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We discuss the radially symmetric solutions and the non-radially symmetric
bifurcation of the semilinear elliptic equation du + 28e*=0 in 2 and u=0 on 0Q,
where 2= {xeR% a%*<|x|<1}. We prove that, for each ac (0, 1), there exists a
decreasing sequence {d*(k, a)}_, with 8*(k,a)—0 as k— oo such that the
equation has exactly two radial solutions for ée (0, 6*(0, a)), exactly one for
0 =6%(0, a), and none for 6 > 6*(0, a). The upper branch of radial solutions has a
non-radially symmetric bifurcation (symmetry breaking) at each §*(k, a), k> 1. As
a— 0, the radial solutions will tend to the radial solutions on the disk and
0*(0, a) -» 6* =1, the critical number on the disk. © 1989 Academic Press, Inc.

1. INTRODUCTION

In this paper we study the multiplicity of radially symmetric positive
solutions and the non-radially symmetric bifurcation of these solutions of
the following (Gel'fand) equation:

Au(x) + 24" =0, x€Q, (1.1)

u(x)=0, x €08, (1.2)

where €2 is the annulus

1
Q=Qa={x=(x1,xz)eRz:a2<xf+x§<Z5},

0 0
ae(0,1),1>0, andA=a—x%+ag.
If Q is the unit disk, by the well-known theorem of Gidas, Ni, and
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Nirenberg [8], any positive solution of (1.1), (1.2) must be radially
symmetric. Therefore, (1.1), (1.2) are reduced to

1
u”(r)+;u’(r)+2,le"")=0, re(0, 1), (1.3)

u'(0)=0=u(l), (1.4)

where r*=x?+x2. In [7], Gel'fand found that (1.3) is invariant with
respect to the group of transformations

u(r, o) = o + ug(re”?), (1.5)

i.e., if uo(r) is a solution of (1.3), then for any a e R!, u(r, a) is also a solu-
tion of (1.3). (Note that the boundary condition #'(0) =0 is also invariant
under (1.5).) By using this property, Gel'fand proved that there exist
exactly two solutions for A€ (0, 1), one for A=1 and none for 1> 1. In the
case of annulus, using the same property, we are able to obtain a similar
result for (1.1), (1.2) in the class of radially symmetric functions, i.e., there
exists A*(a)>1 such that there exist exactly two radially symmetric
solutions for A € (0, A*(a)), one for 1= 4*(a) and none for 1> A*(a). These
solutions can be written explicitly and A*(a) is computable.

The existence of positive radial solutions on the n-annulus was also
studied by Bandle et al. [2] and Garaizar [6].

In a series of papers, Smoller and Wasserman [12, 13] considered the
possibility of the non-radially symmetric bifurcation of the equation

Au(x) + Af (u(x))=0,  xeB", (1.6)

with Dirichlet or Neumann boundary conditions, where B” is the unit ball
in R". They showed that, for a certain class of functions f(u), an asym-
metric solution bifurcates from a radially symmetric solution. In the case of
(1.1), (1.2), taking advantage of knowing the explicit formula of radially
symmetric solutions u,(r) (upper branch of solutions), we are able to
understand its linearized problem

Aw(x) +24e“w(x) =0, xe, (1.7)
w(x)=0, x€09. (1.8)
More precisely, we prove that there exists a decreasing sequence

{A*¥(k, a)}_, with A*(k, a) — 0 as k — oo, such that the equation

N k2 1
@ (r)+;<p’(r)+ 21e““”—r—2~ @(r)=0, re(a,;), (1.9)

1
<p(a)=-0=<p( ) (1.10)

a
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has a non-trivial solution ¢,(r) if and only if A=1%(k, a), k=1,2,3, ...
For these A*(k, a), the solution set of (1.7), (1.8) is spanned by ¢,(r) cos k6
and @,(r) sin k8. ¢,(r) can also be written explicitly.

To obtain the local non-radially symmetric bifurcation results at
A*(k, a), we have to verify a Crandall-Rabinowitz type transversality
condition [4]. This is a crucial and sometimes difficult part in the study of
local bifurcation problems. In the case of (1.1), (1.2), the transversality
condition is

1/a
j rq)i(r)a% (e} dr #0. (L11)

a

A=A*k)

It is hard to check (1.11) directly even we know u, and ¢, explicitly.
However, by taking k (>0) as a parameter and considering the linearized
eigenvalue problem

1 k? 1
o'+ 00+ (260 - ) o) = a0, re(a)

a
w(a)=0=¢(§),

where p(4, k) is the principal eigenvalue, we obtain
op N AP YSING PP
=7 (k)= f ro*(r) 37 (1) dr
and
ou Va2k .
k=] e

here the associated eigenfunction ¢(r)=¢(r, 4, k) has been normalized
with [Y2 ro*(r) dr = 1. After a careful study of du/0A and du/0k, we are able
to verify that (1.11) holds. A global bifurcation result can also be obtained
by using the well-known theorem of Rabinowitz [11].

This paper is organized as follows: In Section 2, we study the radially
symmetric solutions. In Section 3, we study the linearized problem (1.9),
(1.10). In Section 4, a Crandall-Rabinowitz type transversality condition
(1.11) is verified. Finally, in Section 5, we show that if the outer boundaries
of the annuli are fixed and the inner boundaries tend to zero, then the
radially symmetric solutions on the annuli will tend to the radially
symmetric solution on the disk.
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2. RADIALLY SYMMETRIC SOLUTIONS

In this section we shall study the existence and mulitiplicity problems of
(1.1), (1.2) in the class of radially symmetric solutions; i.e., we consider the
equation

1 1
u//(r)+;u’(r)+21eu(r)=0, re<a, ;), (2.1)

u(a)=0=u<l>, (2.2)
a
where ae (0, 1).

