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A study of improvement for the flat triangular shell element

Student : Kuan-Zheng Lin Advisor : Dr. Kuo-Mo Hsiao

Department of Mechanical Engineering

National Chiao Tung University

ABSTRACT

The objective of this paper is to improve the accuracy and efficiency of the
flat triangular shell element for the geometric nonlinear analysis.  In this paper,
the co-rotationa finite element formulation 1s employed. The 3-node triangul ar
shell element employed here is the superposition of the triangular membrane
element with drilling degrees of freedom and triangular plate e ement proposed
in the literature. The element has ‘nine degrees of freedom per node: three
trandations, three rotations, and three membrane strains. A motion process to
determine the element deformation nodal rotations is proposed. A co-rotational
total Lagrangian formulation is used to derive the geometric stiffness matrix of
the triangular shell element. The zero value of the tangent stiffness matrix
determinant of the structure is used as the criterion to detect the buckling state.

An incrementa-iterative method based on the Newton-Raphson method
combined with constant arc length of incremental displacement vector is
employed for the solution of nonlinear equilibrium equations. Numerical
examples are presented to investigate the accuracy and efficiency of the
proposed method. The effect of different geometric stiffness matrices derived

using different approximations on the convergence rate of equilibrium iteration



and the value of the buckling load are also investigated through numerical

examples.
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Vg * B> o g g, o e 57 2 i{aE A AAFHERR Y DY
BLAHCE HE | XS X dhen A B U VR X S X e A £

4wl ¥ g ff B fR(area coordinateg) ~ /7 A U, ~ U, ~ Vo, SV, 0 B fR

B e il SR e A o

u=N'g, (2.12)
v=N'g, (2.13)
de ={ds Ge O (2.14)
N, ={N, 0 N, N, 0:0

N, 0N, NN 0O N ON, N, OO0} (2.15)
N,={0 N, 0 0 N, N,

ON, 0OON N, ON 0O N, N (2.16)
Qg ={U; V; Ug Uy Vig Vil (2.17)

BPu=u(dn) ~vav(EM A HE X X pheni g AR 0 N, R H YU
7 sl o N, BBV SRk ko g 5 $ B SE £

N, (1 =123-,9) 5 6 48 A ez = ddic s B 47 N0 dr By 7 k=

¢ {} 4 FEL o
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g RAEER 0 AR T LBOD B P RRE GRS b R

w27 o [41]

EX :U,X

fy =V,y

Vg =Usy HV,,

6 =2 (v,-u,)

FlU ~ VJF’K{E S ) EREg Sl PTIAU, S U, B UL, Uy BV, NV

ST &R (GEL HaR A)

A :|:X’€ y’€:| :|:X21 y21:|
&
X,,7 y’n x31 y31

Bdx Yy # oAk a ) en g ik s iR -

qx:{qxl qxz qx3}

Ao ={0p Cs, Qos}
q, ={u, v, U, U, Vv, V}

Y X

16

25 V’E SV,

X y

(2.18)
(2.19)

(2.20)

(2.21)

7

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)
(2.28)

(2.29)



g ={u; Vv, & & Vy 064} (2.30)

Yl

B Uy Uy sV sV 255U TV BAR SR 2L

Ei Ve O 7Bl R E N E YOG EB 2 B d (2.22) £2(2.23)

Xy

R TR (2.1450 ¢ 8 (2.27)8 ¢ q, b

0. = Ts0, (2.31)
R, 0 O
T,=| 0 R, O (2.32)
0 0 R,
10 0 0 0 O]
01..0 0 0 O
SRR 0 0
Ra=| 0 Ax 045/ o N o o (2.33)
0 0 Agx X31 y31
00 0 0 % Yy
(0000 0 /% Yy

# (2.18)3 (2218 7 £ Q2271 A g, £ (2.28)% ¢ q, M 4

0y = Tyelo (2.34)
R, O 0
T,=| 0 R, O ] (2.35)
0 0 R,
1000 O O]
0100 O O
O010 0 O
R,,= (2.36)
0000172 -1
0 0O0O0UY2 1
0001 0 O]

#(2.31)° 27 (2.34)% & (2.12)% #2 (2.13)" 7 7
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U=NiT 0, = Ny, (2.37)

V=N, Te0, =N,,0, (2.38)
Rngxe 0 0 ng 0 0
Tg =T{xTx9 = 0 Rngxg 0 = 0 Rgg 0 (2.39)
0 0 REXRxg 0 0 Rge
1 0 0 O 0 0
O1 0 O 0 0
OO0 0 2 -
Ry =RsRy0 = o Yol Ya (2.40)
00 X3 0 y31/2 = Y1
0 0 0 vy X/2 X4
100 0 ¥y X/2 Xy |

2.7DKT 4 = % ch 254 it

Bl 2.7 4778 3 2 px[32]% “i N A DKT e~ % » 8123 8= &
Aehz BUEEL 8 456 52 435 Bifeny 2o 5= BY Bpd
B AAFHENERS GEHEREE D ARLET § IR AR E DG
Boo B 2.4°% > x5 #hin o i Ak S EL @gjﬁ%ﬂjajﬁﬁvéfﬂ%@sxﬁj’
Phen B LA F Y G AR R SRR w0, 5 - X X T
b £ #--0, (5% fxC gh v xS dhih B X B I O he
T EAREL | A A RBENE RS 5 O S R A AR WE B
Fode R R EE AR R e 00 B - RO -0C T e i £ %00
£ 2O fh v 000 i 3| O] Bh o d 2.1 ehiER (3)F Arsk B At A5

AEZY UG ERTERVELI IR ERAE e e

Ik
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<<1pF > DKT = 2% cniz# 37 &7 & ¢

0
0,0,

u=z6,(xy) v=-z6,(xy) wW=w(xYy) (2.41)
H¥ Xoy 25 Ak I BA N X X Xy PR 6, 2.(0,-°0,)
AxghS wes R 0, 8.(0,-°0 ) xS v AR 0 A B R E

» 2

AR 0 AR A RPN F R L UL R B P i

dt

o VEfxg fh b ninf o WE XS fh b A o

DKT =% i %7 § 5 P (in planelt % e, ~ £, % ¥ %y v
% f = T 5 ¥ (transverse shear strajn) ~ y,, °

Flh v BRK R DA GOP A Ey s £ o)y T & T +(2.18)2 (2.20)
70 yyz‘yxz?%"":r‘:’\; .

Ve Wi U, Y SW, AV, (2.42)

#-(2.41)% &~ (2.18)3 (2.20)0% 17 :

€p =7ZK 43)
gp ={&y Ey s yxy} (2.44)
k={6,,,-6,,.6,,-6,, (2.45)

#(2.41)58 1~ ~ (242387 17 -

Y=V Yy} ={wy +6, , W, -6,} (2.46)
d (A7 ew -~ O, ~ G, 8 xS BB 0 T T d (245 ol e TR AL
i A

A2 P B 27 LFAFEGE SR L RS e AT AF R
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FTENSIERT oo
fov fR[32]7 #o0 H 9de I en DKT A% 5T T 7 higsk

(1) 6, ~ Gt b= KR4 AL

6 6
gy = z Ni Hyi ; HX = _z Ni gxi (247)
i=1 i=1

He g, 0,80,~0,0B 277 &2ihaghi > Ni(i=1-6) 37
Aol B AT NEL e Co
(2) ~ 2z BREME = Bifa? B X # B % 2% (Kirchhoff plate
theoryynigx »
(@) Az B7EE
Via =W, +6,;:=0 i=1,2,3 (2.48a)

Vyi =Wy =65 =0 1=1,2,3 (2.48b)
¥ ow ow ]
B owyg o Wy gyi NS E’Ijgswx:(&) ) Wyz(a_y) ) gy SO

(b) tz= Bifen? B
~ By *Wgy =0 k=4,5,6 (2.49a)
By +Wp =0 k=4,5,6 (2.49b)
HP G~ Oy AwEE, ~ O & Bk > 6,22 60,4 %E 0 ngs
ow. ow.

