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Abstract

In this thesis, the chaotic=behavior of ‘new Double Ge-Ku system is studied by
phase portraits, time histories; Poincaré maps,. Lyapunov exponents and bifurcation
diagrams. New type for chaotic synchronization; double and multiple symplectic
synchronization, are obtained by active ‘control. A new kind of chaotic generalized
synchronization, different translation pragmatical generalized synchronization, is
obtained by pragmatical asymptotical stability theorem and partial region stability
theory. A new method, using new fuzzy model, is studied for fuzzy modeling and
synchronization of Sprott 4 system and Rossler system. Moreover, the new fuzzy
logic constant controller is studied for projective synchronization and chaotic system
with uncertainty. Numerical analyses, such as phase portraits and time histories are

provided to verify the effectiveness of all above studies.
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Chapter 1

Introduction

Chaos is a very interesting nonlinear phenomenon. Chaos as a modern theory is
discovered by the age of computer in the middle of the past century, which has an
epoch-making significance in exact science.

Generally speaking, designing a system to mimic the behavior of another chaotic
system is called synchronization. Synchronization of chaotic systems has received a
significant attention, since Pecora and Carroll presented the chaos synchronization
method to synchronize two identical chaotic systems with different initial values in
1990 [1].

In recent years , synchronization-in chaotic:dynamic system is a very interesting
problem and has been widely-studied. Chaos synchronization has been applied in
biological systems [2,3], secure communication. [4,5], and many other disciplines. By
linear and nonlinear control [6-12}.different types-of synchronization for interacting
chaotic systems, such as complete synchronization [1], phase synchronization [13],
lag synchronization [14], generalized synchronization [15-20], anticipating
synchronization can be obtained.

Various approaches for achieving chaos synchronization using fuzzy systems have
been proposed [21]. Fuzzy set theory was first presented by Zadeh [22], while fuzzy
logic control (FLC) schemes have been widely developed and successfully deployed
in many applications [23]. Furthermore, adaptive fuzzy controllers have been used to
control and synchronize chaotic systems [24,25].

Uncertainties associated with the mathematical characterization of a system can
lead to unreliable damage [26]. Probabilistic analysis provides a tool for incorporating

randoms in the analysis of frequency response by generally describing the randoms as
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randoms variables. While the studies discussed above addressed measurement noise,
some researchers have started looking at the effect of noise present in the model.
Collins et al. [27] proposed a statistical identification procedure by treating the initial
parameters as normally distributed random variables.

In recent years, some chaos synchronizations based on fuzzy systems have been
proposed since the fuzzy set theory was initiated by Zadeh [22], such as fuzzy sliding
mode controlling technique [28,29], LMI-based synchronization [30] and extended
backstepping sliding mode controlling technique [31]. The fuzzy logic control (FLC)
scheme have been widely developed and have been successfully applied to many
applications [32]. Recently, Yau and Shieh [33] proposed a new idea in designing
fuzzy logic controllers - constructing. fuzzy, rules subject to a common Lyapunov
function such that the master-slave chaotic-systems-satisfy stability condition in the
Lyapunov sense. In [33], therg are two main controtlers in their slave system. One is
used in elimination of nonlinear terms-and.the other is built by fuzzy rules subject to a
common Lyapunov function. Therefore, the resulting controllers are in nonlinear form.
In [33], the regular form is necessary. In order to carry out the new method, the
original system must to be transformed into their regular form.

In recent years, fuzzy logic proposed [34] has received much attention as a
powerful tool for the nonlinear control. Among various kinds of fuzzy methods,
Takagi-Sugeno fuzzy (T-S fuzzy) system is widely accepted as a useful tool for design
and analysis of fuzzy control system [35-40]. Currently, some chaos control and
synchronization based on T-S fuzzy systems have been proposed, such as fuzzy
sliding mode controlling technique, LMI-based synchronization [41-43] and robust
control [44]. Furthermore, two different nonlinear systems may have different
numbers of nonlinear terms. It causes different numbers of linear subsystems. For

synchronization of two different nonlinear systems, the traditional method using the
2



idea of PDC to design the fuzzy control law for stabilization of the error dynamics can
not be used here, since the number of subsystems becomes very large.
Ge and Ku [45] gave a chaotic system formed by a simple pendulum with its pivot

rotating about an axis as Fig. 1.1. This chaotic system is

{Xl =% (1.1)

X, = —ax, —sin x,[b(c +cos x,) + d sin wt]

2

where a,b,c,d are parameters. After simplification, sinx, =x, cosxlzl—% and

addition of coupling terms, we get the Double Ge-Ku system

¥ =X
%, ==, =% | g(h=x)+k, | (1.2)
X, :—fx3—x3[g(h—x32)+lx1]

where a,b,c,d,g are parameters.

In Chapter 2, a new type ‘Of synchronization, double symplectic synchronization,
G(xy,t)=F(x,y,t) is studied.\ Traditional generalized synchronization and
symplectic synchronization are special cases of the double symplectic synchronization.
Since the symplectic functions are presented at both the right hand side and the left
hand side of the equality. The double symplectic synchronization may be applied to
increase the security of secret communication due to the complexity of its
synchronization form. By using the Barbalat’s lemma[46], the double symplectic
synchronization can be achieved. Finally, the effectiveness and feasibility of our
proposed scheme are verified by numerical simulations.

In Chapter 3, a new type of synchronization, multiple symplectic synchronization
is studied. When the double symplectic functions are extended to a more general form,
G(X,y,z:-*w,t) = F(x,y,z---w,t), “multiple symplectic synchronization” is achieved.

The multiple symplectic synchronization may be applied to increase the security of

3



secret communication more effectively than double symplectic synchronization due to
more complexity of its synchronization form.

In Chapter 4, a new chaos generalized synchronization strategy of different
translation pragmatical synchronization by stability theory of partial region [47-49] is
proposed. By using the stability theory of partial region, the Lyapunov function is a
simple linear homogeneous function of error states, the controllers are more simple
since they are in lower degree than that of traditional controllers, while the traditional
Lyapunov function is a quadratic form of error states.

In Chapter 5, we propose a new strategy which is also constructing fuzzy rules
subject to a Lyapunov direct method. Error derivatives are used to be upper bound and
lower bound. Through this new approach;a simplest controller, i.e. constant controller,
can be obtained and the difficulty in realization of complicated controllers in chaos
synchronization by Lyapunov. “direct method can-.be also overcome. Unlike
conventional approaches, the resulting-control. law has less maximum magnitude of
the instantaneous control command..and it.-can reduce the actuator saturation
phenomenon in real physical system. Some computer simulation examples are given
in this Chapter.

In Chapter 6, the new fuzzy model is proposed. It gives a new way to linearize
complicated nonlinear system and only two subsystems are concluded. In simulation
examples, Sprott 4 system [50] and Rossler system are used.

Finally, conclusions are presented in Chapter 7.
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Chapter 2
Double Symplectic Synchronization

for Double Ge-Ku System

2.1 Preliminary

In this Chapter, a new type of synchronization, double symplectic synchronization,
G(x,y,t) =F(x,y,t) is proposed. Double symplectic synchronization is an extension
of symplectic synchronization, y =F(x,y,t). Because the symplectic functions are
presented at both the right hand side and the left hand side of the equality, it is called
“double symplectic synchronization”. Since the synchronization form is more
complex than generalized and symplectiessynchronizations, so we usually use it on
the purpose of secret communication. The-scheme-is effective as shown by three

examples as follows.

2.2 Double Symplectic Synchronization’Scheme
Consider two different nonlinear chaotic systems, Partner A and Partner B,
described by

x=f(x,t), (2.1)
y=C(t)y +g(u,t) +u, (2.2)

where X =[x,X,,....x.]" €eR"and y=[y,,V,,...,Y,]" €R" are the state vectors of

Partner A (2.1) and Partner B (2.2), CeR™" is the given matrix, f and g are
continuous nonlinear vector functions, and u is the controller. Our goal is to design
the controller u such that G(x,y,t) asymptotically approaches F(x,y,t) .For
simplicity take G(x,y,t)=x+y and F(x,y,t) is a continuous nonlinear vector

function.



Property 1 [5]: An mxn matrix A of real elements defines a linear mapping
y=Ax from R" into R™, and the induced p-norm of A for p=1, 2, and o is

given by
Al = max 3 fay. AL, =[ A (AR, [A], =max ;\aﬁ | (23)

The useful property of induced matrix norms for real matrix A is as follow:

Al < VIALIAL - (24)

Theorem: For chaotic systems Partner A (2.1) and Partner B (2.2), if the

controller u is designed as

u=(l- DyF)’l[DXFf(x,t) +D,F(C(t)y +g(y,t)) + D,F -f(x, 1) —g(y, 1) 2.5)
+C(t)(x—F)—K(x+y—F)], '

where D,/ , D/JF , DJ~ are the. Jacobian matrices of F(x,y,t) ,

K =diag(k,,k,,..., k), and satisfies
min(k;)
[cw)]

>1, (2.6)

then the double symplectic synchronization will be achieved.
Proof: Define the error vectors as

e=x+y—-F(xy,t), 2.7

then the following error dynamics can be obtained by introducing the designed

controller
%:é:SHy—DXFX—DyFy—DtF
=f(x,t) +C(t)y +g(y,t) - D,Ff(x,t) -D,F(C(t)y +g(y,t)) -D,F (2.8)
+(1-D,Fu
=(C(t)—K)e.

Choose a non-negative Lyapunov function of the form



V(t) :%eTe. (2.9)

Taking the time derivative of V(t) along the trajectory of Eq. (2.8), we have
V(t)=e'é
=e'C(t)e—e'Ke
<[C)]- el - minck) e
= (|c®)||—mink,))|le]” -

(2.10)

Since M =min(k,)—[[C(t)| >0, then V(t)<-M ||e||2 =-2MV (t) . Therefore, it
can be obtained that

V(t) <V (0)e ™™ (2.12)

and !imj;|V(§)|d§ is bounded. Besides, V(t) is uniformly continuous. According

to Barbalat’s lemma [46], the, conclusionscan“be. drawn that !imV(t)zo, e

!im||e(t)||:0. Thus, the double symplectic synchronization can be achieved

asymptotically.

2.3 Synchronization of Two Different New Chaotic Systems
CASE 1
Consider a new Ge-Ku-Duffing(GKD) system as Partner A described by
¥ =X
X, =—hx, —xl[l(p—xf)Jrka]

. 3
Xy =—X3 = X5 — P, + g%,

(2.12)

where h=0.1; I1=11; p=40; k=54; f=6; g=30; and the initial conditions are

X (0) =2, x,(0) =2.4 x,(0)=5. Eq. (2.12) can be rewritten in the form of Eq. (2.1),



X2
where  f(x,t)=| —hx, —xl[l(p—xf)+ kxs] . The chaotic attractor of the new

X = %; — X, + 0%,
GKD system is shown in Fig. 2.1.
The controlled new Double Ge-Ku (DGK) system is considered as Partner B

described by

Yi=Y,+U
y, =—ay, - yl[b(c— yf)+dy3]+u2 (2.13)
Yo =—ay, Yo b(c—¥2 ) +ey, [+,
where a=-0.5; b=-1.4; c=1.9; d=-4.5; ¢=6.2;, u=[u,,u,,u,]' is the controller, and
the initial conditionis y,(0)=2, y,(0)=24, VY,(0)=5.
The chaotic attractor of uncantrolledsnew, DGK system is shown in Fig. 2.2,

Bifurcation diagram in Fig. 2.3'and Lyapunov-exponents in Fig. 2.4. Eq. (2.13) can be

0 1 0
rewritten in the form of Eq. (2.2),where C(t)=|<be" -a 0 and
0 0 -a-bc
0
g(y,t) =| by,’ —dy,y, |. By applying Property 1, it is derived that ||C(t)], =-a—bc
bY33 —€Y1Y,

Ic®)|, =—a-bc , and |C(t)|, <+/(-a—bc)? =+/9.9856 . Then |C(t)]|=3.1 is

estimated.
XY,
Define F(x,y,t)=| x,?y, |, and our goal is to achieve the double symplectic
X;"Ys
o . . .. min(k;,)
synchronization x+y =F(x,y,t). According to Theorem, the inequality ||C—(t)i|>

must be satisfied. It can be obtained that min(k;))>3.1 if we choose

9



kk 0 O 4 00
k, 0|={0 5 0| and design the controller as
0 k| |0 O 6

K=|0
0

Uy = 2XY,X + XY, =X = Y, + XY, =X — Y,

Uy = 2%, Y, {=hx, = X [1(p — %) + k¢ I3+ x,*{=ay, — y,[b(c — y,*) + dy; 13+ hx, + x,[1(p = %) + kx;]
+ay, + Y1[b(c - y12) + dyz] + XZZY2 —X =Y,

Us = 2X;Ys (_Xs - X33 - sz + gx1) + st{_ays - ys[b(c - ysz) + eyl]}+ X3+ X33 + sz — 99X
+ay,; + y3[b(c - y32) + ey1] + X32y3 XY

The Theorem is satisfied and the double symplectic synchronization is achieved.
The phase portrait of the controlled DGK system and the time histories of the state

errors are shown in Fig. 2.5 and Fig. 2.6.and,Fig. 2.7, respectively.

