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Cutoff Point Estimation

Student : Zhi-Fei Hou Advisor : Dr. Lin-An Chen
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Abstract

Cutoff point plays a vital role in constructing outlier sum or outlier mean
which is used for gene influential expression analysis. We consider the
estimation of the cutoff point in this paper. Asymptotic distributions of
sample cutoff point estimates, one based on empirical quantiles and one
based on symmetric quantiles of Chen and Chiang(1996), are developed.
Comparisons of asymptotic variance and power for detecting outliers are
performed showing that the version of sample cutoff point based on
symmetric quantiles is very competitive with the one based on the

empirical quantile.

Key words: Cutoff points; empirical quantile; power comparison;
symmetric quantile.
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Cutoff Point Estimation

Abstract
Cutoff point plays a vital role in constructing outlier sum or outlier mean
which is used for gene influential expression analysis. We consider the esti-
mation of the cutoff point in this paper. Asymptotic distributions of sample
cutoff point estimates, one based on empirical quantiles and one based on
symmetric quantiles of Chen and Chiang (1996), are developed. Compar-
isons of asymptotic variance and power for detecting outliers are performed
showing that the version of sample cutoff point based on symmetric quantiles

is very competitive with the one based on the empirical quantile.

Key words: Cutoff point; empirical quantile; power comparison; symmetric

quantile.

1. Introduction

DNA microarray technology, whichssimultaneously probes thousands of
gene expression profiles, has been successfully used in medical research for
disease classification (Agrawal et al. (2002); Alizadeh et al. (2000); Ohki
et al. (2005)); Sorlie et al. (2003)). Recently, microarray analysis has
been advanced to disease:classification by identifying:outlier genes that are
over-expressed only in a small bumber of disease samples (see, for example,
Tibshirani and Hastie (2007); Tomlins-etal. (2005)). To achieve this goal,
common statistical methods for two-group comparisons such as t-test, are
not appropriate due to a large number of genes expressions and a limited
number of subjects available.

Among statistical approaches proposed to identify those genes where only
a subset of the sample genes has high expression, Tibshirani and Hastie
(2007) and Wu (2007) suggested use of an outlier sum that sums all the
gene expression values in the disease group that are greater than the total
of the 75% percentile and the interquartile range of the same gene. They
also showed that the statistical test based on this outlier sum is noticeably

more poweful in simulation. The distribution theory of an outlier mean,

Typeset by ApS-TEX



modified from the outlier sum, has been studied by Chen, Chen and Chan
(2008).

Basically an outlier is an observation that lies an essential distance from
the mass of data in a random sample from a population and an outlier sum or
outlier mean uses cutoff point F~1(0.5) +kIQR for some k > 0 to detect the
upper-tail outliers where IQR = F~1(0.75) — F~1(0.25) is the interquartile
range. The cutoff point should be estimated from the observation when the
distribution function F'is unknown. With the fact that a cutoff point plays
a vital role in detection of outliers, there are two concerns about estimation
of the population cutoff point. First, from the point of estimation of an
unknown parameter, we concern the estimator’s efficiency in estimating the
population cutoff point. Second, for its role of detecting influential genes, we
concern the power in detecting outliers of an estimator when a distributional
shift occurs. We consider a step on tackling these two concerns that help in

advancing study of outlier mean for gene expression analysis.

The empirical quantile has long been the.popular choice whenever esti-
mation of population quantile is needed in ‘constructing location and scale
estimators. It is desired to see if there is competitive alternative choice
of cutoff point estimatorthrough other ¢hoice of estimation of the popula-
tion quantile. This is the first 'step forthe concerns. In order to improve
the efficiency of a location”estimator, the trimmed mean, Kim (1992) de-
veloped the metrically trimmed mean for-a location model which, through
comparison of asymptotic variances, was shown to be more efficient than
the ordinary trimmed mean. Later, Chen and Chiang (1996) defined the
symmetric quantile and used it to propose the symmetric trimmed mean as
an extension of Kim’s trimmed mean to the linear regression model. They
observed that this symmetric trimmed mean of small trimming percentages
can have asymptotic variances very close to the Crammer-Rao lower bounds
when regression errors obey heavy tail distributions.

For solving our concerns, one interesting question is to see if the effi-

ciency of symmetric trimmed mean can carry over to other quantile-based

proposals. This is the topic that we want to investigate in this paper.