)~ Wih(=—2) 5 gk enig o

0S ’ on

(B) Wt A A Bt o LERZ SR 4 AL

T AR Wy s Wy A B W(=
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3 1 3 1
Wy S———W — =Wy +—W; == Wy

2.50
2 4 2, 4 (2.50)

Heowpswy AW B R i Wy AW b Bk eniE k=4,5,6
A 5823 831 B 12607 B iR SR SR ]2 B iR (R
§l2.7) #9i=1-3,j=1-37i%]

(4) O, t~2 BT RMPEN > T

1
O —E(gsj +65) (2.51)
Ho Gy~ Og > O A u L0 BHBK T~ j2 0 6,00 hs b i
£ LF277 $8Kk=4,5,64 %5 # 23 31 f 12509 B .

G277 2% = BEY O8O0 2 B EHN BT 47 S

5 e =

Wy ~ W, B W~ Wi g i 5

W x c - Wh

wy| [s c |wg
H ¢ c=cosay ~ S=singy 0 ay B A E i) b sy & g phent &
L) 2.7

§ (2.48)% (2.53)5% 7 11 4e (2.47) 4 7 2 [32] :
—_ T
gy _Hx(gsﬂ)ub
6, =—H (&, muy (2.54)

Up =[w Oq Oy Wy Oy, Oyp Wy O3 O3] (2.55)
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B 7 up s DKT ~F enatghiz g H, & H ) S8~ & & B4 hR7a) )

Sl 1A RS Co SR AAAN E- WA ARIE] S

¥

w29 1<é<0~1<n<0-
#-(2.54)5% 2~ (2.45) ¥ 2B 3
K =Byu, (2.56)
He B i DKT A% chi=B-¥@igad > 2785 ¢
ysH

b(é?,?)_ﬁ “XHy +XH (2.57)
= XH ¥ XH] +yH .

Ao P HAENFINA LD QSTLG ~% 2 DKT 4 ~ % ch gL p
Pt a g ARk BRELK L4 QSTT 6 ~ %K &Lk,  DKT 4 ~ %
BB AE K, rfpdem & o AEP - B R E QST T 6 ~% 2 DKT
£k i g 4 BB -

TER YRR AN ENIPC ST AT B

c=E¢ 58)
6={0,,0,,1,} (2.59)
e={e,. £, 1) (2.60)
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1 v 0
E=1E2 v 1 0 (2.61)
ol 00 1-v
L 2
Ty, =Gly T, =GJy (2.62)

# ¢ E&# < #d(Young's moduley v &>+t (Poisson ratio) G % 3 4

e o

29QST L 5 ~42 $EN + HE|REL

#-(2.37)% ~ (2.38)% & » (2.18)% (2.20)5% 7 17 :

en = BTesdo (2.63)
en={& & V! (2.64)
NL.x
B= Ny, (2.65)
NGy +NL,
e N, s NG, s NG s NG, e w30 s B -

#4(2.63)5 % » (2.58)8 7 F
¢, =EBT,q, (2.66)

Ok RILE 9[42) :

Xyfp = |, oAV (2.67)
fo={fo Too Tos} (2.68)
fg={fy T, my my; m, m} (2.69)

B f s RN Qg SRR 4 0 T f AR EHEYU SV R
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N Y g 3 . . e ¥ 4 B v g
4 méXj ‘méyj \mHln F«,ljﬁ,‘grj‘)f%/:\ng Eyj yxyjm}%%vrg‘l;jl,@, rnZ]'?.a!}'j’

2 WA o d 3R % T (dimension)?

3

>t G iha gkl s dE > VoG
fAp i P R TH N B My M M B BT AR F) G
- R ESEA B @ 2R o #(2.63)5 ~ (2.66)8 ik~ (2.67x T #
a,f, =&, T, [ B'EBAVT,,Q, (2.70)

d (2.70)p" ¥ {8 :

f,=k,q, (2.71)
ko =Tok, T, (2.72)
k,=[, B'EBdV (2.73)
Bk, KA s g, Gt QST A ) B -
210DKT fF L4 2 & BLph 4 B R|REL
#-(2.43)%¢ ~ (2.56)¢ ik~ (2.58)V T
6, = ZEB,u, (2.74)
d m# RhiEe i§
Aty = |, dpopdV (2.75)
B fp B~ F R Ayeha g ) 4 0V G g Rl o
#-(2.43)% ~ (2.56)% ~ (27458 &~ (2,758 7 17
Aty = Al [[, 2By ZEBU,dzdA = duy, {, ByD,BpupdA (2.76)
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Ehe 1 v 0
D, ="’ EZ2dz=—|v 1 O 2.77)
W2 12(1-v?) 1-v
0 0 —=
i 2 |
B hz~25R -
d (2.76)" 7 ¥
fb :kbub (8)7
kp =[,BbDpBrdA (2.79)

H ¢k, & DKT =% k| B B2 -

211 =% & e k| B 4B [43]

Wra~ i Pk Ral s s pribap o — ReH G
;I;Je[43]v‘ oz e Green’s strairk total Lagrangiada 3£ e i 41— = 2~ %
27 S| R AR A 5Y 0 AR 2 R[43] fHEAZH PR RELD
G oo it RAGH AP GEY HAF o v pR[A3]F aE
it E 2 A2 AZ P PRRELITF R ELRED Y c A F B

BRAELT 405 35 =

=[ G'MGav (2.80)
_Nuéj,x Zij,x—
Nvéj,x zHyj,X
G ={G, G, G} G = 0 Nux (2.81)
- 1 2 3 i .
' [Ny, 2ZH,,
Nvél,y ZHyj,y
0 N, |
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o, Tyl 5
M = | 5 3x3H 4L (2.82)
oyl

6=6,10, c={0,,0,,74} (2.83)
He j=1235 % | B&® > Ny Ny i (23782 Ny ~ (2.38)5° 2 N,
Bt @B e o Hy s Hy 5 (2540 2 Hy ~ H T 8 80 ] it o |
5 3x3ehH =4 0% Ix6h R EE > 6, ~ 0, 5 (2.66)% ~ (2.74) 2. QST
Th %% DKTH A4 3o
F15 DKT ~ & ehph 300203 & Rl A BwW o 9700 A2 B Wi R
HFw=N,u, > ¢ N, & CSTAA[12]57) ks fdp e > & 255 @@ % QST
AF A DB FU=N G0, >~ VENG, St B U VvEREEHBIRE
(281t 2 A B iR R A2 s B F B Pk RELRELT
SRk REE s Ld R B SR FIREA EAE SRR AEEL A
PLAUE A 45 T RO R R BT RcE R Y AR AT 0 Bk Ry A T