CASE 2

Consider a new Ge-Ku-van-der Pol(GKv).system as Partner A described by

¥ =X,
XZ:—fxz—xg[p(k—xf)+mx3J (2.14)
X, = —0X, —h(l—x?f)x2 +1x,
where  f=0.08; p=-0.35; k=100.56; m=-1000.02; g=0.61; h=0.08; I=0.01; and the
initial conditions are x,(0)=0.01, x,(0) =0.01 ,x,(0)=0.01. Eq. (2.14) can be

XZ
rewritten in the form of Eq. (2.1) , where f(x,t) =|—fx, —x,[p(k —x*) +mx, |.
—gX%, —h(L— X)X, +1x,

The chaotic attractor of the GKv system is shown in Fig.2.8.

The controlled DGK system is considered as Partner B described by

Yi=Y,+U
¥, ==y, — v, | b(c—y7 )+ dy; [+,
Vs = —ay;— Y, [b(c—y§)+eyl]+l}:?

(2.15)



where  a=-0.5; b=-1.4; c=1.9; d=-4.5; e=6.2; , u:[ul,uz,u3]T is the vector

controller, and the initial conditions are y,(0)=0.01, y,(0)=0.01, y,(0)=0.01.

0O 1 o0
Eqg. (2.15) can be rewritten in the form of Eq. (2.2), where C(t)=|-bc -a 0
0 I -9
0
and g(y,t)=|by,’—dy,y, | . By applying Property 1, it is derived that
by,* —ey,Y,

|C®)], =—a—be, |Ct)|, =—a-bc, and [C(t)], </(-a—bc)® =~/0.9856 . Then
|C(t)]|=3.1 is estimated.
XY,
Define F(x,y,t) =| x,°y,, and our goal is ta achieve the double symplectic
X" Y3

synchronization x+y=F(x,y,t) = According »to Theorem, the inequality

rh](l:n((ti;“) >1 must be satisfied. It can be obtained that min(k,)>3.1. Thua we
k 0 O 4 00

choose K= 0 k, 0|=|0 5 0| anddesign the controller as
0 0 Kk 0 0 6

U, = 2X1le2 +X12y2 -X-Y, +X12yl -X—Y

U, = 2%, Y,{~ X, = X[ p(k — %,°) + mx, 1}+ x,*{-ay, — y,[0(c — y,*) + dy, 13+ X, + X, [ p(k — X.*) + mX,]
+ay, + Yi[b(C = ¥,*) + dy, 1+ %7y, =%, — ¥,

U, = 2X,Y5[—0%, + h(L—x.2)X, +Ix ]+ x> {-ay, — y;[b(c - y,°) +ey, [} + gx, — h(L— x,*)x, - Ix,
+ay; + ys[b(c - y32) + eyl] + X32 Ys=X—Y;

The Theorem is satisfied and the double symplectic synchronization is achieved.

11



The phase portrait of the controlled DGK system and the time histories of the errors

are shown in Fig.2.9, Fig.2.10 and Fig.2.11, respectively.

CASE 3
Consider the Ge-Ku Mathieu(GKM) system as Partner A described by
X =X,
Xzz—kxz—xl[f(m—xf)+nx2x3} (2.16)
Xg =—(9+hx)X; +1X, + pX;X,
where  k=-0.6; f=5; m=11; n=0.3; g=8; h=10; I=0.5; p=0.2; and the initial
conditions are x;(0)=0.01, x,(0) =0.01 ,x,(0) =0.01 Eqg. (2.16) can be rewritten in
X2
the form of Eq. (2.1), where f(xt)= —kxz—xl[f (m—xf)+ nxzxgi .The chaotic
(g o) X Ix, + pxx,
attractor of the GKM system is'shown in-Fig.2.12.

The controlled DGK system«is considered as Partner B described by

Yi=Y,+tU
J, =-ay, -y, [b(c—y7 )+ dy; | +u, 2.17)
Yo =—ay, — Yo b(c-y2 ) +ey, | +u,

where a=-0.5; b=-1.4; c=1.9; d=-4.5;e=6.2; , U= [ul,uz,u3]T is the vector

controller, and the initial conditions are y,(0)=0.01, y,(0)=0.01, y,(0)=0.01.

0o 1 0
Eq. (2.17) can be rewritten in the form of Eq. (2.2), where C(t)=|-bc -a 0
0 I -9
0
and g(y,t)=|by,’—dy,y, | . By applying Property 1, it is derived that
by, —ey, Y,

12



|C®)], =—a—be, |Ct)|, =—a-bc , and [C(t)], </(-a—bc)® =~/0.9856 . Then

XY,
[C(t)[|=3.1 is estimated. Define F(x,y,t)=| X,°y, |, and our goal is to achieve the

2
X3 y3

double symplectic synchronization x+y =F(x,y,t). According to Theorem, the

inequality Tg]((ti;“) >1 must be satisfied. It can be obtained that min(k;)>3.1.
k 0 O 4 00

Thus we choose K= 0 k, 0 |=|0 5 0| anddesign the controller as
0 0 Kk, 0 0 6

U, = 2X1le2 +X12y2 -X-Y, +X12yl -X—Y

U, = 2%, Y,{—kx, = X [ f (M= x2) + . 4=ay, — y,[0(c — y,%) + dy, 13+ kx, + X[ f (M —x.7) +nx,X,]
+ay, + Y, [b(C = ¥,*) + dy, ]+ %, Yo X =V,

Us = 2X3y3[_(g + hxl)XS + |X2 + pX1X3] + st{—aY3 L Y3[b(c 3 YSZ) +ey1]}+ (9+ hX1)X3 - |X2 — PXX,
+ay,; + ys[b(c - Y32) + eyl] + )(32 Yo X% =Y
The Theorem is satisfied and the double-Symplectic synchronization is achieved.

The phase portrait of the controlled DGK system and the time histories of the state

errors are shown in Fig2.13, Fig.2.14 and Fig.2.15, respectively.

13
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Chapter 3

Multiple Symplectic Synchronization for Double Ge-Ku

System

3.1 Preliminary

In this Chapter, a new type of synchronization, multiple symplectic
synchronization is studied. Symplectic synchronization and double symplectic
synchronization are special cases of the multiple symplectic synchronization. When
the double symplectic functions is extended to a more general form,
G(X,y,z:--w,t) = F(X,y,z---w,t) , it is called “multiple symplectic synchronization”.
The multiple symplectic synchronization, may. be applied to increase the security of

secret communication due to thescomplexity-ofits synchronization form.

3.2 Multiple Symplectic Synchronization Scheme

Chaos synchronization, first propesed by Fujisaka and Yamada in 1983, did not
received great attention until 1990. Among many kinds of synchronizations, the
generalized synchronization is investigated. It means there exist a functional
relationship between the states of the master and those of the slave. Symplectic
synchronization is defined as y=H(x,y,t), where X, y are the state vectors of the
“master” and of the “slave”, respectively. The final desired state y of the “slave” not
only depends upon the “master” state x but also depends upon the “slave” state y itself.
Therefore the “slave” is not a traditional pure slave obeying the “master” completely
but plays a role to determine the final desired state of the “slave” system. We call
this kind of synchronization, “symplectic synchronization”, and call the “master”
system Partner A, the “slave” system Partner B.

Since the symplectic functions are presented at both the right hand side and the
22



left hand side of the equality, it is called double symplectic synchronization,
G(xy,t)=F(x,y,t), where x, y are state vectors of Partner A and Partner B,
respectively, G(x,y,t)and F(X,y,t)are given vector functions of x, y and time.
When the double symplectic functions is extended to a more general form,
G(X,y,z:-*wW,t) = F(X,y,z:--w,t), is called “multiple symplectic synchronization”,
where X,y,Zz,---,ware state vectors of Partner A and Partner B, respectively,

G(x,y,z---w,t)and F(x,y,z---w,t)are given vector functions of X,y,z,---,w and time.

3.3 Synchronization of Three Different Chaotic Systems
CASE 1.

Define
X+¥1+27 X (siny, )2+ X, (siny, ) 2, + %, (sin y; ) 7,
GOXY. Z) = X%+ Y, + 2, | + E(XY 40 =| X (SiNy) s #X, (Sin Y, )2, + X, (sin ¥, )z, |»
X3+ Y5+ 24 X((Sin y, )zy £, (siny, )z, + %, (sin y; ) z,

and we wish to achieve: the multiple> symplectic synchronization
G(x,y,z,t) = F(X,y,z,t).

Let e = G(X,Y,z,t) - F(X,y,z,t)

Consider a Lorenz system is described by

Xl =-W X, + W X,

X = WyX =X, = XX (3.1)
Xy = =W, X; + X X,
where w, =10, w, ==, w, =28, and  the initial  condition s

x,(0) =0.01, x,(0) =0.01, x,(0) =0.01. The chaotic attractor of the Lorenz system is
shown in Fig. 3.1.
The Chen system is described by
2, =h(z,-2)

z,=(h,-h)z,-z2,+h,z,

Z'3 =247, — hszs

23



(3.2)

where h =35h,=27.2,h, =3, and the initial condition Is
z,(0)=0.5,z,(0)=0.26 ,z,(0) =0.35. The chaotic attractor of the Chen system is
shown in Fig. 3.2.

The controlled Double Ge-Ku (DGK) system is described by

Yi=Y,+Y
Y, :—ayz—yl[b(c—yf)+dy3}+u2 3.3)
Yo =—ay, — ¥, | b(c—y3) +ey, |+u,
where a=-0.5; b=-1.4; c=1.9; d=-4.5; e=6.2, is the controller parameters, and the
initial condition is y,(0)=0.01, y,(0) =0.01,y,(0) =0.01,.
Thus we design the controller as
Uy =—(-Wx, + WX, ) = ¥, —[ hfZmZ) |+ (SWpg W) (sin y, ) 2,
+%Y,(cosy, )z +x(sin yl)[hl(zz- )] (Wy X, =%, — %%, ) (siny, )z,
+%, {—ay2 - yl[b(c— yf)+dy3}}(cos Y,) 2, +4s(siny,) [ h(z,-2,)]
+(=Wy X, + X%, ) (Sin ¥; ), + X { ay, —y, [b(c—y32)+eyl}}(cos Y,)Z:
+ %, (sin y, [hl(z2 )]
U, =— (W, — X, —xlxs)—{—ay2 - yl[b(c— yf)+dy3}}
~[(h,=h)z, - 7,2, +h,z, |+(-wX, + WX, ) (sin ¥, )z, + Xy, (cos ¥, ) 7,
+% (siny,)[(h, =Nz, = 2,2, + 2, [+(WeX, =X, = %X, )(sin Y, ) z,
+X, {—ay2 = yl[b(c —y; )+ dyJ}(cos Y,)2,+ % (siny,)[(h,—1)z, - 2,2, +h,z, |
+(=Wo X + X%, ) (SIN Y5 ) Z, + % {—ay3 ~Y, [b(c - y§)+eyl]}(cos Ys)Z,
+ X, (sin ys)[(h2 ~h)z, -2,2,+ h222]
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Uy = — (=W, X, + XX, ) = {—ays ~Y, [b(c ~y; )+ eyl}}

—(2,2, —hyz;) +(—Wx + WX, ) (siny, ) z; + XY, (cos ¥, ) 7,

+ X (siny, )(2,2, —hazy )+ (WyX, — X, = XX, ) (sin Y, ) Z,

+X, {—ay2 ~y, [b(c —y; )+ dys}}(cos Y, )2+ % (siny,)(z2, ~h,z,)

+ (=W, X + XX, ) (SIN Y5 ) 2, + X {—ay3 -y, [b(c —y3)+ eyl]} (cosy, )z,

+ X (siny,)(z,2, —hyz;)

The Theorem in Chapter 2 is satisfied and the multiple symplectic synchronization

is achieved. The phase portrait of the controlled DGK system and the time histories of

the state errors and the time histories of G(x,y,z,t) and F(x,y,z,t) are shown in

Fig. 3.3 and Fig. 3.4 and Fig. 3.5, respectively.

CASE 2.
Define
X +Y,+2, (€05 ) Y2y +(COS X, ) ¥, Z, +(COS X3 ) Y52,
G(XY,z,t)=| X, +Y,+2, |, FWzt)=|(cos xl) ¥iZ, +(COSX,) Y,2, +(C0SX; ) Y,Z, | »
X, + Y, + 2 (€05, y,7; +(COS X, ) y,Z; +(COSX; ) Y,2Z,

and we wish to achieve the multiple symplectic synchronization

G(x,y,z,t) = F(x,y,z,t).

Let e = G(X,Y,z,t) - F(X,y,z,t)

Consider a Rossler system is described by

X ==X, =X
X, =% + WX, (3.4)
Xy =W, + X X3 — WX,

where  w, =0.15, w, =0.2, w, =10, and the initial  condition s

X (0) =2, x,(0) =24, x,(0)=5,. The chaotic attractor of the R®ssler system is

shown in Fig. 3.6.
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The Chen system is described

Zl = hl(zz - 21)
z,=(h,—h)z,-z22,+h,z,
23 =147, — hszs
where h =35h,=27.2,h, =3, and the initial

2,(0)=0.5,2,(0) = 0.26 ,2,(0) =0.35.

