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Abstract. A self-consistent model for describing carrier transport in heavily
doped semiconductor devices has been developed. The proposed model allows
convenient treatment of non-uniform semiconductors in a manner that is both
thermodynamically consistent and consistent with the transport equations, the
steady-state continuity equations and the electrostatic potetial with explicit
boundary conditions at the contacts. The complex problems are reduced to
determining two types of quantities: the reference electrostatic potential and
the activity coefficient of the carriers. In order to find the simple working
equations for the model, two choices of reference for the electrostatic potential
are discussed. The presented transport equations are written in a simple
Shockley-like form, in which the effects associated with the non-uniform band
structure and the influence of Fermi-Dirac statistics are described by a thermo-
dynamic property, the activity coefficient of the carriers, which is expressed in
terms of two band model parameters, the effective band-gap shrinkage, AE,,
and the effective asymmetry factor, A. In this form they are convenient for use in
computer-aided analysis and the design of heavily doped semiconductor

devices.

1. Introduction

The general analytic characterisation of the carrier
transport in heavily doped semiconductor devices is
difficult because of the complex heavy-doping effects
[1] that must be accounted for. These effects may
include the actual band-gap narrowing [2, 3], the car-
rier degeneracy {4], the influence of the impurity band
[5]. and the built-in electric field due to a graded doping
density [6]. The resulting changes in the energy bands
must be considered in order to model p-n junction
devices accurately [1, 7, 8, 9]. Transport equations for
materials with a position-dependent band structure
have been derived by Mock [10], van Overstraeten and
co-workers [11], Marshak and van Vliet [12-14] and
Lundstrom and co-workers [15]. However, a systematic
study (including the choice of the reference states) of a
self-consistent solution of transport equations, steady-
state continuity equations, Poisson’s equation and elec-
trochemical potential equation (irreversible thermody-
namics) does not seem to exist in the previous studies.

The electrochemical potential of a given charged
species in a phase is generally divided into two terms
(as shown in equation (26) below): the first one comes
from a chemical contribution and the second an electri-
cal contribution. The chemical contribution is produced
by the chemical environment in which the charged
species exists, and is usually split into two terms, a

0268-1242/88/080766 -+ 07 $02.50 © 1988 10P Publishing Ltd

composition-independent term (called the reference
state chemical potential) and a term which is compo-
sition dependent and accounts for the non-ideal behav-
iour (named the activity coefficient) of the real system.
The electrical contribution depends on the electrical
condition of the phase and may contain some other
potential energy (for example, due to strain) besides
electrostatic energy.

In this paper we consider the carrier transport in
heavily doped semiconductor devices based on
position-dependent band-structure approach. A simple
but self-consistent formulation of the thermodynamic
quanttities, the transport equations, the steady-state
continuity equations and the Poisson’s equation with
explicit boundary conditions at the contacts is pre-
sented. By the proper choice of reference for the
electrostatic potential, we develop a simpler and more
complete analytic model. The model includes the
effects of the modified band structure and the activity
coefficient of the carriers which is a useful quantity for
describing a system behaviour deviated from its idea-
lity. The heavy-doping effects mentioned above are
accounted for in a consistent manner that yields a
useful model which can be an effective aid to design
and an informative guide to physical and thermodyna-
mic understanding. The results presented here are of
great importance both in practical device applications
and in pedagogy.



2. Energy bands in heavily doped
semiconductors

Figure 1 shows the energy band diagram for a heavily
doped semiconductor. The validity of this energy band
model has been discussed by Marshak and van Vliet
[12]. From figure 1, we have

Ei(x)=Ey—qV(x) ()
x(x)=EL(x) = Ec(x)=Ey—qV(x) - Ec(x)  (2)

and
Eg(x) = Ec(x) — Ev(x) 3)

where £, is the field-free vacuum level, E; is the local
vacuum level, V is the electrostatic potential (neglect-
ing the other potentials), y is the electron affinity, Eg is
the band-gap energy, Ec is the bottom of the conduc-
tion band, Ey is the top of the valence band, and ¢ is
the magnitude of the electronic charge.
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Figure 1. The energy bands for an inhomogeneous
material