FhA BORITIAR AT R

212 %k suig g

PR BT S 2R SR E SR U v W e
By~ O, O, 4 3 FRARM BRI R 0 £~ £,y WS H R H
AHBRNSE i Be AR SBR S B SR RN R R

AR REL g S AR REL e A AR RRSE RS U Y, W,

jﬂ

TR AR E BE A o i B g 2 B (R 5N
26
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uJ UJ’

v, b= ALV (2.84)

w, W,

6, &

6, =AL 6 (2.85)
6, 6

A =[er € €] (2.86)

e U SV WA s X0y XP s X§dhehig o g o 65 ~ 85~ 65~
S5 B X XS XS e s B (12 123) 3 A4 AR =129)°
v hE e g oo

B aAE RR@ R E, S 6, Vi & 8 A AR 0 B

$2 M5 [41]

g, =Rege! (2.87)

e =g, &y (2.88)

i G (2.89)
Céj Séj — Cg; S

Reg = Séj Céj Cg; Sy (2.90)
2 2

2CySy  ~2CySy  Cy Sy

Ag =ler &) &] (2.91)
Ho oy s sy uliel bridBthx ~ s R £ £~ o R HE
N AR ABEX G Mg As o e, ] =123) & & B A A

X2(i, j = 123)+ % ¥ o £ o
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ag ={u; v W, 6, 6, 6, &; &; Yy} (2.92)

#(2.80)" ~ (2.81)% -~ (2.86)% ik » (2.90)X 7 17 :

Oe = Teslp (2.93)
Te, O O
T.=| 0 T, O (2.94)
0 0 T,
Us ={0e; Uor  Ugo) (2.95)
AL, 0 0
T =| 0 AL O (2.96)
0 0 Ry
ag ={U; V, W, <9§fj <9YCf 6§ EXEJ.‘ 55} yf‘yj} (2.97)

d (2.71)i=(2.78)F # :

fe =f, +1, @9
fe={fe, feo fes} (2.99)
fg ={fy f, f; my my my m, m, m} (2.100)

d K # A& ;% B](contragradient law)[44] (2.93)8 ¥ 1 :

fo=Tlf (2.101)
fo ={fer fa, faal (2.102)
fg ={Fy Fy Fy mg my my m mg m.} (2.103)

He fo i @R Qe &8p 4 5 By~ R~ By 2w 5 80U, NV, -

5% WL 4 B | B | B g ¥ s~ B B B~ X s wmE 4 4
W, en& gh4 > My, ~ M, ~ M & B S 3T~ €0~ Y TR & &84 48

X
mg >~ mi ~ M3 ARG~ O ~ 6 iRl st 4B o H(2.93)5¢ - (2.98)
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RO~ (2.101)0 7 1
f,=Kk.q, (2.104)
kg = TEsk cTen (2.105)

Hoe Ky 28 B Qe F | REL -

213 s BT g 475N B ac B R

E AN SR Ve N B T e
¥(Q,4)=F(Q)-AP=0 (2.106)

*
e
9~
[}
I3
—
QO
v 1
3
i
X
9
(el
N
vt
SN
3
NG
Gl
g
i
S
ol
d
SN
it
9
|reks

A PR L ATe A A XS W e weighted Euclidean norrk 5 - firis

REFaiEt RE > 2 e ER LT 5

v .
AN

Hoe NRA LRI isenpd BB @, 5 - LEPFFFELE -

e= (2.107)
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k2 f2(2.106) 5% LA T S 75 AT TR (S Al gt B 2
THEr 2 /*J<[45] Poorde 0 Lt & - b A% A (Newton-Raphson) iz fes £ 45741
(arc length control);# e £ 3% %% o A~ ¢ 57 RIF A B BE S 1Lk B ALK

» 2

RAELZ FANEZRFRI) e A2 - 22 e WME-He &k

Ik

B R AR RELZ T E

ETIRS

’? L fgf?fi_%_ ° :‘; 7 j\%«# :(.Q
THFRL T 0 MY T HTRS T - AR f e A BB r - B R - R

B s &2 % - REPBE 5T A2 SR T ] 4 r[45]
M RS S HRE R G R ARA

R AR

3134

2

2

»

| B eI me i SHEEH»E 5Q, ~f 7 fdici A >
Al% 1 +1@ 3 E il € =8 & AQ 7 ] * £ 3 37 ¢ & (Euler
predictor) - {¥ [46]
AQ = AJry (3.)
rr=(K:)'P (3.2)
B M A B P S KL S8 | BTGrel s QR RaEL o
(BN # AL T 4] * T 5% F[45]
a =01/ (rir, J2 (33)
He p g @l 25 0 5% 18| B3 EJjcqHiF - B L Rb R
EE2 [T ERS AT f B fcs | BHERFR  FREAE
BApk oAl Z7 % | +1BHE g E90E > 2 E¥ 40T 42 [45]
A=Al (3573, 2 (3.4)
Ho Jp s b2l J, 5 5| BRBEZ NI T grore» g
SN EFIBHEERL oA S - BHEIRERLA LI T
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AT

| Ir

max

FRYREREAPEL A R B A EHE

Al

c

BHT A fEeEP

f£% T ek S22 Euclideannorms | 5 % %2 B~ HE 8o || 5
Rote%¥ pd Rehh &2 F4E o
fg;r1«— |)- FE‘;:‘ IE; I“' .E'. mi‘a l‘—' %,% 'é’ —E-_ AQ 4 i‘g —E‘ fi%/% é‘ j;;:l'. 2}.\&

Ao g d Q,=Q, +AQ » A=A +Ad > 2 24§ 26 &8 27 &
ks PlT L FE ke A AR AE A AR SR S S
A5k o L I* 29 &40 210 He3 F REF A F BE PEZEN 4 E R
BRAEL > £ d 212 &7 E PR EEEED P MRS S A#H R
FEEEN 4R R RAEM o F KRN 4 Z Wb FEE S KR T eV
g (2.106) 5% K17

‘PI+1 _‘P(Qlﬂ’ I+1) (QI+1) I+1 (36)

%_(2106);\ é‘A :/1|+1 Q (?|+1Eéiq*L F’}’ -
T: |+1 QJQ _5A+O (Q|+11 |+1) O (37)
OZ(Q.W )i s e sT o SQLIMEEBBLE A3
5T E o 19p(2.106)5 5 (3.7)5¢ ¢ ma‘P/aQ g a‘I’/a/] EY
a—T:a—F=KT (3.8)
0Q 0Q
oY
;=P 3.9
£y (3.9)
A HgE s P (37)8Y - b ehg I o F R38N BN A X T
g
¥, +Kr=-P=0 (3.10)

Ik

Her=0Q:isErs#iyr € AF2QGBIL): > vEI=H4L



— -1 _
r=—K*(¥,,, —dP)=r, +Jr, (3.11)
Her, =KW g tagae et gor a@N Y ¢ 2k
32 5L ik
(B11)5% ¢ chf jF S-dciz & £ AT 1% 2 pe[45] ¥ #rik & n TSN E 4
AT H 2 hE - BREY T HE N E 4w £ 9 Euclideannorm i -

REA > o F7enH E fs o B (AQ+1) 7 11 5l

Al? =(AQ +r) (AQ +r (3.12)
#(3.11)5% &~ (3.12)58 7 11 {7 3
= (AQ +r,+0Ar. ) (AQ +r, + Jr.) (3.13)
(3.13) ;" (g AT 15 7 11 18 B O ez =k B AR
a0 +a,0l +a, =0 (3.14)
He
a =rir. (3.15)
=2(AQ +r,)'r, (3.16)
=(AQ+r,) (AQ +r,) - Al? (3.17)

