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ABSTRACT

This investigation studies the complexity problems of plane square
tiling with colored corners . In the corner coloring of a plane, unit
squares with colored corners of p colors-are-arranged side by side
such that the corners of the adjacent sides have the same colors.In [12],Wang
conjectured that any set of tiles that can-tile'a plane can tile the plane
periodically.i.e., if XY (B)#¢ then P(B)=#4.

P(B) is the set of all periodic patterns on [? that can be generated by B.
If P(B)=¢,then B hasasubset B' of minimal cycle generator such that
P(BY=¢ and P(B"=¢ for B"cB'.and B"=B' The set of all minimal cycle
generators C(2) contains 17 elements.N(2) is the set of all maximal
non-cycle generators: if BeN(2),then P(B)=¢ and B,oB and B #B
implies P(B)=¢.

W.G. Hu and S.S.Lin proved that Wang's conjecture in corner coloring holds
when p=2 by showing that >(B)=¢ forany BeN(2) More precisely, X.(B) # ¢
ifand only if B has a subset of minimal cycle generator.

My primary work is to decide whether the spatial entropy of any union of

minimal cycle generators equals to zero or not when p=2 ,except 7 undetermined
cases.
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1. INTRODUCTION

The coloring of unit squares on Z? has been studied for many years [6]. In 1961,
in studying proving theorem by pattern recognition, Wang [12] started to study
the square tiling of a plane. The unit squares with colored corners of p colors are
arranged side by side such that the corners of the adjacent sides have the same
colors ; the tiles cannot be rotated or reflected.

The 2 X 2 unit squares is denoted by Zgaxs. Let S, be a set of p (> 1) colors.
The total set of all tiles is denoted by Yayxa(p) = S§2X2.A set B of corner-colored
tiles, such that B C Xaxa2(p), is called a basic set. Let X(B) be the set of all
global patterns on Z? that can be constructed from the corner-colored tiles in B
and P(B) be the set of all periodic patterns on Z? that can be constructed from
the corner-colored tiles in B. Clearly, P(B) C ¥(B). The nonemptiness problem is
to determine whether or not X(B) # (). In [12], Wang conjectured that any set of
tiles that can tile a plane can tile the plane periodically, i.e.,

(1.1) if X(B)#0 then P(B) # 0.

First,the minimal cycle generator is introduced in [13]. B C X%, 5(p) is called a
minimal cycle generator if P(B) # () and P(B’) = () whenever B’ G B. Given p > 2,
denote the set of all minimal cycle generators by C(p) .

In this study, for p = 2, C(2) can be listed explicitly, C(2) has 17 members .
Furthermore, under the symmetry: group Dy ‘of Zsx2 and the permutation group
Sy of colors of corners , C(2) can be classified into seven classes .

In corner coloring, the basic set of 44 tiles - with six.colors that can tile the plane
aperiodically without any. periodic-patterns has been established [9]. And then
(1.1) fails for p = 6. The method-used to-study Wang_tiles (edge coloring) can
also be applied to study‘corner coloring. For p = 2, no allowable pattern on Zsx4
can be generated from any maximal non-cycle generator.-Hence, the nonemptiness
problem is decidable for corner coloring.

For recent results on Wang tiles (colored edges) and colored corners with their
applications to computer graphics, see Lagae and Dutré [8] and references therein.

We consider p = 2 and the rest of this paperis arranged as follows. Section 2
introduces notations ,minimal cycle generators of corner coloring and their serial
numbers . Section 3 states the theorems and methods which is used to get the
bounds of the spatial entropy .



2. MINIMAL CYCLE GENERATORS

Some notations must be introduced first. In this section, Zoxo represents the
square lattice with vertices (0,0), (0,1), (1,0) and (1,1). Furthermore, for any
(i,7) € Z?, define Zoxo(i,j) = {(i,5), (i,5+ 1), (i +1,5), (i + 1,5 + 1)}.

For given positive integers m and n, the rectangular lattice Z,,«. is defined by

Znxn ={(#,)0<i<m-Tland 0<j<n-—1}.

Denote the set of p colors by S, = {0,1,--- ,p—1}. The set of all global patterns

on Z? with colors in S, is denoted by

2
=8y ={UlU:Z* = S,}.
The set of all local patterns on Zj,x. is defined by

men(p) = {U|Zm,><n Ue 2127}

Now, for any given B C Yaxa(p), B is called a basic set. The setX,, x,(B) of all
patterns on Z,, «, generated by B is defined by

Smxn(B) ={U € Simxn(p) 1 U |z, ,0.5)€ Blor 0<i<m—2,0<j<n-2},
and the set ¥(B) of all global patterns onZ? generated by B is defined by

S(B) ={U e 2129 U |7,,5(,5)€BAor i,j € Z} .
Then, the set P(B) of all periodic patterns generated by B is defined by

P(B) ={U = (ui,j) € 2(B) | tij = Uitn,; =Uij4+k for alli, j € Z and for some n,k > 1}.

For simplicity, a periodic pattern is also called a cycle.

Now, the symmetry of the unit square Zsxsis introduced. The symmetry group
of the rectangle Zsy«o is D4, the.dihedral group.of order eight. The group Dy is
generated by the rotation p, through-5,.and the reflection m about the y-axis.
Denote by Dy = {I, p, p?, p>,m, mp, mp? ;mp?}.
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Therefore, given a basic set B C Yaxa(p) and any element 7 € Dy, another basic
set (B), can be obtained by transforming the local patterns in B by 7.

Additionally, consider the permutation group S, on S,. If n € S, and n(0) =

0 1 - p—1

io iy oo iy > Forne S,
and B C Xax2(p), another basic set (B), can be obtained.

D, and S, can be combined to define the equivalentclasses of basic sets, as
follows: given B C ¥ax2(p), define the class [B] of B by

io,m(1) = i1, -+, n(p—1) = ip_1, we write n =

[B] = {B" C Zax2(p) : B' = ((B)7)y, T € Da,n € Sp} .

Definition 2.1. For B C Xax2(p),
(i) B is called a cycle generator if P(B) # 0.
(ii) B is called a minimal cycle generator if P(B) # () and P(B’) = 0 for all
B'G B.
(iii) C(p) is the set of all minimal cycle generators that are subsets of Xayxo(p).
From now on, only the case p = 2 is considered: Sy = {0, 1}. In another work [1],

the horizontal ordering matrix Xoxo = [2p qlaxa for all local patterns in Yoy 2(2) is
defined by

1

1

& e
Tl
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o
o
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0 1 0
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o

1

=)

1 1 1

o

11:11 1[10 1[11
0 1 0 1 1 1 1

B g

For convenience, the name of each local pattern in ¥ox2(2) is given as follows.

