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Abstract 

 In this thesis, the eigenvalue and Green’s function representations for 
the time lag of first and second moments were formulated. The Green’s 
function mentioned above is the one subject to the boundary conditions 
on both ends being absorbing. The homogeneous nucleation and the 
coagulation of colloids were discussed with the help of diffusion. Time 
lag and mean first passage time were employed to interpret the induction 
time in nucleation and the stability of colloids. 

The time lag of the first and of second moments will decrease as a 
result of the properties of Sturm-Liouville operator. We have derived the 
kinetic equations of homogeneous nucleation in the discrete number of 
particle coordinate, followed by solving in the Laplace domain. In this 
way, time lag, mean first passage time, and their corresponding second 
moments can be obtained. The formulas were tested in the problem of 
condensing water vapor. The results show that induction time for vapor 
condensation decreases with increasing vapor pressure. 
   The stability of colloids is commonly expressed by stability ratio. We 
attempted to interpret the stability with the viewpoint of diffusion via the 
parameters, relative time lag and relative mean first passage time. It is 
indicated that relative mean first passage time matches with stability ratio 
quite well. The relation between the barrier height and the stability ratio 
is also discussed by applying the method of steepest descent, to obtain an 
approximate formula. Furthermore, a linear equation was proposed to 
calculate the critical coagulation concentration from known parameters.  
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ಃ΋ക ౛ፕ௢Ꮴۯᒨਔ໔ϷځΒ໘ਔຯϐ੝ቻॶ߄ҢԄ 

 ق߻ق߻ق߻ق߻ 1.1

ӧ૸ፕᘉණۯᒨਔ໔ (time lag) ਔǴᜐࣚచҹۓࢂကӧ΋ᆄᜐࣚ

ޑࡰᜐࣚ܄ԏ֎ޑᒏ܌Ƕ(absorbing) ܄ԏ֎ࣁԶ΋ᆄᜐࣚࡋᐚۓڰࣁ

଒ຽрᘉࣁ၀ೀջຎၲډ፦ᘉණނᇥ྽ࢂ႟ǴΨ൩ࣁۓڰࡋ၀ೀᐚࢂ

ණጄൎԶόӆൺ߇Ƕ྽ᘉණวғӧԜᅿᜐࣚచҹΠਔǴނ፦཮җۓڰ

ᐚޑࡋᜐࣚᆄ຾ΕᘉණጄൎǶԶ྽ނ፦ᘉණၲډ֎ԏ܄ᜐࣚᆄਔǴ߾

ᚆ໒ᘉණጄൎǶӧԜᜐࣚచҹΠǴᘉණ཮Ӄ࿶ᐕ΋ߚࢤᛙރۓᄊǴന

ಖᖿܭᛙۓǹ྽གྷा՗ीᛙᄊਔނ፦ࢬрޑᕴໆ Q(t)Ǵۯᒨਔ໔ࢂߡ

ҢǴӵკ߄ᒨਔ໔ۯޑࠠڂǶڀπޑதӳҔߚ  ҢǺ܌1-1

 

 
კ 1-1 ճҔ౛ፕϦԄ 1Ǵࢬрᕴໆჹਔ໔բკޑ౛ፕጕ (ભኧှڗԿ 

n = 200) Ϸځᅌ຾ጕǶ 
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კ 1-1ύǴ࿶ၸى୼Φޑਔ໔ࡕǴࢬрޑ೯ໆᖿܭᛙۓԶԋࣁ΋ঁۓ

ॶ JssǴԜਔࢂߡᛙᄊ (steady state)Ƕࢬрޑᕴໆ Q(t)ჹਔ໔ޑ༾ϩߡ

೯ໆࢂ J(t)ǴӢԜკ 1-1ύᅌ຾ጕޑ௹౗ջࣁ JssǶӢԶᛙᄊਔࢬрޑ

ᕴໆߡёаճҔۯᒨਔ໔ tL ӵΠၲ߄ 2Ǻ 

 
ssL )(lim)(lim JtttQ

tt
−=

∞→∞→
 (1-1) 

(1-1) Ԅޑӳೀࢂӵ݀ૈ୼ளۯޕᒨਔ໔Ǵૈߡ୼ӧόѸ؃ှᘉණБ

ำԄޑ௃׎Π؃рᛙۓᄊਔࢬрޑᕴໆǶ 

Ў᝘΢Ǵۯᒨਔ໔٬ޑҔ२ܭـ DaynesޑЎക 2Ǵ྽ਔҗܭ०ಭ

 ᅅ਻ୢᚒǹDaynesճҔჴᡍ؃рऀ೸౗ޑፍғԶ़ғрᐎጤԁѲޑ

(permeability) Ϸۯᒨਔ໔ (time lag)Ǵ٠җԜୖঁٿኧૈ୼؃ளᘉණ

߯ኧ (diffusion coefficient) Ϸ֎ԏ߯ኧ (absorption coefficient)ǶԐය

Barrer3,4аϷ Goodknight5ΨճҔۯᒨਔ໔ޑБݤǴଛӝᙁൂޑኳࠠа

ϷϦԄ௢ᏤǴ٬ளۯᒨਔ໔ޑБݤёаҔٰ؃рӭϾ܄ϟ፦ (porous 

media) ޑϾ܄ࢰ (porosity)ǵᙅԔ܄ (tortuosity) ฻ୖኧǶ 

ӧ౛ፕ΢ Frisch6-7ှ߾рӧ΋ᆢᘉණǴᘉණ߯ኧࣁᐚڄࡋኧਔޑ

೸ၸ੝߾ኧࠠᄊǴڄޑࡋ୼౒ෳᘉණ߯ኧჹᐚૈࢂᒨਔ໔Ƕ٠Ъऩۯ

ձ೛ीޑჴᡍ؃ૈߡрᘉණ߯ኧϷྋှࡋ (solubility)Ƕӧ૸ፕᘉණ೯

ၸόӕϟ፦ਔǴChen8Ꮴр஥Ԗϩଛ߯ኧ (partition coefficient) ޑᘉණ

БำԄǴ٠ճҔख़ᙟᑈϩளډԜ௃ݩΠۯޑᒨਔ໔ǶChen9ΨҔ܎М
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ᙯඤаϷᡂኧᡂඤޑБݤ૸ፕԖϸᔈϷჹޑࢬᘉණ௃׎ǹள่݀ޑډ

ک LeypoldtϷ Gough10ճҔԖज़ഡҥယᙯඤ܌ளࢂ่݀ޑϕ೯ޑǶ

Siegel11-12ճҔ܎Мᙯඤว౜ᙯඤୖޑࡕኧёаҔંତޑբ߄ݤ Ǵၲ٠

ૈ୼ीᆉۯᒨਔ໔ǹ٠ӧ߈ԃճҔჴᡍаϷ౛ፕჹંତޑБݤ଺ᡍ

᛾ǶChen13٠ஒ Siegel11ંޑତ଺ۯݤ՜Ǵׯᡂଆۈచҹેࣁፂڄኧ 

(Dirac delta function) ٬ளંତޑ଺ૈݤ୼ीᆉѳ֡ಃ΋࿶ၸਔ໔Ƕҗ

 Ƕݤᄽᆉޑӳࡐᒨਔ໔ۯीᆉࢂೲၮᆉǴӢԜזତӧႝတ΢ёаંܭ

ӧᔈҔ΢ۯᒨਔ໔࿶தӧᖓጢ܄ޑ፦аϷᛙᄊޑ૸ፕύගډǴӵ

ϟय़ೀߚࣁѳᑽచҹΠޑᖓጢᘉණ 14ǵᖓጢύуΕёϸᔈޑᛰࠔਔޑ

ೣऀԔጕ (breakthrough curve)15ǹаϷӧ਻ᡏϩᚆၸำύǴճҔ༝ࢊ

ଯϩηጢᏹբ׎ 16ǴΨ૸ፕۯډᒨਔ໔Ƕ 

ҁക२Ӄஒ૸ፕۯᒨਔ໔аϷۯᒨਔ໔ޑଯ໘ຯ (higher mome- 

nts)ǶќѦךॺஒ૸ፕ΋ނ٤౛ໆޑ਱݅ڄኧ߄ҢݤǺӵᛙᄊਔޑᐚ

ϩթǴࡋ ssρ Ƕന٠ࡕճҔ਱݅ڄኧ (Green’s function) аϷ੝ቻॶ߄

Ң΋໘ۯᒨਔ໔ϷΒ໘ۯޑᒨਔ໔Ƕ 

1.2 аᐒ౗ϩթޑᢀᗺ௖૸ۯᒨਔ໔аᐒ౗ϩթޑᢀᗺ௖૸ۯᒨਔ໔аᐒ౗ϩթޑᢀᗺ௖૸ۯᒨਔ໔аᐒ౗ϩթޑᢀᗺ௖૸ۯᒨਔ໔ – ଯ໘ۯޑᒨਔ໔ଯ໘ۯޑᒨਔ໔ଯ໘ۯޑᒨਔ໔ଯ໘ۯޑᒨਔ໔ 

    २Ӄஒᜐࣚచҹ೛ۓӧ΋ᜐۓڰࣁᐚࡋǴ΋ᜐࣁ֎ԏ܄Ƕӧᛙۓ

ᄊਔǴۯᒨਔ໔کᕴᘉණໆ Q(t)ϐ໔Ӹӧ๱ (1-1) Ԅޑᜢ Ƕ߯(1-1) Ԅ

ࢂ Daynes฻Γӧᏹբჴᡍਔ܌ᢀჸ่ޑډፕ 2ǴԖځᏹբ΢ޑჴҔ
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 ૸ፕǶޑᢀᗺ଺౛ፕ΢ޑॺΨૈаᐒ౗ϩթךǴόၸ܄

ӧ (1-1) ԄύǴҗ֎ԏ܄ᜐࣚࢬрޑᕴໆ Q(t)ࢂ೯ໆ Jout(t)ჹਔ

໔ޑᑈϩǴջ 

 

∫ ′′=
t

ttJtQ
0

out d)()(  (1-2) 

຾΋؁ஒ Q(t)଺೽ҽᑈϩǴёаளډǺ 

 
)(tQ ∫ ′′

′∂
∂′−′′=

t
t

ttJ
t

ttJt
0

out0out d)()(  (1-3) 

ௗ๱ஒ (1-1) Ԅ౽໨᏾౛ tLǴёள(4-1) ډ ԄǶӆஒ (1-3) Ԅ Q(t)

೽ϩᑈϩ่݀ޑжΕǺ 

 
)

)(
(lim

ss
L J

tQ
tt

t
−=

∞→
 (1-4) 

 

)

d)()(

(lim
ss

0

outout

J

ttJ
t

tttJ

t

t

t

∫ ′′
′∂

∂′−
−=

∞→
 

 

 

ss

0
out

ss

out

d)(
)(

lim
J

ttJ
t

t

J

tJ
tt

t

∫
∞

∞→

′∂
∂

+







−=  

 

 

ss

0
out d)(

J

ttJ
t

t∫
∞

∂
∂

=  (1-5) 

(1-5) Ԅ(1-1) ک ԄӧኧᏢ΢ࢂ฻ကޑǶՠ(1-5) ࢂ Ԅޑӳೀӧ

ஒࢂǴऩܭ ssout )( JtJ
t∂

∂
࣮ԋࢂ΋ঁᐒ౗ஏڄࡋኧ (probability density 
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function)Ǵϩթጄൎҗ t = 0Կ t → ∞Ǵۯ߾ᒨਔ໔ёаᇥࢂԜϩթޑ

΋໘ਔຯ (first moment)ǴΨ൩ࢂԜᐒ౗ϩթѳ֡ޑਔ໔Ƕ 

ӢԜךॺૈߡ୼٩ྣ (1-5) Ԅۓကрόӕਔຯۯޑᒨਔ໔ǶΒ໘

ਔຯۯޑᒨਔ໔ (2)
Lt  Ǻࣁကۓߡ

 

ss

0
out

2

(2)
L

d)(

J

ttJ
t

t

t
∫
∞

∂
∂

=  (1-6) 

Β໘ਔຯکϩթޑ኱ྗৡ࣬ᜢǶԜᐒ౗ஏڄࡋኧޑᡂ౦ໆ (variance) 

ёճҔΒ໘ਔຯڗ؃ӵΠ 17 

 
( )

2
L

(2)
L

out

)()( tt
J

tJ
tVariance

ss

−=∂
∂

 (1-7) 

኱ྗৡσ  ໒ਥဦޑᡂ౦ໆࣁ߾

 Variance=σ  (1-8) 

ԶӧҁകޑനࡕǴךॺஒճҔ਱݅ڄኧаϷ੝ቻॶٰ߄Ңѳ֡ۯᒨਔ

໔аϷۯᒨਔ໔ޑΒ໘ຯ (second moment)Ƕ 

1.3 ᜐࣚచҹٿࣁᜐࣣ֎ԏਔޑ਱݅ڄኧᜐࣚచҹٿࣁᜐࣣ֎ԏਔޑ਱݅ڄኧᜐࣚచҹٿࣁᜐࣣ֎ԏਔޑ਱݅ڄኧᜐࣚచҹٿࣁᜐࣣ֎ԏਔޑ਱݅ڄኧ 

ኧǴ٠уа؃ڄ਱݅ޑ܄ԏ֎ࣁᜐ೿ٿက྽ᜐࣚచҹۓॺ२Ӄך    

ှǶҁ࿯ளޑډ਱݅ڄኧёаӧ 1.4࿯Ҕа߄ҢᛙᄊޑᐚࡋϩթǴϐ

 ᒨਔ໔ǶۯҢ߄٠ёаҔٰࡕ
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२Ӄۓကᜐࣚచҹٿࣁᜐࣣࢂ֎ԏ܄ᜐࣚޑ਱݅ڄኧǶԵቾ΋ᆢ

ᘉණǴόԵቾࢬ୏ (advection) Ϸϸᔈޑ௃׎ΠǴᘉණ߯ኧکϩଛ߯

ኧϩձа D(x)ǵK(x)߄ҢǴᐚࡋа ρ ᘉණБำԄёаቪԋ߾ҢǶ߄ 8Ǻ 

 
),(

)(

),(
)()( tx

txK

tx

x
xKxD

x
ρρ

∂
∂=

∂
∂

∂
∂  (1-9) 

ύځ xǵt ϩձࣁՏ࿼Ϸਔ໔Ƕଷ೛ଆۈਔǴಈηӧ x0Տ࿼ޑᕴໆࣁ

΋ൂՏǴځᎩࣁ႟ǶଆۈచҹޑኧᏢ߄ҢԄࣁ )()0,( 0xxx −= δρ Ǵ )( 0xx −δ

ڗᜐٿచҹ٠ஒ (1-9) Ԅۈኧ (Dirac delta function)ǹճҔଆڄፂેࣁ

 Ǻډёаள߾ ථᙯඤ (Laplace transform)܎ද܎

 
)(),,(ˆ

)(

),,(ˆ
)()( 00

0 xxsxxs
xK

sxx

x
xKxD

x
−−=

∂
∂

∂
∂ δρρ

 (1-10) 

ኧǴӵڄޑࡕථᙯඤ܎ද܎߄ύ^಄ဦжځ )},,({),,(ˆ 00 txxsxx ρρ L= ǹL

ж܎߄ද܎ථᙯඤޑ಄ဦǶз܄ࢲ (activity)ࣁ 

 

)(

),(
),(

xK

tx
txa

ρ=  (1-11) 

 ࣁ܄ࢲޑࡕථᙯඤ܎ද܎

 

)(

),(ˆ
),(ˆ

xK

sx
sxa

ρ=  (1-12) 

Ԅёаஒ (1-10) ߾ ),,(ˆ 0 sxxρ жඤࣁ ),,(ˆ 0 sxxa Զׯቪԋ 

 
)(),,(ˆ)(),,(ˆ)()( 000 xxsxxasxKsxxa

x
xKxD

x
−−=

∂
∂

∂
∂ δ  (1-13) 

྽ᜐࣚచҹٿࣁᜐ೿ࢂ֎ԏޑ܄ᜐࣚచҹΠǴന߃࿼Εޑಈηനಖ೿
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ஒӄ೽଒ຽрᜐࣚǶ܌а྽ ∞→t ਔᘉණጄൎύޑᐚࣁࡋ႟Ǵཀջ

0),,(lim),,(ˆlim 00
0

==
∞→→

txxasxxas
ts

ǶӢԜஒ (1-13) Ԅٿᜐڗ s → 0߾ёа

ளډ 

 
)()0,,(ˆ)()( 00 xxxxa

x
xKxD

x
−−=

∂
∂

∂
∂ δ  (1-14) 

ਥᏵ਱݅ڄኧ (Green’s function) ۓޑက 18Ǵёаޕၰ )0,,(ˆ 0xxa ൩ࢂ

x
xKxD

x ∂
∂

∂
∂− )()( Ԝၮᆉηӧٿᜐࣣࣚࣁ֎ԏ܄ਔޑ਱݅ڄኧǶ 

з਱݅ڄኧࣁ G(x,y)Ǵ٠೛ٿۓᜐࣚచҹ೿ࢂ֎ԏ܄Ǵ(1-14) ߾ 

Ԅёаቪࣁ 

 
)(),()()( 00 xxxxG

x
xKxD

x
−−=

∂
∂

∂
∂ δ  (1-15) 

 ࣁᜐࣚచҹځ

 
0),(),0( 00 == xhGxG  (1-16) 

(1-15) Ԅύ )( 0xx −δ  ኧ (unit stepڄՏ؁໘ൂࣁᑈϩځኧǴڄፂેࣁ

function)Ǵջ )()( 0
0

0 xxudxxx
x

−=−∫δ Ƕஒ (1-15) Ԅٿᜐᑈϩ ډ0 x ёள 

 
)(),()0()0(),()()( 0

0
00 xxuxxG

x
KDxxG

x
xKxD

x

−−=
∂
∂−

∂
∂

=
 (1-17) 

ൂՏ؁໘ڄኧۓޑကࣁ 

 

0

0
0     

    

1

0
)(

xx

xx
xxu

>
<





=−  (1-18) 
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з )(),()0()0( 0
0

0 xAxxG
x

KD
x

=
∂
∂

=
Ǵ߾ё᏾౛ࣁ 

 

)()(

)(

)()(

)(
),( 00

0 xKxD

xxu

xKxD

xA
xxG

x

−
−=

∂
∂  (1-19) 

ஒ (1-19) Ԅҗ x = 0ᑈϩԿ x = hǴ٠ճҔ (1-16) ԄޑᜐࣚచҹϷൂ

Տ؁໘ڄኧۓޑက (1-18) ԄǴёа؃р A (x0)ڄޑኧ׎ԄǺ 

 

∫ ∫
−

−=−
h h

x
xKxD

xxu
x

xKxD

xA
xGxhG

0 0

00
00 d

)()(

)(
d

)()(

)(
),0(),(   

 
∫∫ −=
h

x

h

x
xKxD

x
xKxD

xA
0

d
)()(

1
d

)()(

1
)(0

0
0  (1-20) 

ளр A (x0)ࣁǺ 

 

∫

∫
=

h

h

x

x
xKxD

x
xKxD

xA

0

0

d
)()(

1

d
)()(

1

)( 0  (1-21) 

    ؃р A (x0)ϐࡕǴӆӣ(19-1) ډ Ԅᝩុڗ؃ ),( 0xxG Ƕஒ (1-19) Ԅ

ᜐҗٿ 0ᑈϩԿ xǴளр਱݅ڄኧ ),( 0xxG  Ǻࣁ

 ∫∫ ′
′′

−
−′

′′
=

xx

x
xKxD

xxu
x

xKxD
xAxxG

0

0

0
00 d

)()(

)(
d

)()(

1
)(),(   (1-22) 

ӆஒ (1-18) Ԅޑ u(x, x0)жΕ΢ԄύǴளډ G(x, x0)ࣁ 

 















′
′′

−′
′′

′
′′

=

∫∫

∫

x

x

x

x

x
xKxD

x
xKxD

xA

x
xKxD

xA

xxG

0

d
)()(

1
d

)()(

1
)(

d
)()(

1
)(

),(

0
0

0
0

0  

0

0

xx

xx

>

<

 (1-23) 

ஒᆉрٰޑ A (x0)жΕ (1-23) ԄύǶനࡕёளǺ 
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


























′




























′















=

∫∫∫

∫∫∫

−

−

h

x

xh

h

x

xh

x
DK

x
DK

x
DK

x
DK

x
DK

x
DK

xxG

d
1

d
1

d
1

d
1

d
1

d
1

),(
0

0

0

1

0

0

1

0

0  

0

0

xx

xx

>

<

 (1-24) 

Ԝࣁᜐࣚచҹӧٿᜐࣣ֎ԏΠǴᘉණБำԄޑ਱݅ڄኧǶ 

1.4 ᛙᄊޑᐚࡋϩթᆶ਱݅ڄኧޑᜢ߯ᛙᄊޑᐚࡋϩթᆶ਱݅ڄኧޑᜢ߯ᛙᄊޑᐚࡋϩթᆶ਱݅ڄኧޑᜢ߯ᛙᄊޑᐚࡋϩթᆶ਱݅ڄኧޑᜢ߯ 

ҁ࿯ύЇҔϐޑ߻Ў᝘ 8Ǵ྽ᘉණБำԄޑᜐࣚచҹ΋ᜐۓڰࣁ

ᐚࡋǴ΋ᜐࣁ֎ԏ܄ਔǴځᛙᄊޑᐚࡋϩթ )(xssρ ёаճҔٿᜐࣚ೿

 ҢǶ߄ኧٰڄ਱݅ޑ܄ԏ֎ࢂ

΋ᆢޑᘉණБำԄёаቪࣁ 8 

 

t

tx

xK

tx

x
xKxD

x ∂
∂=

∂
∂

∂
∂ ),(

)(

),(
)()(

ρρ  (1-25) 

ύځ DǵK ϩձࣁᘉණ߯ኧаϷϩଛ߯ኧǴޣٿ໻ࣁՏ࿼ڄޑኧǶᜐ

ࣚచҹࣁ྽ x = 0ਔǴ 0),0( ρρ =t ǹ྽ x = h ਔǴ 0),( =thρ ǹଆۈచҹࣁ

྽ t = 0ਔǴ 0)0,( =xρ Ƕ߾ᛙᄊਔޑ೯ໆёаճҔ (1-25) Ԅှளୖ܈

ྣЎ᝘ 8ǴࣁځǺ  

 
∫

=
hss

x
xKxD

J

0

0

d
)()(

1

ρ
 

(1-26) 

Զᛙᄊਔޑᐚࡋϩթࣁ 8Ǻ 
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∫

∫
=

h

h

x
ss

dx
xKxD

dy
yKyD

xKx

0

0

)()(

1

)()(

1

)()( ρρ  (1-27) 

    ќ΋Бय़Ǵऩךॺஒ (1-24) Ԅύٿᜐࣣࣚࣁ֎ԏޑ܄਱݅ڄኧ

G(x, x0)ޑ x0а x жΕǴ߾ёаளډ G(x, x)ࣁ 

 

∫

∫∫ ′′

=
h

h

x

x

x
DK

x
DK

x
DK

xxG

0

0

d
1

d
1

d
1

),(   (1-28) 

Кၨ (1-27) ԄаϷ (1-28) ԄǴךॺёаว౜ )(xssρ ёаҔ G(x, x)߄

 ࣁၲ

 

∫

=
xss

dy
yKyD

xxG
xKx

0

0

)()(

1

),(
)()( ρρ  (1-29) 

(1-29) Ԅࢂߡᛙᄊᐚࡋᆶ਱݅ڄኧޑᜢ߯ԄǶݙཀډ G(x, x)ٿࣁᜐࣚ

ࣣ֎ԏ܄Ъٰྍᗺ (source point) کᢀჸᗺ (observation point) ࣬ ӕ

 ኧǶڄ਱݅ޑ
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1.5 ճҔ਱݅ڄኧڗ؃ճҔ਱݅ڄኧڗ؃ճҔ਱݅ڄኧڗ؃ճҔ਱݅ڄኧڗ؃ᐚࡋᐚࡋᐚࡋᐚࡋ ),( txρ аϷࢬр೯ໆаϷࢬр೯ໆаϷࢬр೯ໆаϷࢬр೯ໆ )(out tJ  ҢԄ߄ޑҢԄ߄ޑҢԄ߄ޑҢԄ߄ޑ

   ؃ள΋ঁၮᆉηޑ਱݅ڄኧǴ೯தёаճҔԜ਱݅ڄኧٰϸӛ؃

ှ၀ၮᆉηޑБำԄǶҁ࿯ύךॺஒճҔ਱݅ڄኧٰၲ߄ᘉණБำԄ

Ǵှޑ ),( txρ Ƕ 

    ᘉණБำԄޑ਱݅ڄኧёа٩ (1-15) Ԅۓޑကቪࣁ 

 
)(),()()( 00 xxxxG

x
xKxD

x
−−=

∂
∂

∂
∂ δ  (1-15) 

 ࣁᜐࣚచҹځ

 
0),(),0( 00 == xhGxG  (1-16) 

ԶᘉණБำԄёճҔ܄ࢲቪࣁ 

 

),()(),()()( txa
t

xKtxa
x

xKxD
x ∂

∂=
∂
∂

∂
∂

 (1-30) 

 ࣁᜐࣚచҹځ

 

)0(),0( 0 Kta ρ= , 0),( =tha  (1-31) 

ճҔߕᒵ A 1.3࿯ύޑ (A 1-31) ԄǴ܄ࢲ a(x, t)ёճҔ਱݅ڄኧ؃ள

 ࣁ

 

0
0

0

),()0(d),(),(),(
=










∂
∂+

∂
∂−= ∫

y

h

yxG
y

Dyty
y

yxGtxa ρρ  (1-32) 

ӢԜёаளޕ ),( txρ  ࣁ
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0
0

0

),()0()(d),(),()(),(
=










∂
∂+

∂
∂−= ∫

y

h

yxG
y

DxKyty
y

yxGxKtx ρρρ  (1-33) 

ኧڄ୼ճҔ਱݅ૈߡኧǴڄᜐࣚచҹаϷ਱݅ޑၰБำԄޕॺѝाך

؃ှҺཀޑΒ໘БำԄǶӧߕᒵ A 1.3࿯ύԖᜢܭᘉණ-ϸᔈБำԄޑ

؃ှၸำǶ 

ќѦाϟಏࢬр೯ໆ Jout(t)߄ޑҢԄаߡ௢Ꮴۯᒨਔ໔Ƕ२Ӄஒ 

(1-9) ԄޑᘉණБำԄҗ x ᑈϩԿ h Ǻ 

 

∫ ∂
∂=

∂
∂−

∂
∂

→

h

x
hx

y
t

ty

xK

tx

x
xKxD

xK

tx

x
xKxD d

),(

)(

),(
)()(

)(

),(
)()(lim

ρρρ   

 

∫ ∂
∂=

∂
∂−−

h

x

y
t

ty

xK

tx

x
xKxDtJ d

),(

)(

),(
)()()(out

ρρ  (1-34) 

٠ճҔ೯ໆۓޑက
K

tx

x
xKxDtxJ

),(
)()(),(

ρ
∂
∂−= уа᏾౛ǹ )(out tJ ջࣁ 

x = h ೀޑ೯ໆǶ 

ஒ (1-34) Ԅ౽໨᏾౛ǶԵቾډБำԄޑᙁዅǴךॺஒ D(x)ǵK(x)

ᙁቪࣁ DǵKǴޣٿϝࣁՏ࿼ڄޑኧǺ 

 

∫ ∂
∂+=

∂
∂−

h

x

y
t

ty

DKDK
tJ

K

tx

x
d

),(11
)(

),(
out

ρρ  (1-35) 

٠Ъӆᑈϩ΋ԛǴҗ x ᑈϩԿ hǺ 

 

∫ ∫∫ ∂
∂+=+−

h

x

h

y

h

x

dyz
t

tz

DK
y

DK
tJ

xK

tx

hK

h
d

),(1
d

1
)(

)(

),(

)(

)(
out

ρρρ  (1-36) 

җᜐࣚచҹёаளޕΠෞᆄ 0)( =hρ Ƕനٿࡕᜐӕ४а K(x)Ǵջё؃

ள ),( txρ Ǻ 
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∫ ∫∫ ∂
∂+=

h

x

h

y

h

x

dyz
t

tz

DK
xKy

DK
xKtJtx d

),(1
)(d

1
)()(),( out

ρρ  (1-37) 

ஒ (1-37) Ԅа x = 0жΕǴ٠Ъҗᜐࣚచҹளޕ 0),0( ρρ =t Ǵ߾ёа

ளډ 

 

∫ ∫∫ ∂
∂+=

h h

y

h

dyz
t

tz

DK
Ky

DK
KtJ

00
out0 d

),(1
)0(d

1
)0()(

ρρ  (1-38) 

౽໨᏾౛ࡕёளډ )(out tJ  ࣁ

 

∫

∫ ∫

∫

∂
∂

−=
h

h h

y

h

y
DK

K

dyz
t

tz

DK
K

y
DK

K

tJ

0

0

0

0
out

d
1

)0(

d
),(1

)0(

d
1

)0(

)(

ρ
ρ

 (1-39) 

ύځ ∫
h

y
DK

K
0

0 d
1

)0(ρ ёҗ (1-26) Ԅ࣮рࣁᛙᄊਔޑ೯ໆ Jss 
8ǶӢԜ

)(out tJ ёаቪࣁ 

 

∫

∫ ∫ ∂
∂

−=
h

h h

y

y
DK

dyz
t

tz

DK
JtJ

0

0
ssout

d
1

d
),(1

)(

ρ

 (1-40) 

 Β໘ਔຯǶޑᒨਔ໔ۯᒨਔ໔ϷۯॺஒճҔ (1-40) Ԅ௢Ꮴך

1.6 а੝ቻॶϷ਱݅ڄኧ߄Ң΋໘ਔຯۯޑᒨਔ໔а੝ቻॶϷ਱݅ڄኧ߄Ң΋໘ਔຯۯޑᒨਔ໔а੝ቻॶϷ਱݅ڄኧ߄Ң΋໘ਔຯۯޑᒨਔ໔а੝ቻॶϷ਱݅ڄኧ߄Ң΋໘ਔຯۯޑᒨਔ໔ 

ኧаϷ੝ቻڄ਱݅ޑᒨਔ໔ёаҔ΋໘ۯޑॺว౜΋໘ਔຯך    

ॶ߄ҢǴӵ (1-44) ԄϷ (1-47) Ԅ܌ҢǶ 

२Ӄҗۯᒨਔ໔ۓޑက (1-5) ԄрวǴ٠ஒ Jout(t)߄ޑҢԄ (1-40)
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ԄжΕǺ 

 

ss

0
out

L

d)(

J

ttJ
t

t

t
∫
∞

∂
∂

=  
(1-5) 

 

∫
∫

∫ ∫∞





















∂
∂

−
∂
∂=

0

0

0
ss

ss

d

d
1

d
),(1

1
t

y
DK

dxy
t

ty

DK
J

t
t

J h

h h

x

ρ

  

 

∫ ∫ ∫
∫

∞

∂
∂−=

h h

x
h

dxyt
t

ty
t

DK
y

DK

J
0 0

2

2

0

ss

dd
),(1

d
1

11 ρ  (1-41) 

ճҔߕᒵ΋ޑᑈϩ่݀ (A 1-5) ԄǴளޕ )(d
),(

ss

0
2

2

yt
t

ty
t ρρ −=

∂
∂

∫
∞

ǹаϷ 

ஒ (1-26) Ԅޑ JssжΕǴёаஒ (1-41) Ԅϯࣁ 

 

∫ ∫
∫

∫
−=

h h

x

ssh

h

dxyy
DK

y
DK

x
DK

t
0

0

0

0
L )d(-

1

d
1

1
d

1

ρ
ρ

 
 

 

∫ ∫=
h h

x

xyy
DK

0
ss

0

d)d(
11 ρ

ρ
 (1-42) 

ӆճҔߕᒵ΋ύ A 1.2࿯ύޑ (A 1-10) Ԅޑϩ೽ᑈϩஒΒख़ᑈϩ଺

 ډቪǴёаளׯ

 
( )∫ ∫ 












=

h x

xyy
DK

t
0

ss
00

L d)(d
11 ρ

ρ
 (1-43) 

ஒ )(ss xρ а (1-27) ԄжΕǴёаஒۯᒨਔ໔а਱݅ڄኧ߄ҢǺ 
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∫
∫

∫ 












=

h

x

x

x

y
DK

xxG
xKy

DK
t

0

0

0
00

L d

d
1

),(
)(d

11 ρ
ρ

  

 

∫=
h

xxxGxK
0

d),()(  (1-44) 

਱݅ڄኧёаճҔ੝ቻڄኧϷ੝ቻॶࣁၲ߄ 19Ǻ 

 

∑=
i i

ii yvxw
yxG

λ
)()(

),(  (1-45) 

ύځ wiޜࣁ໔໨੝ቻڄኧ (eigenfunction)ǴviࣁՔᒿၮᆉη (adjoint 

operator) ܌ჹᔈޑ੝ቻڄኧǹwiᆶ viޣٿϕ҅ࣁҬڄኧ (orthogonal 

function)Ƕwiᆶ vi҅ޑҬ܄ёаࣁၲ߄ 20 

 





=
≠

=∫ mn

mn
xxvxwx

h

mn    1

   0
d)()()(

0

ψ  (1-46) 

ύځ )(xψ ࣁኧڄኧ (weighting function)Ǵӧᘉණୢᚒύ៾ख़ڄ៾ख़ࣁ

ϩଛ߯ኧ K(x)ǶӢԜۯᒨਔ໔Ψёаቪࣁ 

 
Lt ∫ ∑=

h

i i

ii x
xvxw

xK
0

d
)()(

)(
λ

  

 
∑=

i iλ
1  (1-47) 

ԿԜǴךॺ܌Ꮴр(44-1) ޑ Ԅۯࢂߡᒨਔ໔ޑ਱݅ڄኧ߄ҢݤǴԶ

(1-47) Ԅࢂ߾ճҔ੝ቻॶޑቪۯၲ߄ٰݤᒨਔ໔Ƕ 
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1.7 а੝ቻॶ߄ҢΒ໘ਔຯۯޑᒨਔ໔а੝ቻॶ߄ҢΒ໘ਔຯۯޑᒨਔ໔а੝ቻॶ߄ҢΒ໘ਔຯۯޑᒨਔ໔а੝ቻॶ߄ҢΒ໘ਔຯۯޑᒨਔ໔ 

     ӵӕ 1.6࿯ǴΒ໘ਔຯۯޑᒨਔ໔ΨёаҔ਱݅ڄኧаϷ੝ቻ

ॶ߄ҢǴӵ (1-53) ԄϷ (1-54) Ԅ܌ҢǶ 

२Ӄஒ Jout(t)߄ޑҢԄжΕΒ໘ۯᒨਔ໔ۓޑကύǶճҔ (1-40) 

Ԅޑ Jout(t)аϷΒ໘ۯᒨਔ໔ۓޑက (1-6) ԄǺ 

 

ss

0
out

2

)2(
L

d)(

J

ttJ
t

t

t
∫
∞

∂
∂

=  (1-5) 

 

∫
∫

∫ ∫∞





















∂
∂

−
∂
∂=

0

0

0
ss

2

ss

d

d
1

d
),(1

1
t

y
DK

dxy
t

ty

DK
J

t
t

J h

h h

x

ρ

  

 

∫ ∫ ∫
∞

∂
∂−=

h h

x

dxyt
t

ty
t

DK
0 0

2

2
2

0

dd
),(11 ρ

ρ
 (1-48) 