The controlled DGK system is described by

Yi=Y,+y
J, =-ay, - y,[b(c— 7 )+ dy; | +u,
Yo =—ay, Yo | b(c— Y2 ) +ey, |+,

(3.5)

condition is

(3.6)

where a=-0.5; b=-1.4; c=1.9; d=-4.5; e=6.2,, ,is the controller parameters, and the

initial condition is  y,(0) =0.01.y,(0) = 0:01,y5(0)=0.01,.
Thus we design the controlleras

U :_(_Xz _Xs)_ Y, _I:hl(ZZ _Zl)]_(_xz _Xa)(Sin X1)y121

+(cosx,) Y,z +(cos x,) ¥V, [z, — 2,) |- (x#WX, ) (sinx, ) y,2,

+(cos xz){—ay2 - yl[b(c— yf)+dy3]} 2,+(cosx,)y, I:hl(ZZ - 21)]

— (W, + X% —WyXg ) (Sin X, ) y,2, +(cos x:,,){—ay3 -, [b(c— y§)+eyl}} Z,

+(cosx;) ya[ (2, 2,)]

U, =— X1+W1X2)_{_ayz _yl|:b(c_ Y12)+dY3:|}_[(h2 _hl)zl_ZlZS +h222]

+

(

(=%, =%, )(sinx,) ¥z, +(c0s X, ) y,2, +(cos x, ) y, [ (h, =0y ) 2, — 2,2, +hyz, |
(% +WX,)(sin X, )y,z, +(cos xz){—ay2 = yl[b(c— yf)+dy3J} Z,
(
(

cosX, )Y, [ (h, —h)z - 2,2, + 1,2, |— (W, + XX, = W;X; ) (Sin X;) y,2,
X

+(cos 3){—ay3 ~Y, [b(c— y32)+ey1}} z,+(cosx,) y; [ (h,—h)z, - 7,2, +h,2, ]
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= — (W, + XX — Wy X ) - {—ays—y3 [b(c—y§)+eys]}—(zlzz—h3z3)
—(=x%, - )(sm X, ) Y125 +(C0s X, ) ¥, 2 +(cosx,) ¥, (2,2, —h,z,)
— (%, + WX, )(Sin X, ) ¥, +(cos xz){—ay2 - yl[b(c— yf)+dy3}} z,

+(cos x )yz(z z, —hyzy) — (W, + XX, —W5X; ) (Sin X, ) Y52,

+(cos x ){ ay, - Y, [b(c— Y] )+eyJ} z, +(cos X,) Vs (2.2, — 2, )

The Theorem in Chapter 2 is satisfied and the multiple symplectic synchronization

is achieved. The phase portrait of the controlled DGK system and the time histories of

the state errors and the time histories of G(x,y,z,t) and F(x,y,z,t) are shown in

Fig. 3.7 and Fig. 3.8 and Fig. 3.9, respectively.

CASE 3.
Define
X1+ y1+zl lelzl+X2y221+X3yBZl
G(X,Y,z,t) =X, +Y,+2Z, | , FOXY, 2.0 = XY, 2+ XY,Z, + X;Y,Z, |,
X3+ Y;+ 12, XY 23 X0 Y,25 + X352,

and we wish to achieve "<the-—multiple symplectic synchronization.
G(x,y,z,t) = F(x,y,z,t).
Let e = G(X,Y,z,t) - F(X,y,z,t)

Consider a Sprott E system is described by

X1 = XX
X, =X =X, (3.7)
X3 :1_W1X1

where w,; =4, and the initial condition is X (0) =-1 x,(0) =-1, x,(0)=-1,. The
chaotic attractor of the Sprott E system is shown in Fig. 3.10.

The Chen system is described
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2, = hl(zz - 21)
z,=(h,—h)z,—72z,+h,z,
2, =127, — h323

(3.8)

where h =35 h,=27.2, h, =3, and the initial condition is
2,(0)=0.5, z,(0) = 0.26, z,(0) =0.35..
The controlled DGK system is described by
Yo=Y, +
Y, =—ay2—yl[b(c—yf)+dy3]+u2 (3.9)
Yo =—ay, — Y; | b(c—y3) +ey, |+,

where a=-0.5; b=-1.4; c=1.9; d=-4.5; e=6.2, are the controller parameters, and the
initial condition is y,(0) =0.01, y,(0) =0.01,y,(0) = 0.01.
Thus we design the controller’as
U = X% = Y, = 1y (2, — ) | XoxeYazs # XY,z 3y [y (2, - 2,) ]
+(x2 %)y z+x{ ayz-yl[lo(c—yf)+o|y3]}z1
XY [ (2~ 2) ]+ (L- W)z, + s {—aye eV [ b (- v2 ) +ey. ]} 2
+%Y5[h(2,-2,)]
u2=—(xf—xz)—{—ayz—yl[b(c—yf)mys}}—[( ,—h)z,-2,2,+h,z, ]
X692, + 43,2, + X[ (=02 - 22, + 02, ]+ (3 ) .2
+x2{—ayz—yl[b(c—yf)+dy3}}zz+x2y2[(h2—hl)zl—2123+h222]
+(1=wx) Vo2, + % | -2y, — v [ b(c—¥2) ey, [} 2, -y [(h =h) 2~ 2,2, + 12, ]
= —(L-wx )~ {-ay, ~ v, [ b(c—¥5 )+ ey, ||~ (2.2, ~hz,)
FXXYiZ 4 X Y,2 XY, (2,2, —uz)+ (X =%, ) V2,
o [b(e ) ]} 2+ o~z

+(1_W1X1) Ysl3 T X {_aY3 —Ys [b(c_ y32)+ey1]} Z3+X3Y3 (2122 - h323)

The Theorem in Chapter 2 is satisfied and the multiple symplectic synchronization
28



is achieved. The phase portrait of the controlled DGK system and the time histories of

the state errors and the time histories of G(x,y,z,t) and F(x,y,z,t) are shown in

Fig. 3.11 and Fig. 3.12 and Fig. 3.13, respectively.

29



phase portraits
A T T T T T

o

g 1‘5 1|u é 0‘ 5‘ wlu 1|5 20
Fig. 3.1 The chaetic-attractor of.the Lorenz system.

- : : : : phase p]mlra\ts : : : :

Fig. 3.2 The chaotic attractor of the Chen system.

30



¥2

1500 . T T T
1000 2
500 o
ol o
500~ .
1000 | _
1500

1 1 | 1
-1500 -1000 -500 500 1000 1500

Fig. 3.3 The phase portrait,of.the controlled DGK system.

time histories
1500 T T T T T T T T T

X+

%, "sin(y, 'z, ||

1000

500

-500

-1000

1) 10 20 30 40 50 60 70 80 90 100

time histories
1500 T T T T T T T T T

1000 i : ; ; ; ; PR Ph]
: ; i : 3 3 X, sin(y,)"z,
B0 s s o s s b s stolessaro e hoses it et s s s msessens st e el 4 s o e dr e

i I i i i | I i i i
o 10 20 EY ® EY &0 70 80 S 100

time histories
0 T T T T T

o e e e s s S e s s s e Xtz ||
X3"sin(y;) 2,

1000 -ooen

000 - ! : ' : : .

2000 3 g : i i 2 -

3000 | 1 1 1 1 | 1 1 |

Fig. 3.4 Time histories of G(x,y,z,t) and F(x,y,z,t) for Case 1.

31



time histories

Fig. 3.6 The chaotic attractor of the Rossler system.
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Chapter 4
Different Translation Pragmatical Generalized
Synchronization by Stability Theory of Partial Region for

Double Ge-Ku System

4.1 Preliminary

In this Chapter, a new strategy to achieve different translation generalized
synchronization by stability theory of partial region by which the Lyapunov function
is simple linear homogeneous function of error states, the controllers are more simple
since they are in lower degree than that of traditional controllers.

By a pragmatical theorem of asymptotical stability based on an assumption of
equal probability of initial point; an adaptive control law is derived such that it can be
proved strictly that the common zero solution of ‘error dynamics and of parameter
dynamics is asymptotically “stable. “Numerical /simulations of a new Double

Ge-Ku(DGK) system are given to show the-effectiveness of the proposed scheme.

4.2 The Scheme of Different Translation Pragmatical Generalized
Synchronization by Stability Theory of Partial Region
There are two identical nonlinear dynamical systems, and the master system
synchronizes the slave system. The master system is given by
x=Ax ( x (4.1)
The master system after the origin of x-coordinate system is translated to
(ki koo k) s
X=Ax ( % (4.1

where X =[x, %,,---, X' ]" =x—k, =[x —k, X% —Kk,--,x,—k]eR" denotes a state
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vector where k, =[k,, k;,---,k;] is a constant vector with positive coefficient k, as
shown in Fig.4.1. A is an nxn uncertain constant coefficients matrix, f is a
nonlinear vector function, and B is a vector of uncertain constant coefficients in f .

The slave system is given by

y=Ay+ .y B ( (4.2)

The slave system after the origin of y-coordinate system is translated to
(kzikz""’kz) is

y'=Ay+ ( § Br ( (4.2

where y' =[y., v}, Y ] =y—k, =[y, —K,, ¥, —K,,~--,y, —k,]€ R" denotes a state

vector where k, is a constant vector. with positive coefficient k, as shown in

Fig.4.2. A is an nxn estimated jcoefficient matrix, B is a vector of estimated
coefficientsin f,and u(t) =[u, (t),u,(t),*-5u,(t)]''e R" is a control input vector.

Our goal is to design a controller” u(t) so that'the state vector of the translated
slave system (4.2)" asymptotically approaches the state vector of the translated

master system (4.1)' plus a given nonchaotic or chaotic vector function
F) =[R®).F@0), - FOT

y=Qq X)= X+ K. (4.3)

This generalized synchronization can be accomplished when t — oo, the limit of

the error vector e(t) =[e,,e,, -~ e,]" approaches zero:
! i ne = (4.4)

where
e=X+ K X—"y="x="y+(. (4.5)

From Eg. (4.5) we have
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e=xX—y' +F(t) (4.6)

é= Ak— Ay (f!x)B (f,yHB (Bt (4.7)
where k, and Kk, are chosen to guarantee that the error dynamics always occurs in

the first quadrant of e coordinate system.
A Lyapunov function V (e, Ac, Bc) is chosen as a positive definite function in first
quadrant of e coordinate system by stability theory in partial region as shown in

Appendix A :

V(e, A,B3F € Ar (4.8)

where Ac=A-A, B.=B-B, Ac and Bc: are two column matrices whose
elements are all the elements of matrix- -Ac—and of.matrix Bc, respectively.

Its derivative along any solution-ofithe differential equation system consisting of

Eqg. (4.7) and update parameter differential equations for Ac and B is
Ve A Be 3AX-AYFEX(B=H y B +F) —ult WA B, (4.9
where u(t), AC and §C are chosen so that V =Ce, C is a diagonal negative
definite matrix, and V is a negative semi-definite function of e and parameter
differences AC and B,. By pragmatical asymptotically stability theorem in Appendix
B, the Lyapunov function used is a simple linear homogeneous function of states and
the controllers are simpler because they in lower order than that of traditional
controllers. In many papers [51-55], traditional Lyapunov stability theorem and
Babalat lemma are used to prove the error vector approaches zero, as time approaches
infinity. But the question, why the estimated parameters also approach to the uncertain

parameters, remains no answer. By pragmatical asymptotical stability theorem, the

question can be answered strictly.
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4.3 Different Translation Pragmatical Generalized Synchronization
of New Double Ge-Ku Chaotic System
Case 1l

The following chaotic systems are two translated DGK systems of which the old
origin is translated to (x,,X,,X%;)=(150,150,150) , (V,,V,,Ys)=(50,50,50) to
guarantee the error dynamics always happens in the first quadrant of e coordinate
system.

