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Decidability Problems of Hexagonal
Edge-coloring with Two Colors

student : De-Jan Lai Advisors : Dr. Song-Sun Lin

Department ( Institute ) of Applied Mathematics
National Chiao Tung University

ABSTRACT

This investigation is.about tiling the whole:plane with regular hexagons
which have colors on edges. Regular-hexagons can be placed side by side if each
of the intersections has the same:color."Inthis-paper, we consider regular
hexagons with only two colorsen edges. The problem we studied is that: any set
of hexagons that can fill with the'whole plane whether it can cover the whole
plane periodically. We use an algorithm to do the problem and get the result by
computers. Finally, the main result of this paper is that the whole plane can be
tiling by regular hexagons with two colors if and only if the whole plane is
covered by the local pattern periodically.
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1 Introduction

There are three possible cases such that the plane is covered by one
kind of regular polygons: regular triangles or regular squares or regular
hexagons. See the Figure 1.

Figure 1.

Squares with colors on edges for tiling the plane is well-known as Wang
tile. In 1961, Wang [12] started to study the square tiling of a plane. Wang
gave a conjecture: any set of tiles that can fill with the whole plane can
cover the whole plane periodically. This conjecture was false proved by
Berger [4]. Berger presented.a set of 20426:Wang tiles that could only
tile the plane aperiodically.” Later, Berger reduced the number of tiles to
104. Thereafter, smaller sets of Wang tiles:were found by Knuth, Lauchli,
Robinson, Penrose, Ammann, Culik;and Kari:[5,6, 7, 10, 11]. Currently,
the smallest number of'tiles that can tile the plane apériodically is 13, with
five colors[5]. Nevertheless, Wang’s conjecture was' true proved by Hu
and Lin [13] with two eolors onjedges. The question:we want to know is
that Wang’s conjecture is true 'of notif wetise regular hexagons with two
colors.

Now consider the plane covered by regularhexagons with two different
colors, denoted by the numbers 0 of 1, on edges. Two hexagons can be
arranged side by side if all intersections have the same color. There are
26 = 64 such hexagons. For convenience, we encode these hexagons to
numbers from 1 to 64 with the following rule, where ay, a1, ay, as, ay, a5 €
{0, 1}: see Figure 2.

Definition 1.1. The set {1,2,3,...,64}, denoted by 7(2), is called the total
set of hexagons with two colors. Each element of 77 (2) represents a specific
hexagon.

Definition 1.2. The set contained by 7(2) is called a cycle generator if it
can cover the plane periodically. Let C(2) be the set contains all cycle
generators.

Definition 1.3. The set, B, contained by 7(2) is called a minimal cycle
generator if B satisfies the following two conditions:

1
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Figure 2.

1. Be C(2).
2. VB' S B,B ¢ C(2).
Let C,,(2) be the set contains all minimal cycle generators.

Definition 1.4. The set, B, contained by 7 (2) is called a non-cycle generator
if B ¢ C(2). Let N(2) be the set contains all non-cycle generator.

Definition 1.5. The set, B,,contained by 7 (2) is'called a maximal non-cycle
generator if B satisfies the following two conditions:

1. Be N(2).
2. ¥B' 2 B,B € C(2).
Let Nj(2) be the set contains all maximal non-cycle generators.

Given B C 7 (2). Let X(B) be the set of all global patterns on the plane
that can be constructed by B and P(B) be the set of all periodic patterns on
the plane that can be generated by B. Now our question can be written by

if X(B) # 0 whether P(B) # 0 or not. (1.1)

All we have to do is to investigate all subset of 7 (2) whether (1.1) is
true or not. Though there are 2% such cases. So in the following sections,
some methods are introduced to reduce cases. In section 2, we introduce
two useful matrices T and Y such that if given B C 7 (2), we can decide
whether B € C(2) with T and whether B € N(2) with X. In section 3, a
method called classification can reduce possible cases. In section 4, we use
an algorithm to deal with the problem. Finally, we derive a conclusion in
section 5.



2 Ordering Matrix

Since the plane has two dimensions, we first can construct the pattern
along horizontal direction and then second along vertical direction. In the
following we show how to obtain the horizontal patterns. Let X] be the
matrix of the following form( see Figure 3 ) ,where € {0, 1}. More general
form of X can be written as Figure 4 where a1, as, a;, v, B € {0, 1}.

