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Spatial Entropy and Minimal Cycle of Edge Coloring

Student : Jin-Yu Chen Advisor : Professor Song-Sun Lin

Department ( Institute ) of Applied Mathematics

National Chiao Tung University

ABSTRACT

his investigation studies the complexity problems of plane square
tiling with colored edges . In.the edge coloring of a plane, unit squares with
colored edges of p colors are arranged side by side such that adjacent tiles
have the same colors.In{12};Wang conjectured-that any set of tiles that can

tile a plane can tile the plane periodically.

W.G. Hu and S.S.Lin proved.that Wang's conjecture holds when p=2 that
any set of tiles that can tile a plane can tile the plane periodically. More

precisely,>(B)= ¢ ifand only if B has a subset of minimal cycle generator.

The set of all minimal cycle generators C(2) contains 38 elements.

In this paper we consider the given a basic set of Wang tiles, the spatial
entropy is positive or zero can be determined by studying a subset of minimal
cycles. When the number of minimal cycles in the basic set more than four

except OU IUJUK, the basic set have positive entropy .
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1 Introduction

The coloring of unit squares on Z? has been studied for many years [6].
In 1961, in studying proving theorem by pattern recognition, Wang [10]
started to study the square tiling of a plane. The unit squares with colored
edges are arranged side by side so that the adjacent tiles have the same
color; the tiles cannot be rotated or reflected. Today, such tiles are called
Wang tiles or Wang dominos [4] [6].

The 2 x 2 unit squares is denoted by Z,,,. Let S, be a set of p (> 1)
colors. The total set of all Wang tiles is denoted by X (p) = SpZ >2 AsetB
of Wang tiles, such that B C Xy, (p), is called a basic set (of Wang tiles). Let
Y(B) be the set of all global patterns on Z? that can be constructed from
the Wang tiles in B and P(8) be the set of all periodic patterns on Z? that
can be constructed from the Wang tiles in 8. Clearly, P(8) € L(8). The
nonemptiness problem is to determine whether or not X(8) # 0. In [10],
Wang conjectured that any set of tiles that can tile a plane can tile the plane
periodically, i.e.,

if Y(B)#O then P(B)#0. (1.1)

However, W.G. Hu and S.S. Lin proved that Wang’s conjecture holds
provide p = 2: any set of Wang tilesswith two'colors that can tile a plane
can tile the plane periodically.

First,the minimal cycle generator is introduced. B C X, (p) is called
a minimal cycle generator if P(8):%:0 and P(B’) =) whenever B’ C B.
Denote the set of all minimal cycle generators by«C(p). Indeed,In [11]
C(2) has 38 members.Furthermore, under the symmetry group Dy of Z5y»
and the permutation group S,-0f colors of horizontal and vertical edges
separately, C(2) can be classified into six classes.

Notably,the nonemptiness problem can easily be determined by study-
ing P(8B), as in the case p = 2. More precisely, Y.(B) # 0 if and only if B has
a subset of minimal cycle generator.

This work show that the complexity of the set of global patterns . In this
study, the first, we show that spatial entropy h(8) = lim,,—c0 n—c0 W >
0 then B contain more than two minimal cycles, where I';,(8) be the
cardinal number of X,.,(8). The second, we study all case of choose
arbitrarily two, three, four and five minimal cycles from C(2). It show that
for any B, if 8 contain more than four minimal cycles except 8 = { O, 1, ], K}
than i(B) > 0,1e. if B=U,C;i>4and B=U,C; #{ O,1, ], K} then h(B) >0
where { O, ], ], K}: the first classe of minimal cycle generators in C(2).

The third, show for any 8 = U,C; U N then h(8) = 0 where 2 < i < 4, if
h(u;C)) = 0.



If B =U,C; UN. where C; € C(2) and N: B add tiles but can’t produce
new minimal cycle. then the complexity be determined by 8 = U,C;.

2 Tiles and Minimal cycles

This section discusses edge coloring (Wang tiles). In this section, the unit
square is still denoted by Z,.,. The left, right, bottom and top edges of
the unit square Zyy; are given by h1(Zox2), ho(Zox2), v1(Zoxz) and v,(Zoyo),
respectively. Denote the set of all local patterns with colored edges on Z;,
(Wang tiles) over S, by oy (2).

Yox2(2) is given as follows:

A
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Given B C L0 (2),let X, xn(B) be the set of all local patterns on Z,,x,
generated by B; Y.(8B) be the set of all'global patterns‘generated by B, and
P(B) be the set of all periodic patterns generated by 8.