%, =X, —150
X, = —a(x, —150) — (x, —150){b[c — (x, —150)*]+d(x, —150)} (4.10)
X, = —a(x, —150) — (x, —150){b[c — (X, —150)*]+ g(x, —150)}

Y, =Y ,—950+u
y, =—a(y ,~50) — (y- 500blc = (¥ 550)2]+ d(y —50)}+u (4.12)
Y, =—a(y ;~50) - (¥ 5 50){ble ~ (¥ 550)° ]+ g (y —50)}+u

Let initial states be (X, X,,%3),=(250.01,150:01,150.01) , (v,,¥,,Ys)

=(50.01,50.01,50.01) and system ‘parameters-a=-0.5b=-1.4,c=1.9,d =-4.5,
g=6.2.
The state error is
e=x—y+F({)=x—-y+e "™
where F(t)=e" is a nonchaotic given function of time. We find that the error

dynamic without controller always exists in first quadrant as shown in Fig.4.3.

line = lim{y +e°"™,i=123 (4.12)

Our aim is !im e =0. We obtain the error dynamics:
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& =X, —150—vy, +50—u, + (sint)e ™'

¢, = —a(x, —150) — (X, —150){b[c — (X, —~150)?]+d (x, —150)}

+a(y, —50) + (y, —50){b[c — (y, —~50)2]+d (Y, —50)}—u, + (sint)e "
6, = —a(x, —150) — (x, —150){b[c — (X, —150)°]+ g(x, —150)}

+a(y; —50) + (Y5 — 50){b[c — (Y, —50)*]+ g(y; —50)} - U, + (sin t)e "

(4.13)

A A

where d=a-4, b=b-b, ¢=c-¢, d=d-d, g=9-¢ ,and a, b, c, d,

g are estimates of uncertain parameters a, b, ¢, d and g respectively.
Using different translation pragmatical synchronization by stability theory of
partial region, we can choose a Lyapunov function in the form of a positive definite

function in first quadrant:
V=e¢+g+g+atbsctd (4.14)

Its time derivative is
V=g 16 +e+4+b+é+d L
= (X, —150 -y, + 50 —u, + (sin t)e*=")
—a(x, —150) — (x, —150){b[c — (x;<150)*T+d(x, —150)}

+a(y, —50) + (y, ~50){b[c — (y, ~50)°]+d (y, ~50)} - u, + (sin t)e™*" (4.13)
—a(x, —150) — (x, —150){b[c — (x, —150)*]+ g(x, —150)}
+a(y, —50) + (y, —50){b[c — (Y, —50)*]+ 9 (Y, —50)}— U, (sin t)e™*
wz, +E+b+E+d +
Choose
d=-4=-de,
b = —b = —be,
¢ = —¢ =—Ce, (4.16)
d=—d=—de,
d=-g=-0e,
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U, =X, —150-y, +50+ (sint)e " +g,

u, = —a(x, —150) — (x, —150){b[c — (x, —150)*]+d (x, —150)}
+a(y, —50) + (y, — 50)}{b[c — (y, —50)*]+d (y, —50)}+ (sint)e > 4.17)
+e, —ae, —be, —ce,

u, = —a(x, —150) — (x, —150){b[c — (X, —150)*]+ g(x, —150)}
+a(y, —50) + (Y, — 50){b[c — (Y, —50)2]+ g(y, —50)}+ (sint)e ™

+e, —de, — ge,

We obtain

V=-e-6-6<0 (4.18)

which is a negative semi-definite function of e, e,, e, &, b, ¢, d, g, inthe

first quadrant. The Lyapunov asymptotical stability theorem is not satisfied. We can
not obtain that common origin of error dynamics«(13) and parameter dynamics (16) is
asymptotically stable. By pragmatical asymptotically stability theorem, D is a

8-manifold, n=8 and the number of error state variables p=3. When e =e,=¢,=0

and 4, b, ¢, d, § take arbitrary values,"\V/=0, so X is of 3 dimensions,

m=n-p=8-3=5, m+1<n is satisfied. According to the pragmatical asymptotically
stability theorem, error vector e approaches zero and the estimated parameters also
approach the uncertain parameters. The equilibrium point is pragmatically
asymptotically stable. Under the assumption of equal probability, it is actually

asymptotically stable. The simulation results are shown in Figs.4.4-4.6.

Case 2

The following chaotic systems are two translated DGK systems of which the old
origin is translated to (X;,X,,X%;)=(150,150,150) , (Y,,Y,,Y;)=(50,50,50) to
guarantee that the error dynamics always happens in the first quadrant of e coordinate

system.
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% =X, —150
%, = —a(x, —150) — (x, ~150){b[c — (x, ~150)] +d (x, ~150)} (4.19)
%, = —a(X, —150) - (x, —~150){b[c — (X, —150)*]+ g (x —150)}

Y, =Yy ,~950+u
Y, =—a(y ,~50)—(y +50){b[c—(y 150)*]+d(y —50)}+u (4.20)
Y, =—a(y 7~50)—(y 550){b[c—(y 550)*]+g(y —50)}+u

Let initial states be (X, X,,X;) =(150.01,150.01,150.01), (V,,¥,,Ys)
=(50.01,50.01,50.01) and system parameters a=-0.5b=-1.4,c=1.9,d =-4.5,
g=6.2.

The state error is e=x—y+F(t), where F(t)=z=[z,,2,,2,]is the state vector

of Chen system :

zlzh(ZZ_Z)l
z,=(W-h)z —z7 twz (4.21)
=17 7lz ,

Let initial states be z=[z,,%,,2,]=0.5,0.26,0.35] “and system parameters
h=35, =3, w=27.2. The Chen.system_is thaotic, F(t)=z=[z,2,,2;] is a
given chaotic vector function of time.
Define
e=X -V, +z
We find that the error dynamics without controller always exists in first quadrant
as shown in Fig.4.7.

!imei :!im[xi -y, +z], =123 (4.22)

Ouraimis lime=0.
t—w

We obtain the error dynamics:
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€ =X,—-150-y, +50—-u, +h(z, - 7))

é, =—a(x, —150) — (x, —150){b[c — (x, —150)*] +d(x, —150)}
+a(y, -50) +(y, ~50){b[c - (¥, ~50)*]+d (y, ~50)} - u,
+(wW-h)z, —z,2, +wz,

é, = —a(x, —150) — (x, —150){b[c — (x, —150)*]+ g(x, —150)}
+a(y, —50) +(y; ~50){blc — (y, —50)*]+ 9 (¥, ~50)}~u, + 2,2, - Iz,

(4.23)

A A

where d=a-4a, b=b-b, ¢=c-¢, d=d-d, g=9-¢, and a, b, c, d,

g, are estimates of uncertain parameters a, b, ¢, d and g respectively.

Using different translation pragmatical synchronization by stability theory of
partial region, we can choose a Lyapunov function in the form of a positive definite

function in first quadrant:
V=g+g+¢g+atbtc+d (4.24)
Its time derivative is

V=g +6,+6+a+b+E+d4§
=(x,-150-vy, +50—u, + h(z,~2))
—a(x, —150) — (x, —150){b[c - (¥, =150)*T+ d (x, —150)}

+a(y, —50) + (y, ~50)}{b[c - (y, ~50)*]+d (y, —50)} - u,

+(W—h)z, — 7,2, +wz, (4.25)
— a(x, —150) — (X, —150){b[c — (X, —150)?] + g (X, —150)}
+a(y, —50) + (Y, — 50)}{b[c — (Y, —50)?]+ g (y, ~50)}—u, + 2,2, — Iz,
L E+brE+d+§
Choose
d=—4=-de,
b=—b-= —be,
¢ = —¢ =—Ce, (4.26)
d =—d = —de,
d=-g=-0e,
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U, =X,-150-y, +50+h(z,-z)+¢e
u, = —a(x, —150) — (x, —150){b[c — (x, —150)*]+d (x, —150)}

+a(y, —50)+ (y, ~50){blc — (v, —50)*]+d (y, —50)}
+(W-h)z,-z,z, +wz,

el (4.27)
+e, —ae, —be, —ce,
u, = —a(x, —150) — (x, —150){b[c — (x, —150)*]+ g(x, —150)}
+a(y, —50) + (¥, ~50){blC — (y; ~50)*]+ g (y, ~50)} + 2,2, — Iz,
+e,—de,—ge,
We obtain
V=-¢ -g —g & (4.28)

which is a negative semi-definite function of e, e,, e,, &, b, ¢, d, g inthe

first quadrant. The Lyapunov asymptotical stability theorem is not satisfied. We can
not obtain that common origin of error dynamics(23) and parameter dynamics (26) is
asymptotically stable. By pragmatical asymptotically stability theorem, D is a

8-manifold, n=8 and the number of error state variables p=3. When e, =¢e,=¢,=0

and 4, b, ¢, d, g, take arbitrary values, M. =0, so X is of 3 dimensions,

m=n-p=8-3=5, m+1<n is satisfied. According to the pragmatical asymptotically
stability theorem, error vector e approaches zero and the estimated parameters also
approach the uncertain parameters. The equilibrium point is pragmatically
asymptotically stable. Under the assumption of equal probability, it is actually

asymptotically stable. The simulation results are shown in Figs.4.8-4.10.

Case 3
The following chaotic systems are the two translated DGK systems of which the
old origin is translated to (X,,X,,X,)=(150,150,150), (Y,,Y,,Ys)=(50,50,50) to

guarantee error dynamics always happens in the first quadrant of e coordinate system.
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%, =X, —150
X, = —a(x, —150) — (x, —150){b[c — (x, —150)*]+d(x, —150)} (4.29)
X, = —a(x, —150) — (x, —150){b[c — (X, —150)*]+ g(x, —150)}

yl =Y, _5O+u1
y, = —a(y, —50) —(y, —50){b[c - (y, ~50)2]+d (y; ~50)}+u, (4.30)
Y, = —a(y; —50) — (¥, —50){b[c — (¥, —~50)*]+ g (y, ~50)} +u,

Let initial states be (X, X,,X;) =(150.01,150.01,150.01), (V,,¥,,Ys)

=(50.01,50.01,50.01) and system parameters a=-0.5,b=-1.4,c=1.9,d =-4.5,
g=6.2.
The state error is e=x—-y+F(t), where F(t)=z=[z,,z,,z,] is state vector the

new Ge-Ku-van der Pol(GKv) system :

2,=1,
Z.2 :_flzz —Z3[f2(f3—212)+ f423] (4-31)
2, =—0z, +h(1- %)z, +lz,

Let initial states be (z,,z,,2;) =(0:010.01,0.01) /and system parameters
f,=0.08, f,=-0.35, f,=10056,..f, =—-1000.02, h=0.61, 1=0.08, w=0.01,
the Ge-Ku-van der Pol system [56] is chaotic in Fig.4.11, F(t)=z=[z,2,,2,] isa

given chaotic vector function of time.
Define
e=x-Y,+2
We find that the error dynamic without controller always exists in first quadrant as

shown in Fig. 4.12.

Ouraimis lime=0.
towx

We obtain the error dynamics:
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€ =X,—-150-y, +50-u, +z,
é, =—a(x, —150) — (x, —150){b[c — (x, —150)*]+d (x, —150)}

+a(y, —50) + (y, ~50){b[c - (y, ~50)°]+ d(y, —50)} -,

—f,z, - z[f,(f,—2})+ f,z.] (4.33)
6, = —a(x, —150) — (x, —150){b[c — (X, —150)°]+ g(x, —150)}

+a(Y, —50) +(y; ~501b[C - (¥ ~50)1+ 9 (¥, - 50)}~u,

—hz, +11-22)z, + wz,

~ A A

where d=a-4a, b=b-b, ¢=c-¢, d=d-d, g=9-¢, and a, b, c, d,

g, are estimates of uncertain parameters a, b, ¢, d and g respectively.

Using different translation pragmatical synchronization by stability theory of
partial region, we can choose a Lyapunov function in the form of a positive definite
function in first quadrant:

V=g+g+¢g+a+brchd (4.34)

Its time derivative is

V=g +e,+6+a+b+E+deG

=(x,-150-vy, +50-u, + z,)

—a(x, —150) — (x, —150){b[c — (x, —150)*]+d (x, —150)}
+a(y, ~50) +(y, ~50){blc - (y, ~50)]+d(y, ~50)} -,
- leZ - Zs[ fz(fs - 212) + f423]

—a(x, —150) — (x, —150){b[c — (x, —150)*1+ g(x, —150)}
+a(ys ~50) +(y; ~501b[C - (¥; ~50)°1+ g (¥, ~50)} v,

hz +1(1-22)z, + Wz, +&+b+E+d + §

(4.35)

Choose
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b= —b = —be,
¢=—C=—Ce, (4.36)
d=—d=—de,
g=-9=-Ge,

U, =x,-150-y,+50+2 +¢
u, = —a(x, —150) — (x, —150){b[c — (x, —150)*]+d (x, —150)}

+a(y, —50) +(y, ~50}{blc — (¥, ~50)°]+d (y, —50)}

—f,z,-z,[f,(f,—2%)+ f,2,]+e, —ae, —be, — ce, (4.37)
u, = —a(x, —150) — (x, —150){b[c — (X, —150)°]+ g(x, —150)}

+a(y, ~50)+ (¥, ~50HbIC - (¥s ~50)°]+ 9 (y; -~ 50)}

—hz, +1(1-22)z, +wz, +e, —de, — ge,

We obtain

V=—¢ —g —§ & (4.38)

which is a negative semi-definite functionof e, e,, €,, 4, b, ¢, d, §, inthe

first quadrant. The Lyapunov asymptotical stability.theorem is not satisfied. We can
not obtain that common origin of error dynamics (33) and parameter dynamics (36) is
asymptotically stable. By pragmatical asymptotically stability theorem, D is a

8-manifold, n=8 and the number of error state variables p=3. When e, =¢e,=¢,=0

and 4, b, ¢, d, g, take arbitrary values, V=0, so X is of 3 dimensions,

m=n-p=8-3=5, m+1<n is satisfied. According to the pragmatical asymptotically
stability theorem, error vector e approaches zero and the estimated parameters also
approach the uncertain parameters. The equilibrium point is pragmatically
asymptotically stable. Under the assumption of equal probability, it is actually

asymptotically stable. The simulation results are shown in Figs.4.13-4.15.
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Fig. 4.1 Coordinate translation of state x.
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Fig. 4.2 Coordinate translation of state y.
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Fig. 4.3 Phase portrait of the error dynamics for Case 1.

50 -

150 T T T T T T T

100

50 71

Fig. 4.4 Time histories of x., y, for Case 1.