If we assume Fermi-Dirac statistics and write the
non-equilibrium carrier densities as

n(x) = Nc(x)Fi(nc(x))
= n()Zc(x) expl(Era(x) — E(YKT]  (4)
and
p(x) = Nu(x)Fia(nv(x))
=n;(x)&v(x) exp[(E(x) — EFp(x))/kT] (5)

where Eg, and Eg, are the quasi-Fermi levels for elec-
trons and holes, respectively, and

ni(x) = (Nv(x)Ne(x))" exp( = Eg(x)/2kT)  (6)

is the position-dependent intrinsic carrier concentra-
tion. Nc(x) and Ny(x) are effective densities of states in
the conduction band and in the valence band, respecti-
vely. &i(x) is the degeneracy effect and is defined by

- F(n)
exp(7:)

™)
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and F,, is the Fermi-Dirac integral of order one-half
with

_ En®) ~ Ec(x)

T =" ®)

and

— Ey(x) - EFp(x)'

nv(x) xT

(9)

After some algebraic manipulation, these parameters
can be related to the electrostatic potential as

ne(x) = [q(V = @n) + (x(x) — x(0))

i [ Nol0) exp( = E(0)KT)
iy o SO B )] / €T (10

and

nclx) = [q(fppv) + (x(x) = 2(0)) = (Ec(x) = E5(0))

_%mn<~v<0> exp(EG(O)/kn>] /kT a

Nc(0)
where
i)~ =) W)
o) = L) (13)

are the quasi-Fermi potentials for the electrons and
holes, respectively. It should be noted here that quasi-
equilibrium condition is applied at x=0. Thus, by
convention, we have Eg,(0)= E,(0)=E}0) (assuming
p-type material here).

Using Equations (2)—(6) we obtain the intrinsic
energy level

Efx)=E)— x(x)— %EG(X)

+ %len(%Zg;) —qV(x). (14)

It is apparent from (14) that E,(x) is not, in general,
parallel to V(x) as it is in a uniform non-degenerate
semiconductor. Indeed, E; is a purely thermodynamic
property of the intrinsic bulk semiconductors as shown
by Chang [16]. Thus, one cannot use it to align the
energy levels in the energy band diagram.

3. Poisson’s equation

To obtain the electrostatic potential within a heavily
doped semiconductor device we must solve Poisson’s
equation [17] with appropriate boundary conditions.
For convenience, consider a one-dimensional p-n junc-
tion with Ohmic contacts at x=0 on the p-side and
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x=W on the n-side, and with the junction at x;. The
Poisson’s equation is given by

#V dinkdV ¢
— 4 =1 — +
dx? dx dx £ (p=nt+N7) (15)

where K is the dopant density-dependent dielectric
constant, g, is the permittivity in vacuum, and N*=
Nj— Ny is the ionised dopant density. The carrier
concentrations, p and n, can be expressed in terms of
the electrostatic potential. Algebraic manipulation of
equations (4), (5), (6) and (14), with quasi-equilibrium
condition at x =0 and the reference electrostatic poten-
tial

_kT (5(On(0)
V)= 1n< NA(O) )

gives the following carrier densities

n(x)=n(0) exp<q(v(x) — (p/nc(;)) b AAEg) (16)

and

—q(V(x) —@y(x)) + (1 - A)AE,
o ) (17)

p(x)=n(0) exp(

where

AE = (E(0) = E(x))+ kT 1n(NC—(x)ﬂ¥@>

Nc(0)Nv(0)
+ kT In(Ec(x)Sv(x))=Apon+ Bpos + App  (18)

and

_ _ Ne(x)

+len(§c(x))]/AEg. (19)