1 0
N
0 0 0 1 1 0 1 1
o\/o 0 0 0 0 0 0 0 0
0 0 0 1 1 0 1 1
Rt 0 1 0 1 0 1 0 1
0 0 0 1 1 0 1 1
B BB BB BB B
1 0 1 [ 1 0 1 0
0 0 0 1 i 0 1 1
B B B BB B B B
\ 1 1 1 1 1 1 1 1

Figure 3. X;

’ ’
’ ’
ay a,
p p
\/ o -

a 2%

Figure 4. the general form of X

Let X, be the form of Figure 5(a). The complete matrix Xj, can be
easily obtained by replacing Figure 3" f from left to right of the hexagon



ay @ ay @
0 0 0 1
o an aq (2%
(@) X (b) X
a4, a4,
1 0 1 1
o an aq (0%
(© Xi4 (d) X34
Figure 5.

with 0 and 0. Each element of X} is denoted:by x7, i Similarly, X7,

Xis X, can be defined, and their matr1x forms are shown in Figure 5(b),
F1gure 5((:) Figure 5(d)."We can find

X = )R (2.1)
i=1,4

Now consider the general form Xj as‘Figure 6..We can define X}, by
replacing Figure 6’s pf from left to rlght of the hexagon with 0 and 0 X
can derive from X in the following way, see equations (2.2).

I RN

(141 Oy 3 4
Figure 6. the general form of X

Similarly, X3, X3, X, can be derive from equations (2.3), (2.4), (2.5)

alternatively.

22’



*

2,1

*

2,2

*

2,3

XX g+ | X1:12,2X0 + | X11,3X0 | X104 X F
X001 X 5 | X1212X0 3 | X1213X0 5 | X1214X] 4
x1121X11+ x1122X11+ x1123X11+ x1124X11+
X122, 1X X122, 2X X122, 3X X122, 4X
x1131X11+ x1132X11+ x1133X11+ x1134X11+
X1;2;3, 1X X1;2;3, 2X X1;2;3, 3X X1;2;3, 4X
x1141X11+ x1142X11+ x1143X11+ x1144X11+
x1;2;4,1X1;3 x1;2;4,2X1;3 x1;2;4,3X1;3 x1;2;4,4X1;3
X111 X o+ | X111, X g+ | XiafeX ], + | X1114X ], +
x1211X14 X1:2;1 2X§4 x1213X14 x1214X14
X1; 121X12+ X1; 122X12+ x1;1;2,3xl;2+ X1; 124X12+
X1;2,2 1X1 4 x1;2;2,2X1;4 X122, 3X* X1;2,2 4X1 4
X1, 131X12+ x1;1;3,2X;;2+ X1 133X1 o | Xy 134X12+
x1231X14 951~2~32X’e x1233X14 x1234X14
x1141X12+ x1142X12+ x1143X12+ x1144X12+
X1;2,4 1X1 4 x1;2;4,2X1;4 x1,2;4,3xl;4 x1;2;4,4X1;4
X131 X+ | X1312X0 + | X151,3X0 | X134 X] F
XanaXis | X112 X0s | X1413X s | X1414X0 4
X321 X+ | X1322X0 1+ | X1523X] + | X1324X] 1+
i X s | X1u22X0 s | X1u23X s | X1424X0 4
x1331X11+ x1332X11+ x1333X11+ x1334X11+
X1,43,1X]. 3 X1,432X]. 3 X1,433%X]. 3 x1;4;3,4X1;3
x1341X1 1t x1342X1 1t x1343X1 1t x1;3;4,4X§;1+
x1;4;4,1X1;3 x1;4;4,2X1;3 x1;4;4,3X1;3 x1;4;4,4X§;3

(2.2)

(2.3)

(2.4)



x1311X12+ x1312X12+ x1313X12+ x1314X12+
x1,4,1,1xl;4 x1,4,1,2xl;4 x1,4,1,3xl;4 x1,4,1,4xl;4
X321 X o+ | X1322X 5+ | X1323X 5+ | X1324X ], +
X = Xapa X1y | X1u22X0y | X1a23X0y, | X1424Xy 2.5)
24 X331 X o+ | X1:332X 5+ | X1333X],+ | X1334X],+ '
X1 X1y | X1482X0 | X1a3sX(, | X1434X,
X341 X o+ | X130 X 5+ | X1343X] 5+ | X1324X],+
| X1 X0y | Y2 X0y | X1aasXDy | X1aeaX]y,
x111,1X, 111 xlllZXn11+ x11;1,3X, 111 x1114Xn11
lellxn 13 x1212Xn13 x1213xn 13 x1214Xn13
x1;12,1X, 111 X1;122X, 11t X1;12,3X, 11t X1;124X, 11
X = lelen 13 leZZXn 13 x1223xn 13 x1224xn 13 2.8)
il x11,31X,, 11t x131,32X;, = 11t Xi183X, 11T x131,34X, 11
x123lxn 13 x1232xn 13 x1233Xn 1:3 x1234xn 13
x114lxn 111 x114zxn 1.7+ x114axn 111 x1144xn 11t
X124, 13 X124, - 13 x124axn 13 X12:44X,_ 13
So,
Ny %
X5 '= E X3 (2.6)
i=1,4
By observation, the recursive formulalof X, is
* *
X, = E X (2.7)
i=14
where X[ |, X[ o, X 5, X, are derived from equations (2.8), (2.9), (2.10),

(2.11) alternatlvely
Remark 2.1. Now we get a recursive formula about X’ . wherei = 1,2,3,4
which are useful to get matrices we want, i.e. T, and Y

Definition 2.2. A function ¢ is called a counting function if

Pl ay) = a2 + @22+ + @, 20 + 1

, where a1, a5, ,a, € {0,1}.



