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Abstract 

 In this thesis, the eigenvalue and Green’s function representations for 
the time lag of first and second moments were formulated. The Green’s 
function mentioned above is the one subject to the boundary conditions 
on both ends being absorbing. The homogeneous nucleation and the 
coagulation of colloids were discussed with the help of diffusion. Time 
lag and mean first passage time were employed to interpret the induction 
time in nucleation and the stability of colloids. 

The time lag of the first and of second moments will decrease as a 
result of the properties of Sturm-Liouville operator. We have derived the 
kinetic equations of homogeneous nucleation in the discrete number of 
particle coordinate, followed by solving in the Laplace domain. In this 
way, time lag, mean first passage time, and their corresponding second 
moments can be obtained. The formulas were tested in the problem of 
condensing water vapor. The results show that induction time for vapor 
condensation decreases with increasing vapor pressure. 
   The stability of colloids is commonly expressed by stability ratio. We 
attempted to interpret the stability with the viewpoint of diffusion via the 
parameters, relative time lag and relative mean first passage time. It is 
indicated that relative mean first passage time matches with stability ratio 
quite well. The relation between the barrier height and the stability ratio 
is also discussed by applying the method of steepest descent, to obtain an 
approximate formula. Furthermore, a linear equation was proposed to 
calculate the critical coagulation concentration from known parameters.  
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∫
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∂
∂

0
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3
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∫
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=
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<=  (1-52) 

 (1-52) xyyxxyGyxGyKxK
h h
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<

 (A 1-58)  
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h h
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0 0
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h hh h
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0 00 0
∫ ∫∫ ∫ 













+














=  (A 1-58) 
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 (1-53)  (1-54) 

 

1.8 

 

(1-9) 

 (first order reaction) -

 

 
),(),()(

)(

),(
)()( tx

t
txxR

xK

tx

x
xKxD

x
ρρρ

∂
∂=−

∂
∂

∂
∂  (1-55) 

R(x)  (rate coefficient)

0)0,( =xρ 0),0( ρρ =t 0),( =thρ  

(activity)  

 

)(

),(
),(

xK

tx
txa

ρ=  (1-56) 

 (1-55)  

 
),()(),()()(),()()( txa

t
xKtxaxKxRtxa

x
xKxD

x ∂
∂=−

∂
∂

∂
∂  (1-57) 

 (1-57)  (Laplace transform)  

 
),(ˆ)(),(ˆ)()(),(ˆ)()( sxasxKsxaxKxRsxa

x
xKxD

x
=−

∂
∂

∂
∂  (1-58) 
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sK
sa 0

)0(

1
),0(ˆ

ρ
= , 0),(ˆ =sha  (1-59) 

s Lx  

 
)()(

d

d
)()(

d

d
xKxR

x
xKxD

x
Lx +−=  (1-60) 

 (1-58)  

 
),(ˆ)(),(ˆ sxasxKsxaLx −=  (1-61) 

),(ˆ sxas  

 
),(),(ˆ sxPsxas =  (1-62) 

 (1-61) s ),(),(ˆ sxPsxas =  

 
[ ]),(ˆ)(),(ˆ sxassxKsxasLx −=   

 
),()(),( sxsPxKsxPLx −=  (1-63) 

 (1-61)  (1-63) ),(ˆ sxa

),( sxP ),( sxP

),(ˆ sxa  

    ),( sxP s = 0  

 
L+′′+′+= )0,(

2
)0,()0,(),(

2

xP
s

xPsxPsxP  (1-64) 

),( sxP′ ),( sxP ′′ ),( sxP s (1-64) 
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)0,(xP  

 
)(),(lim),(ˆlim)0,( ss

0
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===

∞→→
 (1-65) 

 (1-65)  (1-64)  
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2
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2

ss xP
s

xPsxasxP  (1-66) 

),( sxP  (1-66)  
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xassxsP ss
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 (1-67) 

 








∂
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 (1-68) 
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s ss
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∂
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∂
∂
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 (1-69) 

(1-66)  (1-69)  

     (1-63) ),()(),( sxsPxKsxPLx −=

 

1.  (1-63) s →  0  (1-66)  (1-67) 
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0)(ss =xaLx  (1-70) 
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)0( ss
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 (1-71) 

 (1-70)  (1-71)  (A 1-40) 
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Dxa ρ  (1-72) 

 (1-70)  (1-72) A 1.3  

2.  (1-63) s s →  0  (1-66) 
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3.  (1-63) s s →  0  (1-66) 

 (1-69)  
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 (Laplace domain)  
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 (1-84) 

 (L’Hôspital’s rule) f(a) = g(a) = 0

)()(lim)()( xgxfagaf
ax→

=′′  (1-84) 

G(0, y) = G(h, y) = G(x, 0) = G(x, h) = 0

 (1-84)  
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 (1-86) 

f1 f2  (homogeneous solution) W

f1 f2  (Wronskian) 22 
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(1-93) A 1.4  (A 1-58)  
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A 1.4  (1-93) 
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1.7 1.8

 

1.9  

     (first order reaction) -  
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 (1-96)  

 
),()(),()()(),()()( txa

t
xKtxaxKxRtxa

x
xKxD

x ∂
∂=−

∂
∂

∂
∂  (1-98) 

R(x)  (rate constant) a(x, t)  

(1-98) t → ∞  

 
0)()()()(

d

d
)()(

d

d
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 (1-99) 
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Lx +−=  (1-100) 

 

 
)()()( xuxKxuL iiix λ=  (1-101) 

K(x)  (weighting function)

ui(0) = ui(h) = 0 iλ i ui iλ

(1-101)  
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d
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 (1-102) Sturm-Liouville
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Sturm-Liouville  

1. D(x) > 0 K(x) > 0 R(x) > 0 ui(0) = ui(h) = 0

 (1-103) Sturm-Liouville 23 (positive 

definite operator) 24  

2.  (1-103) 0)( =xR

iλ

)rxn(
iλ Birkhoff25  (1-103) R(x)K(x)

ii λλ >)rxn( R(x) = 0

R(x) > 0 R(x)K(x)

R(x)
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2.1  

 (homogeneous nucleation) 

 (monomer) 

 (cluster or oligomer)

 (phase)  (nucleus)

1-4  

Becker Döring5

 (liquid drop model) 6-7 

 (rate coefficient) 8

 (bulk)

 

Fokker-Planck  

 (continuum approximation) 
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Frenkel9-10 Frenkel Becker

Döring5 Goodrich11

Frenkel

Frenkel Clement Wood12

Goodrich

Shizgal Barrett8 Frenkel9-10

Goodrich11

Shizgal Barrett8

 

Wu13 Frenkel9

Goodrich11 Shizgal Barrett8 Wu13
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 (single step)  

2.2   

    

 

(induction time)  (transient state) 

 (steady state)

 

    

2-1
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2-1 G n

n* [ D. Kondepudi, 

Introduction to Modern Thermodynamics (John Wiley & Sons, Chichester, 2008), Fig. 