As shown in figure 1, we choose x =0 as the refer-
ence position for the electrostatic potential at which the
material is uniform. Also, the actual band-gap narrow-
ing effect (Aggn= E6(0) — Eq(x)) is generally greater
than the degeneracy effect (App=kT In(§(x)Cv(x))).
So, both AE, and A are positive quantities. AE, is
called the effective band-gap shrinkage and accounts
for the actual band-gap narrowing effect (Apgy), the
density-of-state effects (Apps), and the influence of
Fermi-Dirac statistics (Agp). A, called the effective
asymmetry factor [18], measures the fraction of the
reduction in band gap that occurs in the conduction
band, 0sA<1. In a lightly doped material with
uniform band structure, AE, and A are zero. These
extra terms over conventional results are due to the
non-ideal behaviour of the carriers and can be related
to the activity coefficients of the carriers [16].
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Assuming that the potential of the Ohmic contacts
remains in equilibrium, we obtain the electrostatic
potential V(W) from (16) as

qV(W)=qe, (W)

— A(W)AE (W) +kT ln<m> (20)
) ni(0)
where subscript 0 represents the equilibrium value. In
n-type semiconductors, where N (W)=0, n(W)>
po(W) and one can neglect py(W) and NAo(W) in the
charge neutrality condition to yield ny(W)=Np(W).
Also, from (14), ¢,(W) is given by

q(Pn(W) = EE‘(O) - EFn(W)
=ER0) - Ex(W)=—qV, (21)

where V, represents the terminal voltage. Again, note
that quasi-equilibrium condition at contact x = W gives
Epy(W) = Eg(W)=EXW). It is the well known result
that the separation of the majority quasi-Fermi levels
across the entire device is given by the terminal voltage.

The electrostatic potential difference V, across the
entire device is given by

V.= V(W) -V(0). (22)
Substituting (20), (21) and

KT, (Eu(0)n(0)
V(0)= p ln< N.(O) )

into (22) gives

qVi=— AfW)AE (W )+kT1n(WA@>

n(0)
—kTIn(E(0)) —gqV.. (23)

It is also noted that the built-in potential V; of the
junction for the degenerate case is given by [19]

ND(W)NA(0)>

GV = — Af(W)AE (W) + kTIn( 0)

~KTIn(5y(0)). (24)
Substituting (24) into (23), we have
Vl = Vhi - Vu' (25)

Equation (25) gives the total voltage across the junction
from x=0 on the p side to x=W on the n side. In
equilibrium V,=0 and V,; is given by (24), but if an
external voltage V, is applied it changes V,. It is import-
ant to note that, for a given bias, V, becomes smaller as
either Ay(W) or AE, (W) becomes larger. The refer-
ence electrostatic potential ¥ (0) and equation (20) can
be served as two explicit boundary conditions for solv-
ing the Poisson equation.

4. A consistent formulation

In this section, equations presented earlier are used to
derive the self-consistent results for the band-model



parameters and thermodynamic quantities, for exam-
ple, the reference state chemical potentials and activity
coefficients of the carriers which appear in the electro-
chemical potentials of the carriers. The electrochemical
potential (4;), or quasi-Fermi level, of a charged spe-
cies 7 in phase « is defined as the sum of its chemical
potential and its electric potential energy [20]

i =pi+ziqVe=ur ¢ +kTin(yic) +z,qV* (26)

where uf is the chemical potential, 4] “ is the reference
state chemical potential and is a function only of tem-
perature, pressure, and choice of reference state, yf is
the activity coefficient, ¢{ is the concentration (c;= n for
electrons; ¢,;=p for holes), and z; (z;=1 for holes;
z;=— 1 for electrons) is the elemental charge of species
i. The potential V*is the electrostatic potential which is
obtained through integration of Poisson’s equation
(15).

For electrons (i =n), equating i, = Er,, we have
Egy=fi,=pu; + kT In(ny,) —qV. 27

Here we have dropped the superscripts because (27)
holds on either the n-side or p-side. It is clear that we
have two reference states in (27), i.e., u} and gV(0).
This implies that we have two unknowns and only one
equation. To get the consistent results, these two refer-
ence states cannot be chosen independently. When one
is specified, the other must be fixed. In a similar
manner, for holes (i=p), equation /i, = — Eg, gives

—Eq,=f,=u;+kTIn(py,)+4qV. (28)

Note that negative quasi-Fermi energy is used in equa-
tion (28). This is because a hole has a charge opposite
that of an electron.