Ԅύޑ ∫
∞

∂
∂

0
2

2
2 d),( tty

t
t ρ ऩޔࢂௗ೽ϩᑈϩǴ཮೷ԋ∞ - ∞่݀ޑǹനӳ

ૈ୼೛ݤӭቚу΋ԛჹ t ׎ޑ ᒵ΋ύ (A 1-8)ߕ༾ϩǴаϯԋӵޑ

ԄǶӢԜךॺճҔ (1-33) ԄǴаයૈ୼ӭቚу΋ԛჹ t  ༾ϩǶޑ

0
0

0

),()0()(d),(),()(),(
=










∂
∂+

∂
∂−= ∫

z

h

zyG
z

DyKztz
z

zyGyKty ρρρ  (1-33) 

ஒ (1-33) ԄжΕ (1-48) ԄύǴёаว౜ (1-33) ԄύಃΒ໨ჹ t ༾

ϩࣁ႟ǴӢԜளډǺ 
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)2(

Lt xyzttz
t

zyGyK
t

t
DK

h h

x

h

dddd),(),()(
11

0 0 0
2

2
2

0
∫ ∫ ∫ ∫ 




















∂
∂−

∂
∂−=

∞

ρ
ρ

  

 
xyxttz

t
tzyGyK

DK

h h

x

h

dddd),(),()(
11

0 0 0
03

3
2

0
∫ ∫ ∫ ∫ 














∂
∂=

∞

ρ
ρ

 (1-49) 

Ӄीᆉ (1-49) Ԅύჹ t ᑈϩޑ೽ϩǴୖԵߕᒵύ (A 1-8) ԄǴளޕ

∫
∞

=
∂
∂

0
ss3

3
2 )(2d),( zttz

t
t ρρ ǶӢԜ (1-49) Ԅёቪࣁ 

 
)2(

Lt xyzzzyGyK
DK

h h

x

h

dd)d(),()(
12

0 0
ss

0
∫ ∫ ∫ 













= ρ

ρ
 (1-50) 

(1-50) Ԅޑख़ᑈϩёаճҔߕᒵ΋ύ (A 1-10) Ԅׯቪࣁ 

 
)2(

Lt xyyyxGxKz
DK

h hx

d)d(),()(d
12

0 0
ss

00
∫ ∫∫ 



























= ρ

ρ
 (1-51) 

ύځ )(ss yρ ਥᏵ (1-27) Ԅёаቪࣁ 

 

∫

∫
=

h

h

x
ss

dx
xKxD

dy
yKyD

xKx

0

0

)()(

1

)()(

1

)()( ρρ  (1-27) 

ஒ )(ss yρ а (1-27) ԄжΕ (1-51) ԄύǴӆஒ













∫
x

z
DK

0

d
1

໨४຾ѐ٠ख़

ཥ᏾౛Ǵёа᏾౛ԋ 

 

)2(
Lt xy

dz
DK

dz
DK

yKyxGxKz
DK

h h

h

h

y
x

dd
1

1

)(),()(d
12

0 0

0

0
00

∫ ∫
∫

∫
∫


































= ρ

ρ
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xy

z
DK

z
DK

z
DK

yxGyKxK
h h

h

h

y

x

dd

d
1

d
1

d
1

),()()(2
0 0

0

0
∫ ∫

∫

∫∫ 













=   

 
xyyxxyGyxGyKxK

h h

dd),,(),()()(2
0 0
∫ ∫ 













<=  (1-52) 

ᜢ(52-1) ܭ Ԅύ xyyxxyGyxGyKxK
h h

dd),,(),()()(2
0 0
∫ ∫ 













< Ԝ਱݅ڄኧޑᑈ

ϩǴךॺёаஒځϯᙁࣁၨᙁዅ׎ޑԄǴջߕᒵύ (A 1-58) ԄǺ 

 
xyyxxyGyxGyKxK

h h

dd),,(),()()(2
0 0
∫ ∫ 













<   

 
xyxyGyxGyKxKxyyyGxxGyKxK

h hh h

dd),(),()()(dd),(),()()(
0 00 0
∫ ∫∫ ∫ 













+














=  (A 1-58) 

(A 1-58) Ԅޑϯᙁၸำຏ૶ܭ A 1.4࿯ύǶஒ (A 1-58) ԄжΕ (1-52) 

ԄύǴۯᒨਔ໔ޑΒ໘ਔຯёаቪࣁ 

 
=)2(

Lt xyyyGxxGyKxK
h h

dd),(),()()(
0 0
∫ ∫ 













  

 
xyxyGyxGyKxK

h h

dd),(),()()(
0 0
∫ ∫ 













+  (1-53) 

 
xy

yvywxvxw
yKxK

h h

i i

ii

i i

ii dd
)()()()(

)()(
0 0
∫ ∫ ∑∑ 













=

λλ
  

 
xy

xvywyvxw
yKxK

h h

i i

ii

i i

ii dd
)()()()(

)()(
0 0
∫ ∫ ∑∑ 













+

λλ
  

 
∑∑ +=

i ii i
2

2 1
)

1
(

λλ
 (1-54) 
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җ (1-53) ԄаϷ (1-54) ԄǴךॺߡளаҔ਱݅ڄኧаϷ੝ቻॶٰ߄

ҢΒ໘ۯޑᒨਔ໔Ƕ 

1.8 ᘉණၸำՔᒿϯᏢϸᔈਔۯޑᒨਔ໔ϷځΒ໘ਔຯϐ੝ቻॶ߄ᘉණၸำՔᒿϯᏢϸᔈਔۯޑᒨਔ໔ϷځΒ໘ਔຯϐ੝ቻॶ߄ᘉණၸำՔᒿϯᏢϸᔈਔۯޑᒨਔ໔ϷځΒ໘ਔຯϐ੝ቻॶ߄ᘉණၸำՔᒿϯᏢϸᔈਔۯޑᒨਔ໔ϷځΒ໘ਔຯϐ੝ቻॶ߄

ҢԄҢԄҢԄҢԄ 

྽ᘉණၸำύԖϯᏢϸᔈӸӧਔǴ(1-9) ԄޑᘉණБำԄѸ໪ӭ

΋໨ϸᔈ໨Ƕऩϸᔈࣁ΋໘ϸᔈ (first order reaction)Ǵ߾ᘉණ-ϸᔈБ

ำԄёቪࣁ 

 
),(),()(

)(

),(
)()( tx

t
txxR

xK

tx

x
xKxD

x
ρρρ

∂
∂=−

∂
∂

∂
∂  (1-55) 

ύځ R(x)ࣁ΋໘ϸᔈޑೲ౗߯ኧ (rate coefficient)ǶଆۈచҹϷᜐࣚచ

ҹޑ೛ۓᆶ߻ॊ࣬ӕǴࣁ 0)0,( =xρ ǵ 0),0( ρρ =t ǵ 0),( =thρ Ƕۓက܄ࢲ 

(activity)ࣁ 

 

)(

),(
),(

xK

tx
txa

ρ=  (1-56) 

 ࣁԄёቪ (1-55) ߾

 
),()(),()()(),()()( txa

t
xKtxaxKxRtxa

x
xKxD

x ∂
∂=−

∂
∂

∂
∂  (1-57) 

ஒ (1-57) Ԅ܎ڗද܎ථᙯඤ (Laplace transform) ёаளډ 

 
),(ˆ)(),(ˆ)()(),(ˆ)()( sxasxKsxaxKxRsxa

x
xKxD

x
=−

∂
∂

∂
∂  (1-58) 

 ࣁᜐࣚచҹځ
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sK
sa 0

)0(

1
),0(ˆ

ρ
= , 0),(ˆ =sha  (1-59) 

ύځ s ᡂኧǶऩзၮᆉηޑථሦୱ܎ද܎ࣁ Lxࣁ 

 
)()(

d

d
)()(

d

d
xKxR

x
xKxD

x
Lx +−=  (1-60) 

 ࣁԄёቪ (1-58) ߾

 
),(ˆ)(),(ˆ sxasxKsxaLx −=  (1-61) 

Ӣךࣁॺஒाჹ ),(ˆ sxas բੀୌભኧ৖໒ǴࣁΑБำԄޑᙁዅǴз 

 
),(),(ˆ sxPsxas =  (1-62) 

ஒ (1-61) Ԅٿᜐӕ४а sǴ٠жΕ ),(),(ˆ sxPsxas = ёаளډ 

 
[ ]),(ˆ)(),(ˆ sxassxKsxasLx −=   

 
),()(),( sxsPxKsxPLx −=  (1-63) 

ёа࣮р (1-61) Ԅᆶ (1-63) Ԅޑৡձӧচҁࢂჹ ),(ˆ sxa ၮᆉǴԶޑ

ჹࢂᡂԋࡕቪׯ ),( sxP ॺाჹךࣁӢࢂቪǴׯޑၮᆉǶ଺೭ኬޑ ),( sxP

բੀୌભኧ৖໒ǴԶߚ ),(ˆ sxa Ƕ 

    ஒ ),( sxP а s = 0ࣁύЈբੀୌભኧ৖໒Ǵךॺёаளډ 

 
L+′′+′+= )0,(

2
)0,()0,(),(

2

xP
s

xPsxPsxP  (1-64) 

ύځ ),( sxP′ ᆶ ),( sxP ′′ ϩձж߄ ),( sxP ჹ s ΋ԛϷΒԛᏤኧǶ(1-64) Ԅޑ
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ύޑ )0,(xP ໨ǴךॺёаճҔಖॶۓ౛຾΋؁ቪࣁ 

 
)(),(lim),(ˆlim)0,( ss

0
xatxasxasxP

ts
===

∞→→
 (1-65) 

ӢԜஒ (1-65) Ԅжӣ (1-64) Ԅளډ 

 
L+′′+′+= )0,(

2
)0,()(),(

2

ss xP
s

xPsxasxP  (1-66) 

Ԝջࣁ ),( sxP  ॺҗ (1-66) Ԅёа௢ளךੀୌભኧ৖໒ԄǶќѦޑ

 
[ ] 0)(lim),(lim

00
==

→→
xassxsP ss

ss
 (1-67) 

 








∂
∂+=

∂
∂

→→
),(),(lim),(lim

00
sxP

s
ssxPsxsP

s ss
)(),(lim ss

0
xasxP

s
==

→
 (1-68) 

 
[ ] )0,(2),(),(2lim),(lim

2

2

02

2

0
xPsxP

s
ssxP

s
sxPs

s ss
′=









∂
∂+

∂
∂=

∂
∂

→→
 (1-69) 

(1-66) Ԅ(69-1) ډ ԄஒӧௗΠٰޑ௢ᏤύҔډǶ 

    җ (1-63) Ԅ ),()(),( sxsPxKsxPLx −= ǴךॺёаளډаΠΟచБำ

ԄǺ 

1. з (1-63) ԄѰѓٿᜐ s →  0Ǵ٠Ъஒ (1-66) ԄаϷ (1-67) Ԅж

ΕǴёаளډ 

 





−=





→→
),(lim)(),(lim

00
sxsPxKsxPL

ss
x   

 
0)(ss =xaLx  (1-70) 

 ࣁᜐࣚచҹځ
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0)(  ,

)0(
)0( ss

0
ss == ha

K
a

ρ
 (1-71) 

ᅈىБำԄ (1-70) ԄаϷᜐࣚచҹ (1-71) Ԅϐှӈܭ (A 1-40) 

ԄǴࣁځ 

 

0
0ss ),()0()(

=









∂
∂=

y

yxG
y

Dxa ρ  (1-72) 

җ (1-70) Ԅள(72-1) ډ Ԅޑ၁ಒၸำёୖԵߕᒵ A 1.3࿯Ƕ 

2. ஒ (1-63) ԄѰѓٿᜐჹ s ༾ϩ΋ԛǴ٠Ъз s →  0ǶճҔ (1-66) 

ԄаϷ (1-68) ԄǴёаளډ 

 








∂
∂−=






∂
∂

→→
),(lim)(),(lim

00
sxsP

s
xKsxP

s
L

ss
x   

 
)()()0,( ss xaxKxPLx −=′  (1-73) 

 ࣁᜐࣚచҹځ

 
0 )0,( ,0)0,0( =′=′ hPP  (1-74) 

җܭᜐࣚచҹٿࣁᜐࣣࣚࣁ֎ԏ܄ǴӢԜёаճҔ਱݅ڄኧ؃ှǴ

٠ஒ (1-72) Ԅύޑ )(ss xa жΕǺ 

 

∫−=′
h

ss yyayKyxGxP
0

d)()(),()0,(   

 
( )

00
0 d),()(),()0(

=











∂
∂−= ∫

z

h

yzyGyKyxG
z

D ρ  (1-75) 
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3. ஒ (1-63) ԄѰѓٿᜐჹ s ༾ϩٿԛǴ٠Ъз s →  0ǶճҔ (1-66) 

ԄаϷ (1-69) ԄǴёаளډ 

 









∂
∂−=









∂
∂

→→
),(lim)(),(lim

2

2

02

2

0
sxsP

s
xKsxP

s
L

ss
x   

 
)0,()(2)0,( xPxKxPLx ′−=′′  (1-76) 

 ࣁᜐࣚచҹځ

 
0 )0,( ,0)0,0( =′′=′′ hPP  (1-77) 

ᜐࣚచҹٿࣁᆄࣣ֎ԏ܄ǴӢԜёճҔ਱݅ڄኧ؃ှ (1-76) ԄǴ

٠ճҔ (1-75) Ԅஒ )0,(xP′ жΕǴёள 

 

∫ ′−=′′
h

yyPyKyxGxP
0

d)0,()(),(2)0,(   

 
( )( )

00 0
0 dd),()(),()(),()0(2

=











∂
∂= ∫ ∫

z

h h

yzzGzKzyGyKyxGD α
α

ρ  (1-78) 

а΢ΟԄޑҞޑӧ؃ܭр )(ss xa ǵ )0,(xP′ ǵ )0,(xP ′′ Ο໨ޑ਱݅ڄኧ߄Ң

ԄǶ 

ќ΋Бय़Ǵךॺёаஒрα೯ໆ )(out tJ ቪࣁ 

 

hx

txa
x

hKhDtJ
=








∂
∂−= ),()()()(out  (1-79) 

ӧ܎ද܎ථሦୱ (Laplace domain) ύёа߄Ңࣁ 
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hx

sxa
x

hKhDsJ
=








∂
∂−= ),(ˆ)()()(ˆ

out  (1-80) 

ਥᏵۯᒨਔ໔ᆶۯᒨਔ໔ޑΒ໘ਔຯϐۓက (1-5) Ԅᆶ (1-6) ԄǴך

ॺΨёаճҔද܎ථሦୱύޑᡂኧၲ߄ϐǶۯᒨਔ໔ёׯቪࣁ 

 

ss

0
out

L

d)(
d

d

J

ttJ
t

t

t
∫
∞

=  (1-5) 

 

ss

0
out d)(

lim
J

ttJ
t

t
t

t

∫ ′′
′∂

∂′

=
∞→




















′′

′∂
∂′

=
∫

→ ss

0
out

0

d)(

lim
J

ttJ
t

t

s

t

s
L  

 

 

)(ˆ

)(ˆ
d

d

lim
out

out

0 sJs

sJs
s

s
−=

→
 (1-81) 

ύځ ssJ ж߄ᛙᄊਔޑ೯ໆǴL[ f(x) ]ж߄ஒڄኧ f(x)଺܎ද܎ථᙯඤǶ

ԶճҔӕኬޑБۯݤᒨਔ໔ޑΒ໘ਔຯ߾ёׯቪࣁ 

 

ss

0
out

2

(2)
L

d)(
d

d

J

ttJ
t

t

t
∫
∞

=  (1-6) 

 

)(ˆ

)(ˆ
d

d

lim 
out

out2

2

0 sJs

sJs
s

s→
=  (1-82) 

ޑॺஒ (1-80) Ԅך )(ˆ
out sJ жΕ (1-81) Ԅёаϩձளۯډᒨਔ໔ࣁ 

 

)(ˆ

)(ˆ
d

d

lim
out

out

0
L

sJs

sJs
st

s
−=

→
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














∂
∂−
















∂
∂−

−=

=

=

→

hx

hx

s
sxa

x
hKhDs

sxa
x

hKhDs
s

),(ˆ)()(

),(ˆ)()(
d

d

lim
0

hx
s

hx
s

sxas
x

sxas
sx

=→

=
→














∂
∂


















∂
∂

∂
∂

−=
),(ˆlim

),(ˆlim

0

0
 

 

hx
s

hx
s

sxP
x

sxP
sx

=→

=
→














∂
∂


















∂
∂

∂
∂

−=
),(lim

),(lim

0

0

hx
ss

hx

xa
x

xP
x

=

=








∂
∂






 ′
∂
∂

−=
)(

)0,(

 (1-83) 

ஒ (1-72) Ԅޑ )(xass Ϸ (1-75) Ԅޑ )0,(xP′ жΕ΢ԄύǴёள 

 
( )

hxy

hxz

h

yxG
yx

yzyGyKyxG
zx

t

==

==























∂
∂

∂
∂



























∂
∂

∂
∂

=
∫

0

00

L

),(

d),()(),(

 (1-84) 

җᛥ౥ၲ߾ݤ (L’Hôspital’s rule) ёаளޕऩ f(a) = g(a) = 0Ǵ߾

)()(lim)()( xgxfagaf
ax→

=′′ Ƕ঺Ҕ(84-1) ډ ԄύǴҗܭӧԜ਱݅ڄኧᜐ

ࣚచҹٿࣁᆄࣣ֎ԏ܄Ǵջ G(0, y) = G(h, y) = G(x, 0) = G(x, h) = 0Ǵ

ёаճҔᛥ౥ၲׯ߾ݤቪǶӢԜ (1-84) Ԅۯᒨਔ໔ёቪࣁ 

 

),(

d),()(),(

lim 0

0

L zxG

yzyGyKyxG

t

h

z
hx

∫

→
→

=  (1-85) 

Զ਱݅ڄኧޑ೯Ԅࣁ 22 

 










=

)(

)()(
)(

)()(

),(
12

21

yW

yfxf
yW

yfxf

yxG       
yx

yx

≤

≥
 (1-86) 

ύځ f1ǵf2ࣁ၀ၮᆉηঁٿޑሸှ܄ (homogeneous solution)ǴԶ W ࣁ

f1ǵf2ޑਟථ୷ՉӈԄ (Wronskian)Ƕۓځကࣁ 22 
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)(
d

d
)(

d

d
)()(

)(
21

21

yf
y

yf
y

yfyf
yW =  (1-87) 

ஒ (1-86) ԄжΕ (1-85) ԄύǴёаว౜ϩηϩ҆ёаऊϩቪࣁ 

 

)(

)()(

d
)(

)()(
)(

)(

)()(

lim
21

0

2121

0

L

zW

zfxf

y
zW

zfyf
yK

yW

yfxf

t

h

z
hx

∫

→
→

=   

 

∫=
h

y
yW

yfyfyK

0

12 d
)(

)()()(  
 

 ∫=
h

yyyGyK
0

d),()(  (1-88) 

 ∫ ∑=
h

i i

ii y
yvyw

yK
0

d
)()(

)(
λ

  

 ∑=
i iλ

1  (1-89) 

٩ྣӕኬޑ଺ݤǴஒ (1-80) Ԅޑ )(ˆ
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໔ޑΒ໘ਔຯёаቪࣁ 
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ஒ (1-72) Ԅޑ )(ss xa Ϸ (1-78) Ԅޑ )0,(xP ′′ жΕ΢ԄύǴёаளډ 
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җᛥ౥ၲ߾ݤёаளޕ΢Ԅёаᙁϯࣁ 
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ஒ਱݅ڄኧޑ೯Ԅ (1-86) ԄжΕ (1-92) Ԅύёаளډ 

 

)(

)()(

dd
)(

)()(
)(),()(

)(

)()(
2

lim
21

0 0

2121

0

)2(
L

α
α

α
α

α
W

fxf

yz
W

fzf
zKzyGyK

yW

yfxf

t

h h

hx

∫ ∫

→
→

=   

 ∫ ∫=
h h

yzzyGzKyK
yW

yfzf

0 0

21 dd),()()(
)(

)()(
2  

 ∫ ∫ >=
h h

yzzyGyKyzyzGzK
0 0

dd),()()  ,,()(2  (1-93) 

(1-93) Ԅӧߕᒵ A 1.4 ύޑ (A 1-58) ԄύԖϯᙁၸ׎ޑࡕԄǶ 
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
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=  (A 1-58) 
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ӧԜஒीᆉၸำౣၸǴ၁ಒޑϯᙁၸำёаୖԵ A 1.4࿯ǶӢԜ (1-93) 

Ԅёаቪࣁ 
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i ii i
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2 1
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1
(

λλ
 (1-95) 

җҁ࿯ޑ૸ፕύёаளޕǴ྽ᘉණၸำԖϸᔈ໨ਔǴۯᒨਔ໔Ϸ

ҢǴᆶ߄Β໘ਔຯϝૈ୼а੝ቻॶٰځ 1.7࿯Ϸ 1.8࿯่ޑፕ٠όၴ

ङǶ 

1.9 ᘉණၸำՔᒿϯᏢϸᔈਔۯᒨਔ໔ޑ෧ϿᘉණၸำՔᒿϯᏢϸᔈਔۯᒨਔ໔ޑ෧ϿᘉණၸำՔᒿϯᏢϸᔈਔۯᒨਔ໔ޑ෧ϿᘉණၸำՔᒿϯᏢϸᔈਔۯᒨਔ໔ޑ෧Ͽ 

    ྽΋໘ϸᔈ (first order reaction) ӸӧǴᘉණ-ϸᔈБำԄёቪࣁ 
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)()( tx
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txxR
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∂
∂=−

∂
∂

∂
∂  (1-96) 

зࣁ܄ࢲ 
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ρ=  (1-97) 
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 ࣁԄёቪ (1-96) ߾
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xKtxaxKxRtxa

x
xKxD

x ∂
∂=−

∂
∂

∂
∂  (1-98) 

ύځ R(x)ࣁ΋໘ϸᔈޑೲ౗߯ኧ (rate constant)Ǵa(x, t)܄ࢲࣁǶз 

(1-98) Ԅύਔ໔ t → ∞Ǵ߾ளډ 

 
0)()()()(

d
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d

d
ssss =− xaxKxRxa
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xKxD
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 (1-99) 

ॺёазၮᆉηך Lxࣁ 
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d
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d

d
xRxK

x
xKxD

x
Lx +−=  (1-100) 

Ԝၮᆉηޑ੝ቻॶёаࣁၲ߄ 

 
)()()( xuxKxuL iiix λ=  (1-101) 

ύځ K(x)ࣁ៾ख़ڄኧ (weighting function)Ƕзᜐࣚచҹٿࣁᆄࣣࣁ֎

ԏ܄Ǵջ ui(0) = ui(h) = 0Ǵ iλ ಃޑԜᜐࣚచҹΠࣁ i ঁ੝ቻॶǴuiࣁ iλ

 ࣁኧǶ(1-101) Ԅջڄ੝ቻޑჹᔈ܌

 
)()()()()()(

d

d
)()(

d

d
xuxKxuxKxRxu

x
xKxD

x iiii λ=+−  (1-102) 

౽໨᏾౛΋ΠǴёаว౜ (1-102) Ԅࣁ Sturm-LiouvilleБำԄࠠޑ

ᄊǺ 
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x iii λ  (1-103) 
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ϯԋ Sturm-LiouvilleБำԄࠠޑᄊԖշךܭॺளٿډᗺ௢ፕǺ 

1. җܭ D(x) > 0ǵK(x) > 0ǵR(x) > 0Ǵᜐࣚచҹࣁ ui(0) = ui(h) = 0Ǵ

ӢԜ (1-103) ԄύޑSturm-Liouvilleၮᆉۓ҅ࣁၮᆉη 23 (positive 

definite operator)Ƕ̔ ॶ҅ࣁ੝ቻॶࣣޑჹᔈ܌ၮᆉηۓ 24ЪᚆණǶ 

2. ჹ(103-1) ܭ ԄǴଷ೛คϸᔈਔǴջ 0)( =xR Ǵᘉණၸำޑ੝ቻॶ

ࣁ iλ ǶϞჹԜᘉණس಍ᏤΕϯᏢϸᔈǴளډཥޑ੝ቻॶзࣁځ

)rxn(
iλ ǶਥᏵ Birkhoff25΋ਜޑϣ৒Ǵ྽ (1-103) Ԅύޑ R(x)K(x)໨

ቚуਔǴ੝ቻॶ཮ቚуǴջ ii λλ >)rxn( Ƕҗܭคϸᔈਔ R(x) = 0ǴԶ

Ԗϸᔈਔ R(x) > 0ǴࡺԖϯᏢϸᔈਔ R(x)K(x)໨཮ቚуǶӢԜჹ΋

ᘉණၸำԶقǴԖϯᏢϸᔈਔޑ੝ቻॶ཮КคϸᔈϯᏢਔޑ੝ቻ

ॶٰளεǶԶ΋ᘉණၸำՔᒿԖϯᏢϸᔈਔǴR(x)ຫεǴ੝ቻॶຫ

εǶ 

ਥᏵ 1.9࿯ޑ௢ᏤǴ྽Ԗ΋໘ϸᔈӸӧਔǴۯᒨਔ໔аϷۯᒨਔ

໔ޑΒ໘ਔຯёаቪࣁ 

 
Lt ∑=

i iλ
1  (1-104) 

 
)2(

Lt ∑∑ +=
i ii i

2
2 1

)
1

(
λλ

 (1-105) 

җ߻य़ٿޑᗺ௢ፕёаளޕ iλ ੝ቻॶޑॶǹЪԖϯᏢϸᔈਔཥ҅ࣁ iλ

Кଆคϸᔈޑ੝ቻॶ (rxn)
iλ Βޑᒨਔ໔ۯᒨਔ໔аϷۯǶӢԜޑቚуࢂ
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໘ਔຯ೿཮෧ϿǴԶ R(x)ຫεǴۯᒨਔ໔аϷۯᒨਔ໔ޑΒ໘ਔຯΨ

཮ຫλǶ 

ᜢۯܭᒨਔ໔ϷځΒ໘ਔຯޑ੝ቻॶ߄ҢݤǴךॺёа଺΋ঁᙁ

ᘉණ߯ኧځ಍Ǵسᘉණޑᡍ᛾аϷ૸ፕǶԵቾ΋ᙁൂޑൂ D Ϸϩଛ

߯ኧ K Ԝᘉණ߾ӸӧǴࢬ಍ύคϸᔈǵคჹسதኧǴЪԜᘉණࣁࣣ

БำԄёаቪࣁ 
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зځᜐࣚచҹϷଆۈచҹࣁ 

 

0),0( ρρ =t Ǵ 0),( =thρ Ǵ 0)0,( =xρ  (1-107) 

ကۓॺёаϩձճҔךΒ໘ਔຯǴځᒨਔ໔Ϸۯܭ಍ΠǴჹسӧԜ߾

аϷ੝ቻॶ߄ޑҢݤჹ่݀ځ଺ᡍ᛾Ƕ 

    ਥᏵ Crank΋ਜ 1Ǵ(1-106) Ԅࣁှޑ 
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 ډථᙯඤள܎ද܎ࢂ܈ॺёаҗϩ೽ᑈϩךύǴځ
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ӢԜǴஒ (1-113) ԄжΕ (1-112) ԄύǴёаளډ 
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 
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ᡍ᛾่ޑ Ǵ݀ӧ (1-106) Ԅޑᙁൂس಍Πۯᒨਔ໔ϷځΒ໘ਔຯࢂё

аճҔ੝ቻॶ߄Ңٰݤ଺ीᆉޑǶ 

಍Πسॺ؃ளΑӧᙁൂך     Dht 62
L = аϷ 22(2)

L 1807 Dht = Ǵௗ๱ך

ॺёаᙁൂӦ૸ፕ΋ΠԜ่݀ӧ಍ी΢ޑཀကǶךॺஒ )(
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out
ss

tJ
tJ ∂

∂
ຎ

ࣁځኧ (probability density function)Ǵзڄࡋ΋ᐒ౗ஏࣁ P(t)Ǻ 
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A 1.3 ճҔ਱݅ڄኧճҔ਱݅ڄኧճҔ਱݅ڄኧճҔ਱݅ڄኧ G(x,y)ᆶᜐࣚచҹ؃ှᆶᜐࣚచҹ؃ှᆶᜐࣚచҹ؃ှᆶᜐࣚచҹ؃ှ ),( txa аϷаϷаϷаϷ )(ss xa 26 

྽ᘉණၸำύԖ΋໘ϯᏢϸᔈӸӧਔǴᘉණБำԄёቪࣁ 

 
),(),()(

)(

),(
)()( ty

t
tyyR

yK

ty

y
yKyD

y
ρρρ

∂
∂=−

∂
∂

∂
∂  (A 1-11) 

ύځ ),( tyρ ΋໘ϸࣁϩଛ߯ኧǴR(y)ࣁᘉණ߯ኧǴK(y)ࣁǴD(y)ࡋᐚࣁ

ᔈޑೲ౗߯ኧ (rate coefficient)Ƕᜐࣚచҹࣁǵ 0),0( ρρ =t ǵ 0),( =thρ Ǵ

ଆۈచҹࣁ 0)0,( =yρ Ƕз܄ࢲ (activity) ࣁ 

 

)(

),(
),(

yK

ty
tya

ρ=  (A 1-12) 

 ࣁԄёቪ (A 1-12) ߾

 
),()(),()()(),()()( tya

t
yKtyayKyRtya

y
yKyD

y ∂
∂=−

∂
∂

∂
∂  (A 1-13) 

зၮᆉη Lyࣁ 

 
)()(

d

d
)()(

d

d
y yKyR

y
yKyD

y
L +−=  (A 1-14) 

ࣁኧڄ਱݅ޑᜐࣚਔ܄ԏ֎ࣁᆄࣣٿကԜၮᆉηӧۓ G(x,y)ǴӧԜ਱

ޑኧύڄ݅ x ᗺ (source point)Ǵyྍٰࣁ ߾൑ᗺ (field point)Ƕࣁ G(x,y)

ᅈىБำԄ 

 
)(),()()(),()()( yxyxGyKyRyxG

y
yKyD

y
−−=−

∂
∂

∂
∂ δ  (A 1-15) 

 ࣁᜐࣚచҹзځ



 44

 
0),()0,( == hxGxG  (A 1-16) 

ॺஒճҔ (A 1-13) Ԅᆶ (A 1-15) Ԅှрך     ),( tya ᆶ਱݅ڄኧޑ

ᜢ߯Ƕ२Ӄஒ (A 1-13) ԄϷ (A 1-15) Ԅޑಃ΋໨༾ϩ໨৖໒Ǵёа

ளډ 

 
),(),(),()(),(

2

2

tya
y

KtyRKatya
y

DKtya
y

DK
∂
∂=−

∂
∂′+

∂
∂  (A 1-17) 

 
)(),(),()(),(

2

2

yxyxRKGyxG
y

DKyxG
y

DK −−=−
∂
∂′+

∂
∂ δ  (A 1-18) 

ᙁዅǴஒޑΑᆉԄࣁύځ D(y)ǵK(y)ǵR(y)ϩձᙁቪࣁ DǵKǵRǴԶ

)( ′DK ߄ж߾ DK ჹ y ᏤኧǴջޑ DK
y

DK
d

d
)( =′ Ƕௗ๱ךॺஒ೛ݤ੃ѐ

),( tyRKa аϷ ),( yxRKG ໨Ƕஒ (A 1-17) Ԅ४ ),( yxG Ǵ٠ஒ (A 1-18) Ԅ

४ ),( tya Ǵ߾ளډ 

),(),(),(),()(),(),(
2

2

tya
y

KyxGtyRKatya
y

DKtya
y

DKyxG
∂
∂=








−

∂
∂′+

∂
∂  (A 1-19) 

)(),(),(),()(),(),(
2

2

yxtyayxRKGyxG
y

DKyxG
y

DKtya −−=







−

∂
∂′+

∂
∂ δ  (A 1-20) 

࣬෧ջள 










∂
∂−

∂
∂′+









∂
∂−

∂
∂

),(),(),(),()(),(),(),(),(
2

2

2

2

yxG
y

tyatya
y

yxGDKyxG
y

tyatya
y

yxGDK  

)(),(),(),( yxtyatya
y

KyxG −+
∂
∂= δ  (A 1-21) 

ᢀჸ (A 1-21) Ԅύޑಃ΋ঁύࡴဦϣޑৡǴёаว౜ 



 45

 
),(),(),(),(

2

2

2

2

yxG
y

tyatya
y

yxG
∂
∂−

∂
∂   

 










∂
∂−

∂
∂

∂
∂= ),(),(),(),( yxG

y
tyatya

y
yxG

y
 (A 1-22) 

ऩךॺз 

 
),(),(),(),(),,( yxG

y
tyatya

y
yxGtyxW

∂
∂−

∂
∂=  (A 1-23) 

 ࣁёቪࡕஒ (A 1-22) ԄжΕ (A 1-21) Ԅ߾

)(),(),(),(),,()(),,( yxtyatya
y

KyxGtyxWDKtyxW
y

DK −+
∂
∂=′+

∂
∂ δ

 

(A 1-24) 

΢ԄѰᜐٿ໨ߡёаӝٳԋࣁ΋ঁᏤኧ 

 
[ ] )(),(),(),(),,( yxtyatya

y
KyxGtyxDKW

y
−+

∂
∂=

∂
∂ δ  (A 1-25) 

ճҔ (A 1-25) ԄךॺёаࡐБߡӦ؃ள ),( tya Ǵѝाஒٿᜐჹ y ᑈ

ϩǴҗ y = 0ᑈϩԿ y = h ջёǶݙཀેډፂڄኧԖᑈϩڗᗺ܄ޑ፦Ǵ

ӢԜ ),(d)(),(
0

txayyxtya
h

=−∫ δ Ǻ 

 
[ ] ∫∫∫ −+

∂
∂=

∂
∂ hhh

yyxtyaytya
y

KyxGytyxDKW
y

000

d)(),(d),(),(d),,( δ   

[ ] [ ] ),(d),(),( ),,( ),,(
0

0
txaytya

y
KyxGtyxDKWtyxDKW

h

yhy
+

∂
∂=− ∫==   



 46

[ ] [ ]
0

0

 ),,( ),,(d),(),(),( == −+
∂
∂−= ∫ yhy

h

tyxDKWtyxDKWytya
y

KyxGtxa  (A 1-26) 

྽ҺཀΒ໘ޑБำԄǴځᜐࣚచҹࣁ΋ᆄۓॶԶќ΋ᆄࣁ֎ԏ܄ᜐ

ࣚǴӵ (A 1-11) ԄǴऩ၀ၮᆉηӧٿᜐࣣࣚࣁ֎ԏ܄ਔޑ਱݅ڄኧ

ॺஒӧךҢϐǶ߄ёа (A 1-26) Ԅှޑ΢ॊБำ߾Ǵޕςࣁ 1.6࿯

аϷ 1.9࿯ϩձӧόӕచҹ௃ݩΠҔډ (A 1-26) ԄǴ຾΋؁ᇥܴӵ

ΠǶ 

΋ǵӧ 1.6࿯ਔǴᘉණၸำύคϯᏢϸᔈǴКၨ (A 1-11) Ԅёຎ

ࣁ R(y) = 0ǴځᘉණБำԄቪࣁ 

 
),()(),()()( tya

t
yKtya

y
yKyD

y ∂
∂=

∂
∂

∂
∂  (A 1-27) 
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    Βǵӧ 1.9࿯ਔǴᘉණ-ϸᔈБำԄࣁ 

 
),()(),()()(),()()( tya

t
yKtyayKyRtya

y
yKyD

y ∂
∂=−

∂
∂

∂
∂  (A 1-32) 

ӧ 1.9࿯ೀाڗ؃ᛙᄊਔ܄ࢲޑǴӢԜӧᛙᄊਔǴ΢Ԅᡂԋࣁ 

 
0)()()()()()( =−

∂
∂

∂
∂

yayKyRya
y

yKyD
y ssss  (A 1-33) 

ύځ )(yass ǶӕኬӦǴᛙᄊਔ܄ࢲޑᛙᄊਔࣁ 0),( =∞
∂
∂

ya
t

ǴӢԜ (A 1-26) 