Since for any interval [4, B]< (0, ), [4, B] is transformed into
[a, 1/a] via the transformation s = (4B) = r, where a= A"?B~"*€(0, 1).
Therefore, the problem on [ A4, B] is equivalent to the problem on [a, 1/a]
with a= A"Y2B~2 Hence, our study of the problem on (a, 1/a) applies to
all cases.

Problem (2.1), (2.2) has been considered by Crandall and Rabinowitz
[5]. They showed that there exists A*(a)> 0 such that there exist at least
two solutions for 1€ (0, A*(a)), and exactly one for 1= 4*(a) and none for
A>A*(a). In this section, we shall prove that there exist exactly two
solutions for A e (0, A*(a)) and obtain explicit formulas for A*(a) and these
solutions.

By a classical transformation

x=logr and vix)=u(r)+2logr, (2.3)

(2.1), (2.2) are transformed into

0"(x) + 22" =0, xe(—A4,A) (24)
v(—A)= —24 and v(4)=24, (2.5)
where
A =log§>0. (2.6)
Moreover, by
Z(x)=e"™ and Y(x)=v'(x), 7

(2.4) can be written as a dynamic system

{Z’(x) =2y,

Y'(x)= —24Z, (28)
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and the corresponding boundary conditions as
Z(—A)=e*4 and Z(A)y=e*. 2.9)
Since (2.8) is an autonomous system, (2.9) can be replaced by
Z(0)=e"* and Z(24)=e*. (2.10)
Hence we have the following equivalent problems:

(A) (2.1),(22),
(B) (24),(2.5),
(C) (2.8), (2.9) with Z>0,
(D) (2.8), (2.10) with Z>0.

We will work on any one of them.
The following lemma characterizes the solutions of the problem.

LEMMA 2.1. The solutions of (2.4), (2.5) are given by

B4~ KmPleP

vK,ﬂ(x) =10g (1 +Kmp/zeﬂx)2, (211)
where K> 0, >0 satisfies
pPi'K 1
a +K)2=;’ (2.12)
ﬁZl_lKInﬂ
1+ KmPy - ™ 213)
and
m=a 2 (2.14)

Proof. We first study the effects of the invariance property of solutions
of (2.1). If uy(r) is a solution of (2.1), then for any xe R’,

u,(r) = o+ ug(re™?) (2.15)

is also its solution. According to (2.3), we may set vy(x)=uy(r)+ 2x and
Vo(x)=u,(r)+2x. Then v,(x)=uy(re*?)+2(x +a/2) =vy(x +o/2). This
implies that Z,(x) = Zy(x + a/2) and Y,(x)= Yy(x+a/2), ie, (Z,, Y,) lies
on the same trajectory with different phase on the Z — Y phase plane. This
is also consistent with the following considerations:
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It has been known, since Liouville [10], that for any K> 0,

A7 Ke*
UK(X)EIOg ZK(X)EIOgm (216)

is a solution of (2.4). Now, for any K, >0, let x, =log(K,/K). Then we
have

AT'Kie¥ AT Kert
(1+K1€ )2_(1+Kex+x1)2

Zi(x)= =Zx(x+x,);
ie., different K’s in Z, change the phase only.

On the other hand, there is also an invariance property of solutions for
(2.4): If vy(x) is a solution of (2.4), then for any x e R’,

T,(x) = a + vo(xe™?) (2.17)

is also a solution of (2.4). Now, for different «’s, the corresponding
(Z,, ¥,)s will lie on different trajectories of the Z— Y phase plane.
Hence, by (2.16) and (2.17), we have a one-parameter family of solutions
Zy., given by Zj . (x)=exp{ig.(x)} =exp{a+vi(xe*?)}=p*A" " KeP/
(1 + Ke® ), where f=e*2. For any K>0, f> 0, denote by

ﬂ21~1Keﬂx

2o = (T Ry

It is easy to check that {(Zx g(x), Yk 4(x)): K>0, >0, xe R'} covers the
right half-plane R% = {(z, y):z>0, ye R'}. Hence, any solution v(x) of
(2.4) will be of the form v(x) =log Z 4(x) for some K>0 and #>0. It is
clear that boundary condition (2.5) is transformed into (2.12), (2.13). This
completes the proof.

It is easier to solve the transcendental equation (2.12), (2.13) than (2.5).
To solve (2.12), (2.13), we need some simple facts as follows:
LemMa 2.2. If A, K, f solve (2.12), (2.13), then 0 < K < 1.

Proof. If g(s)=s/(1+s)? for s>0, then g’(s)= (1 —s)/(1 +s5)°. Hence
g(s) is strictly increasing in (0, 1) and strictly decreasing in (1, 00 ). If 4, K, 8
solve (2.12), (2.13), then B°1 'g(K)=1/m<m= p*.~'g(Km¥). Hence
g(K) < g(Km?) and K < Km#, which imply that 0 < K< 1.

LEMMA 2.3. If b=4c >0, then the solutions of

bs
(1+s5)?

=c
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are

S _b—2ci,/b2—4bc
.= )

* 2c
Furthermore, if b>4c >0, then
O<s_<l1<s,.
If we set

t=p21, (2.18)

then (2.12), (2.13) are transformed into more compact forms

tK 1
= .19
(1+K)? m (2.19)
tKm®
A+ KmP2 ™ (220)

Now, taking ¢>0 as a parameter, we can solve (2.19), (2.20) in terms of
t as follows:

LeMMA 24. The solutions of (2.19), (2.20) are given by two functions
A+(-): [4m, ©) - (0, 0),

A()=1t1 (E—gl—v”—llog _P4+_n(1t)>2’ (2.21)

A ()=t" (@- log %@y, (2.22)
where

P ()=Pi(t) Py(t),  P_(t)=Py(t) Py(2), (2.23)

P(t)=(t=2m) + (1> — 4m1)"2, (2.24)

P.()=(t—2m)— (> — 4mz)'7?, (2.25)

Py(1) = (mt — 2) + (m*1 — dmz)"~2. (2.26)

Proof. By Lemmas 2.3 and 2.4, we have
K=1{(mt—2)— (m** —dmr)'*}, (2.27)
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and

1
KmP =— {(t—2m) % (£* — 4m1)"?} (2.28)
2m
for t = 4m. After canceling out X in (2.27), (2.28), we obtain

m# =% {(t—2m) + (" —4m1)"?}{(mt — 2) — (m*1* — 4mzt)'*} !