Chang [21] has recently addressed the calculation of
the reference state chemical potentials and the activity
coefficients of the carriers with three different choices
of reference for the electrostatic potentials. In the case
of

_ Ev(0)ni(0)
qv(0) = le“<——NA(0) )

the results of his analysis for electrons and holes are
#a(T)= E(0) = kT In(n(0)) + gV (0) (29)
#p(T)=— Ei(0) = kTIn(r(0)) —qV(0)  (30)

y,,(T,n,x)=exp<_‘Z¢Eg> (31)
and
W =ep( UZ2EE)

where AE, and A are defined by (18) and (19), respecti-
vely. These values combined with (15) and (26) can be
used in the self-consistent result calculations. It is seen
from figure 1 that the value of the reference electro-
static potential at x=0 can be arbitrarily chosen
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because the field-free vacuum level E; is an arbitrary
one. The choice of

_ &v(0)ni(0)
qV(0) = len(—NA(O) )

(a particular value), however, results in the simple
equations (29) through (32) and also leads to a simple
form of Poisson's equation [19]. This choice will be
used henceforth.

5. Transport equations

The electron and hole current densities under isother-
mal conditions are given by

J,=nUVE, (33)
and
Jo=pU,\VEg, (34)

where U, and U, are the mobilities of electrons and
holes, respectively. The validity of these equations for
materials with position-dependent band structures has
been established by Marshak and van Vliet [12, 22].

If the definition of Eg,, (27), is used, the gradient of
the electron quasi-Fermi level can be expressed as

VEp=—~qVV+kTVinn+kTViny,  (35)

Note that Vu} is zero because the reference state
chemical potential is a function only of temperature,
pressure and the choice of the reference state.
Substituting (35) into (33) yields

J,=kTU,Vn—qnU,VV+kTnUN¥ Iny,. (36)

Furthermore, substituting (31) into (36), followed by
some algebraic manipulation, gives

Jo=kTU Vn—qnUNV(V+AAE/q). (37)

The hole current density is derived in a similar manner.
For holes, an expression for the gradient of the quasi-
Fermi level can be obtained by using the definition of
Eg, in (28). The result for Eg, is

VEp,=~qVV—kTVInp—kTViny,. (38)

Again, we use the fact that Vu;=0. Substituting (38)
into (34), we obtain

Jo=—kTUNp—qpUNVV—-kTpUN Iny, (39)

Equation (39) can be rewritten in terms of AE, and A.
Using (32) in the last term of (39) and rearranging
yields

J,=~— kTUpr—qupV<V— (1-A) 9%). (40)

Equations (37) and (40) or (36) and (39) are convenient
to use in semiconductor device analysis. Although
these equations are expressed in a simple form, they
correctly describe carrier transport in materials with a
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position-dependent band structure. The effects of the
non-uniform band structure and the carrier degeneracy
are described by two parameters, AE, and A, which are
expressed in terms of the carrier activity coefficients.
The results presented here are identical in form to
those derived by Marshak and van Vliet [22]. The
treatments, however, are different. These results along
with those discussed in [22] would give a good descrip-
tion of the carrier transport in degenerate materials
with non-uniform band structure.

6. The pn product
The carrier concentrations given by equations (16) and

(17) can be related to their activity coefficients by (31)
and (32) as

n(x) = ((x)) p<61(V(X)k—T¢n(X))> (41)
and
p(x) = ;lpg exp< - q(V(J;)T— %(X))) R

It is noted that the pre-exponential factor in equations
(41) and (42) has the same value only if band-gap
narrowing is symmetric (i.e., A=7 or y,=y,), which
rarely occurs [23]. Even as the carrier is non-degener-
ate, asymmetric band-gap narrowing gives different
pre-exponential factors in (41) and (42). This is
contrary to the results of [8].