Ԅ཮ᡂԋ 

[ ] [ ]
0

0

 ),,( ),,(d),(),(),( == ∞−∞+∞
∂
∂−=∞ ∫ yhy

h

yxDKWyxDKWyya
y

KyxGxa  

[ ] [ ]
0

 ),,( ),,()( == ∞−∞=
yhyss yxDKWyxDKWxa  (A 1-34) 

ॺёஒךύځ ),,( ∞yxW ᙁቪࣁ ),(ss yxW Ǵࣁځ 
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),(

d

d
)()(

d

d
),(),(),,( yxG

y
yaya

y
yxGyxWyxW ssssss −==∞  (A 1-35) 

ճҔ (A 1-33) ԄаϷ G(x,y)ޑᜐࣚచҹ 

 
0)(  ,

)0(
)0( ss

0
ss == ha

K
a

ρ
 (A 1-36) 

 
0),()0,( == hxGxG  (A 1-37) 

ॺёаҗ (A 1-35) ԄǴ؃рך Wss(x, y)ӧٿᜐࣚೀޑॶǺ 

 

0
ss

0
ssss ),()0()(

d

d
)0,()0,(

==









∂
∂−








=

yy

yxG
y

aya
y

xGxW   

 

0

0 ),(
)0( =










∂
∂−=

y

yxG
yK

ρ
 (A 1-38) 

 

hyhy

yxG
y

haya
y

hxGhxW
==










∂
∂−








= ),()()(

d

d
),(),( ssssss   

 
0=  (A 1-39) 

ஒ (A 1-30) аϷ (A 1-31) ԄжΕ (A 1-28) ԄǴёа؃ள 

 

0
0ss ),()0()(

=









∂
∂=

y

yxG
y

Dxa ρ  (A 1-40) 

ԜԄஒᔈҔӧ 1.8࿯(79-1) ޑ ԄǶ 
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A1.4 ϯᙁ਱݅ڄኧޑᑈϩϯᙁ਱݅ڄኧޑᑈϩϯᙁ਱݅ڄኧޑᑈϩϯᙁ਱݅ڄኧޑᑈϩ xyyxxyGyxGyKxK
h h

dd),,(),()()(2
0 0
∫ ∫ 













<  

    1.7࿯аϷ 1.8࿯ύԖ΋ࢤၨࣁϧޑߏ਱݅ڄኧᑈϩϐϯᙁၸ

ำǴӧԜᇥܴӵΠǶଷ೛݅ڄኧ G(x, y)ᅈىБำԄ 

 
)(),()()(),()()( yxyxGyKyRyxG

y
yKyD

y
−−=−

∂
∂

∂
∂ δ  (A 1-41) 

аϷᜐࣚచҹ 

 
0),0( =yG ， 0),( =yhG  (A 1-42) 

ॺёзၮᆉηך߾ Lxࣁ 

 
)()(

d

d
)()(

d

d
x xKxR

x
xKxD

x
L +−=  (A 1-43) 

ଷ೛ԜၮᆉηԖ΋ሸࣁှ܄ )(xφ Ǵ߾ёаว౜ ∫ ′
′′′

x
xxKxD

x d
)()()(

1
)(

2φ
φ

 Ǵջှ܄ሸىԄΨᅈ׎ޑ

 
0d

)()()(

1
)(

2x =







′

′′′∫ x
xxKxD

xL
φ

φ  (A 1-44) 

ှ܄ሸٿڗॺёаך )(1 xφ ǵ )(2 xφ  ࣁ

 

∫=
h

x

z
zzKzD

xx d
)()()(

1
)()(

21 φ
φφ  (A 1-45) 

 

∫=
x

z
zzKzD

xx
0

22 d
)()()(

1
)()(

φ
φφ  (A 1-46) 

ኧڄஒ਱݅ှ܄ሸٿॺёаճҔך߾ G(x, y)߄ҢӵΠ 22, 26Ǻ 
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{ }

{ }

    

      
)(),()()(

)()(

      
)(),()()(

)()(
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21
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











<

>

=

yx
yyWyKyD

xy

yx
yyWyKyD

xy

yxG

φφ
φφ

φφ
φφ

 (A 1-47) 

ύځ { })(),( 21 yyW φφ ࣁ )(1 yφ ǵ )(2 yφ  ਟථ୷ՉӈԄ (Wronskian)Ǻޑ

 

)(
d

d
)(

d

d
)()(

)}(),({
21

21

21 y
y

y
y

yy
yyW φφ

φφ
φφ =  (A 1-48) 

ीᆉёள { } ∫=
h

y
yyKyDyKyD

yyW
0

221 d
)()()(

1

)()(

1
)(),(

φ
φφ Ƕஒ { })(),( 21 yyW φφ а

Ϸ )(1 yφ ǵ )(2 yφ жΕǴ(A 1-47) Ԅᡂԋ 
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)()()(

1

d
)()()(

1
d

)()()(

1
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d
)()()(

1

d
)()()(

1
d

)()()(

1
)()(

),(
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0
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



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











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=

∫

∫ ∫

∫

∫ ∫
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zzKzD

z
zzKzD

z
zzKzD
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z
zzKzD

z
zzKzD

z
zzKzD
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yxG

h

2

x h

y
22

h

2

y h

x
22

φ

φφ
φφ

φ

φφ
φφ

 (A 1-49) 

ௗ๱ӣךډॺ܌ा૸ፕޑ਱݅ڄኧᑈϩǴ२ӃஒԜ਱݅ڄኧޑᑈϩܨ

ԋࣁ y = 0 ~ x ک y = x ~ h   ೽ҽǺٿ

 
xyyxxyGyxGyKxK

h h
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0 0
∫ ∫ 
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









<   

 
xyyxxyGyxyxGyKxK

h x

dd),,(),,()()(2
0 0
∫ ∫ 








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


<<=   

 
xyyxxyGyxyxGyKxK

h h

x

dd),,(),,()()(2
0
∫ ∫ 













<>+  (A 1-50) 
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२Ӄϯᙁಃ΋ঁΒख़ᑈϩǴӃஒ ),,( yxyxG < аϷ ),,( yxxyG < жΕ٠Ъ

ஒ x ኧаϷڄޑ y  ໨Ǻٿኧϩձ᏾౛ԋڄޑ
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 (A 1-51) 

ௗ๱ஒ (A 1-51) ԄճҔ ߕᒵ A 1.2ύޑ (A 1-10) Ԅٰׯቪख़ᑈ

ϩǴёаளډ 
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xyyxxyGyxyxGyKxK

h h
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dd),,(),,()()(
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









>>=  (A 1-52) 

ӢԜҗ (A 1-51) ԄϷ (A 1-52) Ԅךॺёаளޕ 
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 xyyxxyGyxyxGyKxK
h x

dd),,(),,()()(
0 0
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











<<   

 xyyxxyGyxyxGyKxK
h h

x

dd),,(),,()()(
0
∫ ∫ 













>>=  (A 1-53) 

ӢԜ (A 1-50) Ԅύޑಃ΋໨ёаቪࣁ 

 xyyxxyGyxyxGyKxK
h x

dd),,(),,()()(2
0 0
∫ ∫ 













<<   

 xyyxxyGyxyxGyKxK
h x

dd),,(),,()()(
0 0
∫ ∫ 













<<=   

 xyyxxyGyxyxGyKxK
h h
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dd),,(),,()()(
0
∫ ∫ 













>>+   

 xyxyGyxGyKxK
h h

dd),(),()()(
0 0
∫ ∫ 













=  (A 1-54) 

    ௗ๱૸ፕ (A 1-50) ԄޑಃΒ໨Ƕ२Ӄ਱݅ڄኧ׎ޑԄӧ (A 1-49) 

Ԅύς࿶؃рǴӢԜճҔ (A 1-49) Ԅ຾΋؁ᢀჸ (A 1-50) ԄޑಃΒ

໨Ǵёаว౜ 

 
),(),()()(),,(),,()()( yyGxxGyKxKyxxyGyxyxGyKxK =<>  (A 1-55) 

ஒ (A 1-55) ԄೱុᑈϩࡕёаճҔߕᒵ΋ύޑ (A 1-10) Ԅׯቪख़

ᑈϩǴளډ 
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xyyyGyKxxGxKxyyyGxxGyKxK
h h

x

h h

x

dd),()(),()(dd),(),()()(
00
∫ ∫∫ ∫ 













=














  

 xyyyGyKxxGxK
h x

dd),()(),()(
0 0
∫ ∫ 













=  (A 1-56) 

ӢԜճҔ (A 1-55) ԄаϷ (A 1-56) ԄǴёаஒ (A 1-39) Ԅύޑಃ

Β໨ׯቪࣁ 
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җ (A 1-54) ԄаϷ (A 1-57) ԄǴךॺനಖளаஒ (A 1-50) Ԅϯԋ

ၨᙁዅޑ਱݅ڄኧᑈϩ 
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ಃΒക  ֡࣬ԋਡၸำۯޑᒨਔ໔Ϸѳ֡ಃ΋࿶ၸਔ໔ 

 ق߻ق߻ق߻ق߻2.1

֡࣬ԋਡ (homogeneous nucleation) ࡰࢂӧচҁൂ΋࣬ύǴ೚ӭ

ൂᡏಈη (monomer) ӧؒԖᚇ፦ࢂ܈ϟय़ނ፦໽ϯޑ௃׎Πᆫ໣ԋ

ӭᡏಈη (cluster or oligomer)Ƕ྽ӭᡏಈη೴ᅌԋߏǴߡ཮ӧس಍ύ

ਡ (nucleus)Ƕ֡࣬ԋࣁᆀ଺ߡ΋࣬ޑԋ׎΋࣬ (phase)ǹཥޑԋཥ׎

ਡӧ೚ӭԾฅ౜ຝࢂ܈πำୢᚒ΢೿Ԗख़ाޑቹៜ٠ॶளుΕ૸

ፕǴᖐΥႽկߎǵъᏤᡏᇙำǵε਻ࣽᏢǵጤᡏ׎ޑԋ 1-4฻฻Ƕ 

֡࣬ԋਡޑኳࠠ೯தԵቾӭᡏಈηೱុޑуΕ܈ཞѨൂᡏಈ

ηǶ၀ኳࠠӧЎ᝘΢നԐҗ BeckerϷ Döring5܌ගрǴ٠ЪёаճҔ

నᅀኳࠠ (liquid drop model) 6-7 ٰीᆉόӕελޑਡϐ໔ԋਡೲ౗

΋ࢂࣁೲ౗߯ኧ (rate coefficient) 8ǶӧనᅀኳࠠύǴӭᡏಈη೏ຎޑ

λ༧ޑ᏾ᡏ (bulk)Ǵనᅀኳࠠ٠ଷ೛ӭᡏಈηᆶ᏾ᡏ߄ޑय़஭Κ࣬

ӕǶ 

ԋਡၸำύಈηঁኧࢂᚆණޑǴՠऩૈࢂ୼עᚆණޑԋਡၸำҔ

ೱុၸำٰ૸ፕǴӧኧᏢೀ౛΢཮Бߡ೚ӭǶҗܭԋਡၸำΨࢂᒿᐒ

ၸำޑ΋ᅿ௃ݩǴӢԜऩૈࢂ୼ճҔೱុၸำٰ߄Ңٗ൩ёаճҔ

Fokker-Planck༾ϩБำٰ૸ፕǶ 

നԐගрճҔೱុ߈՟ݤ (continuum approximation) ٰ ૸ፕԋ
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ਡኳࠠࢂޑ Frenkel9-10ǶFrenkelޑೱុ߈՟ࡌࢂݤҥӧ BeckerϷ

Döring5܌ගрޑᚆණޑԋਡϦԄ΢Ǵ٠ஒϐೱុϯǹՠ Goodrich11

፦ᅪ Frenkel܌ԵቾߚޑѳᑽރᄊΠޑԾҗૈׯᡂёૈԖᇤǴ٠௢Ꮴ

рόӕܭ Frenkel่݀ޑǶќѦ Clementᆶ Wood12߾زࣴޑԵቾΑѳ

ᑽރᄊΠޑԋਡ٠КၨΑᚆණϷೱុ่݀ޑǹԶ GoodrichޑϦԄӧ

၀س಍ΠၨྗࣁዴǴѝࢂ၀س಍คݤදၹж܌߄Ԗԋਡس಍Ƕϐࡕ

Shizgalᆶ Barrett8ගр΋ঁೱុ߈՟ޑኳࠠǴ٠Кၨ Frenkel9-10Ϸ

Goodrich11ޑኳࠠǶ၀ጇीᆉΑΟᅿೱុኳࠠаϷᚆණԋਡБำԄޑ

ᛙᄊϩթаϷۯᒨਔ໔Ƕ่ ݀ᡉҢ Shizgalᆶ Barrett8ޑኳࠠᆶᚆණޑ

ԋਡБำԄၨࣁௗ߈Ƕ 

ԃ߈ ǴٰWu13ӧೱុ߈՟ݤ΢ளࡐډόᒱޑ຾৖Ǵ٠ჹ Frenkel9ǵ

Goodrich11ǵShizgalϷ Barrett8೭ΟጇЎക଺Α΋٤ᔠ૸ǶWu13٠ග

฻ࢂӧኧᏢ΢ޣٿᒨਔ໔ਔǴᘉණϷԋਡۯڗ؃ݤ՟߈ӧճҔೱុډ

ကޑǹёаᇥԋਡࢂᒿᐒၸำӧᚆණ০኱ύޑ΋ঁٯηǶ 

ᘉණၸำکԋਡၸำޣٿ೿ࢂᒿᐒၸำޑ΋ᅿǴόӕϐೀӧܭǴ

ᘉණၸำࢂӧՏ࿼০኱΢ࡕ߻ᒿᐒ౽୏ǹԜޑڅᘉණނ፦Π΋څёૈ

཮۳Տ࿼০኱ᡂεޑБӛ۳܈Տ࿼০኱ᡂλޑБӛᘉණǶԶԋਡၸำ

ޑᡂλ܈ಈηኧёૈ཮۳ᡂεޑ০኱΢ᒿᐒ౽୏Ǻਡύޑӧঁኧࢂ߾

Бӛ౽୏Ƕ 
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όၸҗܭԋਡࢂӧঁኧ০኱΢౽୏Ǵঁ ኧѝԖ҅᏾ኧڀԖߚೱុ

ೀ౛ᚆණ০ࢂߡޑҞޑᘉණǶҁകܭೀ౛όӕޑ፦ǴӢԜኧᏢ΢܄ޑ

኱Πൂ؁ၠຯ (single step) ޑԋਡǶ 

2.2 ԋਡၸำۯޑᒨਔ໔ԋਡၸำۯޑᒨਔ໔ԋਡၸำۯޑᒨਔ໔ԋਡၸำۯޑᒨਔ໔ǺǺǺǺ୏ΚᏢБำԄ୏ΚᏢБำԄ୏ΚᏢБำԄ୏ΚᏢБำԄ  

    ჴᡍ΢ǴӧᢀෳԋਡၸำਔǴ཮Ӄ࿶ᐕ΋ࢤคݤᢀჸډਡޑਔ

໔Ǵ೭ࢂӢࣁӧ೭ࢤਔ໔ύۘ҂Ԗਡ׎ԋǴԜࢤਔ໔ᆀࣁᇨᏤਔ໔ 

(induction time)ǶԜᇨᏤਔ໔ϣǴԋਡࢂೀܭኩᄊ (transient state) ޑ

ၸำǴӢԜךॺߡаۯᒨਔ໔ٰբࣁԜᇨᏤਔ໔ޑ՗ीǶќѦǴӧ૸

ፕԋਡၸำਔǴନΑ཮ਥᏵ๏ޑۓచҹѦǴ࿶தଷ೛΋໒ۈջၲډᛙ

ᄊ (steady state)Ǵӆ଺຾΋ޑ؁௖૸ǹՠऩࢂ၀س಍ύኩᄊޑុ࡭ਔ

໔ຫߏǴ߾ᛙᄊଷ೛܌೷ԋޑᇤৡߡёૈຫεǶӢԜۯᒨਔ໔Ψёຑ

՗ᛙᄊଷ೛ޑёՉ܄Ƕ 

    ӧ֡࣬ԋਡਔǴ΋ঁঁൂޑᡏಈη཮೴ᅌᆫ໣Զ׎ԋӭᡏಈηǶ

ӧԜၸำύǴҗൂᡏಈη׎ԋӭᡏಈηޑԾҗૈᡂϯໆǴ཮ᒿ๱ӭᡏ

ಈηޑቚεԶӃ΢ϲࡕΠफ़ǴӢԜԾҗૈᡂϯໆԖ΋നεॶǴځനε

ॶჹᔈ΋ᖏࣚൂᡏಈηঁኧǴӵკ ᡂϯკ֋ޑҢǶ೭ঁԾҗૈ܌2-1

ນךॺǴԋਡޑၸำύԖ΋ૈምޑӸӧǶऩ׎܌ࢂԋޑӭᡏಈηλܭ

ᖏࣚޑЁκǴ߾Ԝӭᡏಈη໼ӛ๺ᕭǹϸϐऩૈࢂ୼ຫၸૈምǴ߾໼

ӛܭᏉᆫԋਡǶ 
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კ 2-1 ԋਡਔޑԾҗૈᡂϯკǶკύ G ԾҗૈǴnࣁ ᡏൂޑх֖܌ӭᡏಈηύࣁ

ಈηঁኧǴn*ࣁԾҗૈᡂϯനεਔޑಈηελǶ[ׯጓԾǺD. Kondepudi, 

Introduction to Modern Thermodynamics (John Wiley & Sons, Chichester, 2008), Fig. 

14.4, p. 419.]14 

 

ᡏಈηঁኧǶԶൂޑх֖܌΋ঁӭᡏಈηύࣁကnۓ     nρ х֖ࣁ߾

nঁൂᡏޑӭᡏಈηޑᐚࡋǶךॺଷۓԋਡၸำύӸӧ΋ঁᖏࣚޑӭ

ᡏಈηελ n = mǴ྽ӭᡏಈηԋߏԿԜᖏࣚελૈߡࡕ୼ុ࡭ቚߏ

Զόӆ๺ᕭǶӧԋਡၸำύǴԜ m ॶߡёჹᔈܭᘉණၸำύޑ֎ԏ

ॺҗკך႟Ƕࣁࡋᐚޑᜐࣚೀ܄ᜐࣚǴኧᏢ΢೯தз֎ԏ܄ 2-1Ծҗ

ૈᡂϯკё࣮р m ᔈ྽εܭ n*Ǵՠ٠คமฯޑज़ڋ m ᔈ྽К n*εӭ

ϿǹӢԜךॺᇡࣁӧ n* < m < n0Ԝጄൎϣޑ m ॶ೿ࢂӝ౛ޑǶ 

ҁകύޑ௢Ꮴࢂӧൂ؁ၠຯ (single step) ޑଷ೛ϐΠǴڗ؃ԋਡ

ਔۯޑᒨਔ໔Ϸѳ֡२ࡋ࿶ၸਔ໔ (mean first passage time)Ƕൂ؁ၠ
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ຯࢂޑࡰӭᡏಈη؂΋ԛԋߏ๺ᕭޑᡂϯໆ೿ѝԖ΋ঁൂᡏಈηǶ 

ҁ࿯ଷ೛ൂᡏಈη཮ံុ࡭кǴЪ࡭ߥᛙൂޑۓᡏᐚࡋǹԶӭᡏ

ಈηԋߏԿ 5=n ਔډၲߡᖏࣚಈηελǴԶόӆ๺ᕭǹރۈ߃ᄊࣁ

0=t ਔǴس಍ϣคӭᡏಈηӸӧǶᜐࣚచҹࣁ΋ᜐۓڰᐚࡋǴќ΋ᜐ

ॺӧךǶӢԜӧኧᏢ΢Ǵ܄ԏ֎ࣁ 1=n ೀ೛ҥۓڰᐚࡋᜐࣚǴջ

constant1 =ρ Ǵ٠ӧ 5=n ೀ೛ҥ֎ԏ܄ᜐࣚǴջ 05 =ρ Ǵۈ߃చҹࣁ 0=t

ਔǴ 0)0(2 =ρ Ǵ 0)0(3 =ρ Ǵ 0)0(4 =ρ Ǵӵკ ҢǶҁ࿯ஒаൂ؁ၠ܌2-2

ຯ (single step) ޑଷ೛Ǵӧ΢ॊᜐࣚచҹϷଆۈచҹΠ௢Ꮴۯᒨਔ໔

ϷځΒ໘ਔຯǶԶҗځܭᖄҥБำԄаϷ่݀ޑೕ܄ࡓǴ٠Ъךॺё

аճҔ၀ೕ܄߾аளޕ֎ԏ܄ᜐࣚ࿼ܭҺཀ҅᏾ኧਔޑ௃׎Ƕ 

 
 
 

 
 
 
 

კ 2-2 ԋਡҢཀკǶ 1=n ೀۓڰᐚࡋǴ 5=n  ᜐࣚǶ܄ԏ֎ࣁ

 
 

ӵკ ࣁ಍ύǴԵቾಈηঁኧسޑ2-2 2=n ډ 4=n ךӭᡏಈηǴޑ

ॺ२Ӄஒჹځᐚࡋ nρ ଺፦ໆ่ᆉ (mass balance)Ƕۓကӧ 1−n Ϸn໔ࢬ

05 =ρ  constant1 =ρ  

Y : backward rate 

coefficient 

X : forward rate 

coefficient 
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೯ޑృ೯ໆ (net flux) nJ  Ǻࣁ

 nnnnn YXJ ρρ −= −− 11  (2-1) 

ύځ Xnж߄х֖ n ঁൂᡏޑӭᡏಈηǴԋߏԿ n + 1ঁൂᡏޑቚߏೲ

౗߯ኧ (forward rate coefficient)ǹYnж߄х֖ n ঁൂᡏޑӭᡏಈηᕭ

λԿ n – 1ঁൂᡏޑ๺ᕭೲ౗߯ኧ (backward rate coefficient)Ƕۓက Zn

చޑ ᒥӺಒጏѳᑽ (detailed balance)ܭǹѳᑽਔҗࡋᐚޑѳᑽਔࢂ

ҹǴ཮٬ளԋߏᆶ๺ᕭޑ೯ໆ࣬฻Ǵջ n Կ n + 1ϐ໔ృ೯ໆࣁ႟Ƕ

ӢԜѳᑽਔ (2-1) Ԅޑృ೯ໆቪࣁǺ 

 110 ++−= nnnn ZYZX  (2-2) 

nρ   Ǻډள܌ৡޑృ೯ໆࡕ߻ёаҗ (2-1) Ԅ߾፦ໆ่ᆉޑ

 1d

d
+−= nn

n JJ
t

ρ
 (2-3) 

 1111 ++−− +−−= nnnnnnnn YXYX ρρρρ   

 
1

1
11

1

1
11

+

+
++

−

−
−− +−−=

n

n
nn

n

n
nn

n

n
nn

n

n
nn Z

ZY
Z

ZX
Z

ZY
Z

ZX
ρρρρ

 (2-4) 

җ (2-2) Ԅёаว౜ nn ZX Ϸ 11 ++ nn ZY  Ǵջޑ฻࣬ࢂ

 11 ++= nnnn ZYZX  (2-5) 

(2-4) ԄߡёճҔ (2-5) Ԅ᏾౛ԋ 
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t
n

d

dρ
)()(

1

1

1

1
11

+

+

−

−
−− −−−=

n

n

n

n
nn

n

n

n

n
nn ZZ

ZX
ZZ

ZX
ρρρρ

  

 
)()(

1

1

1

1
11

n

n

n

n
nn

n

n

n

n
nn ZZ

ZX
ZZ

ZX
ρρρρ

−+−−=
+

+

−

−
−−  (2-6) 

(2-6)Ԅךࢂߡॺჹܭӭᡏಈηځᐚࡋ଺፦ໆ่ᆉޑࡕ೯ԄǶ 

ճҔ (2-6) ԄǴკ 2-2ύ 2ρ ډ 4ρ  Ǻࣁቪߡ፦ໆ่ᆉޑ

 
)()(

d

d

2

2

3

3
22

1

1

2

2
11

2

ZZ
ZX

ZZ
ZX

t

ρρρρρ
−+−−=  (2-7.1) 

 
)()(

d

d

3

3

4

4
33

2

2

3

3
22

3

ZZ
ZX

ZZ
ZX

t

ρρρρρ
−+−−=  (2-7.2) 

 
)0()(

d

d

4

4
44

3

3

4

4
33

4

Z
ZX

ZZ
ZX

t

ρρρρ
−+−−=  (2-7.3) 

ॺӧךཀݙ 5=n ೀ೛࿼֎ԏ܄ᜐࣚǴӢԜ (2-7.3) Ԅ཮Ͽ΋ঁᡂኧǹ

ԶќѦٿԄ่߾ᄬ࣬ӕǶךॺஒճҔ (2-7) Ԅ௢ᏤрԜచҹΠۯޑᒨ

ਔ໔ϷځΒ໘ਔຯǴ٠Ъᢀჸځೕ܄ࡓǶԶךॺஒճҔᢀჸрޑೕࡓ

ܭᜐࣚ೛ҥ܄ԏ֎ډஒ่݀௢ቶ܄ n  Ƕ׎௃ޑҺཀ҅᏾ኧࣁ

2.3 ԋਡၸำۯޑᒨਔ໔ԋਡၸำۯޑᒨਔ໔ԋਡၸำۯޑᒨਔ໔ԋਡၸำۯޑᒨਔ໔ǺǺǺǺ؃ှБำಔаϷ่݀ޑ௢ቶ؃ှБำಔаϷ่݀ޑ௢ቶ؃ှБำಔаϷ่݀ޑ௢ቶ؃ှБำಔаϷ่݀ޑ௢ቶ 

ॺёаஒ (2-7) Ԅύך nn Zρ  (activity) ܄ࢲࣁကۓ

 

n

n
n Z

a
ρ

=  (2-8) 

ࣁ಄ဦޑථᙯඤ܎ද܎ကۓ LǴۓ٠က^ (caret) ж܎߄ද܎ථᙯඤࡕ

ኧǴջڄޑ }{ˆ aa L= Ƕஒ (2-8) ԄжΕ (2-7) Ԅύ܎ڗ٠ද܎ථᙯඤ 
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(Laplace transform)Ǵ߾ёளډ 

 

{ } )()( 
d

d
23221211

2
2 aaZXaaZX

t

a
Z −+−−=









LL  (2-9.1) 

 

{ } )()( 
d

d
34332322

3
3 aaZXaaZX

t

a
Z −+−−=









LL  (2-9.2) 

 

{ } )0()( 
d

d
4443433

4
4 aZXaaZX

t

a
Z −+−−=









LL  (2-9.3) 

΢ԄύǴਥᏵ܎ද܎ථᙯඤޑϦԄǴ )]0(ˆ[
d

d
nnn

n
n asaZ

t

a
Z −=








L 。җܭ

ࡺਔԋਡጄൎϣคಈηǴۈ߃ 0)0(2 =a Ǵ 0)0(3 =a Ǵ 0)0(4 =a ǶӢԜ (2-9) 

Ԅёаቪࣁ 

 

)ˆˆ()ˆˆ(ˆ 2322121122 aaZXaaZXasZ −+−−=  (2-10.1) 

 

)ˆˆ()ˆˆ(ˆ 3433232233 aaZXaaZXasZ −+−−=  (2-10.2) 

 

)ˆ0()ˆˆ(ˆ 444343344 aZXaaZXasZ −+−−=  (2-10.3) 

(2-10) Ԅύ኱΢^ (caret) ж߄ஒ၀ᡂኧ܎ڗද܎ථᙯඤ่݀ޑǴԶ s

 ᡂኧǶޑථᙯඤ܎ද܎ࣁ

ҁ࿯Ҟޑӧ؃ှ (2-10) Ԅޑ༾ϩБำಔ٠ှр 4â Ǵ٠ϩ܌݋ள

ډ௢ቶ܄߾ёаճҔԜೕࡕǶന܄߾ೕޑϐှډ n ௃ޑҺཀ҅᏾ኧࣁ

 ډளࡕॺஒ (2-10) Ԅ౽໨᏾౛ךǶӢԜ׎
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2

3

11

22

1122
2

1122
22

2

1

ˆ

ˆ1111
ˆ

ˆ

a

a

ZX

ZX

ZXZX
sK

ZXZX
ZX

a

a
−
















++
















=  (2-11.1) 

 

3

2

ˆ

ˆ

a

a

3

4

22

33

2233
3

2233
33 ˆ

ˆ1111

a

a

ZX

ZX

ZXZX
sZ

ZXZX
ZX −




















++
















=  (2-11.2) 

 




















++
















=

3344
4

3344
44

4

3 1111
ˆ

ˆ

ZXZX
sZ

ZXZX
ZX

a

a
 (2-11.3) 

җܭ n = 1ೀۓڰࢂᐚࡋᜐࣚǴջ 1ρ ॶǶӢԜஒۓڰࣁ
1

1
1 Z

a
ρ

= ද܎ڗ

 ډёаளࡕථᙯඤ܎

 
sZ

a
1

ˆ
1

1
1

ρ
=  (2-12) 

1â చҹǶӢԜ (2-11) ԄύԖΟచБำԄҔа؃ှޕςࣁ 2â ǵ 3â ǵ 4â Ο

ঁ҂ޕኧǶ 

ॺЬाགྷவ (2-11) Ԅύ؃ளך 4â ǴӢࣁीᆉۯᒨਔ໔Ѹ໪Ӄޕ

ၰрαޑ೯ໆǴрαޑ೯ໆࣁ 

 ( ))(0)( 444out taZXtJ −−=  (2-13) 

ाှள 4â ǴךॺѺᆉஒ (2-11) Ԅύޑ
4

3

ˆ

ˆ

a

a
ǵ

3

2

ˆ

ˆ

a

a
ǵ

2

1

ˆ

ˆ

a

a
ೱុ࣬४аளډ

4

1

ˆ

ˆ

a

a
ǹԶҗܭ 1â ёளှߡǴӵԜޕςࣁ 4â Ƕ 

ஒ (2-11) Ԅೱុ࣬४܌ளډ
4

1

ˆ

ˆ

a

a
ǵ

4

2

ˆ

ˆ

a

a
ǵ

4

3

ˆ

ˆ

a

a
ᒵΒύߕܭӈ่݀ޑ

ࣁа΢Ο໨ࣣܭǵ(A2-2)ǵ(A2-3) ԄύǶҗ(A2-1) ޑ s ӭ໨ԄǴӢޑ

Ԝёஒ
4

1

ˆ

ˆ

a

a
 ࣁၲ߄Ԅ׎ޑ
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 )(
ˆ

ˆ 2
44

4

1
L+++= CsBsAZX

a

a
 (2-14) 

AǵBǵC ёୖߕـᒵΒύޑ (A2-3) ԄǴࣁځ 

 

=A ∑
=

4

1

1

n nnZX
 (2-15.1) 

 
B ∑∑∑

=+==
=

44

1

3

1

11

jp ppij
j

i ii ZX
K

ZX
 (2-15.2) 

 
=C ∑∑∑∑∑

=+==+==

44

1

33

1

2

1

111

qr rrpq
q

jp ppij
j

i ii ZX
K

ZX
K

ZX
 (2-15.3) 

җךܭॺҞۯڗ؃ࢂޑᒨਔ໔ޑ΋໘ਔຯکΒ໘ਔຯǴ໻ሡஒीᆉ่

ډڗ݀ s ډڗᒨਔ໔ѝሡۯޑ΋໘ਔຯڗΒԛБջёǶ؃ޑ s ΋ԛޑ

БǴڗ؃Β໘ۯޑᒨਔ໔߾ѝሡډڗ s  ΒԛБǶޑ

 
 
 

 

 
 
 

კ 2-3 ԋਡҢཀკǶ 1=n ೀۓڰࣁᐚࡋᜐࣚǴ mn = ೀࣁ֎ԏ܄ᜐࣚǶ 

 

 

    ௗ๱ךॺёаஒ่݀௢ቶډӵკ ܌ύǶҗ (2-11) Ԅ׎௃ޑ2-3

؃ளޑ
4

1

ˆ

ˆ

a

a
ǵ

4

2

ˆ

ˆ

a

a
ǵ

4

3

ˆ

ˆ

a

a
इ܄߾аϷೕ่݀ޑ؃ள܌Ǵ܄߾ೕޑۓԖ΋ڀ

0n =ρ  

Y : backward rate 

coefficient 

constant1 =ρ  

X : forward rate  

coefficient 
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ᒵӧߕᒵΒޑ A2.1࿯ύǶճҔԜೕך܄߾ॺёа௢ቶ׳ډεޑԋਡ

ጄൎޑ௃׎ǶӧԜٯύ܌ीᆉϐ֎ԏ܄ᜐࣚࣁ n = 5ೀǴԶऩࢂᔈҔ

Ԝೕך܄߾ॺё௢ቶډ֎ԏ܄ᜐࣚࣁ n = mǴm ่ޑҺཀ҅᏾ኧࣁ

݀Ǵӵკ  ҢǶ܌2-3

ӧ n = m ύǴӕኬӦ׎௃ޑ 11 ˆˆ −maa ࢂ s ڗॺѝሡךӭ໨ԄǴԶޑ

ډ s ΒԛБǴӢԜޑ 11 ˆˆ −maa ёаቪࣁ 

 
[ ]L+++= −−

−

2
11

1

1

ˆ

ˆ
sCsBAZX

a

a
mmmmm

m

 (2-16) 

౽໨᏾౛Ǵ٠ஒ (2-11) ԄжΕǴ 1ˆ −ma ёаቪࣁ 

 

][

ˆ
ˆ

2
11

1
1

L+++
=

−−
−

sCsBAZX

a
a

mmmmm
m   

 

ssCsBAZXZ mmmmm

1

][

1
2

111

1

L+++
=

−−

ρ
 (2-17) 

ճҔ܌ளޑډೕ܄߾Ǵёаஒ (2-15) Ԅ௢ቶǴளډ mA ǵ mB 、 mC  ࣁ

 

=mA ∑
−

=

1

1

1m

n nn ZX
 (2-18.1) 

 

mB ∑∑∑
−

=

−

+=

−

=
=

11

1

2

1

11 m

jp pp

m

ij
j

m

i ii ZX
K

ZX
 (2-18.2) 

 
=mC ∑∑∑∑∑

−

=

−

+=

−

=

−

+=

−

=

11

1

22

1

3

1

111 m

qr rr

m

pq
q

m

jp pp

m

ij
j

m

i ii ZX
K

ZX
K

ZX
 (2-18.3) 

ӵԜךॺૈߡीᆉ n = m ௃׎ਔޑрα೯ໆǴаीᆉۯᒨਔ໔Ƕ 
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2.4 ԋਡၸำۯޑᒨਔ໔ԋਡၸำۯޑᒨਔ໔ԋਡၸำۯޑᒨਔ໔ԋਡၸำۯޑᒨਔ໔ǺǺǺǺϦԄ௢ᏤϦԄ௢ᏤϦԄ௢ᏤϦԄ௢Ꮴ 

n = m ௃׎ਔޑрα೯ໆࣁ 

 ))(0()( 111out taZXtJ mmm −−− −−=  (2-19) 

ӢԜ܎ځද܎ථᙯඤࣁ 

 )(ˆ)(ˆ
111out saZXsJ mmm −−−=  (2-20) 

ஒ (2-17) Ԅޑ 1ˆ −ma жΕ΢Ԅ 

 

)(ˆ)(ˆ
111out saZXsJ mmm −−−=   

 

ssCsBAZ mmm

1

][

1
2

1

1

L+++
=

ρ
 (2-21) 

җ (2-21) Ԅёа؃рᛙᄊਔޑ೯ໆ ssJ  ࣁ

 )(ˆlim)(lim out
0

outss sJstJJ
st →∞→

==
mAZ

1

1

1ρ
=  (2-22) 

Զۯᒨਔ໔߾ਥᏵ߻΋കۓޑက (1-5) Ԅࣁ 

 

ss

0
out

L

d)(

J

ttJ
t

t

t
∫
∞

∂
∂

=  (2-23) 