50



150 T T T T T T T T T

100 - =

50 1 1 1 1 1 1 1 Il 1
1]

150 T T T T T T T T T

100 - —

150 T T T T T T T T T

100~ =

time

0.4

03

0.1

0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1

0 0.02 0.04 0.08 008 01

Fig. 4.6 Time histories of parameter errors for Case 1.
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Fig. 4.8 Time histories of x,, y, for Case 2.
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Chapter 5
Robust Projective Anti-Synchronization of Non-autonomous
and Chaotic Uncertain Stochastic Systems Via Fuzzy Logic

Constant Controller

5.1 Preliminary

In this Chapter, the simplest controller — fuzzy logic constant controller (FLCC)
which is derived by fuzzy logic design and Lyapunov direct method is introduced.
Controllers in traditional method are always complicated or nonlinear. FLCC
proposed are such simple controllers which are constructed by constant number
decided by the values of the upper and lewer-bound of the error derivatives. Therefore
this tool is further used in projective-anti-synchronization of chaotic uncertain and
stochastic systems with to show the robustness and effectiveness of FLCC. There are
two cases illustrated in simulation, results to show the feasibility of the FLCC — Sprott
4 system and Double Ge-Ku (DGK): system. ‘Comparison of the efficiency and
complexity for the FLCC for traditional nonlinear controllers are given in tables and

figures.

5.2 Projective Anti-Synchronization by FLCC Scheme
Consider the following non-autonomous or uncertain chaotic system

X=Ax+T(X)+J (5.1)
where X =[x,X,,~--x,]" €R" denotes a state vector, A is an nxn constant
coefficient matrix and f is a nonlinear vector function, £ is uncertain term.

The goal system which can be either chaotic or regular, is

y=By+g(y)+u (5.2)
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where y=[y,,¥,,---y,]' €R" denotes a state vector, B is an nxn constant

coefficient matrix, g is a nonlinear vector function, and u=[u,u,,---u,I" €R"is the
fuzzy logic controller needed to be designed.

In order to make the chaotic state x approaching the goal state y, define
e=ax+Yy as the state error, here « is projective constant. The projective chaos

anti-synchronization is accomplished in the sense that [57]:

!ime:!im(ax+y):0 (5.3)
where
e=ax+y (5.4)

From Eqg. (2-4) we have the following error dynamics:
é=ax +y =afA x H (x)£ 1By ¢ (y (5.5)
According to Lyapunov direct method; we_have the following Lyapunov function

to derive the fuzzy logic contreller for anti<Synchronization:
V =f(e,.e,..€,) :%(ef Forwel +..e2) >0 (5.6)

The derivative of the Lyapunov function in Eg. (5.5) is:
V=gp+..+6.+..+8 (5.7)
If the controllers included in €,...€,...6, can be suitably designed to achieve the

target: V <0, then the two chaotic systems are asymptotically stable. The design

process of FLCC is introduced in the following section.
We use one signal, error derivatives &(t) :[él,éz---ém,~-~én]T , as the antecedent

part of the proposed FLCC to design the control input u that will be used in the

consequent part of the proposed FLCC as follows:

U=[ug Uy Uy oup I (5.8)
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where u is a constant column vector and the FLCC accomplishes the objective to
stabilize the error dynamics (5.5).

The strategy of the FLCC designing is proposed as follow and the configuration of
the strategy is shown in Fig. 5.1.

Assume the upper bound and lower bound of € are Z, and —Zy, then the FLCC

can be design step by step as follow:

(1) If e, is detected as positive (e, >0), we have to design a controller for
é <0,thenV =g ¢ < O0can be achieved. Therefore we have the following ith if-then

fuzzy rule as:

Rule 1:IF 6 is My THEN Upy= -Znm (5.9)
Rule 2 : IF € is M, THENW="Z, (5.10)
Rule 3: IF € is M3 THEN-Upz =€, (5.11)

(2) If e, is detected as-negative (e, <0), we have to design a controller for
é, >0, thenV =g ¢ <O0can be‘achieved. Therefore we have the following ith if-then

fuzzy rule as:

Rule1l:I1F € isM; THEN um = Zn (5.12)
Rule 2 : IF ¢_is M, THEN Up= Zy, (5.13)
Rule 3 :IF € is M3 THEN uns=¢e, (5.14)

(3) If e, approaches to zero, then the anti-synchronization is nearly achieved.

Therefore we have the following ith if-then fuzzy rule as:

Rule 1 :IF € is M; THEN umi=e, ~0 (5.15)
Rule 2 : IF € is M, THEN unp,=¢e, =0 (5.16)
Rule 3: IF € is M3 THEN umz=e, ~0 (5.17)
ém ém Zm_ém e.m_zm
where M, =% , M, :%and M, =sgn(z—m)+sgn(z—m) , M;,M,andM _

refer to the membership functions of positive (P), negative (N) and zero (Z) separately
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which are presented in Fig. 5.2 For each case, u,,;, i= 1~3 is the i-rd output of € , which

is a constant controller. The centriod defuzzifier evaluates the output of all rules as

follows:

M. xu

i mi
TP & — (5.18)
M.

Moo

Moo

i=1

The fuzzy rule base is listed in Table 5.1, in which the input variables in the
antecedent part of the rules are €. and the output variable in the consequent part is
u

mi -

Table 5.1 Rule-table of FLCC

Rule Antecedent Consequent Part
€m Upi
1 Negative'(N) Um1
2 Positive (P) Uz
3 Zero (2) Ums

After designing appropriate fuzzy logic constant controllers and being substituted
into Eq. (5.7), a negative definite of derivatives of Lyapunov function V can be
obtained and the asymptotically stability of Lyapunov theorem can be achieved.

Consequently, the processes of FLCC designing to control a system following the
trajectory of a goal system is — getting the upper bound and lower bound of the
error derivatives of the goal and control systems without any controller, i.e.
-Z,, <é, <Z.,. Through the fuzzy logic system which follows the rules of Eq. (5.9)
~ Eq. (5.17), a negative definite of derivatives of Lyapunov function V can be

obtained and the asymptotically stability of Lyapunov theorem can be achieved.

5.3 Simulation Results
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There are two cases in this section. Each example is divided into two parts
projection anti-synchronization by FLCC and traditional method. In the end of each
example, we further conclude the simulation results of the two controllers and list

tables and figures to show the effectiveness and robustness of our method.

5.3.1 Example 1. Projective Anti-synchronization of Non-autonomous Chaotic

Systems by FLCC

The master Sprott 4 system [50] with uncertainty is :

O _y, 1
dt 2 1
dx, (t
$:x3+Al (5.19)
%:aixfx#xl—xlﬁ&

For initial condition (X5, X501Xz9)= (0, 17°1),-Ais Bsin(wt), & =Csin(wt) and
parameters a=-0.5, B=0.01, C=1.0L, w=10.01, chaos of the Sprott 4 system [50]
appears. The chaotic behavior of Sprett 4 system:[50] is shown in Fig 5.3. And Eq.
(5.19) is shown in Fig 5.4.

The identical slave DGK system is:

dy, (t

y(;t( ! Y2t

dy, (t — + 1

y(;t( ) =-Dby, — yi[b, (b, ylz) b,ys]+U, (520
dy,(t —v)) 4+ +

ydat( ) by, — ys[b, (b, y32) byy, 1+ Uy

For initial condition (yy, Y50, Ys) = (0.01, 0.01, 0.01) and parameters b, = -0.5,

b,=-1.4, b,=1.9, b,=-4.5, b;=6.2, chaos of the slave DGK system appears as well.

u;, u, and u,; are FLCC to anti-synchronize the slave DGK system to master one,

i.e., the projection of phase portraits of system (5.20) with chaotic behaviors is shown
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in Fig. 5.12.
lime=0 (5.21)

t—ow

where the error vector

e, (t) x®7] [y.(t)
[e]=] &, (t) | = A| %, (t) |+] y,(t) (5.22)
&,(t) X,(t) | | ys(®)

Let A=2.

From Eg. (5.22), we have the following error dynamics:

él = A[Xz +A1]+(y2 +u1)
&, = AlX, + A ]+ (-hyy, — y,[b, (b, - y12) +b,y,]+U,) (5.23)
és = A[a1X3 XX - X12 +5]+ (_blyS - ys[bz(b3 - y;) +b5yl]+u3)

Choosing Lyapunov function as:
V= %(el2 +e5 +el) (5.24)
Its time derivative is:

V =g +6,6, +e8,
=e{AlX, +A ]+ (Y, +u,)} (5.25)
+e,{AlX; + A ]+ (-byy, — y,[b, (b, — y7) +b,y,1+u,)}
+e{Ala X, — X, +X =X +51+(-byy, — ya[b, (b, — y;) +hyy, 1 +u,)}

In order to design FLCC, we divide Eq. (5.25) into three parts as follows:
Assume V = %(el2 +es +e5) =V, +V, +Vs,

1

Part 1: vl =e6 =e{AlX, +A]+(y, +u)}

Part 2: vz =6,6, =6, {A[X; + A ]+ (-by, — y,[b, (b, - Y12) +b,y,]1+Uu,)}
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V, =eg, :es{A(a1x3 — X, + X — X +0)
+(=byy; — Y5[b, (b — 3) + by, 1+ uy)

Part 3:

FLCC in Part 1, 2 and 3 can be obtained via the fuzzy rules in Table 1. The
maximum value and minimum value without any controller can be observed in time
histories of error derivatives shown in Fig 5.5: Z, =3, Z,=2, Z,=6.

The anti-synchronization scheme is proposed in Part 1, 2 and 3 and let

V,=e€ <0 , V,=e,6,<0 and V,=e;<0 . Hence we have
V =V, +V, +V, <0. It is clear that all of the rules in FLCC can lead the Lyapunov

function satisfies the asymptotically stable theorem. The simulation results are shown

in Fig. 5.6 and Fig. 5.7.

5.3.2 Projective Anti-synchronization-of Sprott. 4. System [50]and DGK System by
Traditional Method
In order to lead the derivative of L'yapunov function in Eq. (5.25) to negative

definite, we choose traditional nonlinear controller as:

u, =—TAX, +A)+Y, +e]
u2 = _{A(Xs + Al) - blyz - yl[bz (bs - y12) + b4y3] + ez} (5'26)
U, = —{A(-0.5%, — X, + X, — X +6) —by; = y,[b, (b, — y;) +byy,]+e}

then we can obtain
V=—¢¢-¢eg-—"g & (5.27)
The derivative of Lyapunov function is negative definite and the error dynamics in
Eqg. (5.23) are going to achieve asymptotically stable. The simulation results are
shown in Fig. 5.8 and Fig. 5.9.
5.3.3 Robust FLCC Compared with Traditional Method

In this section, we compare the numerical simulation results in 5.3.1 and 5.3.2
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which are listed in Tables 5.2 and 5.3. Comparing the two simulation results in Tables
5.2 and 5.3, it is clear to find out that: (1) The performance of the error convergence
of states by FLCC is much better than by traditional method; (2) The controller in
FLCC designing are much simpler than traditional ones.

Consequently, even the system contains parameter uncertainty, the FLCC can still
remain the high performance to anti-synchronize the two chaotic systems with

uncertainty and exactly and efficiently.

Table 5.2. Controllers are compared between the traditional method and FLCC

method.
Controller FLCC Traditional
El Z,=3 e -0 —[A(X, +A)+Y,+e]
2
| Z,=2€,>0 —{AX+4) by,
3

_yl[bz (bs - y12) + b4Y3] + ez}

Z,=6,e,—>0 —{Alal+ )%, +bx, — x5 —x +A,]

+CY; - Y, —sin it es}

Table 5.3. FLCC is compared to traditional method between errors data.

Time(s) FLCC Traditional
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e &
30.64 0.0000000000057509 1.9626864386128202
30.65 0.0000000000056967 1.9431573822503669
30.66 0.0000000000056488 1.9238226432454417
30.67 -0.0000000000014122 1.9046802881080391
30.68 -0.0000000000014015 1.8857284025866791
eZ eZ
31.50 0.0000000000030644 -1.9992357790530976
31.51 0.0000000000030987 -1.9793430506769120
31.52 0.0000000000031366 -1.9596482582552452
3153 0.0000000000031786 -1.9401494322924568
31.54 0.0000000000032247 -1.9208446228896871
e3 e3
30.30 0.0000000000009261 0.4342688430600326
30.31 0.0000000000009192 0.4299477958740284
30.32 0.0000000000009124 0.4256697438259025
30.33 0.0000000000009056 0.4214342591068866
30.34 0.0000000000008988 0.4172409181649763

5.3.4 Example 2. Chaos Projective Anti-synchronization of Uncertain Stochastic

Sprott 4 System [50] and DGK System

The uncertain stochastic Sprott 4 system [50] with noise is:

dx, (t)

2

(5.28)

Tzaix3—(l+g)X2+X1—X1

For initial condition (X,g, X5, X3) = (0, 1, 1), the uncertain term A,is Dsin(wt),
the stochastic term ¢ is Rayleigh noise and parameters a=-0.5, D=0.2, w=0.5, chaos

of the uncertain stochastic Sprott 4 system appears. Rayleigh noise is shown in Fig
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5.10. The chaotic behavior of Eq. (5.28) is shown in Fig 5.11.

