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摘        要 

切割點在建構使用基因影響表現分析的離群和或離群平均上扮

演重要角色。我們在這篇論文中考慮了切割點的估計，其中樣本切割

點估計量的近似分配，我們討論一種是根據經驗分位數來推導的，另

一個是根據 Chen 和 Chiang(1996)發展的對稱分位數來推導的。在檢

測離群值的近似變異數和檢定力顯示由對稱分位數估計的樣本切割

點跟經驗分位數比較起來是非常有競爭力的。 

關鍵字：切割點；經驗分位數；檢定力比較；對稱分位數。 
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Abstract 

Cutoff point plays a vital role in constructing outlier sum or outlier mean 

which is used for gene influential expression analysis. We consider the 

estimation of the cutoff point in this paper. Asymptotic distributions of 

sample cutoff point estimates, one based on empirical quantiles and one 

based on symmetric quantiles of Chen and Chiang(1996), are developed. 

Comparisons of asymptotic variance and power for detecting outliers are 

performed showing that the version of sample cutoff point based on 

symmetric quantiles is very competitive with the one based on the 

empirical quantile. 

Key words: Cutoff points; empirical quantile; power comparison; 
symmetric quantile. 
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Cuto� Point Estimation

Abstract

Cuto� point plays a vital role in constructing outlier sum or outlier mean

which is used for gene in�uential expression analysis� We consider the esti�

mation of the cuto� point in this paper� Asymptotic distributions of sample

cuto� point estimates� one based on empirical quantiles and one based on

symmetric quantiles of Chen and Chiang ��		
�� are developed� Compar�

isons of asymptotic variance and power for detecting outliers are performed

showing that the version of sample cuto� point based on symmetric quantiles

is very competitive with the one based on the empirical quantile�

Key words� Cuto� point
 empirical quantile
 power comparison
 symmetric

quantile�

�� Introduction

DNA microarray technology� which simultaneously probes thousands of

gene expression pro�les� has been successfully used in medical research for

disease classi�cation �Agrawal et al� ������
 Alizadeh et al� ������
 Ohki

et al� �������
 Sorlie et al� �������� Recently� microarray analysis has

been advanced to disease classi�cation by identifying outlier genes that are

over�expressed only in a small number of disease samples �see� for example�

Tibshirani and Hastie ������
 Tomlins et al� �������� To achieve this goal�

common statistical methods for two�group comparisons such as t�test� are

not appropriate due to a large number of genes expressions and a limited

number of subjects available�

Among statistical approaches proposed to identify those genes where only

a subset of the sample genes has high expression� Tibshirani and Hastie

������ and Wu ������ suggested use of an outlier sum that sums all the

gene expression values in the disease group that are greater than the total

of the ��� percentile and the interquartile range of the same gene� They

also showed that the statistical test based on this outlier sum is noticeably

more poweful in simulation� The distribution theory of an outlier mean�
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modi�ed from the outlier sum� has been studied by Chen� Chen and Chan