Definition 2.2. Denote by

(2.2) Xoxo = es J b 7

Il e e F
The following theorem groups all 17 minimal cycle generators into seven classes
. Table A.1 presents the symmetries of minimal cycle generators in C.(2)

Theorem 2.3. (1) Cc(2) contains 17 elements and is classified into seven classes
of minimal cycle generators which are given by

(1) {0} = {{O}.{E},



(2) [{b7 t}] = {{b’t}7 {l,?”}},

3) {1, 7} = {1, J}},

(4) [{e1,e2,e3,e4}] = {{e1, €2, €3, €4}, {€1, 22,83, 24}},

(5) [{61,62,53,54,b}] = {{61,62,53,54,b},{63,64,51,52,75},{61,63,52,54,7“},

{e2,e4,€1,€3,1}},
(6) [{61, €4, J}] = {{61, €4, J}’ {62’ €3, I}’ {62’637 J}’ {61’64’ I}}7
(7) [{61,64,51,54}] = {{61,64,51,54}, {62,63,52,53}},

For convenience, the mainimal cycle generators mentioned above are numbered
first by classes and then ordering.

Serial number | Original minimal cycle
(1.1) {0}
1.2) {E}
1) {b,t}
2) {Lr}

{L,J}

{e1, e2,e3,e4}
{e1,e2,e3,e1}
{e1,e9,€3,€4,b}
{es,eq4,01, 2,1}
{e1,e3,€3,€1,7}
{627 €4, 6_17 aa l}
{e1yes: ]}
{62, €3, I}
{es, €3, J}
{er, e, 1}
{ei,es, 1, €1}
{e2,e3,22, €3}
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Table 2.1

Notations:

1

2

: (a); which means any minimal cycle generator of (a) , for 1 <a <7

[a]; which means there exists one minimal cycle generator of (a) , for
1<a<T7



3. SPATIAL ENTROPY

Let T'yxn(B) = card(X,,xn(B)), be the number of distinct patterns in ,,, x. (B).

The Spatial entropy h(B) of X(B) is defined as
h(B) = lim 710g(f‘mxn(l3)).

m—00,n—00 mXn

The spatial entropy , h(B) is clearly independent of the choice of elements in [B]:
for any B’ € [B].

Definition 3.1. A K41 multiple index
Br = p1B2- - Brb

is called a diagonal cycle if

Brk+1 =01  and B €{1,4}.

foreachl1 <k < K +1
Theorem 3.2. Let 5182 - BrP1 be a diagonal cycle . Then for any m > 2,

1
h(AQ) > W IOg p(Sm;ﬂlﬂQSm;B253 e Sm;ﬁkﬁl)

and

1
h(AQ) > W log p(WTmﬂlﬁz Wm%ﬂzﬁs A\ Wm;ﬂkﬂ1)

In particular, if a diagonal cycle B1Ps -+ BrB1 exists andm > 2 such that

(S, B2 SmiBaBs = = Sz 5:) 2.1,
or
p(Wm;BlﬂQWm;ﬂzﬂs - Wm;ﬁ’xﬂl) >1
then h(Ag) >0

This theorem is in [J.C. Ban, S.S. Lin and Y.H. Lin, Patterns generation and spatial entropy in two dimensional

lattice models, Asian J. Math. 11 (2007), 497-534.]

Theorem 3.3. Given a basic set B,if there are two adjacent sides of all tiles in B
,such that the corners of the sides have different colors . Then,if given the colored
corners of the adjacent sides in Xy xn(B) ,the rest colors will be determined.
Hence we can show the upper bound of Ty xn(B) is related to the (m+n)th power
,then we can get h(B) = 0 by the definition of spatial entropy.

[This theorem is first proved by J.Y. Chen in edge coloring.]

P, : Theorem 3.2
h(B) > 0{ Py If h(A) > 0 and B D A, then h(B) >0



O : Theorem 3.3

O1.1 : If the patterns in the horizontal(or vertical) way have only one
choice,then 'y, (B) < (I1B])™(or (|B])™),hence h(B) = 0.

O1.5 : If B = B; U By,the patterns in each set can’t be attached together
and h(By) = h(B2) =0 ,then h(B) = 0.

O3 : If h(A) =0 and B C A, then h(B) =0




2-1 2 minimal cycle generators: ( )1 U ( )1
Serial number Basic set
Method Spatial entropy

(L.1)u(1.2) B={0,FE}

B h(B) = 0,
(L.1)u(2.1) B={0,b,t}

th h(B) = O,
(1.1) U (3) B={0,1,J}

5 h(B) = O,
(1.1)U(4.1) B= {0,61762,63764}

p(S2:11) =g h(B) =P
(1.1)u(4.2) | B={0,e1,e3,e3,¢1}

th h(B) = O,
(1.1)U(5.1) B= {O,el,eg,e_g,a,b}

0 h(B) = O,
(1.1)U(6.1) B= {0,61764,J}

B h(B) = 0,
(1.1)u(6.3) | B={0,e3,e3,J}

B h(B) = 0,
(1.1H)u(7.1) B={0,ey,eq4,€1,€1}

th h(B) = O,
(2.1)U (2.2) B={b,t,1l,r}

th h(B) = O,
(2.1)U (3) B={bt,1,T}

B h(B) = O,
(2)1 U (4)1 B ={b,t,e1,es, €3, €4}

p(S2041.52;14) = 2 h(B) = P
(2.1) U (51) B= {b,t, €1, €, €3, a}

Cxn(B) < 6307 h(B) = O 1
(2.1)U (5.3) | B={b,t,e1}e3,62,€4,7}

men(B) S 7 - 2(m) h(B) — Ol 1
(2 ].)U(G].) B= {b,t,€1,€4,J}

F h(B) = 0,
(21)U(7.1) | B={b,t,e1,e4,€1,81}

& h(B) = O,
(3)U(4)1 B= {I, J,€1,62,€3,64}

p(S2,1452,41) = 2 h(B) = P,
(3)U(5)1 B= {I, J,el,eg,%,a,b}

p(52:41582:14) = g h(B) =P
(3)uU (6.1) B={I,Jees}

5 h(B) = O,
(3)u (7.1) B=A{I,Je,eq,e1,€1}

th h(B) = O,
(4.1)U (42) B= {61,62,63,64,a,6_2,6_3,a}

b h(B) = 0,
(4.1)U (5.1) B ={ei,ea,e3,e4,€3,€4,b}

=)




