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摘要 

 

目的:到目前為止用群體藥物動力學與藥效學模型控制靜脈麻醉的深度，只能使用 TCI

程控幫浦。不過在麻醉工作中仍常需以手工給藥或用傳統幫浦以 rate control 

infusion 的方法注射藥劑，因此我們嘗試以藥物動力模型開發手控靜脈注射的 TCMII 

guider 以協助這方面的工作。由於手控給藥需要考慮長時間的藥物累積效應，需要設

計比 TCI 更加有效率的演算法。為了協助人員在手工給藥或設定幫浦流速之前，判斷給

藥對作用部位濃度(Ce)的影響，此系統首先要能夠快速計算 Ce 的走勢，以協助人員判

斷與選擇。此外為了降低人員的工作負荷，此系統要能夠即時計算出最佳的注射劑量(OD)

與最佳輸注速率(OR)將 Ce 維持於目標區(Cet range)之內。 

研究內容與方法:基於 Schnider的 propofol群體藥物動力學模型與藥效學模型，在 Java	 

ME平台上實作此系統。推算 Ce 走勢的方法有三，解析法線性搜尋(ALS)、數值法線性

搜尋(NLS)以及實根分離法(RRI)，以 t-test 比較三者所需時間以求其最快者並得知能推

算的 Ce 走勢有多長久。尋找 OD 與 OR 的方法有二，線性搜尋法與二分搜尋法，也以 t-test

比較二者所需的時間，以求其最快者。再以各種大小的 Cet range 與劑量及流速單元量

模擬兩小時以上的 target control，以了解使用 TCMII 時所需的人員工作量以初步評估

此系統的可行性。 

結果:時間範圍愈大，計算 Ce 走勢所需的時間愈久。當預測的時間範圍長達 3小時以

上時，RRI仍能在 0.2秒內推算 Ce 走勢，而 ALS與 NLS則否。二分搜尋法能在 1秒內

找出 OD 與 OR，線性搜尋法則僅能找出 OD。如欲將 propofol的 Ce 控制在目標的 90-110%

範圍內，只要每 2分鐘左右給予一次最佳注射劑量即可。對於同範圍，使用定速幫浦注

射，則在穩態之前僅需調整流速為最佳輸注速率 3次即可。 

結論:TCMII 能即時提供 Ce 走勢以及 OD 與 OR，以協助麻醉醫師以最少的人員工作量將

Ce 控制於 Cet range 中。它是目前唯一能將藥物動力模型應用於手控處置靜脈注射以施

行 target control 的方法。
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ABSTRACT 

Objective: Population pharmacokinetic/pharmacodynamic (PopPK/PD) models based intra- venous 

anesthesia need a program-controlled infusion pump so far. But bolus injection or traditional rate 

control infusion pump is still applied on anesthesia work and that is why a target- controlled manual 

injection/infusion (TCMII) guider is needed and was developed in this study. Since manual 

administration has a long term drug accumulation effect, TCMII need a more efficient algorithm to 

handle effect site concentration (Ce) trend. A user has to read Ce trend before deciding an injection 

dose and an infusion rate, so this guider has to plot Ce trend timely. Moreover, in order to minimize 

the human workload, the guider must calculate an optimal injection dose (OD) and an optimal infusion 

rate (OR) every second to help the user to keep Ce in Cet range. 

Materials and Methods: Based on Schnider's PopPK/PD models of propofol, a TCMII guider was 

implemented on Java ME platform. T-tests was applied to compare the speed to plot Ce trend by 

analytical linear search (ALS), numerical linear search (NLS) and real root isolation (RRI) methods to 

find the most efficient one and how long the Ce trend can be. The times needed to find out ODs and 

ORs by linear search (LS) and bisection method (BM) were compared with t-tests to find out which 

one is faster. The frequencies of using ODs and ORs to keep Ce in Cet ranges for two or more hours 

were simulated in order to evaluate the workload of manual target control and the feasibility of this 

guider. 

Results: To plot Ce trend on a larger time domain took more time. If time domain size was more than 

3 hours, RRI can plot Ce trend in 0.2 second but ALS and NLS can not. OD can be searched by BM 

and by LS in 1 second. But OR can be searched in 1 second only by BM. To keep Ce in the range of 

90-110% Cet needed to inject an OD every 2 minutes. To keep Ce in the same range for more than 2 

hours needed to set the infusion rate as OR for 3 times. 

Conclusion: TCMII can offer users with Ce trend and OD and OR on demain. It helps to keep Ce in a 

Cet range with minimal and reasonable workload. As we know, it is the only method to apply PK and 

PD models on target-controlled manual intravenous administrations. 
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Chapter 1: Introduction 

1.1. Motivation 

In addition to total intravenous general anesthesia [1], intravenous drugs are used in 

induction of inhalational general anesthesia, muscle relaxation in general anesthesia, sedation 

and analgesia for invasive procedures like gastroscopy and colonoscopy and post-operative 

pain management. Intravenous route is the most frequently used route in anesthesia drug 

administration. 

An ideal intravenous anesthetic drug effect should onset quickly, be maintained steadily 

and recover predictablely [2]. The ultimate goal of a particular dose of drug is to obtain the 

desired clinical effect, taking into account the interindividual pharmacokinetic and 

pharmacodynamic variability. Recent findings suggest that effect compartment-controlled 

target-controlled infusion systems and measurement of clinical drug effects might be helpful 

to optimize the administration of intravenous anesthetics and opioids [3]. 

Currently, computer controlled infusion method such as the target-controlled infusion 

(TCI) is the only way to apply pharmacokinetic models on clinical practice. To control drug 

effect with TCI is far easier than with manual injection or infusion because the relationship 

between effect site concentration and drug response does not change over time or change with 

dosing history [4]. 

But TCI is not approved by FDA so far and is not clinically available in North America 

[5]. It depends on special and expensive pumps. And even the mostly used drug, propofol [6], 

in TCI is still manually used worldwide. There is no technology to apply pharmacokinetic 

models on manual intravenous injection or infusion before this research. 

A pharmacokinetic modeling guider for manual intravenous administrations on a 

handheld device will enable anesthetists to apply the power of pharmacokinetic models on 

demand anywhere and anytime. 

 

1.2. Problem discription 

Portability is essential to a target-controlled manual injection and infusion (TCMII) 

guider because manual administration might be executed anytime and everywhere. We try to 

develop a TCMII guider on a Java ME platform that is supported by most of the handheld 

devices. The calculation speed of a handheld device is limited so the efficiency of algorithms 
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to calculate the effect site concentration (Ce) trend or to find proper infusion rates and 

injection doses is important. 

In TCI system, the user controls the Ce target (Cet) and the machine keep Ce value very 

close to Cet by frequently adjust the infusion rate. A human user can not do manual 

administrations as frequently as TCI system. In TCMII guider, since Ce is time-variant with 

manual control, the user controls a Cet range in addition to Cet. This range is bounded by a 

lower bound (LB) and an upper bound (UB) with Cet in the middle. Cet percentage range is 

defined as %)100%(100 ⋅
−

=⋅
−

Cet
LBCet

Cet
CetUB .  

TCMII guider is designed for two purposes. Firstly, when a user controls injection and 

infusion, the guider offers the related Ce trend. The user input intended injection doses or 

infusion rates into the guider and read the output Ce trend to decide whether to accept it or not. 

Secondly, when a user controls the Cet range, the guider proivides optimal injection doses and 

infusion rates to help to keep Ce in Cet range and reminds the user timely. Here, the word 

“optimal” means to let the user do manual administrations least frequently. 

Ce trend must be replied in 0.2 second, as we specified, because a user might click a 

button up to 5 times to request the guider to forecast Ce trend in a second. The first question is 

that is there any algorithm efficient enough and faster than others? 

Ce trend following a serial of manual drug administration is a multi-exponential function 

[appendix 1-11]. There are two straightforward algorithms to calculate Ce values and plot Ce 

trend. They are analytical and numerical linear search methods. 

Analytical linear search (ALS) method [appendix 17] calculates Ce values analytically. 

The most time-consuming process that is to get the values of exponential functions limits the 

efficiency. So a more efficient algorithm, numerical linear search method, is introduced. 

Numerical linear search (NLS) method [appendix 18] calculates Ce values numerially 

with Euler’s differential equation. Free from exponential function calculation, it is quicker 

then ALS, but has potential problems like accumulated rounding error and oscillation [7]. 

If the number of sampling points of Ce trend is denoted as nsp then it is the product of the 

sampling frequency multiplied by the size of Ce trend time domain. With a fix sampling 

frequency, the greater nsp is, to plot whole Ce trend needs the more time. 

The Ce trend time domain of propofol TCI is less than 2 minutes and both linear search 
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algorithms can calculate Ce trend efficiently[7]. But they may not be efficient enough for 

larger time domain of TCMII guider. A recently developed theoretically more efficient 

method, real root isolation (RRI) technique, is applied on real-time PK system 

unprecedentedly. 

Real root isolation method, developed to find real roots of multi-exponential polynomial 

functions by pseudo-deravative sequence [8], is refined to calculate extrema of Ce trend 

which are multi-exponential functions (MEF) [appendix 12-13]. This method transforms a 

problem of finding real roots of a higher degree MEF into the problem of finding real roots of 

its pseudo-deravative function that is a lower degree MEF [appendix 12]. Repeat this process 

until the problem is transformed into finding the real root of a single exponential function and 

solve it deterministically. This method extracts the information of extrema of Ce trend but Ce 

values between extrema are ignored. 

The time needed for ALS and NLS to resolve the roots of MEF is O(nsp) and for RRI is 

O(lg nsp). But the algorithm of RRI is much more complex than ALS and NLS, so it is 

necessary to find out that which one is the most efficient algorithm by simulations. 

