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Theory and Applications of Riemann Surfaces

of genus N

Student : Wei-Long Tu Advisor : Jong-Eao Lee

Department of Applied Mathematics

National Chiao Tung University

Abstract

We use algebraic and geometric analysis to develop two-sheet Riemann
surface R of genus N such that muti-valued function on the complex plane
C become single-valued and analytic on R. The integrals over a,b cycles
on R can solve many problems in Differential Equations. By Cauchy Integral
Theorem, we can find equivalent paths of a,b cycles such that their
integrals are equal. When we do the integral on the Riemann surface , no
matter what on theoretically or in value , by the principle , we could

solves the problem and get the solution.
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[.1Construct the corresponding Riemann Surface

Where @ , z €C and o= z

@ = Z:|Z|ei9:|z|ei(9+2””) 0e[-n,7) neZ
1 i(0+2nr)
= o = zk=|z|e k ,06[-7[,7[) neZ

First, we take a example f(z)=+z ,f:C—>C

1 1 (0+2n7)i |z|;ei29 if ne even
f(z) = z22=|z)fe 2 = _
Lo

—|z|5e2 if ne odd

Where z=|z]e" =|z|e"""* neZ

Because f f is a two-valued-function.
We will take  f(z) becomes a'single valued- function, so that we
modify its domain C to develop‘the corresponding Riemann Surface such that

f becomes a single-valued on Riemann Surface .

7 =re" = re'§7) N pia \ .
0
2

\
\\A/
|\
\
\
\
N

Figure 1: The idea of two sheets



Now define that

Lo
VPeZ -r<0<rx (%)

f(z) =
Pﬁgﬁ T<60<3r @ﬂ

Where (*) called sheet-I and (*¥%) called sheet-II

The each sheet has two edges, the starting edge with (-) and terminal edge
with (+).Next we will use the stereographic sphere help us to consider

the two sheets work process.

Sheet- 1

Nz

Sheet-1I

B =

Figure 2: complex plane and extended complex plane



7 7
Example 1:  Construct the Riemann Surface of f(z)=,|[](z-z) =]]J(z-z)
k=1

k=1

where k=1.2......7

AAAAAAA

Figure 5: The cut from" z,—

”

We have crossing one cut need to change the sign by ” -1
So that when crosse even cuts we will not change the sing and crosse odd
cuts will change sign.

Figure 6 : The cut plane



There are branch cuts in [z,,2,],[2,,2,],[ 2, 2].[2,,—) and then using same idea to

construct the corresponding Riemann Surface.

Figure 7: Placing the cuts open

Figure 8 : Take the two sheet together with (+) edge to (—) edge

Figure 9: Riemann Surface of genus 3
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Example 2 : Construct the Riemann Surface of f(z)=,|[[(z-z) =]]/(z-z)
k=1

k=1

where k=1.2......8

AAAAAAAL

Figure 10 : The cut from z, — o0

There are branch cuts in [z,,2,],[25,2,].[zs126]3[ 25025 ] -

Figure 11 : The cut plane

Figure 11 : Placing the cuts open
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Figure 12 : Take the two sheet together with (+) edge to (—) edge

Figure 13: Riemann Surface of genus 3



In general

f(z)= ﬁ(z-zk):ﬁ«/(z-zk) , Where k=1.2.....n

Figure 14: cut plane z, -
Case 1. if the ne odd

There are branch cuts in [z,,2,],[z5,2, ] [Zonzss Zon -2 )+ [ Zon-10 =)
+ + + +
Zow, Loy Loy g oonne. Z, Z, Z, 7L,

Figure 16: Placing cuts open in both sheets

J



Figure 17: Together two sheets

J

Figure 18: n=2N-1 and N-1 holes



Case 2. if the ne even

There are branch cuts in [z,,2,],[25,2, ], [ Zon-ss Zona | o[ Zonas Zon |
4—— ——— —
+ + +
ZZN Z2N—1 ZZN—S Z2N—4 """ Z4 ZS ZZ

Figure 19: The cut of n=2N

Figure 20: Placing cuts open in both sheets

Figure 21: Together two sheets

J



Figure 22: n=2N and n-1 holes

So the conclusion , no matter the n=2N or n=2N-1 , there are N cuts and N-1
holes called Riemann surface of genus N-1.

10



1.2 The a,b cycles

Example f(z) :\/z(z—l)(z—z)(z—3)

Figure 24 : The cut construct of sheet I

11



Figure 25 : The cut construct of sheet II

Figure 26 : The geometric structure
In general
If n=2N-1

12



If n=2N

Figure 27 :a,b cycles on complex plane

]

Figure 28: The a,b cycles on Riemann Surface

13



1.3 homotopic

I/

—_

»
>

h

Figure 29 : Homotopic path

In the homotopic case ,C is homotepic-to C,and C,.
1

So that =| ——dz=

o If() “ T (2) sz(z)

C ,finally the equivalent“paths € homotopic.to r U,

dz,and we-compress the curve

1 1 1
= Lmdz :Lmdprjrzmdz

14



1.4 The conclusion of Riemann Surface

For any branch points 2N-1 or 2N we have
[. There are N branch cuts in complex plane.
[I. There are N-1 holes and that called Riemann Surface of genus N-1.

ITI. There are N-1 a-cycles and N-1 b-cycles

15



2. The integrals of % over a,b cycles for horizontal cut

First we discuss the value different in sheet-I of theory and on
Mathematica .

J-1in sheet-1, J-1=-i but v-1in Mathematica, J-1=i.
We will find the mistake in this.

We know that @ e(-z,7z]in Mathematica

J  in Mathematica

j
DAV #
- /

NN

AN

Figure 30: Domain and range'in Mathematica

Lemma 1: @e[-m,7) in sheet“I for-horizontal cut

f(2) |MATH 96(_”’”)

f(z =
(g {_ f(2) [yarn O=—r

Proof:

Theory : —l=e™ :>Jt1=e74=_i
Mathematica: —1=e” = +—l=e? =i

math
Thus f(z) =—-f(z) where €=-x in Mathematica.

16



Now we take a example to test and verify the Lemma 1.

To evaluate I%dz . where f(z)=+/z(z-1)(z-2)

Figure 31: cut plane of f(z)=4/z(z-1)(z-2)

Proof :
1. zeq
22():3\[_:|4%
7-1>0=+z - =h—q%
(1) th : _ _7
cony z—2<0:¢z—2zp—2h”H:Vz—2:h—Zﬁe2::4P—2ﬁ
f(z) |I|z| h 12 |z—2|
22():3\[_:|4%
7-1>0=+z - =h—ﬂ%
(2)mathematica: _ 7
nathenatica z—2<0:>z—2zp—2hm:>Vz—2:h—2ﬁe2:Hz—ﬂ%
R R
The(1)and(2) difference a ” —” sign.

17



2. Zer,
220:>\/_:|z|%
7-1>0=>+z- =|z—1|%

(1) th : _ z
cony z—2<0:>z—2:|z—2|e’” :>\/z—2:|z—2|%e2 :i|z—2|%

=i -2

220:>\/_:|z|%
z-1>0=>+z - =|z—1|%
z—2<o:>z—2:|z—2|e”i :>\/z—2:|z—2|%e%i :i|z—z|§

o =il

The value of (1) and (2) are the same.

(2) mathematica:

L2, -k 1 ol ;
fild {2nL|z|z|z—1|z|z—2|z i ey
So that 0 in —mathematica
0+5.24412i © in theory
B {0 in  mathematica

When 6=-7 we see that have a problem between theory and
mathematica, they difference a ° —  sign.
Now we get the result Lemma I, we can use the result to do some example.

Example 1.

l. zer

Math.
2>0 = arg(z) = 0=z = : Jz

Math.
z-1>0 =arg(z-1)=0=>+z-1 = Vz-

Math.

7-2<0 zarg(z-2)=—n=>~z2-2 = -Jz-2

1 math. 2 1 1 1
R Lk

18



2. L€,

Math.

2>0 =arg(2)=0=>+z = Vz
Math.
z-1>0 = arg(z-1)=0=+vz—- —t\/ —

Math.

7-2<0 arg(z-2)=r=z2-2 = Jz-2

math.
——IIIZIZ 12222
= £(2)

1 math. 2 1 1 1 .
So that we have Iﬁ = =2 || 2|21 2|22 2 = 0+5.24412i

Example 2. Evaluate J‘%dz and over a,b

cycle. where f(z) = \/(z +3)(z+1)(z-1)(z-3)(z-4)(z-6)(z-9)

Figure 32: a-cycle and homotopic path a

Proof :
Take z,=9,2,=6,2,=4,2,=3,2;=1,2,=-1,2, =3

1. 26[6,9]

15 i
Let a be a cycle center at % with r=2 and Z=E+26'9.

——dz=|" — do
% f(Z) »
(D Iﬁ[ ( 4—e )—Z, (by Cauchy Thm)

=1.0842 x10™* +0.0776642i

19



(2)theory: zea,

(I) z€b6 — 9
: 1 Lz 1
z—9<0:>z—9:|z—9|e"”:ﬁ:|z—9|2e2:||z—9|2
Z_

-7, =12 _|z-2,]2, k=234,567

1
JZ-12,

= jﬁﬁgmdz = I|H|z ~z,| 2z

6

() z€b6 < 9

2-9<0=>z-9=|z-9e " = :|z—9|_%e7i%:—i|z—9|_%

1
Nz-9

z-7,=|z1-7|= z—zk|_%, k=2,34,56,7

1
J2=1, =
1 A i
:L%ﬁdz :!(_I)E|Z_Zk| 20z

7 1
by( 1) () we know that in theory = 1) )dZ_J-(—Zi)H|Z—Zk|2dZ
k=1

= 0.07766421

*

(3) mathematic : Ze€aq

(I) z€b6 — 9

i 1 1z . 1

z—9<0:>z—9:|z—9|e'”:ﬁ:|z—9| 2 2 :—||z—9| 2
Z_

-7, =27 _|z-2,]2, k=234,56,7

1
JZ-12,
9

== 2-2,] 2z

6

20



(Il) z€6 < 9
i 1 1z 1
z—9<0:>z—9:|z—9|e'”:ﬁ:|z—9| 2 2 :—i|z—9| 2

Z_

-7, =22, _|z-2,]2, k=234,567

1
JZ-12,
6

o =[] 22, 2dz

9

In mathematic the value of = Ldz:O

(4)by the Lemma (1) Zea,

(1) z2€eb — 9

math.
arg(z—z)=-r=>4z-7, —\Jz=17,

math:

arg(z-z,)=0 =,jz-2, z-2z, k=2..7

:>f(z):'—f(z)

(II) z€b < 9

math.
arg(z-z)=7=.1-2 =.1-1

math.

arg(z-z)=0 =, z-1z, z-z, k=2...7

= f(2) = f(2)

So that [ ——dz=—2[ —1dz = 0.0776642i
5 1 (2) 5 £(2)

21



2. 26[3,4]

7. 7 o
(1)Let a, be a cycle center at > with r=1 and Z=E+e

. 0
2 f(z) _”H\/(7+ei9)_zk (by Cauchy Thm)
ki V2
=0-0.200969i

(2)theory zea,

(I)ze3—4

2-7,<0=>2-7 =|z1-z|e" = :|z—zk|7%ei%:i|z—zk|% k=123

z-1,

z-7, =|z2-7|= =|z—zk|%,k:4,5,6,7

z-1,

1 o !
:J;%mdz:'[l 1;!|z—zk| 202

(II) ze3«4

/i

I 1
=|z=z|2e ? =-iz-z,[2 k=123

2-7,<0=>7-7 =[z-z]e" =
—

z-7, =|z1-7|= =|z—zk|7%, k =4,56,7

z-1,
1 P 1
:J;Mmdz:'[(—l) E|z—zk| 20z

3 7 .
by( 1) (1) we know that in theory :J'a*—f 22) dz :_ZI(—i)3H|Z—Zk|7dz
’ 4 k=1

= 0-0. 2009691

22



(3)mathematic zea,

(I)ze3—4

/i

1 ;=" 1
=|z-z[2e 2 =-iz-z,[2 k=123

2-7,<0=>7-7, =[z-z]e" =
z-1,

z-7, =|z1-7|= =|z—zk|7%, k =4,56,7

Z-1,

1 P 2
:J;%mdz ='£(—|) E|z—zk| 20z

(II) ze3«4

/i

1 ;=" 1
=|z-z[2e 2 =-iz-z,[2 k=123

2-7,<0=>7-7, =[z-z]e" =
z-1,

z-7, =|z1-7|= =|z—zk|7%, k =4,56,7

Z-1,

1 I A
= — dz=| (=)l ||z-z] 2dz
T Al
By (I)(II) J‘*Ldz=0 in mathematic.
% 1 (2)
(4) by Lemma (1)

(I)ze3—4

math.
{arg(z—zk)_—ﬂ:x/z—zk =—-Jz-7,k=123

math.

arg(z-2,)=0 =.z-2, = \z-7 k=4,567

= () = — f(2)

(II) ze3«4

math.
{arg(z—zk)_ﬂ:m/z—zk = z-72,k=123

math.

arg(z-2,)=0 =.z-2, = \z-7 k=4567

mat

= t(2) = f(2)

23



So that = 0-0. 2009691

*Ldz :—2-"4idz
% f(2) 3 f(2)

3. Ze[—l,l]
Let a, is a cycle center at 0 with r = 2=z =2¢"

(D

Lsidz:j”” - 2ie”
f(2) I

(2€i9) -7, (by Cauchy thm)

=3.46945x10" +0.151400i

(2)theory :zea,

(1) ze-1->1
2-7,<0=>z2-7 =|z-ze™" : |z z|%ei% i|z z|%k 1,2,3,4,5
-2,<0=>z7-27 =|z- — 7 — =ilz- =1,2,34,
k k k \/ﬁ k k
z—zk:|z—zk|:>;=|z—zk|%,k:6,7
z-1,
J-Hmdz—il |z—zk| 2z
() ze-1«1

—72'

=|z-z]> T ——i|z—zk|% k=1234,5

2-7,<0=>7-7 =z-7|e" =
z-1,

z-7, =|z2-7|= =|z—zk|7%,k:6,7

-1,

1 T 1
= J'_Hﬁdz = Jl'(—l)slk__yz —z,| 2dz

24



1 b 1 _
— dz=2]|i’l ||z-z|2dz =0.0151409i
% f(z2) J; lijl:| k|

(3)mathematic: zea,

(I) ze-1->1

/i

:|z—zk|7%e'7 :i|z—zk|% k=12,34,5

2-7,<0=>7-7 =z-z|e" =
z-1,

z-7, =|z1-7|= =|z—zk|%,k:6,7

Z-1,
1, P =7
- — — — 2
:J.-Hl f(2) z J;( ) lk:yz z,| 2dz

(II) ze-1«1

=TT

=|z—zk|7%e'7 :—i|z—zk|% k=12,34,5

2-7,<0=>7-7 =z1-7|e"=
P

z-7, =|z2-7|= =|z—zk|7%,k:6,7

-1,

1 T 1
= J'_Hﬁdz = Jl'(—l)slk__yz —z,| 2dz

By (I)(II) a*%dz:o in mathematic.