Now, in [11] the symmetry of the unit square Z,,, is introduced. The
symmetry group of the rectangle Z,,, is Dy, the'dihedral group of order
eight. The group D, is generated by the rotation p, through 7, and the
reflection m about the y-axis. Denote by Dy = {I, p, p?, p*, m, mp, mp?, mp°}.

Since, in edge coloring, the permutations of colors in the horizontal and
vertical directions are mutually independent, denote the permutations
of colors in the horizontal and vertical edges by n, € S, and 1, € S,
respectively. Then, for any B C X, (p), define the equivalent class [8B] of
B by

8] = {B' C Toalp): B = ((B))y,), /7€ Dyand my,n, € sp}.

Mo
More definitions are required.

Definition 2.1. [11] For any 8 C L. (p),



(i) Bis called a cycle generator if P(B) # 0.

(ii) B is called a minimal cycle generator if P(B) # 0 and P(B’) = 0 for
all B ¢ B.

(iif) C(p) is the set of all minimal cycle generators that are subsets of
szz(P)-

From now on, only the case p = 2 is considered. The ordering matrix
Y2, = [y2;;;x] of all local patterns in X.,(2) is denoted by

Yoo = Yor11 Yori2 | | O Ex
2,1 — =1 E .
| Y2121 Y2122 | | E3 ] |
Y., = | Y2211 Y222 | _ Ey R
22 = = = |.
| Y2221 Y2222 | | B E1 |
Yon = Y2311 S22 | = E, T
2,3 — = — .
| Yom2a " Yoz22 | R L. E4 |
You = 02— 0] Dty [k
24 = =| = )
N Y24 r—yamivy Wl G |

Table A\7. present the tile’s details.

Yo = ey Your

Now, the following result gives the six classes of 38 minimal cycle
generators in C(2) . Tables A.1. present the details of six equivalent classes
of C(2) .

The six classes of minimal cycle generators in C(2) are given as follows.

(1) HO},
(2) [{Ex, Es}l,
3)
(4) B, T},
(5) [{E1, B, R}],

(6) [{Ex, Eo, B}].

[{
[{E1, E1}],



3 Recursive Formula and Transition Matrix

Form > 2

The recursive formula are given as follows:

Y | Y211 Yma Y2211 Yms  Yoa2Ymn + Yo2,2 Y
m+1;1 —
| Y2121 Y1 + Y2221 ¥m3  Y2122Yma + Y2222 Yms3 ]
Y | v Ym2 + Y2211 Yma Y212 Ym2 + Y2212 Yma
m+1;2 —
| Y2:121 Ym2 + Y2201 Yma  Y2122Ym2 + Y2222 Y4 ]
Y | Y2311 Yma Y2411 Yms  Yo3a2Ymn + You,2 Yms
m+1;3 —
| Y2521 Ym1 + Youp 1 Yms  Y2s22Ym + Y222 Yms |
Y | 2311 Ym2 + YoaiYima p Y2312 Ym2 + Yoa12Yma
m+1;4 —
| Y2321 Ym2 ' Youn 1 Yma Y2302 Ym2 + Y2402 Yma ]

Ym+l = Z?:l Ym+l;i
Given B C Ly (2),.the associated transition matrix V,,(8B) is obtained
from Y,,. Indeed,for i =1 ~4 , Vo.i(B) ={v3;x] where v,,.;x = 1 if and only
if 2,.;x € B. Asin edge coloring, thetecursive formula of Y,,,; can also be

applied to V,,,1(8B) as fellows.

Vv (B) = 02:1:11 Vil 702211 Vi - 02442V + 02212 Vs
m+1;1 —

| 021,21 Vina 02201 Vi3 02122 Vi + 02222 Vs

V,p10(B) = 02111 Vm2 + 02211 Vs 021,12V + 02212 Vina
m+1;2 -

| 02121 Vim2 + 02221 Vs 02122V + 02222 Vina

Vv (B) = 02311 Vil + 02,411 Vi 02312 Vit + 02,412 Vi
m+1;3 -

| 02321 Vi1 + 02421 Vi 02322V + V2422 Vs

Vv (B) = 02311 Vm2 + 02411 Vs 02312Vim2 + 02412 Vina
m+1;4 —

| 02321 V2 + 02421 Vs 023220Vio + 02,402V

Vi1 (B) = Ly Visti(B), Tinsiyxnsy(B) = [V (B)]

'yixn(B)bethecardinalnumbero f X5 (B).