�������

Basically an outlier is an observation that lies an essential distance from

the mass of data in a random sample from a population and an outlier sum or

outlier mean uses cuto� point F��������kIQR for some k � � to detect the

upper�tail outliers where IQR � F���������F�������� is the interquartile

range� The cuto� point should be estimated from the observation when the

distribution function F is unknown� With the fact that a cuto� point plays

a vital role in detection of outliers� there are two concerns about estimation

of the population cuto� point� First� from the point of estimation of an

unknown parameter� we concern the estimator�s e�ciency in estimating the

population cuto� point� Second� for its role of detecting in�uential genes� we

concern the power in detecting outliers of an estimator when a distributional

shift occurs� We consider a step on tackling these two concerns that help in

advancing study of outlier mean for gene expression analysis�

The empirical quantile has long been the popular choice whenever esti�

mation of population quantile is needed in constructing location and scale

estimators� It is desired to see if there is competitive alternative choice

of cuto� point estimator through other choice of estimation of the popula�

tion quantile� This is the �rst step for the concerns� In order to improve

the e�ciency of a location estimator� the trimmed mean� Kim ��		�� de�

veloped the metrically trimmed mean for a location model which� through

comparison of asymptotic variances� was shown to be more e�cient than

the ordinary trimmed mean� Later� Chen and Chiang ��		
� de�ned the

symmetric quantile and used it to propose the symmetric trimmed mean as

an extension of Kim�s trimmed mean to the linear regression model� They

observed that this symmetric trimmed mean of small trimming percentages

can have asymptotic variances very close to the Crammer�Rao lower bounds

when regression errors obey heavy tail distributions�

For solving our concerns� one interesting question is to see if the e��

ciency of symmetric trimmed mean can carry over to other quantile�based

proposals� This is the topic that we want to investigate in this paper�
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�� Symmetric and Classical Cuto� Points