25



(4)by the Lemma (1)

(I)ze-1-1
math.
arg(z—z)=-r=>.z-2, =-z-7k=12,345

math.

arg(z-z,)=0 =z-2, = \z-7 k=67

= t(2) = - f(2)

(1) ze-1«1
math.
arg(z-z)=rn=.z-2, = z-7k=1234,5

math.

arg(z-z,)=0 =z-2, = \z-7 k=67

mat

= f(2) = f(2)

1 11 .
So that *—dz:—zj —=_dz=0.151409i
% f(2) +1(2)

26



Figure 33:b-cycles

_ <b3 _ — —

I - >

+ 3 >l + 1 3 + 4 6 + 9

Figure 34:b,'s equivalent path b;

(1)theory zeb;

(I1)ze-3—>-1

2-2,>20= :|z—z7|_%

-1,
iz 1

1-7,<0=>=7-7=z-z|e" = =|z-z|2e? =iz-7]2,k=12,34,56

1
JZ-12,

27



IS*l??ES :—J i I]JZ—ZAZdZ

(M)ze-3«-1

2-2,20= =p—zJ%

-1,

iz
1-7,<0==2-7=z-z7|e" = :p—zd%e7:ip—zd%,k=LZ&45ﬁ

z-1,
[ e It 'H|Z‘Zk|2dz

In the theory we have

J% —ZI ,H|z_zk|2dz__2j H|z—zk|2d2——00765026

(2) mathematic zeb;

(I)ze-3—>-1

2-2,20=>

1
= |z - z7|_§
-1,
—|7Z'

=lz-z]> re? ——i|z—zk|’%,k=1,2,3,4,5,6

2-7,<0=>=2-7,=|7-2[e" =
z—1,

[ % = [y H|z—zk| zdz__j H|z—zk|2dz

(M)ze-3«-1

2-2,>20= =p—zJ%

-1,
—ir

|z—4Pe2-4P 4|2k 1,2,3,4,5,6

1-7,<0==27-7 =7-z]e" =
7-17,

J‘s(— 1% :_I H|Z_Zk| 2dZ

In mathematic

28



b; f(2)

(3)by the Lemma (1)

(I) ze-3—>-1

math
arg(z—z,)=0=\z-2, = \J1-72,
math

arg(z—-z,)=-7=z-7, =—J1-1

— f(2) =~ f(2)

(M)ze-3«-1
Because f(z)|, =-f(2)],
Consider the ze-3—> -1 in sheet-1

math

arg(z-2,)=0=\z-2, = \J1-72,

math

arg(z—z,)=-7 =22, = =yJ7—2,k=1.5

math
= f(2) = f(2)
math

= 1@, _,=-1@]., ==1®)

I 1 oo j 21 4 - 00765026
5 f (2) = f(2)

29



Figure 35: b,’s equivalent path b;

(1)theory zeb,

(I) ze-1-1

=|z-z,[2,k=6,7

1
Jz-1,
z—zk<0:>=z—zk:|z—zk|e‘i”:>\/1_

Z-1,
1f(z) —I |H|z—zk| 20z

:|z—zk|%e7ﬂ = i|z—zk|%,k =1,2,3,4,5

() ze-1<---1

1
Because — :I L
-1<—1 f (Z) 11

Consider ze-1«1

iz

=|z-z[ re? =ijz-z]> 2 k=1234,5

30



1 1 -1, 1
I1<1m :Ilelmzjl |5|Z_Zk| 2dz

() zel—>3
1
—72.>0 =|z— k=6,7,5
z-1, :ﬁ lz-17,|>
. 1 1 1
z—zk<0:>:z—zk:|z—zk|e'”:\/7:|z—zk|2e2:||Z—zk|2,k:1,2,3,4
z-1,

1-7, <0=>=17-7,=z-z]e" = :|z—zk|7el7”:i|z—zk|7%,k:1,2,3,4

By (I)(II)H(I)(IV)

1 1 -5 7 - 3'4 ! -
- b;ﬁzzj_l. H z-2,] 2dz+2L| |7||z—zk| 2dz =0. 157328
(2) k=1 k=1

(2)mathematic zeb,

(I) ze-1->1
7-7,>20= ! =|z-z,[2,k=6,7
Ji-17,
1-7,<0>=2-7,=1-7]e" = L |z—zk|ze_lzﬂ——i|z—zk|%,k:1,2,3,4,5
z-1,

Jl% —j (-i) H|z—zk| 20z

31



() ze-1<---1

—ir

=lz-z[z2e? =—i|z—zk|%,k =1,2,34,5

ol G-l

() zel—>3

1 1
=|z-z,[2,k=6,7,5
Jz-1,

—ir

2-7,<0==12-7,=z2-z|e" = Tl—zk :|z—zk|7e7:—i|z—zk|%,k:1,2,3,4
1 3, ., 7 L1
LI 727
:>‘L3f(z) L( i) lkjyz 7| 20z
(IV) zel <---3
1 1
z—zk203ﬂ=|z—z7|2,k=6,7,5
1-7, <0=>=12-7,=|z-z]e" = :|z—zk|7e%:—i|z—zk|%,k:1,2,3,4

-1,
1 1 1
I1<__3m :I3(—|)41;][|Z—Zk| 20z

By (I)(I)(I)(IV)
1
—[.——=0
bzf(Z)

32



(3)by Lemma (1)
(1) ze-1->1

math
arg(z-z,)=0=z-2, = \Jz-2,,k=6,7

math

arg(z-z,)=-7=z-2, =—J1-7,,k=1234,5

—t(2) = - f(2)

() ze-1<---1

math
arg(z-z,)=0=z-2, = \Jz-2,,k=6,7

math

arg(z-z,)=-r=z-7, =-\z-2,k=1234,5

—t(2) = - f(2)

() zel—>3

math
arg(z—z,)=0=z-2, = \J2-2,k=56,7

math

arg(z-z,)=-7=z-7, =—-J2~2,k=12314

= f(2) = f(2)

(IV) zel <---3

| T S
-3 f(z) 3 f(z)

Consider zel«3

math

arg(z-z,)=0=z-2, = \Jz-2,,k=56,7

math

arg(z—z,)=-7=z-z, =—1-2,k=1234

(@), = 1(2)

mal

= f (Z)|1<——3 =—f (Z)|le3 :th_ f(2)
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1 147 1 3 1
= b;m_—Zleiyz—zd 2dz+2j‘11k__!|z—zk| 20z

=0. 157328

Figure 36: b,'s equivalent path b;

(1) theory zeb/

(I)ze3—4

1 1
2-2,20=> =|z-z,[2 k=

1-7, <0=>=12-7,=|z-z]e}" =

1 4_ ! 1
jjs»ztm:.[s I31;!|Z—zk| 2dz

() ze 3<---4 =3«4

-7, <0=>=2-7,=|z-z]e" =

1 3.y 1
= J.3<--4ﬁ - ,[4 I3H|Z - Zk| 2dz

k=1

()zed—>6

:|z_z7|_%,k:

4,5,6,7

-1,

4,5,6,7

z-1,

L iz 1
=|z-z[2e? =i|z-z]2,k=123,

1 iz 1
=|z-z[2e? =i|z-z]2,k=123,

1
z-2,20=> 1 =|z-z,/2,k=34,56,7

-7, <0=>=2-7,=|z-z]e" =

z-1,

34

1 iz 1
=|z-z[2e? =i|z-z[2,k=12



2-2,20=> :|z—z7|'%,k:3,4,5,6,7
z-1,
1 4 !
1-7,<0=>=2-7,=|z zk|e"”:>ﬂz|z—zk|2e2:i|z—zk|2,k:1,2

1 e ! e 3,1 e 6., e
LI (@ _2L| lk_:yz Z,] zdz+2J.1| lk_:yz z,| zdz+2J.4| lk_:yz z,| 2dz

(2)mathematic zeb;

(I)ze3—4
1 1
z—ZKZO:ﬂ:|z—z7|2,k:4,5,6,7
-7, <0=>=7-7,=[z-z]e" = :|z—zk|%e%:—i|z—zk|7%,k:1,2,3,
z-1,
1 4 ot 1
LI e _z2[7d
:>v[3»4f(z) L(I) lk:yz z,| 20z
(I) ze 3<---4 =3«4
1 1
2-2,20=> =|z-2z,2,k=4,56,7
z-1,
-7, <0=>=7-7,=[z-z]e" = :|z—zk|%e%:—i|z—zk|7%,k:1,2,3,

-1,
1 3, LT 1
=, g L VTl
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()zed—>6

1
2-2,20=> L =|z-z,/2,k=34,56,7

z-1,
1-7,<0==7-7,=|2-7|e" = :|z—zk|7e%:—i|z—zk|7%,k:1,2
z-1,

1 6, o1 1
= (- _ 7 2d
jL%f(z) L( i) lk:yz 7| 2dz
(IV) zed4<--6
1 1
2-2,20=> =|z-z,/2,k=34,567
z-1,
. 1 Ciz 1
1-7,<0=>=1-7,=[z-7]e" = =lz—z]2e? =-i|z-z]2 k=12

=17,
1 4. t
I4<--6ﬁ :J.G (—l)Z]';!|Z—Zk| 2dz

(3)by the Lemma (1)
(I1)ze3—>4

math
arg(z-z,)=0=z-1, = \Jz-2,,k=4,56,7

math

arg(z—-z,)=-7=.z-7, =—J1-7,,k=123

—t(2) = - f(2)

() ze 3<---4 =3«4

math
arg(z—z,)=0=z-2, = \Jz-2,,k=4,56,7

math

arg(z-z,)=-7=z-2, =—J1-7,,k=123

= t(2) = - f(2)
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()zed—>6

math
arg(z-z,)=0=z-2, = \Jz-2,,k=34,56,7
math

arg(z-z,)=-7=z-7, =—J1-2,,k=12,

~ f(2) > f(2)

(IV) zed4<--6
f(z)|u :_f(Z)L

Consider z€e4«6

math
arg(z-z,)=0=z-2, = \Jz=2,,k=3,4,567

math

arg(z—-z,)=-7=2-7, == \Jz-7,k=12,
math
= f(z) = 1(2)

math

So f(z)|4<--6 = (Z)|4e6 =-1(2)

By (1) (2) (3)

1 31 _1 3 1 6 I 1
bfmdz_—ZJ‘_llkiyz—zd zdz+zj1 g|z—zk| zdz—ZJ.4 1;!|Z_Zk| 2dz

Now we discuss in general situation:

Compute J'%dz over a,b cycles for horizontal cut where f(z) = /H(z -7,),
k=1

Vk el...m ,wherez, >z, >...> z,
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1.a-cycle

Figure: 38:a-cycles for 2N points

By Cauchy theorem, we can get that

Now we consider the path by the Lemma I

Zy;_+ 7,; 'the path z,; — z,;, on (+) edge
Z2

.+ 7,, ,'the path z,; < z,;, on () edge

(1) consider z,; —z,,, on (+) edge
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math

arg(z-z,)=0 = \z-7, = \z-7, ,wherek=2],2j+1,.....,m

math

arg(z—z)=-n = Jz-7, =—\Jz—17, ,wherek=12,.....,2j-1

= 1) = (D) (2)=-1(2)

1 math i 1
So that —-—I

2211 f(z)  Ju f(2)

(2) consider z,; < z,,, on (-) edge
math
arg(z-z,)=0 = Jz-z, = \Jz-z, ,wherek=2},2j+1,....,m

math

arg(z—z,)=7 = \z-z, = \Jz-z, ,wherek=12,...,2j -1

~ f(2) = f(2)

l math

Zj 1
So that 2L;2r4?125 = Ith?zgg

So we have the conclusion

math

1 iy 1
Lt =4

2. b-cycle

(1) Give bj is a circle centered at x with radius r and enclosed

the[ZZN4,sz and intersect at the points on [22}4,sz]and [Z,54.0).
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- —

’ \
— ¥ _ — _ _
L - - —
+ L Lot Loy Z [+ 221—1 Z, +1, Z,+ 27,

Figure 39: b;-cycle for 2N-1 points

(2) Give bj is a circle centered at x with radius r and enclosed

the[ZZN_l,sz and intersect at the points on [sz_l,sz]and [Z,n0:Zon ]

- —

Ve N
/ N
_ ‘ _ _\
— S — T —Pp
ZZN + -1 ZZN—Z + ZZN—S i = sz—l Z4 + Zs Zz + Zl

Figure 40: b;-cycle for 2N points

If zeb, and z=x+re"” where 8 e[-7,0)U[27,37).