2. Symmetric and Classical Cutoff Points

In gene expression analysis, there are m genes to be concerned and for
each gene there are two groups of subjects, one normal or healthy group
and one cancer (disease) group. For a given gene, we assume that there are
available n and m expression variables, respectively, for two groups forming

as follows:
Normal group Cancer group

X1y, X Yi, ., Yoo (2.1)

The test statistics been seen in literature to detect cancer genes is con-

structed based on an outlier sum of the form

Y YiI(Y; > 0),

=1

when cancer genes are over-expressed and of the form

Y YI(Y; <C)

1=1

when cancer genes are .down-expressed where C' is estimator of a cutoff
point C, varying in over- and down-expressed cancer genes. Let us restrict
on cutoff point with over-expressed éancer genes only. In Wu (2007) and
Chen, Chen and Chang (2008), the cutoff point'is'C = F,1(0.75) + IQR
with IQR = F;1(0.75) — F,(0.25);-the interquartile range, constructed
from the distribution function F, of random variable X and Tibshirani
and Hastie (2007) considered cutoff point constructed based on a combined
disribution of random variables X and Y.

Given a population cutoff point, the efficiency of an outlier sum or outlier
mean is then seriously dependent on the quality of the estimator of the
unknown cutoff point. We raise this estimation question and consider two
types of cutoff point estimators for comparison of asymptotic variances and
powers.

Let us denote (1—a)-central range CR = F;'(1—$)—F; '(%), the range

o
2

of central (1 —«) quantile interval (F,1(%), F,1(1—

5 )s Iy )). The following two



formulations of population cutoff points are popularly used for identification

of outlier observations:

and

Cy(1—a) = F7l(1 - %) +1.5CR
= 25F 11— 9) — 15E1(2).
2 2
In case that 1 — a = 0.5, the 0.5-CR is the interquartile range IQR. Let
us call Cy(1 — ) the type I cutoff point and Cy(1 — ) the type II cutoff
point. For estimation of cutoff points, we assume that there are a random
sample X1, ..., X,, showing in (2.1) drawn from distribution F, and we need

to specify one estimator of C, (1 =1a) or' Cp(L— ).

3. Cutoff Points Estimators Based oen Empirical Quantiles and
Symmetric Quantiles
Classically the population quantile function F,, ! is estimated by the em-

pirical quantile F; 1. Wereall
Call —a)= 2P, (1= 5) — #H(3)
the empirical quantile based type I cutoff point estimator and

)

Cy(1— @) = 2.5F (1 — %) - 1.5Fn_1(%
the empirical quantile based type II cutoff point estimator.

Besides the two empirical quantile based cutoff point estimators, we also
propose an alternative ones constructed by symmetric quantile of Chen and
Chiang (1996). The so-called symmetric quantile is formulated based on a
folded distribution function. Let u, be a constant, known or unknown, the

folded cumulative function about p, for random variable X is defined as

Fs(a) = P(|X — pg| < a),a > 0.
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Then the 1 — a symmetric quantile pair defined by Chen and Chiang (1996)
is

(Fs_(l - a)vFj(l - a)) = (/1’ - Fs_l(l - 04)7,“+ Fs_l(l - a))
where F;}(1 — a) = inf{a : Fs(a) > 1 — a}. If F, is continuous, the 1 — «
symmetric quantile pair satisfies 1 —a = P(F; (1 —a) < X < F(1 — a)).

If we further assume that F), is symmetric at pu.,, it can be seen that

Fo(1-a) :F;l(%) and FX(1—a)=F (1 - %), (3.1)

the classical one and the symmetric one are identical.
Two symmetric type cutoff points are analogously defined as
Call—a)=Ff(1-a)+ (Ff(1-a)-F (1-a))
=2F (1 -a) - F (1-a)
= g +3F71(1 — «)
and
Ci(1 —a) = Ff — o) H#15(0 (1% o) = F; (1 - a))
= 2.5F (1 — &) a5 Es (1 —e)
= g + 4F7A - )
Then, if F}, is continuous and symmetrie, we hayve
C3(1 —a)=C,(1=a)and-Ci(1 —a) = Cp(1 — ).