* —_
Xn;Z -

*
Xn;S -

Xx-

4

x1;1,14X;
x1112X, 12F 18X, v | Y, anz
x1111Xn 121 X” X1213xn 14 X214 14
X1,2,1,2
lellxn 14 1,2; Xn 1;4 x1123x 12 x1124xn 12
X1,1:2,2 2t -
Mol Mol B s | F1200X00s | 5 )
X122, A
X1221Xn14 2 an X1133X ot X1134Xn12
X1,13,2 n=
X131 X 1o+ | X113, anz x1255X0 s X]234Xn14
X123,
X1,231X, 1.4 123, Xn 14 Y11asX 1+ x11,44X,_ 12t
X1,1:4,2 n=-
x114lxn 121 | X113, Xn 12t x1243Xn 14 x1244Xn 14
X121 X0 1y | X1242X 4
X1,3,1,4X 1t
_ X x1.3.12x* 11+ x1313xn 11 13 Xn
X131, 14T X" ’ X123, 13 X1,414°N) 13
X141 2
XX g5 | Xt g X X13324X) 14+
X + X1-3-22X _1.1+ X1,32,3 n— 11 X
X1;3218, 11 "'XZ’ : X1525C | 13 X1,424N, 14
X142,
X121 X, _ 13 142, Xn 13 3 L X13,3,4X;,_ 1t
n—
X133,1X;,_ L x1332X” o X145 X B X143, _1 4
X1.43,2
x1431Xn 1.3 143, Xn 13 X155 X o X1344Xn 1t
X1;3:4,2 ne
X1341 X0y | X134, X 1At x1'4’43Xn—1'3 X1444X 5 210)
Y110 5w | X4 TS (2.
X 14X 12
i X o+ | x1312X0 12T x1313X”12 7 Xn
X1;31,18, 19 X" x1413Xn14 X1,414N, 14
X141,
x1,411X, 1;4 UAL2 2014 X1323X" X132,4X,_ 12t
X + x]322Xn 12+ 1,3;2, n— 12 X
X1;32,1 n—1;2 X x1423xn 14 X1;4:2,4 n—14
X1.42,2
YapaX, gy | X1a22X, 0y Y1332 X" X1;334X,, 10T
X + x]332Xn 12+ 1,3;3, n— 12 X
X1;3318, 1.0 X xl433xn 14 X1:434N 14
X1.43,2
X1431 X, _ 14 1453, Xn 14 ¥1325X" 12t X134, 12t
X13:4.2 n=
X341 X0+ | Xig; X 12t Y1aa3X 1y | XX, 211)
xl441xn14 X1:4;428, 14 (2.



1 2n
a, a, A3 A1
ay as Aoy Aryn
ay Qp --- Qoy /3
a1 as 23 Aop—1
[0%) ay Qop—2 Aoy

Figure 7. the general form of T,

2.1 Construct T,

The general form of T, is shown in Figure 7. Notice that the upper colors
are circularly shifting one pesition such that the patterns can tile above the
original patterns if we multiply T, andT;,.

Define a permutation matrix IP;.

P, = Pl (2.12)
Given 1 < j < 2%, Jay, %+, azysuch that 1= (o - - ap,), then
]Pn;i,j el W = (P(a2na1 1)
{ IP,;; =0 5.otherwise (213)
By changing variables, we get more simple form of IP,, where
IPn;i,Zi—l =1and IPn;i+22”‘1,2i =1 P if 1 < i < 22”_1
{ P,;; =0 , otherwise (2.14)

Thus T, = X, P,,.

2.2 ConstructY,

The general form of Y,, = [ Yo i ] oty 18 Shown in Figure 8. Notice

the difference between Y,, and X,,.
Let

4
Y, =) X, (2.15)
i=1

8



a, Qs &y
’ ’ ’
as Ayyn &,

’ ’ ’ ’

a, a, A3 A

a1 Qp o Oop ( O@
[25] a3 A2p-3 A2y
[2%) ay A2p-2

ap & -+ Aoy

a as Aop-3 Aop—1
[2%) g Qop—2 Aoy

Figure 9. the general form of Y,



Now Y;, has the matrix form in Figure 9.