Note that f(z)|, =-f(2)|,

.[b 1 szo _ rie 40+ zszr _ rie 40
1 1(2) - X+re’ -z, ”Hm
k=1 k=1

:J-,O _ rie de—'[ﬁ _ rie' 4o
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3. Now we consider the equivalent path bj

J
J— 4. ____________________ — — —
L . - —  —p
+ ZZN 1 ZZN ) T ZZN 3 'sz + ZZj—l Z4 + Zs Zz + Zl
Figure 41: bf—cycle for 2N-1 points
J
J— 4. ____________________ » — —
— . - —  — — )
Zow T ZynaZow,t Ly, 'ZZj + ZZj—l e Z, 2 Z,+ 2,

Figure 42: bf-cycle for 2N points

By Cauchy Theorem, we know that

1 1
LJ f(2) :Ib’; f(2)

The path we must have two part to discuss.

(1) path on the cut is

Zye.y > Z,e,, » Wheres=J, j+1,.....,N -2 on the (+) edge in sheet — I
Zyo,p < Zys., » Wheres=j, j+1,.....,N —2 on the (-) edge in sheet —1II
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Now we use Lemma I to computation the question.

(I)z2€2y, + 2,
math
arg(z-2,)=0=z-7, = \z-7 k=2s+2,...,m

math

arg(z—z,)=-7=z-7, =—\1-z, k=12,...25+1

We have that

f(2) = (> (@) =1 (2)

(ii) zez,,, — 7,,, Iin the sheet-1l =zez,, , + 7, inthe sheet—1

2542 ——
math

arg(z-z,)=0=z-z = Jz-z, k=25+2,..,m

math

arg(z—z,)=-7=z2-2, =—J1-7, k=12,...25+1

We have that

f(2) = () H(D) == (2)

(2) no cut on the path is

Zyoq —> L, Wheres=J, j+1,.....,N -2 in sheet -1
Zyo, < Z,, , Wheres=J, j+1,....,N -2 in sheet—1II

Now we use Lemma I to computation the question.

(i)zez,,, > 2,

math

arg(z-z,)=0=z-7, = \z-7 k=2s+1...,m

math

arg(z—z,)=-7=z-2, =—\1-7, k=12,....25

We have that

f(2)'= () f(2)= £(2)
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(i1) 7€z, «--12,, because f(z)|, =—"f(2)|

S

So we consider z,.,, < Z,,

math

arg(z-z,)=0=z-7, = \z-7 k=2s+1...,m

math

arg(z—z,)=-7=z-2, =—\1-7, k=12,....25

We have that

(D)= - ()Pt (D) =-1(2)

(—1)52IZZS ﬁ|z - zk|';dz}

Zasi1 " g

_C}'
—h
—~
N =
~
Il
=4
| g
1
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3. The integrals of %over a, b cycles for vertical cut

First define that

re" 6 e {—37”%) where z e sheet-1

z-17, =
re'’ 0e [Es—ﬂj where z e sheet-II
2 2
Each sheet has “+” and” —” edge’ z,is the endpoint of the cut.
Example:

Take f(z)=+7

i0

z=|z|e" Qe[—s—”,zj = z:|z|%e7 ge[—:g—”,zj where z e 1

2 2 2 4 4

ig

z=|z]e” He[z,s—”j = z:|z|%e3 ge{z,s—ﬂ) where z e 11

2 2 2 4.4
A \/_ A
+ —

_§Z i //,R\\ /// z
2 2 e 4
A <
N e AL

4
zel
A \/— A

z | 2= T z
2[\ 2 (‘ 4
\\/ > " >

5z .7
o
zell

Figure 43:Example of f(z)=<JE
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Because 6,=6,+2x where 6 €1, 6,¢ell

i(6+27) i0,

6, 9
= f(z)|, =Vrez =Jre 2 =4re2e"=-1(z)|

Now we discuss the value different between theory and mathematic.

NN

S

z
2

Figure 44 : the value ofJz in theory and mathematic

We see that have the problem at 696[:%?5;—ﬂ},next we prove that how to

solve the problem .

Lemma 2 Take zel for the vertical cut .

Jz—-z, arg(z-z,) e(—ﬁ,%)
—Jz-12, mg(z—zk)e[—%;q—n}

Proof:

Take z-z, =re"

(1)96(—ﬂ,%] is OK.
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(2)when 6 e {—3?”,—4

In mathematic , it will regard as 6to 8+2x 3[—%,—7[}—)[%,%]&[1(1

rei = rel¢+27)

.0
Jre? theor
So that z-z, = y

.0 .0
— . I— .
Jre2e” = _Jre2 mathematic

math

=.z-7, =—71-1, where t9€|:—3?7[,—72':| .
Now we use the Lemma 2 to do some example .

Example 1: Evaluate the integrals of % over a, b cycles for vertical

cut . where f(z)=\/(z—i)(z—2i)(z—3i)(z—4i)(z—5i)(z—6i)
Let z, =ki k=1234,56

A A
61
Homo

5i /.

-\ .
a,f 41 a,” :
) i
31
TN P
21 a :
a, 3 -
i

Figure 45: a cycle and a homotopic path
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(1) zea' 2i>i Letz =ri,r =2 — 1 dz = idr
(1) theory z—ki=|z—kile™®*

. 3r - 3r
arg(z—l):—7:>arg Z—-i=-—

arg(z —ki) :—%:arg\/z—ki :—%,k =2..6

1 6 R - . 1
e Tlleal e e = [ea
k-1 k=1

(1) mathematic z—ki= |z - ki|ei"’"g“"‘i)

. T . T
arg(z—l):E:arg z-i==

arg(z — ki) = —% — arg/z — ki = —%,k =2..6

1 6 LA A 6 »
T~ Hlz-al2 e =]zl
=1

k=1

By (I)(II) we see that theory and math difference a “—7

= f (Z)|1 =—f (z)|math :

(IT) by the Lemma 2

math

arg(z—i):—%[:m/z—i = —Jz-i

arg(z—ki):—%:\/z—ki =Jz—ki ,k=2.6

()=~ f(2)
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(2) 1 ----» 21 Letz =ri,r=1— 2,dz = idr

(1) theory z—ki=|z—ki|e'™®*™*

. T . VA
arg(z—l):E:arg z-i==

ama—m):—%:msz—Hz—%k:ZNG

1 6 LA A 6 1
s =TTle-al e =] T
k=1 k=1

(1) mathematic z—ki= |z - ki|ei"’"g“"‘i)

. T . VA
arg(z—l):E:arg z-i==

ama—m):—%:msz—Hz—%k:ZNB

1 6 LA A P 4.
m:| [lz-z[2(*)Ee * ) =<]]|lz-z]2
k=1 k=1

= f(2)] = (2)|

math *

(IT) by the Lemma 2

math

arg(z—i):%:h/: =z-i

math

ama—knz—gchz—H::Jz—m,k:2m6

t(2)= £(2)

2 |
1 £ (ri)
=0+0. 8715631

dr

[ =2 ifri-ki[zdr = 2
a f(z) 1

48



(1) zea,” 4i—>3i Letz =ri,r=4 > 3,dz

( I )theory

z—ki =z —ki|e'*e
arg(z—ki):—%z:arg\/:=—37ﬁ,k:1,2,3

arg(z —ki) :—%:arg\/z—ki :—%,k =4,56

1 6 L 3n L A 6 L
mzlk_[|z—zk| 2(e * Y *)Y=-]]lz-z/2
=1

k=1

(1) mathematic z—ki= |z - ki|ei"’"g“"‘i)

arg(z—i):%:arg\/z—i :%,k:1,2,3

arg(z — ki) :—%:arg\/z—ki =—%,k =14,5,6

1 6 L E T 8 I
tom | LR K CRNCRIS b (S
k=1 k=1

= f(2)] = (2)|

math

(IT) by the Lemma 2

math

arg(z—ki):—%z:\/z—ki =—+z—-ki,k=12,3

math

arg(z—ki):—%:\/z—ki = Jz-ki , k=456

()=~ f(2)
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(2) 41 <4----31 Letz =ri,r =4« 3,dz =idr

( I )theory

z—ki =]z —ki|e"9

arg(z—ki):%:arg\/z—i :%,k=1,2,3

arg(z — ki) :—%:arg\/z—ki =—%,k =4,56

f@) =T T2z € e Y =T]lz-2f
k=1 k=1

(1) mathematic z—ki= |z - ki|ei"’"g“"‘i)

arg(z—ki):%:arg\/z—i :%,k=1,2,3

arg(z — ki) :—%:arg\/z—ki =—%,k =14,5,6

(@) =TT-2 € )= [Tl-3)
= £(2)], = 1 (2)

math

(IT) by the Lemma 2

math
arg(z—ki):%:\/z—ki = Jz—kik=123

math

arg(z—ki):—%:\/z—ki = Jz-ki , k=456

t(2)= £(2)

4
3 f(ri)
=0+1. 743131

dr

[ =2 ijri—ki| 7dr =2
wf(z) 93
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61

N
\ 51‘
AN
Y bi 41
I
|
/ 31
/
/ b¥ 2i
-
[ 1

Figure 46: b cycle and homotopic path b’

1.(I)theory zeb,” Letz =riyr =5 —>4,dz = idr
z—ki =z —ki|e'*e

. 37 - 3z
arg(z—kl):—7:>arg\/z—k| :_T’k:1’2’3’4

. T - T
arg(z—kl):—E:arg\/z—kl :_Z’k:5’6

6 1 3% 7 6 1
f2)=]]lz-z[2(e *)'(e *)=i]]|z-z]
k=1 k1

(I )mathematic zeb,”
z—ki =z —ki|e'*e
. T - T
arg(z—kl):E:arg\/z—kl :Z’k:1’2’3’4
. T - T
arg(z—kl):—E:arg\/z—kl :_Z’k:5’6
6 13 T 6 1
f2)=]]lz-z[2(e *)' (e *)=i]]lz-z]
k1 ket

= f(2)] = (2)|

math
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(IT) by the Lemma 2

math
arg(z-ki)= 7 =2k =z Kik=1234

math

arg(z—ki):—%:\/z—ki =Jz-ki , k=56

t(2)= £(2)

(2)we know that = f(z)|, =-f(2)|,

So we consider 4i—bHi
Letz =ri,r =5« 4,dz = idr

(I)theory zeb,” Letz =ri,r =5 « 4,dz = idr
z—ki =z —ki|e'*e
. 37 - 3z
arg(z—kl):—7:>arg\/z—k| :—T’k =12.34
. T " /4
arg(z—kl):—E:arg\/z—kl :_Z’k:5’6
6 13 T 6 1
f(2)=]]lz-zf2(e * ) *)*=i]]|z-z]
k=1 ke

6 1
= f (Z)|4W>5 =—f (Z)|4a5 = _ilk_:yz — & |E

(I )mathematic zeb,"Letz =ri,r =5 « 4,dz = idr

z—ki =]z —ki|e"9

arg(z—ki):%:arg\/z—ki :%,k:1,2,3,4

arg(z—ki):—%:arg\/z—ki :—%,k:S,G
6 13 T 6 1

f2)=]]lz-z[2(e *)' (e *)=i]]lz-z]
k=1 k=1

= f (Z)|theory - f (Z)|math
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(IT) by the Lemma 2

arg(z—ki)

math
2 =ik ki k=1234

math

arg(z—ki):—%:\/z—ki =Jz-ki , k=56

t(2)= £(2)

1
o

5. 6 . . 1 math 5 |
_ZLIH |ri —ki| 2dr = —2J‘4 dr = —1.48065

f(ri)

2. evaluate Lf%dz,take b’ =b, Ub;, Uby, Ub;, Ub;,

Where

by
b,
by
b

the path along vertical cut from 4i to 3i on (+)edge of sheet -1
the path along vertical cut from 3i to 4i on (—)edge of sheet-1II
the path along vertical cut from-3i to 2i on sheet-1I
the path along vertical-cut from 2i to 3i on sheet - II

(Db = By(4i531)

(2) b, =the path along vertical cut from-3i-to 4i on (+)edge of sheet-1

(1) theory Letz =ri,r =3 = 4,dz = idr

z—ki =]z —ki|e"9

arg(z—ki):—%z:arg\/z—ki :—%,k:1,2,3

arg(z —ki) :—%:arg\/z—ki :—%,k =4,5,6

6 1 3% 7 6 1
f@=]1lz-zl( *)E*)Y=-]]lz-zp
k=1 k=1
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(Il )mathematic Letz =ri,r =3 — 4,dz = idr
z—ki =z —ki|e'*e
arg(z—ki):%:arg\/z—ki :%,k:1,2,3

arg(z —ki) :—%:arg\/z—ki :—%,k =4,5,6

6 AR
f(z) :H|z—zk|% (e*)’(e +)’ :—f“z—zkﬁ
k=1

k=1

(I )by Lemma 2

math
arg(z—ki):%:\/z—ki = Jz—kik=123,

math

arg(z—ki):—%:\/z—ki = Jz-ki , k=456

(3) by, =the path along vertical cut from 3i to-2i.on (+)edge of sheet -1
(1) theory Letz =ri,r 23 = 2,dz = idr
z—ki =z —ki|e'*e
arg(z—ki):—%:argmz—%,k:1,2

arg(z — ki) :—%:arg\/z—ki =—%,k =3,4,5,6

6

6 1o3n A, 1 8 1
f@=]]l-zf( Y ) =[[lz-zle 2 =[]~z
k=1 k=1

k=1

(Il )mathematic Letz =ri,r =3 —> 2,dz = idr

z—ki =]z —ki|e"9

arg(z—ki):%:arg\/z—ki :%,kzl,Z

arg(z — ki) :—%:arg\/z—ki =—%,k =3,4,5,6

6 LAT4
f(2) :H|z—zk|% (e*)*(e *)* =—i1£[|z—zk|%
k=1 k1
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(I )by Lemma 2

math
arg(z-ki) = = 2K =z ki k=12,

math

arg(z—ki)z—%:x/z—ki =Jz-ki , k=34,56

t(2)= £(2)

(4) by, : we know that f(z)|ll =—f (Z)L’ so we consider that the path 2i — 3i

on sheet-1 .