Let fi, be an estimate of u,. We may define the sample type 1 — «

symmetric quantile pair as
(Fs_n(l - Oj), Fs—tz(l - Oj)) = (ﬂw - Fs_nl(l - a)’ /Aj’ﬂﬁ + Fs_nl(l - Oj)) (32)

where Fy,(a) = 2 3" | I(|y; — it < a) is the sample type folded cumulative

distribution function and F,' (1 —«) = inf{a : Fs,(a) > 1 —a}. The sample

type symmetric cutoff points are as follows

Ca(l—a) =2Ff (1 —a) = Fi(1 - a) = i, +3F,} (1 - a)

(1 —a) =25FF(1—a)—1.5F, (1 —a) = ji, + 4F;1(1 — )



The equality of (3.1) does not hold when the underlying distribution F
is not symmetric so that there is no fair criterion to compare their corre-
sponding sample coverage intervals. Hence, we may set the case that F' is
symmetric to compare the precision of these two coverage intervals through
the asymptotic variances of their sample type coverage intervals.

It is desired to give a simple example to describe the construction of
these two cutoff point estimates and see how the symmetric type cutoff

point estimate is worth to be introduced for outlier detection.

Example 1. Suppose that we have a set of 10 observations that are ordered
as
-5,—3,—2,—-1,-0.5,0.5,1, 3, 50, 100. (3.3)

We want to construct o = 0.2 empirical and symmetric type I cutoff point
estimates for identification of outliers. With F,;1(0.1) = —5 and F,;1(0.9) =
50, the o = 0.2 empirical type I cutoff peint estimate is

Co(0.8) = 2F1(09) — F71(0.1) = 2% 50 — (—5) = 105

For construction of symmetric cutoff point estimate, we choose sample me-

dian as the estimate of py.' That is,
120
e = F71(0.5) = inf{@ui=Y—L{@r= a) > 0.5} = —0.5.
i —1(0.5) = inf{d 10; (@< ) 20.5} = —0.5

Let’s denote residuals e; = T4 =iz, 7 = 1, ..., 10. The residuals are
—4.5,—-2.5,—1.5,-0.5,0,1, 1.5, 3.5,50.5, 100.5.

The sample type folded cumulative distribution function is

For examples, Fy,, (0) = 15, Fon(1) = & [I(|—0.5] < 1)+ 1(]0] < 1)+ I(|1] <

1)] = 2. Then we have

10
1
-1 . _— 1 . — - < > .
F.,'(0.8) = inf{a 10 ;:1 I(le;| <a)> 0.8}

=4.5.



This indicates that the 80% symmetric coverage interval is

C2(0.8) = 2(jiy + Fy, (0.8)) — (f1s — Fiy)' (0.8))
=2x (—=0.5+4.5) — (=0.5 — 4.5) = 13.

We consider that the observations beyond the cutoff point estimate are
classified as outliers. The empirical type I cutoff point estimate is C’a(O.S) =
105 indicating that there is no observation to be classified as outlier. On the
other hand, the symmetric cutoff point estimate is C(0.8) = 13 indicating
that there are observations 50, 100. From the data in (3.3), the cutoff point
estimate based on symmetric quantiles is quite satisfactory. [

The equality of (3.1) does not hold when the underlying distribution F,
is not symmetric so that it is not fair to compare, in any criterion, two
types of sample coverage intervals. Hence, we may set the case that F is
symmetric to compare the precision ‘of these two coverage intervals through

the asymptotic variances of their sample type coverage intervals.

4. Efficiency Comparisons for Cuoff Poeint Estimators

Two properties are desired to discover for two cutoff points. First, the
asymptotic distributions of these two-cutoff point nonparametric estimators
are interesting to discoverfand arcomparisonfor their asymptotic variances
in estimation of the same population cutoff point is needed. Second, it is
interesting to study the powers of‘these two cutoff points for their roles of
identifying outliers. We study the first question in this section.

The following theorem introduced the asymptotic distributions of the two

types of empirical cutoff point.