Other than to forecast Ce trend for user’s administrations, TCMII guider should offer 

optimal infusion rates or injection doses and to maintain Ce. The first strategy to maintain Ce 

is to inject some drug whenever the whole following Ce trend is going to be under the lower 

bound of Cet range. The guider offers optimal injection doses to keep Ce in its target range. 

An optimal injection dose is defined as the maximal injection dose that can elevate Ce into 

Cet range without overshooting the upper bound. In figure 1, the Ce trend that follows adding 

22mg propofol when Ce is descending below its lower bound at time 00:02:47 is an example 

of optimal injection dose effect. Optimal injection dose is the best choice of bolus dosage to 

drive Ce into Cet range quickest and stay in the range longest. 

The second strategy is to maintain Ce with an infusion pump. Inject an optimal dose to 

elevate Ce into the Cet range when the whole Ce trend is under the range; stop any infusion 

when the whole trend is beyand the range. When Ce is in the range, constant rate infusion 

keeps it in the range much longer than repeated injections. An optimal infusion rate is defined 

as the minimal rate to keep Ce from below the Cet range. Demonstrated in figure 2, a user can 

keep Ce in the range by repeated setting infusion rate optimally when Ce is close to the upper 

bound. To Use optimal injection doses and optimal infusion rates can reduce the frequency of 

manual administration and can reduce the clincal workload. 
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The sampling frequency selected for TCMII is 1 Hz like the one selected for TCI [2]. For 

this reason, the guider should refresh Ce value and Ce trend per second. As the values of 

optimal injection dose and optimal infusion rate change unceasingly, the guider must present 

new values every second. Two questions need to be answered. Is it possible to search for an 

optimal injection dose and an optimal infusion rate in one second?  

There are two candidate algorithms to search optiaml injection dose and optimal infusion 

rate, linear search and bisection method search. The former is based on the definitions of 

optimal injection dose and optimal infusion rate. The latter is based on the correlation 

between injection dose and the maximum of Ce trend (TMax) [appendix 14] and the 

correlation between the infusion rate and the minimum of Ce trend (TMin) [appendix 15]. 

If optimal injection doses and infusion rates can be found timely, two more questions 

arise. Is the workload of both strategies feasible for human staff? We temporarily assume that 

if the frequency of injecting optimal doses to keep Ce in Cet range is less than once per two 

minutes then the first strategy is reported as feasible. And if the frequencies of setting infusion 

pump at optimal rates to keep Ce in Cet range is less than once every 10 minutes then the 

strategy is reported feasible. These assumptions need further clinical evaluations but they are 

beyond the scope of this thesis. 

 
Figure 1. An example of optimal injection dose. The lower bound of Cet range is 2.7mcg/mL. When Ce 
is getting lower than the lower bound of Cet range, an injection dose is needed. The higher the injection 
dose is, the higher the following peak value of Ce is. An optimal dose is the dose that produces the highest 
peak value without overshoot the upper bound of Cet range (3.3 mcg/mL in this case). Repeatedly inject 
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optimal dose can keep Ce in Cet range with least workload. 

 
Figure 2. An example of optimal infusion rate. An initial loading injection dose was given at the time 
00:00:00 and produced a Ce peak value near the upper bound of Cet range (3.3 mcg/mL). Three infusion 
rates (50, 52.4, 55 mL/hr) began at the time of Ce peak and the related 3 sets of Ce trend were plotted. The 
Ce trend of the optimal rate (52.4 mL/hr) concaves above the lower bound of Ce target range (2.7mcg/mL) 
and was kept in the range longer than other rates. When Ce is going to rise beyond the upper bound, a new 
optimal infusion rate shall be setted. To use optimal rates repeatedly keeps Ce in Cet range and costs the 
least workload. 
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Chapter 2: Literature review 

Drug concentration control is crucial in routine patient care when there is significant 

consequence associated with therapeutic failure or toxicity, wide interpatient pharacokinetic 

variability, narrow therapeutic range, and the demonstrated utility of drug concentration 

monitoring as an intermediate end point to guide therapeutic decisions. However, it is not yet 

consistently available in all clinical settings in which there is a need [9]. 

Constant rate infusion pumps were designed to administer a wide range of infusion rates 

as well as a bolus dose. However, it is difficult to maintain optimal anesthetic conditions to 

titrate a drug according to the changing needs of the patient [10]. One of the resolutions is to 

apply pharmacokinetic model on open-loop or close-loop control of regimen. 

 

2.1. Pharmacokinetics 

Pharmacokinetics studies on the way the body deals with absorption, distribution, 

metabolism, and excretion of drugs under investigation expressed in mathematical terms [11]. 

Applied pharmacokinetics is a challenging clinical discipline with a strong theoretical 

framework for impoving patient outcomes by controlling for variability in drug disposition 

among individuals [10]. 

Pharmacokinetic analysis is performed by noncompartmental (model independent) or 

compartmental methods. Compartmental pharmacokinetic analysis uses pharmacokinetic 

models to describe and predict the concentration-time curve. The main advantage of 

compartmental methods over noncompartmental methods is the ability to predict the 

concentration [11]. 

Multicompartment modeling requires the adoption of several assumptions, such that 

systems in physical existence can be modeled mathematically: 

1. Instant homogeneous distribution of materials within a compartment; 

2. The exchange rate of materials among the compartments is propotional to the densities of 

these compartments. Such as the transfer rate from compartment i to compartment j is kijAi, 

while Ai is the mass of drug in compartment i and kij is a rate constant; 

3. Usually, it is desirable that the materials do not undergo chemical reactions while 

transmitting among the compartments [12]. 
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In practice the number of compartment is usually limited up to 3, since biological and 

assay variability do not permit estimation of additional coefficents and exponents from the 

observed data [2]. The polyexponential disposition function can be mathematically 

transformed into a multicompartment mammillary model with drug administration into a 

central compartment and transfer by first-order processes into peripheral compartments 

[appendix 1]. 

Once a pharmacokinetic model is selected, it is useful to establish the functional 

relationships between pharmacokinetic properties and patient charateristics [9]. That is the 

utility of population pharmacokinetic models. 

 

2.2. Population pharmacokinetics 

Population pharmacokinetics is the study of the sources and correlates of variability in 

drug concentrations among individuals who are the target patient population receiving 

clinically relevant doses of a drug of interest. The population model defines at least two levels 

of hierarchy, i.e. the variance of individual pharmacokinetic observations and the probability 

and distribution of these individual parameters modeled as a function of individual-specific 

covariates [13]. The pharmacokinetic models and parameters that are being used can be 

derived from previously performed population pharmacokinetic studies [10, 14]. 

Nonlinear mixed-effect modeling is a commonly used population-based modeling 

approach. It can estimate intraindividual and interindividual variability. It can limit the 

influence of outlying samples and individuals through the use of Bayesian statistical analysis, 

and can provide a potential means of optimizing drug delivery regimens, especially defining 

pharmacokinetic-dynamic models for target-controlled infusion systems [15]. 

 

2.3. Computer-controlled infusion based on the PK model derived from PopPK 

In 1968, Kruger-Thiemer first proposed a two-compartment model to achieve and 

maintain the steady state of blood drug concentration [10, 16]. The results demonstrated that a 

loading dose was necessary to fill up the initial volume of distribution in order to achieve 

steady state. In 1981, Schwilden proposed a method to maintain a constant drug concentration 

of central compartment (c1) in a three-compartment model [2]. Give a loading bolus injection 

dose(=c1·V1) to achieve that concentration instantaneously and give a time varing infusion 



 

 8 

rate to keep c1 constant (figure 3). 

Software for systems such as Stanpump (Stanford), Stelpump (Stellenbosch) and 

Rugloop have been made available since 1990. Initially, the different groups used different 

terminologies to describe their systems such as CATIA, TIAC, CACI and CCIP. Finally, 

target controlled infusion (TCI) was the term used to globally describe all these systems [10]. 

Schnider’s population pharmacokinetic model of propofol is one of the most popular 

clinical applied models on target controlled infusion systems. The derived pharmacokinetic 

models are three-compartment mammillary models with one central compartment 

(compartment 1) and two peripheral compartments (compartment 2 and 3). The pharmaco- 

kinetic parameters including the distribution volumes of compartments (V1, V2 and V3), the 

metabolic clearance (CL1), the clearances between central and two peripheral compartments 

(CL2 and CL3) are expressed as functions of age, weight, height and lean body mass [17]. In 

appendix 1 to appendix 6, the drug concentration of central compartment is derived from 

these parameters. 

 

Figure 3. Schwilden’s method to maintain a constant drug concentration of compartment 1 in a 
three-compartment model 
1. ci: drug concentration of compartment i 
2. Vi: distribution volume of compartment i 
3. kij: The drug mass moves from compartment i to j at the rate of kijciVi, for i=1 to 3. 
4. k10: The drug mass is eliminated from compartment 1 at the rate of k10c1V1. 
5. Loading bolus injection dose is c1V1 and is given at the begining. Let t be time and c1 is kept 

constant by an infusion rate function, I(t).  

6. The drug accumulation rate of compartment 2 is 
( )

22211112
22 VckVck

dt

Vcd
−= . Since c1 is kept 

constant and the initial value of c2 is 0, the drug accumulation rate of compartment 2 is
tkekVc 21

1211
−⋅ . For the same reason the drug accumulation rate of compartment 3 is 

tkekVc 31
1311

−⋅ .  

7. The infusion rate function to keep c1 constant is ( ) ( )tktk ekekkVctI 3121
13121011

−− ++= . 
 