(4.1)U (6.1) | B={e1,e2,e3,e4,J}
S8 h(B) = O,
(4.1) U (63) B= {61, €2, €3, €4, €2, €3, J}
=a h(B) = O,
(4.1) U (71) B= {61, €2,€3,€4,€1, a}
C (41)uU (4.2) h(B) = Oq
(5.1)U (5.2) | B={e1,ea,€3,€1,b,e3,e4,€1,€3,t}
S (2.1)U(4.1) h(B) = P,
(5.1)U (5.3) | B={e1,eq,€3,€4,b,e3,83,7}
b h(B) = O,
(5.1) U (61) B= {61, 62,%, a, b, €4, J}
b h(B) = 0,
(5.1)U(7.1) | B={e1,e2,€3,€4,b,e4,¢1}
a8 h(B) = 0,
(6.1)U (6.2) | B={e1,eq,J,ea,€3,1}
=(3)uU(4.1) h(B) = Py
(61) U (63) B= {61, €4, J, 5, 6_3}
b h(B) = O,
(61) U (64) B= {61, ey, J,€1,¢€q, I}
=(3)uU(7.1) h(B) = O
(6.3)U (6.4) | B={ez, e, J,e1,€1, [}
=(3)U (4.2) h(B) = Py
(6.1)U(7.1) | B={e1,eq,J.e1,€1}
C (3) U(7:1) h(B) = O
(6.1)U(7.2) | B={e1,eu;J, €2,€3,€32,¢3}
B hB) =0,
(7. 1)U (7.2) | B={e1; ¢e4,€1,€1,€2,€3,€3,€3}
= (41)U (4.2) WB) = O
Summary 2-1 2-minimal cycle generators
Serial number Basic set h(B) = P, or
Method Undetermined
(1.1)U(4.1) B= {0,61762,63764}
p(S211) =g h(B) = P
(2)1 U (4)1 B= {b,t,61,62,€3,€4}
p(S52.4152,14) = 2 h(B) = P,
(3)U(4)1 B={I,J,e1,es,e3 €4}
p(52;,1452,41) = 2 h(B) = P
(3)U(5)1 B= {I, J,el,eg,%,a,b}
p(S2:4152:14) = g h(B) = P,




3-1 3 minimal cycle generators: ( ); U ()1 U( )1
Serial number Basic set
Method Spatial entropy
(L) U (2.1)U (3) B={0,b,t,1,J}
B h(B) = 0,
(1)1 U(2)1 U (5)1 h(B)=P
(1. U (1)U (.1) | B={e1,e2,83,21,0,0,t}
p(52.1152,1452.41) = 2 h(B) = P
(1.1)U(2.2)U(5.1) | B={e1,e2,€3,21,b,0,l,1}
p(52,1152,11.52:1452.41) = 2 h(B) = P
(1.1)U(2.1)U(6.1) B = {61,64,J,O,b,f}
p(S4.1454,4154.11) = 3 hB) =P
(1.2)U(2.1)u(6.1) | B={e1,eq,J, E, b, t}
B h(B) = 0,
(1)1 U (2)1 U (7)1 B = {61, €4,€1, €4, 0, b,t}
p(S5:14.95:44.55,4155;11) = 3.73 h(B) =P,
(L.L1)u(3)u(6.1) B=/{ei,e4,J, 0,1}
b h(B) = O,
(1.2)U(3)U(6.1) 32{61764,J,E,I}
b h(B) = O,
(1.1)U(3)U(7.1) 32{61764,a,a,O,I,J}
B h(B) = 0,
(L.L1)u(4.1)u(5.1) | Bo(L.1)u(4.1) h(B) = Py
(1.1) (42) U (51) B = {61, €2, €35 €450; 0,6_1,8_2}
ES h(B) = O,
(1.1)u4.1)u(6.1) | BD (1.1)U(4.1) h(B) = P,
(1.1)U (4.2) U (6.1) |"B ={e1,eq,J,0,e1,€3,€3,¢1}
=] h(B) = O,
(1.2)U(4 1)U(6.1) 32{61,64,J,E,€2,63}
E5 h(B) = O,
(1.2)u(4.2)u(6.1) | BD[(1.1)U (4.1)]y h(B) = P,
(L1)U(4.1)u(7.1) | BD(1.1)u(4.1) h(B) = Py
(L) U@2)U(7.1) | B={er,eh 65 610,€3, €31
C (1.1)U (4.2) U (6.1) h(B) = Oq
(L) U ((b.1)u (6.1) | B={e1,e4,J,0,e2,€3,€1,b}
p(S6;14.56;41.56;1156;11) = 4.08 h(B) =P,
(1.2)u (5.1)uU (6.1) | B={e1,e4,J, E, ea,€3,€1,b}
b h(B) = O,
(1)1 U (5)1 U (7)1 B = {61, 62,6_3, a, b, O, 64,6_1}
p(S6;14.56;44.56;4196;11) = 3.24 h(B) = P,
(L1)u(6.1)u(7.1) | B={e1,e4,J,0,e1,e1}
B h(B) = 0,
(1.2)u(6.1) U (7.1) | B={e1,e4,J, E,e1,e1}
& h(B) = O,
(1.1)U(6.1)U(7.2) B = {61,64,J,O,62,€3,6_2,a}
D (L.1)u(4.1) h(B) = Py

1.2)U(61)U(7.2)

B = {61,64, J,E,eg,eg,e_g,%}
&
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B= {61,64,J,b,t,]}

p(53,1455,41.53,1453.4153,11) = 3 hB)= P
(2)1U(3)U(7)1 32{61764,6_175,@@[,{]}
D (21)uU((3)u(6.1) h(B) = P,
(2)1U(5)1 U(6)1 h(B) =P
(2.1)U(5.1)U(6.1) | B={e1,ea,€3,€1,b,t,e4,J}
p(S7,1457,4157,1457,0157,11) =341 | h(B) =Py
(22)U (5.1)U(6.1) | B={e1,e2,€3,€1,1,7,€4,J}
p(S6:1456;41.56;1156;1156;11) = 2 h(B) = P,
(2.1)U(5.1)uU(7.1) | B={e1,ea,€3,84,b,t, 4,81} Undetermined
(22)U (5.1)U(7.1) | B={e1,e2,€3,€1,b,1,7,€4,€1}
p(S4;11) = 146 h(B) = P1
(2)1 U (6)1 U (7)1 h(B) =P
(2.1)U(6.1)U(7.1) B = {61,64,J,b,t,6_1,a}
p(S4;1484,4154,11) = 2.61 h(B) = P
(2.1)U(6.1)U(7.2) B = {61,64,J,b,t,62,63,@,6_3}
5 (2.1)U(4.1) h(B) = Py
B)YUGLU 7L | B={enenen,e1)
=(3)u(7.1) h(B) = Oy
(3)U(61)U(72) B= {61,64,J,I,€2,63,5,€_3}
D (3)u(4.1) h(B) = P,
(41U ((5.1)uU(6.1) | B={e1, es J, ea,e5, €3 €1,b} Undetermined
(4.2)U (5.1)U (6.1) | B={ey,eq, ], e1, €3, €3, €1,e2,b}
p(86:1456,44.56:41 96511) = 158 h(B) = P
41U ((5.1)uU(7.1) | B="e1,€2,€3,84,b, €3, €4,61 }
ns! h(B) =0,
(4.1)U(6.1)U (7.1) [*B ={e1,eq, ], €2, €3,€1, €1} Undetermined
(41) @] (61) (72) el &— {61, €4, J,€9,€3, €5, 6_3}
= (64)U(72) h(B) = Oy
(4.2)U (6.1)U (7.2) | B={er,e4, ], €1, ¢3,€3, €1, €2,€5}
p(S6:1856;41.56;1196;1196,11) = 3.4 h(B) = P
(5.1)U (6.1) U (7.1) | B={e1seav€3,€1,bsei,d, €1} Undetermined
(51)U (61) (72) B= {61,62,6_3,a,b, ey, J, 63,6_2}
p(S6;1456;44.56;4156;11) = 1.58 h(B) = P