=4—1n; {(1—2m) £ (2 — 4m1)'} {(mt — 2) + (m*1* — 4m1)'/?},

and then (2.21), (2.22) follows.
We list some properties of P, and A, which are useful.
LemMmaA 2.5. (i) P, (t)>0 and P'_(t)<0 for t > 4m,
(i) P, (4m)= P_(4m)=2m{(4m*>—2)+4m(m* —1)?},
(iii) Lm,_ P _(t)=4m’,
(iv) A, ()>A4_(t) in (4m, ) and A (m)=2  (4m)=1_(4m),
(v) lim,_ ,4,(8)=0.
Proof. The proof is elementary which we omit.
LEMMA 2.6. A" (¢)<O0 in (4m, o).
Proof. 1t is easy to check that
A_(0)=2_(1)"? 1*2Q_(1)(logm) ",

where

PO _ | P

Q-(=25=0 am

By Lemma 2.5 (i), (iii), we have Q_(¢)<0 in (4m, ), so the result
follows.

LEmma 2.7.
A (8)=2L() 172Q , (1)(log m) !, (2.29)
where
P P
Q+(t)—21P+(t)—log am (2.30)
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Moreover, we have
(i) Q. (1)<0 for t>4m,
(ii) lim,_,, Q. (f)=c andlim,_ , Q ()= —oo.

Proof. The derivation of (2.29) and (2.30) is elementary, so we omit it.
It remains to show (i), (ii). Since

P BB LB g T o (B (2],
P, P P, P, p, P, p, P, P2

by a straightforward computation, we have

PI
71 = (2 —4mt)~'2, (2.31)
P2 m(me? — ame) -7 2.32
pz—m(mt— mt)~ %, (2.32)
P! !
(—‘) = —(t=2m)(> - dmt) =,
P,

PI 4
(;3) = —m*(mt — 2)(m?t* — dmt) 3,
2

After  simplification, we obtain Q' (t) = —3(:* — 4mt)~¥? —
mt>(m?t> — 4mt) >, which proves (i). By (2.23), (2.24), (2.26), (2.31), and
(2.32), (ii) follows.

An immediate consequence of Lemma 2.7 is

LEMMA 2.8. Let t* = t*(m) be the unique solution of

PLit) | Pu(t)_

2
P.(t) 2 Tam

0. (2.33)

Then
A (8)>0 in (4m, t*), and A (ty<Oin (¢*, 0), (2.34)

and 2 ,(t) attains its maximum

(2.35)

/1*=l*(m)=(t*)“1 {l 1 10 P+(t*)}2

ogm 4m

at t=t*.
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Combining the results of Lemmas 2.1, 2.4, 2.6, and 2.8, we have the
following theorem.

THEOREM 2.9. (i) For any ae(0,1), there exists a number A*(a)
(=A*(m)), which is given by (2.35), such that (2.1) has exactly two solutions
for Ae(0, A*(a)), exactly one at A= A*(a), and none for 1> A*(a).

(ii) The solutions are of the form

221 KmP/*rP

u(r)=log 7 Koy 7 (2.36)
where
K=K(f)=—— (237)
- TPt '
l=li(t)=ﬂ2i(t)t“1, (2.38)
_ _ 1 P (1)
ﬂ—ﬁi(t)_l—_ogmlog_Tm , (2.39)

t=4m, and P,(t), P, (t) are given in (2.23)-(2.26).

(iit) The upper branch of solutions u,, A€ (0, A*(m)), is given by (2.36)
with B=8,(t), A=21_(t), and t=t*(m), where t*(m) is the solution of
(2.33), and the lower branch of solutions u, is also given by (2.36) but
consists of two pieces: for A€ [A,(m), A¥(m)], B=B,(1), A=A,(t), and
te [4m, t*(m)], for Ae (0, A, (m)], B=P_(t), A=2_(1), and t = 4m, where
Aem)=2,(4m)=1_(4m).

3. LINEARIZED EIGENVALUE PROBLEMS

From the last section, we know that for any m (=1/a*)> 1, there are
two smooth branches of radially symmetric solutions of (2.1), (2.2) in
(0, A*(m)), namely, the upper (maximal) branch u,; and the lower (mini-
mal) branch u;. It is well-known that the minimal branch ¥; can be
obtained by a monotone iteration starting from O (see, e.g, [9]), and
u,(r)<u,(r) in (a, 1/a) for any 1€ (0, 1*(m)).

Let u;(4) and u,(4) be the principal eigenvalues of linearized eigenvalue
problem of (1.1), (1.2) at u,; and u,, respectively; i.e., let p,(1) be the least
eigenvalue of

Aw(x) + 22e“Dw(x) = —uw(x), xe€, (3.1)
wx)=0, xedQ, (3.2)
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and p,(A) be the least eigenvalue of

Aw(x) + 22" Dw(x) = —uw(x), x€2,

w(x)=0, x€082.
It is known that p,(4)>0 for any A€ (0, A*(m)) and p,(A*(m))=0 (see,
e.g, [9]). Therefore, the minimal branch ¥, cannot bifurcate. On the other
hand, due to the convexity of e¥ it has been shown by Crandall and
Rabinowitz [5] that u,(1)<O0 for any Ae(0, A*(m)). Therefore it is
possible that there is a bifurcation from the upper branch u;. In this
section, we shall investigate (3.1), (3.2) in detail.