(1) theory Letz =ri,r =3 « 2,dz = idr

z—ki =]z —ki|e"9

arg(z—ki):—%:arg\/z—ki =—‘¥,k=1,2

arg(z — ki) :—%:arg\/z—ki =—%,k ~3,4,5,6

6

6 1 A\, NGB 1 8 1
(@) =] [le-nf e Ry =TTlzrzle 2 = [12-z:
k=1 k=1

k=1

6 1
(@, = 1@, =122

(Il )mathematic Letz =ri,r =3 « 2,dz = idr

z—ki =]z —ki|e"9

arg(z—ki):%:arg\/z—ki :%,kzl,Z

arg(z — ki) :—%:arg\/z—ki =—%,k =3,4,5,6

f(z)= f[|z — zk|% (e%i)z(e%i)4 = —iﬁ|z - zk|%
1 1
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(I )by Lemma 2

math
arg(z-ki) = = 2K =z ki k=12,

math

arg(z—ki)z—%:x/z—ki =Jz-ki , k=34,56

ath

f (Z)|2i93i mith f(z)=f (Z)|bf4 =—f (Z)|2ia3i = f(2)

By (1) (2) (3) (4
1 0340 A 540 1
bfmz—ZlLl;yz—kﬂ 2dr—2|J.41|:!|z—k|| 2dr
=—2ij3L_dr—2i 1
2 f(ri) 4 f(ri)
=-2.9613

dr
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Now we give a more easier method to reduce the work process.

Take a example f(z)=4/(z—1)(z-2i)

Figure 47: the 6. area

1. zeA

JZoi = 2 harg(z—i) e [—3?”,—7;)

math

Jz-2i =—JZ—2LMMZ—ZD€(—%?rﬂj

— f(2) > f(2)

2. 2€B

JZi 2 arg(z—i) e (—3?”,—7;)

JZ—Zﬁth—ZmeZ—ZDE(ﬂ%—%j

= f(2) - f(2)
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3.2eC

JZoi = 2 =i arg(z—i) (—7[,—%)

math
Jz-2i =t\/z—2i,arg(z—2i)e(—;z,—%j
math
= f(2) = (2)
4. zeD,E,F

. VA
— — — math
arg(z I)e( 7Z',2j '_z—i:t oy
math

arg(z—2i)e(—n,%) Jz-2i = z-2i

= f(2) 2 f(2)

5. zZe+edge of 2i —>i

math

arg(z—i):-%z:h/ﬁ =/_ Kz

math

arg(z—2i):—%:\/z—ki = \Jz-2i

= (2= ()

6. ze—-edgeof i > 2i

math

arg(z—i):%:h/; =z-i

math

arg(z—2i):—%:>\/z—2i =Jz-2i

=122 1(2)

math | —f (z) where ze B or + edge of (i,2i
So that f(z)={ (2) © ge of (i.2i)

f(z) otherwise

Next ,we give a example to test the method .
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Example Compute J% and a,,a,,b,,b, cycle

Let

6
z,=1-3i, z,=1+3i, z;=-1, z,=1, z,=-1-3i, z;=-1+3iand f(z) = fH(z—zk)
k=1

z,=1+3i

A
a2
‘J

Z,=1=3i

Figure 48: a-cycle ‘and the equivalent path
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I maﬂdal a, Uay,

a;, = the path vertical cut from 2+2i —> 2-2i on (+) edge in sheet —1I
a,;, = the path vertical cut from 2—-2i — 2+2iin (-) edge of sheet—1I

(1) zea

Letz=2+ri,r=2—--2 dz=idr

JZ-12,47-1, = —Jz-72,41-1,
JZ-2547-2, = = JI-125471-1,
JZ—-Z\1-174 = = JZ—2Z\1—14

math

~ () - f(2)

1 math

) 1
Laﬁdz =, TN

(2) zea,

Letz=2+ri,r=-—2—-2 dz=idr

Ji-12,\z-1 math\/z—z Ji-1
Ji-124z-1, mith\/z—zs\/z—z
Ji-z4z-12 math\/z—z Jz-1

math

Ji-2,\1-1, = 11, \/z—z

= f(2) = 1(2)

math

j f(2) = [ e f(2+r|)

1 math 2 1 17 )
= [ —— =2 ———dr=1.04083x10"" +0.119738i
a f(z) 2 f(2+ri)
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1

and a; = 321 U azz U a;3 U a;4 U a;5 U a;es

2 % f(z)

[y

N

i

o

O O D 2 QD D
Mo Nk 0k Nox Now N ow

(2]

(1) zeay,

Letz=1+ri,r=3—>2 dz=idr

math

the path vertical cut from 1+ 2i
the path vertical cut from 1+ 2i
the path vertical cut from 1—2i
the path vertical cut from 1—2i
the path vertical cut from 1-3i

Ji-z\z1-17, = J1-2,\z1-1,

math

math

JZ-241—17, = —\J1-12,\J1-1,

Ji-z1-2, = \J1-2,\J1=7,

math

Ji-2,\1-1, = \J1-1,\1=1,

(2) zea,

Letz=1+ri,r=3«2 dz=idr

Ji-2,4z-1, m:h\/z—zl\/z—z2

math

Ji-z1-17, = 11,172,

math

Ji-z1-12, = \J1-2,\J1- 2,

math

Ji-2,\1-1, = \J1-1,\]z1-1,

= the path vertical cut from 1+3i — 1+ 2i on (+) edge in sheet -1

— 1+3iin (<) edge of sheet—1
— 1-2iin (+) edge of sheet—1I
— 1+2i in (-) edge of sheet—1I
— 1-3iin (+) edge of sheet—1
— 1-2iin (-) edge of sheet—1

= f(2) = - f(2)

~f(2) 2 f(2)
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(3) zeay,

Letz=1+ri,r=2—->-2 dz=idr

Ji-21-1, mith—,/z—zl,/z—z2
Ji-2,41-1, mith—,/z—zsﬂ/z—z4
Ji-z4z-1, mith\/z—zS\/z—z6

math

Ji-2,\1-1, = \J1-1,\]z1-1,

~ ()2 f(2)

(4) zea,

Letz=1+ri,r=2«-2 dz=idr

Ji-2,4z-1, mith\/z—zl\/z—z2
Ji-2.\1-12, mith—,/z—zy/z—z4
Ji-z4z-1, mith\/z—zS\/z—z6

math

Ji-2,\1-1, = \J1-1,\1=1,

= f(2) = - f(2)

(5) zeay,

Letz=1+ri,r=-2—--3 dz=idr

Ji-2,4z-1, mith\/z—zl\/z—z2
Ji-2.1-2, mith—,/z—zy/z—z4
Ji-z4z-1, mith\/z—zS\/z—z6

math

Ji-2,\1-1, = 11,11,

~ ()2 f(2)
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(6) zeay

Letz=1+ri, r=-2«-3 dz=idr

Ji-24z-1, m:h\/z—zl\/z—z2

Ji-24z-1, mith\/z—zs\/z—z4
h

Ji-z4z-1, = Ji-zz-1,

math

Ji-2,\1-1, = \J1-1,\z1-1,

By (1)(2)(3)(4)(5)(6)

1 math

] L | P
% f(2) 2 f(1—ri) 2 f(1-ri)

1 * * *
3. I .——anda, =a, Ua,,
a3

f(2)

~f(2) 2 f(2)

2[*—' dr=0-0.103156i

s f(1—ri)

{a; = the path vertical cut fromi-» —ion'(+)edge in sheet —1I

a,, = the path vertical cut from <i—i-on (~) edge in sheet —1I

(1) zeay

Letz=ri,r=1—->-1 dz=idr

JZ-2,41-12, mith—,/z—zl,/z—z2
JZ—2342—-12, mith—,/z—zs,/z—z4
math

NZ—ZgA\Z2—Z5 = —\|Z1— 11— L,

math

Ji-2,\1-12, = 11,11,

63
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(2) zeay,

Letz=ri,r=1«-1 dz=idr

,/Z—ZP/Z— 2 mith—‘/Z—Zl,/Z—Z2
math

NZ-241-17, =—\J1-17,\J1-1,

Ji-z4z-1, mith\/z—zS\/z—z6

math

Ji-2,\1-1, = \J1-1,\]z1-1,

~ ()2 f(2)

1 math 1

= [ =2 L dr——1.73472x10% + 0.227188i
$f(z) 3 f(ri)

Next we evaluate the b-cycle .
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Figure 49: the b-cycles
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Evaluate L* %

A
-1+31 1431
+ - 2+21
- 1
/
+ - +1— —
-1
v 2-21
-1-31 1-31

Figure«b0: the path.of b:

b,, = the path horizontal line' from i — —1+ion-sheet—1II

b,, = the path horizontal line“from —=1+i = i on sheet—1I

b,, = the path vertical cut from <1+i-—-=1~iin (+) edge of sheet—I

b,, = the path vertical cut from —1—i — —1+iin (=) edge of sheet—1I

b,; = the path vertical cut from —1-i — —1-2iin (+) edge of sheet—1I
b, = the path vertical cut from —1-2i — —1—i in (=) edge of sheet —1I

b,, = the path vertical cut from —1-2i — —1-3i in (+) edge of sheet—1I

b,, = the path vertical cut from —1-3i — —1-2i in (=) edge of sheet—1I

(1)zeby Letz=r+i,r=-1-0 dz=dr

,/Z—Zl‘/Z—ZZ mith—‘/Z—Zl,/Z—Z2
math

JZ-242-2, =—\J1—2,\1-1,

Ji-z4z-1, mith\/z—zm/z—z6

math

Ji-2,\1-1, = 11,11,

~ ()2 f(2)
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(2) zeb, (141 €— 1 ) Letz=r+i,r=-1«0 dz=dr

Since f(2)|,=-f(2)|,,we consider —1+i«i

JZ-12,41-12, mith—,/z—zl,/z—z2
math

Ji-z4z-1, m:h\/z—zS\/z—z6

math

Ji-2,\1-1, = 11,11,

~ ()2 f(2)

1 1 I
*| e Tg = ratm b Trap™

(3) zeb;, Letz=-1+ri,r=1->-1 dz=dr

JZ-17,41-1, mith—,/z—zl,/z—z2
th

JZ-1723471-1, Eh—,/z—zy/z—z4

NZ—2Z\1—25 = —\J1—125.\J1= 2,

math

NLZ— A1y = —\1— 17,4114

)2 ()

(4) zeb;,, Letz=-1+ri, r=1«-1dz=idr

JZ-12,41-12, mith—,/z—zl,/z—z2
JZI-12341-12, mith—,/z—zs,/z—z4
math

math

Ji-2,\1-1, = 11,11,

~ ()2 f(2)

67



(5) zeby Letz=-1+ri,r=-1—--2 dz=idr

JZ-2,\1-1, mith—,/z—zl,/z—z2
math

NZ-2\1-17, =—\J1-17;\J1-1,

Ji-z4z-1, m:h\/z—zS\/z—z6

math

JZ-12,41—12 = —J1-2,\J1—1,

— t(2) =~ f(2)

(6) zeb;, Letz=-1+ri,r=-1«-2 dz=idr

JZ-7,\1-1, mith—,/z—zl,/z—z2
math

NZ-241-17, =—\J1-17;\J1-1,

Ji-z4z-1, m:h\/z—zS\/z—z6

math

Ji-2,\1-1, = \J1-1,\1-1,

~ 1) f(2)

(7) zeby,, Letz=-1+ri, r=-2—-3dz=idr

Ji-2,4z-1, mith\/z—zl\/z—z2
math

NZ-2\1-17, =—\J1-17;\J1-1,

Ji-z4z-1, m:h\/z—zS\/z—z6

math

NZ-2,\1-23 =—\J1-17,1-1,

~ ()2 f(2)

(8) zeb;, Letz=-1+ri, r=-2«-3 dz=idr

Ji-2,4z-1, mith\/z—zl\/z—z2
math

NZ-2\1-17, =—\J1-17;\J1-1,

Ji-z4z-1, m:h\/z—zS\/z—z6

math

Ji-2,\1-1, = \J1-1,\]1-1,

~ ()2 f(2)
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By (1) (2) (3) (4) (5) (6) (7) (8),

1 math 2 i 1 i 1 i 5 |
[de =2 drg L drag[ a2 _ar
5 f(z) o f(r+i) 1 f (=1+ri) 2 f(=1+ri) = f(=1+ri)

= 0.0944734 + 0.0000942992i
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Evaluate Lk %

Figure.51: the path.of b,

b,, = the path horizontal ling from = 1+i on sheet—1I

b,, = the path horizontal line from 1+i —i-on sheet —1II

b,, = the path vertical cut from 14-3i-—-1+2iin (+) edge of sheet—1II
b,, = the path vertical cut from 1+2i — 1+iin (+) edge of sheet—1I

b,s = the path vertical cut from 1+2i — 1+3i in (-) edge of sheet—1II

b, = the path vertical cut from 1+i — 1+ 2i in (=) edge of sheet—1I

(1)zeb,, Letz=r+i,r=0—->1 dz=dr

Ji-2\1-1, mith—,/z—zl,/z—z2
Ji-2,41-1, mith—,/z—zy/z—z4
Ji-z4z-1, mith\/z—zm/z—z6

math

Ji-2,\1-1, = 11,11,

~ ()2 f(2)
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(2) zeb, (i €—1+i )

Since f(2)|,=-f(2)|,we consider i<« 1+i

Letz=r+i,r=1—-0,dz=dr

Jzi-2,\1-71, mith—,/z—zl,/z—z2
Ji-2,41-1, mim—,/z—zsﬂ/z—z4
Ji-z4z-1, m:h\/z—zS\/z—z6

math

Ji-2,\1-1, = 11,11,

~ ()2 f(2)

1 1 o 1
P el DO el By

(3)
Because {(+)edge of sheet-II = (—)edge of sheet-I
(-)edge of sheet-1II = (+)edge of sheet-1
b,, =vertical cut from 1+3i.— 1+2iin(-)edge of sheet-I
b,, =vertical cut from 1+2i > 1+i-in (-) edge of sheet-1I
- b,s =vertical cut from 1+2i — 1+3iin (+) edge of sheet-I
b,s =vertical cut from1+i — 1+2iin (+) edge of sheet-I

Next , we consider all in sheet-1.