Summary 3-1

3 minimal cycle generators: ( )1 U ( )1 U ()1

Serial number Basic set h(B) = Py or
Method Undetermined
;U210 hB) =P
11U UG | B={en,e,8,e5,0,0,1)
p(52,1152,1452.41) = 2 hB)= P
(1.1)U(2.2)U(5.1) | B={e1,e2,€3,€1,b,0,l,7}
p(S52;1152,1182,1492,41) = 2 h(B) = P
D UEDUGL) | B={en,e1,4,0,0,0}
p(S4,1454,4154.11) = 3 hB)= P
(1)1 U (2)1 U (7)1 B = {61, 64,6_17 a, O, b, t}
P(S5:1455,4455.41.95.11) = 3.73 h(B) = P
D) UGBUG1) [ B= e e, J,0,e2,73,e5, 0}
p(S6;14.56:41.56;1156;11) = 4.08 h(B) = P,
D1 UG1RUM: [ B={en,e,8.20,0,0,e1,71)
p(S6;1456;44.56;4156;11) = 3.24 h(B) = P
(2)1U(3)U(6)1 82{61764,J,b,t,1}
p(S4;1484,4158411) = 3 h(B) = P
(2)1U(5)1U(6)1 h(B) = P
(21)U (5.1)U(6.1) | B={e1,e2,€3,€1,b,t,e4,J}
p(S7,1457,4157,1457,0157,11) =341 | h(B) =Py
(2.2)U (5.1)U(6.1) | B={e1,e9,€3,€4,1,me4,J}
p(S6:a056,4156;11 56 1196:11), = 2 h(B) = P,
(2.1)U (5.1) U (7.1) | B={e1, ea,€35€a,b, ty€4,€71 Undetermined
(22)U (5.1)U (7.1) | B={e1,e2,€3,€1,b, 1,7 €4, €1}
p(S4;11) — 146 h(B) = P1
(2.1)U(6.1)U(7.1) "B ={ex,eq, ], b, t,€1,€1}
P(S4.1454:4154041) = 2.61 h(B) = P
(4.1)U (5.1)U (6.1) |'B = {e1, 4 Ji€s, €3, €3, €4, b} Undetermined
(42)U (5.1) U (6.1) | B={en, ea,.J, €1, 3,5 €1, €2:0}
p(S6:1456:44.56;41.56;11) =158 h(B) = P,
(41U (6.1)U (7.1) | B=Yeryens, o, e3,€15€1} Undetermined
( .2) (61)U(7 2) BZ{61,64,(],6_1,@,%,5,62,63}
p(S6;,1456;41.56;1196;1196;11) = 3.4 h(B) = P
(5.1)U(6.1) U (7.1) | B={e1,ea,€3,€1,b, €4, J, €7} Undetermined
(51) (61) (72) B = {61,62,6_3,5, b, eq, J, 63,6_2}
p(56,1456,44.56:41.56;11) = 1.58 hB)= P

11
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3-2 3 minimal cycle generators: ( ); U ( )2
Serial number Basic set
Method Spatial entropy
(1.H)u((2.1)u(2.2) | B={0,b,t,l,r}
5o h(B) =0,
(L.1H)u(l.2)u(2.1) | B={0O,E,b,t}
o h(B) = 0,
(L.1) U (1.2) U (3) B={0O,E,I,J}
b h(B) = 0,
(1)1 U(5)2 h(B) = P
(1.1)U((5.1)uU(5.2) | B={0,e1,e9,€3,€4,b,e3,e4,€71,€3,t}
D (L.1)u(4.1) h(B) = Py
(1.1 U (5.1)uU(5.3) | B={0,e1,e2,€3,€4,b,e3,€3,7}
p(S6;14.56;44.56;41.56;11) = 3.54 h(B) = P,
(1)2U(5)1 B={0,E,ey,es,¢3,¢1,b}
p(S4;1454;4154;1184;11) = 2 hB)= P
(11)U(61)U(62) 82{0,61,64,J,62,63,I}
D (L.1)u(4.1) h(B) = Py
(1.1)U(6.1)U(6.3) B = {0761,64,(],@,%}
5 h(B) = 0,
(1.1)U(6.1)U(6.4) B = {0761,64,J,a,a,1}
= (1.1) WY (B)u(7.I) h(B) = O,
(1.1)u (6.3)U (6.4) | B={0,e3,e3, J,e1,exs, L}
D(3)U(4.2) h(B) = P,
(1.H)u(1.2)u(6.1) | B={0,E e, es, ]}
B h(B) = 0,
(1)1 U(7)2 B ={0,e1,e4,€1,€1,€2,€3,¢3,63}
D (1.1)U (4:1) h(B) = P,
(1.1)Uu(1.2)u(7.1) | B={0,Ejer;eq,61,€1}
e h(B) =0,
(2.1)U(2.2) U (3) B={b,t,l,r1,J}
) h(B) = 0,
(2)1U(5)2 h(B) =P
(21) U (51) U (52) B= {b,t, e1,€2,€3,€4,€3,€4,€1, 6_2}
S (2.1)U (4.1) h(B) = P,
(2.1)U (5.1)U(5.3) | B={b,t,e1,e2,€3,€1,€3,83,7}
D [(2.2)u (1)U (7.1)1 h(B) = Py
(2.1)U (5.3)U(5.4) | B={b,t,e1,e3,¢3,€1,T,€2,€4,€1,€3,1}
D(21)U((4.1) h(B) = Py
(2.1)U(2.2)U(5.1) | B={b,t,l,r e1,e2,€3,€1}
Fann(B) S 8 ) 3(n) h(B) = 0171
(2)1U(6)2 h(B) =P
(2.1)U(6.1)U(6.2) B = {b,t,€1,€4,J,€2,63,I}
D(21)U((4.1) h(B) = Py
(2.1)U (6.1)U (6.3) | B={b,t,e1,ea4,J,e3,€3}
p(55;1455;41) =1.73 h(B) = P1
(2.1)U(6.1)U(6.4) | B={b,t,e1,e4,J,€1,€1,1}
=(21)U(3)uU(7.1) h(B) = Py
(2.1)U(2.2)U(6.1) | B={b,t,l,re1,e4,J}
B h(B) = 0,




(2)1U(7)2

B = {batv €1, 64ae_1aav €2, er@ae_‘S}
5 (2.1) U (4.1)

21U (22) U (7.1

B = {bat7l77”7€1,647a,a}
i

3)U 6.1 U (6.2)