4 Computation of Spatial Entropy

Definition 4.1. Given 8 C ¥,,,(2) , define the spatial entropy

T log T'yxn (B)
h(B) = hmm—>oo,n—>oo gm+x;

where I',,,.,,(B) be the cardinal number of X, (B).

Now, we use the Theorem 4.2. to estimate the lower bound of spatial
entropy.

Theorem 4.2. Given B C Ly« (2) Let ay, a..., ap ,where a; € {1,4},1 < j <k
Then, for any m > 2
nB) > m 1og p(Vina, Visar =+ * Vi)

And use the following propositions to estimate the upper bound of
spatial entropy.

Proposition 4.3. For p = k, k € N, if the tiles'of B satisfy

b
axd|l1-1to |a
(] c

then F(n+1)><(n+1)(8) < k(2xn)’ h(B) =0

Proof:
Tya(B) < K@*G-D) first of all, wetile first row and column then other
tiles in 4 X 4 local pattern can be decided

For (n+1)x(n+1) local pattern

O s Dt

k ! E |3

kEk‘ --------- k |k |- k

First of all , we tile first row and first column ~ Other tiles in the local pattern can be decided

Proposition 4.4. In the case of choose two minimal cycles, the spatial case B =
{O, Eq, Ey, R} is the only class can not use Theorem 4.1 and Proposition 4.2 to



determine the spatial entropy.Now, show the entropy h(8) = 0, To observe the
stable tile E, ,and other development is dependent on it .

0
10
0
0 0 110 -0
101 —> 11 —  |ex1|1x1] 1<
1 1 oL 1] e
"= 1
E 001
0 [ 1
130 11 01
[} 1 [
0 @ 1
10 11 81
0 1 [
0 0 1
10 151 0> 1
[ 1 [
E = R

Proposition 4.5. For p = 2;if the tilesof Bsatisfy

A @ = 5.8

then T u1yxm+1)(B) < +2), i(B) =0

(=}

Proof:
For (n+1)x(n+1) localpattern, we firstfocus on the horizontal direction,

NG/
tile X every row most 1 + 2 possible. Note the spatial tile R:. Tile R is
a trouble for vertical direction but every row most can contain one tile R.
Ynr1)x(n+1)(B) have most n tile R. Next, we focus on the vertical direction.

We have n column and most n tile R. So it can be considered as 2 X7 column.
Then F(n+1)x(n+1)(8) <(n+ 2)3><n, I’l(B) =0

Proposition 4.6. For p = 2, if the tiles of B not contain the following form :

RN

then 1"(,1+1)X(n+1)(8) < (27’1 + 2)271’ h(B) =0

Proof:



focus on sloping direction

Lintxnn(B) < 2 +2)*, h(B) = 0
Proposition 4.7. For p = 2, if the tiles of B satisfy

> P 4

OR

0 0 i 1
o X o| —+ or

- X%

then F(n+1)><(n+1)(8) <" X (7’[ -+ 2)" Xk ,h(ﬂ) =0

where c: the tile’s number of B and ki thetile’s number of M

Proof:

For (n + 1) X (n + 1) local pattern., if we first focus on first row then
Iinx1(B) < . Next, we focus on row'just like Proposition 4.5. Now,
when we focus on the vertical direction, it decide on front row. Every
following rows a most k possible. Then I'(,11)x+1)(8) < ¢ X (1 + 2)" X k"
Ji(B)=0

where c :the tile’s number of B and k:the tile’s number of M

5 The Complexity of 8

In this studies, we show if entropy h(8) > 0, then 8 at least contain two
minimal cycles.

Lemma 5.1. For any B C Yoy, if l(B) > 0 then B = UZ'C;UN, n > 2
where C; € C(2) and N: B add tiles can’t produce new minimal cycle .

7



A disproof show for any the maximal basic set 8 contain only one
minimal cycle that #(B) = 0.

In the proof, choose a representative from the six classes of minimal
cycle generators in C(2) representative. The other by the symmetry group
D of Y., and the permutation group S, of colors of horizontal and vertical
edges separately. Table A.2 present the details.

Now, we discuss the complexity of 8 = C; UC; for any Cy, C; from C(2).
The method that we choose a representative from the six classes of minimal
cycle generators in C(2) representative. And make every representative to
match other 37 minimal cycle. The other by the symmetry group D, of Yoy
and the permutation group S, of colors of horizontal and vertical edges
separately. We determine the entropy for every pair C; UC; of by Theorem
4.2. and Proposition 4.3. Table A.3. present the details.