14.4, p. 419.]14 

 

    n nρ

n

n = m

m

2-1

m n* m n*

n* < m < n0 m  

 (single step) 

 (mean first passage time)
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5=n

0=t

1=n

constant1 =ρ 5=n 05 =ρ 0=t

0)0(2 =ρ 0)0(3 =ρ 0)0(4 =ρ 2-2

 (single step) 

 

 
 
 

 
 
 
 

2-2 1=n 5=n  

 
 

2-2 2=n 4=n

nρ  (mass balance) 1−n n

05 =ρ  constant1 =ρ  

Y : backward rate 

coefficient 

X : forward rate 

coefficient 
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 (net flux) nJ  

 nnnnn YXJ ρρ −= −− 11  (2-1) 

Xn n n + 1

 (forward rate coefficient) Yn n

n – 1  (backward rate coefficient) Zn

 (detailed balance) 

n n + 1

 (2-1)  

 110 ++−= nnnn ZYZX  (2-2) 

nρ  (2-1)   

 1d

d
+−= nn

n JJ
t

ρ
 (2-3) 

 1111 ++−− +−−= nnnnnnnn YXYX ρρρρ   

 
1

1
11

1

1
11

+

+
++

−

−
−− +−−=

n

n
nn

n

n
nn

n

n
nn

n

n
nn Z

ZY
Z

ZX
Z

ZY
Z

ZX
ρρρρ

 (2-4) 

 (2-2) nn ZX 11 ++ nn ZY  

 11 ++= nnnn ZYZX  (2-5) 

(2-4)  (2-5)  
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t
n

d
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(2-6)  

 (2-6) 2-2 2ρ 4ρ  

 
)()(

d

d
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2
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3

3
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3
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d

d

4

4
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3

3

4

4
33

4

Z
ZX

ZZ
ZX

t

ρρρρ
−+−−=  (2-7.3) 

5=n  (2-7.3) 

 (2-7) 

n  

2.3  

 (2-7) nn Zρ  (activity) 

 

n

n
n Z

a
ρ

=  (2-8) 

L ^ (caret) 

}{ˆ aa L=  (2-8)  (2-7)  
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(Laplace transform)  
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)ˆˆ()ˆˆ(ˆ 2322121122 aaZXaaZXasZ −+−−=  (2-10.1) 

 

)ˆˆ()ˆˆ(ˆ 3433232233 aaZXaaZXasZ −+−−=  (2-10.2) 

 

)ˆ0()ˆˆ(ˆ 444343344 aZXaaZXasZ −+−−=  (2-10.3) 

(2-10) ^ (caret) s

 

 (2-10) 4â

n

 (2-10)  
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a

a
 (2-11.3) 

n = 1 1ρ
1

1
1 Z

a
ρ
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sZ

a
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ˆ
1

1
1

ρ
=  (2-12) 

1â  (2-11) 2â 3â 4â

 

 (2-11) 4â

 

 ( ))(0)( 444out taZXtJ −−=  (2-13) 
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ˆ
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ˆ
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ˆ

ˆ 2
44

4

1
L+++= CsBsAZX

a

a
 (2-14) 

A B C  (A2-3)  
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1

n nnZX
 (2-15.1) 

 
B ∑∑∑
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i ii ZX
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i ii ZX
K
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 (2-15.3) 

s s
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2-3 1=n mn =  

 

 

    2-3  (2-11) 

4

1

ˆ

ˆ

a

a

4

2

ˆ

ˆ

a

a

4

3

ˆ

ˆ

a

a

0n =ρ  

Y : backward rate 

coefficient 

constant1 =ρ  

X : forward rate  

coefficient 



 64

A2.1

n = 5

n = m m

2-3  

n = m 11 ˆˆ −maa s

s 11 ˆˆ −maa  
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=
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=
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 (2-18.3) 

n = m  
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2.4  

n = m  

 ))(0()( 111out taZXtJ mmm −−− −−=  (2-19) 

 

 )(ˆ)(ˆ
111out saZXsJ mmm −−−=  (2-20) 

 (2-17) 1ˆ −ma  

 

)(ˆ)(ˆ
111out saZXsJ mmm −−−=   

 

ssCsBAZ mmm

1
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1
2

1

1
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=

ρ
 (2-21) 

 (2-21) ssJ  

 )(ˆlim)(lim out
0

outss sJstJJ
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 (1-5)  
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0
out

L

d)(

J

ttJ
t

t

t
∫
∞

∂
∂

=  (2-23) 

 (2-23) )(ˆ
out sJ  



 66

 

Lt
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out d)(
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∫ ′′
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∞→ sss J

sJs
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 (2-24) 

 (2-21) )(ˆ
out sJ  (2-22) ssJ   (2-24) 

m
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A
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t =L Am Bm  (2-17.1)  (2-17.2) 
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)2(
Lt  

 )2(
Lt

sss J

sJs
s

)(ˆ
d

d

lim
out2

2

0→
=   

 

m

mm

s

AZ

CssBAZs
1

)(

1

d

d

lim

1

1

2
1

1
2

2

0 ρ

ρ
L+++

=
→

 

 220 )(

)2(

d

d
lim

L

L

+++
++−⋅=

→ sCsBA

sCB

s
A

mmm

mm
m

s
 

 












+++
++

+
+++

−⋅=
→ 32

2

220 )(

)2(
2

)(

2
lim

L

L

L sCsBA

sCB

sCsBA

C
A

mmm

mm

mmm

m
m

s
 

 2

2

22
m

m

m

m

A

B

A

C
+−=  (2-29) 

    













−= ∑∑∑∑∑

−

=

−

+=

−

=

−

+=

−

=

11

1

22

1

3

1

111
2

m

qr rr

m

pq
q

m

jp pp

m

ij
j

m

i ii ZX
K

ZX
K

ZX

11

1

1
−−

=








∑
m

n nnZX
 

 
21

1

2
1

2

1

1

1 1
)

1
)(

1
(2

−−

=

−

=

−

=

−

=




























+ ∑∑ ∑∑

m

n nn

m

n
n

n

i ii

m

ni ii ZX
Z

ZXZX
 (2-30) 

 (2-26)  (2-30) 

15 ( 0

h )  



 68

 

∫

∫ ∫∫
=

h

h h

y

h

x

x
xKxD

xyz
zKzD

yK
xKxD

t

0

0
L

d
)()(

1

ddd
)()(

1
)(

)()(

1

 (2-31) 

16  

 

∫

∫ ∫ ∫ ∫ ∫
−=

h

h h

x

h

x

h

x

h

x

x
xKxD

dxxxxx
DK

K
DK

K
DK

tt

0

0
1234

2
L

)2(
L

d
)()(

1

dddd
111

2)(2 1 2 3 4  (2-32) 
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2.5  

    2.2

 (mean first passage time, 

MFPT)  