ஒ (2-23) ԄׯаճҔ )(ˆ
out sJ ीᆉёаቪࣁǺ 
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Lt
ss

0
out d)(

lim
J

ttJ
t

t
t

t

∫ ′′
′∂

∂′

=
∞→ sss J

sJs
s

)(ˆ
d

d

lim
out

0
−=

→
 (2-24) 

ӢԜஒ (2-21) Ԅޑ )(ˆ
out sJ Ϸ (2-22) Ԅޑ ssJ  жΕ (2-24) Ԅёаी

ᆉளډ
m

m

A

B
t =L Ǵځύ AmǵBmёаҔ (2-17.1) Ϸ (2-17.2) ԄжΕǶ

ीᆉၸำӵΠǺ 

 
Lt

sss J

sJs
s

)(ˆ
d

d

lim
out

0
−=

→
  

 

m

mm

s

AZ

CssBAZs

1
)(

1

d

d

lim

1

1

2
1

1

0 ρ

ρ
L+++

−=
→

  

 

220 )(

)2(
lim

L

L

+++
++

=
→ sCsBA

sCB
A

mmm

mm
m

s
 

 

 

m

m

A

B
=  (2-25) 

 
  














= ∑∑∑

−

=

−

+=

−

=

11

1

2

1

11 m

jp pp

m

ij
j

m

i ii ZX
K

ZX

11

1

1
−−

=








∑
m

n nnZX
 (2-26) 

Զۯᒨਔ໔ޑΒ໘ਔຯਥᏵ߻΋കۓޑက (1-6) Ԅࣁ 

 

ss

0
out

2

(2)
L

d)(

J

ttJ
t

t

t
∫
∞

∂
∂

=  (2-27) 

ӕኬ (2-27) ԄёаׯቪࣁǺ 
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)2(
Lt

ss

0
out

2 d)(

lim
J

ttJ
t

t
t

t

∫ ′′
′∂

∂′

=
∞→ sss J

sJs
s

)(ˆ
d

d

lim
out2

2

0→
=  (2-28) 

ஒ (2-21) Ԅޑ )(ˆ
out sJ Ϸ (2-22) Ԅޑ ssJ  жΕ (2-28) Ԅёаीᆉள

ډ )2(
Lt ǶၸำӵΠǺ 

 )2(
Lt

sss J

sJs
s

)(ˆ
d

d

lim
out2

2

0→
=   

 

m

mm

s

AZ

CssBAZs
1

)(

1

d

d

lim

1

1

2
1

1
2

2

0 ρ

ρ
L+++

=
→

 

 220 )(

)2(

d

d
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L

L

+++
++−⋅=

→ sCsBA

sCB

s
A

mmm

mm
m

s
 

 












+++
++

+
+++

−⋅=
→ 32

2

220 )(

)2(
2

)(

2
lim

L

L

L sCsBA

sCB

sCsBA

C
A

mmm
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mmm

m
m

s
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2
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m

m

m

m

A

B

A

C
+−=  (2-29) 

    













−= ∑∑∑∑∑

−

=

−
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=

−

+=
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=
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1
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1

3

1

111
2

m

qr rr

m
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q

m

jp pp

m
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j

m

i ii ZX
K

ZX
K

ZX

11

1

1
−−

=








∑
m

n nnZX
 

 
21

1

2
1

2

1

1

1 1
)

1
)(

1
(2

−−

=

−

=

−

=

−

=




























+ ∑∑ ∑∑

m

n nn

m

n
n

n

i ii

m

ni ii ZX
Z

ZXZX
 (2-30) 

ᜐࣚచҹޑԄϷ (2-30) ԄΨёаКၨ΋Πӧ࣬ӕ (26-2) ޑډள܌

аϷଆۈచҹΠǴೱុ০኱ᘉණۯޑᒨਔ໔߄ҢԄ 15 (ᘉණጄൎ೛ࣁ 0

Կh )Ǻ 
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∫

∫ ∫∫
=

h

h h

y

h

x

x
xKxD

xyz
zKzD

yK
xKxD

t

0

0
L

d
)()(

1

ddd
)()(

1
)(

)()(

1

 (2-31) 

Ϸۯᒨਔ໔ޑΒ໘ਔຯ߄ҢԄ 16Ǻ 

 

∫

∫ ∫ ∫ ∫ ∫
−=

h

h h

x

h

x

h

x

h

x

x
xKxD

dxxxxx
DK

K
DK

K
DK

tt

0

0
1234

2
L

)2(
L

d
)()(

1

dddd
111

2)(2 1 2 3 4  (2-32) 

ऩஒԋਡޑቚߏೲ౗߯ኧ XnᜪКᘉණ߯ኧ D(x)Ǵѳᑽਔޑᐚࡋ Znᜪ

Кϩଛ߯ኧ K(x)ǹ٠Кၨҗೱុೀ౛܌ளϐ (2-31) Ԅ ((32-2) ܈ Ԅ)

Ϸᚆණೀ౛܌ளϐ (2-26) Ԅ ((30-2) ܈ Ԅ)Ƕёаว౜ךॺᚆණೀ౛

 Ƕޑᔈڥ୼ϕ࣬ૈࢂ่݀ޑೱុک่݀ޑډள܌
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2.5 ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ǺǺǺǺ୏ΚᏢᜢ߯Ԅ୏ΚᏢᜢ߯Ԅ୏ΚᏢᜢ߯Ԅ୏ΚᏢᜢ߯Ԅ 

    ҁ࿯ύஒճҔ࣬ӕܭ 2.2࿯ޑБݤǴՠόӕޑᜐࣚచҹϷଆۈచ

ҹΠǴ௢Ꮴԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ (mean first passage time, 

MFPT)Ƕ 

 

 

 

 

 

 

კ 2-4 ԋਡҢཀკǶଆۈచҹวғӧ n = 1ೀǶ 4=n  ᜐࣚǶ܄ԏ֎ࣁ

 

ӧᚆණ০኱΢Ǵଷ೛ 4=n ೀࣁᖏࣚޑӭᡏಈηኧǴջಈηԋډߏ

Ԝελૈߡ୼ុ࡭ቚߏԶόӆ๺ᕭǴவԜ੃Ѩӧس಍ጄൎύԶόӆൺ

ॺёаଷ೛ךǴӢԜ߇ 04 =ρ ǴӧኧᏢ΢ёჹᔈࣁ֎ԏ܄ᜐࣚǶќѦ

ӧԜس಍ύǴךॺ٠όံкൂᡏಈηǴѝԖӧ 0=t ਔ࿼Ε΋ۓໆൂޑ

ᡏಈηǹз ξρ =)0(1 ǴV ᡏಈηኧໆൂޑۈ߃߾ᡏᑈǴޑ಍سࣁ )0(1F ё

ቪࣁ VF ξ=)0(1 Ƕ྽ 1=n ਔǴҗܭԜਔޑਡς࿶όૈӆ۳Π๺ᕭΑǴӢ

Ԝό཮Ԗٰ܈۳߻Ծܭ 0=n ೀޑ೯ ǹໆ܌а 0=n ೀނޑ౛ཀကߡჹᔈ

ኧᏢ΢ޑϸ৔܄ᜐࣚచҹǴջ၀ೀ೯ໆࣁ႟Ƕՠҗܭ 0=n ҁيѝࢂ΋

ঁᢀۺԶ٠όӸӧǴӢԜӧკ 2-4ύ٠όуаࡰрǶԜس಍ޑᜐࣚచ

X : forward rate  

   coefficient 

Y : backward rate 

   coefficient 

□1 : initially VF ξ=)0(1  amount  

of monomers are placed. (I.C.) 

absorbing B.C. 
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ҹϷۈ߃చҹӵკ  ҢǶ܌2-4

ӧკ ډၲߏ಍ύǴ྽ಈηԋسޑ2-4 4=n Եቾ܌ॺך཮ᚆ໒ߡࡕ

ޑᖏࣚಈηኧډၲߏॺёа؃ಈηԋךǴӢԜ߇ኧጄൎԶόӆൺঁޑ

ѳ֡܌ሡਔ໔Ƕҗܭӭᡏಈηѝ཮ၲډᖏࣚಈηኧ΋ԛǴϐߡࡕόᘐ

ቚߏԶόӆӣډጄൎϣǹӢԜಈηԋډၲߏᖏࣚಈηኧޑѳ֡܌ሡਔ

໔ࢂߡѳ֡२ࡋ࿶ၸਔ໔Ƕ 

ऩךॺଷسۓ಍ޑᡏᑈۓࣁॶ VǹԶх֖ n ঁൂᡏಈηޑӭᡏಈ

ηޑᕴኧࣁ FnǴ߾ᐚࡋᆶᕴኧޑᜢ߯ёаቪࣁ 

 nn VF ρ=  (2-33) 

ᜢܭଆۈచҹ (initial condition)Ǵךॺӧ t = 0ਔǴܭ n = 1ೀܫ࿼ᕴ

ໆࣁ Vξ ಈηኧǴ٬ளޑ ξρ =)0(1 Ǵξ ࣁచҹۈॶǶӢԜଆۓࣁ t = 0ਔǴ

ξρ =)0(1 Ǵ VF ξ=)0(1 Ƕ 

௃ޑǴջൂ؁ၠຯߕಥ܈ߏԋޑॺଷ೛΋ԛѝԖ΋ঁಈηελך

ǶճҔ (2-6) ԄǴკ׎ 2-4ύ 1ρ ډ 3ρ  Ǻࣁቪߡ፦ໆ่ᆉޑ

 
)(

d

d

1

1

2

2
11

1

ZZ
ZX

t

ρρρ
−=  (2-34.1) 

 
)()(

d

d

2

2

3

3
22

1

1

2

2
11

2

ZZ
ZX

ZZ
ZX

t

ρρρρρ
−+−−=  (2-34.2) 

 
)0()(

d

d

3

3
33

2

2

3

3
22

3

Z
ZX

ZZ
ZX

t

ρρρρ
−+−−=  (2-34.3) 
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ӕኬךޑॺݙཀډᜐࣚచҹޑቹៜǴӧಃ΋Ԅ (2-34.1) ύǴ཮Ͽ΋

໨ృ೯ໆ໨Ǵ೭ࢂӢࣁό཮Ԗ೯۳ n = 0ޑ೯ໆǶԶ (2-34.3) ԄύǴ

җܭӧ n = 4ೀ 04 =ρ ǴӢԜচҁᔈ྽ቪࣁ
4

4

Z

ρ
ࣁ໨ޑ 0Ƕ 

2.6 ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ǺǺǺǺ؃ှБำಔаϷ่݀ޑ௢ቶ؃ှБำಔаϷ่݀ޑ௢ቶ؃ှБำಔаϷ่݀ޑ௢ቶ؃ှБำಔаϷ่݀ޑ௢ቶ 

ҁ࿯ஒ؃ှ (2-34) ԄǶ२Ӄஒ (2-34) Ԅа܄ࢲ nnn Za ρ= ׯ

ቪǴ٠ஒٿᜐ܎ڗද܎ථᙯඤǴёаளډ 

 

{ })(
d

d
121111 aaZXa

t
Z −=









LL  (2-35.1) 

 

{ })()(
d

d
2322121122 aaZXaaZXa

t
Z −+−−=









LL  (2-35.2) 

 

{ })0()(
d

d
333232233 aZXaaZXa

t
Z −+−−=









LL  (2-35.3) 

ޕϦԄёаளޑථᙯඤ܎ද܎ύҗځ )]0(ˆ[
d

d
nnn

n
n asaZ

t

a
Z −=








L Ƕ

྽ 0=t ਔǴۈ߃చҹࣁ 1111 )0()0( ZZa ξρ == Ǵ 0)0(2 =a Ǵ 0)0(3 =a Ƕߥ

੮ )0(1a ǴӃஒ )0(2a ǵ )0(3a жΕ (2-35) Ԅύёаளډ 

 

)ˆˆ()0(ˆ 12111111 aaZXaZasZ −=−  (2-36.1) 

 

)ˆˆ()ˆˆ(ˆ 2322121122 aaZXaaZXasZ −+−−=  (2-36.2) 

 

)ˆ0()ˆˆ(ˆ 333232233 aZXaaZXasZ −+−−=  (2-36.3) 

ஒ (2-36) ԄӚ໨౽໨᏾౛ࡕёаளډ 
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)0(

1
ˆˆ 11

111
2

111

11
1 aZ

ZXsZ
a

ZXsZ

ZX
a

+
+

+
=  (2-37.1) 

 

3
22112

22
1

22112

11
2 ˆˆˆ a

ZXZXsZ

ZX
a

ZXZXsZ

ZX
a

++
+

++
=  (2-37.2) 

 

2
33223

22
3 ˆˆ a

ZXZXsZ

ZX
a

++
=  (2-37.3) 

ᢀჸ (2-37) ԄǴёаว౜ΟచԄηখӳёှр 1â ǵ 2â ǵ 3â ΟঁᡂኧǴ

٠ஒځа )0(1a  ҢǶ߄

؃ှ (2-37) Ԅ܌ளϐ่݀ӈߕܭᒵΒ A2.2࿯ύǶӧှ܌ၲ߄р

ኧӈǺঁٿကۓॺӃךǴ߻Ԅϐ (37-2) ޑ qp,γ Ϸ qp,λ ǶճҔԜٿኧӈ

ૈ୼БߡӦٰ(2-37) ၲ߄ Ԅှр่݀ޑǺ 

 
)0(ˆ 11

1,3

1,3
1 aZa

λ
γ

=  (2-38.1) 

 
)0(ˆ 11

1,3

2,3
2 aZa

λ
γ

=  (2-38.2) 

 

)0(

1

)0(ˆ 11
1,3

33
11

1,3

3,3
3 aZ

ZX
aZa

λλ
γ

==  (2-38.3) 

qp,γ Ϸ qp,λ  ᆶ (2-41) ԄύǶ (39-2) ܭကӈۓޑ

٣ჴ΢ qp,γ ک 2.3࿯܌ள(18-2) ޑډ ԄڀԖ࣬ӕޑೕ܄߾ǴӢԜ׎Ԅ

Ԅ࣬ӕǶԶ (18-2) ک qp,λ ኧӈڀ߾Ԗཥޑೕ܄߾ǶךॺஒӧԜ࿯ύճ 

Ҕ qp,γ Ϸ qp,λ аБၲ߄ޑ่݀ߡǶ 

qp,γ ࢂ s ډ૸ፕύ໻ሡճҔޑӭ໨ԄǴӧԜക࿯ޑ s ΋ԛБ໨Ǵޑ
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ӢԜѝډڗ qp,γ ޑ s ΋ԛБۓ٠ကӵΠǶځύ ( ) 1S жډڗ߄ s ΋ԛБޑ

໨٠ஒଯԛ۹ౣǺ 

 

( )













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







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∑∑ ∑∑
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= +==

       
1

111 1

1
1,

pp

p

jr rr

p

qi

p

ij
j

ii

p

qi ii
Sqp

ZX

s
ZX

Z
ZXZXγ    

qp

qp

=

>
 (2-39) 

྽ q = 1ਔǴ 1,pγ ᆶ (2-18) Ԅύޑ AǵB  ࣁᜢ߯ޑ

 ( ) sBA ppSp +=
11,γ  (2-40) 

ӕኬ qp,λ Ψ໻ሡډڗ s ΋ԛБ໨Ǵޑ ( )
1, Sqpλ  ကӵΠǺۓ

 ( ) s
ZX

Z
p

ij jj

p

qi
iSqp 













+= ∑∑

==

1
1

1,λ  (2-41) 

ᢀჸ (2-38) ԄǴӚ໨ޑϩࣣ҆ࣁ 1,3λ ǴԶϩηӚ໨όӕǹќѦӚ໨Ψ

ࣣԖۈ߃చҹ )0(11aZ  ໨Ƕޑ

 
 
 

 

 

 

 

 

 

კ 2-5 ԋਡҢཀკǶଆۈచҹวғӧ n = 1ೀǶn = m ೀࣁ֎ԏ܄ᜐࣚǶ 

 

X : forward rate  

   coefficient 

Y : backward rate 

   coefficient  

□1 : initially VF ξ=)0(1  amount 

of monomers are placed. (I.C.) 

absorbing B.C. 
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ॺёаճҔך qp,γ Ϸ qp,λ ࣁԋਡጄൎډ௢ቶޑߡБ܄߾ೕޑ n = 1

n = m ډ ҢཀკӵკځǴ่݀ޑ  ࣁ่݀ځҢǶԶ܌2-5

 
)0(ˆ 11
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1,1
1 aZa

m
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−=
λ
γ

 (2-42.1) 

 
)0(ˆ 11
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2 aZa

m
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−=
λ
γ

 (2-42.2) 

 
)0(ˆ 11

1,1

3,1
3 aZa
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−
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−−
− ==
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 (2-42.4) 

2.7 ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ԋਡၸำޑѳ֡२ࡋ࿶ၸਔ໔ǺǺǺǺϦԄ௢ᏤϦԄ௢ᏤϦԄ௢ᏤϦԄ௢Ꮴ 

    ѳ֡२ࡋ࿶ၸਔ໔ (mean first passage timeǴ mfpt ֎ၲډಈηࣁ (

ԏ܄ᜐࣚ٠଒ຽԶрޑѳ֡܌ሡਔ໔ǴۓځကӵΠ 17Ǻ 

 

∫
∞

∂
∂=

0
mfp d

)(
t

t

tP
tt   

 

∫
∞

=
0

)(d tPt  (2-43) 

ύځ )(d tP ಈηӧਔ໔ࣁ t ਔԋډၲߏᖏࣚӭᡏಈηኧޑᐒ౗Ƕҗܭԋ

όӆ๺ᕭǴӢԜᒿ๱ਔ໔೴ߏቚុ࡭཮ߡǴࡕᖏࣚӭᡏಈηኧډၲߏ

ᅌቚуǴ҂ၲᖏࣚӭᡏಈηኧޑಈη཮೴ᅌ෧ϿǴջϩթᐒ౗෧ϿǶ
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(2-43) Ԅނޑ౛ཀကࢂߡಈηѳ֡ᚆѐ܌ሡޑਔ໔Ƕ 

    ಈηၲډᖏࣚӭᡏಈηኧޑᐒ౗ࣁ P(t)Ǵךॺќۓကӧਔ໔ t ਔ

҂ԋډၲߏᖏࣚӭᡏಈηኧޑᐒ౗ࣁ Q(t)Ǵ߾ P(t)ᆶ Q(t)ޑޣٿᜢ߯

 Ǻࣁ

 )(1)( tQtP −=  (2-44) 

ӧਔ໔ t ਔǴϝ҂ၲډᖏࣚӭᡏಈηኧޑᐒ౗Ǵёаۓကࣁਔ໔ t ਔ

҂ၲᖏࣚӭᡏಈηኧޑӭᡏಈηኧҞନа΋໒ۈ࿼Εጄൎϣޑϩη

ᕴኧǺ 

 

∑

∑
=

n
n

n
n

nF

tnF

tQ
)0(

)(

)(  (2-45) 

ճҔଆۈచҹǴջ t = 0ਔǴ໻ӧ n = 1ೀ࿼Ε Vξ ໆޑಈηǹӢԜ

∑ =
n

n VnF ξ)0( ǶԶճҔ (2-32) Ԅёаளډ ∑∑ =
n

n
n

n tnVtnF )()( ρ ǶӢԜ 

(2-45) Ԅёቪࣁ 

 

)(tQ
V

tnV
n

n

ξ

ρ∑
=

)(

ξ

∑
= n

nn tanZ )(

 (2-46) 

җ (2-44) ԄϷ (2-46) Ԅёаளډ )(d tP  ࣁ

 t
t

tQ
tP d

d

)(d
)(d −=   

 t
tanZ

t
nn d

)(

d

d

ξ
∑−=  (2-47) 

ӢԜஒ (2-47) ԄжΕ (2-43) Ԅύૈߡ୼ीᆉ mfpt Ƕ 
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చۈཀଆݙථᙯඤǶ܎ද܎ڗीᆉǴ२Ӄஒ (2-43) ԄߡΑБࣁ

ҹࣁӧ 1=n ೀ࿼Ε 0ρ ໆޑಈηǹջ 0=t Ǵ∑ =
n

nnaZ 0)0( ρ ӢԜ mfpt ёа

ճҔ nâ ीᆉࣁǺ 

 

∫
∞

=
0

mfp )(d tPtt  
 

 

∫
∑

∞→
−=

t
nn

t
t

tanZ

t
t

0

d
)(

d

d
lim

ξ
 

 

 











 −
= ∑

→ ξ
ξ)(ˆ

d

d
lim

0

sanZs

s
nn

s
  

 
ξ

∑
→

=
)(ˆ

d

d
lim

0

sanZs

s
nn

s
 (2-48) 

ॺஒ௢Ꮴკך 2-5ύޑѳ֡२ࡋ࿶ၸਔ໔Ƕஒ (2-42) ԄύޑӚ

໨ nâ жΕ (2-48) ԄύǶҗ (2-47) Ԅύёа࣮р∑ nnanZ ˆ ϩηϷϩޑ

҆೿ࢂ s ∑ॺёазךӭ໨ԄǴӢԜޑ nnanZ ˆ  ࣁԄ׎ޑ

 ∑∑
−

= −

−
−

=













=

1

1 1,1

,1
1

1

ˆ
m

n m

nm
n

m

n
nn nZanZ

λ
γ

  

 )0(11
10

10 aZ
s

s

L

L

++
++

=
ββ
αα

 (2-49) 

ѝाע qp,γ аϷ qp,λ аۓځက (2-39)ǵ (2-41) ԄжΕջёளޕ 0α ǵ

1α ǵ 0β ǵ 1β  ࣁ

 ∑ ∑
−

=

−

=
=

1

1

1

0
1m

n

m

ni ii
n ZX

nZα  (2-50.1) 
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 ∑∑∑∑
−

=

−

+=

−

=

−

=
=

11

1

22

1
1

11 m

jr rr

m

ij
j

m

ni ii

m

n
n ZX

Z
ZX

nZα  (2-50.2) 

 10 =β  (2-50.3) 

 ∑ ∑
−

=

−

=
=

1

1

1

1
1m

i

m

ij jj
i ZX

Zβ  (2-50.4) 

ஒ (2-49) ԄжΕ (2-48) Ԅёаளډѳ֡२ࡋ࿶ၸਔ໔Ǻ 

 












= ∑

→ ξ
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0
mfp

sanZs
t nn

s
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−
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=
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L
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s

saZ
s ββ

βαα
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0

0

β
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=  (2-51) 

 
∑ ∑

−

=

−

=
=

1

1

1 1m

n

m

ni ii
n ZX

nZ  (2-52) 

೭ࢂѳ֡२ࡋ࿶ၸਔ໔ޑ௢Ꮴ่݀Ƕ 

ԶΒ໘ਔຯޑѳ֡२ࡋ࿶ၸਔ໔ۓကࣁ 

 

∫
∞

=
0

2(2)
mfp )(d tPtt  (2-53) 

 ډёаள߾ࡕථᙯඤ٠ஒ (2-47) Ϸ (2-49) ԄжΕ܎ද܎ڗ
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tanZ

t
tt nn
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d
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lim

0

2(2)
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





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∫∞→ ξ
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−=  (2-54) 
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
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nZ  (2-55) 

 ӵ (2-52) Ϸ (2-55)่݀ޑΒ໘ਔຯځ࿶ၸਔ໔Ϸࡋѳ֡२ޑډள܌

Ԅ܌ҢǶ 

ǶਥᏵှޑ಍Πسॺёаั༾Кၨ΋Πӧೱុך     Chen16ӧᘉණ

ୢᚒύ܌ள่݀ޑډǴx = 0ೀࣁϸ৔܄ᜐࣚԶ x = h ೀࣁ֎ԏ܄ᜐ

ࣚǴଆۈਔஒಈηܫ࿼ܭ x = x0ೀਔǴځѳ֡२ࡋ࿶ၸਔ໔ࣁ 

 ∫∫=
xh

x

xyyK
xKxD

t
0

mfp dd)(
)()(

1

0

 (2-56) 

Զѳ֡२ࡋ࿶ၸਔ໔ϐΒ໘ਔຯࣁ 16 
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 xyzzzK
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 (2-57) 

(2-56) Ԅᆶ (2-57) ԄύǴᘉණጄൎޑ΢ज़ࣁ x = h ԶΠज़ࣁ x = 0Ǵ

ࣁచҹۈ߃ x0ೀԖಈηǹԶӧҁ࿯ޑԋਡၸำύǴԋਡጄൎޑ΢ज़

ࣁ n = m – 1ǴΠज़ࣁ n = 1Ǵۈ߃చҹࣁ n = 1ೀԖಈηǶஒ (2-56) Ԅ

ᆶ (2-57) ԄᚆණϯǴ٠ஒ΢Πज़ϩձࣁׯ m – 1ᆶ 1Ǵx0 = 1Ǵ߾ё

ளډᚆණϯࠠޑᄊࣁ 
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Զךॺளډӧԋਡس಍ύۯޑᒨਔ໔аϷځΒ໘ਔຯ(52-2) ࣁ Ԅа

Ϸ (2-55) ԄǺ 

 mfpt ∑ ∑
−

=

−

=
=

1

1

1 1m

n

m

ni ii
n ZX

nZ  (2-52) 
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ऩஒԋਡޑቚߏೲ౗߯ኧ XnᜪКᘉණ߯ኧ DnǴѳᑽਔޑᐚࡋ ZnᜪК

ϩଛ߯ኧ KnǴך߾ॺёаКၨѳ֡२ࡋ࿶ၸਔ໔ӧԋਡаϷᘉණύ

 ౦ӕǶޑ

Кၨ (2-52) ԄаϷ (2-58) ԄǴޑޣٿৡձӧ(52-2) ܭ ԄύԖ

ၨࣁ੝ਸޑ nZnڄኧǴ೷ԋԜ౜ຝޑচӢӧܭᘉණᆶԋਡҁ፦΢ޑό

ӕǶᖐٰٯᇥǴӧᘉණύऩ x = 1ೀԖঁٿಈηǴ߾Ԝٿಈηᘉණډ

x = 2ೀᗋঁٿࢂಈηǹԶӧԋਡύऩ n = 1ೀԖൂঁٿᡏಈηǴ߾Ԝ

Αډᡏಈηൂٿ n = 2ೀ཮ᡂԋѝԖ΋ঁ n = 2ޑӭᡏಈηǶջԋਡၸ

ำύಈη߻؂຾΋؁೿ሡाᚐѦ੃઻΋ঁൂᡏಈηǴӧᘉණၸำύ٠

คԜ౜ຝǶԜ౜ຝޑቹៜ߄౜ӧǴਔ໔ t ਔϝ҂ၲډᖏࣚӭᡏಈηኧ

ᐒ౗ޑ Q(t) ύǴջ (2-45) Ԅ 

 

∑
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n
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n
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nF

tnF

tQ
)0(
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)(  (2-45) 

ӧᘉණၸำύǴਔ໔ t ਔۘ҂ၲډ֎ԏ܄ᜐࣚޑᐒ౗ࣁ 

 

∑

∑
=

n
n

n
n t

tQ
)0(
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ρ

ρ
 (2-61) 

 όӕǶޑޣٿॺёа࣮рך
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2.8 ኳᔕНᇃ਻Ꮙ่ޑीᆉ่݀ኳᔕНᇃ਻Ꮙ่ޑीᆉ่݀ኳᔕНᇃ਻Ꮙ่ޑीᆉ่݀ኳᔕНᇃ਻Ꮙ่ޑीᆉ่݀ 

଺΋٤ኧॶ่݀ޑॺΨճҔ (2-26)ǵ(2-30)ǵ(2-52)ǵ(2-55) Ԅך

΢ޑीᆉǶךॺ܌ଷޑۓԋਡၸำ A ʈB Ꮙ่ǴAޑНᇃ਻ࢂ ࣁ࣬

΋ঁНᇃ਻ϩηǴΨ൩ൂࢂᡏಈη (monomer)ǴԶ B ךНᅀǶࢂ࣬

ॺीᆉۯᒨਔ໔܌೛ҥނޑ౛კႽӵӕკ ࿶ࡋҢǴीᆉѳ֡२܌2-3

ၸਔ໔܌೛ҥނޑ౛კႽӵკ  ҢǶ܌2-5

ԋਡਔ཮Ԗ܌ᒏޑᖏࣚЁκ n*Ǵӧ၀ೀԾҗૈޑᡂϯࢂനεॶǹ

ԋߏεၸᖏࣚЁκϐࡕǴԾҗૈᡂϯ཮Πफ़Ǵӵკ ҢǶஒ֎ԏ܌2-6

ࣁᜐࣚз܄ n = m ೀǴځѸ໪εܭᖏࣚЁκ n*ǴӧԜךॺ೛ۓ֎ԏ܄

ᜐࣚࣁԾҗૈᡂϯΠफ़Կ႟ϐೀǶӢԜѸ໪Ӄ଺კаځ؃Ծҗૈᡂ

ϯǴωૈ،ۓ mǶ،ۓ m ϐࡕճҔϦԄ؃рԋߏೲ౗߯ኧ Xnکѳᑽ

ਔޑᐚࡋ ZnջёճҔ௢Ꮴр(26-2) ޑǵ(2-30)ǵ(2-52)ǵ(2-55) Ԅ଺

ीᆉǶ 

 
კ 2-6 ᖏࣚЁκ n*Ϸ֎ԏ܄ᜐࣚ n = m ҢཀკǶ 
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֡࣬ԋਡځԾҗૈᡂϯ G∆ ࣁ 10 

 σπφφ 2
AB  4)(∆ rnG +−=  (2-62) 

ύφځ ϯᏢՏૈ (chemical potential)Ǵࣁ Aφ ǵ Bφ ϯޑ΋ঁϩηࢂޑࡰ

ᏢՏૈǶr ךय़஭ΚǶऩ߄ࣁъ৩Ǵσޑӭᡏಈηޑᜐࣚೀ܄ԏ֎ࣁ

ॺଷۓНᇃ਻ࣁ౛གྷ਻ᡏǴ߾ AB φφ − ёаቪԋ 

 
sat

AB ln
P

P
kT−=− φφ  (2-63) 

T ǴPࡋྕࣁ ᓸΚǴࣁ satP  КکၸႫࣁᇃ਻ᓸǴP / PsatᆀکႫࣁ

(supersaturation ratio)Ƕr х֖ϐൂᡏಈηঁ܌ځکӭᡏಈηъ৩Ǵࣁ

ኧ n Ԗᜢ߯Ƕऩךॺଷ೛ӭᡏಈηࣣࣁౚ׎Ǵ߾ r ᆶ n ᜢ߯ёа௢ޑ

ᏤӵΠ 

 3
B  

3

4
rnv π=  (2-64) 

ӢԜ 

 3

1
B )

4

3
(

π
nv

r =  (2-65) 

ύځ Bv ࣁ B ࣬ύ΋ঁϩηޑᡏᑈǶӧ 275.2 KਔǴНޑஏࣁࡋ 1 g/cm3Ǵ

΋ವԸޑНᡏᑈऊࣁ 18 cm3 = 1.8×10-5 m3ǴӢԜ΋ঁНϩηޑᡏᑈऊ

ࣁ Bv  = 3×10-29 m3Ƕஒ (2-63) Ϸ (2-65) ԄжΕ (2-62) ԄࡕǴளډԾ

җૈᡂϯࣁ 
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 3

2
B

sat

)
4

3
(4ln)(∆

π
πσ nv

P

P
nkTnG +−=  (2-66) 

೛ۓ T = 275.2 KǴԜਔ Psat = 0.705×103 N/m2Ǵσ  = 7.5×10-2 N/mǶќ

Ѧऩ೛ۓԋਡਔ P / Psat = 5Ƕך߾ॺճҔ (2-66) ԄीᆉǴीᆉ่݀ 

∆G നεॶޑՏ࿼ࣁ n* = 56Ƕ٣ჴ΢җཱུܭॶޑ΋ԛ༾ϩࣁ႟ǴӢԜ

ॺёаஒ (2-66) Ԅჹך n ༾ϩ΋ԛ٠зࣁځ႟ǶӢԜёаளډ n*ᆶ

Ӛୖኧ໔ޑᜢ߯ࣁ 

 
3

sat

2B3

)ln(

)
4

3
()

3

8
(

P

P
kT

v

n π
πσ

=∗  (2-67) 

ճҔ΢Ԅीᆉ܌ளࣁ่݀ޑ n* = 55.64Ǵᆶ n* = 56่݀ޑ಄ӝǶճҔ

όӕޑБݤᡍᆉёаዴߥำԄคᇤаफ़եΓࣁ౧Ѩޑ॥ᓀǶ 

    ௗ๱ճҔϦԄ؃рკ 2-3Ϸკ 2-5ύޑԋߏೲ౗߯ኧXnکѳᑽਔ

ࡋᐚޑ ZnǴажඹ (2-26)ǵ(2-30)ǵ(2-52)ǵ(2-55) Ԅύޑᘉණ߯ኧ

Dnکϩଛ߯ኧ KnǶѳᑽਔޑᐚࡋ Znёӧ؃ளԾҗૈᡂϯࡕǴਥᏵݢ

૟ୗϩթ (Boltzmann distribution) ीᆉࣁ 

 )/∆exp(1 kTGZZn −=  (2-68) 

ۓॺё೛ך Z1 =1Ƕ٣ჴ΢ӧीᆉۯᒨਔ໔کѳ֡ಃ΋࿶ၸਔ໔аϷ

 Β໘ਔຯਔǴZ1཮೏੃ѐԶόቹៜीᆉ่݀Ƕޑޣٿ

ᜢܭीᆉޑԋߏೲ౗߯ኧ XnǴҗܭԵቾډ᏾౛рޑϦԄϐ᏾ሸ
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ॺ௦Ҕ٠҂௦ҔךǴӢԜ܄ Frenkel18ۓޑကǴԶ٬Ҕ Frisch19ۓޑကǹ

ܭৡձӧޣٿ FrischۓޑကځΠ኱ n ॶК Frenkelޑλ 1ǴԶϦԄޑ

ϣ৒ࢂޣٿϕ೯ޑǶځϦԄࣁ 19 

 )1(
2

)
4

3
(4 3

2

B

+= n
MkT

PM
X n ππρ

π  (2-69) 

ύځ M ፦ໆǴޑ΋ঁϩηࣁ Bρ ࣁ B  Ƕࡋஏޑ࣬

Frisch19Ψ଺ၸԋਡၸำϐۯᒨਔ໔زࣴޑǴךॺ߾ճҔόӕޑ

଺ݤளۯډᒨਔ໔Ƕӧ FrischزࣴޑύǴࢂӧਔ໔ሦୱ (time domain) 

ύ຾Չ௢ᏤǴሡाೀ౛ჹਔ໔ޑ༾ϩБำԄаϷჹಈηঁኧޑৡϩБ

ำԄǶךॺ߾ᒧ᏷ӧ܎ද܎ථሦୱ (Laplace domain) ύ຾Չ௢ᏤǴ܎

ද܎ථᙯඤёஒ༾ϩБำԄᙯඤࣁၨܰೀ౛ޑжኧБำԄǹԶךॺό

೸ၸৡϩБำԄǴԶࢂᢀჸځೕ܄߾Զளаஒځ௢ቶԿҺཀঁኧسޑ

಍ǴၸำၨࣁᙁܰǶ 

ाीᆉԋਡၸำۯޑᒨਔ໔کѳ֡२ࡋ࿶ၸਔ໔Ǵѝाஒ XnϷ

ZnжΕ (2-26)ǵ(2-52) ԄύջёǶჹܭНᇃ਻ޑᏉ่ǴਥᏵ Frisch19

ӧ T = 275.2 KǴP/Psat = 5Ǵۯᒨਔ໔ऊࣁ tL = 1.6×10-7 ~ 1.9×10-7secǶ

Զךॺӧ࣬ӕޑచҹΠǴճҔךॺ௢Ꮴ܌ள(25-2) ޑ ԄीᆉǴ่ځ

ࣁ݀ tL = 1.8×10-7 ~2.9×10-7secǴޣٿӧӕ΋ኧໆભՠԖ٤೚ᇤৡǶᜢ

ٰޑᇤৡܭ Ǵྍךॺᇡࢂࣁҗܭ Frisch٬ҔΑೱុۯޑᒨਔ໔ϦԄٰ

՗ीǴаБߡᑈϩीᆉǹԶךॺ٬߾Ҕߚೱុۯޑᒨਔ໔ϦԄ (2-25) 
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ԄǴޔௗճҔႝတ଺ीᆉǶ٣ჴ΢Ǵҗܭԋਡࢂӧᚆණঁޑኧ০኱΢