The identical slave DGK system is:

dy, (t

):jl—t():yz‘*‘ul

dy, (t

R LXCRR S P AT 5.29
dy, (t

D0~y -yl 0, v2) b+

When initial condition (y,q, Y0, Y5 ) = (0.01, 0.01, 0.01) and parameters b, =-0.5,
b,=-1.4, b,=19, b,=-4.5 b;=6.2, chaos of the slave DGK system appears as well.

u,, u, and u, are FLCC to anti-synchronize the slave DGK system to the master

one, i.e., the projection of phase portraits of ,system (3-11) with chaotic behaviors is

shown in Fig. 5.12.

lime=0 (5.30)

t—w

where the error vector

e(t) @) | | y.(®)
[e]=] &, () |= Al %, () |+] V(1) (5.31)
&(t) X5 (t) ] [ Ya()

Let A=2.

From Eg. (5.31), we have the following error dynamics:

€ = A[Xz +A3 + (yz +u1)]
éz = A[Xa + (_blyz - yl[b2 (bs - ylz) +b4y3]+u2)] (5-32)
éa = A[a1X3 - (1+§)X2 +X - X12 + (_blys - ys[bz (ba - y;) +b5y1] +U3)]

Choosing Lyapunov function as:
V= %(ef +es +el) (5.33)

Its time derivative is:
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V=g +ee, +e6,
=e{AlX, + A, +(y, + )]}
+&,{ADX +(=byy, = Vi[b, (b — y7) +b,y.1+U,)I}
+e{Ala X, —(L+6)%, + X% =X +(=by, — 5[0, (b, — y3) +byy,1+us)1}

(5.34)

In order to design FLCC, we divide Eq. (5.34) into three parts as follows:
. 1 5 2 2y

. . . 1 1 1

Partl: V,=eg =eAX, +A, +(y, +u)]
Part 2: vz =e,6, =&, AlX; + (-, — y,[b, (b, — ) +b,y,]+U,)]
Part 3: vs =656, = Ala X, —(1+¢)X, + X12_ X12
+ (_blys ® y3[b2 (b3 - y3 ) + b5y1] + U3)]
FLCC in Part 1, 2 and 3+can he-ebtained via the:fuzzy rules in Table 5.1. The
maximum value and minimum value without any controller can be observed in time

histories of error derivatives shownin‘'Fig 5.13: (=3, Z,=2, Z, =5.

FLCC are proposed in Part 1,2 and 3 ‘and make V, =e;é, <0,V, =e,é, <0and
V, =e,é; <0. Hence, we have V =V, +V, +V, <0. Itis clear that all of the rules in

our FLCC can lead the Lyapunov function satisfies the asymptotically stable theorem.

The simulation results are shown in Fig. 5.14 and 5.15.

5.3.5 Chaos Projective Anti-synchronization of Uncertainty Stochastic Sprott 4 System
[50] and DGK System by Traditional Method

According to Eq. (5.34), we design complicated controllers to anti-synchronize
chaotic system with uncertainty by traditional method.

We choose the controllers as follows
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=—{A(X, +A;)+Y, +€]
—{Ax; —byy, — y;[b, (b, - ylz) +b,y,]+e,} (5.35)
=—{A(-0.5% - (A+5)%, + X — X12) —byy; = y,[b, (b - y;) +bgy,]+e}

ul
u2
uS
then we can obtain
V=—¢¢-¢g-'ga (5.36)
The derivative of Lyapunov function is negative definite and the error dynamics in

Eqg. (5.32) are going to achieve asymptotically stable. The simulation results are

shown in Fig. 5.16 and Fig. 5.17.

5.3.6 Robust FLCC Compared to Traditional Method

In this case, we compare the numerical;simulation results in 5.3.4 and 5.3.5 which
are listed in Table 5.4 and 5.5. The two main.superiorities are still existed — (1) The
performance of the error convergence of states by FLCC are much better than by
traditional method; (2) The controllersin FLCC designing are much simpler than
traditional ones

Table 5.4. Controllers are compared between the traditional method and FLCC

method.
Controller FLCC Traditional

31 Z =4, -0 —[A(XZ+A3)+y2+el]

U Z,=3,¢e,—0 _{sz_b1y3_y3[b2(b3_y§)

3
+b,y,]+e,}

Z,=5, 8,0 —{A(-0.5%, — 1+ )X, + X, — X7)

_bly3 - ys[bz (bs - Y32) + b5y1] + e3}
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Table 5.5. FLCC is compared to traditional-method between errors data.

Time(s) FLCC Traditional
e1 el
30.89 0.0000000000000932 2.1740747303217302
30.90 0.0000000000000923 2.1524423253132938
30.91 0.0000000000000914 2.1310251663310966
30.92 0.0000000000000905 2.1098211116414002
30.93 0.0000000000000897 2.0888280408210504
e, e,
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30.95 0.0000000000000463 -3.0273284266466253
30.96 0.0000000000000480 -2.9972060055056282
30.97 0.0000000000000498 -2.9673833074628515
30.98 0.0000000000000516 -2.9378573502236489
30.99 0.0000000000000535 -2.9086251811677015
& €
30.40 -0.0000000000000200 -0.1715451013099150
30.41 -0.0000000000000198 -0.1698381990323653
30.42 -0.0000000000000196 -0.1681482807162518
30.43 -0.0000000000000194 -0.1664751773683333
30.44 -0.0000000000000192 -0.1648187216768820
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Fig. 5.1 The configuration of fuzzy logic controller.
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Fig. 5.2 Membership function.
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Fig. 5.4 Projections of phase portrait of Eq (5.19).
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Fig. 5.7 Time histories of errors\fer-Exampledsthe FLCC is coming into after 30s.
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Chapter 6
Fuzzy Modeling and Synchronization of Chaotic Systems by

a New Fuzzy Model

6.1 Preliminary

In this paper, a new fuzzy model [58] is used to simulate and synchronize two
totally different chaotic systems, Sprott systems and Rossler system. Via the new
fuzzy model, a complex nonlinear system is linearized to a simple form. Only two
linear subsystems are needed and the numbers of fuzzy rules can be decreased from
2Nt02x N. Sprott systems and Rossler system are used for examples in numerical

simulation results to show the effectiveness and feasibility of our new model.

6.2 New Fuzzy Model Theory

In system analysis and design, it<is important to select an appropriate model
representing a real system. As ‘an.expression.model of a real plant, the fuzzy
implications and the fuzzy reasoning method suggested by Takagi and Sugeno are
traditionally used. The new fuzzy model is also described by fuzzy IF-THEN rules.
The core of the new fuzzy model is that we express each nonlinear equation into two
linear sub-equations by fuzzy IF-THEN rules and take all the first linear sub-equations
to form one linear subsystem and all the second linear sub-equations to form another
linear subsystem. The overall fuzzy model of the system is achieved by fuzzy
blending of this two linear subsystem models. Consider a continuous-time nonlinear
dynamic system as follows:

Equation i:
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rule 1:
IF Zi(t) is Mil

THEN Xi (t) = Ai1X(t) + Bi1U(t) ,

rule 2:

IF z;(t) is M,

THEN X;(t) =A;x(t) + Bj,u(t), (6.1)
where

X(8) = [X1 (), X2 (V) Xo (O]

U(t) =[uy (1), U (1), un (O],
i=12..n, where n is the number of nonlinear terms. z;(t) is nonlinear term,
M1, Mjpare fuzzy sets, A;,Bpare column vectors and X;(t) = A;x(t) + Bju(t),
j=12, is the output from the first and the second IF-THEN rules. u(t) is vector
controller. Given a pair of (x(t),u(t))"and take all the first linear sub-equations to

form one linear subsystem and all the_second.linear sub-equations to form another

linear subsystem, the final output of the fuzzy system is inferred as follows:

A X(t) +Byyu(t) ApX(t) +Byou(t)
X(t) = M, :A‘le(t) +Byyu(t) M, :A\zzx(t) +Bp,u(t) (6.2)
Apx(t) +Bju(t) AppXx(t) + By u(t)

where M; and M, are diagonal matrices as following:
dia(M;)=[My; My .. Myl dia(M,)=[My, My, o M)

Note that for each equation i:
2
D Mi(zi (1) =1,
j=1

M;j(zi (1) >0,i=1,2,--,nand j=1,2.
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Via the new fuzzy model, the final form of the fuzzy model becomes very simple.
The new model provides a much more convenient approach for fuzzy model research
and fuzzy application. The simulation results of chaotic systems are discussed in next

Section.

6.3 New Fuzzy Model of Chaotic Systems
In this Section, the new fuzzy models of two different chaotic systems, Sprott 4

system [50] and ROssler system, are given for Model 1 and Model 2.

Model 1: New fuzzy model of Sprott 4 system with uncertainty

The Sprott 4 system with uncertainty. is:

X =X+ 4
X, =X +A, (6.3)
%, = —0.5%, — X, + X — X’

with initial states (0.01, 1, 0.01).\Uncertain terms‘are A, = 0.1sin(50t) and A, =
0.01cos(50t). The chaotic attractor of the'Sprott 4 system is shown in Fig. 6.1 and the
chaotic attractor of Eq.(6.3) is shown in Fig. 6.2.

If T-S fuzzy model is used for representing local linear models of Sprott 4 system,

N =3,2" =2°=8, 8 fuzzy rules and 8 linear subsystems are need. The process of

modeling is shown as follows:

T-S fuzzy model:

Assume that:
(1) A e[-2,Z] and Z,>0
(2 A, e[-2,,Z,] and Z,>0
(3) x e[-Z;,2Z;] and Z,>0
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Then we have the following T-S fuzzy rules:

Rulel:IF A, is M, , A, is M, and x, is M, THEN X =AX,
Rule2:IF A, is M, , A, is M, and x, is M,, THEN X =AX,
Rule3:IF A, is M, , A, is M, and x, is M,, THEN X =AX,
Rule4:IF A, is M, , A, is M,, and x, is M,, THEN X =AX,
Rule5:IF A, is M, , A, is M,, and x, is M, THEN X =AX,
Rule6:IF A, is M, , A, is M, and x, is M,, THEN X =AX,
Rule 7:IF A, is M, , A, is M,, and x, is M, THEN X =AX,

Rule8:IF A, is My, , A, is My and~x-issM,, THEN X =AX,

Then the final output of the Sprott 4 system .can-be composed by fuzzy linear
subsystems mentioned above. It is obviously an.inefficient and complicated work.
New fuzzy model:

By using the new fuzzy model, Sprott 4'system can be linearized as simple linear
equations. The steps of fuzzy modeling are shown as follows:

Steps of fuzzy modeling:
Step 1:
Assume that A, €[-Z,,Z]and Z, >0, then the first equation of (3-1) can be

represented by new fuzzy model as following:

Rulel: IFA,isM,, THEN % =%+Z (6.4)
Rule2: IF A isM,, THEN %=%-Z (6.5)
where
1, A 1, A
M,==(1+=2), M,=-(1-2=2),
11 2( Zl) 12 2( Zl)

83



and Z,=0.1. M, and M,, are fuzzy sets of the first equation of (3-1) and
M, +M,, =1.
Step 2:

Assume thataA, e[-Z,,Z,]and Z, >0, then the second equation of (3-1) can be

exactly represented by new fuzzy model as following:

Rule 1: IFA,isM, , THEN X,=X+Z,, (6.6)
Rule 2: IFA,isM,,, THEN X =x,-2, (6.7)
where
1 A 1 A
M, ==1+=%2), M,,==(01-=2),
21 2( Zz) 22 2( ZZ)

and Z, =0.01. M,, and M,, are fuzzy_sets of the second equation of (6.3) and
M,, +M,, =1.
Step 3:

Assume that x, e[-Z,,Z,]and Z3 >0, _then_the /third equation of (6.3) can be

exactly represented by new fuzzy model as following:

Rule 1: IFx,isM,;, THEN X, =—0.5%, — X, + X —XZ,, (6.8)
Rule 2: IFx,isM,,, THEN %, =-0.5%, — X, + X, + X, Z, (6.9)
where
1 X 1 X
M - 1+_ y M = 1__ ’
31 2( Z3) 32 2( ZS)

and Z,=15. M, and M,, are fuzzy sets of the third equation of (6.3) and
M., +M,, =1.

Here, we call Egs.(6.4), (6.6) and (6.8) the first linear subsystem under the fuzzy
rules, and Egs.(6.5), (6.7) and (6.9) the second linear subsystem under the fuzzy rules.

The first linear subsystem is
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X=X+
X, =X +Z, (6.10)
X, =—=0.5%, — X, + X, =X Z,

The second linear subsystem is
X, =% =2, (6.11)
X, =—=0.5%, — X, + X, + X, Z,

The final output of the fuzzy Sprott 4 system is inferred as follows and the chaotic

behavior of fuzzy system is shown in Fig. 6.3. Now we have:

X, M, O 0 || % +Z
X = 0 M, 0 |[x+Z,
X 0 0 M 05X, — X, + X, —XZ
3 31 3 2 Xl Xl 3 (612)
M, O 0 || X2Z
+ 0 M, 0 |[|X—Z
0 0 Mg, § 05X =X, + X+ %2,
Eq. (6.12) can be rewritten as a'simple- mathematical expression:
. 2 ~
X(t) = _Zl\Pi (A X(t) + by) (6.13)
1=

where \¥; are diagonal matrices as follows:

dia(\Pl):[Mll M, MBl]’ dia(qlz):[Mlz M, Msz]

o 1 0 Z,

A=l 0 0 1], b=|Z,
1-2, -1 -0 0

0 1 0 -7,

A=l 0 0 1 | b=|-Z
1+Z, -1 -05 0

Via new fuzzy model, the number of fuzzy rules can be greatly reduced. Only two
linear subsystems are enough to express such complex chaotic behaviors. The

simulation results are similar the original chaotic behavior of the Sprott 4 system as
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show in Fig. 6.3.