 

 

 

 

 

 

2-4  n = 1 4=n  

 

4=n

04 =ρ

0=t

ξρ =)0(1 V )0(1F

VF ξ=)0(1 1=n

0=n 0=n

0=n

2-4

X : forward rate  

   coefficient 

Y : backward rate 

   coefficient 

□1 : initially VF ξ=)0(1  amount  

of monomers are placed. (I.C.) 

absorbing B.C. 
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2-4  

2-4 4=n

 

V n

Fn  

 nn VF ρ=  (2-33) 

 (initial condition) t = 0 n = 1

Vξ ξρ =)0(1 ξ t = 0
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2-5  n = 1 n = m  

 

X : forward rate  

   coefficient 

Y : backward rate 

   coefficient  

□1 : initially VF ξ=)0(1  amount 

of monomers are placed. (I.C.) 

absorbing B.C. 
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2.8  

 (2-26) (2-30) (2-52) (2-55) 

A B A

 (monomer) B

2-3

2-5  

n*

2-6

n = m n*

 m m Xn

Zn  (2-26) (2-30) (2-52) (2-55) 

 

 
2-6 n*  n = m  
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G∆ 10 

 σπφφ 2
AB  4)(∆ rnG +−=  (2-62) 

φ  (chemical potential) Aφ Bφ

r σ

AB φφ −  

 
sat

AB ln
P

P
kT−=− φφ  (2-63) 

T P satP P / Psat  

(supersaturation ratio)r

n r n

 

 3
B  

3

4
rnv π=  (2-64) 

 

 3

1
B )

4

3
(

π
nv

r =  (2-65) 

Bv B 275.2 K 1 g/cm3

18 cm3 = 1.8×10-5 m3

Bv  = 3×10-29 m3  (2-63)  (2-65)  (2-62) 
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nkTnG +−=  (2-66) 

T = 275.2 K Psat = 0.705×103 N/m2 σ  = 7.5×10-2 N/m

P / Psat = 5  (2-66)  

∆G n* = 56

 (2-66) n n*
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Zn  (2-26) (2-30) (2-52) (2-55) 

Dn Kn Zn

 (Boltzmann distribution)  

 )/∆exp(1 kTGZZn −=  (2-68) 
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Frenkel18 Frisch19

Frisch n Frenkel 1

19 

 )1(
2

)
4

3
(4 3

2

B

+= n
MkT

PM
X n ππρ

π  (2-69) 

M Bρ B  

Frisch19

Frisch  (time domain) 

 (Laplace domain) 

 

Xn

Zn  (2-26) (2-52) Frisch19

T = 275.2 K P/Psat = 5 tL = 1.6×10-7 ~ 1.9×10-7sec

 (2-25) 

tL = 1.8×10-7 ~2.9×10-7sec

Frisch

 (2-25) 
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P/Psat 2-7 2-7

P

Markov20 T = 300K P/Psat = 

4 10-8

Yasuoka21  (molecular dynamics) 

T = 350 K P/Psat = 14.6 4×10-10

1.8272×10-9
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2-1 P/Psat = 5  

 

/ K 275.15 Bρ / (kg/m3) 1000 

P/Psat 5 Bv / (m3) 3×10-29 

/ Pa 0.705×103 / (N/m) 7.5×10-2 

 / sec  

 Frisch  

m = 61 1.566×10-7 1.891×10-7 

m = 67 1.674×10-7 2.224×10-7 

m = 78 1.854×10-7 2.9318×10-7 

n* = 56 
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2-7  P/Psat  

(P/Psat 2-1 m = 1.1 n* ) 
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A2.3     

MATLAB 

7.4.0.287 (R2007a) 

 

 

m

v  surface_tension rho

S_index  (saturation factor) T P_sat

 

 

 

    TL TL_2nd

Tmfp Tmfp_2nd g_critical

 

*************************************************** ******** 
%-------------常數及物質設定------------------ 

k=  1.38066*10^-23;   

m= 18*10^-3/(6*10^23);   

v=  18/(6*10^23)*10^-6;   

Z1= 1; 

surface_tension= 75*10^-3;   

rho= m/v;  

%-------------環境條件參數設定------------------ 
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T=  275.2; 

P_sat= 0.705*10^3;   

S_index=3:10; 

%S_index= [3 4 5 10 20 30 50 100]; 

%S_index= 3:0.5:7; 

 

i1= 0; 

number= 1000; 

for S= S_index 

i1= i1+1; 

P= S*P_sat; 

 

%---------------計算開始，建立 E、A 及 Z並求 n及 g_critical---------------------- 

beta=  P/(2*pi*m*k*T)^0.5; 

g_critical(i1)= ( 2/3*4*pi*surface_tension/(k*T*log(P/P_sat)) )^3*(3/4*m/rho/pi)^2; 

for g= 1:number 

r(g)= (3/4*g*m/rho/pi)^(1/3); 

E(g)= -g*k*T*log(P/P_sat) + 4*pi*r(g)^2*surface_tension; 

if E(g) > 0 

n(i1)= g; 

end 

Z(g)= Z1*exp(-E(g)/k/T); 

A(g)= (4*pi)^(1/3)*3^(2/3)*v^(2/3)*(g+1)^(2/3)*beta; 

 

x(i1)= max(E); 

x(i1)= x(i1)/k/T; 

 

%---------------建立 DK_inverse順便累加於 Y---------------- 

Y= 0; 

for g= 1:n(i1) 

DK(g)= A(g+1)*Z(g); 

DK_inverse(g)= (DK(g))^-1; 

Y= Y+DK_inverse(g); 

end 

 

%---------------計算 TL---------------- 

X= 0; 

for g= 2:n(i1) 
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temp= 0; 

for i= 1:g-1 

temp= temp + DK_inverse(i); 

end 

temp2 =0; 

for i= g:n(i1) 

temp2= temp2 + DK_inverse(i); 

end 

X= X+ temp*temp2*Z(g); 

end 

 

TL(1,i1)= X/Y; 

 

%---------------計算 TL_2nd---------------- 

X_2nd= 0; 

for j= 3:n(i1) 

for g= 1:j-2 

temp= 0; 

for i= 1:j-g-1 

temp= temp + DK_inverse(i); 

end 

temp2 =0; 

for i= j-g:j-1 

temp2= temp2 + DK_inverse(i); 

end 

temp3= 0; 

for i= j:n(i1) 

temp3= temp3 + DK_inverse(i); 

end 

end 

X_2nd= X_2nd+ temp*temp2*temp3*Z(j)*Z(j-g); 

end 

 

TL_2nd(1,i1)= 2*(X/Y)^2-2*X_2nd/Y; 

 