຾ՉǴӢԜךॺᇡࣁᚆණۯޑᒨਔ໔ϦԄᆶ੿ჴ௃׎ၨ߈࣬ࣁǶ 

Զჹۯܭᒨਔ໔аϷѳ֡२ࡋ࿶ၸਔ໔ޑКၨǴךॺीᆉޣٿӧ

όӕޑ P/PsatΠϐॶǴ٠଺კܭკ 2-7ύǶӧკ 2-7ύǴךॺёаว

౜ޣٿӧᓸΚ P ቚεਔǴѳ֡२ࡋ࿶ၸਔ໔ᆶۯᒨਔ໔ࣣ෧ϿǹΨ൩

౛౜ނᇨᏤਔ໔཮෧ϿǴԜᗺᆶޑႣෳᓸΚቚεਔǴԋਡࣣޣٿᇥࢂ

ຝ಄ӝǶќѦǴᗨฅޣٿӧᖿ༈΢ԖӅӕᗺǴՠӧीᆉ่݀΢Ǵޣٿ

Ꮙ่ӧޑǴНᇃ਻ډৡຯǶMarkov20ගޑԖόλࠅ T = 300KǴP/Psat = 

4ਔǴᇨᏤਔ໔ऊࣁ 10-8ࣾǹӢԜჴᡍ΢ᜤаୀෳԶЎ᝘΢Ψεӭѝ

่ޑ౛ፕኳᔕډࢗ Ƕ݀Yasuoka21ճҔϩη୏ΚᏢ (molecular dynamics) 

౛ፕբीᆉǴӧޑ T = 350 KǴP/Psat = 14.6ਔᇨᏤਔ໔ࣁ 4×10-10ࣾǶ

ԶӧӕኬޑచҹΠǴךॺीᆉޑѳ֡२ࡋ࿶ၸਔ໔ࣁ 1.8272×10-9ࣾǶ

җܭӧᢀჸԋਡޑᇨᏤਔ໔ਔǴࢂό཮ӧᢀჸၸำύуΕൂᡏಈη

 ՗ीБԄǶޑၨ٫ࢂ࿶ၸਔ໔ᔈ྽ࡋѳ֡२ࣁॺᇡךǶӢԜޑ
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߄ 2-1ӧ P/Psat = 5ਔ܌ளޑډीᆉ่݀ 

ीᆉచҹ 

K 275.15 Bρ /ࡋྕ / (kg/m3) 1000 

P/Psat 5 Bv / (m3) 3×10-29 

Ⴋکᇃ਻ᓸ/ Pa 0.705×103 ߄य़஭Κ/ (N/m) 7.5×10-2 

ीᆉ܌ளϐۯᒨਔ໔ / sec  

֎ԏ܄ᜐࣚ Frisch ҁЎ 

m = 61 1.566×10-7 1.891×10-7 

m = 67 1.674×10-7 2.224×10-7 

m = 78 1.854×10-7 2.9318×10-7 

ᖏࣚЁκ n* = 56 
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კ 2-7  P/PsatׯᡂਔǴۯᒨਔ໔ᆶѳ֡२ࡋ࿶ၸਔ໔ޑᡂϯ௃׎Ƕ 

(P/PsatׯᡂǴځᎩीᆉచҹӕ߄ 2-1Ǵ֎ԏᜐࣚࣁ m = 1.1 n*Ƕ) 
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 ᒵΒߕ

A2.1  җҗҗҗ (2-14) ԄԄԄԄ؃ှϐ่݀؃ှϐ่݀؃ှϐ่݀؃ှϐ่݀Ϸځೕ܄߾Ϸځೕ܄߾Ϸځೕ܄߾Ϸځೕ܄߾ 

    ӧ؃ှ(2-14) ԄਔǴךॺ؃рΑ
4
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ˆ
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a

a
ǵ

4

2

ˆ
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a

a
ǵ

4

3

ˆ

ˆ

a

a
่ځǴ٠Ъ่݀ޑ

݀Ԗ΋ޑۓೕ܄߾Ƕӧҁ࿯ύǴךॺஒӈр؃܌ளޑ
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ˆ

ˆ

a
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БߡᢀჸǴ٠૸ፕځೕ܄߾Ƕ 

ύځॺஒ่݀ӈрӵΠǴך      ( ) 2S жډڗ߄ s  ΒԛБ໨Ǻޑ
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ೀک၀໨ύޑ nZ ཮Ԗϕ࣬ڥᔈޑᜢ߯ǶᜢܭಃΒᗺޑᇥܴǴᖐٰٯᇥ 

(A2-3) ԄύԖ΋ঁ s  ࢂΒԛБ໨ޑ
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ёаݙཀډ၀໨х֖Ԗ 4Z Ϸ 2Z ǴӢԜભኧޑύᘐೀߡวғӧ
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Ԝೕ܄߾ёаᔅշךॺࡐБߡӦᔠࢗीᆉ่݀ࢂցԖᇤǴ٠ЪԖ

շܭႣෳόӕঁኧጄൎޑीᆉ่݀ǴࣗԿࢂ s  Ƕ่݀ޑଯԛБ׳

A2.2  җҗҗҗ    (2-41) ԄԄԄԄ؃ှϐ่݀؃ှϐ่݀؃ှϐ่݀؃ှϐ่݀Ϸځೕ܄߾Ϸځೕ܄߾Ϸځೕ܄߾Ϸځೕ܄߾ 

1â ǵ 2â ǵ 3â ࢂϩηᆶϩ҆೿ޑ s ॺஒϩηᆶϩ҆ךӭ໨ԄǴԶޑ

೿ϩձѝډڗ s ကۓॺך΋ԛБǶӢԜޑ [ ] 1S ஒϩηᆶϩ҆ϩձѝࣁ

ډڗ s  ΋ԛБǴ่݀ӈрӵΠǺޑ

 

[ ]




+++= ])
1

)(
11

()
11

)(
1

[(ˆ 2
112233

3
112233

11 sZ
ZXZXZX

sZ
ZXZXZX

a S  

 





+++ ]
111

[
112233 ZXZXZX 




++ sZ
ZXZX

sZ
ZX 2

2233
3

33

)
11

()
1

(  

 

      
1

1
112233

1)
111

(
−





++++ sZ
ZXZXZX

 (A 2-5) 

 

[ ]








++= )
11

()
1

)(
1

(ˆ
2233

3
2233

12 ZXZX
sK

ZXZX
a S





sZ
ZX 3

33

)
1

( sZ
ZXZX 2

2233

)
11

( ++  

 1

1
112233

1)
111

(
−





++++ sZ
ZXZXZX

 (A 2-6) 

 

[ ] )
1

(ˆ
33

13 ZX
a S =





++ sZ
ZXZX

sZ
ZX 2

2233
3

33

)
11

()
1

(
1

1
112233

1)
111

(
−





++++ sZ
ZXZXZX

 

 

 (A 2-7) 



 93

ऩଛӝ (2-42) Ϸ (2-44) Ԅۓ܌ကޑ qp,γ Ϸ qp,λ Ǻ 
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33
3 aK

ZX
a

λ
=  (2-45.3) 
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 ᒵΒߕ

A2.3 ीᆉԋਡीᆉԋਡीᆉԋਡीᆉԋਡၸำၸำၸำၸำۯޑᒨਔ໔Ϸѳ֡ಃ΋࿶ၸਔ໔ϐำԄዸۯޑᒨਔ໔Ϸѳ֡ಃ΋࿶ၸਔ໔ϐำԄዸۯޑᒨਔ໔Ϸѳ֡ಃ΋࿶ၸਔ໔ϐำԄዸۯޑᒨਔ໔Ϸѳ֡ಃ΋࿶ၸਔ໔ϐำԄዸ    

ीᆉ೬ᡏǺMATLAB 

 ҁǺ7.4.0.287 (R2007a)ހ

 

ୖኧᒡΕǺ 

೛ۓीᆉϐނ፦ࣁНᇃ਻ʈНǶำԄύϐᡂኧǴmࣁ΋ঁϩηޑ

፦ໆǴv ஏࣁय़஭ΚǴrho߄ࣁᡏᑈǴ surface_tensionޑ΋ঁϩηࣁ

Ӣη (saturation factor)ǴTکႫࣁǶS_indexࡋ کႫࣁǴP_satࡋྕࣁ

ᇃ਻ᓸǶ 

 

ୖኧᒡрǺ 

ࣁᒨਔ໔ۯ     TLǴΒ໘ਔຯۯޑᒨਔ໔ࣁ TL_2ndǴѳ֡ಃ΋࿶ၸ

ਔ໔ࣁ TmfpǴΒ໘ਔຯޑѳ֡ಃ΋࿶ၸਔ໔ࣁ Tmfp_2ndǶg_critical

 ᖏࣚЁκǶޑՏૈനεॶೀࣁ

*************************************************** ******** 
%-------------常數及物質設定------------------ 

k=  1.38066*10^-23;   

m= 18*10^-3/(6*10^23);   

v=  18/(6*10^23)*10^-6;   

Z1= 1; 

surface_tension= 75*10^-3;   

rho= m/v;  

%-------------環境條件參數設定------------------ 
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T=  275.2; 

P_sat= 0.705*10^3;   

S_index=3:10; 

%S_index= [3 4 5 10 20 30 50 100]; 

%S_index= 3:0.5:7; 

 

i1= 0; 

number= 1000; 

for S= S_index 

i1= i1+1; 

P= S*P_sat; 

 

%---------------計算開始，建立 E、A 及 Z並求 n及 g_critical---------------------- 

beta=  P/(2*pi*m*k*T)^0.5; 

g_critical(i1)= ( 2/3*4*pi*surface_tension/(k*T*log(P/P_sat)) )^3*(3/4*m/rho/pi)^2; 

for g= 1:number 

r(g)= (3/4*g*m/rho/pi)^(1/3); 

E(g)= -g*k*T*log(P/P_sat) + 4*pi*r(g)^2*surface_tension; 

if E(g) > 0 

n(i1)= g; 

end 

Z(g)= Z1*exp(-E(g)/k/T); 

A(g)= (4*pi)^(1/3)*3^(2/3)*v^(2/3)*(g+1)^(2/3)*beta; 

 

x(i1)= max(E); 

x(i1)= x(i1)/k/T; 

 

%---------------建立 DK_inverse順便累加於 Y---------------- 

Y= 0; 

for g= 1:n(i1) 

DK(g)= A(g+1)*Z(g); 

DK_inverse(g)= (DK(g))^-1; 

Y= Y+DK_inverse(g); 

end 

 

%---------------計算 TL---------------- 

X= 0; 

for g= 2:n(i1) 
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temp= 0; 

for i= 1:g-1 

temp= temp + DK_inverse(i); 

end 

temp2 =0; 

for i= g:n(i1) 

temp2= temp2 + DK_inverse(i); 

end 

X= X+ temp*temp2*Z(g); 

end 

 

TL(1,i1)= X/Y; 

 

%---------------計算 TL_2nd---------------- 

X_2nd= 0; 

for j= 3:n(i1) 

for g= 1:j-2 

temp= 0; 

for i= 1:j-g-1 

temp= temp + DK_inverse(i); 

end 

temp2 =0; 

for i= j-g:j-1 

temp2= temp2 + DK_inverse(i); 

end 

temp3= 0; 

for i= j:n(i1) 

temp3= temp3 + DK_inverse(i); 

end 

end 

X_2nd= X_2nd+ temp*temp2*temp3*Z(j)*Z(j-g); 

end 

 

TL_2nd(1,i1)= 2*(X/Y)^2-2*X_2nd/Y; 

 

%---------------計算 Tmfp---------------- 

alpha_0= 0; 

for g= 1:n(i1) 
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temp= 0; 

for i= g:n(i1) 

temp= temp + DK_inverse(i); 

end 

alpha_0= alpha_0+ temp*Z(g); 

end 

 

Tmfp(1,i1)= alpha_0; 

 

%---------------計算 Tmfp_2nd---------------- 

alpha_1= 0; 

for j= 1:n(i1)-1 

temp3= 0; 

for g= j+1:n(i1) 

temp= 0; 

for i= g:n(i1) 

temp= temp + DK_inverse(i); 

end 

temp2= 0; 

for i= j:g-1 

temp2= temp2 + DK_inverse(i); 

end 

temp3= temp3 + temp*temp2*Z(g)*Z(j); 

end 

alpha_1= alpha_1+ temp3; 

end 

beta_1= 0; 

for g= 1:n(i1) 

temp= 0; 

for i= g:n(i1) 

temp= temp + DK_inverse(i); 

end 

beta_1= beta_1 + temp*Z(g); 

end 

 

Tmfp_2nd(1,i1)= -2*alpha_1+2*alpha_0*beta_1; 

 

%-----------------傳輸距陣--------------------- 
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T_0th= [1 0; 0 1]; 

T_1st= [0 0; 0 0]; 

T_2nd= [0 0; 0 0]; 

clear temp0 temp1 temp2 temp 3 

for g= 1:n(i1) 

D= A(g+1); 

K= Z(g); 

h= 1; 

 

a11= 1; 

a12= -h/D/K; 

a21= 0; 

a22= 1; 

b11= 1/2*h^2/D; 

b12= -1/6*h^3/D/D/K; 

b21= -h*K; 

b22= 1/2*h^2/D; 

c11= 1/24*h^4/D^2; 

c12= -1/120*h^5/D^3/K; 

c21= -1/6*h^3/D*K; 

c22= 1/24*h^4/D^2; 

temp0= [a11 a12; a21 a22]; 

temp1= [b11 b12; b21 b22]; 

temp2= [c11 c12; c21 c22]; 

T_2nd= T_0th*temp2 + T_1st*temp1 + T_2nd*temp0; 

T_1st= T_0th*temp1 + T_1st*temp0; 

T_0th= T_0th*temp0; 

End 

 

TL(2,i1)= T_1st(1,2)/T_0th(1,2) 

%tL2=2*(tL^2-c12/a12); 

Tmfp(2,i1)= T_1st(2,2)/T_0th(2,2) 

%tr2=2*(tr^2-c22/a22); 

end 

 

log_TL= log10(TL); 

log_TL_2nd= log10(TL_2nd); 

log_Tmfp= log10(Tmfp); 
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log_Tmfp_2nd= log10(Tmfp_2nd); 

 

%---------------輸出及作圖---------------- 

%圖 2-7 

figure(1)  

fig_1= plot(S_index, log10(TL(1,:))); 

set(fig_1,'LineWidth',3); 

title('log(time lag)  v.s.  supersaturation ratio','fontsize',14); 

xlabel('supersaturation ratio, P/P_s_a_t','fontsize',14); 

ylabel('log(TL)','fontsize',14); 

grid on 

 

%圖 2-8 

figure(2)   

fig_1= plot(S_index, log10(Tmfp(1,:))); 

set(fig_1,'LineWidth',3); 

title('log(mean first passage time)  v.s.  supersaturation ratio','fontsize',14); 

xlabel('supersaturation ratio, P/P_s_a_t','fontsize',14); 

ylabel('log(Tmfp)','fontsize',14); 

grid on 

 

%圖 2-9 

figure(3) 

fig_1= plot(S_index, log10(TL_relative(1,:))); 

set(fig_1,'LineWidth',3); 

title('log[(t_L)_r_e_l_a_t_i_v_e]  v.s.  supersaturation ratio','fontsize',14); 

xlabel('supersaturation ratio, P/P_s_a_t','fontsize',14); 

ylabel('log((t_L)_r_e_l_a_t_i_v_e)','fontsize',14); 

grid on 

 

%圖 2-10 

figure(4) 

fig_1= plot(S_index, log10(Tmfp_relative(1,:))); 

set(fig_1,'LineWidth',3); 

title('log[(t_m_f_p)_r_e_l_a_t_i_v_e]  v.s.  supersaturation ratio','fontsize',14); 

xlabel('supersaturation ratio, P/P_s_a_t','fontsize',14); 

ylabel('log((t_m_f_p)_r_e_l_a_t_i_v_e)','fontsize',14); 

grid on 
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ಃΟക ጤᡏޑᛙ܄ۓ 

 ق߻ق߻ق߻ق߻ 3.1

ጤᡏ (colloid) җό࣬ྋ܌࣬ٿޑᄬԋǶ΋࣬࣬྽ܭ੿ྋనύޑ

ྋᏊǴૈ୼բࣁϩණޑϟ፦Ǵᆀࣁೱុ࣬ (continuous phase)ǹԶќ΋

ٿܭϩණ࣬ (dispersed phase)Ƕҗࣁೱុ࣬ύǴᆀܭϬӦϩණ֡߾࣬

࣬ό࣬ྋǴӢԜ٠࣬ٿόᆀࣁྋ፦ᆶྋᏊǶޑࠠڂጤᡏځϩණ࣬ಈη

εऊӧ ԯѰѓڼ1000~1 1ǶጤᡏڀԖᙦ൤Ъፄᚇނޑ౛౜ຝԶЪ᝶֖

Αࡐӭࣚय़ࣽᏢޑচ౛ǴࣽࢂᏢࣴޑز΋εሦୱǶ߈ԃٰǴࣽᏢৎճ

Ҕጤᡏޑ੝܄ว৖рྋጤ-Ꮙጤݤ (sol-gel)ǴΨቶݱӦᔈҔӧӚᅿڼ

ԯ׷਑ޑӝԋύ 2-4Ǵ٬ளጤᡏࣴڀ׳زԖჴሞޑᔈҔሽॶǶ 

    ጤᡏ໔ޑբҔΚόՠፄᚇǴЪόܰෳໆǶ౜Ϟ܌Ҕޑ౛ፕǴЬा

᏾ӝҗࢂ DerjaguinǵLandauǵVerweyǵOverbeekѤՏࣽᏢৎ܌ගр

ࣁԋ݀Ǵ٠ᆀزࣴޑ DLVO ౛ፕ 5-8ǶDLVO ౛ፕᇡࣁǴጤᡏ཮Ԗϩ

ණ܈Ꮙ่ރޑᄊǴࢂӢࣁጤᡏ໔ӕਔӸӧ๱ЇΚکѾΚǶЇΚٰԾܭ

ΥளґΚ (van der Waals force)ǴѾΚٰԾܭጤᡏಈη஥Ԗႝޑ಻ 9Ƕ

ӧԜٿᅿΚޑբҔ᠄уϐΠǴ཮೷ԋ΋ၰՏૈምᛖǴߔЗጤᡏಈηᏉ

่ǹՠࢂऩૈ୼ຫၸԜૈምǴߡ຾ΕЇΚεܭѾΚޑጄൎǴ຾Զ೷ԋ

Ꮙ่Ƕ 
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    ᜢܭ DLVO ౛ፕޑว৖ǴЇΚ೽ϩҗ Hamaker10ԋфӦஒٿ፦ᗺ

໔ޑΥளґΚǴ௢ቶٿډౚᡏޑ௃׎ǶԶၨፄᚇޑѾΚՏૈ೽ϩǴࢂ

а Poisson-BoltzmannБำԄࣁ୷ᘵǴВࡕ೴ᅌว৖ǶനԐҗ Gouy11

ک Chapman12ճҔ Poisson-BoltzmannБำԄϩ݋ΑٿѳՉ஥ႝ݈໔

ӧౚ০኱ΠǴPoisson-BoltzmannܭՏૈϩթǶ྽௢ቶԿౚᡏਔǴҗޑ

ค؃ݤளှှ݋ 13ǴӢԜ Derjaguin14ගр΋ঁ࣬྽ᙁϯޑኳࠠǶጤᡏ

ಈηѝӧ߄य़஥ႝǴDerjaguinߡଷ೛ጤᡏಈηௗ߈ਔǴѝሡԵቾٿ

ঁౚय़നௗ߈ೀޑҬϕբҔǶDerjaguin14-15ޑଷ೛ᗨั༮ᙁౣǴՠӧ

྽ਔᆉࢂ൚ۓΑ DLVO ౛ፕޑ୷ᘵǶԶӧ߈жޑጤᡏࣴزύǴҗܭ

DLVO ౛ፕޑႣෳคݤᅈىჴᡍ܌ᢀჸޑډ౜ຝǴӢԜ׳ӭޑҬϕբ

ҔΨഌុ೏ගр٠ుΕࣴزǶӵࢬᡏΚᏢჹಈη໔ҬϕբҔޑቹ 

ៜ 16-17ǵ߄य़ႝ಻ޑۓڰߚኳࠠ 18ǵᚆη֎܌ߕ՞Ᏽޑελ 19-21฻Ƕ 

Φ࿼ޑጤᡏ཮Ꮙ่ࢂጤᡏ࿶த೏૸ፕޑ੝܄ǶਥᏵ DLVO ౛ፕǴ

ጤᡏޑᏉ่ྍԾܭጤᡏҁޑيЇΚѾΚаϷѲਟၮ୏ޑ੝܄ǴӢԜҁ

፦΢ࢂ΋ᅿӧՏૈ൑Π຾ՉޑᘉණՉࣁǶᏉ่ޑ৒ܰᆶց߾Ӹӧ๱ᛙ

җࢂКۓК (stability ratio) ೭ঁղᘐ኱ྗǶᛙۓ Fuchs22܌ගрǴځ

࿘ޑᏉ่ѳ֡ሡाӭϿԛޑምϐΠǴ؂ԛૈޑۓӧ΋ঁ๏ࣁ౛ཀကނ

ናǹӢԜᛙۓКຫଯޑጤᡏǴځϩණ࣬ຫૈ୼࡭ߥϩණރᄊǶ 

    ҁക၂კ٬Ҕѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹК (relative mean first 
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passage time, relativemfp)(t ) ှញᛙۓКǴӧӚᅿచҹΠीᆉ܌ள࣬ޑჹ

ѳ֡२ࡋ࿶ၸਔ໔֡࣬྽ௗ߈ᛙۓКǶΨ൩ࢂᇥᛙۓКᆶ࣬ჹѳ֡२

๱ጤᡏಈη่ӝሡ߄ж܄ۓᛙޑǴၨଯۺཷޑ߈྽ௗ࣬ࢂ࿶ၸਔ໔ࡋ

ाၨޑߏਔ໔Ƕӧीᆉѳ֡२ࡋ࿶ၸਔ໔ਔǴךॺᒧ᏷ճҔᘉණύޑ

໺ᒡຯତ 23-25 (transmission matrix) ᄽᆉݤᙁߡӦीᆉ࣬ჹѳ֡२ࡋ

࿶ၸਔ໔ǴӕਔΨࢂ՗ीᛙۓКޑ΋ঁཥ೼৩ǶനךࡕॺճҔനଥΠ

फ़௹౗ݤ (the method of steepest descents) ჹᛙۓКගрΑ΋ঁ߈՟

 ीᆉ่݀Ƕޑ

3.2ጤᡏޑЇΚՏૈϷѾΚՏૈϦԄጤᡏޑЇΚՏૈϷѾΚՏૈϦԄጤᡏޑЇΚՏૈϷѾΚՏૈϦԄጤᡏޑЇΚՏૈϷѾΚՏૈϦԄ 

ӧጤᡏύǴϩණ࣬ޑಈηϐ໔ӕਔӸӧԖЇΚϷѾΚǴҬϕբҔ

ϐΠ཮׎ԋՏૈምᛖǶૈ୼ຫၸૈምޑ࿘ና཮ᏤठᏉ่ǹԶ҂ૈຫၸ

ૈምޑಈη࡭ߥ߾ϩණރޑᄊǶጤᡏಈηޑЇΚٰԾܭΥளґΚ 

(van der Waals force)ǴΥளґΚх֖Οᅿ௃ݩΠޑբҔΚǺଽཱུ-ଽཱུ

ΚǵణᗖǵউඩϩණΚ (London dispersion force)ǶԶጤᡏಈη໔ޑЇ

ΚឦܭউඩϩණΚǶউඩϩණΚࢂޑࡰᕓਔΠႝޑ಻ό֡ϬǴ܌ځЇ

วр҉ߚΦႝޑଽཱུౢ܌ғޑЇΚǶ 

΋૓ٰᇥচη໔ޑউඩϩණΚࢂа
6

1

r
ᖿ༈෧১Ǵrޑ ຯᚆǴբࣁ

ҔጄൎεཷࢂӧڼԯޑЁࡋǶՠ྽চηᆫ໣ԋጤᡏಈηਔǴբҔΚޑ
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уԋ٬ள૰෧ᖿ጗Ǵᡂԋа
2

1

r
ࣁॺᆀ೭ᅿΚךᖿ༈૰ଏǶޑ Hamaker

Κߏࢂ܈ຯᚆΥளґΚ (long-range van der Waals force)Ƕ 

ᜢܭЇΚՏૈǴךॺёаճҔ Hamaker10ගрޑϦԄٰीᆉǺ 

 








+++
+++

+++
+

++
−=

ηξξηξ
ξξηξ

ηξξηξ
η

ξξηξ
η

2

2

22A ln2
12

1
AV  (3-1) 

ύځ AV ЇΚՏૈǴAࣁ ࣁ Hamakerதኧ (Hamaker constant)ǴൂځՏ

উඩϩණΚԖᜢǶξޑ፦໔ނขԸ (joule)ǴHamakerதኧᆶࣁ Ϸη߾

ကۓǵ(3-3) ԄǶ(2-3) ـคӢԛୖኧǴޑٯಈη໔ελК߄жࣁ a ࣁ

ಈηъ৩Ǵx ж߄ಈη߄य़߄ډय़ޑനอຯᚆǶ߾ξ ϷηёаۓကӵΠ 

 
a

x

2
=ξ    (3-2) 

 
1

2

a

a
=η  (3-3) 

ελ࣬ӕǴջޑᙁϯीᆉǴଷ೛ጤᡏಈηࣁ 1=η ǴжΕ (3-1) Ԅࡕё

аளډ 

 








++
++

++
+

+
−=

12

2
ln2

12

1

2

1

12 2

2

22A ξξ
ξξ

ξξξξ
A

V  (3-4) 

(3-4) Ԅջךࣁॺीᆉ٬܌ҔޑЇΚՏૈϦԄǶ 

    ќѦǴόӕྍܭԾΥளґΚޑЇΚǴጤᡏಈη໔ӸӧޑѾΚٰ߾

Ծܭӕႝ܄಻ౢ܌ғޑѾΚǶ஥Ԗႝޑ܄ጤᡏಈηǴځಈη໔཮Ӣࣁ

ᓉႝΚԶԖѾΚՏૈǴځՏૈёаҔ Derjaguin14܌ගрޑϦԄբी
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ᆉǶۓက΋ঁୖኧκ Ǵᆀࣁ Debye-Hückelୖ ኧ (Debye-Hückel para- 

meter)Ǻ 

 
2

1

0

22














= ∑

kT

zCe

r

ii

εε
κ  (3-5) 

1−κ ᆀࣁ Debyeࡋߏ (Debye length)Ƕ(3-5) ԄύǴe ႝޑ΋ঁႝηࣁ

ໆǴ iC ፦ှႝޑྋనύࣁ i ፦ှႝࣁǴziࡋᐚޑ i ሽኧǴޑ 0ε ޜ੿ࣁ

ύႝޑ৒౗ (permittivity of free space)Ǵ rε  ϟႝதኧ (dielectricࣁ

constant)Ǵk ૟ୗதኧ (Boltzmann constant)ǴTݢࣁ  Ƕࡋྕࣁ

    ਥᏵ Derjaguin14܌ගрޑϦԄǴ྽߄य़ႝՏφ եܭ 25mVਔǴѾ

ΚՏૈёճҔκ   ǺࣁҢ߄

 RV ( )[ ])2exp(1ln2 2
0 κξφεπε aar −+=  (3-6) 

ᕴՏૈ VTࣁ߾ЇΚՏૈ (1-4) ԄᆶѾΚՏૈ (1-6) Ԅکޑ 

 RAT VVV +=  (3-7) 
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3.3 ᛙۓКᛙۓКᛙۓКᛙۓК 

ጤᡏಈηӧྋనύ຾Չ๱Ѳਟၮ୏ (Brownian motion)ǴӢԶԖ

Α୏ૈǹԶጤᡏಈηϐ໔Ӹӧ๱ՏૈምᛖǴߔЗٿጤᡏಈηௗ᝻ǶӢ

Ԝ܌ᒏޑ࿘ናхٿࡴᅿ௃׎Ǵጤᡏಈηϕ࣬᎞߈Ǵՠ୏ૈ٠όىаլ

ܺՏૈምᛖǴٿ߾ጤᡏಈηคݤௗ᝻Ǵߡคݤ೷ԋᏉ่ǹΨԖёૈ୏

 ୼ϕ࣬ௗ᝻Զ೷ԋᏉ่Ƕૈߡಈηٿ߾аլܺՏૈምᛖǴىૈ

ጤᡏ৒ܰᏉ่ᆶցǴ೯தаᛙۓК (stability ratio) ٰ բۓࣁໆඔ

ॊޑπڀǶԶᛙۓКຫଯǴጤᡏຫό৒ܰᏉ่ǴԶၨ৒ܰ࡭ߥϩණރ

ᄊǴךॺᆀࣁځၨᛙۓǶᛙۓК W ёҗ Overbeek28܌ගрޑϦԄٰ

ीᆉ 

 

slow

rapid

J

J
W =  (3-8) 

คૈምਔޑᏉ่ΞᆀזࣁೲᏉ่ (rapid coagulation)Ǵૈ ምӸӧਔޑᏉ

่ᆀࣁ጗ᄌᏉ่ (slow coagulation)ǹ rapidJ ᆶ slowJ ޑೲᏉ่זࣁϩձ߾

೯ໆаϷ጗ᄌᏉ่ޑ೯ໆǶ 

    ჹזܭೲᏉ่ޑ೯ໆ rapidJ ᆶ጗ᄌᏉ่ޑ೯ໆ slowJ ǴёаճҔ

Smoluchowski܌௢Ꮴޑ౛ፕٰीᆉǴ٠่݀ځҗ Overbeek26ӧਜύ᏾

౛ԋमЎހҁ٠Ъ၁у૸ፕǶӢԜךॺЇҔ Smoluchowskiޑ౛ፕǴ

 Ǻࣁ೯ໆޑೲᏉ่ז
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=rapidJ 016 Danπ  (3-9) 

ύځ D ᘉණ߯ኧǴaࣁ Ƕࡋᐚޑъ৩Ǵn0ྋనύൂᡏಈηޑጤᡏಈηࣁ

጗ᄌᏉ่ޑ೯ໆࣁǺ 

 
=slowJ

∫
∞

a

kT

rV

r

dr
e

Dn

2
2

)(
0

T

8π
 (3-10) 

(3-10) Ԅύ VTж߄ᕴՏૈǴr  ຯᚆǶஒ (3-9) ԄаϷޑಈηύЈٿࣁ

(3-10) ԄжΕ (3-8) ԄύǴளډᛙۓК W ёаीᆉࣁǺ 

 

2
2

)(T

2
r

dr
eaW

a

kT

rV

∫
∞

=   

 

2
2

)(T

2
h

dh
e kT

hV

∫
∞

=  (3-11) 

(3-11) ԄύǴh  ࣁကۓಈηύЈຯᚆǴޑࡕคӢԛϯࣁ

 

a

r
h =  (3-12) 

ࣁᚒǴीᆉ΢ၨୢޑᡂኧǴёаᗉխൂՏीᆉᒱᇤࣁҔคӢԛဂբׯ

БߡǶճҔ (3-7) ԄीᆉᕴՏૈࡕжΕ (3-11) ԄǴךॺߡёаीᆉ

ᛙۓКǶ 

    നࡕᜢܭ՗ीᘉණ߯ኧ D ᜢ߯ڶॺёаճҔངӢථךϦԄǴޑ

Ԅ (Einstein relation) ٰ բ՗ीǶངӢථڶᜢ߯Ԅࣁ 
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B

kT
D =  (3-13) 

ύځ B ᡏӧեނౚࠠࢂΚ߯ኧ (friction coefficient)Ƕଷ೛ߔޑϟ፦ࣁ

 ࣁҢ߄(Stoke’s law) ࡓۓΚ߯ኧёҔўԎլߔځᡏύၮ୏Ǵࢬޑೲࢬ

 
aB  6πτ=  (3-14) 

ύτځ Ƕଷ೛ಈη(viscosity) ࡋᗹޑᡏࢬࣁ ࣁᘉණ߯ኧޑ1 D1Ǵಈη

ࣁᘉණ߯ኧޑ2 D2ǹऩஒ০኱চᗺۓڰӧ΋ಈη΢ǴԵቾ࣬ځჹၮ

୏Ǵ߾ќ΋ಈηޑԖਏᘉණ߯ኧࣁ D = D1 + D2ǶӢԜӧךॺޑीᆉ

ύǴԖਏᘉණ߯ኧ໪४аٿ७ 27Ƕஒ (3-14) ԄжΕ (3-13) Ԅύ٠४

аٿ७Ǵёளډ 

 

a

kT
D

 6
2

πτ
=  (3-15) 

25ʚޑНύǴᗹࣁࡋ τ = 8.937×10-4 spa⋅ Ƕзጤᡏޑъ৩ࣁ a = 10-7 mǴ

ёीᆉр߾ D = 4.8847×10-12Ƕ 
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3.4 ໺ᒡຯତᄽᆉݤᙁϟ໺ᒡຯତᄽᆉݤᙁϟ໺ᒡຯତᄽᆉݤᙁϟ໺ᒡຯତᄽᆉݤᙁϟ 

ᘉණБำԄૈ୼ඔॊނ፦ᒡଌਔǴᒿ๱ਔ໔ޑ࿶ၸǴӚঁՏ࿼ޑ

ᐚࡋᡂϯ௃׎ǶᘉණБำԄϣᗨฅߥԖֹ᏾ޑၗૻǴՠा؃ှᘉණБ

ำԄ࿶தࢂᚻВ຤ਔЪ֚ᜤख़ख़ǶӢԜऩૈ୼ճҔᄽᆉٰݤीᆉ؃܌

 ഞྠǴԶ໺ᒡຯତ (transmissionޑ୼࣪ѐ؃ှБำԄૈߡኧǴୖޑ

matrix) ࡐࢂߡӳޑᄽᆉݤǶ 

Siegel23ӧࣴزᖓጢޑᘉණ౜ຝਔǴว౜ჹ֡ܭ፦ޑᖓጢس಍Ǵ

ऩஒᘉණБำԄᙯඤԿ܎ද܎ථୱ (Laplace domain)Ǵ߾ᙯඤࢬࡕΕ

ᆄޑᐚࡋϷ೯ໆࢬکрᆄޑᐚࡋϷ೯ໆԖጕޑ܄ᜢ Ƕ߯Ԝጕ܄ᜢ߯ё

аճҔ΋ঁ ׯ߾໺ᒡંତǶChen24-25ࢂߡҢǴԜંତ߄ତٰંޑ2×2

຾Α Siegel23ޑ໺ᒡંତ (transmission matrix) ݤǴ٬໺ᒡંତૈ୼ೀ

౛ଆۈచҹόࣁ႟ޑ௃׎ǴӵԜωளаीᆉѳ֡२ࡋ࿶ၸਔ໔ (mean 

first passage time)ǶќѦ Chen25ΨճҔੀୌભኧ (Taylor’s series) ৖

໒Ǵࣴز໺ᒡંତޑϡનǴว౜৖໒ࡕӚ໘ຯ (moment) ߯ޑኧёа

Ҕᘉණ߯ኧϷϩଛ߯ኧ (partition coefficient) аख़ፄᑈϩޑБԄी

ᆉǶ٬໺ᒡຯତόѝૈ୼଺ኧॶ΢ޑीᆉǴᗋૈаೱុᑈϩޑБԄ߄

Ǵ२ӃԵቾ΋ᆢݤ࿶ၸਔ໔ǶाճҔ໺ᒡંତࡋᒨਔ໔ǵѳ֡२ۯၲ

ՍᖄǹӢԜӃஒᘉණޑ೚ӭ֡፦ᖓጢࣁᘉණǴ٠ஒ᏾ঁᘉණጄൎຎޑ

ጄൎჄϩࣁ೚ӭ୔༧Ǵ؂ঁ୔༧ջж߄΋ঁ֡፦ᖓጢǶ؂ঁ୔༧ӚԖ 
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კ 3-1 ஒೱុޑᘉණጄൎჄϩࣁ೚ӭ֡፦ޑ୔༧Ƕ 