B={I,Je1,e4,e2,€3}

— (3)U(41) h(B) = P,
BIUGTU03) | B=1l,Jencs s

:{I,J,€1,64}U{I,J,@,a} h(B):Olg
(3)uU (6.1)U (6.4) B={I,J e,eq,¢e1, a}

0 h(B) = O4

(8)U(7)2 B={I,J e,es4,€1,€1,€2,€3,62,€3}

D> (3)u(4.1) h(B) = Py
(4)1U(5)2 h(B) =P
(4.1) U (51) U (52) B= {61, €2, €3,€4,€3,€4,0,€7, €3, t}

S (2.1) U (4.1) h(B) = P,

@D UGBLUGS)

B = {617 €2, €3, 6456_37 57 bae_27 T}
p(S6:1456;41.56;1156;1156;11) = 3

(4)2U(5)1 B ={ei,ez,e3,¢e4,€1,€,€3,€1,b}
p(52:1152,1452.41) = ¢ h(B) =P
(41) @] (61) @] (62) B= {61, €s, €3, €4, J, I}
D (3)u(4.1) h(B) = P,
(4.1)uU(6.1)U(6.3) | B = {e1,es e3,€4,J.%2, €3}
i h(B) =0,
(4.1) U (61) U (64) B = {61, €9, €35 €4y, €1, €1, I}
D(3)U(4.1) h(B) =P,

41)U(6.3)U (6.4)

B = {6176276376476_27§7 Jva’avl}
D(3)u(4.1)

(4)2 U (6)1 B = {e1, €2, e35€45€1, €2, €3,€4, I}

= (42) U (6:1)U(7.2) h(B) = Py
(4.1) U (71) U (72) B = {61, €2, €3, €4,€71; 64, 6,@}

=4.1)U(4.2) h(B) = Oq
(41)U (4.2)U (7.1) | B=Ye1sea5€3,e4,€1:€3;€3, €4}

=(4.1)U4.2) h(B) = Oq
(51) U (61) @] (62) B= {61, €2,€3,€4,b,e4,J, €3, I}

D(3)u(4.1) h(B) = Py

(G.1)U(61)U(6.3)

B = {6176256_3755 b7 €4, ']75}

5 h(B) = O,
(5.1) U (61) U (64) B = {61, €2,€3,€4,b, €4, .J, €7, I}
p(S2:145241) = g h(B) = P
OPSIGE MBI =P
(5.1) U (52) U (61) B = {61, eq,J,€2,€3,¢4,b, €3, €7, 6_2,75}
D>(21)U(4.1) h(B) = Py

G1)UBG3) UG

B = {617 €4, Ja erav aa b7 63,6_2, T}
p(S5:1455:4155:1195;11) = 4.41

52)U(G3)U6.1)

B = {61764a Ja eravaatvaa T}

p(S7,1487,:4157,1187,11) = 2.30 hB) =P
(5)1 U (7)2 B = {6176256_3755 b7 64,a,6_2, 63}
— (41)U(4.2)U (5.1) h(B) = Py

(5.1)U (5.2) U (7.1)

B= {617 6456_17 a; 627@7 ba 63755 t}

5 (2.1)U (4.1) h(B) = P,
(5.1)U (5.3)U (7.1) | B={e1,e4,€1,€1,¢€2,€3,b,e3,€2,7}
D (41)U(5.1)U(5.3) h(B) =P,

(5.1) U (5.4)U(7.1)

B = {617 64,6_1, aa erav ba l}
— (5.1)U (5.4)

13
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(6)1U(7)2 B ={e1,eq, ] €1,€1,€2,€3,€2,€3}
=(4.2)U(6.1) U (7.2) h(B) = P,
(61)U(62)U(71) B = {61,64,6_175, J,eg,eg,f}
D (3)u(4.1) h(B) = P,
(6.1)U(6.3)U(7.1) | B={e1,eq,€1,€1,J,€32,€3}
= (4.2)U(6.1) h(B) = Oy
(6.1)U(6.4)U(7.1) | B={e1,eq,€1,84,1,J}
=(3)u(7.1) h(B) = Oy
(6.2) U (6.3)U (7.1) | B={e1,e4,€1,€1,€2,e3,1,€3,€3,J}
D (3)u(4.1) h(B) = P,
Summary 3-2 3 minimal cycle generators: ()1 U ( )2
Serial number Basic set h(B) = Py or
Method Undetermined
(1.1 U (5.1)uU(5.3) | B={0,e1,e2,€3,¢4,b,€3,83,7}
p(S6:1456,44.56;4156,11) = 3.54 h(B) =P
(1)2 U (5)1 B= {O,E,el,eg,e_g,a, b}
p(S4;1454,4154.1154,11) = 2 h(B) =P
(2.1)U (6.1)U(6.3) | B={b,t,e1,e4,J,€3,€3}
p(S5;14S5;41) =1.73 h(B) = P1
(4.1)U (5.1)U (5.3) | B={ex, e3, €3, €4, €3,€4,b,€2,7}
p(86:1456:41 S¢:11 Se:1156,11) =3 h(B) =P
(4)2 U (5)1 B ={e1,e2,€3,€1,€1,€3,€3, €asb}
,0(52;1152;145'2;41) =49 h(B) =h
(5.1)U (6.1) U (6.4) |"B = {ey, €2, €3, €10, €4, J, €71, I}
p(52,1452.41) = g h(B) = P
(5.1)U (5.3) U (6.1) | B = {etsea, ], ea,€3,€a,D, €3, €357}
P(S5:14195:41 S5:1155:11) = 4.41 h(B) = P,
(5.2)U (5.3)U (6.1) | B=H{ew, 4, J, e3,€1, €3, ts €137}
p(S7.1457:4157:21.57:11) = 2.30 h(B) =P

3-3

3 minimal cycle generators: ()3

Serial number Basic set
Method Spatial entropy
(5.1)U (5.2) U (5.3) | B={e1,es,€3,€1,b,€e3,€4,€1,83,t,7}
D(21)U((4.1) h(B) = Py
(61) U (62) U (63) B = {61, €4, J, €2, 63,[, 6, 6_3, a, a}
D(3)u(4.1) h(B) = Py
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4-1