Following this way, we discuss complexity of 8 = C; U C, U Cs for any
C1,Cy, C; from C(2). The method that we choose by

(1) C1 UC,UCsin the same classefrom the six classes of minimal cycle

(2) C1UCQCy, C3in the different two classes from the six classes of minimal
cycle

(3) C1,Cy, Csin the different classes from.the six classes of minimal cycle

And fix C; to match,other all possible C5, C3. The other by the symmetry
group D, of X, and the permutation group'S, of colors of horizontal and
vertical edges separately. Table A 4. present the details.

And then, we discuss‘complexity of 8 = C4UC, U C3 U C4 for any Cy,
Cy, C3, C4 from C(2). The method that we choose by

(1) C1 UCy UC3UC(Cy in the same classe from the six classes of minimal
cycle

(2) C1 UCy U (C3, Cy4 in the different two classes from the six classes of
minimal cycle

(3) C1 UC(C,, C3 UCy in the different two classes from the six classes of
minimal cycle

(4) C1 U Cy, C3, Cy4 in the different three classes from the six classes of
minimal cycle

(5) C1, Gy, C3, C4 in the different classes from the six classes of minimal
cycle



And fix C; or the representative of C; U C, to match other all possible
other. The other by the symmetry group D, of )., and the permutation
group S, of colors of horizontal and vertical edges separately.

Particularly, we have that if 8 = Ui‘fCi then If 8 # {O,1, ], E} and the
spatial case 8 # {Eq, E4} U {E1, E4) U {Eq, E1} U {E4, E4) then h(B) > 0 Table
A.5 present the details.

Now we choose 8 = C; UC, UC3 U C4 U Cs. we just discuss complexity
of 8= OUIUJUE the spatial case B = {E;, E4} U{Ey, E4} U{E;, E1} U{E4, Ey}
already be considered by 8 = {E;, E4} U {E1, Es} ,we have h(B) > 0 by
Theorem 4.2. . Particularly, we have that if 8 = UZC; then if n = 5 then
h(8B) > 0.

Now, given a basic set B C Yy,,(2) that we know

(1) If X(B) # 0 if and only if B has a subset of minimal cycle generator.

(2) If entropy h(8B) > 0 then B at least contain two minimal cycles.

(3) we lll\?derstand the complexity of 8 = U7 C; where C; € C(2) for any
neiN.

Next step,we want to know how -abeut the spatial entropy of 8 when
8B add some other new.tiles but these tiles cann’t add.new minimal cycles.
The theorem are given:as follows.

Theorem 5.2. B8 = UZ'C;, B' = UZIC; U N, where N'is the set of tiles which

add to B but can not produce new minimal-cycle.
If h(B) = 0 then h(B) =0

Given the proof of the theorem; choose the maximal set N and claim

WB') = 0 where B = UZ"C; U N. Table A.6. present the details. After all,

given a basic set 8 = Ui’fCi UN C Xrwn(2), if we want to understand the
complexity of B then we just focus on 8 = UZIC; .

Theorem 5.3. Given any basic set B C YX0x0(2),8 = Ufj’fC,- U N N: the set of
tiles in B can’t produce minimal cycle.

(i) if h(U="C,) = O if and only if (B) = 0.
(ii) if U=ICy, n > 4, U="C; # (O, 1, ], E} then h(B) > 0.
(iii) if U="C; n > 5 then h(B) > 0.

Notably, then the complexity problem can easily be determined by studying
B = UZIC;, as in the case p = 2. More precisely, whether hi(B) > 0 or h(B) = 0
decided by minimal cycles of B.



A basic set B have building blocks if tiles can produce (more than)
two rectangular patterns A,B such that h(A)=hy(A) = hi(B)=hy(B) and
01(A)=0v,(A) = v1(B)=0v,(B) where max{m, n} > 2

|| H H
A B

T f j f building blocks

Theorem 5.4. Given a basic set B, if h(B) > 0 then B have building blocks.

Proof:

VBh(B) > 0 then dm, k > 0, let &y, ..., ar ,where a; € {1,4},1 < j <k
such that at least a number on diagonal of (Via, Vi, * - Vine,) greater than
one.

6 APPENDIXA

6.1

The details of six equivalent classes-of.G(2)-are listed in Table A.1.

