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Abstract.

In this paper, Tseng and Lee’s parallel algorithm to solve the stable marriage prolem is analysed. It is
shown that the average number of parallel proposals of the algorithm is of order n by using n processors
on a CREW PRAM, where each parallel proposal requires Ofloglog(n)) time on CREW PRAM by
applying the parallel selection algorithms of Valiant or Shiloach and Vishkin. Therefore, our parallel
algorithm requires O(nloglog(n)) time. The speed-up achieved is log(n)/loglog(n) since the average
number of proposals required by applying McVitie and Wilson’s algorithm to solve the stable marriage
problem is O(nlog(n)).
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1. Introduction.

The stable marriage problem was first introduced and solved by Gale and Shapley
[2]. Later, several stable marriage algorithms [6, 7, 8, 13, 1] were proposed to solve
the problem. In [13] Wilson showed that the worst case performance and average
performance of the stable marriage algorithm [6] are n* — n + 1 and O(nlog(n)),
respectively. Recently, two parallel stable marriage algorithms have been presented
[3, 11]. Tseng and Lee’s algorithm, which is a parallel version of McVitie and
Wilson’s algorithm, has worst case performance n®> — 2n + log n which is no faster
than that of McVitie and Wilson’s. In [9] and [4] it was suggested that parallel
stable marriage algorithms cannot be expected to provide high speed-up on the
average. We shall show in this paper that the average number of parallel proposals
of Tseng and Lee’s algorithm [11] is O(n). The result is obtained by using n proces-
sors on a CREW PRAM, which is a shared-memory computer allowing in a single
cycle the processors to perform concurrent reads from the same location but not
concurrent writes (Concurrent Read Exclusive Write Parallel Random Access
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Machine). Since each parallel proposal requires O(loglog(n)) time on a CREW
PRAM by applying either of the parallel selection algorithms proposed in [12] or in
[107, the speed-up achieved is O(log (n)/loglog(n)).

2. Tseng and Lee’s parallél stable marriage algorithm

The stable marriage problem is defined as follows. We are given n men and
n women and each man ranks each woman from 1 to n and vice versa. A set of
marriages is a one-to-one correspondence of men to women. If there does not exist
an unmarried pair both preferring each to their current partners, then we say that
this set of marriages is stable.

Tseng and Lee’s parallel algorithm [11] is based upon the divide-and-conquer
approach. We first divide the problem into two sub-problems, by halving the male
ranking matrix and then recursively applying the algorithm to find the male optimal
stable solutions for these two subproblems. We then merge these two solutions.

Tseng and Lee’s algorithm

Input: A male ranking matrix.

Output: A male optimal stable solution.

Step I:  Divide the problem into two sub-problems, by halving the male ranking
matrix. Call these two sub-problems P, and P,.

Step 2:  Recursively apply this algorithm to find optimal stable solutions for P, and
P,. Call these two solutions §; and 3,.

Step 3:  Apply Algorithm B which is a merging algorithm to combine §, and §,
into S.

In a solution S, let W, denote the set of women who are proposed to by more than
one man. Assume M;,...,M; , k> 2, propose to the same woman W, where
W, e W,. Without loss of generality, we shall assume that so far as W, is concerned, the
ranking of M is the highest. Then W, will accept M; and reject M; ,...,. M i, We
shall say that {M, ,..., M, _}is the set of rejected men of W;. Let R, be the union of
the sets of rejected men of members in W, Then R, is called the rejected men
associated with S.

Algorithm B

Input:  Two male optimal stable solutions S, and S, and their associated ranking
matrices.
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Output: A male optimal stable solution which combines §, and §,.

Step 1:
Step 2:

Step 3:

Step 4:

Let

Let S be the union of §, and §,.

If no two men propose to the same woman in §, then accept S as the
solution and return. Otherwise, go to Step 3.

For each man M; in R, and for the set of rejected men associated with S,
replace (M, W) in § by (M;, W,) where W, is the next best choice of M,.

Go to Step 2.

us consider the following example:

1 4 5 6 2 3 17 8 w, 8 7 6 4 3 5 1 2
1 2 4 8 7 6 3 5 w, t 5 4 3 6 2 7 8
3 21 4 8 7 5 6 w, 1 3 2 4 7 8 6 5
4 6 7 8 1 3 2 5 w, 4 7 8 2 6 1 3 5
2 3 4 6 7 1t 8 5 w, 3 1 2 5 6 8 7 4
2 1 8 6 5 7 3 4 W, 1t 2 3 4 5 6 7 8
5 3 1 4 8 6 2 7 w, 2 1 3 5 4 6 7 8
57 6 3 1t 2 4 8 W, 7 4 2 1 5 6 8 3

Men’s Ranking Women’s Ranking

The merging steps are illustrated as follows:

[ay] [ey] [63] [wa] [62] [62] [79] [B9)]

-

a1

yey| [y @a] [6a6n] (03 8Y]

I

1L1) 22 (3.3) 49| (52 6.) (1.3) 8.5)]

l_]

[(1L5) (2.8) (33) (4.4) (5.2) (6.6) (1.1) (8.7)]

Finally, we obtain the male optimal stable solution:

(1,3)

28 (33) 44 (52) 66) (T.1) B7)

3. Analysis of Tseng and Lee’s algorithm

We

are concerned with finding the average number of parallel proposals, which is

required to obtain the male optimal stable solution by applying Tseng and Lee’s
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algorithm {117, In our model n proposals can be performed simultaneously and
each parallel proposal requires O(log logn) time by applying either of the parallel
selection algorithms proposed by Valiant [12] or Shiloach and Vishkin [10].
Assume that there are n men and n women. Define A(n) to be the average number of
parallel proposals required to obtain the male optimal stable solution by applying
the algorithm. It is obvious that A(1) = 0. Then we define M(n/2*) to be the average
number of parallel proposals required to merge two male optimal stable solutions,
where each solution consists of n/2* men. Applying Tseng and Lee’s algorithm, the
stable marriage solution of n/2* men can be obtained by merging two solutions of
n/2¥* ! men. Without loss of generality, assume n = 2°*! where « is an integer. We
have

A1) =0

A(n/2) = An/2"" ) + M(n/2'+ 1)
Thus A(n) = A(n/2) + M(n/2)
= A(n/4) + M(n/4) + M(n/2)

= A(1) + Y M(2), where a = log, (n/2).
i=0
In the process of merging two male optimal stable solutions S, and S, of i men, it

can be seen thatin both S, and S, there are (n> possibilities to choose i women from
1

nwomen. Assume that each of the ': is equally likely. So the total number of input

possibilitiesof S, and S, is (r:) (?) .Ifthere are jmen in S, who propose to the same

women (IR, = j)in the two male optimal stable solutions of i men, then there are (;)
possible ways to choose the j rejected men. Once the j ‘rejected men are fixed, there
are (’: :;) different ways to choose the other i — j men.

Let P;; be the probability that there are j conflict pairs of men who propose to the
same woman in the two male optimal stable solutions of i men. Therefore, we have

(O - (O
G-/

So M@)= Y P;;Q;; is defined as the average number of parallel proposals
i=1

and
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required to merge two male optimal stable solutions of j conflicts within 2i men. At
the merging stage, we assume that the probability of proposing to a proposed
woman i8 {21 —j— 1){n—1) and that to an unproposed woman is
(n—2i+j)fin—1). To simplify our notation, let m=n-1 and
) = (2i — j — 1)/m. After the execution of one parallel proposal in the merging

stage, there are (i) fGY 51 — f(j))* possibilities that k of the j rejected men will be

engaged. Therefore we have
Jj J . X
1 Q=1+ ) (k)fi(f)’“k(l — Qi jn for 1<j<i<n2
k=0

and @, = 1, for 1 <i<n/2
Let g;(x) = 1/(1 — f{(x)"). Then
@ Q=a)+ed) ¥ (i)ﬂ(f)“‘(l — JiP Qi for j2 1.

Observe that the first derivative of g,{x) is negative for xe [{, 7] and i < n/2. By this
property, we have the following lemma.

LEMMA 1: gi(x) is a decreasing function for xe[1,i], i < n/2.

ProoF. We only have to show that the first derivative of g,(x) is negative.

gix) = —(1 = fOY /1 — fily?

= —(— Jxy* (;;%)- + in(fi(X)))) / (1~ £

Since In(fi(x)) < 0 for xe[1,i] and i < »/2, we find gi(x) < 0. n

The next two lemmas are used to derive the upper bounds of g,,(j) for
1 <j<m'?and m <j < n/2, respectively.

Lemma 2: If 1 <j < m'/? then g,,(j) < 2m/j>.

PROOF.
2m/f2 - gn/zﬁ) = 2m/j2 — (1 - fngz(l)”)
_ 2m(m’ — (m — jY) — j*m’
ST A =)

m <mf -~ 3 (i) mf""(——j)") —
k=0

P — (m —jY)
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mj? — jij — Hm' 7
Jm’ — (m — jy)
2] ; ;
J j— 2kt 132k~ 1 J P—ki2k
m — m
Lk (R ¢
Jm — (m — j)

If j < m'/? then the following formula is true:

J J—2k+1:2k—1 _ J = 2ki2k
<2k—1>'” ! (2k)'” J

2km — (j — 2k + 1)j
QR — 2k + 1))
mlj? — jj — Dm! "1
J — (m — jy)

— i 2kj2k— L)

> 0.

Therefore 2m/j* — g,,(j) > > 0. |

LEMMA 3. If m < j < n/2, then g,,,(j) < C where C is a constant.

