 ™ .
u(z,y) = Z bn(y)sinna  where b, (y) = 7/ u(z,y) sinnx da.
T Jo
or— 1
We have
" . N
— Uge Sinnz dz = —n“b,(y) and
T Jo
2 T
= / Uyy sinnx dz = b, (y).
T Jo
Taking the finite sine transform of both sides of (2.101) leads to the second order differential equation
Vi (y) — n?ba(y) = 2 [ ly(1 —y) sin® ] sinnrde = f(y) ,for 0<y <1
Sy(l—y) forn=1,
= Zy(l—y) forn=3, (2.102)

o

otherwise,

py) =1 a=0

q(y) = —n? B =
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Let v1(y) = €™ and va(y) = e~ ™ which satisfy the equation v — n?v = 0. We have

k= p(y) [v)(y)va(y) — va(y)vi(y)] = 2n

and D =vi(a)vz(B) —vi(B)vz(er) =" —e”.
When ¢ < x, we have

G(x,§) = %[Ul(ﬁ)vz(a) — v1(a)va(§)][vr(2)v2(B) — vi(B)v2(2)]

1
_ [enf _ e—nf}[en(l—m) _ e—n(l—r)].

- 2n(en —e )
When £ > x, we have

G(x,8) = k%[vl(ff)vz(a) — v (a)v2(2)][v1(§)v2(B) — vi(B)v2(E)]

_ [enx _ e—nx][en(l—f) _ e—n(l—f)].

So

1 T 1
bn(fﬂ):/o G(fﬂ,f)f(f)déz'/o G(I,f)f(ﬁ)déf/ G, 6)f(£)dg
-1

{fenti=) = emn==)) [Fen _eneppe)ag

2n(en — 1) 0
1
+ (en:x - e—n,m)/ [en(l—f) _ e—n(l—f)]f(g) df}

cosh(z — 3)

3
B Z[~7 (1-2z)+2(1 ik )] for n=1,
- 1.1 2 cosh3(x — 1)
—=z(l-—z)+ =1 - ———— 2 for n=3.
4[ 9 2 )+ 81( coshg ) orn
Therefore, the solution is
3 cosh(y — 1) 1.-1 2 cosh3(y — 1)
=2y(1—y)+2(1 - —=— 2N ginz — ~[—a(1 — 21— —/=2 2] gin 3.
wasy) = Gyl =) 420 = I s = el =)+ g (1= S s
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2.3 The Fourier transform to construct the solution of Laplace’s equation

Fourier transform provides a way of expanding functions on the whole real line R=(—o0, 00) as (continuous) superpo-
sitions of the basic oscillatory functions e?“% (w € R) in much the same way that Fourier series are used to expand
functions on a finite interval.

To understand this relationship, consider a function f on R. For any £ > 0 we can expand f on the interval [—Z, ¢]
in a Fourier series, and we wish to see what happens to this expansion as we let £ — oo

Forx € [—¢, /]

1 o —iTnT £ iTny
flx) = % Z Cnye ¢ where ¢, ¢ = / fly)e & dy. (2.103)
—¢

n—=—oo

Let Aw = 7 and w, = nAw = “F; then these formulas become

f(z) = Py Z Cn € —InT Ay where Cne—/ f(y)e™™n¥ dy.

Suppose that f(x) vanishes rapidly as © — =o0; then ¢,, , will not change much if we extend the region of integration

from [—£, ¢] to (—00, 00):

Crl & / f(y)e™ ¥ dy. (2.104)
The integral function (2.104) only of w,,, which we call f(u) and we now have

1 = = .
~2— Z flw)e ™ Aw  (|z| < £). (2.105)

This looks very much like a Riemann sum. If we now let / — oo, so that Aw — 0. The = should become = and the

sum should turn into an integral, thus:

f(z / f e~ du where f / f(z)e™® dz. (2.106)
27r

The function fis called the Fourier transform of f. It is sometimes denoted by §[f]. And (2.106) is the Fourier
inversion theorem. The integral certainly converges if | ix;o | f ()] dz does (see [3]).