BRI RFZHEEHB L Er i E (1) RE2 § 5L 2 A
ber P AEARZAQEAAY > T Y %ﬁf'}%%ﬁ’li‘gﬁﬁ%'ﬁ'ﬁl}fi‘gﬁ Boam %
oo PEFT - AR B RERR- E LI (B6)5 0 k7 TS

w £ % B (2.107) 5 i B R 5 b

33 = &

-

1% 31U B2 27 U REFSH2 4 & TRt aF B E D
R T L E RN R A TR o Sl 2 R R R
FANEDMA) - 4 A EZDA)AHETS | BHE AL TG A2
DA)E e A% DAL A5 47 % [+1 B3 E AH T g8 cn) 2 D(A)
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Eo A 7% I+l BHETHME-He 27" E c D)~ F

D(/]|+1)’J‘+’/“\? P+ 'f]q” T2 ]lygifil"_}é;ﬁﬁ%:iﬁi/‘u :

(DA =0 Alg=Al,,> A=A > Ag=A o2 T LZ RZ7 2R
2R e

Al +Al o o boam e
(E%Nm=—5;i’ﬁ&%H&@aﬁﬁﬁ’m$@ﬁmmﬂaD%ﬂp

(B)E DA 4) * 3 E > BIL A=A, > Al =Al,, > D)3 F - B4
A=A 0 Dlg =4l -

(BF T A A FLRER PR P, RN AT
FIHFD) EATER T - = AR

ID(A, 1)
DO

MR _/‘L‘ <e,
A1l

34 BiEARR

A R ER A2 ERAET UL S BARIS

1o g~ 3 B A AT O T
(@ » SHF A~ F R FE 2 Sk
Ly:E#LE- BEYad R TP H e pd RBEI DS o
(OEES S 5 B SR IS N S Y NS Nk
(d)25 % % b B 4L 1 K18 (35)58 P hR, o

\’

ARSI PR CO R CO R R o P A S e A v
Sl n - AHERL
2. 1 % Rk R e gria
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@d 24 &2 > f1F ¢ S REE T A F D%, 0
U, » £3-5(298) 58 ¢ A% &8N 4 foo ¥ d 212 & & R4 7

*(2101)N T f, > R FEIN S foe s 2R AR S
F o

(b)z* & (2.106) 5% e7% L x4 W o

(O £ (2.107)5% crvfc ac B > 3% AR ~ % 3304 5 F R & 3 R dk

ok PR R o i RIEEH () T RIE R ERE LY

Bl EE)N B Epr BEHE ) F il vIHBEAL
ATty oo
(dFfl* GINF & @RI eyt e E f Fikr £

T 51 (@) E AT E -
. gl;gﬁw_ :’ffﬂ';‘%”'“r% m?‘;}i

@b %ypd Aeniepr o Bk de 2L TE » Fe &7
B R RE A 4T 10E 5 F RLE 9 (D) o

(b)3 & (115 ¢ ehr MBI R BEK S o A2 ¢ Koot =2 £ 9% §

2k

DRV EE A ERERENTE R ARELK > B 2R SRR
K AT FRAZHEB SR RVE PN INES A F R AR ELS
Fe s B 212 & Rk ) (2105)0 E 5 K, o 2R s
Hem BB R K e X R L R R ALK

©F*@BDF BN EBAHNFE T - A HETHECH 2 E CHE
FAEIL S S L

(d)‘?" EX 23N EFE R IT o



BOfRA P TR 2 EEARLE OV THE Z AEAZ AP EAN
Adrefealtd B AR Y RN RS R RESZ AR F 0 MR &
F2RP ORI EE S EEAZ B 24 §F B NhAF SRR Sk
kSR LA At A KR SR &
ol gl i o

AR oehd LA R e E 2 3 R H A B s R
3o ZOENA R EBFHELA RSP REET TS AR AL P
FoAZP Y T NT AR Z BPERIE > BRU S VE RS
FP A4 B DKT A2 EB3U-~ Vo Fi: ¥ -3 <2 %P A (Type (1)
At QSTA% & & ehifdu=Nyy,05°V=Ny, 0y % ° ¥ & DKT < %
EHFUSVO LA EZATRIETYpe (2) A * U~ VLR
BHFV=N O 2 ¥ g DKT & #3u- v i 53~ % 5 @0
E(Type (3)) ™}t Wi Bk 3 MM M3 SiFEH~F ARHA Tl g
AR PR A fAATAF RS2 A& Ak Case(af & AR B
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4.5 Simply supported compressed plate
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241 Pis v E S PG Y 4 ier S0 R D] ek By e (5] 42 4.3)

Element Mesh Kg ~ % A Buckling load(N)

Present 10x10 (1) (@) 528.513
10x10 (1) (b) 528.496
10x10 (2) (@) 528.315
10x10 (2) (b) 528.296
10x10 3) (@) 528.209
10x10 3) (b) 528.192

% 4.2 Lateral torsional bucklingr i ip] 3] endk Ay § J7 (542 4.4)

Element Mesh Kg ~ & Buckling load

Present (2+2+2)x14 (2) (@) 2889.74
(2+2+2)x14 () (b) 2888.91
(2+2+2)x14 (2) (@) 2906.06
(2+2+2)x14 (2) (b) 2905.41
(2+2+2)x14 3 €)) 2887.08
(2+2+2)x14 3) (b) 2886.25
(4+4+4)x60 (1) €)) 2746.74
(4+4+4)x60 (1) (b) 2750.94
(4+4+4)x60 (2) (@) 2889.61
(4+4+4)x60 (2) (b) 2752.41
(4+4+4)x60 3) (@) 2738.66
(4+4+4)x60 (3) (b) 2751.19

OPT DKTJ10] (2+2+2)x15 - (b) 2618.26
(4+4+4)x60 - (b) 2529.29
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% 4.3 Simply supported compressed plaié ip| 3] sk By f 7 (515 4.5)

Element Mesh Kg ~% Btk Buckling load

Present 4%6 (1) @) 58.4289
4x6 1) (b) 58.4491
4x6 ) (@) 58.2711
4x6 ) (b) 58.2915
4x6 3) (@) 58.2699
4x6 3) (b) 58.2902
4x10 1) (@) 56.5610
4x10 1) (b) 56.5711
4x10 ) (@) 56.4145
4x10 ) (b) 56.4253
4x10 3) (@) 56.4221
4x10 3) (b) 56.4247
6x12 1) (@) 57.1913
6x12 1) (b) 57.1983
6x12 @) (@) 57.0414
6x12 2) (b) 57.0489
6x12 3) (@) 57.0411
6x12 3) (b) 57.0483
8x20 ) (@) 57.2675
8x20 1) (b) 57.2570
8x20 ) (@) 57.1089
8x20 @) (b) 57.1201
8x20 3) (@) 57.1176
8x20 3) (b) 57.1073

OPT DKTJ10] 4x10 - (b) 59.1703

8x20 - (b) 58.4762
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#. 4.4 Transversally loaded T profite i jp] 3| ek By § 7 ()42 4.6)