*

zeb,, Letz=1+ri,r=3—-2 dz=idr

Ji-2,4z-1, mith\/z—zl\/z—z2

Ji-24z-1, mith\/z—zs\/z—z4
h

Ji-z4z-1, = Ji-zz2-1,

math

Ji-2,\1-1, = \J1-1,\]z1-1,

~f(2) 2 f(2)
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(4) zeb,, Letz=1+ri,r=2-1dz=idr

Ji-21-12, mith—,/z—zl,/z—z2
Ji-124z-1, mith\/z—zs\/z—z4
Ji-z4z-1, mith\/z—zm/z—z6

math

Ji-2,\1-12, = \J1-1,\]1-1,

~ ()2 - f(2)

(5) zeb, Letz=1+ri,r=2—->3 dz=idr

Ji-2,z1-1, mith—,/z—zl,/z—z2
Ji-124z-1, mith\/z—zs\/z—z4
Ji-z4z-1, mith\/z—zm/z—z6

math

Ji-2,\1-1, = \J1-1,\]z1-1,

= t(2) = - f(2)

(6) zeby Letz=1+ri,r=1->2 dz=idr

JZ-7,\1-1, mith—,/z—zl,/z—z2
math

NZ-241-17, =—\J1-17;\J1-1,

Ji-z4z-1, m:h\/z—zS\/z—z6

math

Ji-2,\1-1, = \J1-1,\]1-1,

~ (1) 2 f(2)

By (1)---(6)

(e =2 a2’ —dre2[ ) dr-2[——ar
1) WA daf(den) A2 Tl s f(den)
1 1 3 2 i

1 BT R e S B e S A
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1 .
3. next evaluate jb;— and b, —cycle

f(2)
by =b; Ubj, U....Ubg

(1) zeb Letz=1+ri,r=1—-2 dz=idr

JZ-7,\1-1, mith—,/z—zl,/z—z2
math

NZ-241-17, = —\J1-7,\J7- 2,

Ji-z4z-1, m:h\/z—zS\/z—z6

math

Ji-2,\1-1, = 11,11

= f(2) = f(2)

(2) zeb, Letz=1+ri, r=1«-2 dz=idr

Ji-2,4z-1, mith\/z—zl\/z—z2
math

NZ-2\1-17, =—\J1-17;\J71-1,

Ji-z4z-1, m:h\/z—zS\/z—z6

math

Ji-2,\1-1, = 11,11,

= t(2) = - f(2)

73

b, = the path on a vertical cut from 1+i — 1-2i with (+)edge of sheet-1
b, = the path on a vertical cut from 1—2i — 1+i with (—)edge of sheet - |
b, = the path on a vertical cut from 1-2i — 1-3i with (+)edge of sheet- |
b, = the path on a vertical cut from 1-3i — 1-2i with (-)edge of sheet- |
b = the path on a horizontal line from 1+i — 2 +i on sheet - |

b, = the path on a horizontal line from 2+i—1+i on sheet- Il

b’, = the path on a vertical cut from 2+ 2i — 2+i with (+)edge of sheet- Il
b, = the path on a vertical cut from 2+i— 2+ 2i with (-)edge of sheet- Il



(3) zeb, Letz=1+ri,r=-2—->-3 dz=idr

Ji-2,4z-1, mith\/z—zl\/z—z2
Ji-2.\1-12, mim—,/z—zy/z—z4
Ji-z4z-1, m:h\/z—zS\/z—z6

math

Ji-2,\1-1, = 11,11,

~ ()2 f(2)

(4) zeb), Letz=1+ri, r=-3—>-2 dz=idr

Ji-2,4z-1, mith\/z—zl\/z—z2

Ji-124z-1, mith\/z—zs\/z—z4
h

Ji-z4z-1, = Ji-zz-1,

math

Ji-2,\1-1, = \J1-1,\]1-1

~f(2) 2 f(2)

(5) zebj Letz=r+i,r=152"dz=dr

Ji-2,z1-1, mith—,/z—zl,/z—z2
Ji-124z-1, mith\/z—zs\/z—z4
Ji-z4z-1, mith\/z—zm/z—z6

math

Ji-2,\1-1, = \J1-1,\]1-1,

~ ()2 f(2)
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(6) zeby since f(z)|,=-"f(2),

So we consider 2+i—>1+iel
Letz=r+i,r=2—->1 dz=dr

Jzi-2,1-1, mith—,/z—zl,/z—z2
Ji-24z-1, mith\/z—zs\/z—z4
Ji-z4z-1, mith\/z—zm/z—z6

math

Ji-2,\1-12, = \J1-1,\]1-1,

= 1), =~ f(2)

th

So that f(2)], =~ f(2) (1)

(M

{(+)edge of sheet-1II = (-)edge of sheet -1
Because

(-)edge of sheet-II = (+)edge of sheet- I

b, =vertical cut from 2+2i — 2+i in.(-) edge of sheet-I
=
b, =vertical cut from 2+i — 2+2i in (+) edge of sheet-1I

Next , we consider all in sheet-T.

zeb, Letz=2+ri,r=2—-1dz=idr

Ji-2,4z-1, mith\/z—zl\/z—z2

Ji-24z-1, mith\/z—zs\/z—z4
h

Ji-z4z-1, = Ji-zz-1,

math

Ji-2,\1-1, = \J1-1,\]z1-1,

~f(2) 2 f(2)
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(8) zeb, Letz=2+ri,r=2«1dz=idr

Ji-21-12, mith—,/z—zl,/z—z2
Ji-124z-1, mith\/z—zs\/z—z4
Ji-z4z-1, mith\/z—zm/z—z6

math

Ji-2,\1-12, = \J1-1,\]1-1,

~ () - f(2)
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Now we discuss the general situation.
Compute J'% over a*,b” for vertical cut where f(z)= H(z-zk) and
z k=1

z, =a,i a eR.

Figure b52: a-cycle and their equivalent path a*

1.a-cycle: The equivalent path

a, =the path on a vertical cut z,,, — z,;, with (+)edge of sheet-I

and Z,,, - z,;with (-)edge of sheet-I.

Now we use the Lemma to computation .

(idzez,, + Z

2j-1

math
arg(z - z,) = —37” = Jz-17 =-4z-1z where k =12,....2j-1

math

arg(Z—Zk)z—%:)\/Z—Zk = Jz -z, where k = 2j,....,m
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= f(2) mith(—l)“'1 f(z) = -f(2)

(11) AR ZZj~;ZZj—1

math

arg(z - z,) = —%: Jz-1z, = \z-1z where k =1,2,....2j-1

math

arg(z_zk):—%j\/z—zk = \/z—zk where kK = 2j3,....,m

= )2 ()
By (i)(ii) and Cauchy

1 1 math In(zy ) m i
Lj f(2) N L’; f(2) - 2I1m<zzjl>H 7 — 7 dr

k

2. b-cycle

l\DN
—
ERREEEEE
O
- *
b

—

Figure 53: bj and b? of 2N and 2N points
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Now we discuss the two part .
(1)The path on the cut.

Zysoo > Zys, » S=J,jJ+1...,N -2 on the (+) edge in sheet - I
Zysoo < Zys,y » S=J,J+1...,N -2 on the (-) edge in sheet - II

(1)Z € 2y, t 7,

math

arg(z - z,) = —% = Jz-1, = \z-1z where k

2st2,...,m
math
arg(z - z,) = —377[ = Jz-1z = -Jz-17 where k =1,2,...,2stl

S F@) = DR (D) = ~f(2)

=~

(i1) z € Zyy = 7,

math

arg(z - z,) = —% = Jz-17, = \z-1z where k

2s+2,...,m

math

arg(z - z,) :%:\/z—zk = Jz -1z, where k = 1,2,...,2st1

= ) = ()

(2)The path on no cuts.

ZZS+1_)225 ’ S=j,j+1,...,N—2 in sheet - 1
Zysy < Lo » S=J,jJ+1...,N -2 in sheet - 1II

(1)z € 2, > 2y,

math

arg(z - z,) = —%: \/z—zk = \/z—zk where k = 2st1,...,m

math

arg(z—zk)=—37ﬂ:> [z-2, = -z-2 where k =1,2,...,2s

S D) S (DR Q) = ()
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(i1) z € z,,<— 2, since f(2)|,=-f(2)

S 1°?

so we considerz € z,,, < Z,

math

arg(z - z,) = —%: Jz-1z, = \z-1z where k = 2sfl,...,m

math

arg(z—zk):—%{:h/z—zk = —Jz -1z where k =1,2,...,2s

S D) S (DR @) = Q@)

By (i)(ii) we have
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4 The integrals of %over a,b cycle for slant cut

Defnition : The cut with « means the slope of the straight line
m=tana,where O<a<r.

1. For the first example we take a=z.

7 )

v

Figiire 54: a=%

The same to the horizontal and vertical cut,we define the sheet- I and

sheet-1I first .

ig 4
Z=1re 9
96|: %'Tﬂj zell
g{_z z) QE[J_?T z)
. 4 4 7 2 8’ 8
=7z |z|e = z—|z|2e2
ge{ z 91) Qe[ z 9_7[)
4" 4 2 8 '8
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Now we to do the same work , discuss the dfference between the value in
theory and in Mathematica.

»
»

math

Figure 55:The value in sheet-1

JU
4\
z math
2
- - T
- _
- # 8
7 »
_Iz _z I
8 2
Figure 56: The valuelin sheet-1 and Mathematica

Since there have some problem iné e {—77”,—4

|z|e“9 0e —7—ﬁ,£ Oel
4 4
= 7= ;
|z| e'2m) e {%Tﬂj 6 € mathematic
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1,0
|Z|5€2 Qe[—z,zj 0el
7 = 2 8 8
1 (0v27) 0

ze 2 =- |z|% 02 0 e mathematic

math

T
NY RS arg(z-z,) e (—n,zj
Sothat Jz—-z, =

-JZ-1, arg(z—zk)e{—%,—ﬂ}

2. second we take the o = 2?” )

A
+ =
A\
\ 27
a=——
3,
i 27
Figure 57: the cut of a=?
Define that
‘96{_4_7[, 2—”j zel
i0 3 3
Z=re o g
‘96{ = ,—”j zell
3 3
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ge{f_ﬂ Z_H] Qe[_Z_ﬂ zj
» 3’ 3 19 2 3" 3
:>z:|z|e = z:|z|2e2
o] 2= 81) 2{ s 4_7rj
3 '3 2 3'3
T

I

Figure 58:The value in sheet-I'-and mathematica

Figure 59:The value in sheet-1 and mathematica



Since there have some problem iné e {—4?7[,—7:}

|z|ei‘9 He‘:—4—”,2—”j fel
3 3
—iE 27 8
|2e' @ ge {—ﬂ—ﬂj 0 e mathematic
3 3
1 ig
|Z|5€2 ge[—%,%j Oel
=z =
1 (0+27) 12 A 21 .
|z|2e 2 :—|z|2e2 ee[—?,?) 6 € mathematic

2
arg(z — -, —
g(z zk)e( T 3

math

JZ-12,
Sothat Jz—-z, =

-JZ-1, arg(z—zk)e[—%z,—zz}
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So that we give a conclusion .