 

c1×V1 

Compartment 1 

c3×V3 

compartment 2 
c2×V2 

compartment 3 

k21 k12 k13 k31 

k10 loading bolus injection  
and following infusion elimination 
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2.4. PK-PD model with an effect compartment 

Physically the central compartment (compartment 1) represents blood plasm, and the 

drug concentration in compartment 1 (c1) represent the drug concentration of blood plasma 

(Cp=c1). It should be noted that c1 do not necessarily reflect drug concentration (or amount) at 

the site of drug effect at all times after administration [9]. Maintenance of a steady blood 

plasma drug concentration is not rational when the clinical goal is to rapidly achieve and 

maintain a steady level of drug effect that is supposed to be related to the drug concentration 

of effect site (Ce) [2]. However the absolute concentration in the effect site cannot be known, 

because it is the concentration in the immediate milieu of the receptor that cannot be sampled 

in the intact animal [2]. 

As independently proposed by Hull et al. [18] and Sheiner et al. [19], the site of drug 

effect can often be modeled as compartment 4, the "effect site" or effect compartment, whose 

volume is V4, and the drug concentration in it is c4. The compartment 4 is connected to the 

compartment 1 by a first-order transfer process, as the other peripheral comparmtments. 

Shafer et al. proposed a more symmetric four-compartment model and define the micro-rate 

constants of drug transfer rate between compartment 1 and compartment 4 are k14 and k41 

[appendix 7]. The compartment 4 is defined very small to have negligible influence on drug 

accumulation of compartment 1 to 3 [2]. The pharmacokinetic parameters between 

compartment 1, 2 and 3 and metabolic clearance are the same with the related 

three-compartment model and the drug disposition functions of compartment 1, 2 and 3 are 

the same to the related three-compartment model, too. 

Since the effect of drug is related to the drug concentration of effect compartment 

(Ce=c4), these models with effect compartment link pharmacokinetic and pharmacodynamic 

informations. 

Ignoring the arterio-venous circulation and mixing times, administration of a bolus 

produces an immediate peak in Cp and a subsequent peak in Ce. Because the system is linear, 

when no drug is initially present in the body, the height of the peak Ce is proportional to the 

administered dose, and the peak occurs at the same time, regardless of the dose of the bolus 

injection (figure 4). 

The value of mearsured tpeak, defined as the time from inject drug when no drug is 

present in the body to peak Ce, is decided by k14 in a four-compartment model. In 

STANPUMP, a computer controlled infusion system developed by Shafer et al., they 

reversely use tpeak to infer the value of k14. With a very small V4 and the inferred k14, Ce is 
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derivable and controllable at all times. Targeting on Cp makes an implicit assumption that the 

equilibration between the blood plasma and the effect site is instantaneous (k14=∞) but that’s 

scarcely true. Even a poor estimate of k14 may well be closer to providing the desired 

therapeutic effect than the assumption of instantaneous equilibration between the blood 

plasma and the effect site [2].  

 The use of a target controlled infusion device, delivering proportional changes based on 

pharmacokinetic principles, allows titration of the concentration against clinical effect in 

individual patients. The titration is based on the concentration–response relationship instead 

of the dose-response or infusion rate-response relationship [20]. 

 

 
Figure 4. The tpeak is independent of initial bolus dose. When 
no drug is present in the body, the peak effect site concentration 
following a bolus of drug is proportional to the dose, while the 
time to peak effect site concentration (tpeak) is independent of 
dose [2]. 

 
 

2.5. Computer-controlled infusion based on PK-PD model 

TCI system, affording the control technology of derived Ce has been developed as a 

standardised infusion system for the administration of opioids, propofol and other anesthetics 

by target controlled infusion. The technique of TCI strongly influences the development of 

intravenous anesthesia and opens a scenario of new and exciting applications in peri-operative 

anesthetic management [21]. 



 

 11 

Intermittent injections can result in continuous, rapid fluctuations in concentration. The 

adventages of computer-controlled infusion over intermittent injections are 1) a lower 

incidence of responsiveness, 2) greater hemodynamic stability, 3) no patients requiring 

antidote postoperatively, and 4) an incidence of side effects that tended to be lower [22]. 

The algorithm proposed by Shafer et al. [2] to control the Ce by controlling infusion rate 

has to adjust infusion rate frequently. The algorithm is summerized to the following steps: 

1. Calculate a Ce value sequence A, (sampling at 1Hz from 0 to 10+tpeak sec) of a 10-second 

infusion (rate = 1 unit/sec, begin from 0 and stop at 10 sec) administered to a PK model 

without any previously given drug. 

2. Every 10 seconds, the TCI system sets infusion rate to a new constant rate and runs for 10 

seconds (rate = r unit, from tc to td, td =tc + 10 sec). The system must calculate the rate of 

next 10-second infusion before time tc. Calculate a Ce value sequence B, (sampling at 1Hz 

from tc to td+tpeak sec) resulting from all of the infusions before tc. 

3. Multiply each element of sequence A by some infusion rate (such as r unit), and add to 

related element of seqence B to form a new sequence and find out the maximum from it.  

4. Try all candidate r and search for the infusion rate that produce a maximal Ce that is most 

close to but not greater than Cet. This found rate is the next infusion rate from tc to td 

5. Repeat step 2 to 4 until end of the infusion. 

This algorithm stands on the fact found by Shafer that if there is already drug in the body, 

the time from a bolus to the following Ce maxmum is always less than tpeak. Since any input 

can be reduced to an infinite series of infinitesimal boluses, it means that the time from end of 

a brief infusion to the following Ce maximum is always less than tpeak , so the Ce maximum 

can be found between tc and td+tpeak [2]. Since tpeak is around several minutes the size of 

sequences are limited to hundreds and the algorithm can find the next infusion rate within 10 

seconds, in other words, find proper infusion rates timely. 

The algorithm of TCI is effective but can not be applied on manual infusion or on bolus 

guide because TCI demands frequent adjustment of infusion rate that can not be executed 

manually. Secondly, the interval of constant rate infusion is uncertain and expected to be as 

long as possible, maybe several minutes,hours or days in manual control, so the sequence A 

and B are too long to be handled in real time. 
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2.6. Close-loop system 

TCI system provides model-based open-loop control for drug delivery and maybe 

inaccurate in drug administration because of model mismatch between the population model 

and an individual patient’s behaviour. The model discrepancy can be overcome by the use of 

closed-loop control techniques if there is a reliable feedback signal [23]. In closed-loop 

systems for drug delivery, the effect of a drug is measured and used to adjust drug 

administration to achieve actual therapeutic states rather than target drug concentrations [24]. 

In principle, the use of feedback in closed-loop systems may offset the sources of variability 

in the processes between drug delivery and drug response, of which the most obvious is the 

inaccuracy of population pharmacokinetic models as applied to individuals in open-loop TCI 

systems [25]. 

Although closed-loop systems are virtually ubiquitous, they are infrequently used in 

anesthesiology because of the complexity of physiologic systems and the difficulty in 

obtaining reliable and valid feedback data from the patient [26]. Most of the medical 

standards strictly require that medical systems should be open loop and only human operator 

can give final decisions. 

2.7. Manual injection and infusion 

To rapidly achieve and maintain a constant blood plasma concentration for most 

intravenous drugs, it must be administered as an initial bolus injection followed by a 

combination of exponentially declining plus constant-rate infusions. In the clinical practice of 

anesthesia and critical care medicine this was considered not practical without specialized 

equipment [27]. 

During surgical operation, the requirement of drug effect changes violently. The 

fluctuating Ce trend following injections makes it even more difficult to titrate to a proper 

dose. Computer simulation studies found that a dose larger than needed will achieve Cet at an 

earlier time but will necessarily overshoot the Cet. The earlier to achieve Cet, the greater will 

be the overshoot [2, 28]. 

A 'ten-eight-six' regimen to keep mean whole blood propofol concentration to be 3.24 ~ 

4.07 mg·ml-1 during infusion is once a popular and widely accepted manual infusion scheme 

for propofol administration. This regimen can be proportionally adjusted to get a higher or 

lower level of blood propofol [29]. But the blood propofol concentration is unpredictable if a 

user tries to change the target concentration during infusion based on clinical requirement. 
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 Potentially, TCI and manually controlled infusion (MCI) can result in similar depth of 

anesthesia and hemodynamic stability without difference in absolute performance errors when 

titrated against traditional clinical signs [30]. The North American users mainly use MCI or 

bolus injection because the U.S. Food and Drug Administration (FDA) for a variety of 

concerns about computer-based drug delivery [5] do not approve the TCI system. 

In this thesis three types of manual administrations were considered. They are fast bolus 

injection, ceased constant rate infusion run for a while and ongoing constant rate infusion. As 

addressed in appendix 3 and appendix 8, if a single injected bolus dose, d, is given at time tb 

then the Cp and Ce function are: 

( ) ( )∑
=σ

−λ−
σ

σ⋅=
3

1
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tb eCdtCp              (1) 
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Appendix 4 and 9 state that an ongoing infusion running at the rate r started from time tc 

produces the Cp and Ce as: 

( ) ( )
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3

1
~ kV

reCrtCp tct
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−λ−

σ

σ +
λ
⋅−= σ            (3) 
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−λ−
σ +⋅−= σ

4

1 101
~ kV

reErtCe tct
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Appendix 5 and 10 state that a ceased infusion started from time tc and stopped at td produces 

the Cp and Ce as: 

( ) ( ) ( )( )∑
=σ
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σ

σ σσ +−
λ
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3

1
~

tdttct
tdtc eeCrtCp           (5) 

( ) ( ) ( )( )∑
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1
~
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Linearly combine these equations depicting every injection and infusion produces the Cp and 

Ce function following a serial of manual injections and constant rate infusions in the form of: 

( ) ∑
=σ

λ−
σ

σα+α=
3

1
0

t
ii etCp               (7) 
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λ−
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4

1
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t
ii etCe               (8) 

They are described in appendix 6 and 11. 
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2.8. Analytical linear search & numerical linear search 

A multicompartmental model with the first-order rate of exchange between compart- 

ments can be tranformed into a series of differential equations. These differential equations 

can be transformed into first-order difference equations. Euler's numerical technique allows 

calculation of the appoximate amount of drug in each compartment at each update cycle, and 

this technique has been used in several computer-controlled infusion pumps [7, 31]. 