PROOF. From [5] we have (n + a)"*® = n""%e*(1 + a(b — a/2)/n + O(n~2)). With
m'? =p this implies that g,,(p)=p’Ap” —(p — 1)) = e/le — 1 + 1/(2p)
+ O(m™")) < C. According to Lemma 1, g,,() < g,.(p) < C.forp<j<n/2. N

The next lemma shows the upper bound of g,(j) for 1 <j <i < n/4.

LemMa 4. g,() <2 for 1 <j<i<n/4.

== sn=[1- (A=)
PrOOF. Then g =11l —-fyY)y=11- P — . Because

2.—._] j '—-—'—1

(l / )SZz / for 1 <j<i<n/d, weget
m m

g =<1 -Qi—j—1)/m=m/m+2+j+1)<2 n

Let h(i) = Y 2m/k*. Before deriving the order of M(i), we need to know the
k=1
behavior of Q;.

LEMMA 5: Q,/, ; < h(j) + nC/2, for | <j < n/2.

ProoF. From (2),

Q2.5 = Gup2() + Gup2li) kzl (}i) ﬂ./2(f)j~k{1 - ﬂ:/z(f))in, ik

J
= Gui2() + Gu2O)/m’ Zl (m “‘.i)j_kiji.j~k-
k=
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The lemma is obviously true when n=2 If n>2 and j=1 then

Q2. =0n2) + Qa0 =m+ 1 <h(l). Assume that Q,,;_; <h(j—1) for

j<_]’ < ml/l-

Then
.. j, i I
Oz = gugz(}"} + (gn/ZU’)/m)) Z ({1{) (m—jy _kj’anzz,;"—k
k=1

. j/ i’ .
= gn/ZU’) + (gn/ZU/)/m]) Z (jk) (m—jy ﬁkjern/Z.j’—k
k=1

— Gu2(RG — Dllm — JYmY + gup (DG — Dim — j)m)’

< Gu2i) + (G 20RG — 1fm") Zj G{) (m—jy %*
— Gu2(ORG — D((m — J)ymy.

J i’ . e :r .
But Z G() m—jY N =m—j+jy =m. So Q2. < gu2i) +
k=0

Gu2(HG — (1 — (m = ))m)) = gu2() + B = 1).
According to Lemma 2, g,,()<2m/j>, for j<m, and hence
Quz.j <2mfj? + (' — 1) = h(f).

From Lemma 3, it can easily be proved that @,, ; < h{j) + nC/2,for 1 <j < n/2,
by applying the same argument. |
LEMMA 6: Q;; < 3j, for i < n/4.
ProoF. From (2), .
Qi =g:() + g:0) + kil @) FY M = [0 Qi s

According to Lemma 4, Q;; = g{1) + Q; o < 3. Assume that Q; ;_, < 3G — 1) for
j<j <i<n/4 Then

0y = 9) +90) X @ FGY THY = S0 Qi y s
=1

- gi(].l)fi(j’)j‘Qi.j' -1+ gi(i’)f;'(i,)j’Qi,j'f 1
< g) — gIGY Qi jo 1

+3( = Dgi) X (Jk) FGY 51— S
k=0

< gi) = 3¢' — Va1 — fGY)
<2+3G - D)<Y

Thus we conclude that Q;; < 3j, for i < n/4. |
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Theorem 1 now follows in a straight forward manner.

THEOREM 1: The average performance of Tseng and Iee’s parallel stable marriage
algorithm is O(n) by using n processors.

PrOOF. According to Lemma 5, we have

i
Q2. < h() + rC/2 =2m Y, (1/k)* + nC/2 < 4n + nC/2.
k=1

nf2

M(n/2) = ‘Zl P2, iQu2.i
=
_ n -1 n/2 n o n/z n/z
= (n/Z) P (n/z _,-) ( j )Q"’z"'

n 12 (n—nj2\[n2
£(4+C/2)n(n/2> j§1<n/2—j)(j>.

Z(;) (n s k>= (f:S> it follows that M(n/2) < (4 + C/2)n. According to
k —

Lemma 6, we have

From the formula

Thus with o« = log,{n/2):

A(n) = A() + 3 M(2)
i=0

i=

< 3'3:1 2+ (4 + C/2n = O(n). ]

4. Concluding remarks.

We have shown that the average number of parallel proposals of Tseng and Lee’s
algorithm is O(rn) by using n processors on a CREW PRAM, where each parallel
proposal requires O(loglog(n)) time. The speed-up of the algorithm is
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O(log n/loglog n) since the average sequential time is O(n log n). This research leads
us to an interesting problem: Is there a parallel stable marriage algorithm which uses
O{n) processors and runs in O(log 1) time? It might be worthwhile to conduct future
research in this direction.
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