In gene expression analysis� there are m genes to be concerned and for

each gene there are two groups of subjects� one normal or healthy group

and one cancer �disease� group� For a given gene� we assume that there are

available n and m expression variables� respectively� for two groups forming

as follows�
Normal group Cancer group
X�� ���� Xn Y�� ���� Ym

�����

The test statistics been seen in literature to detect cancer genes is con�

structed based on an outlier sum of the form

mX
i��

YiI�Yi � �C��

when cancer genes are over�expressed and of the form

mX
i��

YiI�Yi � �C�

when cancer genes are down�expressed where �C is estimator of a cuto�

point C� varying in over� and down�expressed cancer genes� Let us restrict

on cuto� point with over�expressed cancer genes only� In Wu ������ and

Chen� Chen and Chang ������� the cuto� point is C � F��x ������ � IQR

with IQR � F��x ������ � F��x ������� the interquartile range� constructed

from the distribution function Fx of random variable X and Tibshirani

and Hastie ������ considered cuto� point constructed based on a combined

disribution of random variables X and Y �

Given a population cuto� point� the e�ciency of an outlier sum or outlier

mean is then seriously dependent on the quality of the estimator of the

unknown cuto� point� We raise this estimation question and consider two

types of cuto� point estimators for comparison of asymptotic variances and

powers�

Let us denote ������central range CR � F��x ��� �
�
��F��x ��

�
�� the range

of central ����� quantile interval �F��x ��
�
�� F��x ��� �

�
��� The following two



�

formulations of population cuto� points are popularly used for identi�cation

of outlier observations�

Ca��� �� � F��x ��� �

�
� � CR

� �F��x ��� �

�
�� F��x �

�

�
�

and

Cb��� �� � F��x ��� �

�
� � ���CR

� ���F��x ��� �

�
�� ���F��x �

�

�
��

In case that � � � � ���� the ����CR is the interquartile range IQR� Let

us call Ca�� � �� the type I cuto� point and Cb�� � �� the type II cuto�

point� For estimation of cuto� points� we assume that there are a random

sample X�� ���� Xn showing in ����� drawn from distribution Fx and we need

to specify one estimator of Ca��� �� or Cb��� ���

�� Cuto� Points Estimators Based on Empirical Quantiles and

Symmetric Quantiles

Classically the population quantile function F��x is estimated by the em�

pirical quantile F��n � We call

�Ca��� �� � �F��n ��� �

�
�� F��n �

�

�
�

the empirical quantile based type I cuto� point estimator and

�Cb��� �� � ���F��n ��� �

�
�� ���F��n �

�

�
�

the empirical quantile based type II cuto� point estimator�

Besides the two empirical quantile based cuto� point estimators� we also

propose an alternative ones constructed by symmetric quantile of Chen and

Chiang ��		
�� The so�called symmetric quantile is formulated based on a

folded distribution function� Let �x be a constant� known or unknown� the

folded cumulative function about �x for random variable X is de�ned as

Fs�a� � P �jX � �xj � a�� a � ��



�

Then the ��� symmetric quantile pair de�ned by Chen and Chiang ��		
�

is

�F�s ��� ��� F�
s ��� ��� � ��� F��s ��� ��� �� F��s ��� ���

where F��s ��� �� � inffa � Fs�a� � �� �g� If Fx is continuous� the � � �

symmetric quantile pair satis�es �� � � P �F�s ��� �� � X � F�
s ��� ����

If we further assume that Fx is symmetric at �x� it can be seen that

F�s ��� �� � F��x �
�

�
� and F�

s ��� �� � F��x ��� �

�
�� �����

the classical one and the symmetric one are identical�

Two symmetric type cuto� points are analogously de�ned as

Cs
a��� �� � F�

s ��� �� � �F�
s ��� ��� F�s ��� ���

� �F�
s ��� ��� F�s ��� ��

� �x � �F��s ��� ��

and

Cs
b ��� �� � F�

s ��� �� � ����F�
s ��� ��� F�s ��� ���

� ���F�
s ��� ��� ���F�s ��� ��

� �x � �F��s ��� ��

Then� if Fx is continuous and symmetric� we have

Cs
a��� �� � Ca��� �� and Cs

b ��� �� � Cb��� ���

Let ��x be an estimate of �x� We may de�ne the sample type � � �

symmetric quantile pair as

�F�sn��� ��� F�
sn��� ��� � ���x � F��sn ��� ��� ��x � F��sn ��� ��� �����

where Fsn�a� �
�

n

Pn
i�� I�jyi� ��j � a� is the sample type folded cumulative

distribution function and F��sn ����� � inffa � Fsn�a� � ���g� The sample

type symmetric cuto� points are as follows

�Cs
a��� �� � �F�

sn��� ��� F�sn��� �� � ��x � �F��sn ��� ��

�Cs
b ��� �� � ���F�

sn��� ��� ���F�sn��� �� � ��x � �F��sn ��� ��



�

The equality of ����� does not hold when the underlying distribution F

is not symmetric so that there is no fair criterion to compare their corre�

sponding sample coverage intervals� Hence� we may set the case that F is

symmetric to compare the precision of these two coverage intervals through

the asymptotic variances of their sample type coverage intervals�

It is desired to give a simple example to describe the construction of

these two cuto� point estimates and see how the symmetric type cuto�

point estimate is worth to be introduced for outlier detection�

Example �� Suppose that we have a set of �� observations that are ordered

as

����������������� ���� �� �� ��� ���� �����

We want to construct � � ��� empirical and symmetric type I cuto� point

estimates for identi�cation of outliers� With F��n ����� � �� and F��n ���	� �

��� the � � ��� empirical type I cuto� point estimate is

�Ca����� � �F��n ���	�� F��n ����� � �� ��� ���� � ���

For construction of symmetric cuto� point estimate� we choose sample me�

dian as the estimate of �x� That is�

��x � F��n ����� � inffa � �

��

��X
i��

I�xi � a� � ���g � �����

Let�s denote residuals ei � xi � ��x� i � �� ���� ��� The residuals are

�������������������� �� �� ���� ���� ����� ������

The sample type folded cumulative distribution function is

Fsn�a� �
�

��

��X
i��

I�jeij � a��

For examples� Fsn��� �
�

��
� Fsn��� �

�

��
�I�j����j � ��� I�j�j � ��� I�j�j �

��� � �

��
� Then we have

F��sn ����� � inffa � �

��

��X
i��

I�jeij � a� � ���g

� ����



	