Maitre [32] and Jacobs [33] have published analytical solutions for the triexponential 

equation but they are not used in current computer-controlled infusion pumps for their 

mathematical complexity [34]. In this thesis the drug amount of the effect compartment in the 

four-compartment model is transformed into a tetraexponential equation. To our best 

knowledge, there is no practical analytical resolution for the tetraexponential equation. 

To find the optimal infusion rate and injection dose to drive Ce into Cet range and 

maintain it in Cet range can be transformed into a problem of finding the maximum and 

minimum of the tetraexponential equation of Ce trend within a specific time interval 

[appendix 14-15]. 

2.9. Real root isolation of univariate multi-exponential polynomials 

Real root isolation problem is to compute a list of disjoint intervals, each containing a 

distinct real root and together containing all. 

Let ( ) ( ) ( ) [ ] { }( )0\...0* 10
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xxpxpxp in
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x
ii ℜ∈∧λ<<λ<λ<λ=∑

=

 be a multi-exponential 

polynomial (MEP). Then the degree of p∗(x) is ( )∑
=

+
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i
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0

deg  is denoted by deg(p∗) and the 

tail base λ0 is denoted by tbase(p∗). A pseudo-derivative sequence of p∗ can be constructed 

recursively as follows: 
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until deg(Fi+1) = 0 [8]. 

Appendix 12-13 shows a simplified version of root isolation theorums and algorithm for 

multiple-exponential function by way of pseudo-derivative sequence. 
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2.10. Classification of the control techniques of intravenous administration 

The control techniques can be classified by the application of pharacokinetic models or 

not into non-model-based or model-based ones. The facilities can be classified into none, 

simple rate control infusion pump, open-loop system that has no physical information feed 

back, closed-loop system that depend on physical information. Before this thesis, the area of 

model-based control with or without rate-control infusion pump is undeveloped. 

Table 1. The classification of control techniques of intravenous administration 
 non-model-based model-based 
without infusion manual injection null 

rate control infusion manual infusion null 

open-loop system patient control adapter target-controlled infusion 

closed-loop system 
Rule-based control [35] 

PID controller [36] 
Sedasys® [37] 

Fuzzy control [38] 
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Chapter 3: Materials and methods 

3.1. Simulation 1. How long it takes to plot Ce trend. 

This simulation was designed to answer the first question in section 1.2.: Is there any 

algorithm to be quick enough to forecast Ce trend in 0.2 second? The algorithm to plot Ce 

trend in less than 0.2 second is considered feasible. The candidate algorithms are ALS, NLS 

and RRI as described in appendix 17-18 and 13. The sampling frequency is 1 Hz. 

Every manual administration, either bolus injection or constant rate infusion, produces a 

specific Ce trend [appendix 8-10]. Ce trend following a serial of manual administrations is the 

summation of Ce trend produced by every single administration [appendix 11]. 

 
Figure 5. The propofol Ce trend with 4 extrema. It is produced by a loading 
bolus injection (100 mg) and a constant rate infusion (10 mg/min) start from the 
injection time. 

The simlations below were coded in NetBean IDE 6.5 and tested on a java ME platform 

for a SonyErricson cell phone, type w660i. The drug selected for simulation was propofol. It 

was selected for its quick onset and offset so that the guider needed to calculate its Ce trend 

faster than most of the other drugs. A very widely used PopPK model of Schnider was 

selected [17]. The simulated object was a 52-years-old, 68.5 kg, 167 cm height male based on 

the average values or the major gender of Schnider’s objects. The tpeak time, an important PD 

property, was choosed as 1.6 minutes according to his another study [39]. 

The injection and infusion history of propofol in simulation 1 was a combination of a 
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loading bolus injection of 100 mg and a constant rate infusion of 10mg/min started at that 

injection time. This simple administration history produced Ce trend with 4 extrema. 

Theoretically, trying to plot Ce trend with more extrema takes longer time using the RRI 

algorithm [appendix 12-13]. 

The time domain on trail varies from 10 to 109 seconds. So sampling point numbers 

(nsp-s) were 100, 103, ... 109 separately. The time needed to plot Ce trend by way of different 

algorithm within different size of time-domains was tested for 10 times. The time was 

compared between the three algorithms with Student’s t-test for different size of 

time-domains. 

 

3.2. Simulation 2. How long it takes to search for an optimal injection dose. 

This simulation compared the efficiency of linear search and bisection method search for 

optimal injection dose. The platform, the simulated object, the drug, the PopPK model and the 

tpeak were identical to simulation 1. The Cet was 4mcg/ml. The Cet percentage range was 10%.  

After a serial of drug administration, t0 is the time to find an optimal injection dose. Let 

TMax(d) be the maximum value of Ce trend following the injected dose d at time t0 and UB 

be the upper bound of Cet range. Let Pu be the peak value after the injection of one unit dose 

to an object without any drug in its body and Qd be the step quantity of injection dose. 

Optimal injection dose is defined as the maximal d that satisfies TMax(d)≤UB. Because of the 

additive property of Ce functions, Qd
QdPu

UB
⋅⎥
⎦

⎥
⎢
⎣

⎢

⋅
 is an upper bound of d. 

The simulated administration history was a single bolus injection that elevates Ce to a 

peak within the Cet range, and t0 was the time of Ce peak. To search this optimal injection 

dose is the worse case for both linear search and bisection method. To search for the initial 

loading dose is not selected as a simulation history because it is the best case of linear search 

by the definition of its upper bound of injected dose. 

In linear search, d was verified iteratively from its upper bound, Qd
QdPu

UB
⋅⎥
⎦

⎥
⎢
⎣

⎢

⋅
, and 

substracted a Qd from d for each iteration until TMax(d)≦UB or d≦0. In bisection method 

the initial upper bound of d was the same as linear search and the initial lower bound was 0 

[appendix 14]. Various values of Qd (0.1, 0.2, 0.3, 0.5, 1, 2, 3, 5 ml of 10mg/ml propofol) 
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were tested for both algorithms. Each algorithm-Qd item was tested for 10 times and the time 

to find out optimal injection dose was recorded. Because this injection dose was 0, both 

methods encountered their worst case. The most efficient method to calculate Ce trend in 

simulation 1 was used to get the values of TMax(d). The times needed to find out optimal 

injection dose with both algorithms were compared with Student’s t-test. 

 

3.3. Simulation 3. How long it takes to search for an optimal infusion rate. 

This simulation compared the efficiency of linear search and bisection method search for 

optimal infusion rate. The platform, the simulated object, the drug, the PopPK model and the 

tpeak were identical to simulation 1. The Cet was 4mcg/ml. The Cet percentage range was 10%.  

After a serial of drug administration, t0 is a time to find an optimal infusion rate. Let 

TMin(r) be the minimal value of Ce trend produced by setting the infusion rate to r at time t0 

and LB be the lower bound of Cet range. Optimal infusion rate is defined as the minimal r 

value that satisfies TMin(r)≧LB. The upper bound of r is specified by the pump used to 

infuse the drug. 

As we learned from simulation 2, the initial injection dose 74 mg produced a TMax 

closer to UB than any other initial injection dose. So we simulated the administration history 

as a single bolus injection of 74 mg propofol that elevate Ce to a peak value within the Cet 

range, and t0 was the time of Ce peak. Let Qr be the step quantity of infusion rate. In linear 

search, r was verified iterately from 0 to its upper bound stepped Qr until TMin(r)≧LB. The 

upper bound of r was defined as 999.9 ml/hr as most of commercially available syringe 

pumps or infusion pumps. In bisection method search [appendix 15] the initial upper bound of 

r was the same as linear search and the initial lower bound was 0. Various values of Qr (0.1, 

0.2, 0.5, 1, 2, 5 ml/hour of 10 mg/ml propofol) were tested. Each algorithm-Qr item was 

tested for 10 times and the time to find out optimal infusion rate was recorded. The most 

efficient method to calculate Ce trend in simulation 1 was used to get the values of TMin(r). 

The times needed to find out the optimal infusion rate with both algorithms were compared 

with Student’s t-test. 

Whether the workload to maintain Ce in Cet range is reasonable for manual control is to 

be determined in the next two simulations. The TCMII guider provides two strategies. Firstly, 

when there is no available pump, a user can inject drug again and again. Secondly, when a 

pump is available, a user can inject a loading dose and repeatedly adjust the infusion rate. 



 

 19 

3.4. Simulation 4. The frequency of injecting optimal dose to maintain Ce 

The platform, the simulated object, the drug, the PopPK model and tpeak were identical to 

simulation 1. The Cet was setted to 4mcg/ml. Whenever TMax was lower than LB, the guider 

showed an optimal injection dose and reminded the user through audio alarms. The user was 

simulated to inject that dose of propofol into the object instantly. By repeating this step, Ce 

was maintained in the Cet range for an hour. Various commonly used Qd-s (0.1, 0.2, 0.3, 0.5, 

1, 2, 3, 5ml) and various Cet ranges (1, 2, 3, 5, 10, 15, 20, 30, 50%) were tested. The numbers 

of injections in the first hour were recorded. A reasonable number of injections in the first 

hour was defined as 30 or once per two minutes on average. 