Element Mesh Kg % at Buckling load

Prsent (2+2+4)x20 (1) (@) 2799.01
(2+2+4)x20 (1) (b) 2798.68
(2+2+4)x20 () (@) 2797.21
(2+2+4)x20 () (b) 2796.70
(2+2+4)x20 3) (@) 2797.16
(2+2+4)x20 3) (b) 2796.65
(3+3+5)x30 (1) (@) 2848.46
(3+3+5)x30 (1) (b) 2847.75
(3+3+5)x30 () (@) 2846.41
(3+3+5)x30 () (b) 2845.71
(3+3+5)x30 3) (@) 2846.32
(3+3+5)x30 3) (b) 2845.61
(5+5+8)x50 (1) (@) 2829.86
(5+5+8)x50 (1) (b) 2829.02
(5+5+8)x50 2) (@) 2827.77
(5+5+8)x50 (2) (b) 2826.93
(5+5+8)x50 3) (@) 2827.67
(5+5+8)X50 3) (b) 2826.83

OPT DKT[10]  (2+2+4)x20 . (b) 3103.86
(5+5+8)x50 - (b) 2890

# 4.5 Channel section in torsigt i ip| 3] e * 2 2L( 548 4.7)

Element Mesh Kg ~%at# Jz-il =#(-W) Limit point

Present (1+2+1)x20  (2) (@) 18.8209 1097.65
(1+2+1)x20  (2) (b) 18.9037 1104.65
(2+4+2)x40  (2) (@) 20.5250 1104.07
(2+4+2)x40  (2) (b) 20.0766 1106.21

OPT DKT[10] (1+2+1)x20 - (b) - 1011.92
(3+8+3)x56 - (b) - 1080.86
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0., B
J HZJ >X2 J
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Bl 2.7 DKT ~ % thigh2 H = 3§ + (a3 AT R B
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(@)
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E=10",v=1025

(b) (c)

M4l LMELDNEREY 00 (@51 A7 LR (D) 18x17 L
®l(c)s 2 18%271 & [
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L@ b  woN.
- e 20k1 0 N SN

LoadF (10°)

OFRLNW,AUUIOONOO

0 5 10 15 20 25 30
Vertical displacement of poidt (-V,a)

BA2LXFIHRXDEGE? 4 08% > 2 RRERT2Z i FEHY RE -
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(@)

L
Al
E=3x10",v=03t=1 9
X35V
1
) o 1
Io— XS U 1
9 - ] =
(b)

M21 M22

B 432 & ELIAET S EY (@17 LH
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L=254mm
R=2540mm
h=6.35mm
6=0.1rad

E=3102.75MPa
v=0.3

(b) (c)

=
D
E
6
\R
A

BASFHL &P KL FIHBEY 4 (5% (Q)%H < 57 LB
(b)# f i@ (c)®+ 10x10-+ & Bl
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LoadF (kN)
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(@)
L=15C E=2100(
b=10 v=03
h=10
t=1

AR A

(b)

D C B A

] 4.7 Lateral torsional buckling (&1 = <t 7 & ¥l
(b)) 2 (1+2+Dx2 7 . B
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(@)

L=10C>b=5C-t=2> E=10C- v =03

A A
b C

XSV -
A XSU B

| L |

(b)

D C
A B

%l 4.8Simply supported compressed platesd§ < <} 7 &, §l
(b)i 42 4x6 7+ R B
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(a)
L=45C E=7096(
b=38 v =0.321 le— |
h=65 I —

t=1

(b)

A C B C D

] 4.9Transversally loaded T profile (&) = <t 7 & Bl
(b)e 2 (2+2+3X4 T . B
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(@)

L =110 E=21x1¢° yed

b=75 v=0.3

h=25 e
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e
&+
D A
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X% U
/V c ) 1
S\ B
44 |
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D C B A

® 4.10Channel section in torsion (&) * 7 & Bl
(b)) # (1+2+Dx2 7 . B
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Load factom
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(@) _
L=140C  E=19330(
b=4775 v =0.3

(b)

F B D

Bl 4123 4 2L plEgpd 4 ity @47 LH
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2.068Ex1(0’

0.3

E
v

R=1.01¢
L =3.04¢
t =0.03

(@)

Clamped end

Freeend

2F

(b)

X B

=

S <

(b)s 2 16x16F 7, B

Bl 414 RFFl X FlHEL g P 4 (5% (a)
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900 . . . . . . .
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@) R=1C
t=05

(b) C

BA4l6Xsk < HEapdvd 4 (v (a)‘ﬁ;z 4 7 2 E
(b)4 # 12x125 3, [
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T T | T T T I

40r ref.[13] B AT
35F - Present .

30
25
20
15
10

LoadF
T T T T
1 1 1 1

I
|

| = 1 1 1 1 | |

0
o 1 2 3 4 5 -6 7 8 9

Normal displacements-at A (with reverse sign) and B

Bl 417 L EXPIHEE? 4 1v% 2§ =B AR

81



‘45 A & % & f%(area coor dinates)

Al & ffEARHTE

JeB AL #T o XS YR 2 4959 - BLP AR A BER chalE o P
BL¥7 = 4 A5e02 fﬁfﬁ%&«f%ﬁfﬁ’fﬁ%#?;fﬁdgi = BEELS 23
WHEEDZ B2 AN AA A F AR

- A
A A (A1)
A
= A (A.2)
A
=5 (A.3)
1
A= E (x21y31 x31y21) (A-4)
X =X =X (A5)
Yi =Y 7Y, (A.6)

He AL = £251235 o Xoy, R AZ 4V ER hXxfey Btk A& -
nNAs = 22,7 PRhag fathk > ¥

A+A+A=A (A.7)
4 (AL 3 (AN & (AT 2 iF )

A+é+n=1 (A.8)
FA~E N2 BAEsdplch Fpr ki d @% v nidmz ba)9
R B A AR 0 doB A2 -
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1 1 1 1|/

Xp=|% % %K< (A.9)

y Yi Y YU

A 1 XY 7XY, Y X 1

CPToa B TXYs Ya X [iX (A.10)

7 XY, = XY Yoo XY
FEiotg=¢(En)i e fHatkod AE XS YRS T LA

¢ — E’X 1] ¢1g
{%}_L‘,y Oqu} (A.11)

B(ALL)R e, 1], > &0y~ 11, T AT (AL0)SS e 192

E’x ,7'x - 1 y31 y12
|:<z’y ,7’Y:| ) ZA\|:X13 X21:| (Alz)

FiELokg =g Y)E D ERGRaEe L HE LN DA T AT A

e

B(AL3)N P X~ Y, > Xy 2 Y, T AT (A9)F A

|:X,g y,g:|:|:X21 y21:| (A.14)
Xy Yy X1 Ya

7
T~
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(0.1)

(0,0)

B AL e o Ak Ao 2 2

n

|

3

.1 2 —
(1,0)
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5B P RE-MEE A EFA RO RIEE H ML

% (2.15)% 27(2.16) # N, (i =1...