{O}] = {0}, (A AEY

[{E1, E4}] = {{E1,E4}, {2, Es}, {E1,Eal, {Ezlfs}}
{E1,E4) = {{EhEl}/ {Ey, o}, {E3,E3l, {E4,E4}}
[{B, T}] = {{B, T}, {L,R}}

El/ B/ R}/ {EZI B/ L}/ {E3/ T/ R}/

{E41 T/ L}/
1, T/ L}/ {EZI T/ R}/ {E3/ B/ L}/ {E41 B/ R}

Table A.1

10



6.2

The details that if entropy h(8) > 0 ,then B at least contain two minimal

cycles are listed in Table A.2.

$':the maximal basic set B contain only one minimal cycle
B: the maximal basic set that it’s tiles can be actual used to tile a plane

and BC B'.
class representative B h(B')
[{Eli 54}] {E1/E4} {Ell%/ EZ/%/ T/ R} h(B) = O B { E }
{E1, Eq} {E1, Eq} {El,ELEz,E_s,ER} WB) = = {E1, E1}
[{BI T}] {BI T} {BI T/ El/ E3/ EZI E4I L} h(B,) - B = { T}
[{EllBl R}] {EllBI R} (P h(B) =0
[{Ell EZ/B}] {Ell EZ/ B} (P h(B) 0

Table A.2.
6.3

The details of the complexity of 8 = C:U C; for any C;,C; from C(2) are
listed in Table A.3.

By the Theorem4.2. to'estimate the lower bound ef spatial entropy and
the Proposition4.3. to estimate.the upper bound of spatial entropy.

(i) P;:h(8B) > 0 by Theorem4.2. .

(1) Pq:
(2) Py:
(3) Ps:
(4) Py:
(5) Ps:
(6) Pg:
(7) Py
(8) Ps:
9) Po:

p(V31) = 1.414
p(V31) = 1.618
p(V31) = 2.618

p(Vsz1) =2

p(V31 %X Vs4) =1.618
P(V31 X V34) =2
p(V31XV34) =4

p(Vs1 X V31 X Vs4) =1.618
P(V31 X V34X V54) =1.618

11




(10) Pio: p( Va1 X Vi1 X Vy4) = 6.854

(11) P11 : p(Vs1 X Vs4) = 1.480

(12) P1p: p(Ve1 X Ves X Vg1) = 3.732

(13) Py: the B> B where 8 € P(i),i=1~ 11.

(ii) 0: h(B) = 0 by Proposition4.3.

in the same class

representative p
1 [{O, 1] 0
1 [{O, E}] 0
2 [{E1, Es, E1, E4}] 0
2 [{E1,Ez, Es, E4}] P,
3 HE1, E1, Es, Erl] 0
4 [{B,T,R,L}] 0
5 [{E1z E4, B, R} 0
5 [{E:, BB, TR | Py
5 [{E17E1,B, T,R,L}] | P;
6 HE s, By, Bl = | O
6 [{E1, Es, By, Ey B/ L} | Pro
6 HE+, Es, Es, E4, B}] " | Py

12




in different two classes representative P
1&2 [{O, Eq, E4}] Py
1&2 [{O, E11E4}] 0
1&3 [{O, Ey, E1}] 0
1&4 O, B, T} 0
1&5 [{O,E;, B, R}] P,
1&5 O, E, T, L}] 0
1&6 [{O, El/EZ/R}] P,
1&6 [{O,Ey, Es, T}] 0
2&3 [{E1, Ez, E4, B2} Pg
2&3 [{E1, E4, E1}] 0
2&4 [{E1, E4, B, T}] Py
2&5 [{E1, E4, B,R}] P,
2&6 [{E1, Es, Ey4, ElfT}] Pqy
2&6 [{EiEs,Es, Ei, TH | Ps
2&6 [{E\, Ey, EiyE>, T} | Ps
3&4 [{E1,E1, B, T}] 0
3&5 WEwEi,B/R}] | P,
3&5 HEi,£5 Ei, B, L] | P
3&5 HE|, Ei, E1, T,EY] | P,
3&6 [{Ei, E., E;,/B}] 0
3&6 HEv Es E/Ey, L)] | Ps
4&5 [{E., B, T,R}] 0
4&6 HEi, E5 B, T,R})] | P,
4&6 [{E1, Eo, B, T}] 0
5&6 [{E1, E», B, R}] 0
5&6 [{E1,E2 Es, B,R}l | Ps
5&6 [{E1,Es, E4,B,R}] | Py
5&6 [{E1, Es, El/B/ T,R}] | P4

Table A.3

6.4

The details of the complexity of 8 = C; U C; U C; for any C;,C,,C3 from
C(2). are listed in Table A.4.