By the method of separation of variables in polar coordinates, (3.1),
(3.2) can be reduced to

1 k? 1
o147 00+ (26405 ) o) = w0, re(ag). (3)

1
o(@)=0=0 (;) (3.4)

k=0,1,2,..,1=1,2,... Let ¢,, be the eigenfunction of (3.3), (3.4)
associated with the eigenvalue p, ,; then the eigenfunction w; of (3.1),
(32) is

wiilrs 0) = @4 (r)(a, cos kB + b, sin kB),

where g, and b, are constants.

By several changes of variables, we can bring (3.3), (3.4) into a more
desirable form.

First, if we set

x=logr, y(x)=e(r), and o(x) = u(r), (3.5)
then (3.3), (3.4) are transformed into
Y (x)+ (226" —k*) Y(x) = —p (4) e¥Y(x),  xe(—4,4), (3.6)
Y(—A)=0=y(A), (3.7)
where 4 =log(1/a).
By (2.36), (3.6) can be written as
28K, e?~
(1+K,eP)?

v (x) +{ kZ} V(X) =~ (X)€Y, xe(—4, 4),

(3.8)
where K, = Km?? and K, =B, are given in (2.37), (2.39).

505/80/2-5
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Next, with
y=Bx and  ¥(y)=y(x), (39)

(3.7), (3.8) can be transformed further into

~NT 23

. ( 2Ke
v+ e g )
= D) ), ye(—pApA),  (310)
P(—BA)=0=P(PA). (3.11)

Since the bifurcation only occurs at Ae (0, A*(m)) which satisfies
i (A) =0, it is necessary to identify these A. We begin with the case k =0.
Suppose that A€ (0, 1*(m)) satisfies p, (4) =0. Setting

X=Ke* and &X)=¥(y), (3.12)

we can transform (3.10), (3.11) into

®"(X) + )1(¢'(X) + &(X)=0, Xe(Ke ., Ke), (3.13)

X(1+ X)?
D(K e Py=0=D(K, ). (3.14)

Now, the linear equation (3.13) can be solved as follows:

LEMMA 3.1. The general solution of (3.13) is &(X)=bP (X} + dD,(X),

where @(X)=(X—-1)/(X +1), &)(X) =y (X)—4/(X+1)=
(VX —-1)—4)/(X+1), and b, d are constants.

Proof. 1t is easy to check that &, is a solution of (3.13), and then &,
is obtained from @, by the method of variation of parameters.

Knowing the general solution of (3.13), we can prove the following
theorem.

THEOREM 3.2. (i) po,(A)=0if and only if 2=21*(m) and I=1.
(ii) For 122, p, (A)>0 for any 1€ (0, A*(m)]} and k=0, 1,2, ...

Proof. By Lemma 3.1, (3.14) is equivalent to
b(Kie 4~ 1)+ d{—BA(K,e #1—1)—4} =0, (3.15)
b(K,e?* — 1)+ d{BA(K,ef*—1)—4}=0. (3.16)

System (3.15), (3.16) has non-trivial solutions if and only if it has zero
determinant, i.c.,
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0= (K;e P —1){BA(K e#*—1)—4}
+ (K84~ 1){BA(K e 4 — 1)+ 4}
=2BA(K,e P4 —1)(K, e — 1)+ 4(K ef* — K e F4).
Using 284 = flog m and ef4 = m#?, we can write the last equation as
(Blog m)(Kym=2 — 1)(K,m™* — 1) + 4K, (mP? — m~#12) =,
By (2.39) and K, = Km®?, this becomes

P.()  4K(mf-1)

o = KPP — )1 -K)

By (2.37), m# = P, P,/4m, and a lengthy but straightforward computation,
we can show that
2K(mf —1) P (1)

(KmP —1)(1—k) " P.(1)

(we omit the detail here). Hence, po,(4) =0 if and only if ¢ satisfies (2.33),
ie, t=1t*(m) and then A=A*(m). In this case, it is clear that /=1. This
proves (i).

To prove (ii), we note that

Joa(A)>0  for any Ae (0, A*(m)]. (3.17)

Since po(A*(m)) > po (A*(m)) =0, (3.17) follows by (i) and the con-
tinuous dependence of ug,(4) with respect to 4.

Now, by the mini-max principle of eigenvalues (see, e.g., [3]), u, /(4)
can be characterized by

b= sup it 2edl®)

PLn®l-1 (9100 =0 I|<PII§ ’

pieXg T b
where
1/a 2 1/a 2
(0. 9) =] reuryd, loli=|" re*r) dr,
1/a k2
Dusto)= r{on-2ie 0y + 5 020 i,
and

i3],



264 SONG-SUN LIN

the set of continuously differentiable functions on [a, 1/a] which vanish at
r=a and r=1/a. Since, for k, >k, and any @peX,, D, (¢)> Dy, ;(9)
holds, we have p, (1) = py, (4) for k; > k,, Ae(0, A*(m)], and /=1, 2, ....
This proves (ii).

An immediate consequence of Theorem 3.2 is that yu, ,(4)=0 implies
= 1. Therefore, we shall take k as a parameter which varies in (0, c0) and
search for A€ (0, A*(m)) which satisfies p, (1) =0.