%---------------計算 Tmfp---------------- 

alpha_0= 0; 

for g= 1:n(i1) 
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temp= 0; 

for i= g:n(i1) 

temp= temp + DK_inverse(i); 

end 

alpha_0= alpha_0+ temp*Z(g); 

end 

 

Tmfp(1,i1)= alpha_0; 

 

%---------------計算 Tmfp_2nd---------------- 

alpha_1= 0; 

for j= 1:n(i1)-1 

temp3= 0; 

for g= j+1:n(i1) 

temp= 0; 

for i= g:n(i1) 

temp= temp + DK_inverse(i); 

end 

temp2= 0; 

for i= j:g-1 

temp2= temp2 + DK_inverse(i); 

end 

temp3= temp3 + temp*temp2*Z(g)*Z(j); 

end 

alpha_1= alpha_1+ temp3; 

end 

beta_1= 0; 

for g= 1:n(i1) 

temp= 0; 

for i= g:n(i1) 

temp= temp + DK_inverse(i); 

end 

beta_1= beta_1 + temp*Z(g); 

end 

 

Tmfp_2nd(1,i1)= -2*alpha_1+2*alpha_0*beta_1; 

 

%-----------------傳輸距陣--------------------- 
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T_0th= [1 0; 0 1]; 

T_1st= [0 0; 0 0]; 

T_2nd= [0 0; 0 0]; 

clear temp0 temp1 temp2 temp 3 

for g= 1:n(i1) 

D= A(g+1); 

K= Z(g); 

h= 1; 

 

a11= 1; 

a12= -h/D/K; 

a21= 0; 

a22= 1; 

b11= 1/2*h^2/D; 

b12= -1/6*h^3/D/D/K; 

b21= -h*K; 

b22= 1/2*h^2/D; 

c11= 1/24*h^4/D^2; 

c12= -1/120*h^5/D^3/K; 

c21= -1/6*h^3/D*K; 

c22= 1/24*h^4/D^2; 

temp0= [a11 a12; a21 a22]; 

temp1= [b11 b12; b21 b22]; 

temp2= [c11 c12; c21 c22]; 

T_2nd= T_0th*temp2 + T_1st*temp1 + T_2nd*temp0; 

T_1st= T_0th*temp1 + T_1st*temp0; 

T_0th= T_0th*temp0; 

End 

 

TL(2,i1)= T_1st(1,2)/T_0th(1,2) 

%tL2=2*(tL^2-c12/a12); 

Tmfp(2,i1)= T_1st(2,2)/T_0th(2,2) 

%tr2=2*(tr^2-c22/a22); 

end 

 

log_TL= log10(TL); 

log_TL_2nd= log10(TL_2nd); 

log_Tmfp= log10(Tmfp); 
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log_Tmfp_2nd= log10(Tmfp_2nd); 

 

%---------------輸出及作圖---------------- 

%圖 2-7 

figure(1)  

fig_1= plot(S_index, log10(TL(1,:))); 

set(fig_1,'LineWidth',3); 

title('log(time lag)  v.s.  supersaturation ratio','fontsize',14); 

xlabel('supersaturation ratio, P/P_s_a_t','fontsize',14); 

ylabel('log(TL)','fontsize',14); 

grid on 

 

%圖 2-8 

figure(2)   

fig_1= plot(S_index, log10(Tmfp(1,:))); 

set(fig_1,'LineWidth',3); 

title('log(mean first passage time)  v.s.  supersaturation ratio','fontsize',14); 

xlabel('supersaturation ratio, P/P_s_a_t','fontsize',14); 

ylabel('log(Tmfp)','fontsize',14); 

grid on 

 

%圖 2-9 

figure(3) 

fig_1= plot(S_index, log10(TL_relative(1,:))); 

set(fig_1,'LineWidth',3); 

title('log[(t_L)_r_e_l_a_t_i_v_e]  v.s.  supersaturation ratio','fontsize',14); 

xlabel('supersaturation ratio, P/P_s_a_t','fontsize',14); 

ylabel('log((t_L)_r_e_l_a_t_i_v_e)','fontsize',14); 

grid on 

 

%圖 2-10 

figure(4) 

fig_1= plot(S_index, log10(Tmfp_relative(1,:))); 

set(fig_1,'LineWidth',3); 

title('log[(t_m_f_p)_r_e_l_a_t_i_v_e]  v.s.  supersaturation ratio','fontsize',14); 

xlabel('supersaturation ratio, P/P_s_a_t','fontsize',14); 

ylabel('log((t_m_f_p)_r_e_l_a_t_i_v_e)','fontsize',14); 

grid on 
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3.1  

 (colloid) 

 (continuous phase)

 (dispersed phase)

1~1000 1

-  (sol-gel)

2-4  

    

Derjaguin Landau Verwey Overbeek

DLVO 5-8 DLVO

 (van der Waals force) 9
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    DLVO Hamaker10

Poisson-Boltzmann Gouy11

Chapman12 Poisson-Boltzmann

Poisson-Boltzmann

13 Derjaguin14

Derjaguin

Derjaguin14-15

DLVO

DLVO

 

16-17 18 19-21  

DLVO

 (stability ratio) Fuchs22

 

     (relative mean first 
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passage time, relativemfp)(t ) 

23-25 (transmission matrix) 

 (the method of steepest descents) 

 

3.2  

 

(van der Waals force) -

 (London dispersion force)

 

6

1

r
r
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2

1

r
Hamaker

 (long-range van der Waals force) 

Hamaker10  
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+++
+
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ηξξηξ
ξξηξ

ηξξηξ
η

ξξηξ
η

2

2

22A ln2
12

1
AV  (3-1) 

AV A Hamaker  (Hamaker constant)

 (joule) Hamaker ξ η

 (3-2) (3-3) a

x ξ η  

 
a

x

2
=ξ    (3-2) 

 
1

2

a

a
=η  (3-3) 

1=η  (3-1) 

 

 








++
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++
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+
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12

2
ln2

12

1

2

1

12 2

2

22A ξξ
ξξ

ξξξξ
A

V  (3-4) 

(3-4)  

    

Derjaguin14
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κ Debye-Hückel  (Debye-Hückel para- 

meter)  

 
2

1

0

22














= ∑

kT

zCe

r

ii

εε
κ  (3-5) 

1−κ Debye  (Debye length) (3-5) e

iC i zi i 0ε

 (permittivity of free space) rε  (dielectric 

constant) k  (Boltzmann constant) T  

    Derjaguin14 φ 25mV

κ   

 RV ( )[ ])2exp(1ln2 2
0 κξφεπε aar −+=  (3-6) 

VT  (1-4)  (1-6)  

 RAT VVV +=  (3-7) 
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3.3  

 (Brownian motion)

 

 (stability ratio) 

W Overbeek28

 

 

slow

rapid

J

J
W =  (3-8) 

 (rapid coagulation)