Model 2: New fuzzy model of Rdssler system with uncertainty

The ROssler system with uncertainty is:

yl ==Y, Y, +0'1A3
Y=Y +0-15y2A4 (6.14)
Y3 =02+ Y1Ys _9y3

where uncertainty terms A, is white noise (PSD=0.1), A, is Rayleigh noise and

initial conditions are chosen as (2, 2.4, 5). The chaotic attractor of R&ssler system is
shown in Fig. 6.4, the chaotic attractor of Eq.(6.14) is shown in Fig. 6.5 and the
Rayleigh noise is shown in Fig. 6.6.
New fuzzy model:
Assume that:
(1) 0.1A,€[-Z,,Z,]and Z, >0,
(2) A, e[-Z;,Z,]andZ, >0,
(3) y;el-Zs,Z,] andZ,>0,

then we have the following new fuzzy rules:

Rule 1: IF0.1A;isN,,, THEN vy, =-y, -y, +Z,, (6.15)
Rule 2: IF0.1A;isN,,, THEN vy, =-y,-Yy,-Z, (6.16)
where
T TS
and
Rule 1: IFA,isN,,,THEN vy, =y, +0.15y,Z,, (6.17)
Rule 2: IFA,isN,, , THEN vy, =y, -0.15y,Z., (6.18)
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where

N21=%(1+§—:), N22=%(1—§—:).
and
Rule 1: IFx;isN, , THEN y,=0.2+y,Z,-9y,, (6.19)
Rule 2: IF x;isN,, ,THEN y,=0.2-y,Z,-9y,, (6.20)
where
N31=%(1+;—Z), N32:%(1—;—36).

in Eqgs. (6.15)~(6.20),Z,=0.4,Z.=4 andZ,=150. Nj,N,,N,,N,,, N, and

N,, are fuzzy sets of Eq.(6.14) and N,; + N, =1,N,, + N,, =1 and N +N,, =1

Here, we call (6.15) ,(6.17) andy(6:19)-the first liner subsystem under the fuzzy
rules and (6.16) , (6.18) and (6.20) the-second liner subsystem under the fuzzy rules.

The first linear subsystemis

Y1:_y2_y3+z4
Y, =¥ +0.15y,Z; (6.21)
Ys = 0.2+ ylz6 _QYS

The second linear subsystem is
Yi=-Y,—Y:—4,
yz =Y —0.15y225 (6.22)
Y =0.2-y,Z, -9y,

The final output of the fuzzy R&ssler system is inferred as follows and the

chaotic behavior of fuzzy system is shown in Fig. 6.7.
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Yy Ny, 0 0 ||-y,-V;+Z,
Y, 1=l 0 N, O y, +0.15y,Z,
A 0 0 Ny 0.2+y,Z,-9x,
Ny, 0 0 ' Y.~ Y¥:—Z4,
+ N, 0 Y1 _0'15y225

0
0 0 Ny |[02-y,Z,-9x

Eq. (6.23) can be rewritten as a simple mathematical expression:

V(O =Y LEY0+8)
where

dia(r1):[N11 N21 Nsl]v dia(rz):[le N22 N32]

0 -1 - Z,
C,=|1 015z, 0|, &=|0

zZ, 0 -9 0.2

0 -1 -t 1E];
C,=| 1 -015z, @, ¢,=| 0

-z, 0 -9 0.2

(6.23)

(6.24)

Via new fuzzy model, two linear subsystems are enough to express such complex

chaotic behaviors. The simulation results are similar the original chaotic behavior of

the RoOssler system.

6.4 Fuzzy Synchronization Scheme

In this Section, we derive the new fuzzy synchronization scheme based on our

new fuzzy model to synchronize two totally different fuzzy chaotic systems. The

following fuzzy systems as the master and slave systems are given:

master system:
X(t) = S, (AX(0) + ;)
i=1

slave system:
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Y(t) = ST (C.Y(t)+ ) +BU() (6.26)
i=1

Eq. (6.25) and Eq. (6.26) represent the two different chaotic systems, and in Eq. (6.26)

there is control input U(t). Define the error signal ase(t) = X(t) — Y(t), we have:
&(t) = X(t) - Y(t) = il W (AX(t)+b,) - _ﬁlri (C.Y(1)+5)—BU(1) (6.27)
The fuzzy controllers are designed as follows:
U(t) = uy (t) +u,(t) (6.28)
where
() = X¥FX(O - TR Y (),
u,(t) = i\PiBi _iriai
i=1 i=1
such that|e(t)| — Oast — oo. Our design-isto-determine the feedback gains F; and P;.
By substituting U(t) into E@.(6.27),-We obtain;
e(t) = ¥ {(A, - BF)X(0} - 2LA(C =8PV (1) (6.29)
Theorem 1: The error systemvin:Eq. (6.29)-is:asymptotically stable and the slave
system in Eq. (6.26) can synchronize the master system in Eq. (6.25) under the fuzzy
controller in Eq. (6.28) if the following conditions below can be satisfied:
G=(A,—-BR)=(A, —BF)=(C,-BP,) <0, i=1~2. (6.30)
Proof:
The errors in Eq. (6.29) can be exactly linearized via the fuzzy controllers in Eq.
(6.28) if there exist the feedback gains F; such that
(A, -BF)=(A,—-BF,)=(C, -BP,)=(C, -BP,) <0. (6.31)
Then the overall control system is linearized as
e(t) = Ge(t), (6.32)
where G = (A, -BF) =(A, -BF,)=(C, -BP,) =(C, —-BP,) <0.

As a consequence, the zero solution of the error system (6.32) linearized via the
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fuzzy controller (6.28) is asymptotically stable.

6.5 Simulation Results

There are two examples in this Section to investigate the effectiveness and
feasibility of our new fuzzy model.
Example 1: Synchronization of Master and Slave Sprott 4 system

The fuzzy Sprott 4 system in Eq. (6.13) is chosen as the master system and the

fuzzy slave Sprott 4 system, with fuzzy controllers is as follows:

Y(t) = in (C.Y (t)+E)+BU() (6.33)

i=1

where T, are diagonal matrices

dia(rl):[Nll N, Nsl]v dia(rz):[le N, st]

and
0 1 0 Z
C,=| O 0 1|,26,=]2;
1-Z, -1 -0. 0
0 1 0 -7,
C,=| O 0 11, ¢,=|-2,
1+Z, -1 -0 0

Therefore, the error and error dynamics are:

_el_ | X =Y |

1= X2~ Y2 |

18] [ X5~ Y3

_él_ I Xl - Y1 | 2 _ 2

& =X Y, :z\Pi(AiX(t)—l_bi)_Y'(t):zri (CiY(t)+6i)_BU(t) (6.34)
€3] | X -V,| =

B is chosen as an identity matrix and the fuzzy controllers in Eq. (6.28) are used:
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& Xy Xy
e, =Y [Al -BF ]3><3 X, [+, [Az -BF, ]3><3 X,

é3 X3 XS
Y1 Y1
Ti[C=BR,| Y2 | -T2 [C.~BR ], | ¥, (6.35)
Y Y

According to Eq. (6.30), we have G=[A-BF]=[A-BF,]=[C,—BR]

=[C,-BR,]<0. G is chosen as:

1 0 0
G=[0 -1 0 (6.36)
0 0 -1

Thus, the feedback gains Fi, F'P1-and Pscan be determined by the following

equations:
1 12 0
FlzBfl[Ai—G]z 0 1.1
-1 -I-0:5
1 1 0
F2=B*1[A2—G]= 0o 1 1 (6.37)
3 -1 05
1 1 0
PlzBfl[Cl—G]: 0o 1 1
-1 -1 05
1 1 0
P2=B*1[C2—G]= 0 1 1
3 -1 05

The synchronization errors are shown in Fig. 6.8.
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Example 2: Synchronization of Sprott 4 system and R0Ossler system.
The fuzzy Sprott 4 system in Eq. (6.13) is chosen as the master system and the

fuzzy slave ROssler system, with fuzzy controllers is as follows:
. 2 —_~
Y(t) =D T,(CY(t)+C)+BU(t) (6.38)
i=1

where T are diagonal matrices

dia(rl):[Nll N21 N31]v dia(rz):[le N22 st]

and
0o -1 -1 Z,
C,=|1 015z, 0|, €= 0
Z, 0 -9 0.2
-1 -1 ol
C,=| 1 -015Z, 0 |~C=| 0
—-Z, 0 -9 0:2

Therefore, the error and error dynamics are:

_elw —Xl - yl_

1= X2~ Y2 |

_e3J | X3 = Ys |

_él_ _Xl_Y1_ 2 - 2

& =% Y, :z\Pi(AiX(t)+bi)_Y(t)zzri(CiY(t)+Ei)_BU(t) (6.39)
_é3_ %, — ¥, | i=1 i=1

B is chosen as an identity matrix and the fuzzy controllers in Eq. (6.28) are used:

O Xy X
éz = lPl [Al - BFl ]3><3 X |+ le [Az - BFz ]3><3 X,
é3 Xq X3
Y1 Y1
~I,[C = BR],,| V2 |-T:[C. —BR], | V. (6.40)
Y3 Y3
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According to Egq. (6.30), we have G=[A-BFR]=[A -BF]=[C -BR]

=[C,-BR,]<0 . G is chosen as:

-1 0 0
G=[0 -1 0 (6.41)
0 0 -1

Thus, the feedback gains Fi, F,, P1 and P, can be determined by the following

equation:
1 1 0
F=B'[A-G]=[0 1 1
-1 -1 05
11 0
F,=B*[A-G]=|0 1 1 (6.42)
3 -1505
1 =41 -1
PR=B"'[C,-G]=| 1 1750
260 0 -8
1 -1 -
P,=B*[C,-G]=| 1 025 0
-260 0 -8

The synchronization errors are shown in Fig. 6.9.
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Fig. 6.2 Chaotic behavior of Sprott 4 system with uncertainty.
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Fig. 6.4 Chaotic behavior of Rossler system.
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Fig. 6.6 The Rayleigh noise used.
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Fig. 6.7 Chaotic behavior of new fuzzy (Rossler system with uncertainty.

Fig. 6.8 Time histories of errors for Example 1.
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Chapter 7

Conclusions

In this thesis, chaos and various chaos synchronizations of Double Ge-Ku
system, Sprott 4 system and R&ssler system are studied.

In Chapter 2, we propose the double symplectic synchronization. The
double symplectic synchronization is a generalized case of generalized
synchronization and symplectic synchronization. Because the synchronization
form is more complex than generalized and symplectic synchronizations, so we
usually use it on the purpose of secret communication. The simulation results
show that the proposed scheme is feasible and effective for both autonomous
and non-autonomous chaotic systems."When the-double symplectic functions is
extended to a more general form, multiple symplectic synchronization which is
studied in Chapter 3.

In Chapter 4, a new strategy.to achieve chaos synchronization by the
different translation pragmatic synchronization using stability theory of partial
region is studied. The pragmatical asymptotical stability theorem fills the
vacancy between the actual asymptotical stability and mathematical
asymptotical stability. The conditions of the Lyapunov function for pragmatical
asymptotical stability are lower than that for traditional asymptotical stability.
By using this theorem, with the same conditions for Lyapunov function as that
in current scheme of adaptive synchronization, we not only obtain the
synchronization of chaotic systems but also prove strictly that the estimated
parameters approach the uncertain values. Furthermore the Lyapunov function

used is a simple linear homogeneous function of states.
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In Chapter 5, a simplest fuzzy controller (FLCC) is introduced to projective
anti-synchronization of non-autonomous chaotic systems with uncertainty. Three
main contributions can be concluded: (1) High performance of the convergence of
error states in anti-synchronization; (2) Good robustness in anti-synchronization of the
chaotic systems with uncertainty; (3) Simplest constant controller.

Further, due to the characters of FLCC, (1) the mathematical models of devoted
chaotic systems can be unknown, all we have to do is capturing the output signals, (2)
through the fuzzy logic rules, the strength of controller can be adjusted via the
corresponding membership functions, the well robustness and high performance in
anti-synchronization of this simplest controller (FLCC) can be applied to various
kinds of fields with lots of perturbations, such as neuroscience, un-model bio-systems,
complicated brain network and so on.