From (41) and (42), the pn product is then given by

_ nlz(o) EFn - EFp
p(x)n(x) - yn(x)yp(x) exp( kT ) (43)

where the y,y, product, from (31) and (32), is given by

o) =exp

- +
— exp( (ABGN +kATDOS AFD)) . (44)

We define an effective intrinsic carrier concentration as
the pn product in equilibrium (Eg, = Eg,) (1,11, 13];
thus

n;(0)
ynnypu

0 0 0
=r4(0) exp<ABGN + Apos + AFD) (45)

Po’lognizc(x) =

kT

where the subscript zero denotes equilibrium.
Substituting (45) into (43) gives the pn product for all

cases
Vno(x)ypu(x) EFn - EFP
exp T . (46)

7a(X)7p(x)

p)n(x) = ni(x)
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These equations can be simplified for special cases of

interest. As an example, for non-degenerate uniform

semiconductors (Y, =y, =¥, =¥, =1), equations (41),
(42) and (46) reduce to

V —_

) =) exp LI g

)= exp LD )
and
pnt) =0y exp( ). oo

In the case of low-level injecton, i.e. y,=y,, and y,=v,,
or AE,=AE,, (46) reduces to

POOn(x) = r(x) exp(-’fﬂ,{;’% S50

This result can be used for all practical conditions (even
for high-level injection) in Si.

7. Discussion

7.1. The choice of reference states

The choice of the reference states is quite arbitrary.
The proper choice, however, of these reference states
can lead to simpler working equations for the
problems. For example, we choose x =x; as the refer-
ence position for the electrostatic potential at which
qV(x;))=0. The results for the carrier concentrations
and the potential at the contacts are given by

n(x) =) exp("(v(")”(ﬂg(}‘” +AAE~“> (51)
p(x)=p(x})
><€Xp<_q(v(x)_%(xz)T+ (1-—A)+AEL1> (52)

qV(0)=q¢,(0)

+ (1= A0)AE(0) — kT In ("("( ))> (53)

and

qV(W)=qg,(W)

—AYW)AE(W) +kTIn (""((W))> (54)
where

@alx) = (ER(x]") — Era(x))/q (55)
and

(pp(x) = (E?:p(xj—) - EFp(x))/q (56)



The parameters AE, and A in equations (51)—(54) are
defined by equations (57) and (58) as

Ny(x)Ne(x)
Ny(x7INc(x)

Cc(x)Ev(x)
+kT1n<CC(Xi_)CV(xj_)> (57)

AE,=kTIn < > —(Eg(x) = Eg(x))

and

A= [(x(x) ) +kT1n(N%C(§%)

Ecl(x)
+kT1n<CC(x)_)>i|/AEg. (58)

Note that the parameters AE, and A given by (57) and
(58) are different from those defined by (18) and (19)
due to two different choices of the reference states. It is
also noted that the pre-exponential factors in (51) and
(52) are different from those given by (16) and (17).

It is clear that the boundary conditions for the
integration of Poisson’s equation are explicit for the
case of

gV(0)=kTln (Cv(o)ni(o)>

Na(0)

(discussed previously), while they are implicit for
gV(x7)=0 due to the unknown quantities p(x; ) and
n(x;). Therefore, the numerical computation for solv-
ing the Poisson equation is quite straightforward for the
former case.

7.2. Alternative current equations

In a typical analysis, the electric field is expressed in
terms of the electrostatic potential as

E=-VV. (59)

Using (59) in (36) and (39). we obtain the current
equation, which is rewritten in terms of E

J.=kTUVn+gnU,E+kTnU\Viny, (60)
and
Jo=—=kTUNNp+gpU,E—kTpUNV Iny,.  (61)

In this form, only one parameter, i.e. the activity
coefficient, is necessary to describe the effect of the
non-uniform band structure and the influence of the
Fermi-Dirac statistics. The current density, via its
dependence on y, in (60) and y, in (61), depends not
only on the effective band-gap narrowing but also on
the effective asymmetry in band-gap narrowing. It is
important to note that the diffusivity is not needed to
evaluate (60) and (61) because the coefficient in front
of the diffusion terms involves only the mobility, which
can be obtained from experiment.