Theorem 4.1. (a) n'/2(C,(1 — a) — Cy(1 — @)) is asymptotically normal
N(0,02,,. ) where

emp,a

P = Lt 2 2oa
e LF (- 8)  2L(F(5) T (R (- %)

“onEey) ) T ey e )
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(b) n/2(Cy(1 — ) — Cy(1 — @) is asymptotically normal N (0, 02 pp) Where

2 _a %" 3a—2) o 5(2 — a)
s =2 i - gy TR T anE - 9)
3a 9 . %0 3a 2.
TanEe) T O E ey T )y

To study the asymptotic distribution of the symmetric type cutoff points,

we restrict to the following location models,
X, =z +e,i=1,...,n (4.1)

where ¢;’s are independent and identically distributed (iid) random variables
having distribution functions G, with zero mean, variance o2 and probabil-
ity density function g,.. For convenience of comparison, we also assume that
G, is symmetric at zero.
We consider that p, is the median parameter and let fi, be the sample
median as -
flo = BTEINE,, e | Xi = -
i=1
Suppose that we assume that G, is eontinuous and .symmetric at 0. The
asymptotic distributionssof two symmetric cutoff points are stated in the

following theorem.

Theorem 4.2. Assuming that distribution fumetion G, is symmetric at
zero, we have the following asymptetic properties.

(a) n*/2(C5(1—a)—C*(1—a)) is asymptotically normal N(0,02, ) where

» Ysym,a

9 a1 3(1 — ) 9 1 3(1 — ) 9
Tomo = 350 ® T a1 - 1)) T 200) T 26— 5)))
b= o) e P (e )
2 20:(0)  2¢,(Gz(1—2)) 205(0)  2¢,(Gz'(1-9%))
(b) n'/2(C5(1—a) — C§ (1 —a)) is asymptotically normal N (0, 02 m.p) Where
9 a1 2(1 — «) 9 1 2(1 — ) 5
Tsymp = 5 29.(0) T 9o(Gz (1 — %))) - (291;(0) 9:(Gz ' (1 - %))) |
bl o)l e P (o e )
2 20:(0) ' g.(Gz1(1—2)) 29:(0)  g.(Gz'(1- %))
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With asymptotic distributions of two types of cutoff point estimators
developed, we may consider several distributions for error variable e for
computation of their asymptotic variances to compare their efficiencies for
estimating the unknown cutoff points. The distributions considered here
include standard normal distribution N (0, 1), ¢-distribution #(r) where r is

the degrees of freedom, Cauchy distribution (Cauchy(s),s > 0) with pdf

1 s
9l) = TEm e R
and the Laplace distribution (Lap(b)) with pdf
1 c
gz (€) = 2—[)6_%,6 € R.

We display the computed efficiencies in Table 1.

Table 1. Asymptotic variances for two quantile-based cutoff point estima-

tions
o Jzym,a Ugmp,a, Ugym,b a—zmp,b
N0, 1)
0.05* 32.85 34.94 87.19 09.28
0.15* 15.88 16218 27702 27.32
0.25 11.52 11.43 19.26 19.17
0.35 9.274 9.020 15:26 15.01
0.45 7.761 7.441 12.87 12.25
t(1)
0.05* 27838 31091 49488 02741
0.15* 955.8 1077 1697 1819
0.25* 196.6 222.9 347.6 373.9
0.35* 70.25 79.37 122.9 132.0
0.45* 33.36 37.13 57.39 61.16
Cauchy(3)
0.05* 250543.8 279822.4 445394.0 474672.5
0.15* 8602.33 9701.71 15275.7 16375.1
0.25* 1769.50 2006.15 3128.51 3365.17
0.35* 632.25 714.33 1106.74 1188.81
0.45* 300.25 334.22 516.51 550.48
Lap(1)

0.05* 172.0 191.0 305.0 324.0
0.15* 52.00 D7.66 91.66 97.33
0.25* 28.00 31.00 49.00 52.00
0.35* 17.71 19.57 30.71 32.57
0.45* 12.00 13.22 20.55 21.77
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x: Symmetric type cutoff points have smaller asymptotic variance than it
of empirical quantile based cutoff points

We may draw several conclusions from the results in Table 1:
1. In few cases (normal distribution with o = 0.25,0.35 and 0.45), it is
relatively more efficient estimating the cutoff point by the empirical quan-
tiles. This indicates that when we want to estimate the population cutoff
point and we know that the underlying distribution is normal the version
estimated by empirical quantiles is appropriate. However, we note that
although the differences between these two versions are not significant.
2. For the distributions other than the normal one, the estimate based
on symmetric quantiles is simultaneously more efficient than it based on
empirical quantiles. In an overall comparison, we may say that the cutoff
point estimate based on symmetric quantile is a robust one.
3. In this consideration of nonparametric estimation, we may expect that

any cutoff point estimator basedon symmeftric quantiles is a robust one.