 (slow coagulation) rapidJ slowJ

 

    rapidJ slowJ

Smoluchowski Overbeek26

Smoluchowski
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=rapidJ 016 Danπ  (3-9) 

D a n0

 

 
=slowJ

∫
∞

a

kT

rV

r

dr
e

Dn

2
2

)(
0

T

8π
 (3-10) 

(3-10) VT r  (3-9)  

(3-10)  (3-8) W  

 

2
2

)(T

2
r

dr
eaW

a

kT

rV

∫
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=   

 

2
2

)(T

2
h

dh
e kT

hV

∫
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=  (3-11) 

(3-11) h  

 

a

r
h =  (3-12) 

 (3-7)  (3-11) 

 

    D

 (Einstein relation)  



 107

 

B

kT
D =  (3-13) 

B  (friction coefficient)

 (Stoke’s law)  

 
aB  6πτ=  (3-14) 

τ  (viscosity) 1 D1

2 D2

D = D1 + D2

27  (3-14)  (3-13) 

 

 

a

kT
D

 6
2

πτ
=  (3-15) 

25 τ = 8.937×10-4 spa⋅ a = 10-7 m

D = 4.8847×10-12  
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3.4  

 (transmission 

matrix)  

Siegel23

 (Laplace domain)

2×2 Chen24-25

Siegel23  (transmission matrix) 

 (mean 

first passage time) Chen25  (Taylor’s series) 

 (moment) 

 (partition coefficient) 
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3-1  

 
 
 

1-1  

K(x)  

 )
)(

exp()( T

kT

xV
xK −=  (3-16) 

VT(x) x

D(x)

Di = D

hi  (Riemann sum)  

Di Ki wi i



 110

i

s  

 















−

−=
)cosh()sinh(

)sinh(
)cosh(

)(

iiiiiii

iii

ii
ii

i

wqwqKqD
KqD

wq
wq

sT  (3-17) 

qi  

 21
  rxn,)( 






 +
=

i

i
i D

ks
sq  (3-18) 
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3.5  

3-2  

 

 
3-2 

 

 

3-2 A x = 0

B x = L x = 0

x = L B

x = 0  (absorbing boun- 

dary condition) 0)(ˆ =sau  (reflec- 

tive boundary condition) 0)(ˆ =sJ d B     
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3-1 z = 1 2 3

3-3 3-8

C  

Hamaker A

φ A = 0.7×10-20 J 1.2×10-20 

J 1.7×10-20 J 2.2×10-20 J φ  = 25mV 20mV 10mV

5mV z = 1

 

  3-1 3-3 3-8  

/K   /m / m2s-1 

298 78.54 10-7 4.88×10-12 

/V Hamaker /10-20J   

15×10-3 2   

3-2 Hamaker ( n ) 

  (n =5~16)    ( ) 

Hamaker /10-20J 0.336~0.540 0.743 1.98 2.14 
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3-3  1-1  (relative  

MFPT)  (relative time lag)  
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3-4  1-1 h = r/a  

r a  
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3-5  2-2  (relative  

MFPT)  (relative time lag)  
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3-6  2-2 h = r/a  
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3-7  3-3  (relative  

MFPT)  (relative time lag)  
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3-8  3-3 h = r/a  
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3-9  Hamaker A = 0.7×10-20 J 1-1  
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3-10  Hamaker A = 1.2×10-20 J 1-1  
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3-11  Hamaker A = 1.7×10-20 J 1-1  
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3-12  Hamaker A = 2.2×10-20 J 1-1  
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3-3 3-8 1-1

2-2 3-3  (stability ratio)

 (relative MFPT ) 

 (relative time lag)

 

 

3-4 3-6 3-8

 

 (critical coagula- 
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tion concentration) 3.9

 

3-9 3-12 Hamaker A = 7×10-21 J ~ 

2.2×10-20 J φ  = 5mV ~ 25mV z = 1

a = 10-7m

Hamaker

 

3-13

Debye-Hückel κ  
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3-13  A = 2×10-20 J  

( KT 298= mV15=ϕ ma 710−= 54.78=D JA 20102 −×= z =1, 2, 3 ) 
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3-14  1-1 Hamaker  

( KT 298= mV15=ϕ ma 710−= 54.78=D A = 0.5×10-20, 1×10-20, 2×10-20) 
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3.7 28  

3-15

28 (the method of steepest descents) 

 (3-66) 

 

 

 
3-15 Wlog C  

      

( KT 298= mV15=φ JA 20102 −×= ma 710−= 54.78=D z = 1) 

Log(C/molL-1) 
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    3.6 KT 298= mV15=φ JA 20102 −×= ma 710−=

54.78=D  (3-58)  (3-66) 

3-16 3-16

10-2  (3-55) 

10-7

 

    3-15 Wlog

 (3-66)  (3-66) 
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 Wln ≈ const
)( 0 +

kT

hV
 (3-68) 

3-16 log(C/molL-1) = -2.5 ~ -8 Wlog
kT

hV )( 0

3-17  (3-68)  
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3-16  

( KT 298= mV15=ϕ ma 710−= 54.78=D JA 20102 −×= z =1, 2, 3 ) 
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3-17  ionapproximatlogW
kT

hV )( 0  (3-68)  

ionapproximatW  (3-66)  

                 ( KT 298= mV15=ϕ ma 710−= 54.78=D JA 20102 −×= z = 1, 2, 3 ) 
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3.8  

 (critical coagula- 

tion concentration c.c.c.)

3.6  

    
 
 

 
3-18  c.c.c. log(C/molL-1) = -2.219  

h = r/a r a  

                 ( KT 298= mV15=φ ma 710−= 54.78=rε JA 20102 −×= z = 1 ) 

 
 

c.c.c. critκκ = 3-18

 / kT 

h 
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V T = 0 dVT/dh = 0

critκ κ

 

 
2

1

0

22














= ∑

kT

zCe

r

ii

εε
κ  (3-69) 

rε 0ε φ a

 

    3.2  

 RV ( )[ ])2exp(1ln2 2
0 κξφεπε aar −+=  (3-70) 

M  

 2
02 φεπε aM r=  (3-71) 

VR  

 RV ( ))2exp(1ln κξaM −+=  (3-72) 

ξ 3.2  

 
a

x

2
=ξ  (3-73) 

x  

ln(1 + y)  (3-72) ln(1 + y)  
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 L+−+−=+
432

)1ln(
432 yyy

yy     )11( ≤<− y  (3-74) 

VR  

 RV )2exp( κξaM −≈  (3-75) 

    3.2  

 