 
 
 

Ǵӵკࡋࠆޑᘉණ߯ኧǵϩଛ߯ኧǵаϷ၀୔༧ځ  ҢǶ܌1-1

ჹܭ΋ঁՏ࿼ޑϩଛ߯ኧǴK(x)Ǵךॺۓကࣁ 

 )
)(

exp()( T

kT

xV
xK −=  (3-16) 

ύځ VT(x)ࣁ x Տ࿼ޑՏૈǶԶჹܭ΋ঁ୔༧ޑϩଛ߯ኧǴךॺ߾а

୔༧҅ύѧՏ࿼ޑϩଛ߯ኧǴٰж߄᏾ঁ୔༧ޑϩଛ߯ኧǶD(x)ӧך

ॺޑीᆉύࢂதኧǴࡺ Di = DǶԶךॺΨஒ؂ঁ୔༧Ⴤϩ࣬ࣁӕޑቨ

ࡺǴࡋ hiΨࢂதኧǶԜीᆉݤᜪ՟ܭᎿୗک (Riemann sum) ؃ᑈϩǶ 

ကۓ DiǵKiǵwiϩձࣁ୔༧ i ǹࡋࠆᘉණ߯ኧǵϩଛ߯ኧǵ୔༧ޑ
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୔༧߾ i ᡂޑථᙯඤ܎ද܎ኧаϷୖޑ໺ᒡຯତǴёаճҔ၀୔༧ޑ

ኧ s ቪࣁ 

 















−

−=
)cosh()sinh(

)sinh(
)cosh(

)(

iiiiiii

iii

ii
ii

i

wqwqKqD
KqD

wq
wq

sT  (3-17) 

qiۓޑကࣁ 

 21
  rxn,)( 






 +
=

i

i
i D

ks
sq  (3-18) 

ύځ krxn, iࣁԖ΋໘ϯᏢϸᔈ (first-order reaction) ਔǴ୔༧ i ϸᔈޑ

ೲ౗தኧǶόၸӧҁകύǴךॺஒጤᡏޑᏉ่ຎբࣁӧՏૈ൑Πಈη

Ǵᘉණၸำύό֖ԖϯᏢϸᔈǴӢԜ 0 ,rxnࣁᘉණՉޑ =ik Ǵ

21

)( 







=

i
i D

s
sq Ƕ 

 ࣁကۓޑ (activity) ܄ࢲ    

 

)(

),(
),(

xK

tx
txa

ρ=  (3-19) 

೯ໆ (flux) ۓޑကࣁ 

 

)(

),(

d

d
)()(),(

xK

tx

x
xKxDtxJ

ρ−=  (3-20) 

ύځ ),( txρ ਔ໔ࣁ t ਔǴx ೀޑᐚࡋǹD(x)ࣁᘉණ߯ኧǶ 

 Πෞࣁ΢ෞ (upstream)Ǵќ΋ᆄࣁ΋ᆄޑကᘉණጄൎۓॺёаך

(downstream)Ƕ୔༧ጓဦۓޑကǴಃ΋ঁ୔༧җ΢ෞೀ໒ۈᆉଆǴന

ΠෞǶӧࣁ߾΋ঁ୔༧ࡕ Chen24-25ޑ௢ᏤύǴ྽ଆۈచҹࣁᘉණጄൎ
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ϣคಈηǴջ 0)0,( =xρ Ǵ΢Πෞ܄ࢲޑаϷ೯ໆϐ໔ޑᜢ߯ёаճҔ

໺ᒡંତࣁၲ߄ 

 








=








− )(ˆ

)(ˆ
)()()(

)(ˆ
)(ˆ

u

u
11

d

d

sJ

sa
sTsTsT

sJ

sa
nn L  (3-21) 

ύځ a ж܄ࢲ߄ǴJ ж߄೯ໆǹΠ኱ uж߄΢ෞǴΠ኱ dж߄Πෞǹ

኱Ԗ^ (caret) ж߄ஒ၀ᡂኧ܎ڗද܎ථᙯඤ่݀ޑǴӵ { })()(ˆ tasa L= Ƕ 

ਥᏵ Chen24ޑ௢ᏤǴ྽ଆۈచҹેࣁፂڄኧ (Dirac delta func- 

tion) ׎ޑԄǴջ t = 0ਔǴ )()0,( 0xxx −= δρ ǹԜਔ΢Πෞ܄ࢲޑаϷ

೯ໆϐ໔ޑᜢ߯ࣁ 

 









+








=








+−− 1

0
)()()(

)(ˆ
)(ˆ

)()()(
)(ˆ
)(ˆ

11
u

u
11

d

d sTsTsT
sJ

sa
sTsTsT

sJ

sa
mnnnn LL  

 









+








=

1

0
)(

)(ˆ
)(ˆ

)( *

u

u
total sT

sJ

sa
sT   

 





















+
















= ∗∗

∗∗

1

0

)(ˆ
)(ˆ

)()(

)()(

)22()21(

)12()11(

u

u

)22()21(

)12()11(

TT

TT

sJ

sa

sTsT

sTsT
 (3-22) 

(3-22) Ԅύ m ࣁ x0܌০ပޑ୔༧ǴջଆۈచҹύǴેፂวғೀޑ୔

༧ጓဦǶ 
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3.5 ճҔ໺ᒡંତݤीᆉѳ֡ಃ΋࿶ၸਔ໔ᆶۯᒨਔ໔ճҔ໺ᒡંତݤीᆉѳ֡ಃ΋࿶ၸਔ໔ᆶۯᒨਔ໔ճҔ໺ᒡંତݤीᆉѳ֡ಃ΋࿶ၸਔ໔ᆶۯᒨਔ໔ճҔ໺ᒡંତݤीᆉѳ֡ಃ΋࿶ၸਔ໔ᆶۯᒨਔ໔ 

ጤᡏޑᏉ่ࢂӧՏૈ൑Π຾ՉѲਟၮ୏ǴךॺёаஒጤᡏޑᏉ่

аᘉණޑᢀᗺٰ࣮Ǵ٠ीᆉځѳ֡ಃ΋࿶ၸਔ໔Ϸۯᒨਔ໔Ƕѳ֡ಃ

΋࿶ၸਔ໔ϐҢཀკϷځᜐࣚచҹӵკ  ҢǶ܌3-2

 

 
კ 3-2 ीᆉѳ֡२ࡋ࿶ၸਔ໔ޑҢཀკǶ຾ՉѲਟၮ୏ޑጤᡏಈηǴӧՏૈ൑Π

჋၂ຫၸૈምǶຫၸૈምၲډ֎ԏ܄ᜐࣚߡ཮೷ԋᏉ่Ƕ 

 

ӧკ 3-2ύǴךॺஒᏉ่ຎࣁஒ΋ঁಈη A ࿼ӧܫ x = 0ೀۓڰ

ό୏ǴԶќ΋ঁಈη B வ x = L рว຾ՉѲਟၮ୏ǹ٠Ъۓက x = 0

ೀࣁ΢ෞǴx = L ೀۓကࣁΠෞǶᜢܭᜐࣚచҹޑ೛࿼ǴӢಈη B ډ

ၲ x = 0ೀٿ߾ಈηᏉ่Ǵࡺ΢ෞೀ೛ࣁۓ֎ԏ܄ (absorbing boun- 

dary condition) ᜐ Ǵࣚջ 0)(ˆ =sau ǶΠෞೀךॺ೛࿼ϸ৔܄ᜐࣚ (reflec- 

tive boundary condition)Ǵջ 0)(ˆ =sJ d ǹՠಈη B     າрݤคޑ੿ߚ٠



 113

x = L ջ٬ಈηࣁӢࢂᜐࣚǴԶޑ B җ x = L າрѐΑǴΨ཮Ԗځдಈ

η჋၂ᆶಈη A Ꮙ่Զഗඹಈη B ӦՏǴ࣮ଆٰ൩Ⴝಈηޑ B ΋ޔ

೿ӧǴࡺ೛࿼ϸ৔܄ᜐࣚǶ 

    ౚ০኱ΠǴѝԵቾ৩ӛБӛޑᘉණБำԄቪࣁ 

 
),(

),(1 2
2

tr
tK

tr

r
DKr

rr
ρρ

∂
∂=

∂
∂

∂
∂  (3-23) 

ύځ r ךຯᚆǶޑύЈډጤᡏಈη໔ύЈࢂ৩ӛ০኱ǴΨޑౚ০኱ࢂ

ॺஒ(3-23) ע Ԅׯቪ࣬ࣁӕܭ΋ᆢ০኱ΠޑᘉණБำԄǴӵԜωૈ

୼٬Ҕ໺ᒡຯତٰीᆉѳ֡२ࡋ࿶ၸਔ໔Ϸۯᒨਔ໔Ƕ२Ӄۓက unitr

ࣁ 1ϦЁǴ٠Ъз 

 

unit

~
r

r
r =  (3-24) 

ஒ (3-23) Ԅٿᜐӕ४а 2
unit

2 rr Ǵёа᏾౛ԋ 

 













∂
∂=

∂
∂

∂
∂

),(
),(

2
unit

2

2
unit

2

tr
r

r

tK

tr

rr

r
DK

r
ρρ   

 













∂
∂=









∂
∂

∂
∂

),(~

~),(
2
unit

2

2

2

2
unit

2

tr
r

r

tr

r

K

tr

rr

r
DK

r
ρρ   

 
[ ]),(~

~

~),(~ 2
2

2
2 trr

tr

r

K

tr

r
rDK

r
ρρ

∂
∂=









∂
∂

∂
∂  (3-25) 

ऩךॺз )(
~

rK ǵ ),(~ trρ  ࣁ

 
)(~)(

~ 2 rKrrK =  (3-26) 
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),(~),(~ 2 trrtr ρρ =  (3-27) 

 ࣁԄёаቪ (3-25) ߾

 
),(~

~
),(~~

tr
tK

tr

r
KD

r
ρρ

∂
∂=

∂
∂

∂
∂  (3-28) 

(3-28) Ԅߡჹᔈ΋ᆢޑᘉණБำԄǶӢԜךॺѝाஒচҁ໺ᒡຯତύ

Kޑ Kࣁቪׯ
~
Ǵ ρ ࣁቪׯ ρ~Ǵૈߡ୼ճҔ໺ᒡຯତीᆉౚ০኱ύ৩ӛ

ᘉණୢޑᚒǶ 

ࣁ໺ᒡຯତޑ؂ঁ୔༧ځᘉණǴޑကӧౚ০኱ύ৩ӛۓ     )(
~

sTi Ƕ྽

คϯᏢϸᔈਔǴ )(
~

sTi ёቪࣁ 

 























−

−
=

)cosh()sinh(
~

~

)sinh(

)cosh(
)(

~

s
D

w
s

D

w
K

K

s
D

w

s
D

w
sT

i

i

i

i
i

i

i

i

i

i

i  (3-29) 

ύځ wiࣁ୔༧ i ޑࡋ೯ໆᆶᐚޑǶӢԜ (3-28) Ԅύ΢ǵΠෞࡋࠆޑ

ᜢ߯Ǵӧଆۈచҹࣁጄൎϣคಈηਔёаቪࣁ 

 












=












−

)(
~̂

)(~̂
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~
)(

~
)(

~

)(
~̂

)(~̂

u

u
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d

d

sJ

sa
sTsTsT

sJ

sa
nn L  (3-30) 

ύa~ǵځ J
~
 ࣁကۓ

 

)(
~

),(~
),(~

rK

tr
tra

ρ=  (3-31) 

 

)(
~

),(~
)(

~
)(),(

~

rK

tr

r
rKrDtrJ

ρ
∂
∂−=  (3-32) 
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྽ଆۈచҹࣁಃ m ୔༧ԖેፂڄኧࠠᄊޑଆۈచҹਔǴ΢ǵΠෞޑ

೯ໆᆶᐚޑࡋᜢ߯߾ёаቪࣁ 

 









+












=












+−− 1

0
)(

~
)(

~
)(

~

)(
~̂

)(~̂
)(

~
)(

~
)(

~

)(
~̂

)(~̂
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u

u
11

d

d sTsTsT
sJ

sa
sTsTsT

sJ

sa
mnnnn LL  

 





















+
























= ∗∗

∗∗

1

0
~~

~~

)(
~̂

)(~̂

)(
~

)(
~

)(
~

)(
~

)22()21(

)12()11(

u

u

)22()21(

)12()11(

TT

TT

sJ

sa

sTsT

sTsT
 (3-33) 

ஒᜐࣚచҹжΕ (3-33) ԄύǴკ ᘉණёճҔ໺ᒡંତቪޑ3-2

 ࣁ

 









+




















=













1

0

)(
~̂

0
~~

~~

0

)(~̂

)22()21(

)12()11(

sJTT

TTsa

u

d  (3-34) 

җ (3-34) Ԅёа؃ள )(
~̂

sJu  ࣁ

 

)(
~

1
)(

~̂

)22( sT
sJu −=  (3-35) 

(3-35) Ԅύ؃ளޑ )(
~̂

sJu ஒٰीᆉѳ֡२ࡋ࿶ၸਔ໔Ƕ 

ѳ֡२ࡋ࿶ၸਔ໔ (mean first passage timeǴ mfpt ֎ၲډಈηࣁ (

ԏ܄ᜐࣚ٠଒ຽԶрޑѳ֡܌ሡਔ໔ǴۓځကӵΠǺ 

 

∫
∞

=
0

mfp )(d tPtt  (3-36) 

ύځ )(d tP ಈηӧਔ໔ࣁ ttt d+→ ϐϣᚆ໒ᘉණጄൎޑᐒ౗Ƕᚆѐޑᐒ

౗ )(tP ёаቪԋ၀ᕓ໔཮ᚆѐޑಈηኧନаӚਔ໔ᚆѐޑಈηኧᕴ

ӝǶз )(out tJ ӧਔ໔߾೯ໆǴޑᚆ໒ᘉණጄൎࣁ ttt d+→ ᚆѐޑಈηኧ

ࣁ ttJ d)(out ǶӢԜӧਔ໔ ttt d+→ ᚆѐޑᐒ౗Ǵջ )(d tP ǴёаቪԋǺ 
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∫
∞=

0
out

out

d)(

)(
)(d

ttJ

dttJ
tP  

(3-37) 

ஒ (3-37) Ԅύޑ )(out tJ а )(
~

out tJ жΕǴ٠ஒ (3-37) ԄжΕ (3-36) 

ԄǴёளǺ 

 

∫

∫

∫

∫

′

′′′

==

∞→

∞→

∞

∞

t

t

t

t

ttJ

ttJt

ttJ

ttJt

t

0
out

0
out

0
out

0
out

mfp

d)(
~

lim

d)(
~

lim

d)(
~

d)(
~

 (3-38) 

ကۓ L  ᡂኧǴ኱Ң^ (caret)ޑථᙯඤ܎ද܎ࣁ಄ဦǴsޑථᙯඤ܎ද܎ࣁ

ж܎߄ද܎ථᙯඤڄޑࡕኧǴջ { })(
~

)(
~̂

outout tJsJ L= Ƕ(3-38) Ԅёճಖॶ

  ౛ (final value theorem)ۓ

 )(ˆlim)(lim
0

sfstf
st

⋅=
→∞→

 (3-39) 

 ࣁቪׯ
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[ ])(
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d)(
~
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~
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0
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s
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L

L

L
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⋅

⋅
=












′⋅












′⋅

=

→

→

→

→

∫

∫
  

 
)(

~̂

)(
~̂

d

d

lim
out

out

0 sJ

sJ
s

s

−
=

→
 (3-40) 

עॺѝाך )(
~̂

out sJ жΕ (3-40) Ԅૈߡ଺࣬྽ᙁޑߡीᆉǶ 

ӧკ 3-2ύǴx = 0ೀۓကࣁ΢ෞǴӢԜ΢ෞ೯ໆࢂߡрα೯ໆǴ

ջ )(
~̂

)(
~̂

out sJsJu = Ƕࡺஒ (3-35) ԄжΕ (3-40) ԄύǴёளډ 
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~
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0
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=
→ )(

~

)(
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d

lim
)22(

)22(

0 sT

sT
s

s→
=  (3-41) 

٣ჴ΢Ǵัуीᆉёளډ 1)0(
~

22 =T ǶӢԜ (3-41) Ԅёᙁϯࣁ 

 mfpt )(
~

d

d
lim )22(

0
sT

ss→
=  (3-42) 
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~

)22( sT ࣁ s ӭ໨Ԅޑ 25ǴӢԜךॺѝाीᆉ )(
~

)22( sT ΋ԛ໨߯ኧջёޑ

؃ள mfpt Ƕ 

ќѦךॺΨीᆉۯᒨਔ໔Ǵ٠ᢀჸࢂցᆶᛙۓК࣬߈Ƕךॺёа

зଆۈచҹࣁጄൎϣคಈηǹ΢ෞೀࣁ֎ԏ܄ᜐࣚǴջ 0)(~̂
u =sa ǹΠ

ෞೀۓڰࣁᐚࡋᜐࣚǴջ
shK

sa
1
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~)(~̂ 0

d
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= Ƕ 0ρ ж߄ᐚޑࡋॶǴࣁځதኧǶ

җܭଆۈਔጄൎϣคಈηǴӢԜёճҔ (3-30) ԄǴࣁځǺ 
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ஒᜐࣚచҹжΕ (3-43) Ԅߡࡕёаளډ໺ᒡຯତࣁ 
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(3-44) Ԅжٿ߄చБำԄǴځύ΋చ᏾౛ࡕёаளډ )(
~̂

u sJ  ࣁ
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ࣁථሦୱύёаቪ܎ද܎ᒨਔ໔ӧۯ 24-25 
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ஒ (3-34) Ԅޑ )(ˆ
u sJ жΕ (3-35) ԄύࡕǴёаளۯډᒨਔ໔ࣁ 

 





























−=
→

shKsT
s

shKsT
s

s
t

s 1

)(
~

)(
~

1

1

)(
~

)(
~

1

d

d

lim
0

)12(

0

)12(

0
L

ρ

ρ

  

 ( )

)(
~

1

)(
~

d

d

)(
~

1

lim

)(
~

1

)(
~

1

d

d

lim

)12(

)12(2
)12(

0

)12(

)12(

0

sT

sT
ssT

sT

sTs

ss

−

−=−=
→→

 
 

 
)(

~

)(
~

d

d

lim
)12(

)12(

0 sT

sT
s

s→
=  (3-47) 

)(
~

)12( sT ࣁ s ॺѝाीᆉךӭ໨ԄǴӢԜޑ )(
~

)12( sT தኧ໨аϷ΋ԛ໨ޑ

߯ኧջё؃ள Lt Ƕ 

ࣁᒨਔ໔ϩձۯѳ֡ಃ΋࿶ၸਔ໔ϷޑကคՏૈᡂϯਔۓ o

mfpt а

Ϸ o

Lt Ƕך߾ॺёճҔ o

mfpt аϷ o

Lt բୖࣁԵॶǴۓကѳ֡ಃ΋࿶ၸਔ໔

ჹК (relative mean first passage time, relativemfp)(t࣬ޑ  ࣁ (

 o

mfp

mfp
relativemfp )(

t

t
t =  (3-48) 

Զۯᒨਔ໔࣬ޑჹК (relative time lag, relativeL )(t  ࣁ߾ (

 o

L

L
relativeL )(

t

t
t =  (3-49) 
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o

mfpt аϷ o

Lt ࣁՏૈзעीᆉБԄǴѝाޑ V(x) = 0Ǵ؂ঁ໺ᒡંତޑϩ

ଛ߯ኧ Kiளࣁډ 1Ǵջёа࣬ӕޑБԄीᆉǶ 
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3.6 ՏૈՏૈՏૈՏૈǵǵǵǵᛙۓКᛙۓКᛙۓКᛙۓКǵǵǵǵѳ֡२ࡋ࿶ၸਔ໔ѳ֡२ࡋ࿶ၸਔ໔ѳ֡२ࡋ࿶ၸਔ໔ѳ֡२ࡋ࿶ၸਔ໔ǵǵǵǵۯᒨਔ໔ۯᒨਔ໔ۯᒨਔ໔ۯᒨਔ໔ޑीᆉ่݀ޑीᆉ่݀ޑीᆉ่݀ޑीᆉ่݀ 

ӧҁ࿯ύךॺ२ӃճҔ 3.2࿯ύ(4-3) ޑ Ԅᆶ (3-6) ԄीᆉЇΚ

ᆶѾΚՏૈǴࣁځ 
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ξξ

ξξξξ
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V  (3-50) 

 RV ( )[ ])2exp(1ln2 2
0 κξφεπε aar −+=  (3-51) 

ᕴՏૈ VTࣁЇΚՏૈᆶѾΚՏૈکޑǴջ RAT VVV += ǶளрᕴՏૈ

 ࣁځКǴۓёճҔ (3-14) Ԅीᆉᛙߡࡕ
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e kT
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∫
∞

=  (3-52) 

٠Кၨ࣬ӕՏૈΠीᆉ܌ளޑѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹК relativemfp)(t  

 mfpt )(
~

d

d
lim )22(

0
sT

ss→
=  (3-53) 
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t

t
t =  (3-54) 

аϷۯᒨਔ໔࣬ޑჹК relativeL )(t  
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=  (3-55) 
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t

t
t =  (3-56) 

ीᆉޑᕉნךॺଷ೛ࢂӧ 25ʚНύޑጤᡏᏉ่Ƕीᆉచҹӵ߄
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ӈǴϩձीᆉ܌3-1 z = 1ǵ2ǵ3ਔޑᛙۓКǵ࣬ჹޑѳ֡२ࡋ࿶ၸਔ

໔ǵ࣬ჹۯޑᒨਔ໔ǵૈምଯࡋǴ٠ฝр൳ঁႝှ፦ᐚࡋΠޑՏૈԔ

ጕаߡᢀჸځՏૈᒿ๱ႝှ፦ᐚׯޑࡋᡂǶբკܭკ კډ3-3 3-8

ύǴკύ C жှႝ߄፦ᐚࡋǶ 

ᡂׯॺΨך Hamakerதኧ A ፦ϐЇΚதኧǹނόӕ߄ॶǴажޑ

ӕਔΨׯᡂ߄य़ႝՏφ ॺϩձीᆉךॶǶޑ A = 0.7×10-20 Jǵ1.2×10-20 

Jǵ1.7×10-20 Jǵ2.2×10-20 JਔǴ߄य़ႝՏࣁφ  = 25mVǵ20mVǵ10mVǵ

5mVǴႝှ፦ሽኧࣁۓڰ z = 1ਔޑᛙۓКϷ࣬ჹޑѳ֡२ࡋ࿶ၸਔ

໔ჹႝှ፦ᐚޑࡋԔጕǶ 

߄   3-1 კ კډ3-3  ीᆉచҹޑ3-8

 K ϟႝதኧ  ಈηъ৩/m ᘉණ߯ኧ/ m2s-1/ࡋྕ

298 78.54 10-7 4.88×10-12 

   य़ႝՏ/V Hamakerதኧ/10-20J߄

15×10-3 2   

߄ 3-2 ₩ᜪǵᆫशΌ౎ǵ໦҆ӧНύϐ HamakerதኧǶ(߄ύ n ж߄ᅹኧǶ) 

 ፦ ₩ᜪ (n =5~16)  ᆫ౦ѹΒ౎ ໦҆ (ලǵᆘ)ނ

Hamakerதኧ/10-20J 0.336~0.540 0.743 1.98ǵ2.14 
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კ 3-3  1-1ሽႝှ፦ᐚׯࡋᡂჹᛙۓКǵѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹК (relative  

MFPT)ǵۯᒨਔ໔࣬ޑჹК (relative time lag)ǵૈምଯࡋϐቹៜǶ 
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კ 3-4  1-1ሽႝှ፦ᐚׯࡋᡂਔǴՏૈԔጕᒿ h = r/a  ᡂϯǶޑ

ύځ r ຯᚆǴaޑጤᡏಈηύЈٿࣁ  ಈηъ৩Ƕࣁ
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კ 3-5  2-2ሽႝှ፦ᐚׯࡋᡂჹᛙۓКǵѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹК (relative  

MFPT)ǵۯᒨਔ໔࣬ޑჹК (relative time lag)ǵૈምଯࡋϐቹៜǶ 
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კ 3-6  2-2ሽႝှ፦ᐚׯࡋᡂਔǴՏૈԔጕᒿ h = r/a  ᡂϯǶޑ

ύځ r ຯᚆǴaޑጤᡏಈηύЈٿࣁ  ಈηъ৩Ƕࣁ
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კ 3-7  3-3ሽႝှ፦ᐚׯࡋᡂჹᛙۓКǵѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹК (relative  

MFPT)ǵۯᒨਔ໔࣬ޑჹК (relative time lag)ǵૈምଯࡋϐቹៜǶ 
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კ 3-8  3-3ሽႝှ፦ᐚׯࡋᡂਔǴՏૈԔጕᒿ h = r/a  ᡂϯǶޑ

ύځ r ຯᚆǴaޑጤᡏಈηύЈٿࣁ  ಈηъ৩Ƕࣁ
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კ ᡂׯ  3-9 Hamakerதኧࣁ A = 0.7×10-20 J Ǵ1-1ሽႝှ፦ᐚׯࡋᡂӧόӕ߄य़ႝՏ 

ΠჹᛙۓКϷѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКϐቹៜǶ 
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კ ᡂׯ  3-10 Hamakerதኧࣁ A = 1.2×10-20 J Ǵ1-1ሽႝှ፦ᐚׯࡋᡂӧόӕ߄य़ႝՏ 

ΠჹᛙۓКϷѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКϐቹៜǶ 
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კ ᡂׯ  3-11 Hamakerதኧࣁ A = 1.7×10-20 J Ǵ1-1ሽႝှ፦ᐚׯࡋᡂӧόӕ߄य़ႝՏ 

ΠჹᛙۓКϷѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКϐቹៜǶ 
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კ ᡂׯ  3-12 Hamakerதኧࣁ A = 2.2×10-20 J Ǵ1-1ሽႝှ፦ᐚׯࡋᡂӧόӕ߄य़ႝՏ 

ΠჹᛙۓКϷѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКϐቹៜǶ 
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ӧკ კډ3-3 3-8ύǴךॺׯᡂႝှ፦ޑሽኧǴϩձीᆉ 1-1ሽǵ

2-2ሽǵ3-3ሽႝှ፦Ǵӧႝှ፦ᐚׯࡋᡂਔޑᛙۓК (stability ratio)ǵ

ѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹК (relative MFPT ) аϷۯᒨਔ໔࣬ޑჹ

К (relative time lag)ǹќѦǴךॺΨஒόӕႝှ፦ᐚࡋਔޑՏૈբკ

ӈрǶ 

җа΢Ӛკךॺёа࣮рǴѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКόፕࢂᖿ

༈ࢂ܈ॶ೿࣬྽ௗ߈ᛙۓКǹԶۯᒨਔ໔࣬ޑჹК߾ᆶᛙۓКԖ࣬྽

౛௃ނޑᜐࣚచҹКၨ಄ӝጤᡏޑ࿶ၸਔ໔ࡋပৡǶ٣ჴ΢ѳ֡२ޑ

ۓڰ࡭ߥᜐࣚచҹ཮όᘐӦံкಈηаܭᒨਔ໔ਔǴҗۯڗǴԶ؃׎

ᐚࡋᜐࣚǴӢԜᆶჴሞނ౛௃࣬׎ѐࣗᇻǶ܌аѳ֡२ࡋ࿶ၸਔ໔ၨ

፾ӝҔٰ՗ीᛙۓКࢂКၨӝ౛ޑǶ 

࿶ၸਔ໔೿ᒿ๱ႝှ፦ࡋѳ֡२ޑКᆶ࣬ჹۓॺёаว౜ᛙך

ᐚࡋ෧ϿԶϲଯǶ೭ࢂӢࣁӧႝှ፦ᐚࡋեਔǴѾΚՏૈၨεǴӢԜ

ጤᡏಈηᏉ่ǶҗკٿЗߔՏૈምᛖǴޑԋΑၨଯ׎ 3-4ǵ3-6ǵ3-8

ύёа࣮рႝှ፦ᐚׯࡋᡂჹՏૈምᛖޑޑቹៜǶ 

җᛙۓКаϷѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКԔጕύǴךॺёа࣮ډ

εठԖ΋ঁᙯשᗺǶႝှ፦ᐚࡋλܭԜᙯשᗺਔǴᛙۓКаϷѳ֡२

ም໒ૈࢂεठࡋ፦ᐚှႝޑᗺשჹК೴ᅌᚹϲǶԜᙯ࣬ޑ࿶ၸਔ໔ࡋ

 -critical coagula) ࡋᖏࣚᏉ่ႝှ፦ᐚޑᒏ܌ࢂǴΨ൩ࡋᐚޑԋ׎ۈ
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tion concentration)ǶᖏࣚᏉ่ႝှ፦ᐚࡋӧ 3.9࿯ύ཮Ԗၨ၁ಒޑ૸

ፕǶ 

ӧკ კډ3-9 3-12ύǴךॺ߾ीᆉ Hamakerதኧ A = 7×10-21 J ~ 

2.2×10-20 JǴ߄य़ႝՏφ  = 5mV ~ 25mVޑጄൎύǴႝှ፦ሽኧ z = 1Ǵ

ಈηъ৩ a = 10-7mਔޑᛙۓКϷѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКჹႝှ

፦ᐚׯޑࡋᡂǶҗკύёаว౜ӧӝ౛ޑጄൎύόፕӵՖׯᡂ

HamakerதኧϷ߄य़ႝՏǴᛙۓКᆶѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКࣣ࣬

྽ௗ߈Ƕ 

ቹៜբკޑКۓᡂਔჹᛙׯࡋᐚځ፦ǴှႝޑॺΨஒόӕሽኧך

კܭ 3-13ύǶёаว౜ႝှ፦ሽኧቚεਔǴ࣬ӕႝှ፦ᐚࡋΠᛙۓ

К཮෧λǶ೭ࢂӢޑ܄ႝࣁਏᔈёҗ Debye-Hückelୖ ኧκ  Ң߄

 
2

1

0

22














= ∑

kT

zCe

r

ii

εε
κ  (3-57) 

җ (3-57) Ԅύё࣮рႝှ፦ሽኧቚу࣬྽ှႝܭ፦ᐚࡋቚуǴԶႝ

ှ፦ᐚࡋቚу཮٬ளѾΚ෧λǴૈምफ़եǴճܭᏉ่Ƕ 

ࣁ፦ሽኧှႝۓڰॺΨך 1-1ሽǴ٠ஒ HamakerதኧׯᡂਔǴᛙ

კܭᡂϯკբკޑКۓ 3-14ύǶHamakerதኧຫλǴЇΚ൩ຫ১Ǵ

ѾΚ࣬ჹᡉளၨமǶࡺ Hamakerதኧຫλૈም཮ຫεǶӢԜ Hamaker

தኧຫλᛙۓК཮ຫεǶ 
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კ 3-13  ӧ A = 2×10-20 JਔǴόӕሽኧှႝޑ፦ჹᛙۓКޑቹៜǶ 

( KT 298= Ǵ mV15=ϕ Ǵ ma 710−= Ǵ 54.78=D Ǵ JA 20102 −×= Ǵz =1, 2, 3 ) 
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კ 3-14  ӕࢂ 1-1ሽႝှ፦ਔǴόӕޑ HamakerதኧჹᛙۓКޑቹៜǶ 

( KT 298= Ǵ mV15=ϕ Ǵ ma 710−= Ǵ 54.78=D ǴA = 0.5×10-20, 1×10-20, 2×10-20) 
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3.7 ճҔനଥΠफ़௹౗ݤճҔനଥΠफ़௹౗ݤճҔനଥΠफ़௹౗ݤճҔനଥΠफ़௹౗ݤ 28௢ᏤᛙۓК߈ޑ՟ीᆉ௢ᏤᛙۓК߈ޑ՟ीᆉ௢ᏤᛙۓК߈ޑ՟ीᆉ௢ᏤᛙۓК߈ޑ՟ीᆉ 

ᛙۓКඔॊጤᡏಈη࿘ናਔǴຫၸૈምޑᜤܰำࡋǶҗૈܭምଯ

ಈηຫό৒߄КຫଯǴΨжۓຫଯǴಈηຫό৒ܰຫၸૈምǹԶᛙࡋ

ܰᏉ Ƕ่ӢԜӧ܄ۓ΢ךॺёа౛ှጤᡏޑᛙ܄ۓᆶૈምଯࡋϐቚу

ԶቚуǴӵკ คவ߾ᜢ߯ޑࡋᆶૈምଯ܄ۓໆ΢ᛙۓҢǴՠ܌3-15

ளޕǶҁ࿯ஒճҔനଥΠफ़௹౗ݤ 28 (the method of steepest descents) 

௢ᏤᛙۓК߈ޑ՟ीᆉǴ௢Ꮴ܌ள(66-3) ޑ Ԅૈ୼ӧۓໆ΢ϸࢀᛙ

 ᜢ߯ǴЪीᆉ΢Ψό໪࿶җኧॶᑈϩǶޑࡋКᆶૈምଯۓ

 

 
კ 3-15 ஒ Wlog ᆶૈምଯࡋ΋ӕբკǴёаӧ܄ۓ΢ว౜ޣٿᖿ༈࣬ӕǶC  ፦ှႝࣁ

 ᡂǶׯࡋ཮ᒿႝှ፦ᐚࡋ཮ቹៜѾΚՏૈǴӢԜૈምଯࡋǴႝှ፦ᐚࡋᐚޑ     

( KT 298= Ǵ mV15=φ Ǵ JA 20102 −×= Ǵ ma 710−= Ǵ 54.78=D Ǵz = 1) 

Log(C/molL-1) 
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ӧ 3.3࿯ύගډǴᛙۓКޑीᆉϦԄࣁǺ 

 W
2

2

)(
d

2
T

h

h
e kT

hV

∫
∞

=  (3-58) 

ύځ )(T hV ᕴՏૈǴhࣁ  ࣁကۓޑ

 

a

r
h =  (3-59) 

a ъ৩ǹrޑጤᡏಈηࣁ ምനૈޑຯᚆǶଷ೛ጤᡏ໔ޑಈηύЈٿࣁ

ଯᗺวғܭ 0hh = ೀǴ߾ 0)( 0T =′ hV Ƕஒ )(T hV а 0h  ύЈ଺ੀୌભኧࣁ

(Taylor series) ৖໒ǴډڗΒԛБ໨ǴёаளډǺ 

 
2

00TT )(
2

1
)()( hhhVhV −+= L+′′ )( 0T hV  (3-60) 

ख़ཥ᏾౛ (3-60) ԄǴ٠Ъз 2
0 )(

2

1
hh − )( 0T hV ′′ kT

u

2

2

−=  

 
2

00 )(
2

1
)()( hhhVhV −≈− )( 0hV ′′   

 
kT

u

2

2

−=  (3-61) 

౽໨᏾౛ёаளډ 

 )()(
1

0T
2

0
2 hVhh

kT
u ′′−−=  (3-62) 