9)2 & nenmicA v &7 5 [40]:

i N, N, N,.,

1 P (3-21)+2a 6A(=1+ 1) + 20 6A(—-1+ 1) +2c

2 X +al? AA—-28)+b/2 -28A +c/2

3 nX +al2 —-2An+b/2 AA-2n)+cl2

4 £*(3-2¢6)+2a 6£(1-¢&)+2b 2c

5 &(-1+$)-a ¢(-2+3§)-b —C

6 &n+al2 2én+b/2 E2+c/2

7 n°@-27) +2a 2b 67(1-1) +2c

8 én®+al2 72+bl2 2én+cl?2

9 n*(-1+n)-a =b n(-2+3n)-c
He

A=1-&-p (B.1)

a=¢nA (B.2)

b=n(A-8&) (B.3)

c=¢(A-n) (B.4)
t(2.65)% ¥ N, ~ Ny, ~ N, ~ N, %

Ny =6 Nyre 7, Ny, (B.5)

Ny, =&, Ny +7,, Ny, (B.6)
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NV’X:E’X Nv’{+l7’x Nv’/] (B7)

Ny =&y Ny, Ny, (B.8)
N,.,) N, C o 0
0 0 N, N,,,
N, N,,, 0 0
N,., N, 0 0
0 0 N, N,.,
0 0 N, N,
N, N,., 0 0
0 0 N, N,.,
N, N, o ] o
N, = Ne,? N,,, = st, Noe=1 o f Now=1 o |
0 0 N, N,
0 0 Ng, N,
N, N,,, 0 0
0 0 N, N,,,
N, N,., 0 0
N,.,, Ny, 0 0
0 0 Ng. e N,
0 | |0 N, | Ng.,
(B.9)

—j—E'? ‘:1 E’x * ,7’x * E’y A I71y © iLKfTéj"‘A 6 —L(Alz);\ i;ﬂ;‘ °
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e C  DKT =~ % 7975k S dic

B (2545 e aH B H A% 9B AR > H &5 5 [32)

H,, =15(agNg —asNs)

Hyo = bsNs5 +bgNg

Hys = N; —~C5N5 —CsNg

Hys =15(a;N, —agNg )

Hys =bsNg +bsN,

Hys = N, —CgNg —C,N,

Hy7 = 15(asNs —a4Ny)

Hyg =04N4 +Db5Ng

H,g = N3 —¢4Nz~=CsNg

H yl — 1.5(dgNg —dsNs)

Hyo =—N; +&Ng +€Ng

Hys=-H,

Hyq = 15(d4N, —dgNg)

Hys =—N, +e5Ng + 4N,

y5

Hys =—Hys

y6

Hyg =—N3+e N, +eN;g

y8

Hyo =—Hyg

y9
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_ X
ak =
X Yij
b, = 5
1 1
(Z)gj 2yij2)
G = | 2
i
dk :—_ yZIJ
l
& w )
& = | 2

i
2 _ L2, 2
i” =06 +y;7)

HY k=4,5,64 %3] =23,31,124cB] 2.7 #77F > X; =X —X; >

§ =% %
Vi =YY e
BH, ~ Hyehdom 580 22 4(247)50 ¢ N, (i =1-6) % [32]
Ny = 20-¢ -1 - ¢ 1)
N, = £(26 - 1)
Ns =7(27- 1)
N = 467
Ns =470~ ~17)
Ng =4¢d~¢-1)
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B4 nA Ak R, & L[43] ) bR C.L¥7A -
v ge[43]" A% 6 AL S L~ LAY
L =2—1A(x2y3 XY, (Y, ~ Ya) X+ (X = X,)Y)
L, =2—1A(><3y1 =X, Y5 (Y5~ V)X + (% = %) Y)
Lg=2—1A(><1y2-x2y1+(y1—y2)><+(xz-xl)y)
2A=(X,Y5 + X1 + XY, = X Y1 — XY, = X, Ys)
B XX~ X Y~ Y, Ve A WA AE - B A A AR

Ll > L2 N L3‘3LH‘X > yﬁj%/ﬁ’%& F”‘J ;‘7:“

%:y -y
aX 2 3
oL, _
aX—Y:s Y1
oby _
ax—)’1 Yo
L o y—x,
ay
L2y —x,
ay

Os _y %
oy

0é _
ax Y37 Y1
9% =X X3
oy

on_ . _
Ix Yi=Yo
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5_/7=X2_X1

=0
=Y1=Y2
; THE O XN=Y

% AR

A AE &

% B

i A B A
1, ~ y‘

.
PE -~

= Y3
%zh‘)’l

0X

%leﬂ%

oy O
6,7=Y1_Y2—
ax

a_/7=X2_X1

ay

H,2 H £3 7T ke T
T BRI T 3
N BN
' y
x A

=B
+(Ps
el |
) )+re(1—2<‘)+P6)
_4+6(£+(Z 28)+17(Py )
P —n(de — 4_r )
P (1_22-26 +1(ry —Tg
HX,g(: —2+6£+ri7(P5+P4)
n(Q, _Q5))
—n(rs =1y
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[ te(@-28) +n(t5 —tg)
1+15(=28) —n(rs +rg)
—0s(@~2¢) +77(ds + Q)
~te 1 =25) +n(ty +1g)

Hyg=|—1+rg@—=28) +n(ry —1g)

— 0 1—2$) —77(ds —e)

—n(ty +1s)
n(rs —Ts)
—1(ds —0s)

—RQ-27)-<¢(Ps — Fs)

051 —27) —$(ds + )
—4+6( +n) +r5(1-27) = (5 +1¢)
§(Py +Fs)

Hx,/7 = $(as _qG)
= ¢ (g = I4)
BA-27)=¢(Py + )
0s (1=27) +<(0, = ds)
—2+67 +Is(1=217) + & (ry = 1)

—ts(L-27).=&(tg —t5) |
1+r5(L-27) =¢(rs +715)
—0s5(L-27) +¢(ds + ds)

$(ty +16)
Hy, = §(ry = 1)

—¢(ds —Js)
ts(1—27) —§(ty +1s5)
—1+15@Q-27) +&(ry —15)
| —0s(@-27)-¢(q4 —0s) |

k=4,5,64 % $ &3] =23,31,12
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B C.1-5% 54k A7 &

1
0,=)4
)
00 ¢
B C2 85 &8 XA fhn LW
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it D ~Z A FEIREL
TRAENRDBE PR REL ) LR BRI DN — E Y

%2 ;*Jq[43]v* % EF e Green's strairg  total Lagrangiana 3 da 3 41 - =
A F 2 SR RAEL 5 R R AT 2 r[43]Y e H et i
B i REFENAFTEY e F o
Dl if-RRfEH el
A ARk ix (=123 % > £ x ~y ~ 2% Lagranges: &

u={u v w (D.1)
plEHed o B usveows x(1=123p wninf A g o
d Green’s strainhz_% v #[47] :

& = U; +%(u,i2+v,i2+vv’i2) I=X,Y,2 (D.2)

Vi =Uj v+ (U BViVEEWWG ) =Xy, 2 T (D.3)

J
(D1)fe(D-2)s¢ 7 % 11 e & 8

E=gptgL (p.4
£X u,X
y Vy
gz WZ
g, = = ’ (D.5)

0. 0 O]
0 6, 0 6
t X
i e
0 0 o | "’
0 0 0
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eX u,X
0=10, 0, =1V,
eZ VV,X
00 0 O]
0 6, O
A=l 0 O 0
0 6, 6,
0, 0 o
6, 6, O
R A

d (D.4); ¥ 7 ¢
de = dg, +de, =Bdq

de, =B,dq
de, =B, dq
B=B,+B (q)

u
GZ = V,Z (D?)
W

(D.8)

z¢ s o gu=u(Q)  HP qi ~E2oaghpd Re g

(D.9)
(D)10
(D.11)
(D.12)

P BL AR M e By M-S M e B,

LM S-SR L o

4 (D.B)A T ¥

de, =%dA6 +%Ad9 - Ado

(D.13)

#(2.37)3% ~ (2.38)% ~ (241 5 » (D7) ¥ 7

0 =Gq

@)