Definition : The cut slope line m=tana where O<a<rx

Oela-2r,a) Oel

Define that z = re"
Oela,a+2r) Oell

Z € sheet —1 Z e sheet — 11
A A
+
a-2n—
\
&
Figure 60: The 1 and'II sheet
QG[Q—ZE gj
0 -2, 17z '
= z=|z|e" cla-27 a) = Jz=|7]2e? 2 2 2
Oela ,a+2r) Qe[g 0{+27r)
2 2 2
mal Z—17 arglz—z -7,
Sothat \/z—z, iy “ oz-z)e(-ma)
—JZ-12, arg(z-z,) e[a—2z,-x]
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math
T 1 /’
_ \

Figure 61:Example of

87

NN

math

a-2r

f(z) =z

NS,

v



Give an example

JL and a,b cycle
f(z)
Let

2,=3-i,2,= 4+(3-1)i, z, =2+i,2, = (2 +/3+2i), 2, =0, z, =2+2i,2, =i

A\
)

Figure 62: a-cycle and the equivalent path

1 i=afanfz
a, =4 +(\/§—1)i — 3—ion (+)edge of sheet—1I
a, = 4 +(\/§—1)i < 3-ion (-)edge of sheet—1
V3 1 3

* - 1 - -
1)z cLetz=3-i+r(=+—1),r=2-0,dz=(=+—1i)dr
Dzea, (2 > ) - (2 > )
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math

arg(z—zl)=—5?7r:>\/z—zl =-Jz-1

math

math
arg(z—zz):—%[:>\/z—z2 = Jz-1, :>f(z):t—f(z)

math

arg(z—z,) e(-m,7) = \z-2, = \J1-2,,k=3,4,56,7

1 3.
1 math 0 a7t |
o=k 212 N
2 1) f@-i+G+50n)

NE 1 3

* - 1 - -
2) z cLetz=3—-i+r(=+—1i) ,r=2«0,dz=(=+—i)dr
(2) zeay, (2 > ) <« (2 > )

math

arg(z—zl)=%:>\/z—z1 = Jz-1,

math

math
arg(z—zz):—%[:>\/z—z2 = Jz-1, :>f(z):t f(2)

math

arg(z—z,) e (—7,m) = \J1-7,-= Jz-2,,k=345,6,7

I = 2+ 2 dr
ar, 0
t(2) f(3—i+(;+*/2§i)r)

By (1)(2)
V3

1 .
1 math <2 §+7| .
= *—zzj dr =-0.226932 +0.0125601i
a f(z) 0 o1 43,
f(3—|+(§+7|)r)
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2. a, =3, U ay,

a, = (2+~/3)+2i — 2+ion (+)edge of sheet—1
a,, = (2++/3)+2i < 2+ion (-)edge of sheet—1I

NE NE

. . 3 1 1.
1) zea, : Letz=2+1))+(—+)r ,r=2—->0,dz=(—+=1)dr
(1) zeay (2+1) (2 2) (2 2)

math

arg(z—zQa[—%,—z}:Jz—zl =—-4z-12,k=12

math
arg(z —z,) Z—%:h/z—z3 =—\z-1,

math

arg(z—z4):—5§:>\/z—z4 = z-1,

math

arg(z-z,) e (-7,7) = \Jz2-2, = \J1-2,,k=56,7

= f(2) = - f(2)

V31,
1 math 0 + 1
*—z—J‘ 2 2 dr
s f(z) 2 N

f(2+i+(7+§i)r)

& Ja

. . 3 1 1.
2) zea,: Letz=2+1)+(—+2)r, r=2<«0,dz=(—+=1)dr
(2) zeay, (2+1) (2 2) (2 2)

math

arg(z—zk)e{—%,—z}:w/z—zl et @k =1,2

math

math
arg(z—zs):%:\/z—z3 = Jz-1, :>f(z)=t f(2)

math

arg(z—z,) e (—m,m) = 21—z, = \J1-2,,k=4,56,7

V3

J. 1 math 5

= dr
22 f(Z) 0

1.
—1
2
J3 o1

f(2+i+(7+5i)r)

3

J. 1 math2 P 5

St o NE

f(2+i+(2+;i)r)

1.
+i
2 dr =—-0.0584232 + 0.842766i
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3. a; = 3;1 Ua;z U.... Ua;e

a, =2+2i—1+ion (+)edge of sheet- 1

al, =1+i - (v/3-1)+(+/3—-1)i on (+)edge of sheet- |
Ay = (+/3-1) +(v/3-1)i > 0 on (+)edge of sheet- |
a;, = (v/3-1) +(/3-1)i « 0 on (-)edge of sheet- |
) =1+i <« (3-1)+(+/3-1)i on (-)edge of sheet- |
a,, =2+ 2i <« 1+ion (-)edge of sheet- |

(1) zeay Letz_(\/_ \/_l)r r=2v2-2 dz_(\/_ \/_l)dr
arg(z-z,) e [—— —7[}: z—zkmath z-17,,k=12
arg(z—z4)e{ }:n/z—z = —-Jz-1,
arg(z—zS)_——:>,/z—z g =JZ=1 :>f(z)

math

arg(z—ze)z—%:\/z—z Jz-1

math

arg(z—z,) e (~7,7m) = 21— 2, = \Jz=2,k=3,7

:>I Lmathjﬂ/— (\/7 \/7 )
R (G f')r)
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(2) zeay, Letz= r, r=v2 >2(3-1) dz= i)dr

A A

math
arg(z-z,) e [—— —7[}: 1-7, =—z-17,,k=12

math
arg(z—zs)_——:n/z—z =—Jz-
math

arg(z—ze):—%:\/z—z J1-1

= f(2) = - f(2)

math

arg(z—z,) e(—m,m) = \z-2, = \/z z,,k=34,7

1 math < 2({3-1) (\/7 \/7

= RN
“1@) f((e 5 fn)r)

) zeal Letz—(\/_ \/_l)r r=~2(3-1) -0 dz—(\/_ \/_I)dr
arg(z—-z)) e {—— —7Z':|:>‘/Z—Z mith JZ—
arg(z—zs)_——:m/z—z mith JZ—

:>f(z) f(z)

math

arg(z—ze):—?’?:\/z—z 2=,

math

arg(z—z,) e (—m,m) = \z1-2, = \J7=7,,k=2,3,4,7

N mathJ. (\/7 \/7 )
a f(z) V205 f((\/_ \/_I)I’)
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(4) zea, Letz= r, r=v2(\3-1)«0 dz= i)dr

A SR

arg(z—-z) e {—— —7Z':|:>‘/Z—Z =—Jz-1,

math

arg(z—zs)_—:>\/z—z = Jz-1

math
= f(z) =-f(2)
math

arg(z—ze):—?’?:\/z—z Jz-1

math

arg(z—z,) e(~m,m) = \z1-2, = \/z z,,k=2,3,4,7

N 1 math IJ—(J— 1) (\/7 \/7
S g+ fn)r)

(5) zeay Letz= D r=v2R3-1)>+2 dz= i)dr

SR A

arg(z—zl)e{—— —ﬂ}:h/Z— =—.z—

arg(z—zz)e{—— —n} = |z-1, = =—\J1-1, = f(z)mihf(z)

math

arg(z—z,) e (~7,m) = 1 -7, = \Jz-2,,k=3,45,6,7

N 1 mathJ, (\/7 \/7)
as f(z) V2(+/3- l)f((\/_ \/—I)I’)
(6) zeay Letz_(\/_ \/_I)I’ r=v2-22 dz—(\/_ \/_I)dl’

math

arg(z—zl)e{—— —7z:|:>‘/z—z =—Jz—

math

arg(z—zz)e[—— —n}:ﬁ/z—z -JZ-1,
arg(z—zs)e{ } =.\z-1, mith JZ-1,

math

arg(z-z,) e (-, m)=>\z-17, = \J1-2,,k=4,567

~ ()2 - f(2)
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(=4 i)
:>I Lmith_J‘Zﬁ \/E \/E dr
SO e in

So we have

L1y (Ll L,y
RN N RN R RN LR N
& f(z) ZL 1 1. dr+2jﬁw§4) 1 1. dr -2 V2 1 1. dr
f((ﬁﬁLﬁ')r) f((ﬁJfﬁl)r) f((ﬁﬁLﬁ')r)

Figure 63: The path b-cycle
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1 bs* = b;1Ub;2 U"--Ub;s

v

Figure 64 : the path of b,

b,, = slant cut from (—%—%i) — =1 on (+)edge of sheet —1I
. 1 1. .
b;, =slant cut from (—E—EI) « —1'on (-)edge of sheet—1I

b,, =slant line from (—%—%i) — 0 on sheet -1

b,, =slant cut from 0 — (2+2i) on (-)edge of sheet—II
b, =slant cut from 0« (2+2i) on (+)edge of sheet—1II

b,s = slant line from (—%—%i) <0 on sheet—1I

1

(=+
NN

(LD)zeby Letz = —0,dz= i)dr

oLy r=L
2 27 2

arg(z—z,) e[—%,—yz}:‘/z—zl =—-\z-1

math

math
arg(z—z)z—s—ﬁ: 1-72, =—471-1 :>f(z):t f(2)
7 4 7 7

math
arg(z—-z,) e(-7,7)=>\z1-2, = \J1-2,,k=2,3,4,56
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(- i)
1 math .o \/E \/E dr
w (@) % 5 (i —\/1§+\/1§i)r)

) zeb, Letz ——i +(%+%i)r —% _ T Tl)dr

arg(z—zl)e[—— —ﬁ}:m/ —z7, =—\Jz2—

math

arg(z—z7)=37”:>\/z—z Ji-1 = f(z)mith— f(2)

math
arg(z—z,) e(-7,7)=>\z1-2, = \J1-2,,k=2,3,4,56

math — (_i—l—il)
j I I dr
bszf(z) e |+(—T \/—I)I’)

1 1. 1
($+$|)r,r=—$—>o,dz—(\/— \/—

arg(z—zl)e[—— —ﬁ}:m/z— N

math

math
arg(z—zk):—377[:>\/z—zk Jz-17,,k=56 = f(z) = - f(2)

(3) zeh, Letz= i)dr

arg(z—z,) e (~7,7) = |z -2, = Jz-17,,k=234,7

N P i L
bss f(Z) NA f((—T \/—I)r)

" b,, = slant cut 0 — 2 + 2i on (+) edge of sheet-I
b, = slant cut 2+2i — 0 on (-) edge of sheet-I

[ e[
by, Ubss f (Z) % f(z)
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()ze b;;
Because f(z)|, =-f(2)],
. 1 1.
So we consider the path 0 — (_E_EI) on sheet—1

Letz= r,r=0—-- dz =

A G

arg(z— zl)e[—— —ﬁ}:m/z 7, =—4z1-

math

math
arg(z—zk):—37:>\/z—zk Jz-17,,k=56 = f(z) = - f(2)

i)dr

arg(z—zk)e(—7z,7z):>\/z—zk = \/z—zk,k =2,3,4,7

- 1 math Io (\/7 \/’) _ % (\/’ \/’)
5t ff((} fn °f«f f"”

By (1)(2)(3)(4)(5)

o i) 1S
[T f f dr-+ | f f ar—[ .~

s f(z) s 1 0 5 1(2)
f(—i+ (f f )r) f((f fl)r)
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* * * * * * * * * * *
2. b2 = a32 v b21 Y b22 Y b23 Y b24 Y b31 Y b32 o b34 Y b35 Y b36

A

v

Figure 65 _: The path of b,

b,, = vertical line 2+ 2i — 2+ i-on sheet-1

b,, =slant cut 2+i— (2+\/§)+2i on (=)edge of ‘sheet - 11
by, = slant cut (2+\@)+2i — 2+ion (+)edge of sheet-II
b,, = vertical line 2+i — 2+ 2i on'sheet+1I

(1) zeb, Letz =2 +ri,r=2—1 dz = idr

math

arg(z—zk)e[—%,—z}:w/z—zk =-z-7,k=12

math math
arg(z—zk)e[—%,—ﬂ}:«/z—zk =—\z-7,,k=34= f(2) = f(2)

math

arg(z—z,) e(-m,m) = \z-2, = \J1-2,,k=5/6,7

1o

1
Lzl f(2) -, f(2+ri)dr
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@ b,, = slant cut from 2+i — (2 +\/§)+2i on (+)edge of sheet—1
by, = slant cut from(2 + \/§) +2i —>2+1ion (—)edge of sheet—1

o P .
b Ub: £ (2) % f(2)

(3) zeb;, sinceweknow f(z)|,=-f(2)|,

We consider the path 2+1i — 2+ 2i on sheet — 1
Letz =2+ri,r=1-2 dz = idr
math

arg(z—zk)e[—%,—ﬂ}:w/z—zk =-yz-7,k=12

math

math
arg(z—zk)e[—%,—ﬁ}:ﬁ/z—zk =—-\z-7,,k=34 = f(2) “ f(2)

math

arg(z—z,) e(-m,7) = \z-2, = \J1-2,,k=56,7

1 2
Ib; f(2) - f(2+ri)dr

By (1)(2)(3) we have
3

1.
1 1 2 | 2 7 EI
_ 2 dr+2 d
L;f(z) L;f(z)Jr | fer) h f(2+i+(@+1i)r) r
2 2

99



3-b:=b;1Ub;2Ub;Ub;4 Ub;Ub;lUb;Ub;B

b/, = horizontal line from —i — 3—i on sheet -1

b/, = slant cut from 3—i —»> 4+ (\/§—1)i on (+)edge of sheet—1I
by, = slant line from 4+ (v/3 —1)i — (3++/3) + 2i on sheet —II
by, = horizontal line from (3++/3) +2i — 2+/3 +2i on sheet —1I
by, = horizontal line from 2+/3 +2i — 2+ 2i on sheet —II