Set
"=ﬁ;(tli)’ R(y)z(liKI::y)?’ (318)
and
P(y)=e ¥(y)
and let u, (1) =0. Then (3.10), (3.11) can be transformed into
() +2c¥(3) + R(y) ¥(y)=0, (3.19)
P(—BA)=0=P(pA). (3.20)
Set
X=K,e and &X)=¥(y). (3.21)

Then (3.19), (3.20) are transformed into

1+2¢ 1 :
"X @' — P(X)= Xe(L,R) (322
D+ PN+ g 80=0,  Xe(,B) (2)
"@(L)=0=P(R), (3.23)
where
L=K,e =K and R=K,e?'=Km’. (3.24)
Denote by
X—X.
(/)] = < 325
(=755 (3.25)
where
1
x, —1¥2 (3.26)
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Then it can be checked that &, is a solution of (3.22). By the method of
variation of parameters, i.e., by assuming

D,(X) = C(X) &,(X) (3.27)
is a solution of (3.22), we obtain

C'X)=g(X)(X—X,)7? (3.28)
where

gX)=(1+X)Xx '~% (3.29)
Therefore, the general solution of (3.22) is given by
D(X)=bD,(X) +dD,(X)
and the boundary conditions (3.23) are
b®,(L)+d®,(L)=0, (3.30)
b®d,(R)+ dd,(R)=0. (3.31)

We first prove the following lemma.

LemMmaA 3.3, If (3.30), (3.31) has a non-trivial solution, then

~1
ce (T o) and  X,e(L,R). (3.32)

Proof. If ¢< —1/2, then X,<0. Hence (X—X,)*>X2>0 for X>0.
Therefore C(X) is smooth and C'(X) >0 for X > 0. Since

C(R)>C(L) and &, (R)>d,(L)>0,
we have
D (L) D(R)— P (R) @5(L)=P,(L) D,(R)C(R)—C(L))>0.

This implies that (3.30), (3.31) has no non-trivial solution if ¢ < —1/2.
Next, we shall prove X, e(L, R) if (3.30), (3.31) has a non-trivial
solution.
Since

gX)=(1-201+X)"2"*(X—X,), (3.33)
it is clear that we can define

O = —g X)X~ X) ™+ [ (2= X) 7 (8(2) - oK) de
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for X > 0. Hence, we may write ®@,(X)= C(X) @ ,(X)+ &,(X),
where

X o X
Cx =] (=X)7 (a)-gXo)dz  and ¢*”=%f%

Therefore, we obtain
D, (L) D(R)—Py(R) P(L)
= &,(L) &,(R)(C(R)— C(L)) + ®,(L) B,(R) — D1(R) B,(L)

1
T (LHDR+]) {(R—L) g(X.)+(R—X.)NL—X,)

R
[0 (gt0) - sx) e,

For ce(—1/2,0), (3.33) implies
g =zgX)if X=X, and g <gX)if X<X,.
Therefore, it is easy to see that &,(L) ®,(R)— ®,(R) P,(L)>0 whenever

X.< L or R<X.. Hence, if (3.30), (3.31) has a non-trivial solution then
X.e (L, R). This completes the proof.

To have an explicit expression for @,, it is necessary to integrate C’'(x).
Fortunately, this can be done as follows:
Set

s=—2c and X,=X_ = . (3.34)

Then se (0, 1) and
CX)=(1+X)P(X-X,) X~

C’(X) can be integrated as

s+1 s+1

C(X)=———s X‘+——S 1Xs'l—(1+X)2(X—Xs)“X"‘.
Therefore
X—-X X’
D (X)=—"— @b =_— —1). }
1(X) X1’ and 2(X) SXx(lJrX)(XXs 1). (3.35)
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Knowing these two linearly independent solutions @, and &, of (3.22),
we have

Lemma 34. Problem (3.30), (3.31) has a non-trivial solution if and only
if

(L=X)RX,—1)RF—(R—-X,)(LX,—1)L*=0. (3.36)
Furthermore, (3.36) is equivalent to the system
H(t,s,k)=0, (3.37)
sp(t) =2k, (3.38)
where
H(t, s, k)= (L— X} RX,—1)m* — (R— X,)(LX,~1). (3.39)
The corresponding eigenfunction can be taken as

1

¢(X)=sXS(L+ D(X+1) {

(L—X)(XX,—1) X*— (X — X,(LX,— 1) L*}.
(3.40)
Proof. By (3.35), we have
@(L) P5(R)— D (R) P,(L)

1
TSX(L+D(R+1)

{(L-X,)(RX,— 1) R°— (R— X, )(LX,— 1) L*}.

This gives the first part of our lemma.
Next, by (3.18), (3.24), and (3.34), we have

R\*
—) = sB = 2k.

Therefore, (3.36) is equivalent to (3.37), (3.38). As (3.40) can be obtained
easily, we omit the details here. This completes the proof.

In the following, we try to solve ¢ and s of (3.37), (3.38) in terms of k.
Note that a function is said to be smooth if it belongs to C’ for some /> 1.

LeEMMA 3.5. For any k>0, there exists a unique solution (t(k), s(k), k) of
(3.37), (3.38). Furthermore, t(k) and s(k) are smooth in k and

lim (k)= co. (3.41)

k — oo
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Proof. First, we shall solve s as a function of 7 and k in (3.37). Since
s=(1—-X)/(1+X,), it suffices to solve X, as a function of ¢ and k in
(3.36).

Since

B(t)>2k,  Lm* —R=K(m* —-mb)<0,
the requirement of X, > 0 implies
X, =X1,k)

_(RL+1)(m*~1)+ {(RL+1)* (m*-1)’—4(Rm* - L)(Lm*- R)}'”
- 2(Rm* L)

(3.42)

Next, we shall compute ds/0t or 0X 0t. Since it is rather complicated to
differentiate (3.42) with respect to ¢ directly, we shall compute dH/dt and
J0H/0s instead. It is easy to obtain that

0H N, LX,—1  R—X,
E(z,s,k)—<1—-Xx){R e L_Xs}

and

H R—X, Lx-
9 (s, k) =—— (R— sy 24 |
o boR=ry L){RXS~1+L—X5}

Furthermore, if (z,s,k) is a solution of H(z, 5, k)=0, then L<X,<R
implies LX,; <1 < RX,. Hence, we have

H
%(t, 5, k)<0 and Q—(t, 5, k)>0 (3.43)
ot os

on {(t,s, k): H(t, s, k) =0}. This implies

ds

0H oH
% (t, k)= o (1, s(t, k), k)/a- (t, (1, k), k) >0,

and then

X,(Lk) =2 as(t k)
o (rsp o <O

To prove the first part of the lemma, it suffices to show that for each
k >0, the graph of s(¢, k) intersects the graph of s = 2k/B(¢) exactly once in
the set

(fr, 0)={teR": t>4m and B(r)>2k}.
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Since s(t, k) is strictly increasing in ¢ and 2k/f(¢) is strictly decreasing in ¢,
they intersect at most once in (7, o). It remains to show that they indeed
intersect in (£, o).