++
++

++
+

+
−=

12

2
ln2

12

1

2

1

12 2

2

22A ξξ
ξξ

ξξξξ
A

V   

    )(
12 1 ξf
A−=  (3-76) 

c.c.c. critκκ = V = 0  

 )2exp( critξκaM − 0)(
12 1 =− ξf
A   

 )(
12

)2exp( 1crit ξξκ f
A

aM =−  (3-77) 

dVT/dξ  = 0  

 )2exp(2 critξκκ aMa −− 0)(
d

d

12

1
1 =− ξ

ξ
fA   

 )2exp(2 critξκκ aMa − )(
12

1
2 ξfA=  (3-78) 

 

 )(
d

d
)( 12 ξ

ξ
ξ ff −=   
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)12)(2(

22

)12(

22

)2(

22
222222 +++

+−
++

++
+

+=
ξξξξ

ξ
ξξ

ξ
ξξ

ξ  (3-79) 

 (3-77)  (3-78) c.c.c. critκ  (3-77) 

 (3-78)  

 )(
12

1
)(

12
2 21crit ξξκ fAf

A
a =   

 
)(

)(
2

1

2
crit ξ

ξκ
f

f
a =  (3-80) 

(3-80) crit2 κa ξ ξ crit2 κa

ξ crit2 κa  (fitting)

 (3-80) ξ crit2 κa  

 4
crit4

3
crit3

2
crit2crit10 )2()2()2()2( κκκκξ ababababb ++++≈  (3-81) 

 

 1
0 1017.1 −×=b 3

1 1008.4 −×−=b 5
2 1060.6 −×=b   

 7
3 1008.5 −×−=b 9

4 105.1 −×=b  (3-82) 

 (3-81)  (3-80) 

3-19  
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3-19   (3-80)  (3-81)  

                       
 
 
 
 
 
 
 
 
 
 
 

ξ 
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     (3-81) ξ crit2 κa

 (3-77) 12M / A ξ crit2 κa  

 )2exp()(
12

crit1 ξκξ af
A

M =  (3-83) 

 (3-81) ξ crit2 κa  (3-83) 

crit2 κa  

 )2(
12

critκaf
A

M =  (3-84) 

(3-84) crit2 κa 12M / A

 (3-89) 12M / A crit2 κa

 

 7766.10)2(2684.1
12

crit −≈ κa
A

M  (3-85) 

(3-84)  (3-85) 3-20  



 148

 
 
 

          
 

3-20   (3-84)  (3-85)  
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 (3-81) ξ

crit2 κa  (3-84) ξ

12M/A crit2 κa  

 (3-85) 12M / A

critκ  

 7766.10)2(2684.1
12

crit −≈ κa
A

M  (3-86) 

M A a  (3-85) 3-20

critκ c.c.c. JA 20102 −×=  

V15m=φ m10 7−=a KT 298= 54.78=rε  

 
A

a

A

M r
2

02
12

12 φεπε
=   

 
J102

)V1015()m10()
Nm

C
10854.8()54.78(2

12
20

2627
2

2
12

−

−−−

×

×⋅⋅×⋅⋅
=

π
  

 99.58=  (3-87) 

12M/A = 58.99  (3-85) 552 crit =κa  

 -18
crit m1075.22/55 ×== aκ  (3-88) 

κcrit κ

κ  
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2

1

0

22














= ∑

kT

zCe

r

ii

εε
κ  (3-89) 

 (symmetric electrolyte) 1-1 2-2

3-3 22 2CzzC ii =∑  (3-88) -18
crit m1075.2 ×=κ

 

 
2

1

23
2

2
12

22382
18

)K298)(
K

J
1038.1)(

Nm

C
10854.8()54.78(

))(C106.1(
m1075.2



















××⋅

×
=×

−−

−
− ∑ ii zC

 

 
m

C
108597.2

))(C106.1(
m105625.7

2
30

22382
216

−

−
−

×

×
=× ∑ ii zC

 
 

 
)C106.1(

)
m

C
108597.2)(m105625.7(

2382

2
30216

−

−−

×

××
==∑ 2

ii zC 22Cz   

 2Cz -324m102239.4 ×=   

 007.0L102239.4 121 =×= − Lmol  (3-90) 

Cz2 = 0.007 mol/L z 1 2 3

C 0.007 mol/L 0.00175 mol/L 0.0007778 mol/L

(3-85)  (critical coagulation concentra- 

tion, c.c.c.)  

 (3-85) c.c.c. c.c.c.

c.c.c.  (trial and error) 
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0 c.c.c. c.c.c.

3-3  

 

 1-1  2-2  3-3  

 

c.c.c. / mol L-1 
6.02×10-3 1.5×10-3 6.69×10-4 

 (1-75) 

c.c.c. / mol L-1 
7×10-3 1.75×10-3 7.778×10-4 

 16.28% 16.67% 16.26% 

3-3   (c.c.c.)  (3-85) 

 

 
 

critκ

critκ 3-3

3-19 3-20

 (3-74) 

 (3-74) 

 (3-75) 

 

    3.6
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3-4 3-21 3-4

c.c.c. c.c.c.  

 
 

 1-1  2-2  3-3  

 

log( c.c.c. / mol L-1) 
-2.5238 -3.1493 -3.4636 

 

log( c.c.c. / mol L-1 ) 
-2.2204 -2.8239 -3.1746 

 

c.c.c. / mol L-1 
3×10-3 7.09×10-4 3.44×10-4 

 

c.c.c. / mol L-1 
6.02×10-3 1.5×10-3 6.69×10-4 

 50.17% 52.73% 48.58% 

3-4  (c.c.c.)

 

 
 

    3-4

3-21
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3-21  3-13  

( KT 298= mV15=ϕ ma 710−= 54.78=D JA 20102 −×= z =1, 2, 3) 
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3.9  

     (stability ratio)  (critical coagulation 

concentration) 

 

    

3.6

 (stability ratio) 

 (stability) 

 

  3.6



 156

3.7 28

KT 298= mV15=ϕ ma 710−= 54.78=D JA 20102 −×= z =1

log(C/molL-1) = -3 ~ -7 6 ~ 16 kT

3-16  

    3.6

 

 (trial and error)

3.8  
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3.8

KT 298= mV15=ϕ ma 710−= 54.78=D JA 20102 −×=

z =1, 2, 3 3-3  

    3.8

M/A A Hamaker

M  

 2
02 φεπε aM r=  (3-91) 

0ε  (permittivity of free space) rε  

(dielectric constant) a φ M/A

 

 7766.10)2(2684.1
12

crit −≈ κa
A

M  (3-92) 

critκ κ  

 
2

1

0

22














= ∑

kT

zCe

r

ii

εε
κ  (3-93) 

κ 3.9
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KT 298= mV15=ϕ ma 710−= 54.78=D JA 20102 −×=

z = 1, 2, 3 3-3

16.5%  

3.8

3.8 KT 298= mV15=ϕ

ma 710−= 54.78=D JA 20102 −×= z = 1, 2, 3 50%

3-4 3-21  
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1
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220 sTs
−