ӢԜ 

 ±=u
2

1

0T
0

)(
)(

kT

hV
hh

′′
−  (3-63) 

ஒ (3-60)ǵ(3-61) ԄжΕ (3-58) ԄǴךॺёаஒᛙۓКޑीᆉׯቪ
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 Ǻࣁ

 W
2

2

)(
d

2
h

h
e kT

hV

∫
∞

=   

 2
2

00 d)()(
exp

)(
exp2

h

h

kT

hVhV

kT

hV
∫
∞








 −







=   

 ≈ u
u

hu

kT

hV

h
d

d

d

2
exp

)(
exp

2 2
0

2
0

∫
∞

∞−










−







  (3-64) 

ӧ (3-64) ԄύǴךॺஒ
2

1

h
ࣁׯ

2
0

1

h
Ǵ೭ࢂҗܭჹኧԋޑߏ੝܄Ǵ٬ᛙ

ஒࡺ΋λ༧୔ୱǴ߈ߕምঢ়ॶૈܭଅ᝘൳ЯٰԾځᑈϩޑКۓ
2

1

h
໨

ຎբதኧǶӕኬӦǴҗܭᛙۓКޑଅ᝘ε೽ϩٰԾܭঢ়ॶ߈ߕǴЪՏ

ૈॄॶޑ୔ࢤჹᛙۓКޑଅ᝘൳Яࣁ႟ǹӢԜࣁΑБߡीᆉǴஒᑈϩ

Πज़܎ԿॄคጁεǴճҔۓᑈϩ π2d
2

exp
2

=









−∫

∞

∞−

u
u

բࣁ՗ीǶ 

җ (3-63) ԄǴёаीᆉ
u

h

d

d
 Ǻࣁ

 =






=
−1

d

d

d

d

h

u

u

h 2

1

0 )(
−′′

±
kT

hV
 (ॄॶόӝ) (3-65) 

җܭᛙۓКόёૈॄࣁॶǴӢԜॄॶόӝǶஒ (3-65) ԄжΕ (3-64) 

ԄύǴךॺёаளډǺ 

 W ≈
2

1

00
2
0

)()(
exp

22
−′′










kT

hV

kT

hV

h

π  (3-66) 

ճҔ (3-66) Ԅૈߡ୼ࡐБߡӦीᆉᛙۓКǴԶόӆሡाբኧॶ

ᑈϩǶԶЪନΑीᆉ΢ޑБߡϐѦǴ೸ၸ (3-66) ԄךॺΨёа຾΋
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 ᜢ߯Ƕޑঢ়ॶکКۓໆӦඔॊᛙۓ؁

    ӧ 3.6࿯ޑచҹΠ KT 298= Ǵ mV15=φ Ǵ JA 20102 −×= Ǵ ma 710−= Ǵ

54.78=D ǴϩձճҔᛙۓКۓޑက (3-58) ԄаϷ߈՟(66-3) ่݀ޑ 

ԄٰीᆉᛙۓКǴ٠բკܭკ 3-16Ƕკ 3-16ύǴ྽ႝှ፦ᐚࡋεܭ

10-2ਔǴҗૈܭምۘ҂ғԋǴ٠ค܌ᒏૈޑምനଯᗺǴ٬ள (3-55) Ԅ

٠ό፾ҔǴࡺόԵቾ၀୔ࢤǶԶӧႝှ፦ᐚࡋλܭ 10-7ϐࡕǴ߈՟ॶ

Ψکᑈϩ଺܌ݤள่݀ޑ೴ᅌୃᚆǶ 

    ٣ჴ΢ךॺӧკ 3-15ύว౜ Wlog ۓᖿ༈࣬ӕǴԜޑࡋምଯૈک

ჹኧڗញǶஒ (3-66) Ԅှޑໆۓډёаҗ (3-66) Ԅள่݀ޑᢀჸ܄

ёளډǺ 

 ≈Wln
kT

hV

hkT

hV )(
ln

2

122
ln

)( 0

0

0 ′′
−








+ π  (3-67) 

җܭ྽ՏૈԋߏਔǴ 0h ᡂ୏όεǴޑ
kT

hV )( 0′′
 а (3-67)܌ᡂ୏ΨόεǴޑ

Ԅεठ΢ࢂጕ܄Ǻ 

 Wln ≈ const
)( 0 +

kT

hV
 (3-68) 

კעॺך 3-16ύ log(C/molL-1) = -2.5 ~ -8ޑ୔ࢤǴа Wlog ჹ
kT

hV )( 0 բ

კܭკ 3-17Ǵ่࣬݀ځ྽ௗ߈ጕ܄Ǵ಄ӝ (3-68) Ԅ܌ॊǶ 
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კ  ीᆉ่݀Ƕޑ՟ॶ߈ځКᆶۓᡂႝှ፦ሽኧਔǴᛙׯ 3-16

( KT 298= Ǵ mV15=ϕ Ǵ ma 710−= Ǵ 54.78=D Ǵ JA 20102 −×= Ǵz =1, 2, 3 ) 
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კ 3-17  ionapproximatlogW ჹ
kT

hV )( 0 բკǴௗ߈ጕ܄ж(3-68) ߄ ԄԋҥǶ 

ionapproximatW  ՟ॶǶ߈ޑ؃ள܌ճҔ (3-66) Ԅࣁ

                 ( KT 298= Ǵ mV15=ϕ Ǵ ma 710−= Ǵ 54.78=D Ǵ JA 20102 −×= Ǵz = 1, 2, 3 ) 
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3.8ϩձճҔ՗ीϦԄаϷբკݤႣ՗ᖏࣚᏉᆫᐚࡋϩձճҔ՗ीϦԄаϷբკݤႣ՗ᖏࣚᏉᆫᐚࡋϩձճҔ՗ीϦԄаϷբკݤႣ՗ᖏࣚᏉᆫᐚࡋϩձճҔ՗ीϦԄаϷբკݤႣ՗ᖏࣚᏉᆫᐚࡋ 

྽ႝှ፦уΕԿࢌ΋ำࡋਔǴ཮٬ளٿጤᡏ໔ޑՏૈምᛖϐനଯ

ᗺ࡞ѯࣁ႟ՏૈǴԜႝှ፦ᐚࡋᆀࣁᖏࣚᏉᆫᐚࡋ (critical coagula- 

tion concentrationǴc.c.c.)ǶԶ྽ႝှ፦ᐚࡋեܭᖏࣚᏉᆫᐚࡋਔǴᛙ

К཮࡚ቃϲଯǴӵۓ 3.6࿯ύᛙۓКჹႝှ፦ᐚࡋᡂϯკ܌ҢǶ 

    
 
 

 
კ 3-18  c.c.c.ਔޑޑՏૈԔጕҢཀკǶૈምനεॶ࡞ѯࣁ႟Ƕlog(C/molL-1) = -2.219ਔǶ 

ᐉ০኱ࣁ h = r/aǴr  ಈηъ৩ǶࣁຯᚆǴaޑಈηύЈٿࣁ

                 ( KT 298= Ǵ mV15=φ Ǵ ma 710−= Ǵ 54.78=rε Ǵ JA 20102 −×= Ǵz = 1 ) 

 
 

ၲࡋ՗ीϦԄϐ௢ᏤǶ྽ႝှ፦ᐚޑࡋॺ२Ӄ૸ፕᖏࣚᏉᆫᐚך

ډ c.c.c.ਔǴ critκκ = ǴՏૈޑ௃׎ӵკ ҢǶԜਔӧૈምനଯᗺ܌3-18

Տૈ / kT 

h 
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ೀёаளঁٿډచҹǴջᕴՏૈ V T = 0аϷ dVT/dh = 0ǹԶճҔԜٿ

ঁచҹǴૈߡ୼؃рჹᔈޑ critκ ॶǴ຾Զ؃рԜਔှႝޑ፦ᐚࡋǶκ ᆶ

ႝှ፦ᐚޑࡋᜢ߯ࣁ 

 
2

1

0

22














= ∑

kT

zCe

r

ii

εε
κ  (3-69) 

ύځ rε ϟႝதኧǴࣁ 0ε ϟႝ߯ኧǴφޑύޜ੿ࣁ य़ႝՏǴa߄ࣁ ಈࣁ

ηъ৩Ƕ 

    ӧ 3.2࿯ύගډǴѾΚՏૈޑϦԄࣁ 

 RV ( )[ ])2exp(1ln2 2
0 κξφεπε aar −+=  (3-70) 

ကୖኧۓॺך M  ࣁ

 2
02 φεπε aM r=  (3-71) 

ѾΚՏૈ߾ VRёаቪԋ 

 RV ( ))2exp(1ln κξaM −+=  (3-72) 

ξ ӧ 3.2࿯ύۓကࣁ 

 
a

x

2
=ξ  (3-73) 

ύځ x  ॺёаճҔךനอຯᚆǶޑय़߄ډय़߄ጤᡏಈη໔Ǵٿࣁ

ln(1 + y) ޑ৖໒Ԅٰᙁϯ (3-72) ԄǶln(1 + y)ёа৖໒ࣁ 
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 L+−+−=+
432

)1ln(
432 yyy

yy     )11( ≤<− y  (3-74) 

߾٤೚ᇤৡǶהಃ΋໨Ǵ٠৒ډڗॺѝךǴـᙁϯଆࣁ VRёϯᙁࣁ 

 RV )2exp( κξaM −≈  (3-75) 

    ௗ๱૸ፕЇΚՏૈǴӧ 3.2࿯ύගډǴЇΚՏૈёीᆉӵΠǺ 

 








++
++

++
+

+
−=

12

2
ln2

12

1

2

1

12 2

2

22A ξξ
ξξ

ξξξξ
A

V   

    )(
12 1 ξf
A−=  (3-76) 

ӢԜךॺճҔ c.c.c.ਔ critκκ = ǴV = 0ޑచҹёаளډ 

 )2exp( critξκaM − 0)(
12 1 =− ξf
A   

 )(
12

)2exp( 1crit ξξκ f
A

aM =−  (3-77) 

Զҗ dVT/dξ  ёаளр߾చҹޑ0 = 

 )2exp(2 critξκκ aMa −− 0)(
d

d

12

1
1 =− ξ

ξ
fA   

 )2exp(2 critξκκ aMa − )(
12

1
2 ξfA=  (3-78) 

 ύځ

 )(
d

d
)( 12 ξ

ξ
ξ ff −=   
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)12)(2(

22

)12(

22

)2(

22
222222 +++

+−
++

++
+

+=
ξξξξ

ξ
ξξ

ξ
ξξ

ξ  (3-79) 

ԖΑ (3-77) ԄϷ (3-78) ԄࡕǴᖄҥё؃ள c.c.c.ਔޑ critκ Ƕࡺஒ (3-77) 

ԄжΕ (3-78) ԄύǴёளډ 

 )(
12

1
)(

12
2 21crit ξξκ fAf

A
a =   

 
)(

)(
2

1

2
crit ξ

ξκ
f

f
a =  (3-80) 

(3-80) Ԅࢂ crit2 κa ξک ΋ঁξۓᜢ߯ԄǴ๏ޑ ॶߡёа؃р΋ঁ crit2 κa

ॶǴӢԜךॺёаஒξ ჹ crit2 κa բკ٠ճҔႝတ؃፾ှ (fitting)Ƕ፾ှ

ёஒ (3-80) Ԅύޑξ ࣁ՟߈ crit2 κa  ӵΠǺ่݀ځኧǴڄᡉޑ

 4
crit4

3
crit3

2
crit2crit10 )2()2()2()2( κκκκξ ababababb ++++≈  (3-81) 

 ύځ

 1
0 1017.1 −×=b Ǵ 3

1 1008.4 −×−=b Ǵ 5
2 1060.6 −×=b   

 7
3 1008.5 −×−=b Ǵ 9

4 105.1 −×=b  (3-82) 

ԄᆶচԄ (3-80) ԄբკКၨǴаΑှ (81-3) ่݀ޑॺёаஒ፾ှך

፾ှ߈ࡕ՟ޑ௃׎Ǵӵკ 3-19Ƕ 
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კ 3-19  ճҔႝတ؃፾ှஒ (3-80) Ԅ߈՟(81-3) ࣁ ԄǶ 

                       
 
 
 
 
 
 
 
 
 
 
 

ξ 
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    ԖΑ (3-81) ԄࡕǴךॺૈߡ୼ࡐБߡӦஒξ ϯԋ crit2 κa ኧǶڄޑ

᏾౛ (3-77)ԄǴךॺёаளډ 12M / A ξک Ϸ crit2 κa  ᜢ߯Ԅޑ

 )2exp()(
12

crit1 ξκξ af
A

M =  (3-83) 

ӆճҔ (3-81) Ԅёаஒξ жඤԋ crit2 κa ǴӢԜ (3-83) Ԅѓୁёа᏾

ঁ࣮ԋࢂ crit2 κa  ኧڄޑ

 )2(
12

critκaf
A

M =  (3-84) 

(3-84) Ԅύё࣮р๏ۓ΋ঁ crit2 κa ჹᔈ΋ঁߡॶޑ 12M / A ॶǴӢޑ

ԜӕኬǴஒ (3-89) Ԅޑ 12M / A ჹ crit2 κa բ፾ Ǵှа؃ளޑޣٿᜢ Ƕ߯

؃ள߈ޑ՟ှࣁ 

 7766.10)2(2684.1
12

crit −≈ κa
A

M  (3-85) 

(3-84) Ԅᆶ (3-85) Ԅޑ፾ှ่݀բკܭკ 3-20ύǶ 
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კ 3-20  ճҔႝတ؃፾ှஒ (3-84) Ԅ߈՟(85-3) ࣁ ԄǶ 
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ᕴٰ่ᇥǴךॺёаݙཀ(81-3) ڗ؃ډ ԄޑҞޑǴࣁࢂΑஒξ ж

ඤԋ crit2 κa ǶӢԜډΑ (3-84) ԄਔǴૈߡ୼Ͽѐξ Ԝ΋ᡂኧǴѝഭΠ

12M/A ک crit2 κa Ƕ 

ӧ (3-85) ԄύǴ12M / A ؃ࢂҞ኱ޑॺךኧǴԶୖޑඔॊᕉნࢂ

ள critκ ॶǶ 

 7766.10)2(2684.1
12

crit −≈ κa
A

M  (3-86) 

ӢԜѝा๏ۓ MǵA аϷ a კࢂ܈ճҔ (3-85) ԄૈߡॶǴޑ 3-20

؃рჹᔈޑ critκ ॶǴ຾Զ؃ள c.c.c.ǶᖐٰٯᇥǴз JA 20102 −×= Ǵ 

V15m=φ Ǵ m10 7−=a Ǵ KT 298= Ǵ 54.78=rε Ǵך߾ॺёаᆉр 

 
A

a

A

M r
2

02
12

12 φεπε
=   

 
J102

)V1015()m10()
Nm

C
10854.8()54.78(2

12
20

2627
2

2
12

−

−−−

×

×⋅⋅×⋅⋅
=

π
  

 99.58=  (3-87) 

ஒ 12M/A = 58.99жΕ (3-85) ԄǴёа؃р 552 crit =κa ǴӢԜ 

 -18
crit m1075.22/55 ×== aκ  (3-88) 

ளޕ κcritࡕǴҗ κۓޑကߡёаඤᆉрόӕሽኧႝှ፦ޑᖏࣚᏉᆫᐚ

 ࣁကۓॺёаัуीᆉ΋ΠǺκךǶࡋ
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2

1

0

22














= ∑

kT

zCe

r

ii

εε
κ  (3-89) 

ଷ೛ႝှ፦ࣁჹᆀႝှ፦ (symmetric electrolyte)Ǵӵ 1-1ሽǵ2-2ሽǵ

3-3ሽႝှ፦Ǵ 22 2CzzC ii =∑ Ǵ߾ஒ (3-88) Ԅύ -18
crit m1075.2 ×=κ жΕ

΢Ԅёаளډ 

 
2

1

23
2

2
12

22382
18

)K298)(
K

J
1038.1)(

Nm

C
10854.8()54.78(

))(C106.1(
m1075.2



















××⋅

×
=×

−−

−
− ∑ ii zC

 

 
m

C
108597.2

))(C106.1(
m105625.7

2
30

22382
216

−

−
−

×

×
=× ∑ ii zC

 
 

 
)C106.1(

)
m

C
108597.2)(m105625.7(

2382

2
30216

−

−−

×

××
==∑ 2

ii zC 22Cz   

 2Cz -324m102239.4 ×=   

 007.0L102239.4 121 =×= − Lmol  (3-90) 

ளډ Cz2 = 0.007 mol/LǴΨ൩ࢂᇥ྽ z ϩձ฻ܭ 1 ሽǵ2 ሽǵ3 ሽਔǴ

C ϩձࣁ 0.007 mol/Lǵ0.00175 mol/Lǵ0.0007778 mol/LǶԜջࣁճҔ

(3-85) ԄႣෳ܌ளޑډᖏࣚᏉ่ᐚࡋ (critical coagulation concentra- 

tion, c.c.c.)Ƕ 

ޑॺёаКၨ (3-85) ԄႣෳך c.c.c.ᆶჴሞޑ c.c.c.࣬ ৡӭϿǶჴ

ሞޑ c.c.c.ךॺёаҔ၂ᇤݤ (trial and error) όᘐ჋၂Ӛᅿႝှ፦ᐚ
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ࣁѯ࡞നଯᗺޑՏૈډޔǴࡋ 0Ƕ၂ᇤ؃ݤрޑ c.c.c.ᆶႣෳޑ c.c.c.

ӈ߄ܭ 3-3ύǶ 

 

ሽኧ 1-1ሽ 2-2ሽ 3-3ሽ 

၂ᇤ؃ݤளϐ 

c.c.c. / mol L-1 
6.02×10-3 1.5×10-3 6.69×10-4 

җ (1-75) ԄႣෳϐ

c.c.c. / mol L-1 
7×10-3 1.75×10-3 7.778×10-4 

ᇤৡ 16.28% 16.67% 16.26% 

߄ 3-3  ၂ᇤ؃ݤளϐᖏࣚᏉ่ᐚࡋ (c.c.c.) аϷճҔҁ࿯ (3-85) ԄႣෳϐᖏ

ࣚᏉ่ᐚࡋǶᖏࣚᏉ่ᐚૈࣁࡋምനଯᗺ࡞ѯࣁ႟ਔှႝޑ፦ᐚࡋǶ 

 
 

җࢂܭीᆉр critκ ॶӆඤᆉډόӕሽኧှႝޑ፦ᐚࡋǴΟᅿሽኧ

ᇤৡࣣҗޑ critκ ॶޑᇤৡ،ۓǴ߄ࡺ 3-3ύǴΟᅿሽኧޑᇤৡ൳Я࣬

ӕǶᜢܭᇤৡྍٰޑǴҗܭკ 3-19ǵკ 3-20ύ፾ှ่݀ޑзΓᅈཀǴ

ӢԜ௢ෳЬाᇤৡٰྍёૈٰࢂԾ(74-3) ܭ Ԅѝډڗಃ΋໨ޑᜢ

߯Ƕᗨฅஒ (3-74) Ԅӭڗ൳໨ёаளډၨྗዴ߈ޑ՟ǴՠӵԜஒ཮

٬ (3-75) Ԅ׎ޑԄፄᚇԶ೷ԋុࡕ௢Ꮴ֚ޑᜤǶӢԜӧԜךॺᒧ᏷

 ϦԄǶޑߡᙁډаள܄٤೚ྗዴ࣊឴

Ƕӧࡋ՗ीᖏࣚᏉ่ᐚٰݤॺΨ၂๱ճҔբკך     3.6࿯ύǴךॺ

ஒᛙۓКჹႝှ፦ᐚࡋբკǴёаว౜ᛙۓК΋໒ࢂۈНѳޑǴԶ໒
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୔ᆶНѳ୔Ѧ܄ॺёаஒጕךǶӢԜޑ܄և౜ጕࢂය߃ਔǴߏԋۈ

කǴٿ؃ጕޑҬᗺǴ྽բࢂᖏࣚᏉ่ᐚࡋǶճҔբკ܌ݤႣ՗ޑᖏࣚ

Ꮙ่ᐚࡋӈ߄ܭ 3-4ύǴբკܭკ 3-21ύǶ߄ 3-4ύǴᇤৡࢂޑࡰբ

კ؃ݤளϐ c.c.c.ᆶ၂ᇤ؃ݤளϐ c.c.c.ޑᇤৡǶ 

 
 

ሽኧ 1-1ሽ 2-2ሽ 3-3ሽ 

բკ؃ݤளϐ 

log( c.c.c. / mol L-1) 
-2.5238 -3.1493 -3.4636 

၂ᇤ؃ݤளϐ 

log( c.c.c. / mol L-1 ) 
-2.2204 -2.8239 -3.1746 

բკ؃ݤளϐ 

c.c.c. / mol L-1 
3×10-3 7.09×10-4 3.44×10-4 

၂ᇤ؃ݤளϐ 

c.c.c. / mol L-1 
6.02×10-3 1.5×10-3 6.69×10-4 

ᇤৡ 50.17% 52.73% 48.58% 

߄ 3-4 ճҔբკ؃܌ݤளϐᖏࣚᏉ่ᐚࡋ (c.c.c.)ǶᖏࣚᏉ่ᐚૈࣁࡋምനଯᗺ

 Ƕࡋ፦ᐚှႝޑ႟ਔࣁѯ࡞

 
 

    җ3-4߄ύёаว౜բკ؃܌ݤளޑᖏࣚᏉ่ᐚࡋ཮Кჴሞޑᖏ

ࣚᏉ่ᐚٰࡋளλǴεऊࢂჴሞॶޑ΋ъѰѓǶ٣ჴ΢Ǵ྽ૈም໒ۈ

ǶԶҗკߏԋۈ཮໒ߡКۓԋਔǴᛙ׎ 3-21ύǴёа࣮рբკ܌ݤ

؃ளޑҬᗺೀߚ٠ᛙۓК໒ۈԋߏೀǶӢԜբკݤёᇥࢂ΋ۓ཮Ԗᇤ
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ৡǶᏃᆅբკ؃܌ݤрޑᖏࣚᏉ่ᐚౣࡋԖόྗዴǴՠճҔբკ؃ݤ

 Ƕݤ଺ޑߡೲЪᙁז྽࣬ࢂࡋᖏࣚᏉ่ᐚڗ
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კ 3-21  ஒკ  ǶࡋᖏࣚᏉ่ᐚځ୔Ѧකа؃܄ीᆉ่݀ǴճҔጕޑ3-13

( KT 298= Ǵ mV15=ϕ Ǵ ma 710−= Ǵ 54.78=D Ǵ JA 20102 −×= Ǵz =1, 2, 3) 
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3.9 ૸ፕ૸ፕ૸ፕ૸ፕ 

    ᛙۓК (stability ratio) аϷᖏࣚᏉ่ᐚࡋ (critical coagulation 

concentration) ࣁඔॊጤᡏ੝ޑ܄ख़ाୖኧǶٯӵ྽຾ՉჴᡍਔǴჴ

ᡍޣऩ׆ఈᡣጤᡏӧϩණރᄊΠ຾ՉᏹբǴ߾ԿϿѸ໪௓ှႝځڋ፦

ᐚࡋӧᖏࣚᏉ่ᐚࡋаΠǹԶჴᡍޣऩ׆ఈᡣጤᡏ࡭ߥၨΦޑϩණރ

ᄊǴ߾ёаୖԵᛙۓКԔጕǶӢԜᙁޑߡ՗ीᛙۓКаϷᖏࣚᏉ่ᐚ

 ຾ՉǶޑጤᡏჴᡍܭஒԖշࡋ

    ჹܭᛙۓКǴҁക٬ҔΑѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКǵۯᒨਔ໔

К຾ՉКၨǶӧۓ೭ΟᅿᢀᗺٰᆶᛙࡋჹКǵૈምଯ࣬ޑ 3.6࿯ޑी

ᆉ่݀კύǴёаว౜ѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКόፕ܄ۓࢂ΢ޑᖿ

༈Ǵۓࢂ܈ໆ΢ޑॶǴ೿ᆶᛙۓК࣬྽ௗ߈ǶӢԜךॺளޕନΑᛙۓ

К (stability ratio) ϐѦǴѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКΨёаբࡋࣁໆ

ጤᡏᛙ܄ۓ (stability) ޑ΋ᅿπڀǶԶЪךॺᗋૈ୼аᘉණޑᢀᗺٰ

౛ှጤᡏᏉ Ǵ่Αှډᛙ܄ۓၨଯޑጤᡏྋనନΑಈηຫၸૈምޑᐒ

౗ၨեϐѦǴຫၸૈም܌ሡޑѳ֡ਔ໔ΨၨߏǹӢԜᛙ܄ۓଯޑጤᡏ

Ψૈ୼ᆢ࡭ၨΦޑϩණރᄊǶ 

КǴҗۓᆶᛙࡋॺΨКၨૈምଯך   3.6࿯ޑीᆉ่݀ύёаว౜

ۓຫଯᛙࡋምଯૈࢂК࣬ӕǴΨ൩ۓᖿ༈΢ᆶᛙޑ܄ۓӧࡋምଯૈډ

Кຫεǹՠૈምଯࡋӧۓໆޑॶ΢ᆶᛙۓК࣬ѐࣗᇻǶҗૈܭምଯࡋ
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ຫଯਔǴಈηຫᜤլܺૈምӢԶᜤаᏉ่ǴૈࡺምଯࡋຫଯᛙۓКຫ

εࢂ৒ܰ౛ှޑǶԶӧۓໆ΢ૈምଯࡋᆶᛙۓКޑᜢ߯Ǵךॺ߾ӧ

3.7࿯ύճҔനଥΠफ़௹౗ݤ 28ٰှញޑޣٿᜢ߯Ƕ྽Ѧࣚచҹ೛ۓ

ࣁ KT 298= Ǵ mV15=ϕ Ǵ ma 710−= Ǵ 54.78=D Ǵ JA 20102 −×= Ǵz =1ਔǴ

՟ϦԄӧ߈ޑ௢Ꮴ܌ log(C/molL-1) = -3 ~ -7Ǵૈምଯࡋӧ 6 ~ 16 kT ޑ

୔໔ύ࣬྽ྗዴǴӵკ  ҢǶ܌3-16

ीᆉ่݀ǶҗޑКۓჹКᆶᛙ࣬ޑᒨਔ໔ۯॺΨКၨך     3.6࿯ޑ

ीᆉ่݀ύǴว౜ۯډᒨਔ໔࣬ޑჹКᆶᛙۓКόፕӧޑ܄ۓᖿ༈

΢Ǵۓࢂ܈ໆޑॶ΢Ǵ೿ό࣬߈ǶӢԜךॺᇡࣁᒨਔ໔࣬ޑჹК٠ό

፾ӝҔٰᇥܴጤᡏޑᛙ܄ۓǶচӢёૈࢂҗܭᜐࣚచҹ΢΋ᆄۓڰࣁ

ᐚࡋᜐࣚ΋ᆄࣁ֎ԏ܄ᜐ Ƕࣚ٬ள֎ԏᆄࢬޑр೯ໆࣁۈ߃႟Զ೴ᅌ

ቚεޔԿᛙᄊ೯ໆǴԜᆶჴሞނ౛௃׎ό಄Ƕ 

ᖏࣚᏉ่ᐚۓޑࡋကૈࣁምനଯᗺ࡞ӳࣁ႟ਔှႝޑ፦ᐚࡋǴӢ

Ԝёаளှႝޕ፦ᐚࡋեܭԜॶਔǴૈምஒ೴ᅌ׎ԋǹϸϐ྽ႝှ፦

ᐚࡋଯܭԜॶਔǴ٠คૈም׎ԋǴጤᡏᏉ่ёຎֹࣁӄόૈڙምߔ

ᛖǶჹܭᖏࣚᏉ่ᐚࡋǴҁക٬߾ҔΑ၂ᇤݤ (trial and error)ǵ՗ी

ϦԄаϷբკݤ೭ΟᅿБٰݤႣ՗ᖏࣚᏉ่ᐚࡋǹ௢ᏤϷीᆉ่݀ኗ

ቪܭ 3.8࿯ύǶ 

    ჹܭ၂ᇤڗ؃ݤᖏࣚᏉ่ᐚࡋǴҗֹࢂܭӄ٩ྣᖏࣚᏉ่ᐚޑࡋ
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ዴǶҁകύ൩ྗࣁॶനޑ؁ᡯǴӢԜ؃ளޑǴό࿶ҺՖ຾՟ڗက؃ۓ

ஒ၂ᇤڗ؃ݤᖏࣚᏉ่ᐚࡋ྽բࢂჴሞॶǴԶќٿᅿ଺؃ݤளޑॶ྽

բ՗ीॶǴ຾ԶीᆉᇤৡǶᗨฅ၂ᇤݤനྗࣁዴǴՠၸำ࣬྽ഞྠǶ

চӢှႝࢂ፦ᐚࢂࡋԾᡂኧǴૈምଯࢂࡋᔈᡂኧǹӢԜ໪όᘐӦ౒ෳ

ႝှ፦ᐚ٠ࡋᢀჸૈምଯࡋǴךډޔॺᇡࣁ୼ྗዴǶӧ 3.8࿯ύךॺ

ճҔ၂ᇤ؃ݤ KT 298= Ǵ mV15=ϕ Ǵ ma 710−= Ǵ 54.78=D Ǵ JA 20102 −×= Ǵ

z =1, 2, 3ਔޑᖏࣚᏉ่ᐚࡋǴ่݀ӈ߄ܭ 3-3ύǶ 

    ӧ 3.8࿯ύǴךॺΨ௢ᏤΑႣ՗ϦԄа՗ीᖏࣚᏉ่ᐚࡋǶႣ՗

ϦԄޑीᆉ࣬྽ᙁߡǶ२Ӄҗ๏ୖޑۓኧύڗ؃M/AॶǴAࣁHamaker

தኧǴM  ࣁကۓ߾

 2
02 φεπε aM r=  (3-91) 

ύځ 0ε ৒౗ (permittivity of free space)Ǵႝޑύޜ੿ࣁ rε  ϟႝதኧࣁ

(dielectric constant)Ǵa ಈηъ৩Ǵφࣁ य़ႝՏǶӆஒ߄ࣁ M/A ॶжΕ

Ⴃ՗ϦԄύǴࣁځ 

 7766.10)2(2684.1
12

crit −≈ κa
A

M  (3-92) 

୼؃ளૈߡॺך߾ critκ ॶǶκ  ࣁကۓޑ

 
2

1

0

22














= ∑

kT

zCe

r

ii

εε
κ  (3-93) 

؃ளκ ॶૈߡࡕ୼ճҔۓځက؃ளόӕሽኧޑᖏࣚᏉ่ᐚࡋǶӧ 3.9
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࿯ύǴךॺճҔ KT 298= Ǵ mV15=ϕ Ǵ ma 710−= Ǵ 54.78=D Ǵ JA 20102 −×= Ǵ

z = 1, 2, 3ޑచҹ଺ीᆉǴीᆉ่݀ӈ߄ܭ 3-3ύǹᆶ၂ᇤޑݤᇤৡऊ

ࣁ 16.5%Ƕ 

നךࡕॺΨӧ 3.8࿯ύճҔբკݤ՗ीᖏࣚᏉ่ᐚࡋǶբკࢂݤ

ճҔᛙۓКჹႝှ፦ᐚޑࡋԔጕύǴ྽ႝှ፦ᐚࡋफ़եǴᛙۓКϲଯ

ਔǴന߃཮Ӄ࿶ᐕ΋ࢤጕޑ܄୔ୱǹԶ྽ᛙۓКεܭᖏࣚᏉ่ᐚࡋ

ਔǴᛙۓКԔጕࢂНѳޑǶஒጕ܄୔ᆶНѳ୔ѦකǴځڗ٠ҬᗺǴԜ

Ҭᗺೀࣁߡբკݤ՗ीϐᖏࣚᏉ่ᐚࡋǶբკޑݤӳೀࢂѝाளډᛙ
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A 3.1 ᇥܴᇥܴᇥܴᇥܴ (3-41) ԄύԄύԄύԄύǴǴǴǴ 1)0(22 =T  

    ӧ΢ෞࣁ֎ԏ܄ᜐࣚǴΠෞࣁϸ৔܄ᜐࣚǴଆۈచҹેࣁፂڄኧ

 ࣁΠෞᜐࣚೀਔǴ໺ᒡຯତԄܭ࿼ܫՏ࿼ۈ߃ᄊЪࠠޑ

 

















+
















=









1

0

10

01

)(ˆ
0

0

)(ˆ

)22()21(

)12()11(

sJTT

TTsa

u

d  (A 3-1) 

ӢԜ 

 

)(

1
)(ˆ

)22( sT
sJu −=  (A 3-2) 

ట؃ள )0(22T Ǵךॺёаз s → 0Ǵ٠ճҔಖॶۓ౛ (final value theo- 

rem)ǶӢԜ (A 3-2) Ԅёቪࣁ 

 =−
→ )(

1
lim

220 sTs
)(ˆlim

0
sJu

s→
  

 




=




= −

∞→→
)(ˆ1

lim)(ˆ1
lim 1

0
sJ

s
sJ

s
s u

t
u

s
L   

 ∫∞→
=

t

u
t

J
0

d)(lim ττ  (A 3-3) 

ጄൎϣന߃࿼ΕޑಈηǴനಖஒӄኧࢬрǹԶҗܭଆۈచҹેࣁፂڄ

ኧࠠޑᄊǴࡺᕴࢬрಈηኧࣁ 1ǶԶҗკ 3-2ύё࣮рӛѓ҅ࣁǴӛ

ѰॄࣁǴࡺ 

 



 163

 

)(

1
lim

220 sTs
−

→
1d)(lim

0

−== ∫∞→

t

u
t

J ττ  (A 3-4) 

ӢԜ 

 
1)0(22 =T  (A 3-5) 

A 3.2 നଥΠफ़௹౗ݤനଥΠफ़௹౗ݤനଥΠफ़௹౗ݤനଥΠफ़௹౗ݤ 28 (The Method of steepest descents) ᙁϟᙁϟᙁϟᙁϟ 

Եቾӧፄኧѳय़ύǴԖ΋ᑈϩڀԖаΠ׎ԄǺ 

 ∫=
C

zsf zezgsI d)()( )(  (A 3.6) 

ύځ z ፄኧǴsࣁ ᑈϩၡ৩Ƕଷ೛ޑፄኧѳय़΢ࣁჴኧǴCࣁ s ҅ࣁ

ኧǴ߾ (A 3.6) Ԅύ᏾ঁᑈϩ൳Яҗ )(zf ჴ೽ޑ ),( yxu ߈ߕനεॶځ

Ƕзۓ،܌୔ୱޑ )(zf ኧ (analytic function)Ǵڄ݋΋ှࣁ )(zf ёа߄

 ࣁၲ

 ),(),()( yxivyxuzf +=  (A 3.7) 

ύځ 1−=i Ǵxǵy ϩձж߄ z  ჴ೽Ϸ຀೽Ǵջޑ

 iyxz +=  (A 3.8) 

ӢԜёаஒ (A 3.6) ׯቪࣁ 

 ∫=
C

yxisvyxsu zeezgsI d)()( ),(),(  (A 3.9) 

җܭ )(zf ၡ৩คᜢǴکಖᗺԖᜢԶکᗺۈଆکኧǴᑈϩѝڄ݋΋ှࣁ



 164

ӢԜךॺёаᒧ᏷Бߡᑈϩޑၡ৩Ƕךॺᒧ᏷΋చၡ৩Ǵ྽ ),( yxu ၲ

ޑ୔ୱϣ߈ߕനεॶਔǴډ ),( yxv தኧǴջ࡭ߥ 0),( vyxv = ǹԶӧᇻᚆ

),( yxu നεॶਔޑ ),( yxv  Ǻࣁ՟߈ǶӢԜ (A 3.9) Ԅڋज़ڙό߾

 ∫≈
C

yxsuisv zezgesI d)()( ),(0  (A 3.10) 