Figure 66: the path of b/

(1)zeb, Letz=r-i,r=0->3, dz=dr

math

arg(z-z)=-7=.1-2, = - J1-1

F) == f(2)

math

arg(z-z) e(-m,7)=>\1-2, = Jz-7, k=23456,7

1 3 1
=ltm= o™
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* * 1 1
()b, =-a, = Ibfzﬁ - _Iaflm

(3) zeby, sincewe know f(z)| =-f(z)],

So we consider —i — 3—i on sheet —1

V3 1 43

Let z = (3—i)+(%+73i)r, r=2-23and dz =(§+7i)dr

math

arg(z—zk):—%:ﬁ/z—zk =—-\z-17,,k=12

math

arg(z-z,) e (-7, m) =217, = \J1-2, k=3,4,56,7

f)= £ (2)

[ 272
A A f(3—i+(;+\/2§i)r)

(4) zeb;, sinceweknow f(2)/==F(2)|

So we consider (3++/3)+2i —3 (2 ++/3)+2i on sheet—1I

letz=r+2i, r:3+\/§—>2+\/§,dz:dr

math

3 f(z) = f(2)

math

arg(z—z,) e(-m,7)=>\z-2, = \Jz-2, ,k=34,56,7

1 243 1
—=— —————dr
b f(2) 33 f (r+2i)

(5) zeby sincewe know f(z)| =-f(z)],

So we consider the path horizontal line 2++/3+2i > 2+2ion sheet-1I

letz=r+2i, r:2+\/§—>2, dz =dr
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math

arg(z—zk):[—%,—n}:w/z—zk =-z-7,k=12

math

math

arg(z—z,) e(-m,m) = \z-2, = \Jz-2, k=567

1 2 1

——=— —d
Ibfs f(z2) 23 f(r+2i) '

So by (2)...(5)

1 —+—i

1 1 2 92

1 : 2
I - —dr —
J.bl f(z) 2% f(2) IO f(r—i IO f(3—i+(§+7i)r)

2+3 1 2 1
- —Qar — 4_dr
35 f(re2i)  J25 f(re2i)

102

dr —
1 3

arg(z—zk):[—%,—ﬁ}:\/z—zk =-Jz-7,k=34 f(z)mith f(2)

23 PR

dr

2 1 \/§

f@-i+(+5 0N



Similarly now we give a more easier method to reduce the work process.
We divided C by many blocks to discuss the slant cuts.

y= Im(zz)

y= Im(zl)

Figure 67: The 6 blocks of a:%

1. For the first example we take a=%.andf(z) (z-2)(z-12,)

math

arg(z—-z,) e[—%,—n}:,/z— L =—\Z-7

math

(Dze(A): - = f(2) = f(2)
arg(z -z,) e{—%,—n}:ﬁ/z—zz =—Jz-1,
arg(z-z,) e{—z,—z}:ﬁ/z—zlmith—,/z—zl math

2) ze(B): 4 = f(2) =-1(2)

math

arg(z-z,) e(-7,7) =\1-1z, = J1-1,

arg(z-z) e(-z,7)=\z-1, mith\/z -7,
math

arg(z-2,) e(-x,7) =212, = \J1-1,

(3) ze(C)D)E)F): = 1@ 1)
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(4) z  (+) edge of sheet- |

arg(z-z,) :—%[:N/z—zl

math

:_VZ_Zl math

N - = f(z) =-1(2)
arg(z —z,) :—T:\/z—z2 = Jz-1,
(5) ze(-)edge of sheet- I
math
arg(z_zl) :%:)\/Z—Zl = \/Z_Zl math
= f(z2) = f(2)

math

arg(z —z,) :—37”:\/2—22 = Jz-1,

So that the conclusion

f(z)mith —f(z) whereze(B)Uze(+)of sheet -1
C 1 f(2) otherwise
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2. For the second example we take a=2?ﬁ.and f(2){(z-2)(z-1,)

(A
y= |m(22)
(B) (E)
- Im(z,)
©

Figure68 : The 6 blocks. of a:%[

math
arg(z—-z,) e[ }: -7, = : -JZ-1

math

(1) ze(A): - = f(z2) = f(2)
arg(z-z,) e{ }: 1-2, =—\Jz-1,
arg(z-z,) e[—— —ﬁ}:m/z lmith JZ—

(2) ze(B): :>f(z)_—f(z)

math

arg(z-z,) e(-m,x) =.1-12, = z-

arg(z—1z,) AN mith\/z

math

arg(z-2,) (-7, 7)=>Jz2-12, = \J1-71,

= f(2) 2 f(2)

(3)ze (C)D)(E)F): {
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(4) ze(+)edge of sheet- I

arg(z—-z,) :—4?”:‘/2—21

math

=_VZ_21 math

- - = f(z2) =-1(2)
arg(z —z,) :—§:>\/z—z2 = z-1,
(5) z e (-)edge of sheet- I
2 math
arg(z_zl) :?ﬂ::\/z_zl = \/Z_Zl math
= f(z2) = f(2)

math

arg(z —z,) :—%:>\/z—z2 = z-1,

So that we have the conclusion

f(z)mith —f(z) whereze(B)Uze(+)of sheet—I
C 1 f(2) otherwise
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Now we discuss the general of this special case: for any slant cut which
has slopem = tana ,0< a < 7.

For f(z) = /H (z-2) , where z,. = X+ Y,i.
k=1

For case 1 : m=2N-1

(B,y)

(B,y)

(B,

Figure 69: m=2N-1 for slant cuts
B) ={xy:(xy eCandy<y]
(B) ={(xy):(xy) eCandy <y<y,
(Bz,-) = {(x, y) : (x,y) € C and Yoj g S Y < yzj}
(Byj,) = {(X, y):(x,y)eCandy, <y< yzm}
By D) = {6y : (xy) e Cand Yy, <Y< Yy,
(Byy) ={(x,y) : (x,y) € C and y,,, <y}
G) = {(x, y): (x,y) e R\ C}
L : {(x, y):y-y, = tan a(x - X1>}
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math

NDze@):arg(z-2z2) e (-, 1) = \/z -7, = \/z -z,
k=123...,2N -1

~ () = ()

(2)

B) arg(z -z) € (a - 27,-7w] = Jz -7, =- /1 -1,
z e (B :

math

arg(z-z) e (-m,m) = {Jz-17, = Jz-7, k=2,..2N -1

~ f(2) = f(2)

(3)

math

arg(z -z) e (@ 2rx,-wl=> Jz-7, =-z-2z k=12,...2j-1

math

arg(z-z) e Cma) = Jz-zo=z-7, k=2j,..2N -1

S D) S D) = ()

Z e (sz) :

(4)

math

arg(z - z,) € (a - 27,-7] = \/z—zk :—\/z—zk k=12...2]

z e (B, :

math

arg(z -z,) € (-7, 7) = \/z—zk = \/z—zk k =2j+,..2N -1

S @) S (D) = F2)

math

®) ze@G):arg(z-7) e (-m,71) = \/z— Z, = \/z— Z,
k=123...,2N -1

math
= f(z2) = f(2)
(6)If zeL:y-y =tana(x-Xx)
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(i)  The path on no cuts:z e LN{(x,y) : y < y}:

math

arg(z—zk):a—zz:\/z—zk :\/z—zk

~ () = ()

(ii) The path on no cuts: z € Lﬂ{(x, Yy, £y< ym} j=L2...,N -1

math

arg(z-z)=a-27n = Jz-7, =-\z-27, k=12,...2]

math

arg(z—zk):a—n:\/z—zk :\/z—zk k=2j+1...,2N -1

S @) 2D Q) = fQ2)

(iii) The path on the cut:

ze LN{OGY) 1y, <Y< ¥ on (+) edge where j = 1,2...,N -1

math

arg(z-z)=a -27n = Jz-7, =-\yz =2, k =12,...2j -1

math

arg(z-z)=a-7=\1-17, = \z1-17 k=2j,...,2N -1

S Q) S )P @) = Q@)

(iiii) The path on the cut: z e LN{(X ¥ : Y,y <y} on (+) edge

math

arg(z-z)=a-27n = Jz-7, =-\z-7, k=12,...2N -1

S D) =DM D) = (@)
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(v)The path on the cut:

ze LN{OGY) Yy, <Y <y,| on(-) edge where j =1,2...,N -1

math
arg(z -z,) = « = \Jz-2z =4z-2 k=12,...2j-1

math

arg(z-z)=a-7 = \1-17, = \1-12 k=2j,...,2N -1

= ) = ()

(vi) The path on the cut: z e LN{(X Y : Y,y <y} on (-) edge

math

arg(z-z)=a = Jz-1z, = Jz-z k=12...2N -1

= ) = ()

When m=2N-1 the conclusion

N =

N-1
-f(2) if z e U B,, U {z el U{(x, y) : Yoj 0 Y < yzj} on (+) edge}

=1 =1

_

math

f(z) = U {z e LU{GY) : Yy <y} o (9 edge}

f(z) otherwise
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For case I : m=2N

(Byniy)

ZZN
(B,y) 4 —
B,
(ng) A sz (G)

(B,

(B)

Figure 70: m=2N for slant cuts
Note that

(B) ={xy:(xy eCandy<y]}

(B) ={(x,y):(xy)eCandy <y<y,

(B,,) = {(x, Yy eCandy, , <y<y,}
(By,) = {06y 1 (xy) e C and y,; <y <y}
By ) ={xy): (xy) eCand y,, <Y< Yy,
(Byy) ={(xy) : (x,y) € C and Y,y | <y < ¥y}
(Byy,) = {(xy) : (x,y) € C and y,, <y}

(G) = {(x,y): (x,y) e R\ C}

L:{xy :y-y =tanalx - x)}
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(1) z € (B)(B,) the same to the m = 2N -1

()

arg(z-z)e(a-2n,-w] = Jz-2, =-Jz-7 . k=12,...2] -1

math

arg(z - z) € (-z,m) = 1 -z, = Jz-17 k =2j,..2N

z e (B :

S @) S CDP D) = Q@)

(3)

math

arg(z - z,) € (a - 27,-7] = \/z—zk :—\/z—zk k=12...2]

z e (B, :

math

arg(z -z,) € (-7, 7) = \/z -7, = \/z -z k=2jt+,..2N

S @) 2D @) = F2)

(4)

z e (By,) rarg(z-27) ela~27,-7l=\Jz-7, =-z-7 k=12,...2N

= D) 2 DY@ = )

math

5) ze(G):arg(z-2z) € (-7, 7) = \/z— z, = \/z— Z,
k=123,...,2N

~ () = ()

@) If zelL:y-y =tanalx-x)

(i)The path on no cuts:z e LN{(x,y):y < y}:

math

arg(z-2) =a -7 = \z-1 :\/z—zk

~ ) = ()
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(ii) The path on no cuts:z € L {(X, Y) i Yy Sy < y2j+1}

math
arg(z—zk):a—Zﬂ':),’Z—Zk :_"Z_Zk k :1,2,...2j

math

arg(z—zk):05—7r:>\/z—zk :\/z—zk k=2j+1...,2N

S @) 2D @) = F2)

(iii) The path on the cut: z e LN{(X, y) : Y, < Y}

math

arg(z-z)=a-27n = Jz-7, =-\z-7  k=12,...2N

S D) 2 (DM () = (@)

(i1i1)The path on the cut:

2 e LN{(6Y) : ¥y, <Y< Yy} on (+) edge where j = 1,2..., N

math

arg(z-z)=a-27n = Jz-z, =-\z =2, k =12,...2j -1

math

arg(z-z)=a-=x :>\/z—zk = \/z—zk k =2j,...,2N

math .
= f(2) =C-D""'f(2) = -f(2)
(v) The path on the cut:
2 e LN{(6Y) : ¥y, <Y <Yy} on (-) edge where j = 1,2...,N

math

arg(z - z,) = a = Jz-7 = z1-27 k=12...2j-1

math

arg(z-z)=a-=x :>\/z—zk = \/z—zk k =2J,...,2N

~ ) = ()
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When m=2N the conclusion

N N-1
-f(2) if z e Usz U {z € LU{(X, y) : Yoj 1 S Y < ij}on (+) edge}
1

i= j=1

math

f(z) =

f(z) otherwise
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Example:

Figure T71: The cut of f(z)

Evaluate I% and a,b—cycle

let f(2) = \/(z —4+)(z-4-1)(z2-2)(z=D(z=0)(z=1-1)(z-1)(z-2i)

Figure72 :The cut of f(z) in complex plane
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1. Zea'lza;:azluafz

a,, = vertical cut from 4+i— 4—i on (+)edge of sheet—1I
a,, = vertical cut from 4—i— 4 +i on (-)edge of sheet—1I

(1)zea, Letz=4+ri ,r=1—-1, dz=idr

Jz-72,\1-71, = ~Jz-71-1,
Ji-24z-1, math\/z—z Ji-1,
Ji-z4z-12 math\/z—z Jz-1
Ji-12,\z1-1, math\/z—z \/z—z
1 math -1 1
[ L L g
wf(z) N f@+n)

F2) = - f(2)

(2) zea, Letz=4+ri ,r=1«<1-dz=idr

Ji-12,\z-1 math\/z—z Ji-2

Ji-124z-1, math\/z—zs\/ =

Ji-z4z-1, math\/z—z Jzi-1
math

Jzi-1, \/z—z \/z—z \/z—z

math

= -
f(z) lf(4+r|)

L2 2 (2)

math

alﬁ_ [, f(4+ ri)

So that dr=0.0553983-0. 1166151
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2. zea,=a,=ay,Ua,

a,, = horizon cut from 1— 2 on (+)edge of sheet —1I
a,, = horizon cut from 2 — 1 on (-)edge of sheet—1