Carrier transport in heavily doped semiconductor devices

7.3. Minority-carrier current and concentration

In order to solve for the steady-state minority carrier
concentration, for example p in a heavily doped n-type
region in low injection, we return to (40). It should be
useful to define the effective electric field in analysis as

J,=—kTUNp+qpU,E, (62)

where

E =—V<V—(1—A)A7Eg>

p

=E+V ((I—A)ATE*‘) (63)

The ‘effective’ electric field (electric plus quasi-electric)
E, can be evaluated by equating (62) to zero for
thermal equilibrium conditions

_KkT Vpq

E .
q Dy

(64)

p

For low-injection conditions, E, is not altered from its
equilibrium value given by (62) [18]. Combining (45)
and (64) yields

. kT VN
E,=V <fA_E_s‘_‘> __T =D (65)
q g Np

Here we assume n,=Np. Substituting (65) into (62)
gives

AE kT VN
=_ vl ==y 22 P
Ty kTUpr+qup|: ( . ) A (66)

Equation (66) shows that the minority carrier current
density is evaluated independently of how A is chosen.

Equation (66) is inserted into the steady-state hole
continuity equation:

V-J,+q(R-G)=0 (67)

where R, the recombination rate of carriers and G, the
rate at which they generate, are assumed to be inde-
pendent of the effective asymmetry factor. When two
boundary conditions on p are specified, (67) can be
solved for the steady-state hole density. The boundary
condition at the contact W can be either a Dirichlet
type or a Neumann type. The second boundary con-
dition at the edge of the space charge region follows
from the non-equilibrium form of (50)

— n.z(()) AEg() quu
P=Ng ex"( kT > eXp( KT (68)

where V,, represents the portion of the applied voltage
that appears across the junction. Equation (68) indi-
cates that the relationship between the junction poten-
tial and the minority carrier density at the edge of the
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space charge region is obtained regardless of the choice
of A in the transport equations.

The discussion presented above shows that the car-
rier concentrations and minority carrier current density
of heavily doped semiconductor device are correctly
modelled even when the choice for A in (37) and (40) is
made arbitrarily. However, the electrostatic potential,
built-in potential and chemical potential cannot be
evaluated unless A is known. These quantities depend
strongly on the A-value. These results are also
observed when the semiconductor equations for a
Gaussian p—n junction are solved numerically [24].

8. Conclusions

In this paper we present a self-consistent formulation
for the thermodynamic quantities, the transport equa-
tions, the steady-state continuity equations and the
electrostatic potential with explicit boundary conditions
at the contacts. The formulation of the model requires
the selection of reference for the electrostatic potential
and the evaluation of the activity coefficients of the
carriers. Special emphasis has been placed on writing
the working equations in a simple form by the proper
choice of the reference states. These general transport
equations, which are similar to those derived by
Marshak and van Vliet [13, 22], were obtained from a
simple but general thermodynamic point of view and
written in a simple form for use in device analysis.
In this form, the effects of the non-uniform band
structure and the influence of Fermi-Dirac statistics are
described by one thermodynamic quantity, the activity
coefficient of the carriers, which is expressed in terms
of two energy band model parameters, the effective
band-gap shrinkage, AE,, and the effective asymmetry
factor, A. These parameters correctly account for the
changes in the band structure and the carrier degener-
acy which occur in regions that are heavily doped.
When experimentally measured heavy-doping para-
meters are used in the simple Shockley-like transport
equations, no further correction for degenerate statis-
tics is necessary. Finally, it was shown, in the case of
low injection, that the carrier densities and the minority
carrier current density in semiconductor devices with
quasi-neutral, heavily doped regions, can be modelled
accurately, independently of the choice of A.
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