 

3.5. Simulation 5. The frequency of setting optimal infusion rate to maintain Ce 

The platform, the simulated object, the drug, the PopPK model and tpeak was identical to 

simulation 1. The Cet was setted to 4mcg/ml. The initial injection dose was an optimal dose 

which produced a peak Ce value at time tpeak and drive Ce close to UB. The optimal infusion 

rate value was calculated on the time tpeak and infusion was simulated to run at the optimal 

rate from the time tpeak. The guider recalculated optimal infusion rate and and reminded the 

user through audio alarms whenever TMin was going to be higher than UB. The user reseted 

the infusion rate to the new optimal rate instantly. By repeating this, Ce was maintained in Cet 

range steadily. Various commonly used Qr-s, step values of infusion rates, (0.1, 0.2, 0.5, 1, 2, 

5ml/hr) were tested. Various Cet percentage ranges (1, 2, 3, 5, 10, 15, 20, 30, 50%), were 

tested. The numbers of rate-changing were recorded. A reasonable interval of rate-changing is 

defined as 10 minutes. 



 

 20 

Chapter 4: Results 

4.1. Simulation 1. How long it takes to plot Ce trend. 

The average times needed to plot Ce trend with ALS, NLS and RRI algorithms were listed 

in table 3 and plotted in figure 6. When nsp is less than 100, or time domain size is less than 

100 seconds, the three algorithms are all feasible for manual guide. When nsp is less than 103, 

or time domain size is about 15 minutes, NLS and RRI is still feasible. But when nsp is more 

than 104, or time domain size is about 3 hours, neither ALS nor NLS is feasible. RRI can plot 

Ce trend in 30 ms for nsp to be 100 to 109, or for time domain size to be up to 32 years. The 

t-tests between pairs demonstrate significant difference. The p values were all less than 0.05 

except the difference between NLS-RRI when nsp was 100. 

According to the result of simulation 1, the following simulations use RRI to calculate Ce 

trend. 

 

4.2. Simulation 2. How long it takes to search for an optimal injection dose. 

The average time it takes to search for an optimal dose with linear search and bisection 

method algorithms was listed in table 4 and plotted in figure 7. Under all of the situations, 

linear search and bisection method were feasible to guide manual injections except when Qd 

was setted to be 0.1. Statistcally, bisection method is more efficient than linear search 

(p<0.05). The following simulations (simulation 3, 4 & 5) used bisection method to search for 

optimal injection doses. 

 

4.3. Simulation 3. How long it takes to search for an optimal infusion rate. 

The average times needed to search for an optimal infusion rate with linear search method 

and bisection method algorithms were listed in table 5 and plotted in figure 8. Linear search 

was feasible to search for optimal infusion rate only when Qr was equal to 2 or 5. Using 

bisection method we find out optimal infusion rate within 1 second that was statistically better 

than using linear search (p<0.05). In simulation 5 we used bisection method to find out 

optimal infusion rate. 
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4.4. Simulation 4. The frequency of injecting optimal dose to maintain Ce 

How many times an optimal dose is injected to keep Ce in Cet ranges in the first hour 

were listed in table 5 and plotted in figure 9. To find an optimal injection dose for a narrower 

Cet range, a smaller Qd and more frequent injections were needed. When Cet range is not less 

than 10%, the frequency of injection to maintain Ce was reasonable for manual workload. The 

size of Qd was not related to the frequency of injections but larger Qd needed larger Cet 

percentage ranges to get a proper injection dose.  

 

4.5. Simulation 5. The frequency of setting optimal infusion rate to maintain Ce 

First, when the Cet range was smaller, a smaller Qr and more frequent of adjustment of 

infusion rate was needed. Second, as time goes by, the interval beween adjustment of infusion 

rate was getting longer. The numbers needed to change the infusion rate to keep Ce in Cet 

ranges were listed in table 7 and plotted in figure 10. All of the average frequencies to change 

rate to change were less than once per 10 min. When the Cet range was equal to or greater 

than 5%, the average frequencies to change rate were less than once per 30 min. In fact the 

number of setting infusion pump running at optimal rate to keep Ce in Cet range infinitely is 

less than 4 when Cet percentage range is 10%. The numbers of setting infusion pump running 

at optimal rate to keep Ce in various Cet percentage range infinitely were listed in table 8 and 

plotted in figure 11. 
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Table 2. How long it takes to search for all of the extrema of Ce trend by analytical linear 
search, numerical linear search and real root isolation algorithms. 

nsp tALS(ms) tNLS(ms) tRRI(ms) p(ALS-NLS) p(ALS-RRI) p(NLS-RRI) 

100 28 2.8 2.9 <0.001 <0.001 0.67 

103 330 26 24 <0.001 <0.001 <0.001 

104 3800 280 30 <0.001 <0.001 <0.001 

105 36000 2700 29 <0.001 <0.001 <0.001 

106 # 28000 29 # # <0.001 

107 # # 29 # # # 

108 # # 29 # # # 

109 # # 29 # # # 
 
nsp: The number of sampling points. The sampling interval is one second and the time domain width is nsp seconds. 
tALS: The average time needed to get Ce value using analytical method and to explore the Ce extrema using linear 
search method. 
tNLS: The average time needed to get Ce value using numerical method and to explore the Ce extrema using linear 
search method. 
tRRI: The average time needed to get Ce value using analytical method and to explore the Ce extrema using recursive 
root isolation method with pseudo-derivative sequence, and bisection method. 
p(ALS-NLS): The independent two-tailed test p-value of equality of the means of tALS and tNLS. 
p(ALS-RRI): The independent two-tailed test p-value of equality of the means of tALS and tRRI. 
p(NLS-RRI): The independent two-tailed test p-value of equality of the means of tNLS and tRRI.. 
#: not tested, no data 

 

Table 3. How long it takes to search for an optimal injection 
dose by linear search and bisection method 

Qd(ml) tLS(ms) tBM(ms) p 

0.1 1660 279 <0.001 

0.2 878 207 <0.001 

0.5 394 167 <0.001 

1 258 114 <0.001 

2 173 76 <0.001 

5 81 44 <0.001 
 
Qd: The step quality of injection dose. 
tLS: the time to do linear search for optimal injection dose. 
tBM:the time to use bisection method for optimal injection dose. 
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Table 4. How long it takes to search for an optimal infusion 
rate by linear search and bisection method 

Qr(ml/hr) tLS(ms)  tBM(ms) p 

0.1 15600 568 <0.001 

0.2 6370 451 <0.001 

0.5 3210 394 <0.001 

1 1670 337 <0.001 

2 700 271 <0.001 

5 398 227 <0.001 
 
Qr: The step quality of infusion rate 
tLS: the time to do linear search for optimal infusion rate 
tBM:the time to use bisection method to search for optimal infusion rate 

 

Table 5. How many times an optimal dose is injected to keep Ce in Cet ranges in the first 
hour 

     range(%) 
Qd(ml/hr) 1% 2% 3% 5% 10% 15% 20% 30% 50% 

0.1 86 59 48 37 25 20 17 14 9 

0.2 93 63 50 38 26 21 18 14 9 

0.3 # # 52 41 27 21 18 14 9 

0.5 # # # 42 27 21 18 14 10 

1 # # # 59 32 23 18 14 10 

2 # # # # # 31 22 16 10 

3 # # # # # 23 22 21 10 

5 # # # # # # # 15 11 
range(%): Cet percentage range 
Qd: The step quality of injection dose 
#: these is no proper injection dose to keep Ce in the Cet percentage range 
 
 

Table 6. The average of optimal maintenance doses in 
simulation 4 while Qd = 0.1 ml 

Cet range average optimal maintenance dose 

1% 0.7 

2% 1.1 

3% 1.4 

5% 1.8 

10% 2.7 

15% 3.4 

20% 4.0 

30% 5.2 

50% 7.5 
Qd: The step quality of injection dose.  
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Table 7. How many times the infusion rate is setted optimally to keep Ce in Cet range 
in the first two hours 

range(%)    
Qr (ml/hr) 1% 2% 3% 5% 10% 15% 20% 30% 50% 

0.1 8 5 4 3 2 2 2 1 1 

0.2 8 5 4 3 2 2 2 1 1 

0.5 8 5 4 3 2 2 1 1 1 

1 9 6 4 3 2 2 1 1 1 

2 10 6 5 3 2 2 1 1 1 

5 # # 6 4 2 2 1 1 1 
range(%): Cet percentage range 
Qr: The step quality of infusion rate  
#: these is no proper infusion rate to keep Ce in the Cet percentage range 

 

Table 8. How many times the infusion rate is setted optimally to keep Ce in Cet range 
infinitely.. 

    range(%)    
Qr (ml/hr) 1% 2% 3% 5% 10% 15% 20% 30% 50% 

0.1 15 9 7 5 3 2 2 1 1 

0.2 15 9 7 5 3 2 2 1 1 

0.5 16 10 7 5 3 2 2 1 1 

1 24 10 7 5 3 2 2 1 1 

2 # 12 8 5 3 2 2 1 1 

5 # # # # 4 3 2 2 1 
range(%): Cet percentage range 
Qr: The step quality of infusion rate  
#: these is no proper infusion rate to keep Ce in the Cet percentage range 

 



 

 25 

 
Figure 6. How long it takes to search for all of the extrema of Ce trend 
by analytical linear search, numerical linear search and real root 
isolation algorithms in various size of time domain 
nsp: The number of sampling points. The sampling frequence is 1 Hz. 
tALS: How long it takes to get Ce value using analytical method and to find Ce extrema by 
linear search. 
tNLS: How long it takes to get Ce value using numerical method and to find Ce extrema by 
linear search. 
tRRI: How long it takes to get Ce value using analytical method and to find Ce extrema by real 
root isolation method, and bisection method. 