→
1d)(lim

0

−== ∫∞→

t

u
t

J ττ  (A 3-4) 

 

 
1)0(22 =T  (A 3-5) 

A 3.2 28 (The Method of steepest descents)  

 

 ∫=
C

zsf zezgsI d)()( )(  (A 3.6) 

z s C s

 (A 3.6) )(zf ),( yxu

)(zf  (analytic function) )(zf

 

 ),(),()( yxivyxuzf +=  (A 3.7) 

1−=i x y z  

 iyxz +=  (A 3.8) 

 (A 3.6)  

 ∫=
C

yxisvyxsu zeezgsI d)()( ),(),(  (A 3.9) 

)(zf
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),( yxu

),( yxv 0),( vyxv =

),( yxu ),( yxv  (A 3.9)  

 ∫≈
C

yxsuisv zezgesI d)()( ),(0  (A 3.10) 

),( yxu ),( 000 yxz =  

 0
00

=
∂
∂=

∂
∂

== yyxx y

u

x

u  (A 3.11) 

)(zf Cauchy-Riemann  

 0
2

2

2

2

=
∂
∂+

∂
∂

y

u

x

u  (A 3.12) 

(A 3.11)  (A 3.12)

(saddle point) Method of steepest descents

const=v

)(zf ),( yxu ),( yxv const=v

u∇ u∇

 

    0z )(zf  
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00 )(

2
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)()( zzzfzf −+= L+′′ )( 0zf  (A 3.13) 
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2
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0zz −  

 δ=− 0zz αie  (A 3.15) 

 (A 3.15)  (A 3.14)  

 2
0

2 )( δzVst ′′−= αie2  (A 3.16) 

const=v

)()( 0zfzf −  (A 3.14) 2t

t  

 ±=t 2

1

0 )(zVs ′′δ  (A 3.17) 
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A3.3  

MATLAB 

7.4.0.287 (R2007a) 

----------------------------------------------------------------------------------------- 
        epsilon0= 8.8545*10^-12; 

dielectric_const= 78.54; 

               k= 1.38066*10^-23; 

           e0= 1.602*10^-19; 

             psi= 15*10^-3; 

               T= 298; 

               A= 2*10^-20; 

               a= 10^-7; 

              %x= d/(2*a); 

               y= 1; 

               z= 1; 

%%%%%%%%%%%%%%%%%%%%%% 

%計算範圍 

starting= 0; 

ending= 10*a; 

number= 1000; 

interval= (ending-starting)/number; 

unit_s= interval/a; 

 

logc_starting= -10; 

logc_increment= 0.25; 

logc_ending= 0; 

c_number= (logc_ending-logc_starting)/logc_increment+1; 

%%%%%%%%%%%%%%%%%%%%%% 

 

%for電解質濃度改變  

counter_1= 0; 

for log_conc= logc_starting:logc_increment:logc_ending 
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counter_1= counter_1+1; 

 

conc= 10^log_conc; 

kappa(counter_1,1)= 

( (e0^2*1000*6*10^23)/(epsilon0*dielectric_const*k*T) )^0.5*(2*conc*z^2)^0.5; 

 

%for 不同位置-計算位能及其一二次微分 及穩定比SR 

counter_2= 0; 

integral_temp_1= 0; 

integral_temp_2= 0; 

 

 for d= starting+0.5*interval:interval:ending-0.5*interval 

        counter_2= counter_2+1; 

        x= d/(2*a); 

        s= d/a+2; 

  

        repulsive= 

2*pi*epsilon0*a*dielectric_const*psi^2*(log(1+exp( -kappa(counter_1,1)*d ))); 

        attractive= -A/12*( 1/(x^2+2*x) +1/(x^2+2*x+1) 

+2*log((x^2+2*x)/(x^2+2*x+1)) ); 

 

        total_1(counter_1,counter_2)= repulsive+attractive; 

        total_2(counter_1,counter_2)= total_1(counter_1,counter_2)/k/T; 

 

        fn1(counter_1,counter_2)= exp( total_2(counter_1,counter_2) );   

  %取exp 

        fn2(counter_1,counter_2)= 1/s^2*fn1(counter_1,counter_2);        

  %取exp並乘以1/s^2 

 

        diff_r_1= 

-2*pi*epsilon0*a*dielectric_const*psi^2*kappa(counter_1,1)*exp(-kappa(counter_1,

1)*d)/(1+exp(-kappa(counter_1,1)*d)); 

        diff_a_1= 

1/(2*a)*( -1/12*A*(-1/(x^2+2*x)^2*(2*x+2)-1/(x^2+2*x+1)^2*(2*x+2)+2*((2*x+2)

/(x^2+2*x+1)-(x^2+2*x)/(x^2+2*x+1)^2*(2*x+2))/(x^2+2*x)*(x^2+2*x+1)) ); 

        diff_total_1(counter_1,counter_2)= diff_r_1+diff_a_1; 

 

        diff_r_2= 
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2*pi*epsilon0*a*dielectric_const*psi^2*kappa(counter_1,1)^2*exp(-kappa(counter_

1,1)*d)/(1+exp(-kappa(counter_1,1)*d))-2*pi*epsilon0*a*dielectric_const*psi^2*kap

pa(counter_1,1)^2*exp(-kappa(counter_1,1)*d)^2/(1+exp(-kappa(counter_1,1)*d))^2; 

        diff_a_2= 

1/(2*a)^2*( -1/12*A*(2/(x^2+2*x)^3*(2*x+2)^2-2/(x^2+2*x)^2+2/(x^2+2*x+1)^3*(

2*x+2)^2-2/(x^2+2*x+1)^2+2*(2/(x^2+2*x+1)-2*(2*x+2)̂2/(x^2+2*x+1)^2+2*(x^2

+2*x)/(x^2+2*x+1)^3*(2*x+2)^2-2*(x^2+2*x)/(x^2+2*x+1)^2)/(x^2+2*x)*(x^2+2*

x+1)-2*((2*x+2)/(x^2+2*x+1)-(x^2+2*x)/(x^2+2*x+1)^2*(2*x+2))/(x^2+2*x)^2*(x

^2+2*x+1)*(2*x+2)+2*((2*x+2)/(x^2+2*x+1)-(x^2+2*x)/(x^2+2*x+1)^2*(2*x+2))/(

x^2+2*x)*(2*x+2)) ); 

        diff_total_2(counter_1,counter_2)= diff_r_2+diff_a_2; 

 

        integral_temp_1= integral_temp_1 +fn1(counter_1,counter_2)*unit_s; 

        integral_temp_2= integral_temp_2 +fn2(counter_1,counter_2)*unit_s; 

    end 

        SR(counter_1,1)= 2*integral_temp_2; 

        log_SR(counter_1,1)= log10(SR(counter_1,1)); 

         

        [temp1,temp2]= max(total_2(counter_1,:)); 

        peak(counter_1,1)= temp1; 

        n0(counter_1,1)= temp2; 