In gene influential analysis, a commenssituationis that there are only few
observations lie beyond the main-trend ef the model. Hence, to study the
large sample properties of cutoff estimators for these distributions is desired.

We consider the following contaminated normal distribution
e=(1—"0)H + oN(h,1) (4.2)

which ensures that a large proportion of ‘'ebservations drawn from the same
distribution under Hy and a small proportion § of observations are outliers.

We compute the efficiencies of two cutoff point estimates defined as the

followings:
L2 2 ) 2
o mln{asym,a? O-emp,a} o mln{asym,a? Uemp,a
effsym - 2 7effemp_ 2
sym,a Cremp,a

A simulation results are displayed in Table 2.

ef femp

metric quantile and empirical quantile (h = 1)

Table 2. Efficiencies (ef I Sym) of type I cutoff point estimates by sym-
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H a =0.05 0.15 0.25 0.35 0.45
H=N(0,1)
1 1 0.987 0.971 0.959
0= 0.05 0.955 0.989 1 1 1
501 1 1 0.984 0.970 0.959
- 0.963 0.994 1 1 1
H = t(1)
1 1 1 1 1
0= 0.05 0.895 0.883 0.857 0.880 0.906
501 1 1 1 1 1
- 0.895 0.874 0.835 0.878 0.915
H = Lab(1)
1 1 1 1 1
0= 0.05 0.879 0.889 0.906 0.917 0.922
5— o1 1 1 1 1 1
- 0.859 0.878 0.909 0.928 0.935

Several comments may be drawn from the results in Table 2:

1. The effiicencies of the symmetric type eutoff point estimate although has
efficiencies smaller than oneron situations that Hsis normal and o > 0.25,

however, they are at least.more than 0.95.

2. The effiicencies of the:'empirical type cutoff point estimate are with
efficiencies smaller than éne on all distributions other than normal one and it
can be as small as 0.835..In comparison for this contaminated distribution,

the symmetric type cutoff point estimate is alsos@a xobust proposal.

3. Since our study of cutoff point estimation is primarily motivated from
the gene influential analysis and, in this analysis, it often faces few extreme
outliers in the treatment group that is a type of contaminated distribution,
this comparison shows that the symmetric type cutoff point estimate is an

appropriate choice for outlier detection of this analysis.

We also consider the two estimators of the type II cutoff point that we

display their efficiencies in Table 2.

Table 3. Efficiencies <Z§j}ym) of type II cutoff point estimates by sym-
emp

metric quantile and empirical quantile (h = 1)
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H a =0.05 0.15 0.25 0.35 0.45
H=N(0,1)
1 0.996 0.985 0.977 0.971
0= 0.05 0.988 1 1 1 1
501 0.998 0.986 0.978 0.972 0.968
- 1 1 1 1 1
H = t(1)
1 1 1 1 1
0= 0.05 0.938 0.927 0.890 0.917 0.946
501 1 1 1 1 1
- 0.938 0.914 0.854 0.906 0.952
H = Lab(1)
1 1 1 1 1
0= 0.05 0.911 0.920 0.942 0.955 0.962
5— o1 1 1 1 1 1
- 0.881 0.899 0.939 0.964 0.977

From the results showing in Table 2, the efficiencies performed by two

quantile methods are quite similar to those showing in Table 1.

5. Power Comparisons for Cutoff Point Estimators

With asymptotic distributions of two.sample cutoff point estimates, it
is desired to study a cuteff peint for its ability to-rdetecting an observation
drawn from an alternative distribution.”Consider that.we have the following

sample location model
Xi = MUz —I—q,i = 1,..,n

and we have a random variable Y*drawn from an alternative distribution.
Let C be a cutoff point and C be an estimator of C' constructed from the

sample of variable X. The power of detection of outlier Y is
m=P{Yy >C}. (5.1)
Suppose that \/ﬁ(é’ — (') converges, in distribution to a normal distribution
N(0,02). An approximate power is
T=P{Y >C}
~ P{y/nY —n(C - C) > /nC}
— P{\/aY = N, > iC}
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where N, is a random variable with distribution N(0,02). If a distribu-
tion of the combination \/nY — N, is available, the approximate power then
can be computed. It is then interesting to compare the powers for cut-
off points estimated from empirical quantile and symmetric quantile. We
further compute the powers of symmetric cutoff point and empirical cutoff
point, respectively denoted by 7y, and mep,,. We note that gy, and mep,,
are very close values in all the cases. However, it is still worthy to compare
their sizes.