4 minimal cycle generators: ( )1 U ( )1 U( )1 U( )1

Serial number

Basic set
Method

Spatial entropy

A1 UB) UG U7

B = {61,64“]707[75,@}

=(1.1)uU3)uU(7.1) h(B) = Oq
(1.1)uB)U(6.1)U(7.2) | B={e1,e4,J,0,1,e9,e3,¢3,€35}
D (1.1)uU(4.1) h(B) = P,
(1.2) U (3) U (61) U (72) B= {61, eq,J, B, 1, eq,e3,€3, 6_3}
D> (3)u(4.1) h(B) = P,
(1.1)u@.1)u (. u(6.1) | BD (1.1)U(4.1) h(B) = P
(1.1)U4.1)u(5.1)U(6.3) | BD (1.1) U (4.1) h(B) = P>
(1.1)U(4.2)u(5.1)U(6.1) | B={e1,e2,€3,€1,b,0,e1,€3,€4,J }
p(S6;1456;44.56;4156;11) = 17.41 h(B) = P,
(1.1)U (4.2) U (5.1) U (6.3) | B={e1,e2,€3,€1,b,0,¢1,23,J} Undetermined
( ) (4 1)U (51) (7 1) B= {61,62,%,5,b,0,63,64,a}
D (1.1)uU(4.1) h(B) = P
(1.1)U4.2)u(5.1)U(7.1) | B={e1,e2,€3,€1,b,0,e1,€32,€4}
p(S6:1456,44.56;4156,11) = 3.24 h(B) = P
(1.H)uUu4.1)u(6.)u(7.1) | BD (1.1)U(4.1) h(B) = P
(1.1)u4.1)u(6.1)U(7.2) | BD (1.1)U(4.1) h(B) = P
(1.1)U(4.2)U(6.1)U(7.1) | B={e1,e4,J,0,¢1,€3,€3,¢1}
= (1.1)U(4.2) U (6.1) h(B) = Oy
(1.1)U (4.2) U (6.1) U (7.2).| B="e1, eq, J;O,815¢3, €3, €1, €2, €3}
D (L) U (441) h(B) = P
(1.2)U (4.1)U (6.1) U (7.1) | B={eryea,J, B ea,€3,€1,€1} Undetermined
(1.1) U (5.1) U (6.1) U(7:1) | B={e1;eas€35€4,b,0, €4, J, €1}
p(S6:14564156:1156;11), =12.98 h(B) = P
(1.1) U (5.1) U (6.1) U(7.2) | B ={ei,es,€3,€1,b,0,ex, J, e3, €3}
o (1)U (4.1) h(B) = P
(1.1) U (51) U (63) U (71) B = {61,62,@,@, by0,¢e3, J, 64,a}
D (1.1 U (5.1)d(6.1) U (7.1) h(B) = P
(1.1) U (5.1) U (6.3) U (7.2) | B =+{e1,ca.€3,€1,b,0,¢3, J,e3}
p(S6:1456;4456:41 56;11) = 3.24 h(B) = P,
(4.1)U (5.1)U(6.1)U(7.1) | B={e1,ea,€3,€1,b, €3, €4, J,€1} Undetermined
(4.1)U(5.1)U(6.1) (7 2) B= {61,62,%,5,(),63,64,%5}
p(S6;1456;44.56;41.56;11) = 1.58 h(B) = P,
(4.1)U (5.1)U(6.3)U(7.1) | B={e1,e2,€3,€4,b,e3,e4,¢3,J,21}
D (4.1)uU((.1)u(6.1)U(7.2) h(B) = P
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Summary 4-1

4 minimal cycle generators: ( )1 U ( )1 U ()1 U( )1

Serial number Basic set h(B) = Py or
Method Undetermined
(1.1)U (4.2) U (5.1) U (6.1) | B={e1,e2,€3,e1,b,0,€1,€3,e4,J}
p(S6;1456,44.56;4156;11) = 17.41 h(B) = P,
(1.1)U (4.2) U (5.1) U (6.3) | B={e1,ea,€3,€1,b,0,¢7,23,J} Undetermined
(L) U (4.2) U (5.1)U(7.1) | B = {e1,e2,e3,€1,0,0,¢1, 3, €4}
p(S6;1456;4456,41.56;11) = 3.24 h(B) = P,
(1.2)U(4.1)u(6.1)U(7.1) | B={e1,eq,J, E, ea,e3,€1,€1} Undetermined
(1.1)U(5.1)U(6.1) (7 1) B= {61,62,%,5,b,0,64,,],a}
p(S6:1456;41.56;11.56;11) = 12.98 h(B) = P,
(1.1HU((.1)uU(6.3)U(7.2) | B={e1,e2,€3,€1,b,0,¢3,J,e3}
p(S6;1456;44.56,4156;11) = 3.24 h(B) = P,
(4.1)U (5.1)U(6.1)U(7.1) | B={e1,ea,€3,€1,b,€3,e4, J,€1} Undetermined
(4.1)U (5 1) (61) (72) B= {61,62,%,5,(),63,64,%5}

p(S6:1456:4456:4156;11) = 1.58

hB) = P,
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4-2 4 minimal cycle generators: ()1 U ()1 U( )2
Serial number Basic set
Method Spatial entropy
(1.HUu((2.1)u(22)U(3) | B={0,b,t,l,r 1,J}
B h(B) =0,
(1.Hu(2)u(21)u@B) |B={0,Ebt1,J}
5= h(B) = 0,
(11)U(2)1U(6)2 h(B) =P
(1.1)U(2.1)U(6.1) U (6.2) | B={0,b,t,e1,e4,J,e2,e3,1}
D (L.1)uU (4.1) h(B) = P,
(1.1)U((2.1)uU(6.1)U(6.3) | B={0,b,t,e1,e4,J,e3,€3}
p(55;1455;41) =214 h(B) = P1
(1.1)Uu((2.1)u(6.1)U(6.4) | B={0,b,t,e1,e4,J,€1,€1,1}
p(S4;1454,4184,11) = 10 hB)= P
(1.1)u((2.1)u(6.3)U(6.4) | B={0,b,t,e3,e3,J,e1,€1,1}
D (3)U(4.2) h(B) = P,
(1.H)U(2.1)uU(2.2)U(6.1) | B={e1,e4,J,0,b,t, 1,1}
p(S4;1454;0184;11) = 3.14 h(B) = P
(1.2)U(2.1)u(2.2)U(6.1) | B={e1,e4,J, E,b,t, 1,1}
B8 h(B) = 0,
(12)U(2)1 U (6)1 h(B) =P
(1)U @A2)U21)U(6.1) | B={eeaibt, O, E}
p(S11454,418811) = 3 h(B) = P,
(1.1) U (1.2) U (2.2) U (6:1) | B = {ergeasdsl,r, O, E}
p(S5:1453.415%:1155.11) = 2 h(B)= P
(1.HU@B)U(6.1)U(63) | B={0,I,J, e1,¢€4,e3,¢3}
Z{O,I,J,61,€4}U{I,J,5,a} h(B)ZOlg
(1.1))UB)U(6.1)U (6:4) | B={0:I;J e1,e4,€1,¢1}
= (1)U 3)u(7.1) h(B) = O,
T UG UG UG | B=A0.L, 1% 7ner)
D (3)U(4.2) h(B) = Py
(1.1)U (3)U (6.1)U (62) B= {O,E,I, J,€1,€4}
B8 h(B) =0,
(11U (B)U(7)2 B> 11 U7 h(B) = P,
( ) ( )U( ) (71) B:{O E I, J€1,€4,61,€4}

us|
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(1.1)U(4.2) U (6.3) U (6.4)