In Chapter 6, we successfully-and efficiently simulate and synchronize systems by
the new fuzzy model. Through-the new. fuzzy model,'a complicated nonlinear system
can be linearized to a simple form, linear coupling of only two linear subsystems and
the numbers of fuzzy rules can be decreased from 2" to 2x N . There are two examples
in numerical simulation results to show the effectiveness and feasibility of our new

model.
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Appendix A

GYC Partial Region Stability Theory

A.1 Definition of the Stability on Partial Region
Consider the differential equations of disturbed motion of a non-autonomous

system in the normal form

dx,
dt

where the function X is defined on the intersection of the partial region € and

= X (b, %, X,), (s=L---,n) (A1)

D> xt<H (A.2)

and t>t,, where t, and H are certain positive,constants. X, which vanishes when
the variables x, are all zero, is a realvalued function of t, x,---,x,. It is assumed
that X, is smooth enough to-ensure the existence; uniqueness of the solution of the
initial value problem. When7 X, does not -contain t explicitly, the system is
autonomous.

Obviously, x,=0 (s=1---n) is a solution of Eq.(A.1). We are interested to
the asymptotical stability of this zero solution on partial region Q (including the
boundary) of the neighborhood of the origin which in general may consist of several
subregions
Definition 1:

For any given number & >0, if there exists a 6 >0, such that on the closed
given partial region Q when

> X <68, (s=1---,n) (A.3)

forall t>t,, the inequality
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dYx<eg (s=1:-,n) (A.4)

is satisfied for the solutions of Eg.(A.1) on € , then the zero solution
X, =0 (s=1---n) isstable on the partial region Q.
Definition 2:

If the undisturbed motion is stable on the partial region €, and there exists a

& >0, so that on the given partial region Q when

> xe<8, (s=1--,n) (A.5)

The equality

t—>o

Iim(fo]zo (A.6)

is satisfied for the solutions «of“Eq.(A.I)~on. QQ , then the zero solution
X, =0 (s=1---n) isasymptotically-stable-on the partial region Q.

The intersection of Q and region-defined by Eg.(A.5) is called the region of
attraction.
Definition of Functions V (t,x,,---,X,)*

Let us consider the functions V(t,x,---,X,) given on the intersection Q, of
the partial region Q and the region

> xt<h, (s=1--n) (A7)

for t>t, >0, where t, and h are positive constants. We suppose that the functions
are single-valued and have continuous partial derivatives and become zero when
X, ==X, =0.
Definition 3:

If there exists t, >0 and a sufficiently small h >0, so that on partial region

Q, and t>t,, V>0 (or <0), then V is a positive (or negative) semidefinite, in
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general semidefinite, functiononthe Q, and t>t,.
Definition 4:

If there exists a positive (negative) definitive function W(x,...x,) on €, so
that on the partial region Q, and t>t,

V -W >0 (or -V —-W >0), (A.8)
then V(t,x,...,x,) is a positive definite function on the partial region €, and
t>t,.

Definition 5:

If V(t,x,...,x,) is neither definite nor semidefinite on Q, and t>t,, then
V(t,x,...,X,) is an indefinite function on partial region Q, and t>t,. That is, for
any small h>0 and any large t,>0,,V.(t,x,...,X,) can take either positive or
negative value on the partial region”Q, and..t t;:

Definition 6: Bounded function 'V

If there exist t, >0, h >0, soithatonthe partial region <, , we have
V(t,x,....x,)| <L

where L is a positive constant, then V is said to be bounded on Q, .
Definition 7:  Function with infinitesimal upper bound
If V is bounded, and for any A>0, there exists x>0, so that on €, when

D x¢<u,and t>t;, we have

S

V(X X)) < A

then V admits an infinitesimal upper bound on Q, .
A.2 GYC Theorem of Stability and of Asymptotical Stability on Partial Region

Theorem 1

If there can be found a definite function V (t,x,,...,X,) on the partial region for

Eq. (A.1), and the derivative with respect to time based on these equations are:
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dv. ov oV
dt ot <ox. (A9)

S

Then, it is a semidefinite function on the partial region whose sense is opposite to that
of V, or if it becomes zero identically, then the undisturbed motion is stable on the
partial region.
Proof:

Let us assume for the sake of definiteness that V is a positive definite function.
Consequently, there exists a sufficiently large number t, and a sufficiently small

number h < H, such that on the intersection €, of partial region Q and
> xt<h, (s=1...n)

and t>t,, the following inequality is satisfied
V(t,x,...,x,) 2WLX, ..., X)),
where W is a certain positive ‘definite-function which-does not depend on t. Besides
that, Eq. (A.9) may assume only negative or zero valuein this region.
Let & be an arbitrarily smallpositive numbef.:\We shall suppose that in any case
g<h. Let us consider the aggregation”of all possible values of the quantities

X;,--+, X, , Which are on the intersection @, of Q, and
DX =¢, (A.10)

and let us designate by |>0 the precise lower limit of the function W under this
condition. By virtue of Eq. (A.8), we shall have

V({t X,....x,) =l for (x,...,x,) on w,. (A.11)

We shall now consider the quantities X, as functions of time which satisfy the

differential equations of disturbed motion. We shall assume that the initial values X,

of these functions for t=t, lie on the intersection Q,of €, and the region

> Xt <5, (A.12)

S
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where & is so small that
V(t, Xgreeey Xy0) <1 (A.13)
By virtue of the fact that V(t,,0,...,0) =0, such a selection of the number s is
obviously possible. We shall suppose that in any case the number & is smaller than

& .Then the inequality

Y X <e, (A.14)

being satisfied at the initial instant will be satisfied, in the very least, for a sufficiently
small t—t,, since the functions x(t) very continuously with time. We shall show
that these inequalities will be satisfied for all values t>t,. Indeed, if these
inequalities were not satisfied at some time, there would have to exist such an instant
t=T for which this inequality would ‘become-ansequality. In other words, we would

have
D KE(T) =%,

and consequently, on the basis of Eg. (A.11)
VT, x(T),....x,(T))=1 (A.15)

On the other hand, since & < h, the inequality (Eq.(A.7)) is satisfied in the entire
interval of time [to, T], and consequently, in this entire time interval (?j—\:so. This

yields
VT XM %y (T) SV (g Xt %),
which contradicts Eg. (A.14) on the basis of Eqg. (A.13). Thus, the inequality
(Eq.(A.4)) must be satisfied for all values of t >t,, hence follows that the motion is
stable.
Finally, we must point out that from the view-point of mathenatics, the stability
on partial region in general does not be related logically to the stability on whole

region. If an undisturbed solution is stable on a partial region, it may be either stable
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or unstable on the whole region and vice versa. In specific practical problems, we do

not study the solution starting within Q. and running out of Q.

Theorem 2
: . . .. dv . -
If in satisfying the conditions of Theorem 1, the derivative Y Is a definite

function on the partial region with opposite sign to that of V and the function V itself
permits an infinitesimal upper limit, then the undisturbed motion is asymptotically
stable on the partial region.

Proof:

Let us suppose that V is a positive definite function on the partial region and that
dv . : - . .
consequently, Y is negative definite. Thus on the intersection Q, of Q and the

region defined by Eq. (A.7) and .t =1, there will be satisfied not only the inequality

(Eq.(A.8)), but the following inequality-as-well:

dv
S <o 0 %) (A.16)

where W, is a positive definite function on the.partial region independent of t.

Let us consider the quantities x, as functions of time which satisfy the
differential equations of disturbed motion assuming that the initial values x,, =X (t,)
of these quantities satisfy the inequalities (Eq. (A.12)). Since the undisturbed motion
is stable in any case, the magnitude & may be selected so small that for all values of
t>t, the quantities x, remain within Q,. Then, on the basis of Eq. (A.16) the
derivative of function V(t,x(t),...,x,(t)) will be negative at all times and,
consequently, this function will approach a certain limit, as t increases without limit,
remaining larger than this limit at all times. We shall show that this limit is equal to
some positive quantity different from zero. Then for all values of t>t, the following

inequality will be satisfied:
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V(L x (),....x, () > (A.17)
where a>0.

Since V permits an infinitesimal upper limit, it follows from this inequality that

DY XM=, (s=1...n), (A.18)

where A is a certain sufficiently small positive number. Indeed, if such a number A

did not exist, that is , if the quantity sz (t) were smaller than any preassigned

number no matter how small, then the magnitude V (t,x,(t),...,x,(t)), as follows
from the definition of an infinitesimal upper limit, would also be arbitrarily small,
which contradicts Eq. (A.17).

If for all values of t>t, the inequality (Eq. (A.18)) is satisfied, then Eq. (A.16)

shows that the following inequality will be satisfied at all times:

av
=<,

dt

where |, is positive number different from.zero which constitutes the precise lower
limit of the function W, (t, x,(t),.7Xx(t)) under-condition (Eg. (A.18)). Consequently,

for all values of t>t, we shall have:

V(% (8 X, () =V (G X Xo0) + j;‘fj—fdtsvao,xm,---,xno)—lla—to),

which is, obviously, in contradiction with Eq.(A.17). The contradiction thus obtained
shows that the function V(t,x(t),...,X,(t)) approached zero as t increase without
limit. Consequently, the same will be true for the function W (x,(t),..., X, (t)) as well,
from which it follows directly that

!Lrgxs(t)zo, (s=1,...,n),

which proves the theorem.
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Appendix B

Pragmatical Asymptotical Stability Theory

The stability for many problems <in® real; dynamical systems is actual
asymptotical stability, although:may not be mathematical asymptotical stability. The
mathematical asymptotical stability demands-that trajectories from all initial states in
the neighborhood of zero solution must approach the origin as t —oo. If there are
only a small part or even a few of the initial states from which the trajectories do not
approach the origin as t—oo , the zero solution is not mathematically
asymptotically stable. However, when the probability of occurrence of an event is
zero, it means the event does not occur actually. If the probability of occurrence of
the event that the trajectries from the initial states are that they do not approach zero
when t—o0, is zero, the stability of zero solution is actual asymptotical stability
though it is not mathematical asymptotical stability. In order to analyze the
asymptotical stability of the equilibrium point of such systems, the pragmatical

asymptotical stability theorem is used.
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Let X and Y be two manifolds of dimensions m and n (m<n), respectively, and

@ be a differentiable map from X to Y, then ¢(X) is subset of Lebesque measure

0 of Y [59]. For an autonomous system
- = f(xl,...,xn) (B-1)
where x=[x,--,x,]' is a state vector, the function f =[f,,---, f,] is defined on

DcR" and |x|<H >0. Let x=0 be an equilibrium point for the system (B-1).
Then
f(0)=0 (B-2)
For a non-autonomous systems,

X = £ (X Xo.) (B-3)

where X =[x,...x. ] , «the function f=[f,.. f] is define on

DcR"xR, here t=x ., cR,.The equilibrium point is

nil
F(O0X0 3 (B-4)
Definition The equilibrium point” for the system (B-1) is pragmatically
asymptotically stable provided that with initial points on C which is a subset of
Lebesque measure 0 of D, the behaviors of the corresponding trajectories cannot be
determined, while with initial points on D—C, the corresponding trajectories behave

as that agree with traditional asymptotical stability [60,61].

Theorem Let V =[x, -, x,]" : D—R. be positive definite and analytic on D,
where X, X,,...,X, are all space coordinates such that the derivative of V through Eq.
(A-1)or(A-3), V , is negative semi-definite of [x,, X,,---, ..

For autonomous system, Let X be the m-manifold consisted of point set for

which vx=0, V(x)=0 and D is a n-manifold. If m+1<n, then the equilibrium
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point of the system is pragmatically asymptotically stable.

For non-autonomous system, let X be the m+1-manifold consisting of point

set of which ¥x#0,V (X, X,,...,x,)=0and Dis n+1-manifold. If m+1+1<n+1,

i.e.m-+1< nthen the equilibrium point of the system is pragmatically asymptotically
stable. Therefore, for both autonomous and non-autonomous system the formula
m+1<nis universal. So the following proof is only for autonomous system. The
proof for non-autonomous system is similar.

Proof Since every point of X can be passed by a trajectory of Eq. (B-1), which
is one- dimensional, the collection of these trajectories, A, is a (m+1)-manifold [60,
61].

If m+1<n, then the collection Clis-a subset of Lebesque measure 0 of D. By the
above definition, the equilibrium point-of the system:is pragmatically asymptotically
stable.

If an initial point is ergodicly,chosen in D, the probability of that the initial
point falls on the collection C is zero.;Here;egual probability is assumed for every
point chosen as an initial point in the neighborhood of the equilibrium point. Hence,
the event that the initial point is chosen from collection C does not occur actually.
Therefore, under the equal probability assumption, pragmatical asymptotical stability
becomes actual asymptotical stability. When the initial point falls on D-C,
V(x)<0, the corresponding trajectories behave as that agree with traditional
asymptotical stability because by the existence and uniqueness of the solution of
initial-value problem, these trajectories never meet C.

In Eg. (5-8) V is a positive definite function of n variables, i.e. p error state
variables and n-p=m differences between unknown and estimated parameters, while

V =e'Ce is a negative semi-definite function of n variables. Since the number of
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error state variables is always more than one, p>1, m+1<n is always satisfied, by
pragmatical asymptotical stability theorem we have

lime=0 (B-5)

to
and the estimated parameters approach the uncertain parameters. The pragmatical
adaptive control theorem is obtained. Therefore, the equilibrium point of the system is
pragmatically asymptotically stable. Under the equal probability assumption, it is

actually asymptotically stable for both error state variables and parameter variables.
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