In the following two tables, we display the comparisons of 7y, and ey,
for type I and type IT symmetric and empirical cutoff point estimators when

the sample is drawn from several distributions of interest.

Table 4. Power comparison of type I symmetric and empirical cutoff point

estimators (n = 30)

Tsym > Temp Tsym < Temp
X Nt(’f‘l),
Y ~ t(?“z) +
r =T9 = 1
a=0.2 =18, S0 pw=10.51,2
a=0.5 . . 0 pw=10.51,2
rL = 3,7"2 =1
a=0.2 i 5, .. ) p=20.51,2,34
a=0.5 T, 4910 pw=20.51,2
X ~ N(0,1),
Y ~ N(0,1)+ p
a=0.1 w=5%6,7,8,9,10 p=20.51,2,34
a=0.2 w=4,5,6,7,89,10 w=20.>51,2,3
a=0.5 pw=20.51,2 ©w=3,4,5,6,7
X ~ N(0,1),
v =0.05,a=0.5 pw=0.>51,..10 none
v=0.05,a=0.2 none pw=0.51,..10
v=0.1,a=0.5 w=20.5,1,..,10 none
v=0.1,aa=0.2 none uw=0.5,1,...,10
vy=0.2,a=0.5 pw=0.>51,..10 none
vy=02,aa=0.2 none pw=0.51,..10

Table 5. Power comparison of type II symmetric and empirical cutoff point

estimators (n = 30)
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Tsym > Temp

Tsym < Temp

~ t(rl)v
Y ~ t(?“z) +
r = o,Ty = 1
a=0.2 pw="7,..,10 w=2051,23,..,6
a=0.5 p=4,..,10 p=0.51,2,3
ry = 3,7"2 =3
a=0.2 w="r,..10 pw=2051,2,..6
a=0.5 pw=4,..,10 pw=0.51,2,3
X ~ N(0,1),
v =0.05,a=0.5 pw=20.>51,..10 none
v=0.05,=0.2 none uw=0.5,1,...,10
v=0.1,a=0.5 w=0.5,1,..,10 none
v=0.1,aa=0.2 none uw=0.5,1,...,10
vy=0.2,a=0.5 pw=20.>51,..10 none
vy=02,aa=0.2 none pw=0.51,..10

From the results showing in Tables 4 and 5, the two cutoff point estima-

tors are quite competitive. Some-are better withrsymmetric type estimation

and some are better with émpirical estimation. However, from the robust-

ness consideration, we prefer to use the symmetric type cutoff point estima-

tior since its estimation®is more reliable with smaller"asymptotic variances

that showed in Section 4.

It is desired to study the power performance for these two cutoff point

estimators when the outliers'not-only shift_in"both location and scale. We

further consider the following contaminated normal distribution

(1= 7)N(0,1) +¥N(p,0?)

Table 6. Power comparison of types I and II symmetric and empirical

cutoff point estimators (n = 30)
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Tsym > Temp Tsym < Temp
X ~ N(0,1),
YV~ (1-9)N(0,1) +yN(p,0?)

v=0.1,0 =2, =0.5 w=0.5,...,10 none
vy=0.1,0 =2, =0.2 none w=0.5,...,10
vy=01,0 =5,aa=0.5 pw=20.5,..,10 none
vy=0.1,0 =5,aa=0.2 none pw=20.5,..,10
v=0.1,0 =10, =0.5 pw=20.5,..,10 none
v=0.1,0 =10, = 0.2 none w=0.5,...,10

6. Appendix

Proof of Theorem 4.1. From Ruppert and Carroll (1980), we have a

representation of the empirical quantile 13'; Ya) as

n
n'/2(FH a)—F (o) = mn_m ;(Q—T(Xi < Fy (@) +op(1).
(6.1)
Since the emprical quantile based cutoff point estimates C’a(l — «) and
Cy(1 — a) are both linear functions of empitical quantiles F7 (1 — o) and
F='(a), careful arrangements of the corrésponding representations of these
two empirical quantiles lead to the fellewing-tepresentations.
(a) A large sample represetitation for cutoff point estimator C, (1 — ) is as

follows:

nl/Z(C’a(l - a) - Ca(l - a)) = n_1/2 Z{[_f (F—lc(vl . g)) B 2f (F—l(g)