(1) zeay

JZ-12,42-12, mith—,/z—zp/z—z2
math

NZ-2\1-17, =—\J1-17,\J1-1,

Ji-z4z-1, mith\/z—zS\/z—z6
\/2—27\/z—zgmim\/z—27\/z—zg
1 math.o ]
:>J‘*— =[——
wf(z) 1(2)

f) = f(2)

dz

(2) zeay,

NN zmith—,/z—zl,/z—z2
\/2—23\/z—z4mith\/z—zs\/z—z4
\/z—szz—ZBmith\/z—zsx/z—ze
\/2—27\/z—zgmith\/z—27\/z—zg
1 math 11 d
~litw - hie®

HD) 225 (2)

1 math 2 1

——=2 dz =0.828531 -0.150956
i f(z) 1 f(2)

So that
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3. zea,=a,=a, Ua,

a;, = slant cut from 1+i — 0 on (+)edge of sheet I
a,, = slant cut from 0 — 1+i on (-)edge of sheet -1

(1Dzeay Letz=r(l + i), r=1-0, dz=(1 + i)dr

Jz-17,\7-71, mith—,/z—zl,/z—z2

Ji-24z-1, mith\/z—zs\/z—z4

Jz-241-1, m:h—w/z—zsﬂlz—z6
math

Ji-2,\1-1, = 11,11,

1m0 14
:I*— = —F—F—F—— ar
G f(z) R (D))

f) = f(2)

(2) zeay Letz=r(l + i), r=0->1, dz=(1 +i)dr

Ji-2,1-1, mith—,/z—zp/z—z2

Ji-24z-1, mith\/z—zs\/z—z4

Ji-z4z-1, mith\/z—zm/z—z6
math

Ji-2,\1-1, = \J1-1,\]z1-1,

1 mah Il 1+i

HD) 225 (2)

=>|.——=~-| ———dr
% f(z) o f(@+i)r)
1 math e 14
So that h —— =-2| ————dr=-5.47602+6. 09113
o that we have |. Q) IO (@ r
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Figure 73: the path of b-cycle

l.zeb;

Figure 74:The path of b;
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zeb,=b; =b; Ub;,

b,, = horizontal line i — 1+i on sheet -1
b,, = horizontal line 1+i — i on sheet - II

(1)zeb;, Letz=r+i,r=0->1,dz=dr

Ji-24z-1, mith\/z—zl\/z—z2
Ji-24z-1, mith\/z—zs\/z—z4
Ji-z4z-1, mith\/z—zts\/z—z6
\/2—27\/z—zgmim\/z—z7\/z—zg
1 math .o 1 d
Ibslﬁ Lt

HD) = £(2)

(2) since f(2)|,=-f(2)],

We consider the path 1+i=i on sheet—I
Letz=r+i,r=0«1, dz=dr
Ji-2,4z-1, mith\/z—zl\/z—z2
Ji-124z-1, mith\/z—zs\/z—z4
Ji-z4z-1, mith\/z—zts\/z—z6
Ji-12,\z1-1, mim\/z—zﬂ/z—z8
w0
e T L)

f) = £(2)

Lol L dr=17.2369 +11.8361
@) T Iof(r+i) - '
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2. 2€b,

Figure 75: The path of b,

zeb, =b; =b;, Ub;, Ub, Ub;,

b,, = vertical line i — 0 on sheet —1I
b,, = horizontal line 0 — 1 on sheet =T
b,, = vertical line 1— 1+i on sheet =11

(1)zeb,, Letz =ri,r=1->0, dz=idr

NZ—Z\Z1—-1Z, mith—‘/Z—Zl,/Z—Zz

Ji-24z-1, mith\/z— Z,\J7 -2,
math

NZ—ZgA\Z—Z5 = —\|Z1— 141 L,

Ji-12,\z1-1, mim\/z—z”/z—z8

1 math

= *—:J‘O 1_ dr
bnf(Z) 1 f(rl)

H) = f(2)
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(2)zebh,

Ji-2,z1-1, mith—,/z—zp/z—z2

Ji-124z-1, mith\/z—zs\/z—z4

Ji-z4z-1, mith\/z—zm/z—z6
math

Ji-2,\1-12, = \J1-1,\z1-1,

l math

11
:‘L;zm = ‘Lﬁdr

HD) == t(2)

(3) since f(2)|, =-f(2)|,

We consider the path 1—1+i on sheet—1
Letz=1+ri,r=0—1, dz=idr
math
Ji-21-2, = -1-7,J1-1,
Ji-124z-1, mith\/z—zs\/z—z4
Ji-z4z-1, mith\/z—zm/z—z6
Ji-12,\z1-1, mim\/z—zﬂ/z—z8
:)J‘*Lmith l;_dr
5 F(z) 0 f(L+ri)

) = 21 (2)

By (1)(2)(3) we have

math 1
I ! :t ’ l_ dr — 1Ldr+J‘1 : . dr—J‘0 1 —dr
b; f(2) L f(ri) o f(r) o f(1+ri) L f(r+i)

= 0.31781240. 7476431
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3.zeb

Figure 76:The path of b/

zeb =by =b; Ubj, Uay, Ubi U, Ub; Ub,

b/, = horizontal line 2 — 4 on sheet -1
b/, = vertical cut 4 — 4 +i on (—)edge of -sheet — II
b/, = horizontal line 4+i —1+i on sheet —1I

(1)zeb]

,/z—zl,/z—zzmith—,/z—zl,/z—zz
\/2—23\/z—z4mith\/z—zs\/z—z4
\/2—25\/2—26mith\/z—25\/z—26
\/z—ZYJz—zsmith\/z—zﬂ/z—zS
1 math 3 1
=, —=-| —dz
5 T(2) 2 1(2)

H) == f(2)
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(2) by, = vertical cut from 4 to 4+i on (+)edge of sheet- |

Let z=4+ri,r=0—1, dz=idr

NN zmith—,/z—zl,/z—z2

Ji-124z-1, mith\/z—zs\/z—z4

Ji-z4z-1, mith\/z—zm/z—z6
math

Ji-2,\1-12, = \J1-1,\z1-1,

1 math

HD) == t(2)

1
jj@ﬁ =, fasm

(3) zeby since f(2),=-1(2)|

We consider the path 4+i—>1+i on sheet—1I

Letz=r+i,r=4—-1,dz=dr

Ji-2,4z-1, mith\/z—zl\/z—z2

Ji-124z-1, mith\/z—zs\/z—z4

Ji-z4z-1, mith\/z—zts\/z—z6
math

Ji-2,\1-1, = \J1-1,\]z1-1

1 math

11
ki lrEaT

fD) = £(2)

1 0 1 11 o 1 0o 1 5 1
L; f(z):Il f(ri)dr_-[o f(z)dz_Il f(r+i)OIr+Il f(ri)d'r_jzﬁOIZ
So that .

—Il ! _dr—f1 1_dr
o f(4+ri) 4 f(r+i)
=0. 103448+0. 944865
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b. Applications of Differential Equations

Differential Equations Example :
u"+cosu=0 1s second order differential equations.
1

Know that cosu~1———1—u2+——u4
21 41

. 1 1
We want to slove the equation , u”+l—~§7u2+~17u4::0

1 1 1 .
So that E:E(u’)2+u—§u3+§u5 where E is constant.

Take E=5 we have

(u’)2:10——2u+—2—u3——2—u5
3! 5!
= R(U— 4.54)(u—1.59 — 2.24i)(u —1.59 + 2.24i)(u + 3.86 —1.63i)(u + 3.86 + 1.63i)

where R is constant.

Let

f (u) = /(u—4.54)(u—1.59 — 2,24i)(u—1.59+2.24i)(u + 3.86 —1.63i)(U + 3.86 + 1.63i)

compute I?i%a-and a,b-cycles .

take u, =4.54, u, =1.59 —2.24i, u, =1.59 + 2.24i,u, = -3.86 -1.63i, u, =-3.86+1.63i

A
U, B
u5
+ - + Q-
u

U

2

Figure T77: the cut plan of f(u)
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Solution:

U,

Figure 78: The path of a-cycle and a”

1. ZE%=af=ianfoafsUaf4

a,, = vertical cut from —3.86+ 1.63i — 0 on (+)edge of sheet - |
a,, = vertical cut from 0 — —3.86 —-1.63i‘on (+)edge of sheet — I
a,, = vertical cut from —3.86=1.63i— 0 on (-)edge of sheet— I

a,, = vertical cut from 0 — —3.86+1.63i .on (~)edge of sheet — I

The region needs change sign of

A=u-4.45is {u=x+iy:x <454 ,0<y}u{(+)edge }

B =vu-159-2.24iJu-159+2.24i is {u=x+iy:x<159,-2.24 <y <2.24} U {(+)edge}
C=+u+3.86+1.63iv/u+3.86-1.63i is {u=x+iy:x<-3.86,-1.63<y <1.63} U{(+)edge}

(1)ay,:Let u=-3.86+ri, du=idr, r:1.63—0

Ue AB.C= f(u) = (<1 f ()= (u)

1 math 0 1
[ —du=-[ —————ar
ax f(u) 163 f (—3.86+ri)
(2) a,:Letu=-3.86+ri, du=idr, r=0—-1.63

UeB,C= f(u) = (1) f (u) = f (u)
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math . _1.63

Luf(u) =1, f(386+r|)

(3) a,:Letu=-3.86+ri, du=idr, r=-1.63—0
math
ueB= f(u) =-"f()
math
I L
as f(u) -163 f (-3.86 + ri)
(4) a,:Letu=-3.86+ri, du=idr, r=0-—1.63
math
ueB,C= f(u) = (—l)zf(u): f (u)

math +1.63

Luf(U) ‘I f(386+r|)

By (1)---(4)

1 math 1.63 | 0 i
I*—du = ZI —_dr—ZJ‘ —_dl’
5 (U) 0 f(-3.86+ i) 163 (=3.86.+ i)

=0.35043-5.55112 x10™"j

2.2ea,=3,=a,Ua,Ua,Ua,

a,, = vertical cut from 1.59 + 2.24i — 0 on (+)edge of sheet - |
a,, = vertical cut from 0 — 1.59 —2.24i on (+)edge of sheet — I
a,, = vertical cut from 1.59 —2.24i — 0 on (-)edge of sheet— I

a,, = vertical cut from 0 —1.59+2.24i on (-)edge of sheet — |

(1)a,,:Let u=159+ri, du=idr, r=224 -0
math
UeB,C = f(u) = (<1)*f(u) = f(u)
J. 1 mith 0 |

. ——du ———dr
a f(u) 224 f(1.59 +ri)
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(2) a,:Letu=159+ri, du=idr, r=0—-2.24

math
ueB= f(u) =-"f()
math 2. i
[ L g
a2 f(U) o f(1.59+ri)

(3) ay:Letu=159+ri, du=idr, r=-2.24 -0

math
= f(u) = f(u)
math i
Ry S —"
a3 f(U) 224 £ (1.59 4 1)

(4) a,,:Letu=159+ri, du=idr, r=0-2.24

math
ueC=f(u) =-"f(u)
1 math

2.24 1
[ L
a2 f(U) o f(1.59+ri)

By (1)---(4)
math . i 1
Y R VY
2 f(u) o f(1.59+ri) 224 £(1.59 + 1)
=—0.587776+2.77556 x107"'i
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Figure 79: The path of b-cycle

l.ueb,

Figure 80:The path of the b,equivalent path b,
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ueb,=h; =a;, Ub,, Ub;, Ua,,

by, = horizon line from 4.54 — 1.59 on sheet — I
b,, = horizon line from 1.59 — 4.54 on sheet — 11

(Dueb,

math
ueC=f(u) =-1"f(u)
1 math

159 1
AT L g,
b f (u) 454 f ()

(2) ueb;, Since we know f(u)| =—"f(u)|,

So we consider that horizon line from 1.59 — 4.54 on sheet —1

math
ueC=f(u) =-1"f(u)

l math 4454 1

I — u
% () e f()

By (1)(2)
1 math 2.24 i 159 © 1 ]
= [ —dr—2[  ——du =-0293888 - 0.170468i
5 f(u) 0 f(L59+ri) 454 £ (u)
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Figure 81:The path of the bequivalent path b

UEbl:bl*:aflua:4uazluaz4uqluqzUb;Ub;tUb;Ub;z

b/, = horizontal line from 1.59— —3.86 0on sheet — 1T

b/, = horizontal line from —3.86 — 1.59 on sheet 11

b/, = vertical cut from 1.59 — 1.59~2.24i-on (+)edge of sheet—1II
b/, = vertical cut from 1.59 —2.24i — 1.59 on (—)edge of sheet —1II

(Dueb, = ueB,C
F(U)'= (-7 f (u) = f (u)

1 math o386 ]

L = ——du
mof(u) s f(u)
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(2) ueb], Since we know f(u)|, =—f(u)|,
So we consider that horizon line from —3.86 - 1.59 on sheet —1

UeB,C= f(u) = (1) f (u) = f (u)

_[ 1 mith 38 1 U
b f(u) 9150 f(u)

(3)

b, = the path along vertical cut from 1.59 < 1.59 —2.24i on (-)edge of sheet —1I
= the path along vertical cut from 1.59 —2.24i — 1.59 on (+)edge of sheet—1

1 1
So that —du=- —du
© A Ju ) Jesue, f(u)

By (1)(2)(3)
So we have
math 1.59 1.63 |
. f(u) - Issef(u) il () 24 f(—3.86+ri)dr

2 (U)
J-224 j 59 1
f(l. 59+r|) 4 f(u
=0. 175215-0. 126071
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