By (3.42), it can be checked that lim, _, , , X(t, k)= 1/m* < 1.

There are two cases to be considered;

Casel. i,=4m,ie., B(t)>2k for t>4m.

Case2. [,>4m, ie., there exists a [, >4m such that p(f,)=2k.

In Case 1, since R(4m)=P,(4m)/2m=1, after a straightforward but
lengthy computation, it can be proved X (4m, k)=1, ie., s(4m, k)=0.
Hence, there exists a unique #k)e(4m, o) such that s(z(k), k)=
2k/p(r(k)).

In Case 2, we have

K*m?* 41 _ (1=-K)

Km*+1)" K(m* +1)

1—-X (i, k)=1 (Km? —1),

where K and f are evaluated at 1=1/,.
Since
f— Py(#) _ (fe =2m) + (ig —4mi,)'? -1

Kml == 2m

b

we have X, (7, k)e(0,1); ie, s(fc, k)e(0,1). But 2k/B(7.)=1, which
implies that there exists a unique t(k)e(f,, ) such that s(#(k), k)=
2k/B(t(k)). This proves the first part of lemma.

By (3.43) and the implicit function theorem, t(k) and s(k) are smooth in
k. Since s(k)e(0,1) and lim,_, , B(?)= oo, B(t(k)) = 2k/s(k) > 2k implies
(3.41). This completes the proof.

Combining the results of Lemmas 3.3, 3.4, and 3.5, we obtain the
following theorem:

THEOREM 3.6. For any ke (0, o) there exists a unique A*(k)>0 such
that p, (A*(k))=0. The function A*(-): (0, c0) — (0, A*(m)) is smooth and
has the following properties:

(i) lim,_, o A*(k)=1*(m),
(ii) lim,_ . A*(k)=0.
Proof. Using Lemma 3.5 and letting

A*(k) - t(k)_l { 1 10g P+(t(k))}2

logm 4m

(3.44)
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we see that A*(k) is the unique solution of y, (1) =0. Then (i), (ii) follow
from (3.41) and (3.42).

Summarizing the results of Theorems 3.2 and 3.6, we have the following

theorem:

THEOREM 3.7. The linearized problems

Aw + 22e“ Ny =0, inQ

w=0, on 8,

have a non-trivial solution if and only if A=21*(k), k=0, 1,2, ... Further-
more, for each k = 1, the corresponding eigenspace is spanned by ¢,(r) cos k0
and @, (r) sin k0, where @, (r)=®(X) and P (X) is given in (3.40) with
X = KmPr#,

4. SYMMETRY BREAKING

In this section we shall prove that there are non-radially symmetric solu-
tions which bifurcare from the upper branch u; at every A*(k), k=1, 2, ....
We shall apply a bifurcation theorem of Crandall and Rabinowitz [4].

THEOREM 4.1. Let X, Y be Banach spaces, V' a neighborhood of 0 in X,
A, ¢ in R, and
F(l—gl+e)xV-oY
have the properties

(a) F(4,0)=0 for Ae(A—e¢, 1 +¢),

(b) the partial derivatives F,, F,, F,, exist and are continuous,
(c) N(F,(4,0)) and Y/R(F,1,0)) are one-dimensional,

(d) Fyu(4 0) woé R(F,(1, 0)), where N(F.(1,0))=span{w,}.

If Z is any complement of N(F (4, 0)) in X, then there is a neighborhood U
of (4,0) in Rx X, an interval (—38, 8), and continuous functions

@:(—96,0)—> R, Y:(—-6,8)-Z
such that p(0)=0, y(0)=0, and
F7H0)n U= {(p(a), awo+ap(a)): |a| <6} U {(4,0): (4, 0)e U}.

To apply Theorem 4.1, we need to rewrite (1.1), (1.2) as a nonlinear
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operator equation on an appropriate function space. We shall work on
Holder spaces.

Denote by C§*7(£2) the set of continuously differentiable functions on Q
which vanish on 0Q2 and whose first order derivatives are Holder con-
tinuous in € with exponent y e (0, 1).

C;*7(Q) is a Banach space under the usual norm,

ou
™ (%)

llull; 4, =max |u(x)| + max max
xef2 i=1,2 xef i

+ max max
i=1,2 xys{)

E_(X)_b_(y)

/ x— .

Denote by CL*?(£2) the subspace of Cy*7(R2) consisting of functions
which are even with respect to the x,-coordinate, i..,

CLt (@)= {ue CLH(Q): u(—xy, x,) =u(xy, x5)}.
Then (1.1), (1.2) is equivalent to

F(A, u)=0, 4.1)
where

F(4, u): (0, A*(m)) x C3+7(2) - C3*(Q)

is defined by
FA, u)=u+u,+2AGf(u+u,) (4.2)

with
G=(4)" and  flu)=e" (4.3)
It is easy to check that the linearized operator
F (4, 0): Co™ (@) > C(Q)

is given by
F (2, 0) w=w+21G(e*w) 4.4)

and the mixed derivative
F(4,0): R x Cg*7(Q) » Cy* ()

is given by

0
F,(4L,0)yw=G {;ﬁ (24e*4) w}. (4.5)
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By Theorem 3.7, the kernel of F,(4, 0) is non-trivial if and only if A = A*(k),
and for any k> 1,

Ker F (1*(k), 0) = span{ @ (r) cos kB, ¢,(r) sin k0 }.
However, if we restrict (1.1), (1.2) on Ct*7(2) then for any k> 1,
Ker F (A*(k),0)n C17(Q)

_ [span{g,(r)cos k0} if k is even
"~ span{g(r)sink8)}  ifkisodd.