 

 
Figure 7. How long it takes to search for an optimal injection dose by 
linear search and bisection method 
Qd: The step quality of injection dose 
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Figure 8. How long it takes to search for an optimal infusion rate by 
linear search and bisection method. 
Qr: The step quality of infusion rate  

 

(a)  

(b)  

Figure 9. How many times an optimal dose is injected to keep Ce in 
Cet range for an hour. 
Qd: The step quality of injection dose.  
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(a)  

(b)  

Figure 10. How many times the infusion rate is setted optimally to keep Ce 
in Cet range in the first two hours. 
Qr: The step quality of infusion rate  
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(a)  

(b)  

Figure 11. How many times the infusion rate is setted optimally to keep 
Ce in Cet range infinitely 
Qr: The step quality of infusion rate  
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Chapter 5: Discussion 

5.1. System evaluation and findings 

These simulations are designed to evaluate and to select the algorithms that are essential 

to build a TCMII guider. Ce trend can help a user to foretell the effect of drug administration 

and enable the guider to compare between the administrations of drug about how long the Ce 

is kept in its target range. The efficiency of algorithms to plot Ce trend is evaluated in 

simulation 1 and the real root isolation method is the best choice especially when the time 

range to forecast is very large. The efficiency of algorithms to search for an optimal injection 

dose is evaluated in simulation 2 and the bisection method is found better although linear 

search method is also efficient enough to calculate optimal doses timely. The efficiency of 

algorithms to search for an optimal infusion rate is evaluated in simulation 3 and only the 

bisection method is found efficient enough to calculate optimal rates timely although not good 

enough to handle several drugs simultaneously on the tested platform. The feasibility of the 

strategy of administering optimal injection doses repeatedly is tested in simulation 4. This 

strategy was found plausible because the frequency of injection was not higher than manual 

injection without guide. Moreover, using a guider can maintain Ce steadily and change Cet 

range according to clinical situation. The feasibility of the strategy of repeatedly setting 

infusion rate optimally is tested in simulation 5 and found plausible because the frequency of 

setting is far less than manual infusion without guide and Ce is kept steady with a guider. 

Analytical linear search (ALS) and numerical linear search (NLS) are inefficient when the 

time domain is wider larger than 104 seconds (around 2.8 hours). On the other hand, real root 

isolation (RRI) method is efficent for a time domain size up to 100 to 109 seconds (around 32 

years). 

How large the time domain of Ce trend is large enough for manual control? Based on the 

data of simulation 5, the interval between two infusion rate changings can be as long as 9.5 

hours (Cet percentage range = 5%, Qr = 0.1ml/hr). ALS and NLS can not figure Ce trend in 

0.2 second when the size of time domain is 9.5 hours. RRI can figure Ce trend in 30 ms so it 

is a reasonable choice of the method to find out TMin and TMax in the following simulations.  

NLS works well when the size of time domain is less than 103 seconds (16 minutes). This 

is why NLS can be applied on TCI systems, because the tpeak of most of the drugs in TCI is 

within several minutes and the time domain size of Ce trend of TCI is tpeak plus 10 seconds as 

mentioned in section 2.5. The issues of accumulation of rounding error and occilation are not 
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significant in this simulation. 

To be a guider of manual administration, a TCMII needs to predict Ce trend on a much 

larger time domain than that of a TCI system. It was difficult in the past is now possible with 

RRI method. 

Either to use TCMII guider as an assistant tool or as a guider, showing extrema to users is 

as good as showing the whole Ce trend. The key point is that Ce extrema can be calculated 

much faster than the whole sampling points of Ce trend. 

The RRI algorithm finds the roots of three or four degree multi-exponential function 

efficiently. It is infered that this algorithm can solve even higher degree multi-exponential 

function problems. Using this algorithm we might be able to calculate Ce trend of PK models 

with more compartments such as inhalational drug PK models. 

In simulation 2, to find the TMax of all candidate injection doses is the most 

time-consuming process to search for an optimal dose. A smaller Qd needs to calculate TMax 

more times either for linear search or bisection method. Linear search is feasible except when 

Qd is 0.1ml, however such a small Qd is seldom used on clinical application of propofol.  

Bisection method is more efficient than linear search and is the choice of the method to find 

an optimal injection dose in simulation 4. 

In simulation 3, to find TMin is the the most time-consuming process in searching optimal 

infusion rate. Since most of the infusion pumps can be set to 0.1ml/hr, it is unreasonable to 

limit Qr greater than 0.1ml/hr. However, using smaller Qr means to test more candidate rates 

and to calculate TMin more times. Linear search is feasible only when Qr is greater than 

1ml/hr. Bisection method is feasible for all Qr-s from 0.1 to 5 ml/hr. However when Qr is 

0.1ml/hr, the speed to search for an optimal infusion rate (=0.6 second) is not quick enough to 

handle several different drugs in the same time. It should be improved in the future study. 

In simulation 4, table 5 and figure 9 demonstrated that to select Cet percentage range 

below 5% calls for frequent intermittent injections which is inconvinient for long term 

administration. But it is good at the epilog of a procedure when we need to taper the Ce 

adapting the less stimulating treatments such as skin suture or gauze dressing. It helps to 

shorten the time between weaning off injections and awakening. 

Cet range must be higher than effective concentration and lower than toxic level. It is 

supposed to be adjusted according to clinical situations. Setting Qd, limited to the precision of 

manual injection, to 0.5 or 1 ml are feasible options. Setting Cet percentage range, according 
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to the data in table 6 and propofol label [40], to 10-20% is reasonable because 2.5-5ml 

supplemental maintaining injection dose of propofol is safely used in clinical practice. The 

Cet percentage range values need furthor clinical investigation. 

In simulation 4 and 5, we arbitrarily define a feasible frequence for intravenous anesthesia 

administration depending on clinical experience. The average frequencies of adjustment of 

infusion rate in the first two hours were taken to stand for workloads in anesthesia and the 

frequency of adjustment to keep Ce stand for workloads in long-term sedation. In this 

research we test propofol, one of the most quickly onset/offset drug, and obtained feasible 

stratagies of manual administration. We believe that this guider and these stratagies are 

feasible for most of the intravenous drugs. Especially when simulation 5 revealed that to keep 

Ce in a reasonable Cet range (5% to 20%) with an infusion pump need to change the infusion 

rate only few times. It means that a TCMII guiding infusion can do long-term Ce control 

conveniently where TCI pump is not available. 

5.2. Limitations 

This research studies only the simulations of the PopPK model of propofol presented by 

Schnider. Propofol is one of the most popular drugs to be controlled with PK PD model and 

also a drug with rapid Ce change that needs a rapid search for optimal injection dose and 

infusion rate. If TCMII guider handles propofol well, it handles other drugs well, too. But the 

PK PD models of other drugs or the other PK PD models of propofol is not tested in this 

preliminary study and need further efforts. 

The difference between the time to input dose/rate data into TCMII guider and the time to 

push the dose or set the infusion rate is ignored. How these timing errors influence the 

accuracy of Ce values is left to future studies. 

5.3. Contributions 

Because manual-controlled drug administration is not totally replaced by computer 

-controlled equipment, it is helpful to develop a manual-controlled guider. Such a guider was 

unfeasible in the past because the calculation of a long term Ce trend needs a high efficient 

algorithm. We introduced a real root isolation method to solve the problem of finding the 

roots and extrema of a multiple exponential function and to solve the problem of finding Ce 

trend of a serial of manual drug administrations. This method can further combined with 

bisection method to resolve the problem of searching for optimal injection dose and optimal 

infusion rate timely. These algorithms are efficient enough to work on handheld devices and 
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enable the utilization of PopPK models on demand and give quantitative suggestion for 

specific cases. Other than these suggestions, this guider accepts any user’s manual 

administration plan and presents Ce trend to foretell the drug effect. 

This method is more elastic and complies with clinical demand better than traditional 

'ten-eight-six' regimen [29]. TCMII tames the rapid fluctuations in Ce following intermittent 

injections and sharpens the response of manual infusion to clinical requirement. 
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Chapter 6: Conclusion 

TCI was the only technique for Ce controlling until TCMII was developed. This research 

provides an alternative way to control Ce based on the same PopPK model. The simulations 

demonstrated that a proper Cet range is or can be infered from current clinically used step 

quantity of injection doses. The workload induced from a proper Cet range is acceptable for 

human. TCMII guider has the potential to help a user to do manual injection and infusion 

elaborately. 
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Appendices 

Appendix 1. Three-compartment mammillary model 

It is assumed that the given drug mixed in central compartment instantly and the 

accumulated mass in central compartment is A1. Then the drug is either elimiated through 

metabolic organs at the rate of k10·A1 (let CL1 be the metabolic clearance, 
1

1
10 V

CLk = ) or is 

transported to other organs (compartment i) at the rate of k1i·A1 (let CLi be the distributional 

clearance of compartment i, and 
1

1 V
CLk i

i = ). The drug in compartments, other than 

compartment 1, transfers back to compartment 1 at the rate of ki1·Ai (
i

i
i V
CLk =1 ). These 

descriptions are summarized into the differential eq. set (10) 
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          (10) 

if r denotes the infusion rate of the drug. 