He GLU-OMGEL QL A2 &8 d Aol o

#(D.1A)N &~ (DA 7
de, = AGdq
B, =AG
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(B)1



X't = d'sdV (D.17)
B f L AZHB A hagpd o VE AP -
#(D.9);¢ 1 » (D.17)58 7 48

f = BlodV (D.18)
d (D.18);8 ¥ ¥ :

df = [,dB'edV + | B'dedV (D.19)

#(D.9) & » (2.58) 7 17 :

do = Ede = EBdq (D.20)
d (D.12);" # 7 :
dB =dB, (D.21)

#(D.20)2% ~ (D.21)5* % »(DI9)t = @
df = [ dBledV + [ B'EBdgdV (D.22)
4 (D.22)X 7 ¥ :
k =k, +k, = [B'EBAV = [ BYEB,AV + [ (BLEB, +B,EB )dV (D.23)
k,dqg = [ dBedV (D.24)
He k Z2mb|REL > ky 5] =4 K| R &L (small displacement stiffness
matrix) > K| i 4= 4> =45 4B & & = 4 45 (initial displacement matrix or large
displacement matrix) k , 5 ~ 2 S ® k| R EL -
#-(D.16)5 & » (D.24) ¥ 18
k,du = dBiedV = | G'dA'edV (D.25)

#-(D.8)7 ~ (D.14) & » (D.25) + 7 :



JX

o

o, 0 O O do, do, ay

dA's=| O do, O do, O do, TZ

O O do, do, do, O Tyz

TXY
0,00, +7,00, +7,00, Ty T, ]

=17,00, +0,d0 +7,d0, ol 1,l|de=MGdq

r,4d0, +r,do, +0,de, I, ol ]

r‘M—rI al | % 3x3 H =4

#5(D.26)5% # » (D.25)7 @

=LGtMGdV

(D.26)

(D.27)

(D.28)

AT 5 QSTA% & DKT R F dpieat— 2% § (F6]F 0 Badci

TREAEG NS 0, ~ O,E T, 0 BUDT) ~ (D.27)I 1 &

u u
0, X y
0={9} 0, =1V, 0, =4V,
y
W, Wy
ol 1.l
= Y | 4 3x3H (=45
rxyl ayl

c={o, 0, 1.} =6, ,+*0,

_ _(b b b
on={0y oy 1y} o, ={0, 0y I}

(D.29)

(D.30)

(D.31)

(D.32)

29 g 0,5 (2.66) ~(2.74)" 2 QSTL & ~% 2 DKT 4 ~ % s 4 5 -

D.3 <4 % ink| B &L chit ¥

F 5 DKT 45 & % 4 5 Bl% =8 3w > #700 BX 5 8 =8 Fw= N,
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W,x = I\Iw,xub #¢ Nw,x :{_y3 Y3 O} (D-33)

W, =N, Uy He Nyy ={=X X3 —X3 X} (D.34)

#(D.33)7% ~ (D.34):* ~ (2.37)5* ~ (2.38)% ~ (2.41)" & » (D.29)F 7 :

Uy =Unpy + Uy = Nyg, g +2ZH Uy (D.35)
Vi =Vmx tVhx =Nyg o +2H, Uy (D.36)
W, = Ny Uy (D.37)
u,=u,, +u,, =N, g, +zH, u, (D.38)
V=V, Vv, =Ny by +2H Uy (D.39)
w, =N, U, (D.40)

#-(D.35)7* % (D.40)5 & »(DA4)F 1

_Nuéj,x Zij,x_
NG 2H,,
G={G, G, G e O N D.41
={G; G, G3} = TN, (D.41)
Nvél,y ZHyj,y
0 N, |
d={a, 9, g} e d; ={q61 ubj} (D.42)
#(D.41);% i ~ (D.28)8 7 18
GIMG, GMG, GMG,
k,=[|GMG, G)MG, GMG,dVv
GIMG, GMG, G.MG,
(K] =] [GIMG]aV i,j=123 (D.43)

(DAL e B &
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_Gjll _ZGjlz_
0 G.
Gi=lra 7 Fo (D.44)
Gia1| |ZGjs2
| 0 | |Gje |

#-(D.31)5* ~ (D.AD X & » (D.43)F ¥ :

_ ¢ ~ A B
kgj =[,GIMG;av =], | c pzA (D.45)
g gtz [G 0  [Gly 0l }
H :
[ZG|12 Gizl [ZGiss Giuyl
o, Gin ‘7 _Gj31_ o, ZG 12 i7 ZG 3,
0 YL o Gz | Y| Gja
MGJ = — _ = =
TW{Gjn}_Uy G a1 L, zG 1o +ao, G i3,
0 0 ] G2 G |
¢ (D45 f1* [ dz=h [ zdz=0~ [ Zdz —h3~jh/20dz=0?%§:
- ' h/2 h/2 h/2 12 J-hi2 b

J'ZAdz: —hr:/zz( [G 11 O]{ }+Z’ [G % 0]{ 131}

+ Txy[G 31 0]{ }"'Uy[G 31 0]{ 131})(12

=h0Gi1G 11+ 07Gi3G a1 + T (GinG 51+ GisiG 1)) (D.46)

h/2 zG j; G 3,
IZdez ol o,[Giny 0] "‘Txy[G 11 0]
122 142

+Txy[Git31 O]FGG e } [G 31 0]{26132})512
j

j22 42

h/2
=([ hlzzabdz)G 111G 12+ ([ h/zzabdZ)Gl31Gj32

(.[ hi2 1, dZ)(Glll js2 ¥ GlaG i12) (D.47)
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h/2

Gy G,
[cdz=["" (0,[2G}, szz]{ :|+Txy[ZGI12 Gitzz]{ 831}

+7,[2Gi3, 6}42]{G ]"0’ [Gi3, G|t42]{ 131})d2

h/2
=([_ 20,d2)G};,G i+ ([ h,ZZUbdZ)G 32063

h/2
(.[ h/22T dz)(Gllz 1+ GG 1) (D.48)
_hi2 ¢ zG 15 .t 7G i3,
.[deZ_ —hlz(a [2Gir, Guzz]{szz}‘T (G, G|22]{Gj42

}'Jy[ZG 32 Gi 42]{25132})(12

‘ ZG
+ Txy[ZGISZ G|42] 12
j

122
— met met m t t
=N0xGi2G 22+ 0y GG a2+ Ty (Gi22G jaz + Gi42G j22)]

3

h m m
+E[0-XGit12G +0 GutszG T (G|12 +Gitssz12)] (D-49)

g (2.74)% ~ 277 7 (F(D.AT) ~ (DAB)P frfh & 5% » ¥ £ 7 4T

[ 20,0z = [ 2EB,u,dz = (j_hh/fzzzEdz)Bbub =D,B,u, (D.50)
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‘e E & 22 & 24 4 (equivalent external nodal force)

El A4 $scihgrts
TR EF L2~ E TG P T ENE 12900 At L8 2t if
12 w4t > 4Bl El(@QE B EL(byiw c He ten? i~ i &gl
PAFER2MEMT v LB e ARG S e S o R 12
BRIl B e VAT ’?,I'Z%g\?)(lE\XE’% e ch B
L=t (E.1)
t, =t (E.2)