P(Vo1 X Vyy) =4 ,

Py:the B0 B: 8B =C,JCyand i(B) >0

13



h(8B) = 0 by Proposition4.3.

In order to convenience, we let

0:
1: [{O}]

2 : [{Eq, E4)]
3 : [{Ey, Enl
4 : [{B, T}

5 : [{E1,B,R}]
6 : [{E1, Ea, B)]

in the same class representative P

1 [{O,1J:E}] 0

2 [{Ey, E3 53,54,E2,E3}] Py

3 [{£1, E1, Eo, EgpEs, Ead] | p(V31 X Vi4) =2.618
4 ¢

5 Table A.3. Py

6 [{E1, Ea, E3, E4, Bl Py

Note:In different two classes:

1&2
2&1

: two minimal cycles.in.1 and one minimal eycle in 2.

: two minimal cycles in 2 and one minimal cycle in 1.

14




in different two classes representative p
1&2 [{O, ] Ez, Es3)] 0
1&2 [{O,1,E;, E4}] Py
2&1 [{O, E1, E4, E1, E4}] Py
1&3 [{O,E, El,El}] 0
1&3 O, 1, Ell_El} p(Viy1) =2
1&3 1O, ], El,_Elﬂ p(Vo1 X V5,) =2
3&1 [{O, E1, E4 Ey, E4l] p(Vs31) =2
3&1 [{O, Ey, Ey, Eq, Ey}] p(V51 X V51 X V51 X V51X V5,) =3
1&4 [{O,E, B, T}] 0
1&4 [{O,I, B, T} p(Vi1 X Vy,) =2.618
4&1 [{O,B,T,R,L}] p(V31) = 1.618
1&5 [{O,1,Eq, B, R}] Py
1&5 [{O, ], E1, B, R}] Py
1&5 [{O, E, E1,B, R}] Py
1&5 [{I,E, Eq, B,R}] P(Vi1 X Vyo) =2.618
1&5 [{J.E, E1) B/ R}] p(Vy) = 1414
5&1 [{O/ Ey, E‘l/ B, R}] p((VS,l) =1.618
1&6 O, ], Ey, E5, B}] P(Vs1 X V51 X Vs,) =3
1&6 [{O, E, El, Ez, B}] p((V5,1 X (V5,1 X (V5,2 X (V5,2) =8
6&1 [{O, Eq, E, E5, B)] Py
6&1 {O, El,E3,E4, B} p((V5,2 X (V5,1) =1.732
6&1 [{©, E,, Es, E3, E4, B}] Py
2&3 [{EE il 0
2&3 HE1, Es, E3, Ei, Eo, Es}] | p(V31 X V31 X V31X V30X V3,) =7.873
3&2 [{E1, Es, El,Ex}] 0
3&2 [{E1, Es, E3, E4_,E2_,E3}] Py
3&2 [{E1, Ey, Ey, Eq, Ep}] P(V31 X V31 X V31 X V30X V3,)=2
2&4 Table A.3. Py
4&2 Table A.3. Py
2&5 Table A.3. Py
5&2 Table A.3. Py
2&6 Table A.3. Py
6&2 Table A.3. Py
3&4 [{E1, E4, E1, E4, B, T}] Py
3&4 [{E1, Es, E1, Es, B, T}] Py
4&3 [{Ei, E1, B, T,R,L)] Py
3&5 Table A.3. Py
5&3 TablPA 3. P,