This is obtained from the following elementary facts:

LemMma 4.2. Let x;=rcos 0 and x,=rsin 0. Then, cos k8 is even (odd)
in x, if k is even (odd), and sin k0 is odd (even) in x, if k is even (odd).

Therefore, with this setting the conditions (a), (b), (c) of Theorem 4.1
are satisfied and (d) is

1/a a
[ roi(r) 5 (30} | oy dr £ (4.6)

We shall prove
Lemma 4.3. For k>0, we have

dA*(k)
dk

()

<0,

4.7)
. Va 2 _a_ A wlr)y | d 0
(1) "‘Pk(’)al{ e iny dr <O.

Proof. To verify (4.6) directly is rather difficult even we have explicit
expressions for #; and ¢,. We shall verify it in the following way.

For A€ (0, A*(m)) and k€ (0, c0), let u(4, k) and ¢(4, k) be the principal
eigenvalue and principal eigenfunction of linearized eigenvalue problem

{ _ k? 1
o)+ 00+ (205 ) o) = —uo(r), re(ay)

where ¢(4, k) is normalized by [Y* re?(r, 4, k) dr=1.

It is not difficult to verify that both u(4, k) and ¢(4, k) are smooth in
(4, k).

Denote by WA(r, 4, k)= (8¢/0A)(r, A, k) and V(r, 4, k)= (8e/dk)(r, 4, k).
Then W and V satisfy
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" 1 ' (r) k2
w (r)+; Wi (r)+| 24e*" - Wi(r)

= —u(h, k) W(r)— {‘;’; al(z,wﬂ('))} o(r), re(a,l>,

1
Wia, A, k)=0= W(E’ A k),
and
1 ) k?
V"(r) +; Vi(r)+| 24 — = | V(r)
r

) k 1
= v -{Z-Zlom,  re(a)

|
V(a, , k)=0=V<Z,/I, k>,

respectively. Therefore, we have

1/a
I ro*(r, 4, k){i)/l % — (24e ““’))}

1/a
[ rorr 2,00 {a" %’25} dr =0,

a

ie.,
g—’;(z, k)= —L”a ro?(r, A, k)% (2240} dr (4.8)
and
% 4 k)_zkj “L ot 0 k) dr>0 (4.9)
ok r P ’ )

Since p(A*(k), k) =0, using Theorem 3.6, we have

di* (k) 6;1
dk

Ok 1% .
= (4*(k), k) = (A*(R), k) =0.

Therefore, (4.9) implies di*(k)/dk #0. Moreover, using Theorem 3.6, we
have dA*(k)/dk <0. Hence

OU .y
51(,1 (k), k)>0. (4.10)

Therefore (4.7) follows by (4.8) and (4.10). This completes the proof.
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Using Theorem 4.1, Lemmas 4.2 and 4.3, we obtain the following
theorem:

THEOREM 4.4. The upper branch u; of radially symmetric solutions of
(1.1), (1.2) has a non-radially symmetric bifurcation at each 2*(k),
k=1,2, ... Furthermore, in a neighborhood of (A*(k), u;s,), the dimension
of the set of bifurcating asymmetric solutions is two.

Remark 4.5. By using the global bifurcation theorem of Rabinowitz
[11], we can obtain the following global results:

Denote by S the solution set of (1.1), (1.2) and R the set of radial
symmetric solutions of (1.1), (1.2). Let C be the closure of
{(0, 4*(m)) x CL+¥(2)} n (S\R). Then, for any k > 1, the connected com-
ponent C, of CU {(A*(k), u;e)} to which (A*(k), u;..,) belongs is either
unbounded or meets (A*(/), u,+,) for some positive integer /# k.

5. ANNULI AND Disk

In this section we shall prove that if the outer boundaries of annuli are
fixed and the inner boundaries tend to zero, i.e., the annuli tend to the disk,
then the radially symmetric solutions of (1.1), (1.2) will tend to the (radial)
solutions of (1.1), (.2) on the disk.

We shall rewrite the equations (1.1), (1.2) on the disks as

1
u'(s)+=u/(s5) +28¢ =0, se(0,1), (5.1)

W(0)=0=u(1). (5.2)

The critical number 6* of (5.1), (5.2) is 6*=1 and it is known (see, e.g.,
[1,7]) that for any é € (0, 6*), the maximal solution us(s) and minimal
solution u4(s) are given by

~

4 vy 4 7
u,;(s)=log5-(1—+ys2—)2 and ya(s)=log5m,
where
2 2
y=(3—1)+5~/1 ] and ~=(§—1)—§./1—5
Set

A
s=ar, 5=?=/1m, and u(s) =u(r). (5.3)
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Then (2.1), (2.2) are transformed into

1
u”(s)+;u’(s) +26e*9=0, se(a’ 1), (54)

u(a®)=0=u(1). (5.5)
The critical number 6*(a) of (5.4), (5.5) is
0*(a)=A*(m)m, (5.6)

where A*(m) is given in (2.35).

For simplicity, we shall only treat the upper branch u,; of (5.4), (5.5);
the lower branch u, ; can also be treated analogously.

Using (2.36) and (5.3), we write

t KmPs?
Uas(5) = tg,(s) =log 0+ KPPy s (5.7)
where K and $=f§, are given in (2.37), (2.39), respectively.