12 e BT kG A AR =0 ~ (2.26)5% 82 (2.27)5 8 1)

u=N! T el (E.3)
=N, T, (E.4)
Ntho N, 00 0
N, 0 NNO © 000 000 0 0 (E.5)
N,={0 N, 0 0 N,:0
ON, 0OON 00O0O0O0O O (E.6)
N, = (1+26)(1- &) (E.7)
N, =&(1-¢) (E.8)
N, =(3-2¢)¢? (E.9)
N, = (£ -1)¢? (E.10)
29 0<E<] 7 EIRN B (EAS P T, 62285 ¢ F Tk Eid

FLBNEREAZ S IPAIREF Mo L E B B RSk Sk
T e 0 M TNUNVIARXAZERIDERE o d po RIEV (F[42]

&', = [, (dn't, +dv't, JdA (E.11)
#¥(E.1)Z (E4):¢ i ~(E. 11 7 #
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&Lt =T, [ (N, —t,N, JdA (E.12)
4 (E.120 7 1@

fo=Th[ (LN, —t,N,)dA (E.13)
B(EA3)N ¢ chst 4 5 5 dA 5
dA=tL,,d¢ (E.14)
He L, 4d# 120 B o #(E.14)8 1 » (EA3) v 7
fo =tL, TS [ (LN, —t,N, )d& (E.15)

E2 BH4 i 2_ % aLel 4
deBl E2- BE32 B E4#r7 > 4 g ABAmM+1H&gd &8 A
B & 8L B Agac S £ & mE Bl AB R B 2 (ELS) P chl,2 B G S

L =mL, (E.16)
#(E.16)"  » (EIS) N 2 gt Bt 2 BB =

f = Lo Tt j t N, d& (E.17)

Le Tt jot N, dé (E.18)
A @'J%E" flma g b it T T #37 e AR
R0~

1353 & % # (uniform distributed surface traction)

(1)if AB % 3| T (73t o g A (5 4 4cB E2(@y 7m0 8 &4 <) 5 f

PlE KB A B 74T

“t, = o (E.19)
tL

#(E9) &~ (EA7)R £ 45 4 7 18
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f,
“f, = mtngFl (E.20)

F={1/2 0 12 0 0 ©
/2 0 -1/12 0 0 0 0 0 0 O O O} (E.21)

Fie
kft:ﬁu{j/z 0 )(21/12 0 y21/24 _y21/12

12 0 -x,/12 0 -y, /24 y,/12 0 0 0 0 O O}
(E.22)
(2)if AB % S 3 ++if g A i 4 o 4o E200F5F 0 A £ 4 <]

f SR SKENEATA T £33

un

“t P (E.23)

’ tLAB
B(E.23) it ~ (B8R o7

“fo=- L T,F, (E.24)

m
F,={0 /2 0 0-212 0
0 1/2 0 0°=312 0.000 0 0 0 G  (E.25)

f
I(fn:_ un{o ]/2 0 y21/12 X21/24 )(21/12
m
0 ]/2 0 —y21/12 —X21/24 —X21/12 O 00 OO O}
(E.26)

= = %4 ¥ 4 (quadratic distributed surface traction)

(1)i# AB X 3| T 730 ehz st A B4 » )eB E3@F1T » B &4 < &

fqt’fx’fLAfg\,L-‘;i’B%ﬁvé‘va\f#¥ A A0 RIS KESEA G T G A
A& Ao &

“t, =—% Ol (k+&-1)(m-k-&+1) (E.27)
tm? LAB

W(E2T)R &~ (EAT)R 25 A 7 19
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f
“f, :H“;T;ng (E.28)

1
F.=— 0 0 0O
\ 1J% a,

a, 0a, 0000O0OGO OO0 O (E.29)

kt_l(]:;w {a1 0 A, X5 0 a‘2y21/2 Y,
a, 0 ax, O a4y21/2 -a,y, 0 0 000 0}

(E.30)

a, = —-30k* +30km+ 42k - 2Im-16 (E.31)

a, = -5k* + 5km+ 6k —3m -2 (E.32)

a, =—30k? + 30km+18k —9m-4 (E.33)

a, =5k* —5km—4k + 2m+1 (E.34)

(2)i# AB % 3|8 v s i A i deB E3(byrw 0 B &4 <) G

fqn’_‘»1 EABEBEAL L A E 0 BFKESEAGE T G

BARE H S

k — 6fqn — —l —
tn—UﬁLw(k+f Y(m-k-¢&+1) (E.35)

#-(E.35)8 * » (E.18)" & A 7 17
k — fqn t
f,.=- e TgeF (E.36)

1

F,=—{0 00 0

=30 & a,
0a300aooooooo} (E.37)

k
f =
" 10 3
0 a 0 ay, ax,/2 ax, 0 0 0 0 0 0

(E.38)

{0 a 0 ay, ax,/2 ax,
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3.5 %% 4 % 4 (pure bending distributed surface traction)
B Ed49r7 o FABXRBHEELHA o HEEL ) S Mo Pl EKEATR

AT G AR o

ktn — 12|\2/| (m_k_f'i'lj (E39)
tmL’; \ 2
#(E.39) & » (E18) % 45 A 7 1
M
kfn - ‘I't F (E40)
m’L,, ¢ °

1
F.=—30 (O] 0
5 10{ a a

0Oa 00a 0O0O0OO0O0 O (E.41)

kh=I&¥E;ﬁ)fk 0,184%50 8%, /2 3%,
0 a 0 ay,, ax,/2 ax,.0-0 0 0 0 0}

(E.42)

a, = —60k +30m+ 42 (E.43)

a, =—-10k+5m+6 (E.44)

a, = —60k +30m+18 (E.45)

a, =10k —5m-4 (E.46)

B (E.22)% ~ (E.26)" ~ (E.30)" ~ (E.38)% 12 2 (E.42)\8 ¢ #3- 5 41 e f
“f, 5257 A T B A R SR AR - K

FLEFIME » Rs BB LX) Ft4 g Po
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(@)

(@)

(b)

XE X
1
t, t,
BELlL~%<4 %K (@0, (b)o,
(b)
1 2 m 1 2 m
' vV 7V v Yy Y ¥
f, fun
B E2%33 264738 @f, (b)f,
(b)
1 2 .. m 12 - 0m
Y

BlEA S0 6G4 72 F
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Mt F o Battini #r@ # o % A48 % 3L[49]
~F ARG REAA, O XY g gAY~ F Rk a &
REF R R G S EERA R RO G L § R
T ek fo) o 4oB) F19w o
FRRVCEAZAEMB L gk PE T e S 0 AR L EE

i TR gl A

X, =cosa x; +sinay, (F.1)
Y, =-sina x; +cosay, (F.2)
FPRYEEAF L SRIARELA TS (X)) E PR A AR

phifa & 16 1% L @B PRRER T 5 (X,Y,)
PR A A EME g S BoE B R 8 A E L SRR
YA RPN S L BRI D e

gﬁf%f+wfmfl (F.3)
sk RPN LS REEA T S (%Y ¢
(F.1)fc(F.2)* » (F3)7 @

3
Y [(cosa x; +sinay,=°x;)* + (=sina x, +cosa 'y, ~%,)’] (F.4)
=1

(FA)sta w7

3
jZ:‘i[(sinaxj —cosa y;)°x; +(cosa x; +sinay;)’;] (F.5)
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£ (F5)5 0¥ 8 :

3
Zx Y, —Y;°%)
tana = 1> (F.6)
2067 %Y%)
Py TR R AR RRMEa AR Ty DR e F SR

Curren X129

B F1-~%%37 &8

107