in different two classes representative p
3&6 [{Elr E, El/ EZ/ B}] p((V4,1 X (V4,1 X (V4,2 X (V4,2) =2
6&3 [{E:, Eo, E;, Es, BJ] p(Vs51 X V51 X V51 X V5, X Vs5,) =3
6&3 HE1, E, Ey, Ey, B}] Py
6&3 [{E1, E2, E1, E3, E4, B)] Py
6&3 [{E1, E1, Es, E4, B}] Py
6&3 [{E1, Eo, Es, E1, Ey, BY] P,
4&5 [{E1, B,T,R, L}] p((V3,1 X (V3,1 X (V3,2 X (V3,2 X (V3,1) =10.2268
5&4 [{E1, E4, B, T,R}] p(Va1 X Vo) = 2.618
4&6 [{E1, Eo, B, T,R, L}] Py
6&4 [{Ell EZ/ ES; B/ T}] p((V5,1 X (V5,2) =2.618
6&4 [{Elr E,, E?)/ E4, B, T}] p((V3,1 X (V3,2) =2.148
5&6 [{E1, E2, E4, B, R}] Py
5&6 [{E, E3,Ea, By, Ty )] P,
6&5 HE: Ex Es, B, R]] p(Veo) = 1414
6&5 [E E2-EssEnBIR}] Py
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in different three classes representative p
1&2&3 [{O, Ey, E, E5}] 0
1&2&3 Table A.3. Py
1&2&4 Table A.3. Py
1&2&5 Table A.3. Py
1&2&6 Table A.3. Py
1&3&4 [{O, El, El, B, T}] p((V4,1 X (V4,1 X (V4,1 X (V4,2) =2
1&3&5 Table A.3. P,
1&3&6 [{O, E;, E1, Ea, R} (Vi1 X Vi1 X Vs X Vyp) =2
1&3&6 [{O, Ey, Ez, E3, R}] p(Vs1 X V5o x Vso) = 2,618
1&4&5 [{O,E1,B,T,L}] | p(Viy1 X Vg1 X Vi1 X Vi1 X Vyp) =2
1&4&6 [{O,E., E,, B, T} p(V31) = 1.618
1&4&6 [{O,Ey, Es, B, T}] P(Vi1 X Vi1 X Vo) = 4
1&4&6 [{O,Es Eu;B; T} (Vi1 X Vi1 X Vyy) =3
1&4&6 [lO,E,, E,, B, T}] (Vi1 X Vi1 X Vyo) =8
1&5&6 [{E, E1,E2,B, R} (Vs X Vs1) =2
1&5&6 UE, Ei,Es, B, RI] . [ p(Vi1 X Vip X Viy X Vs X Vo) =2
2&3&4 Table A.3. Py
2&3&5 Table A.3. Py
2&4&5 Table A.3. P,
2&4&6 Table A.3. Py
2&5&6 Table A 3. Py
3&4&5 Table A.3. Py
3&4&6 [{E1,E5 E1;B, T} p(Ve1 X Vg1 X Vi) = 3.7321
3&4&6 [{E1, E1, Es, B, T)] p(Ver X V1 X Vi) = 3.7321
3&4&6 [{E1, E,, E1, E4, B, T}] p(V31 X Vi) = 4.4495
3&4&6 [{E1, E1,Es,E4, B, T}] p(V31 X Vi) = 4.4495
4&5&6 [{El, Ez, B, T, R}] p((VG,l X (Vﬁrl X (Vﬁrz) =3
4&5&6 [{E;, Es, B, T, R}] p(Ve1 X Vo X Vo) =3
Table A 4.
6.5

The details of the complexity of B = C; U C, U C3 U C4 for any C1,C,,C3,Cq
from C(2). are listed in Table A.5.
Py:the BOB: B =C,UC,UC;and i(B) >0
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0: h(8B) = 0 by Proposition4.3.
In order to convenience,we let

1:[{O}]

2
3
4 (B, )]
5
6:1

in the same class

representative | p

1

HO,LJLEN |0

other

Table A.3. Po

Note:In different two classes:

1&2 : three minimal cycles in 1 and one minimal‘cycle in 2.

2&1 : three minimal cycles in 2 and one minimal cycle in 1.

in different two classes representative P

1&2 MO L ] Ey,Ed] | Po

1&3 HO,LJ Ei, Er}l | Po

1&4 [{O/I/]/B/ T}] Py

other TableA.3:'and A 4. | P,

Note:In different two classes:

1&2 : two minimal cycles in 1 and two minimal cycle in 2.
2&1 : two minimal cycles in 2 and two minimal cycle in 1.

in different two classes representative p

1&3 HO,E, Ey Ey, Eq, Eb}] | p(V51 X V50) =6

1&4 [{O,I,B,T,R, L}] Py

2&3 [{E1, Es, Ey, E4}] 0

2&3 other Py

other Table A.3. and A 4. Py

Note:In different three classes:
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1&2&3 : two minimal cycles in 1 and one minimal cycle in 2 and one minimal
cycle in 3.

2&3&1 : twominimal cycles in 2 and one minimal cycle in 3 and one minimal
cycle in 1.

3&1&2 :two minimal cycles in 3 and one minimal cycle in 1 and one minimal

cycle in 2.

in different three classes representative P
1&2&3 [{O, ], E1, E1, Eo, E5}] | Po
1&2&3 [{O, ], E2, Ea, Es}] | Po
2&3&1 Table A.3. Py
2&3&1 Table A.3. Py
3&1&2 Table A.3. Py
other Table A.3. and A 4. | P

in different four classes. p

1&2&3&4 Py

1&2&3&5 Py

1&2&3&6 Py

other Py

Table A.5.