For any € (0, 1] and ae (0, 1), the solution u; of (5.1), (5.2) is a super-
solution of (5.4), (5.5). Since 0 is a subsolution of (5.4), (5.5), by using the
monotone iteration (starting from 0) (see, e.g., [9]), we have a positive
solution for (5.4) (5.5). Hence,

5*(a)> 6% =1. (5.8)

In the remaining part of the section, we shall adapt the following

notation:
. 8lm)
g(m)~ h(m) or g~h if ,,,h_r.noo nom) 1.

We first prove

LemMMa 5.1. lim,_ o+« 6%(a)=1.

Proof. Since §*(a) = A*(m) m, it suffices to show that

im A*(m)m=1. (5.9)

m— oo
We need the asymptotic expansion of t*(m) as m — oo, where t*(m)
satisfies

Pu) ) Pu()

2 =
‘P.0) am

(2.33)

For simplicity, we shall abbreviate *(m) =1t for any m> 1.
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Denote by 1 =1(m)=t—4m > 0.
We shall prove

4m

Since »
P,(t)y=(2m+ 1)+ (t1)"?, P,_(t)=(mt—2)+mz<1——4~) ,

mt
Py _ P _ 4\
X A X l(“mt) :

we have

log ———= +() log{% [(2m+r)+(t‘c)1/2]}

P (1) \ "2
2tm~2{<;> +1}

Therefore, (2.33) implies

and

2{<£>l/z+l}~log {é [(2m+‘c)+(tr)1/2]}. (5.11)

Hence 1/t ~0, ie., lim,, _, ., (t(m)/m)=0.
Furthermore, using (5.11) we obtain

t 1/2
2 (;) ~ log mt ~log 4m* ~ 2 log m.

This proves (5.10).
Now, using (2.35) and (5.10), we have

_ 1 P (N? 1 (logmn?
*my=mt—' {—— - ~= ~1.
mA*(m)=m {logmlog 4dm } 4{logm

This completes the proof.
By (2.21) and (5.3), 6 € (0, 1) satisfies

2
5=?{ L mgﬁﬂﬂ}. (5.12)

logm 4m
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Using (2.34), in (2.21), we can obtain ¢ = t(m, 1) which is a function of
(m, 2)e (1, o) x (0, A*(m)) with t(m, A)> t*(m). Hence (5.3) implies that
t=1t(m, J), being a function of (m, d)e (1, 0)x (0, 1), satisfies ¢(m, 6) >
t*(m). It is clear that #(m, &) satisfies (5.12), for (m, d)e (1, 0} x (0, 1). By
(2.18),

B2(m, )= A(m, &) t(m, 8). (5.13)

Then, using an argument as in proving Lemma 5.1, we can prove

LEMMA 5.2. For any 6€(0, 1), we have

m— oo m 5
and
lim B(m, §)=2. (5.15)

Proof. The proof can be made as rigorous as the proof of Lemma 5.1;
here we only sketch it. First, we find the asymptotic expansion of (4, m)
as m — o0. Assuming #(d, m) ~ nm for n> 0, we obtain

mi{ 1 PN 1 1 2 4
d=— 1 - ~= b ~—,
t {logm 8 4m } n{logmlogm } n

Then, using an argument as in proving Lemma 5.1, we can prove (5.14).
Finally, (5.3), (5.13), and (5.14) imply (5.15). This completes the proof.

Now, we are ready to prove the main result of this section.

THEOREM 5.3. For any 6€(0, 1], let S, ; be the point in (a° 1) where
u, s attains its maximum. Then

lim S,;=0. (5.16)

a—>0*t

Furthermore, u, s(s) converges uniformly to us(s) on [S,;,1]; ie., for any
e>0 there exists a,=a(e,6)>0 such that |u,s(s)—us(s) <e for
s€[S,5,11 and ac (0, a,).

Proof. 1In (5.7), we first prove
lim K(t) mF) =+, (5.17)

m - oC

505/80/2-6
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Using (2.42) and Lemma 5.2, we obtain Km?=2m*/P,~m’ *(5/4).
Now,

P.(1)

m? 2 =exp{(f— 2)10gm}_exp{log = P,(1)

3 -

—2log m} =

Using Lemma 5.2 again, we have

1(/4 4 4
B-2 )1 I_ —(1 —5)12y
m 2{((5 2>+5(1 5) }5.

This proves (5.17).

Next, we shall prove (5.16). Let r,s=a"'S,, and x, s=1logr, ;. Then
Uy 5(ras) =MaX, 41707 U 5(r). Therefore, using (2.3), we have v'(x)—-2=
u'(r). Hence v, s(x, ;) —2=u, 5(r,5)=0. On the other hand, it is easy to
check that v'(x) = B((1 — X)/(1 + X)), where X = K, e?* = KmPs®. Therefore,
X=(p-2)/(B+2)at x=x,;, ie,

p-2
B = =
Km S‘9 B12 (5.18)

Using (5.15), (5.17), and (5.18), we obtain (5.16).
Finally, (5.18) implies

SE2={(B+2) KmP} P-DF (f—2) B2,

Using (5.15) and (5.17) again, we obtain lim,, , ., $#3?=1. Hence

4
57 =us(0).

lim u, 5(S,;)=log
a0t ’ d

Since #>2 and for any se [S,;, 1], we have S£52<s# " 2< 1. Then

lim s#-2=1 uniformly on [S,,, 1] (5.19)

m— oo
Now,

t 6kmf (1+7s%)?
_ = =z -2
U, 5(5)—us(s) =log m 4 7 § (1 + KmPsP—352)%

Therefore, (5.14), (5.17), and (5.19) imply that u, ;(s) converges to us(s)
uniformly on [S,;, 1] as a— 0*. This completes the proof.
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