ќѦךॺଷ೛ݮ๱܌ᒧޑڗၡ৩Ǵ ),( yxu ӧ ),( 000 yxz = ೀԖനεॶǴЪ 

 0
00

=
∂
∂=

∂
∂

== yyxx y

u

x

u  (A 3.11) 

җܭ )(zf ኧǴҗڄ݋ှࣁ Cauchy-Riemannచҹёаளޕ 

 0
2

2

2

2

=
∂
∂+

∂
∂

y

u

x

u  (A 3.12) 

(A 3.11) Ԅک (A 3.12)ԄޑӸӧསҢΑךॺ೯ၸޑനεॶ০ပӧ᎟ᗺ

(saddle point) ޑՏ࿼ǶӢԜ Method of steepest descentsाࢂޑפ΋చ

࿶ၸ᎟ᗺޑᑈϩၡጕǴЪӧ᎟ᗺݮ߈ߕ๱ const=v ܭၡጕᑈϩǶҗޑ

)(zf ኧǴڄ݋΋ှࣁ ),( yxu ک ),( yxv ۶Ԝ҅ҬǴݮ๱ const=v ߡၡጕޑ

๱ݮࢂ u∇ ܭ຾ǹҗ߻Бӛޑ u∇ ൩ࢂ௹౗നଥБӛǴ೭ࢂߡԜБޑݤ

ӜᆀҗٰǶ 

    ӧ᎟ᗺ 0z ೀǴҗܭ΋ԛ༾ϩࣁ႟Ǵ )(zf ёճҔੀୌભኧ৖໒ࣁ 

 2
00 )(

2

1
)()( zzzfzf −+= L+′′ )( 0zf  (A 3.13) 

ύځ f ′′ ж߄ f ჹ z Βԛ༾ϩǶஒ΢Ԅख़ཥ᏾౛Ǵ٠зޑ 2
0)(

2

1
zz − )( 0zf ′′



 165

 ࣁ

 
2

00 )(
2

1
)()( zzzfzf −≈− 2

0 2

1
)( t

s
zf −=′′  (A 3.14) 

ύځ 0zz − ёаཱུ০኱ޑБԄࣁၲ߄ 

 δ=− 0zz αie  (A 3.15) 

ஒ (A 3.15) Ԅ஥Ε (A 3.14) Ԅளډ 

 2
0

2 )( δzVst ′′−= αie2  (A 3.16) 

җךܭॺޑפ܌ᑈϩၡጕӧ᎟ᗺݮࢂ߈ߕ๱ const=v ၡጕ౽୏ǴӢޑ

Ԝ )()( 0zfzf − җ (A 3.14) Ԅё࣮рࡺ႟Ǵࣁۓ຀೽Ѹޑ 2t ѸࣁჴኧǶ

а܌ tёаቪԋ 

 ±=t 2

1

0 )(zVs ′′δ  (A 3.17) 

ӢԜচҁޑᑈϩёа߈՟ࣁ 

 ∫=
C

zsf zezgsI d)()( )(   

 )( 0zg≈ )( 0zsfe ∫
∞

∞−

− t
t

z
e t d

d

d22

 (A 3.18) 

 ύځ

 ±=






=
−1

d

d

d

d

d

d

z

t

t

z δ
δ

2
1

0)(
−′′ zfs αie  (A 3.19) 

നࡕёаள߈ډ՟ှ 



 166

 ),( 0zsI )( 0zg≈ )( 0zsfe
)( 0zfs

e i

′′

− α

∫
∞

∞−

− te t d22

  

 )(2 0zgπ≈ )( 0zsfe
)( 0zfs

e i

′′

− α

 (A 3.20) 

 
 
 



 167

 ᒵΟߕ

A3.3 ीᆉᛙۓКᆶѳ֡२ࡋ࿶ၸਔ໔ϐำԄዸीᆉᛙۓКᆶѳ֡२ࡋ࿶ၸਔ໔ϐำԄዸीᆉᛙۓКᆶѳ֡२ࡋ࿶ၸਔ໔ϐำԄዸीᆉᛙۓКᆶѳ֡२ࡋ࿶ၸਔ໔ϐำԄዸ 

ीᆉ೬ᡏǺMATLAB 

 ҁǺ7.4.0.287 (R2007a)ހ

----------------------------------------------------------------------------------------- 
        epsilon0= 8.8545*10^-12; 

dielectric_const= 78.54; 

               k= 1.38066*10^-23; 

           e0= 1.602*10^-19; 

             psi= 15*10^-3; 

               T= 298; 

               A= 2*10^-20; 

               a= 10^-7; 

              %x= d/(2*a); 

               y= 1; 

               z= 1; 

%%%%%%%%%%%%%%%%%%%%%% 

%計算範圍 

starting= 0; 

ending= 10*a; 

number= 1000; 

interval= (ending-starting)/number; 

unit_s= interval/a; 

 

logc_starting= -10; 

logc_increment= 0.25; 

logc_ending= 0; 

c_number= (logc_ending-logc_starting)/logc_increment+1; 

%%%%%%%%%%%%%%%%%%%%%% 

 

%for電解質濃度改變  

counter_1= 0; 

for log_conc= logc_starting:logc_increment:logc_ending 
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counter_1= counter_1+1; 

 

conc= 10^log_conc; 

kappa(counter_1,1)= 

( (e0^2*1000*6*10^23)/(epsilon0*dielectric_const*k*T) )^0.5*(2*conc*z^2)^0.5; 

 

%for 不同位置-計算位能及其一二次微分 及穩定比SR 

counter_2= 0; 

integral_temp_1= 0; 

integral_temp_2= 0; 

 

 for d= starting+0.5*interval:interval:ending-0.5*interval 

        counter_2= counter_2+1; 

        x= d/(2*a); 

        s= d/a+2; 

  

        repulsive= 

2*pi*epsilon0*a*dielectric_const*psi^2*(log(1+exp( -kappa(counter_1,1)*d ))); 

        attractive= -A/12*( 1/(x^2+2*x) +1/(x^2+2*x+1) 

+2*log((x^2+2*x)/(x^2+2*x+1)) ); 

 

        total_1(counter_1,counter_2)= repulsive+attractive; 

        total_2(counter_1,counter_2)= total_1(counter_1,counter_2)/k/T; 

 

        fn1(counter_1,counter_2)= exp( total_2(counter_1,counter_2) );   

  %取exp 

        fn2(counter_1,counter_2)= 1/s^2*fn1(counter_1,counter_2);        

  %取exp並乘以1/s^2 

 

        diff_r_1= 

-2*pi*epsilon0*a*dielectric_const*psi^2*kappa(counter_1,1)*exp(-kappa(counter_1,

1)*d)/(1+exp(-kappa(counter_1,1)*d)); 

        diff_a_1= 

1/(2*a)*( -1/12*A*(-1/(x^2+2*x)^2*(2*x+2)-1/(x^2+2*x+1)^2*(2*x+2)+2*((2*x+2)

/(x^2+2*x+1)-(x^2+2*x)/(x^2+2*x+1)^2*(2*x+2))/(x^2+2*x)*(x^2+2*x+1)) ); 

        diff_total_1(counter_1,counter_2)= diff_r_1+diff_a_1; 

 

        diff_r_2= 
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2*pi*epsilon0*a*dielectric_const*psi^2*kappa(counter_1,1)^2*exp(-kappa(counter_

1,1)*d)/(1+exp(-kappa(counter_1,1)*d))-2*pi*epsilon0*a*dielectric_const*psi^2*kap

pa(counter_1,1)^2*exp(-kappa(counter_1,1)*d)^2/(1+exp(-kappa(counter_1,1)*d))^2; 

        diff_a_2= 

1/(2*a)^2*( -1/12*A*(2/(x^2+2*x)^3*(2*x+2)^2-2/(x^2+2*x)^2+2/(x^2+2*x+1)^3*(

2*x+2)^2-2/(x^2+2*x+1)^2+2*(2/(x^2+2*x+1)-2*(2*x+2)̂2/(x^2+2*x+1)^2+2*(x^2

+2*x)/(x^2+2*x+1)^3*(2*x+2)^2-2*(x^2+2*x)/(x^2+2*x+1)^2)/(x^2+2*x)*(x^2+2*

x+1)-2*((2*x+2)/(x^2+2*x+1)-(x^2+2*x)/(x^2+2*x+1)^2*(2*x+2))/(x^2+2*x)^2*(x

^2+2*x+1)*(2*x+2)+2*((2*x+2)/(x^2+2*x+1)-(x^2+2*x)/(x^2+2*x+1)^2*(2*x+2))/(

x^2+2*x)*(2*x+2)) ); 

        diff_total_2(counter_1,counter_2)= diff_r_2+diff_a_2; 

 

        integral_temp_1= integral_temp_1 +fn1(counter_1,counter_2)*unit_s; 

        integral_temp_2= integral_temp_2 +fn2(counter_1,counter_2)*unit_s; 

    end 

        SR(counter_1,1)= 2*integral_temp_2; 

        log_SR(counter_1,1)= log10(SR(counter_1,1)); 

         

        [temp1,temp2]= max(total_2(counter_1,:)); 

        peak(counter_1,1)= temp1; 

        n0(counter_1,1)= temp2; 

 

        axis_d= starting+0.5*interval:interval:ending-0.5*interval; 

        d0(counter_1,1)= axis_d(temp2); 

        s0(counter_1,1)= d0(counter_1,1)/a+2; 

 

        slope_peak(counter_1,1)= diff_total_1(counter_1,temp2); 

        curvature_peak(counter_1,1)= diff_total_2(counter_1,temp2); 

        b(counter_1,1)= abs( curvature_peak(counter_1,1) )/k/T*a^2; 

        clear axis_d temp1 temp2; 

         

        approximation_1(counter_1,1)= 2*(2*pi)^0.5*exp(peak(counter_1,1)) 

/(b(counter_1,1))^0.5; 

        approximation_2(counter_1,1)= 2*(2*pi)^0.5*exp(peak(counter_1,1)) 

/(b(counter_1,1))^0.5 *(1/s0(counter_1,1)^2); 

        log_app_1(counter_1,1)= log10(approximation_1(counter_1,1)); 

        log_app_2(counter_1,1)= log10(approximation_2(counter_1,1)); 

end 
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temp= peak>=0; 

for i = 1:c_number 

    if temp(i)== 1 

        n1= i; 

    else 

    end 

end 

%%%%%%%%%%%%%%%%%%%%% 

%作圖 (1)位能 (2)穩定比與其估計公式 

figure(1) 

d_axis= starting+0.5*interval:interval:ending-0.5*interval; 

s_axis= d_axis./a+2; 

f0=zeros(1,number); 

 

subplot(2,2,1), plot(s_axis,total_2(37,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -1'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

subplot(2,2,2), plot(s_axis, total_2(35,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

title('logC = -1.5'); 

subplot(2,2,3), plot(s_axis, total_2(33,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -2'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

subplot(2,2,4), plot(s_axis, total_2(31,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -2.5'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

 

figure(2) 

d_axis= starting+0.5*interval:interval:ending-0.5*interval; 
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s_axis= d_axis./a+2; 

f0=zeros(1,number); 

 

subplot(2,2,1), plot(s_axis, total_2(29,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -3'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

subplot(2,2,2), plot(s_axis, total_2(27,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -3.5'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

subplot(2,2,3), plot(s_axis, total_2(25,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -4'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

subplot(2,2,4), plot(s_axis, total_2(23,:),s_axis,f0,':'); 

axis([2 5 -40,40]); 

title('logC = -4.5'); 

xlabel('h','fontsize',14) 

ylabel('V_T / kT','fontsize',14) 

 

figure(3) 

log_conc_axis= (logc_starting:logc_increment:logc_ending)'; 

fig_1= plot(log_conc_axis,log_SR,log_conc_axis(1:n1,1),log_app_2(1:n1,1)); 

set(fig_1,'LineWidth',3,{'LineStyle'}, {'-';'--'}) 

set(fig_1,{'Color'},{'g';'b'}) 

title('logW, logW_a_p_p_r_o_x   v.s.   logC','fontsize',14) 

xlabel('logC','fontsize',14) 

ylabel('logW','fontsize',14) 

legend1= legend(fig_1,'logW','logW_a_p_p_r_o_x'); 

set(legend1,'fontsize',14) 

grid on 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
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    %initial value 

    T_0th= [1 0; 0 1]; 

    T_1st= [0 0; 0 0]; 

     

    counter_2= 0; 

for d= starting+0.5*interval:interval:ending-0.5*interval 

    counter_2= counter_2+1; 

     

    K= 1; 

    D= 2*k*T/(6*pi*a*0.8937*10^-3); 

    h= interval; 

     

    a11= 1; 

    a12= -h/D/K; 

    a21= 0; 

    a22= 1; 

     

    b11 = 1/2*h^2/D; 

    b12 = -1/6*h^3/(D^2*K); 

    b21 = -h*K; 

    b22 = 1/2*h^2/D; 

     

    Ta= [a11 a12; a21 a22]; 

    Tb= [b11 b12; b21 b22]; 

 

    T_1st= Ta*T_1st+Tb*T_0th; 

    T_0th= Ta*T_0th; 

end 

 

tl_0= T_1st(1,2)/T_0th(1,2); 

tmfp_0= T_1st(2,2)/T_0th(2,2); 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%% 

 

 

counter_1= 0; 

for log_conc= logc_starting:logc_increment:logc_ending 

counter_1= counter_1+1; 
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    %initial value 

    T_0th= [1 0; 0 1]; 

    T_1st= [0 0; 0 0]; 

     

        counter_2= 0; 

    for d= starting+0.5*interval:interval:ending-0.5*interval 

        counter_2= counter_2+1; 

     

       K= exp(-1*total_2(counter_1,counter_2)); 

       D= 2*k*T/(6*pi*a*0.8937*10^-3); 

       h= interval; 

     

       a11= 1; 

       a12= -h/D/K; 

       a21= 0; 

       a22= 1; 

     

       b11 = 1/2*h^2/D; 

       b12 = -1/6*h^3/(D^2*K); 

       b21 = -h*K; 

       b22 = 1/2*h^2/D; 

     

       Ta= [a11 a12; a21 a22]; 

       Tb= [b11 b12; b21 b22]; 

 

       T_1st= Ta*T_1st+Tb*T_0th; 

       T_0th= Ta*T_0th; 

    end 

 

    tl(counter_1,1)= T_1st(1,2)/T_0th(1,2); 

    tmfp(counter_1,1)= T_1st(2,2)/T_0th(2,2); 

     

    tl_r(counter_1,1)= tl(counter_1,1)/tl_0; 

    tmfp_r(counter_1,1)= tmfp(counter_1,1)/tmfp_0; 

     

end 
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log_tmfp_r= log10(tmfp_r); 

log_tl_r= log10(tl_r); 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 

figure(4) 

log_conc_axis= (logc_starting:logc_increment:logc_ending)'; 

fig_1= 

plot(log_conc_axis(21:41,1),log_SR(21:41,1),log_conc_axis(21:41,1),log_tmfp_r(21:

41,1),log_conc_axis(21:41,1),log_tl_r(21:41,1),log_conc_axis(21:41,1),peak(21:41,1)

); 

set(fig_1,'LineWidth',3,{'LineStyle'}, {'-';'--';':';'-.'}) 

set(fig_1,{'Color'},{'k';'b';'r';'m'}) 

title('stability ratio, relative MFPT, relative time lag, and barrier height  v.s.   logC        

','fontsize',14) 

xlabel('logC','fontsize',14) 

legend1= legend(fig_1,'logW','relative MFPT','relative time lag','height of energy 

barrier'); 

set(legend1,'fontsize',14) 

grid on 
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ಃѤക ่ፕ 

ҁЎ२Ӄ௢Ꮴۯᒨਔ໔ᆶځΒ໘ਔຯޑ੝ቻॶϷ਱݅ڄኧ߄Ң

ԄǶWeiss1ճҔ਱݅ڄኧஒѳ֡२ࡋ࿶ၸਔ໔Ϸځଯ໘ਔຯа੝ቻॶ

Ң߄੝ቻॶޑΒ໘ਔຯځᒨਔ໔ϷۯύΨ௢ᏤΑزࣴޑҢǹChen2-3߄

ԄǶҁЎ߾ӧਔ໔ሦୱϷ܎ද܎ථሦୱύǴϩձ௢Ꮴคϸᔈޑᘉණᆶ

ՔᒿԖϸᔈޑᘉණϐۯᒨਔ໔ϷځΒ໘ਔຯǶΒ໘ਔຯࢂᐒ౗ஏڄࡋ

ኧ (probability density function) ϩթޑᡂ౦ኧ (variance) ϐ՗ໆǶӧ

ࣁኧڄࡋᒨਔ໔ύǴᐒ౗ஏۯ ssout )( JtJ
t∂

∂
ǹԶӧѳ֡२ࡋ࿶ၸਔ໔

ύǴᐒ౗ஏڄࡋኧࣁ ∫
∞

0
outout d)()( ttJtJ Ƕځύ Jout(t)ࣁਔ໔ t ਔࢬрس಍

 ೯ໆǶޑ಍سрࢬᛙᄊਔࣁ೯ໆǴJssޑ

Եቾ΋ᆢᘉණǴӧόԵቾࢬ୏Ϸϸᔈޑ௃׎ΠǴᘉණ߯ኧکϩଛ

߯ኧϩձа DǵK ҢǴR߄ аࡋೲ౗߯ኧǴᐚޑ΋໘ϸᔈࣁ ρ ҢǴ߄

Տ࿼০኱а x  ᘉණБำԄёаቪԋ߾ҢǶ߄

 
),(),()(

)(

),(
)()( tx

t
txxR

xK

tx

x
xKxD

x
ρρρ

∂
∂=−

∂
∂

∂
∂  (1-55) 

ࣁᜐࣚచҹځ x = 0ೀۓڰࣁᐚࡋᜐࣚǴx = h ೀࣁ֎ԏ܄ᜐࣚǴଆۈ

చҹࣁጄൎϣคᐚࡋǺ 

 

0),0( ρρ =t Ǵ 0),( =thρ Ǵ 0)0,( =xρ   
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ଆۈచҹࣁ t = 0ਔ 0)0,( =xρ Ƕۯ߾ᒨਔ໔ϷځΒ໘ਔຯёճҔ਱݅

 ࣁҢ߄ኧёڄҢϐǶճҔ਱݅߄ኧаϷ੝ቻॶڄ

 ∫=
h

yyyGyKt
0

L d),()(  (1-88) 

 
=)2(

Lt xyyyGxxGyKxK
h h

dd),(),()()(
0 0
∫ ∫ 













  

 
xyxyGyxGyKxK

h h

dd),(),()()(
0 0
∫ ∫ 













+  (1-94) 

ኧڄύ਱݅ځ G ڄ਱݅ܭኧǶԶҗڄᜐࣚϐ਱݅܄ԏ֎ࣁᆄࣣٿࣁ

ኧᆶ੝ቻॶԖᜢǴӢԜךॺᗋૈ຾΋؁ஒ΢ٿԄቪࣁ੝ቻॶ߄ޑҢ

 Ǻݤ

 
=Lt ∑

i iλ
1  (1-89) 

 
)2(

Lt
2

2
)

1
(

1
∑∑ +=

i ii i λλ
 (1-95) 

ύځ iλ ॺԵቾค΋໘ϸᔈӸӧך੝ቻॶǶऩޑਔ܄ԏ֎ࣁᜐࣣࣚٿࣁ

ਔǴᘉණ-ϸᔈБำԄёаቪࣁ 

 

t

tx

xK

tx

x
xKxD

x ∂
∂=

∂
∂

∂
∂ ),(

)(

),(
)()(

ρρ  (1-9) 

 ࣁచҹӕኬۈύᜐࣚచҹϷଆځ

 

0),0( ρρ =t Ǵ 0),( =thρ Ǵ 0)0,( =xρ   

྽ᘉණၸำύค΋໘ϯᏢϸᔈӸӧਔǴ(1-88)ǵ(1-89)ǵ(1-94) ᆶ (1-95) 
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ԄϝฅԋҥǶ 

ᡂǶᗨฅᘉණׯޑॺ٠Ъᙁൂ૸ፕϯᏢϸᔈӸӧᆶցჹ੝ቻॶך

ၸำύǴόፕคϯᏢϸᔈӸӧࢂ܈ԖϯᏢϸᔈӸӧਔǴ Lt ᆶ (2)
Lt ੝ቻޑ

ॶ߄ҢԄࣣ࣬ӕǴջ (1-89) Ԅᆶ (1-95) Ԅǹՠ٣ჴ΢੝ቻॶҁي཮

Ԗׯ܌ᡂǴ຾Զ೷ԋ Lt ᆶ (2)
Lt ੝ቻॶޑᡂǶଷ೛คϸᔈਔǴᘉණၸำׯ

ࣁ iλ ǴჹԜᘉණس಍ᏤΕϯᏢϸᔈࡕǴளډ΋ᘉණ-ϸᔈၸำǹзԜ

ᘉණ-ϸᔈၸำޑ੝ቻॶࣁځ )rxn(
iλ Ƕ߾ճҔ Sturm-Liouvilleၮᆉηޑ

౛ፕ 4-6Ǵךॺว౜ӧᘉණ-ϸᔈၸำύǴ੝ቻॶࣣ҅ࣁॶǹ٠Ъว౜

ii λλ >)rxn( ǴԶ R(x)ຫεǴ )rxn(
iλ ཮К iλ ቚεຫӭǶӢԜךॺёаளޕ྽

΋ঁคϸᔈޑᘉණၸำӧᏤΕΑϯᏢϸᔈϐࡕǴځ੝ቻॶஒቚуǴԶ

Lt ᆶ (2)
Lt ஒ෧ϿǶ 

୏ΚޑᒿᐒၸำǴ჋၂ೀ౛ԋਡၸำޑॺΨ૸ፕᚆණ০኱Πך

ᏢǶԋਡၸำᆶᘉණၸำӧҁ፦΢࣬྽ௗ߈ǶӧᘉණၸำύǴಈηࢂ

ӧޜ໔০኱ύ຾ՉѲਟၮ୏Ǵޜ໔ࣁೱុ০኱ǹԶӧԋਡၸำύǴҗ

๺ᕭǴӢԜӭᡏಈࢂ܈ߏӭᡏಈη (cluster or oligomer) ཮ᒿᐒԋܭ

ηޑελё߄Ңࣁӧঁኧ০኱΢ޑᒿᐒᡂኧǴԶঁኧࣁᚆණ০኱Ƕᘉ

ණБำԄаϷԋਡБำԄԖ๱࣬ჹᔈ׎ޑԄǴѝࢂ΋ࣁޣೱុǴ΋ޣ

ೲ౗ǴޑᇨᏤਔ໔ (induction time) аϷԋਡޑ՗ໆԋਡࣁᚆණǶࣁ

 ࿶ၸਔ໔ࡋᒨਔ໔ (time lagǴtL)ǵѳ֡२ۯޑॺीᆉΑԋਡၸำύך
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(mean first passage timeǴtmfp)ǵаϷޑޣٿΒ໘ਔຯ ( )2(
Lt ǵ (2)

mfpt )Ƕ 

ჹܭԋਡၸำǴךॺۓက಄ဦnࣁ΋ঁӭᡏಈηύ܌х֖ൂޑᡏ

ಈη (monomer) ঁ ኧǹm ޑх֖܌ӭᡏಈηޑ಍ύǴനεس΋ঁࣁ

ൂᡏಈηঁኧǴຬၸԜॶӭᡏಈηջԋࣁߏਡԶ׎ԋќ΋࣬ǹ )(tnρ ࣁ

ਔ໔ t ਔх֖nঁൂᡏޑӭᡏಈηޑᐚࡋǶ 

ӧीᆉۯᒨਔ໔ϷځΒ໘ਔຯਔǴኧᏢ΢ёຎࣁӧ n = 1ೀ೛ҥ

ᜐࣚǴn = mࡋᐚۓڰ ೀ೛ҥ֎ԏ܄ᜐࣚǴଆۈచҹۈ߃ࣁਔǴس಍

ϣൂᡏǵӭᡏಈηޑᐚࣁࣣࡋ႟ޑ௃׎Ƕӧीᆉѳ֡२ࡋ࿶ၸਔ໔Ϸ

ࣁΒ໘ਔຯਔǴኧᏢ΢ёຎځ n = 1ೀࣁϸ৔܄ᜐࣚǴn = m ೀࣁ֎ԏ

ࣁచҹۈᜐࣚǴଆ܄ constant)0(1 =ρ Ǵ 0)0( =nρ Ǵn ≠ 1 ޑǶ؃ள׎௃ޑ

 ࣁΒ໘ਔຯځᒨਔ໔ᆶۯ

 Lt ∑ ∑∑
−

=

−

=

−

=








=

1

2

1

1

1

)
1

)(
1

(
m

n
n

n

i ii

m

ni ii

Z
ZXZX

11

1

1
−−

=








∑
m

n nn ZX
 (2-26) 

 )2(
Lt
















































−= ∑∑ ∑∑∑

−

=

−

=
−

−−

=

−

−=

−

=

1

3

2

1

1

1

11 111
2

m

n

n

i
inn

in

h hh

n

ing gg

m

nf ff

ZZ
ZXZXZX

11

1

1
−−

=








∑
m

n nn ZX
 

 
21

1

2
1

2

1

1

1 1
)

1
)(

1
(2

−−

=

−

=

−

=

−

=




























+ ∑∑ ∑∑

m

n nn

m

n
n

n

i ii

m

ni ii ZX
Z

ZXZX
 (2-30) 

ύځ Xnж߄х֖ n ঁൂᡏޑӭᡏಈηǴԋߏԿ n + 1ঁൂᡏਔޑቚߏ

ೲ౗߯ኧ (forward rate coefficient)ǹZnࢂ n ঁൂᡏޑӭᡏಈηӧѳᑽ

ਔޑᐚࡋǶќѦǴѳ֡२ࡋ࿶ၸਔ໔ϷځΒ໘ਔຯࣁ 
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 mfpt ∑ ∑
−

=

−

=
=

1

1

1 1m

n

m

ni ii
n ZX

nZ  (2-52) 

 (2)
mfpt

2
1

1

1 1
2




















= ∑ ∑

−

=

−

=

m

n

m

ni ii
n ZX

nZ ∑∑∑∑
−

=

−

+=

−

=

−

=
−

11

1

22

1

11
2

m

jr rr

m

ij
j

m

ni ii

m

n
n ZX

Z
ZX

nZ  (2-55) 

ΨճҔ (2-26)ǵ(2-30)ǵ(2-52)ǵ(2-55) ԄीᆉНᇃ਻Ꮙ่ԋНᅀਔޑ

่݀ޑள܌Β໘ਔຯǹीᆉޑޣٿ࿶ၸਔ໔аϷࡋѳ֡२کᒨਔ໔ۯ

ᆶ Frisch7ӧ࣬ӕచҹΠीᆉ่݀࣬߈Ƕᆶ Frisch7όӕϐೀӧܭǴך

ॺ߾ᒧ᏷ӧ܎ද܎ථሦୱ (Laplace domain) ύ຾Չ௢ᏤǴ܎ද܎ථᙯ

ඤёஒ༾ϩБำԄᙯඤࣁၨܰೀ౛ޑжኧБำԄǶӧीᆉ΢ Frisch7

ௗճҔႝတीᆉᚆޔ߾ॺךӧ଺ीᆉǹԶࡕϦԄೱុϯޑӃஒᚆණࢂ

ණޑϦԄǶ٣ჴ΢Ǵҗܭԋਡࢂӧᚆණঁޑኧ০኱΢຾ՉǴӢԜךॺ

ᇡࣁᚆණۯޑᒨਔ໔ϦԄᆶ੿ჴ௃׎ၨ߈࣬ࣁǶ 

ஒۯᒨਔ໔ჹ P/PsatբკǴP ᆶ Psatϩձж߄ᇃ਻ᓸаϷႫکᇃ

਻ᓸǹբკ่݀ᡉҢᇃ਻ᓸΚຫεǴۯᒨਔ໔Ϸѳ֡२ࡋ࿶ၸਔ໔ຫ

อǴжډၲ߄ѳᑽޑਔ໔ຫอЪԋਡޑೲ౗ຫזǶ 

നࡕаᘉණޑᢀᗺीᆉጤᡏᏉ่ਔޑѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹ

К (relative mean first passage time) аϷۯᒨਔ໔࣬ޑჹК (relative 

time lag)Ǵа૸ፕጤᡏޑᛙ܄ۓ (stability)Ƕ໺಍΢ጤᡏޑᛙࢂ܄ۓа

ᛙۓК (stability ratio) բۓࣁໆ΢ޑඔॊǴԶᛙۓКӧीᆉ΢ሡा೸

ၸၨᕷᚇޑኧॶᑈϩٰڗ؃ǶҁЎ჋၂аᘉණޑᢀᗺࡘԵጤᡏޑᛙۓ
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ޑၨΦ࡭ਔ໔Ǵૈ୼ᆢޑ࡭ᄊૈ୼ᆢރϩණډᜢ߯܄ۓᛙޑǶጤᡏ܄

ϩණރᄊԶόᏉ่ǴߡԖၨଯޑᛙ܄ۓǶऩаᘉණ౜ຝޑᢀᗺٰ࣮Ǵ

ϩණރᄊૈ୼ᆢޑ࡭ਔ໔Ǵߡჹᔈܭѳ֡२ࡋ࿶ၸਔ໔ǶќѦऩጤᡏ

ᒨਔ໔ǶӢԜۯܭჹᔈߡ߾ਔ໔ԖᜢǴޑሡ܌ᛙᄊډΨᆶၲ܄ۓᛙޑ

ጤᡏޑᛙ܄ۓᔈ၀ёаճҔѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹК relativemfp )(t Ǵ܈

ჹК࣬ޑᒨਔ໔ۯࢂ relativeL )(t ٰ଺ۓໆޑ՗ीǶ 

ᄽᆉ΢ךॺ٬Ҕ໺ᒡຯତ 8 (transmission matrix) ޑ଺ٰݤीᆉ

ѳ֡२ࡋ࿶ၸਔ໔࣬ޑჹКаϷۯᒨਔ໔࣬ޑჹКǶ೸ၸኧॶीᆉК

ၨᛙۓКǵѳ֡२ࡋ࿶ၸਔ໔࣬ჹКǵۯᒨਔ໔࣬ޑჹКǵૈ ምଯࡋǴ

࿶ၸਔࡋǶӢԜѳ֡२߈К࣬྽ௗۓ࿶ၸਔ໔ᆶᛙࡋॺว౜ѳ֡२ך

໔Ψૈ୼଺ࡋࣁໆጤᡏᛙޑ܄ۓ΋ᅿࡰ኱ǶӕਔΨᇥܴጤᡏޑᛙ܄ۓ

όՠૈ୼аຫၸૈምޑᐒ౗ٰ଺ۓ ǴໆΨૈ୼аຫၸૈምѳ֡܌ሡޑ

ਔ໔ٰբࡋࣁໆǶԶۯᒨਔ໔࣬ޑჹКǴीᆉ่݀߾ᡉҢᆶᛙۓК࣬

ѐࣗᇻǴό፾Ҕࡋܭໆጤᡏޑᛙ܄ۓǶԿૈܭምଯࡋᆶᛙۓКޑК

ၨǴ߾ӧ܄ۓ΢ᡉҢૈምଯࡋຫଯǴጤᡏຫᛙۓǹӧۓໆ΢ᆶᛙۓК

٠ό࣬߈Ƕ 

ᜢޑໆ΢ۓКӧۓᆶᛙࡋΑ؃ளૈምଯࣁ Ǵ߯ךॺճҔΑനଥΠ

फ़௹౗ݤ 9 (the method of steepest descent) ၂კှញϐǶճҔനଥΠ

फ़௹౗ݤёа؃ள΋చᛙۓКᆶૈምଯ߈ޑࡋ՟ᜢ߯Ǻ 
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 W ≈ 






′′ −

kT

hV

kT

hV

h

)(
exp

)(22 0
21

0
2
0

π  (3-66) 

ύځ W КǴVۓᛙࣁ Տ࿼০኱ǴޑՏૈനεॶࣁՏૈǴh0ࣁ )( 0hV ′′ ࣁ

ՏૈനଯᗺՏ࿼ޑΒԛ༾ϩǴk ૟ୗதኧǴTݢࣁ Ƕ೸ၸ೭చࡋྕࣁ

ϦԄǴךॺΨૈ୼ӧۓໆ΢౛ှૈምଯࡋᆶᛙۓКޑᜢ ǹ߯ѝࢂ )( 0hV ′′

ᆶ h0ᗋࢂሡाќѦीᆉǶ 

ќѦǴᖏࣚᏉ่ᐚࡋ (critical coagulation concentrationǴc.c.c.) ҭ

ޑߡॺගр΋ঁᙁך૸ፕύǴޑࡋǶӧᖏࣚᏉ่ᐚ܄ख़ा੝ޑጤᡏࣁ

చҹёаीᆉрޑۓǶ२ӃճҔ๏ࡋ՟ӦղᘐᖏࣚᏉ่ᐚ߈ำёаࢬ

M/A ॶǴA ࣁ HamakerதኧǴM  ࣁကۓ߾

 2
02 φεπε aM r=  (3-71) 

ύځ 0ε ৒౗ (permittivity of free space)Ǵႝޑύޜ੿ࣁ rε  ϟႝதኧࣁ

(dielectric constant)Ǵa ಈηъ৩Ǵφࣁ ᖏډॺว౜ၲךय़ႝՏǶ߄ࣁ

ࣚᏉ่ᐚࡋਔǴM/A ᆶ crit2 κa ё߈՟ࣁጕޑ܄ᜢ߯Ǻ 

 7766.10)2(2684.1
12

crit −≈ κa
A

M  (3-85) 

؃ள critκ ୼ճҔκૈߡॶǴޑ Ƕκࡋ፦ᐚှႝޑჹᔈڗက؃ۓޑ ကۓޑ

 ࣁ

 
2

1

0

22










=

kT

Ie

rεε
κ  (3-89) 
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ύځ e ໆǴIႝޑ΋ঁ፦ηࣁ ीޑॺךǶӧ(ionic strength) ࡋᚆηமࣁ

ᆉύǴ(3-85) Ԅӧ M / A = 2.5~10ޑ௃ݩύࢂ፾ҔޑǶךॺаኧॶБ

ᖏࣚᏉ่ޑዴϪॶǴճҔ (3-85) Ԅ؃ளࣁբࡋᖏࣚᏉ่ᐚޑ؃ளݤ

ᐚࡋբࣁ՗ीॶǶ྽ M / A = 2.5~10ਔǴዴϪॶᆶ՗ीॶޑޣٿᇤৡ

ࣁ 11.24%~ 28.32%Ƕ(3-85) Ԅޑᇤৡ՗ीѝૈᇥӧኧໆભ΢ؒԖୢ

ᚒǴऩाڗ؃ᆒዴޑኧॶϝሡाճҔኧॶБݤǶ 

    ќѦךॺΨճҔբკڗ؃ݤᖏࣚᏉ่ᐚࡋǶӧᛙۓКԔጕύǴଯ

ႝှ፦ᐚࡋਔᛙۓКԔጕև౜НѳǴԶᒿ๱ႝှ፦ᐚࡋफ़եǴᛙۓК

܄КԔጕύНѳ୔аϷጕۓஒᛙࢂߡݤϲǶբკݽޑ܄ጕࢤև౜΋߾

୔଺ѦකǴளޑډҬᗺߡჹᔈᖏࣚᏉ่ᐚࡋǶ଺კ࣬ݤ྽ߡճǴளډ

ᛙۓКԔጕࡕջ٬ҔΓπբკΨё؃ளǶѝࢂբკ؃܌ݤளޑᖏࣚᏉ

่ᐚࡋᕴࢂ཮ե՗ǹԶКଆ (3-85) Ԅ؃܌ள่݀ޑǴբკޑݤᇤৡ

ΨၨεǶ 
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