6.6

h(UZIC) = 0, B = UZIC; U N 'where N:B add tiles but can not produce
new minimal cycle. Choose the maximal set N’ denote by N'.
The details of the complexity of 8 = UZ'C; U N'. are listed in Table

A.6.
By the Proposition4.5.,Proposition4.6. and Proposition4.7. to estimate

a upper bound of spatial entropy.

(i) (1) 01:h(8B) = 0 by Proposition4.5..
(2) 0,: h(B) = 0 by Proposition4.6..
(3) 05 : h(B) = 0 by Proposition4.7..

(ii) ¢ : must add new minimal cycle when add any new tile
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For n=2, h(UZ’fCi) =0
in the same class | representative B p
1 [0, 1] [{O,1,Eq, B3, Es, Ey, T,L}] | Oy
1 [0, 1] [(O,1,Ey, Es, E», E4, B,LJ] | 0y
1 [{O, E}] [{O,E, El,EglE2_,E4, T,L}] | 03
1 O, E}] HO,E Ey Ey, E5, T,R}] | 0y
1 {O, E}] [{O,E,E1,E5,Ey, Eq, B, L} | O,
1 [{O, E}] [{O,E Ey EyEs, T,RIl |0
1 O, E}] HO,E Ey Ey E1, E5, TH] | 02
2 [{E1,Es By, Ea}] | [{E1, Es Es E1, Es, Es, B, L}] | O5
3 [{E1, E1, Es, Eo}] ¢
4 [{B,T,R,L}] ¢
5 [{E1, B, R, E, T, R}] ¢
6 [{E1, Ez, Es, B}] ¢
in different two classes |fepresentative B P
1&2 [{O, Ey, Eq}] [{O, EsEy, Ey, Ey, B, L] | 0a
1&3 (O, Ex Es)]:" | {O, By Es, E, E, B,L)] | 05
1&4 [{O,B, T}l | [{O,E,, E5'E,, E4, B, T,L} | 0,
1&5 [{O,Es, TLi ¢
1&6 [{O, E1, 3B} ¢
1&6 [{O,Ei,E>, T} _ ¢
2&3 [{Ei, Es, Ei)] HEi Es, Ey E1, E5, B, L}] | 03
2&3 [{E{, Ex, E\J] WEi, E5, Ey Ei,E5, T,R}] | O;
3&4 [{E1, E1, B, T}] [0
4&5 [{E1, B, T, R}] [0
4&6 [{E1, E», B, T}] [0
5&6 [{E1, Eo, B, R}] ¢
For n=3, h(Ui'fCi) =0
in the same class | representative B p
1 [{O,JENl | [{O,],E E1, Es Es Es, T,L}] | Oy
1 O, ] E}] [{O, ] E,E1,E5,E5, E4,B,L}] | 0
I {0,/ EN] [O,J,E E,Es, B,L |0
1 O, ] E}] HO,J E, Ei, Es, E5, R, T} | O3

Note:In different two classes:

20




1&2 : two minimal cycles in 1 and one minimal cycle in 2.

2&1 : two minimal cycles in 2 and one minimal cycle in 1.

in different two classes | representative B P
1&2 (O, JEyEsll | UO,JEyEs Es Es T,LI | 0
1&3 [{O,E,Ei,Ei})] | [{O,E, Ey, Es, E1,Ey,B,LY] |03
1&3 [{O,E, E1, E1}] [{O,E,E\,E3, E1,B,L}] | 0;
1&3 [{O,E Ey, Ei}] | [{O,E, E, Ea By, E5, T,R)] | 05
1&3 [{O,E, E1,E1}] | [lO,E, Ei, Es E1,Es, T,R}] | 05
1&4 [{O,E,B,T] | [{O,E, E1, Es Es, Es, B, T,L}] | 0,
2&3 [{E1, E4, E1, E4}] 03
3&2 [{E1, B, T,R]] ¢
in different three classes | répresentative B p
1&2&3 [{O, E», EayEs} [4{O,Ey, Ea, Ea, Es, Ea, T, L}] | 05

For n=4, h(UZ1C;) =0

in the same class | representative B p
1 [{O/ I/]/E}] [{O/ II]IE/ Ell E3/ EZ/ E4/ T/L}] 01
Table A.6.
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