Let )(ˆ sf denote the Laplace transform of a function f(t). The application of the Laplace 

transform to both sides of differential eq. set (10) yields a system of equations, eq. set (11), 

that are all linear in the )(ˆ sAi . 

 
Figure 12. Three-compartment PK model 

 

eliminate A1=c1×V1 

central compartment 

A3=c3×V3 

 

slowly equilibrating compartment 

A2=c2×V2 

rapidly equilibrating 

compartment 

k21 k12 k13 k31 

k10 inject or infuse 



 

 38 

( )

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

−=−

−=−

++−++=−

33111333

22111222

110131233122111

ˆˆ)0(ˆ

ˆˆ)0(ˆ

ˆˆˆ)0(ˆ

AkAkAAs

AkAkAAs

AkkkAkAk
s
rAAs

        (11) 

Eq. set (11) can be rearranged into eq. set (12). 
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The factorization applies Cardano’s method, which is described in Appendix 2. 
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Appendix 2. Factorization of |K − sI3| 

According to Cardano’s method, ( )( )( )32101
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and w0..w3 are infered in Appendix 3 and 4. 
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Appendix 3. Cptb: Cp function following a bolus injection 

Cptb(t) denotes the Cp function (an alias of c1) following a single intravenous injection of 

dosage d at time tb. There is no drug being infused and there is no drug in all compartments 

so r, A2(0) and A3(0) are zero, A1(0) is d at time tb. 
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Appendix 4. Cptc~: Cp function following the begining of an ongoing infusion 

Cptc~(t) denotes the Cp function following an ongoing infusion that begins from time tc 

at rate r. There is no drug in all compartments before infusion so A1(0), A2(0) and A3(0) are 

zero. 
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Appendix 5. Cptc~td: Cp function following the end of an infusion 

Cptc~td denotes the Cp function following an infusion that begins from time tc and 

stopped at time td. Due to the linearity of eq. set (10), Cptc~td is the function to subtract Cptd~(t) 

from Cptc~(t). 
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Appendix 6. Cpii: Cp trend following multiple infusions and injections 

di denotes the i-th injection dose, tbi denotes the time to inject di and m denotes the 

length of bolus injection dose sequence (i=1 to m). rj denotes the rate to which the j-th 

changing infusion rate, tfj denotes the time to do the j-th rate-changing and n denotes the 

length of infusion rate sequence (j=1 to n). Cpii is the summation of these injection doses and 

infusion intervals. 
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Appendix 7. Four-compartment mammillary model with an effect compartment 

Let compartment 4 be the effect-site compartment and V4 is supposed to be so small that 

the drug transported to and from V4 is too small to affect A1. That’s the reason we can say that 

the Cp function is almost the same as the one in appendix 1-6 and k14 and k41 can be decided 

by the value of tpeak [2]. In addition to differential eq. set (10) is 
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−=                           (36) 

Let Ce (drug concentration of effect compartment) be an alias of c4. Apply the Laplace 

transform to eq. (36) yields: 
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Figure 13. Four-compartment mammillary model with an effect compartment 
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Appendix 8. Cetb: Ce function following a bolus injection 

Cetb(t) denotes the Ce function correlated to Cptb(t). 
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Appendix 9. Cetc~: Ce function following the begining of an ongoing infusion 

Cetc~(t) denotes the Ce function correlated to Cptc~(t). 

( ) ( )

101

3

1
~4 ,00

kV
re

C
rCpA ctt

tc ∑
=σ

−λ−

σ

σ +
λ
⋅−== σ  

( ) ( )

( )( ) ( )

( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+
−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+
−

λ+λ−λ
⋅−=

+
+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+λ+λ
⋅−=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

λ+λ
⋅−

+
=

+
=⇒

∑

∑

∑

=σ σσσ

σ

=σ σσ

σ

=σ σσ

σ

41101

3

1 4141

41

41

41

101

3

1 41

41

101

3

141

41
~

41

41
~

1111

1

11ˆˆ

ksskV
r

kssk
Ckr

kss
k

kV
r

kss
Ckr

skV
r

s
Cr

ks
ktpC

ks
kteC tctc

     (42) 

( ) ∑
=σ

σ
σσ

σ
σ −=

λ−λ
==σ

3

1101
4

41

41 1 and,let 1..3,For E
kV

E
k
CkE  

( )

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

λ+
⋅−=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

λ+
⋅−=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+
−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+
−

λ+
⋅−=

∑

∑∑

∑

=σ σ
σ

=σ
σ

=σ σ
σ

=σ σ
σ

skV
r

s
Er

skV
r

ks
E

kV
r

s
Er

ksskV
r

kss
ErteC tc

11

1111

1111ˆ

101

4

1

10141

3

1101

3

1

41101

3

1 41
~

      (43) 

( ) ( )∑
=σ

−λ−
σ +⋅−=⇒ σ

4

1 101
~ kV

reErtCe tct
tc            (44) 

 



 

 47 

Appendix 10. Cetc~td: Ce function following the end of an infusion 

Cetc~td denotes the Ce function correlated to Cptc~td. Due to the linearity Cetc~td is the function 

to subtract Cetd~(t) from Cetc~(t). 
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Appendix 11. Ceii: Ce trend function following multiple infusions and injections 

Ceii(t) denotes the Ce function correlated to Cpii(t). 
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Appendix 12. How to find all of the roots of a multi-exponential function by real root 

isolation method? 

Function f is a n degree multi-exponential function (MEF), denoted by Degree(f)=n, if 

jibbbaeaaf jiii

n

i

n

i

xb
i

i ≠≠∧≠∏+=
==

∑ for  0,
11

0 . For any MEF f:S=[a,b]→R, denote RS
f as the 

set of the roots of f(t)=0. Theorem 1 proves RS
f is a finite set if 

f
dt
d

SR  is finite. Theorem 2 

proves the size of RS
f is no more than the Degree(f). 

Theorem 1. 1+≤
f

dt
d

S
f
S RR  

Let [ ]baS ,=  and f:S→R is a smooth function. Let ( ){ }SxxfxR fS ∈∧== 0 . 

If the size of 
f

dt
d

SR  is finite and },...,{},{ 110 +=∪ m

f
dt
d

S rrrbaR  

mi=<rrbrarRr +iim
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dt
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Si ,1...0for   ,,, ofroot  a is 110 == +  then 
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0:,0)().(
0:,! 0)().(
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proof: 

(a). φ=
+

f
dt
d

rr ii
R )( 1,

 otherwise f
dt
d  has a root not belong to 

f
dt
d

SR . If f is not strictly monotonic, 

there must be an x3: x1<x3<x5 makes 1. f(x1)≤f(x3) and f(x3)≥f(x5) or 2. f(x1)≥f(x3) and 

f(x3)≤f(x5). 

Consider case 1 first, and case 2 is similar. Since f is differenciable, there must be an x2, 

x1<x2<x3,makes ( ) ( ) ( )
13

13
2 xx

xfxfxf
dt
d

−
−

=  by mean value theorem, so ( ) 02 ≥xf
dt
d .  

For the same reason, ( ) 0, 45434 ≤∍<<∃ xf
dt
dxxxx . Since f

dt
d is continuous 

( ) 0, 64626 =∍<<∃ xf
dt
dxxxx  by intermediate value theorem. This contradict with 
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φ=
+

f
dt
d

rr ii
R )( 1,

. For the same reason, case 2 would not stand. So, f is strictly monotonic in [ri,ri+1]. 

(b). f has a root in [ri,ri+1] because 1. if ( ) ( ) ( ) 0,0 11 =∍<<∃⇒< ++ xfrxrxrfrf iiii  by 

intermediate value theorem 2. if ( ) { } ( ) 0,0)( 11 =∍∈∃⇒= ++ xfrrxrfrf iiii . Since f is strictly 

monotonic in [ri,ri+1], there must be only one root in [ri,ri+1]. 

(c). If ( ) [ ] ( ) 0:,0)( 11 =∈∃∧> ++ xfrrxrfrf iiii  then f can not be monotonic, this contradict 

with (a). 

(d). [ ] [ ] 11
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==
+ +

f
dt
d

S

m

i

f
rr

f
S

m

i
ii RmRRrrS

ii  

Theorem 2. If f is a MEF, then ( )fDegreeR f
S ≤ . 

proof:  

(a) If Degree( f )=1,that is xbeaaf 1
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S

f
dt
d

S
xb RReSx n =⇒≠∈∀ .  

 5. 1) Theorem(by     1+≤
f

dt
d

S
f
S RR  

  nRnR f
S

f
S ≤⇒≤+= 1*  

(c) According to the principle of induction, it is proved. 

According to Theorem 2, an n-degree MEF f has at most n roots, and if the roots of f
dt
d  

is available, every root of f can be approached with bisectional method in the interval between 

two adjacent points of roots or end points of domain S. The root set of f
dt
d  is identical to 

the one of f* which is a MEF of lower degree. Repeat this procedure until the problem is 
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transformed to finding the root of an exponential function. According to Theorem 2, the root 

set of an exponential function is finite, so the root set of the serial of f* and f are finite. 
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Appendix 13. The algorithms to find all of the real roots of a multi-exponential function 

by real root isolation method 

GetRootSet(f,S)  // S={a,b}: the set of end points of the domain of f 

 // ∈+= ∑
=

neaaf
n

i

tb
i

i ,
1

0 N , Degree(f)=n 

1 if n=1 
2  then 
3   if a0·a1<0 

4   then return ( )}ln{
1

10

b
aa−  

5   else  return ф 
6  else  // n>1 
7   E← GetExtremumSet(f,S) // E: the set of the extremum of f 

/* { } { }110 ,...,, +=∈ m

f
dt
d

S rrrbaRE   because f is smooth. According to theorem 1.(a) f is strictly 
monotonic in every [ri,ri+1] so it is strictly montonic in the interval between two adjacent element of E. 
*/ 
8   R←ф // R: the set of the roots of f 
9   if  f(a)=0 then R←R∪{a} // a: the left end of the domain of f 

10   for i←1 to |E|-1 // find all of the roots of f(Theorem 1.b,1.c) 
11    do  if  f(E[i]) ·f(E[i+1])≤0 // When f(E[i]) ·f(E[i+1])>0 there is no root 

between in [ E[i] , E[i+1] ] (Theorem 1.c). When f(E[i]) ·f(E[i+1])≤0 there is exactly one root in 
that interval (Theorem 1.b). 