This indicates that the ��� symmetric coverage interval is

�Cs
a����� � ����x � F��sn ������� ���x � F��sn ������

� �� ����� � ����� ������ ���� � ���

We consider that the observations beyond the cuto� point estimate are

classi�ed as outliers� The empirical type I cuto� point estimate is �Ca����� �

��� indicating that there is no observation to be classi�ed as outlier� On the

other hand� the symmetric cuto� point estimate is �Cs
a����� � �� indicating

that there are observations ��� ���� From the data in ������ the cuto� point

estimate based on symmetric quantiles is quite satisfactory� �

The equality of ����� does not hold when the underlying distribution Fx

is not symmetric so that it is not fair to compare� in any criterion� two

types of sample coverage intervals� Hence� we may set the case that Fx is

symmetric to compare the precision of these two coverage intervals through

the asymptotic variances of their sample type coverage intervals�

�� E�ciency Comparisons for Cuo� Point Estimators

Two properties are desired to discover for two cuto� points� First� the

asymptotic distributions of these two cuto� point nonparametric estimators

are interesting to discover and a comparison for their asymptotic variances

in estimation of the same population cuto� point is needed� Second� it is

interesting to study the powers of these two cuto� points for their roles of

identifying outliers� We study the �rst question in this section�

The following theorem introduced the asymptotic distributions of the two

types of empirical cuto� point�

Theorem ���� �a� n���� �Ca�� � �� � Ca�� � ��� is asymptotically normal

N��� ��emp�a� where

��emp�a �
�

�
��

�

fx�F
��
x ��� �

�
��

�
�� �

�fx�F
��
x ��

�
�
�� � �

�� �

fx�F
��
x ��� �

�
��

� �

�fx�F
��
x ��

�
��
��� � ��� ���

�

fx�F
��
x ��� �

�
��

�
�

�fx�F
��
x ��

�
��
���






�b� n���� �Cb������Cb������ is asymptotically normal N��� ��emp�b� where

��emp�b �
�

�
��

��

�fx�F
��
x ��� �

�
��

�
���� ��

�fx�F
��
x ��

�
�
�� � �

���� ��

�fx�F
��
x ��� �

�
��

� ��

�fx�F
��
x ��

�
��
��� � ��� ���

��

�fx�F
��
x ��� �

�
��

�
��

�fx�F
��
x ��

�
��
���

To study the asymptotic distribution of the symmetric type cuto� points�

we restrict to the following location models�

Xi � �x � �i� i � �� ���� n �����

where �i�s are independent and identically distributed �iid� random variables

having distribution functions Gx with zero mean� variance ��x and probabil�

ity density function gx� For convenience of comparison� we also assume that

Gx is symmetric at zero�

We consider that �x is the median parameter and let ��x be the sample

median as

��x � arginf�x�R

nX
i��

jXi � �xj�

Suppose that we assume that Gx is continuous and symmetric at �� The

asymptotic distributions of two symmetric cuto� points are stated in the

following theorem�

Theorem ���� Assuming that distribution function Gx is symmetric at

zero� we have the following asymptotic properties�

�a� n���� �Cs
a������Cs

a������ is asymptotically normal N��� ��sym�a� where

��sym�a �
�

�
��� �

�gx���
�

���� ��

�gx�G
��
x ��� �

�
��
�� � �

�

�gx���
�

���� ��

�gx�G
��
x ��� �

�
��
���

�
�

�
��� ����

�

�gx���
�

��

�gx�G
��
x ��� �

�
��
�� � �

�

�gx���
� ��

�gx�G
��
x ��� �

�
��
���

�b� n���� �Cs
b ������Cs

b ������ is asymptotically normal N��� ��sym�b� where

��sym�b �
�

�
��� �

�gx���
�

���� ��

gx�G
��
x ��� �

�
��
�� � �

�

�gx���
�

���� ��

gx�G
��
x ��� �

�
��
���

�
�

�
��� ����

�

�gx���
�

��

gx�G
��
x ��� �

�
��
�� � �

�

�gx���
� ��

gx�G
��
x ��� �

�
��
���
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With asymptotic distributions of two types of cuto� point estimators

developed� we may consider several distributions for error variable � for

computation of their asymptotic variances to compare their e�ciencies for

estimating the unknown cuto� points� The distributions considered here

include standard normal distribution N��� ��� t�distribution t�r� where r is

the degrees of freedom� Cauchy distribution �Cauchy�s�� s � �� with pdf

gx��� �
�

	

s

�� � s�
� � � R

and the Laplace distribution �Lap�b�� with pdf

gx��� �
�

�b
e�

j�j
b � � � R�

We display the computed e�ciencies in Table ��

Table �� Asymptotic variances for two quantile�based cuto� point estima�

tions

� ��sym�a ��emp�a ��sym�b ��emp�b

N��� ��
����� ����� ���	� ����	 �	���
����� ����� �
��� ����� �����
���� ����� ����� �	��
 �	���
���� 	���� 	���� ����
 �����
���� ���
� ����� ����� �����
t���
����� ����� ���	� �	��� �����
����� 	���� ���� �
	� ���	
����� �	
�
 ����	 ����
 ����	
����� ����� �	��� ����	 �����
����� ����
 ����� ����	 
���


Cauchy���
����� �������� ��	����� ����	��� ���
����
����� �
����� 	������ ������� �
�����
����� ��
	��� ���
��� ������� ��
����
����� 
����� ������ ���
��� �������
����� ������ ������ ��
��� ������
Lap���
����� ����� �	��� ����� �����
����� ����� ���

 	��

 	����
����� ����� ����� �	��� �����
����� ����� �	��� ����� �����
����� ����� ����� ����� �����



��

�� Symmetric type cuto� points have smaller asymptotic variance than it

of empirical quantile based cuto� points

We may draw several conclusions from the results in Table ��

�� In few cases �normal distribution with � � ����� ���� and ������ it is

relatively more e�cient estimating the cuto� point by the empirical quan�

tiles� This indicates that when we want to estimate the population cuto�

point and we know that the underlying distribution is normal the version

estimated by empirical quantiles is appropriate� However� we note that

although the di�erences between these two versions are not signi�cant�

�� For the distributions other than the normal one� the estimate based

on symmetric quantiles is simultaneously more e�cient than it based on

empirical quantiles� In an overall comparison� we may say that the cuto�

point estimate based on symmetric quantile is a robust one�

�� In this consideration of nonparametric estimation� we may expect that

any cuto� point estimator based on symmetric quantiles is a robust one�

In gene in�uential analysis� a common situation is that there are only few

observations lie beyond the main trend of the model� Hence� to study the

large sample properties of cuto� estimators for these distributions is desired�

We consider the following contaminated normal distribution

� � ��� 
�H � 
N�h� �� �����

which ensures that a large proportion of observations drawn from the same

distribution under H� and a small proportion 
 of observations are outliers�

We compute the e�ciencies of two cuto� point estimates de�ned as the

followings�

effsym �
minf��sym�a� �

�
emp�ag

��sym�a

� effemp �
minf��sym�a� �

�
emp�ag

��emp�a

A simulation results are displayed in Table ��

Table �� E�ciencies

�
effsym
effemp

�
of type I cuto� point estimates by sym�

metric quantile and empirical quantile �h � ��



��

H � � ���� ���� ���� ���� ����
H � N��� ��
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Several comments may be drawn from the results in Table ��

�� The e�icencies of the symmetric type cuto� point estimate although has

e�ciencies smaller than one on situations that H is normal and � � �����

however� they are at least more than ��	��

�� The e�icencies of the empirical type cuto� point estimate are with

e�ciencies smaller than one on all distributions other than normal one and it

can be as small as ������ In comparison for this contaminated distribution�

the symmetric type cuto� point estimate is also a robust proposal�

�� Since our study of cuto� point estimation is primarily motivated from

the gene in�uential analysis and� in this analysis� it often faces few extreme

outliers in the treatment group that is a type of contaminated distribution�

this comparison shows that the symmetric type cuto� point estimate is an

appropriate choice for outlier detection of this analysis�

We also consider the two estimators of the type II cuto� point that we

display their e�ciencies in Table ��

Table �� E�ciencies

�
effsym
effemp

�
of type II cuto� point estimates by sym�

metric quantile and empirical quantile �h � ��
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From the results showing in Table �� the e�ciencies performed by two