(0% (0%

TRE=2) 2 (2)
a 2 —« o

fo(F(1—2)  2fu(Fs'(2))

(b) A large sample representation for cutoff point estimator Cy(1 — @) is as
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follows:
G 0) = Gt =) =i S s P
e 156" 3
IR L VA e (R R YA
4, 1 « 52 — a) 3o
I(F, (5) <X, <F,(1- 5)) + [4f$(Fx—1(1 —2)) N 4fx(Fx_1(%))]

The theorem is induced from the central limit theorem. [J
Proof of Theorem 4.2. Again, from Ruppert and Carroll (1980), we have
a representation for this sample median as

n

W2 (j — ) = "_1/29:(0) 37(0.5 — I(e; < 0)) + 0, (1) (6.2)

=1

On the other hand, a Barhadusz tepresentation’for F;,! (1 — ) developed by
Chen and Chiang (1996) is

WP~ o) — (T g s al) = ™Y (1~
—I(G;1(3) € & < G- )} o0 (6.3)

With, again, careful arrangements of representations of (6.3), we can derive
representations of symmetric type icutoff, point estimates C’j(l — «) and
Cs (1 — a).

A large sample representation for outlier mean C%(1 — a) is as follows:

WG ) = O ) =0 Sl g+ ]
I(Gi < G;l(%)) + [— 295(0) — 2gm(Ga_;?iC(¥1 - %))][(G;I(%) <g¢ < 0)
1 R1s" 14 g 1
ORI R A A0
3(1—a)

29, (G (1 — %))]I(Ei > G (1= 35)) +op(1)
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A large sample representation for outlier mean C’g’(l — a) is as follows:

WG = 0) = G- ) =Y (gt 20
e S GG+ gy o~ i =gy VG () S <0

1 20 L, o« 1
B T L R TR ()

2(1 — )

MRt %))]I(G" > G2 H (1= 5)) +op(1);

The theorem is induced from the central limit theorem for the above two

representations, respectively, for C%(1 — o) and C§(1 — ). O

References

Agrawal, D., Chen, T., Irby, R., et al. (2002). Osteopontin identified as
lead marker of colon cancer progression, using pooled sample expression
profiling. J. Natl. Cancerplnst. 94, 513-521.

Alizadeh, A. A., Eisen, M. ‘B., Davis, R. Ei, et al. 4,(2000). Distinct types
of diffuse large B-cell lymphoma identified by gene expression profiling.
Nature, 403, 503-51.1.

Chen, L.-A. and Chiang, Y. C. (1996)-“Symmetric type quantile and trimmed
means for location and linear:regression model: Journal of Nonpara-

metric Statistics. 7, 171<185.
Chen, L.-A., Chen, D.-T. and Chan; W.(2008). p value for outlier sum

in differential gene expression analysis. Submitted to Biometrika for

publication (In revision).

Kim, S. J. (1992). The metrically trimmed means as a robust estimator of
location, Annals of Statistics. 20, 1534-1547.

Ohki, R., Yamamoto, K., Ueno, S., et al. (2005). Gene expression profiling
of human atrial myocardium with atrial fibrillation by DN A microarray
analysis. Int. J. Cardiol. 102, 233-238.

Ruppert, D. & Carroll, R.J. (1980). Trimmed least squares estimation in the

linear model. Journal of American Statistical Association 75, 828-838.



18

Sorlie, T., Tibshirani, R., Parker, J., eta 1. (2003). Repeated observation of

breast tumor subtypes in independent gene expression data sets. Proc.
Natl. Acad. Sci. U.S.A., 100, 8418-8423.

Tibshirani, R. and Hastie, T. (2007). Outlier sums differential gene expres-
sion analysis. Biostatistics, 8, 2-8.

Tomlins, S. A., Rhodes, D. R., Perner, S., eta . (2005). Recurrent fusion

of TMPRSS2 and ETS transcription factor genes in prostate cancer.
Science, 310, 644-648.

Wu, B. (2007). Cancer outlier differential gene expression detection. Bio-
statistics, 8, 566-575.




	智飛論文格式.pdf
	hou