12      then   
13       r←bisectionally approach the root located in the interval 

[E[i],E[i+1]]    // the bisection method is called no more than n times 
14       R←R∪{r} 
15   if  f(b)=0 then R←R∪{b} // b: the right end of the domain of f 

16   return R 
 
 
GetExtremumSet(f,S)    // S={a,b}: the set of end points of the domain of f 
1 E←S     // E: the set of the extremum of f 
2 if Degree( f )>1    

3 then  calculate f *   // ( )∑
−

=

−+=
1

1

*
n

i

tbb
iinn

niebabaf  

4         R’←GetRootSet(f *,S)   
5         E←select extrema of f from R’∪S 
6 return E 
 

A multi-exponential function (MEF) has the number of roots no more than its degree. If 
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the number of sampling points in the time domain of a MEF is nsp then to solve a root with 

bisection method need to calculate the value of MEF as many times as O(lg nsp).To calculate 

the value of a MEF need to call exponentail function as many times as the degree of it. If the 

degree of f,  f*, (f*)* ... are n, n-1, n-2 ... then exponential function is called for n·O(lg nsp)·n 

+ (n-1)·O(lg nsp)·(n-1) + (n-2)·O(lg nsp)·(n-2) + ... = O(n3lg nsp) times. For Ce trend, n is a 

small integer (=4), so the time it takes to find the roots of a MEF is O(lg nsp). 
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Appendix 14. Inject more drug produces higher TMax. 

Suppose we are searching for an optimal injection dose at time t0 after a serial of maual 

injections and/or changes of infusion rate. It consumes time to do linear search for all possible 

injection dose and find out the least dose which can drive the maximum of Ce trend (TMax) 

close to and no more than the upper bound of Cet range (UB).  

Let Pu be the peak value after the injection of one unit dose to an object without any 

drug in its body and Qd be the step quantity of injection dose. Due to the linearity of the 

system, any injection dose larger than UB/Pu must drive Ce to the level higher than UB. So 

the injection dose is limited in the range of [0,UB/Pu], and steps by Qd from 0. Denote k as 

the number of all possible dose and  

1+⎥
⎦

⎥
⎢
⎣

⎢

⋅
=

QsPu
UBk .              (50) 

It takes the time of O(k) to do a linear search. If TMax is correlated with the dose injected 

(d) at t0, the value of optimal injection dose can be appoached by bisection method in O(lg k) 

time.  

 

Figure 14. Larger injection doses produce higher TMax. If point A is the 
highest point of Ce trend following injecting dose a at time t0 and point C is the 
highest point of Ce trend following injecting dose b at time t0. then C is always 
higher than A. Let B be a point on Ce trend of dose b at the time of point A. B is 
higher than A for a<b and the linearity of pharmacokinetic model. C is higher 
than B because C is the maximum of dose a. 

time

C
e

inject b

inject a

no more injected

A

B C

t 0
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Theorem 3. The maximum of the trend (TMax) following t0 is correlated with the dose d 

injected at t0. 

proof:  The yellow line in figure 14 is the Ce trend produced by the administration history 

before t0. If t0 is the time to calculate an optimal dose, the pink and blue lines are the Ce trend 

following two different dose a and b and a<b. Let point A and C denote the time and 

maximal values following dose a and b separately. Let point B be the point on the blue line at 

the time of point A. The Ce value of point C is always higher than point A because firstly, the 

Ce value of point B is higher than that of point A due to the linearity of the system. Secondly, 

the Ce value of point C is equal to or higher than that of point B because point C is the 

maximum of the blue line. In other words: if a<b then TMax(a)<TMax(b). So the value of 

optimal injection dose can be searched by bisection method. 
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Appendix 15. Infuse drug faster produces higher TMin. 

Suppose we are searching for an optimal infusion rate at time t0 after a serial of manual 

administrations. Optimal infusion rate is the minimal rate that produces the minimum of Ce 

trend (TMin) close to and no less than the lower bound of Cet range (LB). To do linear search 

from all possible infusion rate is time-consuming. 

We choose the upper limit of infusion rate as 999.9 ml/hr which is higher than most of 

the specification of clinical infusion pumps. Let Qr be the step quantity of infusion rate and 

denote k as the number of all possible infusion rate and  

⎣ ⎦ 19.999 += Qrk .              (51) 

It takes the time of O(k) to do a linear search. If TMin is correlated with the infution 

rate(r) at t0, the value of optimal infusion rate can be found by bisection method in O(lg k) 

time. 

 

Figure 15. Faster infusion rates produce higher TMin. If point A is the lowest 
point of Ce trend following the rate a infusion begining at time t0 and point C is 
the lowest point of Ce trend following the rate b infusion begining at time t0. 
Then C is lower than A. Let B be a point on Ce trend of rate b at the time of 
point A. B is lower than A for a>b and the linearity of pharmacokinetic model. 
C is lower than B because C is the minimum of rate a. 

 

Theorem 4. The minimum of the trend (TMin) following t0 is correlated with r. 

proof:  The yellow and pink lines are the trend of Ce produced by the same history of 

manual administrations before t0 but the infusion rates are changed to a or b separately and 

a<b. Let point A and C denote the time and minimal values following t0 on the two lines. Let 

point B be the point on the yellow line at the time of Point A. The Ce value of point C is 

time

C
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always higher than point A because firstly, the Ce value of point A is always higher than point 

B due to the linearity of the system. Secondly, the Ce value of point B is equal to or higher 

than that of point C because point C is the minimum of the yellow line. In other words: if a<b 

then TMin(a)<TMin(b). So the optimal infusion rate can be searched by bisection method. 
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Appendix 16. The first order difference equations used in numerical linear search 

method  

Using Euler's numerical technique, we can convert eq. set (10) to first-order difference 

equations [2]. In other words, we convert from a continuous time frame, where Time= t, to a 

discrete time frame, where tnt Δ= . The first order difference equations, at Time t, are thus 

( ) ( ) ( ) ( ) ( )( )( )
( ) ( ) ( )( )
( ) ( ) ( )( )
( ) ( ) ( )( )⎪

⎪

⎩

⎪
⎪

⎨

⎧

Δ−=Δ

Δ−=Δ

Δ−=Δ

Δ++++−+++=Δ

tktAktAtA
tktAktAtA
tktAktAtA

trkkkktAktAktAktAdtA

1441414

1333113

1222112

1413121014143132121

   (52) 
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Appendix 17. The algorithm of analytical linear search method (ALS) 

GetExtremumSetByALS() 
1 c ← Ce(t0)  // c is current Ce value,t0 is the current time 
2 E ← {(t0, c)}  // include the time-Ce pair of the time on the left border of time domain 
3 n ← Ce(t0+1)  // n is the Ce value of the next second 
4 s ← SignOf(n - c)    // s is the sign of the next second Ce minus the current Ce 
5 for t ← t0+1 to t0+z – 1 // t0+z is the right border of the time domain. z denotes the size 

of time domain 
6  c ← n    // c ←Ce(t) 
7  n ← Ce(t+1) 
8  r ← s    // r is the sign of Ce(t) - Ce(t-1) 
9  s ← SignOf(n - c)  // s is the sign of Ce(t+1) - Ce(t) 
10  if   s ≠ r   // if the sign is changing 
11  then  { }),( ctEE ←  // then include the time-Ce pair on time t 

12 { }),( 0 nTDStEE +←   // include the right border of time domain 

13 Remove the points that are neither local maximum nor local minimum from E. 
14 return E 
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Appendix 18. The algorithm of numerical linear search method (NLS) 

GetExtremumSetByNLS() 
1 for i=1 to 4 do  
2    Ai ← current drug mass of compartment i // maintained by system 
3 c ← A4/V4           // c is current Ce value 
4 E ← {(t0, c)} // include the time-Ce pair of the time on the left border of time 

domain 
5 Calculate ΔA1 ~ ΔA4  // see [appendix 16] 
6 for i=1 to 4 do Ai ← Ai+ΔAi 
7 n ← A4/V4     // n is the Ce value of the next second 
8 s = SignOf(n - c)   // s is the sign of the next second Ce minus the current Ce 
9 for t ← t0+1 to t0+z – 1 // t0+z is the right border of the time domain. z denotes the size 

of time domain 
10  c ← n    // c ←Ce(t) 
11  Calculate ΔA1 ~ ΔA4 // [appendix 16] 
12  for i=1 to 4 do Ai ← Ai+ΔAi 
13  n ← A4/V4   // n ← Ce(t+1) 
14  r ← s    // r is the sign of Ce(t) - Ce(t-1) 
15  s ← SignOf(n-c)  // s is the sign of Ce(t+1) - Ce(t) 
16  if   s ≠ r   // if the sign is changing 
17  then  { }),( ctEE ←  // then include the time-Ce pair on time t 

18 { }),( 0 nTDStEE +←   // include the right border of time domain 

19 Remove the points that are neither local maximum nor local minimum from E. 
20 return E 
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