B = {an_lvaae_&avelaeﬁlvj}

a8 h(B) = 0,
(1.1)u(4.2)uU(6.1)U(6.4) | B={0,e1,e3,¢€3,€q,€e1,e4,J, I}
D (3)u(4.2) h(B) = P,
(1.1)u(4.2)u(6.3)U(6.4) | B={0,e1,e3,¢€3,€e1,1,.J}
D (3)u(4.2) h(B) = P,
(11) U (5)1 U (6)a h(B) =P
(1.1) U (51) U (61) U (61) B= {61, es,€3,€1,0,0, ey, J, 63,[}
D (1.1) U (4.1) h(B) = P,
(1.1 U (5.1)U(6.1)U(6.3) | B={e1,e2,€3,€1,b,0,e4,J,83}
p(S6;1456;41 56;11.56;11) = 4.08 h(B) = P,
(1.1)U(5.1)U(6.1) U (6.4) | B={e1,e2,€3,€1,b,0,¢e4, J,e1,1}
p(52,145241) = g h(B) = P
(1.1)U (5.1) U (6.3) U (6.4) | B ={e1,e2,€3,€1,b,0,¢3,J,e3,1}
D (3)u(4.2) h(B) = P,
(1.1) U (61) U (62) U (71) B= {O, e1,€eq4,61,€4,J, €9, 63,[}
D (1.1) U (4.1) h(B) = P,
(1.1) U (6.1)U(6.3)U(7.1) | B={0,e1,e4,€1,€1,J, 83,03}
=(1.1)u4.2)u(6.1) h(B) = O,
(1.1) U (6.1)U(6.4)U(7.1) | B={0,e1,e4,¢1,24,J,1}
=(1.1)u3)uU(7.1) h(B) = 0,
(1.1) U (62) U (63) U (71) B.= {0,61, e4,€1,¢€4,69,€3,1,63,€3, J}
(1.1 U4.1) h(B) = P»
(1.1) U (62) U (64) U (71) B = {0,61, €44 €1,€4, €2, 63,[}
o (1.1) U (4.1) h(B) = P,
(1.1) U (6.2) U (6.4) U(71) | B={0;e1,€4,€1,€4,€3,€3,J,1}
D (3)U(4.2) h(B) = P»
(1.1 U (1.2) U (6.1) U(7.1) | B={e1.e4,J,0, E €1, e}
i h(B) = 0,
(1.1) U (61) U (63) U (71) B = {61,64, J, 0, FE,¢é5,€3,¢3, a}
D (1.1) U (4.1) h(B) = P,
(2)2U (8)1 U (7): h(B) =P
(2.1)U(2.2)U(5.1)U(7.1) | B={e1.€2,€3,€1,b,t,1,r,eq4,€1}
p(Ss11) =g h(B) = P,
(21)U(2.2)U(5.1)U(7.2) | B={e1,e2,€3,€1,b,t,1,7r,e3,€3}
p(Ss11) =g h(B) =P
(3)U(6.1)uU (6.2)U(7.1) | B={I,J e1,eq,€1,€1,€2,e3}
D (3)U 41 h(B) = P,
BYu(6.1)U(6.4)U(7.1) |B=1{I,J e1,eq,€1,€4}
=(3)u(7.1) h(B) = O,
(3) U (62) U (63) U (71) B= {I, J, €1, 64,a7 a, €2, 63,6_2, a}
D (3)u(4.1) h(B) = P,
(4)1 U (5)1 U (6)a h(B) =P
(4.1)U(5.1)U(6.1) U (6.2) | B={e1,e2,€3,€1,b,e3,e4,J,1}
2 (3)u(4.1) h(B) = P,
(4.1) U (51) U (61) U (63) B= {61, €2,€3,€4,b,€3,€e4,J, 5}
p(S6:1456;44.56;4156,11) = 1.58 h(B) = P
(4.1)U (5.1)U(6.1)U (6.4) | B={e1,e2,€3,€q,b,e3,e4,J,€1,1}
D (3)u(4.1) h(B) = P,
(41U ((5.1)uU(6.3)U(6.4) | B={e1,e2,e3,€1,b,e3,€4,€3,J,€1,1}
2 (3)u(4.1) h(B) = P,
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(4.1)U (6.1)U(6.2) U(7.1) | B={e1,e2,e3,¢e4,¢1,€1,J, I}

=(3)U(4.1) h(B) = P,
(4.1) U (61) U (63) U (71) B= {61, €9, €3,€4,€1,64,J, €3, a}

= (4.2) U (6.1) U (7.2) h(B) = P,
(41)U(6.3)U(6.4)U(7.1) | B={e1,e2,e3,€4,€1,€1,.J,€3,€3}

=(3)U(4.1) h(B) = P,
(4.1)U (6.3)U (6.4) U (7.1) | B={e1,e2,€3,¢e4,¢1,€4,1}

= (4.1) U (6.4) h(B) = O,
(5)1 U (6)2 U (7)1 hB) =P
(5.1) U (61) U (62) U (71) B= {61, €2,€3,€1,b0,e4,€71, J, 63,[}

S (3)U(4.1) h(B) = P,
(5.1)U (6.1) U (6.3) U (7.1) | B={e1,e2,€3,€1,b,e4,€1, J,€2}

=(5.1)U(6.3)U(7.1) h(B) = Py
(51) U (63) U (64) U (7.1) | B = {e1,ea,3,¢1, b, ea,e1, 1,1}

S (3)U(5.1) h(B) = P,
(5.1) U (62) U (63) U (71) B= {61, 62,%, a, b, 64,6_17 €3, 1,6_2, J}

= ((3)U (4.1) h(B) = P,
(5)2 @] (6)1 @] (7)1 B> [5]2 @] [6]1 h(B) =D

Summary 4-2

4 minimal cycle generators: ( )1 U ( )1 U( )2

Serial number Basic set h(B) = Py or
Method Undetermined

(1.1) U (2.1) U (6.1) U (6:3) | B = {Oybstyei,eq,J,€3,€3}

p(S51455.41) = 2:14 h(B) = P
(1.1) U (2.1) U (6.1) U(6:4) | B=H0,b,t, ex, €4, J, €154, 1}

p(S4;1454541 S4;11) = 10 h(B) = P,
DU U2 UG.1) | B=ler,en ;0,550

p(S1;1454341.54511) = 3.14 h(B) = P,
(1.1 U (1.2) U (2.1) U (6:1). | B = {e1, €4y b, t, O, E}