For function of two variables, say u(x,y), we define

Slul(w,y) = /00 u(z,y)e™” da. (2.107)

—0o0
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Example:

Uy + Uyy =0

u(z,0) = e~ 2|

Answer :

Stz + Uyy] = §[uaz] + g[uyy]

for —oco <z < 00,0 <y <1,

= f(x),

uniformly in y, as x — £o0.

where
Sluyy] = [ ey, dr = ?/7 ey dr = Uy,
(" u — 0 uniformly in y as x — 400
0 . . o .
Slug] = / e Uy, dr = " uy |7 — (iw) / e"u, da
= (—iw)[e™®u |*, — (iw)/ ey dr] = —w?,
= Btz + Uyy] = —w?A + Uyy = 0,
[°S) 0 0
u(w,0) :/ ey (x,0) dx :/ ey (x,0) dx :/
—00 0 —o00
6,1"11'*2 E w—2 d
= i . li -
S AR
-1 1 4
= . " - _
w—2 dw+2 w244
Thus we find
2~ |~
— WU+ Uyy = 0,
i(w,0) = — 1 = flw)
(w,0) = = f(w
b w2 +4 b
a(w,1) =0

By the equation (2.108), if u(z,y) = A(x)e™? + B(z)e™ ™Y,

then @i(w,0) = A(w) + B(w) = -5

—2e v

Weget Alw) = @ T 1)

and B(w) =

and u(w,1) = A(w)e” + B(w)e ™ = 0.

2e"

sinhw(w? +4)°

35

..y — 0 uniformly in y as x — +00)

ey (x,0) dx.



4 sinh(x — wy)

= z,y) = sinhz(z2 +4)°

By inverse fourier theorem,

1 b e 2 [® _. sinhw(l—y
uley) =5 hm/ ‘ mu(w’y)dw:7/ ¢ 'msirmw((uﬂi)d

2T L—oo L ™) _—co

There is another solution for the special case where u(x,0)=f(x). If f(x) is either the even function or odd function,

we can use cosine or sine transform. They are defined respectively as

Sslf] = /OOO f(@)sinwxdr and F.[f] = /Ooo f(x) coswz dz.

Since e"** = cos wx + ¢ sin wx,

~

f(w) = 2iFs[f] if f(x) is an odd function at (—o0, 00),

~

f(w) = 25.[f] if f(x) is an even function at (—o0, 00).

. f(z) = e~2*l is an even function .. fA(w) = 2F.[f]-

00
Ugy cOswz dz = —wFo[u] = —w?U(w,y),

SC [“’1‘:1;] —

S—

0

Feluyy] = Uyy(w, y),

L 2

U(w,0 0)coswrde = ——.
(w,0) u(x,0) coswz dx P

Il
S—

Thus we find

- IwQU(wa y) + Uyy(w, y) =0,
2

U(w,o0) = m,

U(w,1) =0.

2sinh w(l—y)

To compute the system (2.111), (2.112) and (2.113) with similar way, we have U (w, y) = T+ 4) sinhuo*

Thus
2 oo
u(z,y) = 7/ U(w,y) cos wz dw

T™Jo
2/00( . ) sinhw(1 — y)

== —isinwe) ——————
= coswx — i sinw (w? + 4)sin h
2/°° —iwe Sinhw(l —y)
7r

(w? 4 4) sin hw

\
8
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Chapter 3

Numerical computations

_ The finite difference method for Laplace’s equation

The partial derivative % as the limit of a difference quotient

ou, . ulr+hy) —u(z,y)
%(L"y) r hlgo h ' S

ox

ou(z,y) | hj D?u(z + 0h,y)

. . . 92 p .
By Taylor’s theorem with remainder, we know that if u, and % are continuous on €2,

u(z + h,y) —u(z,y) =h

Ox 2! Ox?
ou, w(x +h,y) —u(z,y)  h?6%u
= %(%y) h = E@(m—&-eh’y)

where 0 < 6 < 1. If h is small, the right-hand side is small.

Similarly,
ou h? 9%u h3 93u ht oty
u(z + h,y) —u(r,y) = h%(%y) + E@(%y) + gw(ﬂfay) + I@(x +61h,y),
ou (—h)? %u (—h)3 @ (—h)* 0*u

(SE + 02h7 y)

where 0 < 01,60, < 1.