 

        axis_d= starting+0.5*interval:interval:ending-0.5*interval; 

        d0(counter_1,1)= axis_d(temp2); 

        s0(counter_1,1)= d0(counter_1,1)/a+2; 

 

        slope_peak(counter_1,1)= diff_total_1(counter_1,temp2); 

        curvature_peak(counter_1,1)= diff_total_2(counter_1,temp2); 

        b(counter_1,1)= abs( curvature_peak(counter_1,1) )/k/T*a^2; 

        clear axis_d temp1 temp2; 

         

        approximation_1(counter_1,1)= 2*(2*pi)^0.5*exp(peak(counter_1,1)) 

/(b(counter_1,1))^0.5; 

        approximation_2(counter_1,1)= 2*(2*pi)^0.5*exp(peak(counter_1,1)) 

/(b(counter_1,1))^0.5 *(1/s0(counter_1,1)^2); 

        log_app_1(counter_1,1)= log10(approximation_1(counter_1,1)); 

        log_app_2(counter_1,1)= log10(approximation_2(counter_1,1)); 

end 
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temp= peak>=0; 

for i = 1:c_number 

    if temp(i)== 1 

        n1= i; 

    else 

    end 

end 

%%%%%%%%%%%%%%%%%%%%% 

%作圖 (1)位能 (2)穩定比與其估計公式 

figure(1) 

d_axis= starting+0.5*interval:interval:ending-0.5*interval; 

s_axis= d_axis./a+2; 

f0=zeros(1,number); 

 

subplot(2,2,1), plot(s_axis,total_2(37,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -1'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

subplot(2,2,2), plot(s_axis, total_2(35,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

title('logC = -1.5'); 

subplot(2,2,3), plot(s_axis, total_2(33,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -2'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

subplot(2,2,4), plot(s_axis, total_2(31,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -2.5'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

 

figure(2) 

d_axis= starting+0.5*interval:interval:ending-0.5*interval; 
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s_axis= d_axis./a+2; 

f0=zeros(1,number); 

 

subplot(2,2,1), plot(s_axis, total_2(29,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -3'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

subplot(2,2,2), plot(s_axis, total_2(27,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -3.5'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

subplot(2,2,3), plot(s_axis, total_2(25,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -4'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

subplot(2,2,4), plot(s_axis, total_2(23,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -4.5'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

 

figure(3) 

log_conc_axis= (logc_starting:logc_increment:logc_ending)'; 

fig_1= plot(log_conc_axis,log_SR,log_conc_axis(1:n1,1),log_app_2(1:n1,1)); 

set(fig_1,'LineWidth',3,{'LineStyle'}, {'-';'--'}) 

set(fig_1,{'Color'},{'g';'b'}) 

title('logW, logW_a_p_p_r_o_x   v.s.   logC','fontsize',14) 

xlabel('logC','fontsize',14) 

ylabel('logW','fontsize',14) 

legend1= legend(fig_1,'logW','logW_a_p_p_r_o_x'); 

set(legend1,'fontsize',14) 

grid on 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
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    %initial value 

    T_0th= [1 0; 0 1]; 

    T_1st= [0 0; 0 0]; 

     

    counter_2= 0; 

for d= starting+0.5*interval:interval:ending-0.5*interval 

    counter_2= counter_2+1; 

     

    K= 1; 

    D= 2*k*T/(6*pi*a*0.8937*10^-3); 

    h= interval; 

     

    a11= 1; 

    a12= -h/D/K; 

    a21= 0; 

    a22= 1; 

     

    b11 = 1/2*h^2/D; 

    b12 = -1/6*h^3/(D^2*K); 

    b21 = -h*K; 

    b22 = 1/2*h^2/D; 

     

    Ta= [a11 a12; a21 a22]; 

    Tb= [b11 b12; b21 b22]; 

 

    T_1st= Ta*T_1st+Tb*T_0th; 

    T_0th= Ta*T_0th; 

end 

 

tl_0= T_1st(1,2)/T_0th(1,2); 

tmfp_0= T_1st(2,2)/T_0th(2,2); 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%% 

 

 

counter_1= 0; 

for log_conc= logc_starting:logc_increment:logc_ending 

counter_1= counter_1+1; 
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    %initial value 

    T_0th= [1 0; 0 1]; 

    T_1st= [0 0; 0 0]; 

     

        counter_2= 0; 

    for d= starting+0.5*interval:interval:ending-0.5*interval 

        counter_2= counter_2+1; 

     

       K= exp(-1*total_2(counter_1,counter_2)); 

       D= 2*k*T/(6*pi*a*0.8937*10^-3); 

       h= interval; 

     

       a11= 1; 

       a12= -h/D/K; 

       a21= 0; 

       a22= 1; 

     

       b11 = 1/2*h^2/D; 

       b12 = -1/6*h^3/(D^2*K); 

       b21 = -h*K; 

       b22 = 1/2*h^2/D; 

     

       Ta= [a11 a12; a21 a22]; 

       Tb= [b11 b12; b21 b22]; 

 

       T_1st= Ta*T_1st+Tb*T_0th; 

       T_0th= Ta*T_0th; 

    end 

 

    tl(counter_1,1)= T_1st(1,2)/T_0th(1,2); 

    tmfp(counter_1,1)= T_1st(2,2)/T_0th(2,2); 

     

    tl_r(counter_1,1)= tl(counter_1,1)/tl_0; 

    tmfp_r(counter_1,1)= tmfp(counter_1,1)/tmfp_0; 

     

end 
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log_tmfp_r= log10(tmfp_r); 

log_tl_r= log10(tl_r); 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

figure(4) 

log_conc_axis= (logc_starting:logc_increment:logc_ending)'; 

fig_1= 

plot(log_conc_axis(21:41,1),log_SR(21:41,1),log_conc_axis(21:41,1),log_tmfp_r(21:

41,1),log_conc_axis(21:41,1),log_tl_r(21:41,1),log_conc_axis(21:41,1),peak(21:41,1)

); 

set(fig_1,'LineWidth',3,{'LineStyle'}, {'-';'--';':';'-.'}) 

set(fig_1,{'Color'},{'k';'b';'r';'m'}) 

title('stability ratio, relative MFPT, relative time lag, and barrier height  v.s.   logC        

','fontsize',14) 

xlabel('logC','fontsize',14) 

legend1= legend(fig_1,'logW','relative MFPT','relative time lag','height of energy 

barrier'); 

set(legend1,'fontsize',14) 

grid on 
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relativemfp )(t

relativeL )(t  

8 (transmission matrix) 

 

9 (the method of steepest descent) 
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e I  (ionic strength)

(3-85) M / A = 2.5~10

 (3-85) 

M / A = 2.5~10

11.24%~ 28.32% (3-85) 

 

    

 (3-85) 
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