2(54;1454,418411) = 3 h(B) = P,
A UA2 022 U6.1) | B="ter,eadlir,O E]

p(95:1455,4153,11.53,11) = 2 h(B) = P,
A UB UG UG3) | B={e1,e2,e5 1,0, 0,e5,J,8)

p(S6:1456:41.56:1156;11) = 4.08 hB) =P
(1.1) U (51) U (61) U (64) B= {61, es,€3,€1,0,0, ¢4, .J, €7, I}

p(S2;145241) = g h(B) = P
(2.1)U((2.2)U(5.1)U(7.1) | B=/{e1,e2,€3,€1,b,t,1,r,eq4,€1}

p(Ss11) =g h(B) = P
(2.1)U(2.2)U(5.1)U(7.2) | B={e1,e2,€3,€1,b,t,1,7,€3,€3}

p(Ss11) =g h(B) = P
(4.1)U (5.1)U(6.1) U (6.3) | B={e1,e2,€3,€1,b,€3,€4, J,€3}

p(S6:1456;44.56;41.96;11) = 1.58 h(B) = P,
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4-3 4 minimal cycle generators: ( )2 U ( )2
Serial number Basic set
Method Spatial entropy
(12U (2)2 ={0,E,b,t,1,r}
B: h(B) = 0,
(1)2U(5)2 B> 1] U[5]2 hB) = P
(1.1) U (12) U (61) U (62) B= {O FE. ei,eq,d, 62,63,[}
o> (1LYU41) h(B) =P,
(11)U(12)U(61)U(63) B = {O FE.ei,eq, J, 62,63}
Z{O 61,64,J}U{E J@Q,@g} h(B)—Olg
(11) U (12) U (61) U (64) B= {O FE.eq,eq,d, 61,64,_[}
=( HUA.2)uE)U(7.1) h(B) = O,
(4)2U (7)2 = (4)2 h(B) = O,
4-4 4 minimal cycle generators: ( )1 U ()3
()1U()s B> ()s [ n(B) =P,
4-5 4 minimal cycle generators: ( )4
()a B> ()s [ n(B) =P,
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o-1

5 minimal cycle generators: ( )1 U ()1 U()1U()1U( )

Serial number

Basic set
Method

Spatial entropy

(1.1)u4.2)u(5.1)U(6.1)U(7.1)

B: {61,62,6_3,a,b,O,a,€_2,64,J}

D (1.1)uU (4.2)U(5.1)U(6.1) h(B) = P
(1.1) U (4.2) U (5.1) U (6.3) U (7.2) B = {e1,es,€3,€1,b,0,e71,€3, J, 3}

D[(1.)U(42)U(5.1) U (7.1)]1 h(B) = P,

5-2 5 minimal cycle generators: ( )3 U ( )1 U( )1 U( )2

(1.1)uU(1.2)U(3) U (6.1) U (7.1) B={0,E,I,J e1,e4,€1,€1}

=(1.1)uU(1.2)U3)u(7.1) h(B) = O,
(1.1H)u((1.2)u(3)U(6.1)U(7.2) B={0,E,I,J e1,e4,e2 €3,¢3,€5}

D (1.1)U(4.1) h(B) = P,
(1.1) U (3) U (61) U (62) U (71) B = {O,I, J,e1,eq,€0,€3,€7, a}

D (1.1)U(4.1) h(B) = P,
(1.1H)UuB)u (6.1)U(6.3)U(7.1) B={0,I,J,e1,e4,63,€3,€1,€1}

D (3)U(4.2) h(B) = P2
(1.1)UB)U (6.1)U (6.4) U (7.1) B=1{0,1,J,e1,e4,€1,81}

D (1.1)UB)u(r.1) h(B) = O,
(1.1) U (3) U (61) U (64) U (72) B = {O,I, J,e1,€e4,€1,€4, €2, €3, €3, 6_3}

D (1.1)U(4.1) h(B) = P,
(1.1)U(4.2) U (6.1) U (6.3) U (7.1) B={0,e1,e3,¢e3,€s,e1,e4,J}

= (1.1) U (4.2) U (6.1) h(B) = O,
(1.1)u(4.2) U (6.1) U (6.4).U.(7.1) B=40,e1,e3,¢€3,¢eq,e1,¢e4,J, 1}

=(3) U (4.2) h(B) = P2

5-3

5.minimal cycle generators: ( )1 U ( )2 U ( )2

(1.1) U (1.2) U (3) U (6.1) U (6-2)

B: {O7E7IaJael7€47€2;eB}

D (1.1)u(4.1) h(B) = P
(L.1) U (1.2) U (3) U (6:1) U (6.3) B={0,E.I J e, eq€,¢3}

:{O,I,J,€1,€4}U{E,I,J,@,a} h(B):Olg
(L.1) U (1.2)U(3) U (61U (6.4) B={0,EI,J ey, eq,€1,¢4}

=(L1yu(1.2)uU(3)U(7.1) h(B) = Oqy
(1.1) U (12) U (61) U (62) U (71) B = {O,E,el,e4,e_1,a, J, 62,63,[}

D (1.1)uU(4.1) h(B) = P
(L.1)u(1.2)u (6.1) U (6.3) U(7.1) B=1{0,E,e1,e4,€1,€1,J,€3,03}

BD[(1.1)U4.1) h(B) = P,

(1.1H)u((1.2)u(6.1)U(6.4) U (7.1) B=1{0,E, e1,e4,€1,€1,J,1}

=(1.1)u(1.2)u3)U(7.1) h(B) = Oy

6 6 minimal cycle generators: ( )1 U ( )1 U( )2U( )2

(1.Hu(1.2)uB)u(6.)u(6.4)U(7.1) | B={0,E,I,J,e1,eq,€1,85}

=(1.1)u(1.2)u3)U(7.1) h(B) = Oq
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APPENDIX A

A.1. The symmetries of Dy and Sy of 17 minimal cycle-generators in C.(2) are
listed in Table A.1.

Minimal cycle-generator p 0° 0’ m | mp [mp? [mp> [0 1
(1) 1x1 {0} ° ° ° ° ° ° ° (2)
(2) 1x1 {FE} ° ° ° ° ° ° ° (1)
(3) 1x2 {tb} (4) ° (4) ° (4) ° (4) .
(4) 2x1 {Lr} B | e« @) e G| e @) e
(5) 2x2 {I,J} ° ° ° ° ° ° ° °
(6) 2x2 {ey, ez e3,e4} ° ° ° ° . . . (7)
( ) 2x2 {51752753,54} ] ] ° ° ° ° ° (6)
8) 3x2 {nenesened |A0)] (9 [AL| (9 |10) | o | AL ] (9)
©) 3x2 {Lemenenal (AN ®) 10| ®) A ] « [0 ®)
(10) 2x3 {fesmenenel | O [AD | ®) | o [ ® | A ] @ | (11
(1) 2x3 {beneneneal | (8 [(10)] (9 | = [ (9 [ (10) [ (8) | (10)
(12) 3x3 {enen ] 3 e [ [3)] o [(13)] » | (15)
(13) 3x3 {es,e3, I} (12) | o [ (12)|(12)| e |[(12)| e (14)
(14) 3x3 {2,203, 7) 51 e (5[5 ] « (5] « | (13)
(15) 3x3 {ei,eq, I} (14)| o [ (14)|(14)| e |[(14)| e (12)
(16) 4 x4 {62,63,52,53} (17) ° (17) (17) ° (17) ° °
(17) 4x4 {er,es, 1,64} J (16| e |'(16)] (16) | e | (16)| e .
Table A.1
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