— wethy) 2 2ule ) pule = hy) - Ly ny) - ule,g) + ule - ) - u(ey)]

h? T R2
9%u h? 9*u
= @(m,y) + ﬁ@(fﬂ +03h,y)
2
= %(m, ) (as h is small enough)

where —1 < 03 < 1 and %%(m + 03h,y) is the truncation error; it is O(h?) for any u € C*4(Q) (see [6]).
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We consider the boundary value problem

2 2
% + g—yZ ) inD, (3.2)
e f on C (3:3)

in a bounded domain D with boundary C. We introduce the square grid (x;,y;) = (ih,jh) i,j = 0,1...in the x-y

plane. We define U, ; = u(z;,y;) and replace the Laplace’s equation (3.2) by the finite difference equation

1
Viu(wz;,y;) = ﬁ(Ui-i-l,j + Uizt + Ui jp1 + Ui j—1 — 4U; ). 3.4

To estimate the truncation error VZu — V2u , we again assume u € C*(Q) and expand in Taylor series about (x;, ;)
through terms in h*. We find that

h2 84 4

Viu(zi,y;) — Viu(z, y;) = ﬁ[@u(xi +61,y;) + 874“(%?}]‘ + 02)]

where |0;| < h. The right side is the truncation error; it is O(h?) for any u € C*(Q2). In this notation, the discrete

Laplacian of (3.4) appears as

1
1

V,%u(a:i, 08 == 73

1 -4 1 | ulmiy;)
1
The mesh function u(ih, jh) is defined at all mesh point in D and C (see [3]). We split these mesh points into two
class:
We call the points ((¢ + 1)h, jh), ((i — 1)h, jh), (ih, (j + 1)h), (ih, (j — 1)h) the nearest neighbors of the mesh
point (ih, jh) . If (ih, jh) and all its nearest neighbors lie in D+C, we call (ih, jh) an interior point. If (ih, jh) is in

D+C, but one of its nearest neighbors is not, we call it a boundary point (see [2]).

Example:
For two-dimensional problems the situations are alike, but more complicated. Below we only discuss the simple case

of a Laplace’s equation on a square with nonhomogeneous Dirichlet boundary condition; i.e.,

%u  0%u

@_FBT/Q_O for0<z<m0<y<m, 3.5
u(m,y) = u(z,m) = u(0,y) =0, (3.6)
u(z,0) = 2*(7 — x), 3.7)
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discretized with central differences on the uniform grid

(xi,y;) = (ih, jh) 1,7 =0,1,...,m+1, h =

The central difference scheme for the equation (3.5) reads
1 .
ﬁ(Ui-&-l,j +Uic1,j +Uijr1 +Uij1 —4U;5) =0 t,j=12...,m;
These equations have to be completed with the numerical boundary conditions (3.6)

Uo,j =Um+41,5 = Ui7m+1 =0 and Ui,O = (’Lh)2(71’ — ’Lh)

Introducing the vector of unknowns u

Ui =Uip
ULQ 0
Ul,m, *UQ.O
u:= Uz N WL — 0 (3.8)
Um,,l 'Um,O
0
Um m .
; m2x1 m2x1
We can write (3.8) as the linear system
Au="f
where the matrix A can be written as
B 1 —4 1
I B 1 1 -4 1
A= ., B:=
I B I 1 -4 1
I B 1 -4

The partitioning of u and A is based on the numbering along horizontal grid lines. We can get U; ; from u=A~'f for

i,j=1,2,...m (see [2]).
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Assume that m=29, we see the data U; ; in the Appendix B.2 which is computed by the Mathematica program
(see Appendix A.1). The Figure 3.1 shows the numerical solution of the system (3.5), (3.6) and (3.7). One can see the
comparison between the numerical solution and the exact solution (2.15) truncated up to 1000 in the Figure 3.2 and

Figure 3.3. Moreover, the detailed errors between these two solutions are shown in Appendix B.4.
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Figure 3.1: The numerical solution of the system (3.5), (3.6) and (3.7) which is computed with the finite difference method.

Figure 3.2: The comparison between the numerical solution and the truncation of the exact solution (2.15) up to 1000.

Figure 3.3: The error between two solutions (numerical solution-exact solution).
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Appendix A