quantile methods are quite similar to those showing in Table ��

	� Power Comparisons for Cuto� Point Estimators

With asymptotic distributions of two sample cuto� point estimates� it

is desired to study a cuto� point for its ability to detecting an observation

drawn from an alternative distribution� Consider that we have the following

sample location model

Xi � �x � �i� i � �� ��� n

and we have a random variable Y drawn from an alternative distribution�

Let C be a cuto� point and �C be an estimator of C constructed from the

sample of variable X� The power of detection of outlier Y is

	 � PfY � �Cg� �����

Suppose that
p
n� �C�C� converges� in distribution to a normal distribution

N��� ��c�� An approximate power is

	 � PfY � �Cg
� PfpnY �p

n� �C � C� � p
nCg

� PfpnY �Nc �
p
nCg



��

where Nc is a random variable with distribution N��� ��c�� If a distribu�

tion of the combination
p
nY �Nc is available� the approximate power then

can be computed� It is then interesting to compare the powers for cut�

o� points estimated from empirical quantile and symmetric quantile� We

further compute the powers of symmetric cuto� point and empirical cuto�

point� respectively denoted by 	sym and 	emp� We note that 	sym and 	emp

are very close values in all the cases� However� it is still worthy to compare

their sizes�

In the following two tables� we display the comparisons of 	sym and 	emp

for type I and type II symmetric and empirical cuto� point estimators when

the sample is drawn from several distributions of interest�

Table �� Power comparison of type I symmetric and empirical cuto� point

estimators �n � ���

	sym � 	emp 	sym � 	emp

X � t�r���
Y � t�r�� � �
r� � r� � �
� � ��� � � �� ���� �� � � ���� �� �
� � ��� � � �� ���� �� � � ���� �� �

r� � �� r� � �
� � ��� � � �� ���� �� � � ���� �� �� �� �
� � ��� � � �� �� ��� �� � � ���� �� �

X � N��� ���
Y � N��� �� � �

� � ��� � � �� 
� �� �� 	� �� � � ���� �� �� �� �
� � ��� � � �� �� 
� �� �� 	� �� � � ���� �� �� �
� � ��� � � ���� �� � � � �� �� �� 
� �

X � N��� ���
Y � ��� ��N��� �� � �N��� ��

� � ����� � � ��� � � ���� �� ���� �� none
� � ����� � � ��� none � � ���� �� ���� ��
� � ���� � � ��� � � ���� �� ���� �� none
� � ���� � � ��� none � � ���� �� ���� ��
� � ���� � � ��� � � ���� �� ���� �� none
� � ���� � � ��� none � � ���� �� ���� ��

Table 	� Power comparison of type II symmetric and empirical cuto� point

estimators �n � ���



��

	sym � 	emp 	sym � 	emp

X � t�r���
Y � t�r�� � �
r� � �� r� � �

� � ��� � � �� ���� �� � � ���� �� �� �� ���� 

� � ��� � � �� ���� �� � � ���� �� �� �

r� � �� r� � �
� � ��� � � �� ���� �� � � ���� �� �� ���� 

� � ��� � � �� ��� �� � � ���� �� �� �

X � N��� ���
Y � ��� ��N��� �� � �N��� ��

� � ����� � � ��� � � ���� �� ���� �� none
� � ����� � � ��� none � � ���� �� ���� ��
� � ���� � � ��� � � ���� �� ���� �� none
� � ���� � � ��� none � � ���� �� ���� ��
� � ���� � � ��� � � ���� �� ���� �� none
� � ���� � � ��� none � � ���� �� ���� ��

From the results showing in Tables � and �� the two cuto� point estima�

tors are quite competitive� Some are better with symmetric type estimation

and some are better with empirical estimation� However� from the robust�

ness consideration� we prefer to use the symmetric type cuto� point estima�

tior since its estimation is more reliable with smaller asymptotic variances

that showed in Section ��

It is desired to study the power performance for these two cuto� point

estimators when the outliers not only shift in both location and scale� We

further consider the following contaminated normal distribution

��� ��N��� �� � �N��� ���

Table 
� Power comparison of types I and II symmetric and empirical

cuto� point estimators �n � ���



��

	sym � 	emp 	sym � 	emp

X � N��� ���
Y � ��� ��N��� �� � �N��� ���

� � ���� � � �� � � ��� � � ���� ���� �� none
� � ���� � � �� � � ��� none � � ���� ���� ��
� � ���� � � �� � � ��� � � ���� ���� �� none
� � ���� � � �� � � ��� none � � ���� ���� ��
� � ���� � � ��� � � ��� � � ���� ���� �� none
� � ���� � � ��� � � ��� none � � ���� ���� ��


� Appendix

Proof of Theorem ���� From Ruppert and Carroll ��	���� we have a

representation of the empirical quantile �F��x ��� as

n���� �F��x ����F��x ���� �
�

fx�F
��
x ����

n����
nX
i��

���I�Xi � F��x ������op����

�
���

Since the emprical quantile based cuto� point estimates �Ca�� � �� and

�Cb�� � �� are both linear functions of empirical quantiles �F��x �� � �� and

�F��x ���� careful arrangements of the corresponding representations of these

two empirical quantiles lead to the following representations�

�a� A large sample representation for cuto� point estimator �Ca��� �� is as

follows�

n���� �Ca��� ��� Ca��� ��� � n����
nX
i��

f�� �

fx�F
��
x ��� �

�
��
� �� �

�fx�F
��
x ��

�
�
�

I�Xi � F��x �
�

�
�� � �� �

fx�F
��
x ��� �

�
��
� �

�fx�F
��
x ��

�
��
�

I�F��x �
�

�
� � Xi � F��x ��� �

�
�� � �

�� �

fx�F
��
x ��� �

�
��
� �

�fx�F
��
x ��

�
��
�

I�Xi � F��x ��� �

�
��g� op���

�b� A large sample representation for cuto� point estimator �Cb��� �� is as



��

follows�

n���� �Cb��� ��� Cb��� ��� � n����
nX
i��

f�� ��

�fx�F
��
x ��� �

�
��
� ���� ��

�fx�F
��
x ��

�
�
�

I�Xi � F��x �
�

�
�� � �� ��

�fx�F
��
x ��� �

�
��
� ��

�fx�F
��
x ��

�
��
�

I�F��x �
�

�
� � Xi � F��x ��� �

�
�� � �

���� ��

�fx�F
��
x ��� �

�
��
� ��

�fx�F
��
x ��

�
��
�

I�Xi � F��x ��� �

�
��g� op����

The theorem is induced from the central limit theorem� �

Proof of Theorem ���� Again� from Ruppert and Carroll ��	���� we have

a representation for this sample median as

n������x � �x� � n����
�

gx���

nX
i��

����� I��i � ��� � op���� �
���

On the other hand� a Barhadur representation for F��sn ����� developed by

Chen and Chiang ��		
� is

n����F��sn ��� ��� �F��x ��� �

�
�� �x�� �

�

�gx�G
��
x ��� �

�
��
n����

nX
i��

f�� �

� I�G��x �
�

�
� � �i � G��x ��� �

�
�g� op���� �
���

With� again� careful arrangements of representations of �
���� we can derive

representations of symmetric type cuto� point estimates �Cs
a�� � �� and

�Cs
b ��� ���

A large sample representation for outlier mean �Cs
a��� �� is as follows�

n���� �Cs
a��� ��� Cs

a��� ��� � n����
nX
i��

f�� �

�gx���
�

���� ��

�gx�G
��
x ��� �

�
��
�

I��i � G��x �
�

�
�� � �� �

�gx���
� ��

�gx�G
��
x ��� �

�
��
�I�G��x �

�

�
� � �i � ��

� �
�

�gx���
� ��

�gx�G
��
x ��� �

�
��
�I�� � �i � G��x ��� �

�
�� � �

�

�gx���

�
���� ��

�gx�G
��
x ��� �

�
��
�I��i � G��x ��� �

�
�� � op���



�	

A large sample representation for outlier mean �Cs
b ��� �� is as follows�

n���� �Cs
b ��� ��� Cs

b ��� ��� � n����
nX
i��

f�� �

�gx���
�

���� ��

gx�G
��
x ��� �

�
��
�

I��i � G��x �
�

�
�� � �� �

�gx���
� ��

gx�G
��
x ��� �

�
��
�I�G��x �

�

�
� � �i � ��

� �
�

�gx���
� ��

gx�G
��
x ��� �

�
��
�I�� � �i � G��x ��� �

�
�� � �

�

�gx���

�
���� ��

gx�G
��
x ��� �

�
��
�I��i � G��x ��� �

�
�� � op����

The theorem is induced from the central limit theorem for the above two

representations� respectively� for �Cs
a��� �� and �Cs

b ��� ��� �
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