Mathematica codes

A.1 Constructing Matrix A and f to evaluate . = A~'f

Clear[m,A,f];
m=29;
S=Table[If[k + m < m2&&k —m < 0&&Mod[k, m] == 1,
{{k,k+m} — 1,{k,k} - —4,{k,E+ 1} — 1},
If[k + m < m?&&k — m < 0&&Mod[k, m] == 0,
{{k,k+m} - 1,{k,k} — —4,{k,k -1} — 1},
If[k +m < m2&&k — m < 0&&Mod[k, m| # 1&&Mod|[k, m] # 0,
{k,k+m} - 1,{k,k} — -4, {kk+1} = 1, {k,k — 1} — 1},
If[k + m < m?&&k — m > 0&&Mod[k, m] == 1,
{k,k+m} - 1,{k;k —m} — 1,{k,k} - —4,{k,k+ 1} — 1},
If[k +m < m2&&k — m > 0&&Mod[k, m] == 0,
{k,k+m} - 1,{k;k—m} — 1,{k,k} - —4,{k,k — 1} — 1},
If[k +m < m?&&k — m > 0&&Mod[k, m] # 1&&Mod|[k, m] # 0,
{k,k+m} - 1,{k;k—m} — 1,{k,k} — —4,{k,k+1} — 1,{k,k — 1} — 1},
If[k + m > m?&&k — m > 0&&Mod[k, m] == 1,
{{k,k —m} — 1, {k, k} — —4,{k,k+ 1} — 1},
If[k +m > m2&&k — m > 0&&Mod[k, m] == 0,

{{kj,]f —m} — 1,{k‘,kj} — —4,{k,/€ - 1} — 1}7
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I[k + m > m2&&k — m > 0&&Mod[k, m] # 1&&Mod[k, m] # 0,
{{k.k —m} — 1 {k,k} — —4,{k,k + 1} — 1, {k,k — 1} — 1} 0]J]]]]]}]. {k, 1, m?}];
A={};
Forli = 1,i <Length[S] + 1,i + +,A=Join[A,S[[i]]]];
L=Inverse[SparseArray[A]];

f=Table[If[Mod[r, m| == 1, —((;111 *m)2) % (m 41— (%) * e 0], {r,m?}];

u=NJ[L.f];
Clear[i,j];
)2 l—x)m
Ulz_,y] =Iflx == 0|ly ==m + 1|jlr == m + 1,0,If[y == 0, %7
uffm * (z = 1) + yl]l;
Ul[x., y-]:= U[ b ox, L sy )

U2[w_, p] i= (=4) % (1201 + 2% (=1)F) i3 % W * Sin[i * w));

A.2 Using Ul[x,y] and U2[w,p] in A.l to create the figures and tables of the
numerical solutions

pic=Table[{z,y, Ul[x,y|}, {z,0,, ﬁ}, {y,0,m, #}},

picJoin={};

For[t = 1,7 < m + 2,1 + +,picJoin=Join[picJoin,pic|[i]]]];

AA=ListPlot3D[picJoin,PlotStyle— Yellow, AxesLabel— {Style[x,Large],Style[y,Large],
Style[z,Large] },PlotLabel—"Numerical solution(Finite Difference Method)”]

BB=Plot3D[U2][z, y], {z,0, 7}, {y, 0, 7} ,PlotStyle—Purple,AxesLabel —{ Style[x,Large],
Style[y,Large],Style[z,Large] },PlotLabel —"Truncation of exactly solution up to 1000”]

DD = Show[AA, BB]

pic2=Table[{z, y, Ul[z,y] — N[U2[z,y], 7|}, {z,0,7, o5} {y, 0,7, 25 s

pic2Join={};

For[i = 1,7 < m + 3,4 4 +,pic2Join=Join[pic2Join,pic2[[i]]]];

CC=ListPlot3D[pic2Join,PlotStyle—Green,AxesLabel —{ Style[x,Large],Style[y,Large],
Style[z, Large]},PlotLabel—""The error between numerical solution and

Truncation of exactly solution up to 1000(nu.-ex.)”’]
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Tn=TableForm[Table[U [z, y], {z,0,m + 1}, {y,0,m + 1}],
TableHeadings — {Table[u; ;, {i,0, m + 1}],Table[u; ;,{j,0,m + 1}]},
TableSpacing — {1, 2}]

Te=TableForm([Table[N [U2[z, y], 7], {z,0, 7, 55}, {y, 0, 7, 55 },
TableHeadings —Table[u; ;, {¢,0, m + 1}],Table[u; j, {j,0,m + 1}]},
TableSpacing— {1, 2}]

Tdiffer=TableForm[Table[U [z, y], {z, 0, m + 1}, {y,0,m + 1}|-Table[N[U2[z, y], 7],
{z,0,, miﬂ}, {y,0,, mLH}},TableHeadingse {Table[u; j, {i,0,m + 1}],

Table[u; ;,{j,0,m + 1}]}, TableSpacing — {1, 2}]

44



Appendix B

Tables of numerical solutions
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