We construct Y, from Y. Given 1 < i < 22!, then there exist
a1, 0, , 01 such that i = (a1, - - - ap,-1). Define the set , C,1(i), such
that

Cui(l) = {p(maz---az-1a0,) t a2y = 0,1}
= 2i-1+40,2i—1+1)
= {2i—1,2i}

Given

1 such that j =
(p(a2a3 . azH).

< j < 2271, then there exist @, a,,--- ,a,,
e

tine the set, C,2(j), such that
Cua(j) = lplayay - ay, ,0,) sy = 0,1}
— {]',]'+22n—1}

Then

Yn = [ Yn;i,j ]22;1—1x22n—1 Where Yn;i,j = Z Yn;p,q

pecn;l (l)
q€Cn2())

10



3 Symmetry of Hexagons

The symmetry group of the hexagon is D, the dihedral group where
| Dg |= 12. The group Ds = {I,p, p%, 0%, p*, p°, m, mp, mp?, mp>, mp*, mp®}
where p is rotating 7 counterclockwise, m is reflecting about the y-axis.
See Figure 10.

52;0
m
Figure 10.
For example, see Figure 11.
an s a5 Q4
mp?
a s — Qo as

2 %)) a5 a1 (%]

Figure 11.

There are three permutation groups S; in three directions, denoted by
520,522, SZ;ZTT[ , on edge coloring of hexagons as Figure 10. According to
the symmetry group and the permutation group, we define an equivalent
class of a set B C 7(2), denoted by [B], as follows:

Let A = {Tnon%r]%n | 7 € De, 1m0 € Sz0,Mz € Sy, Nz € Sz;%n}, then

11



obviously | A |= (2X 6) x2Xx2x2 =96. Given B C 7 (2), then
[B] = {&(B) | € € A}.
Some observations about an equivalent class:
1. if P(B) = 0 (# 0), then P(B') = 0 (# 0) VB € [B]
2. if (B) = 0 (# 0), then Z(B') = 0 (# 0) VB’ € [B]

In addition, 77(2) can be decomposed into four types, denoted by K,
K1, K, K, according to equivalent classes as Figure 12.
We know

1. ift e K, then E(t) e K VEE A
2. ift e Ky, then E(t) e Ky VE€ A
3. ifte 7([1[, then é(t) S 7(1[1 Vée A

So we construct two groups G; and G;;. Let Gr.= Ky and G = KUK,
then

1. ift € G, then E()e GLYE € A
2. if t € Gy, then E(H)€ G VEEA

Lemma 3.1. Given B = By U By, where By € Gy, B;y € Gy For any By € [Bul,
there exists B, C Gy such that B;U By, € [B]

Proof. Since By; € [By], there exists & € A such that B;; = &(Bj;). We know
&(B) = &(Br) U &(By) € [B]
where &(B)) € G and &(Byy) € Gy Therefore,
&(B1) U &(Bu) = &(By) U By € [B]

where &(B)) C G; O

Remark 3.2. This lemma tells us that we can classify G;; with A to reduce
computations.

12



<ol <ol <oloy <oy
0 6 R 6

28

19

10

1

(b) K;

(d) K

Figure 12.
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4 Algorithm

According to the above discussions, we now have T and Y to check
whether B € C(2) or B € N(2) or not for B € 7(2) and a method called
classification to reduce computations. Using the following algorithm to
achieve our goal.

Definition 4.1. P( g Il{ ]) is the set of sets, i.e. each element is a set. Each

element contains tiles that can tile the local pattern such that the width of
the local pattern is n hexagons, the height of the local pattern is k hexagons
and the shift of the local pattern is I. See Figure ??, where i is from 1 to 2n

and ) _ .
o { Qo111 (io1) Af2(0+1)+(@-1)<2

Q141 (-1)-2n ,otherwise

ay Qap

. ; /

Define two sets C* and N which mean cycle and non-cycle alternatively
such that

C*(m)z{B:BeP(lg Ilc])wherem=nk,0§l§n—1,
n,k,1 € N}

and a recursive definition of N*

{ N*(0)={B1UB,:B; CGi,B, C Gl
N*(m)={B:Be N*(m—1)and ¢ € B for all c € C*(m)}

Since the condition X(B) = @ for all B € N*(m) is hard to check and the
algorithm perhaps does not stop, we modify the above algorithm.

14



Algorithm 1 Algorithm

m« 0
repeat
me—m+1
C'(m)
N*(m)
until X(B) = 0 for all B € N*(m)

Algorithm 2 Modified Algorithm

CR2)«0 // cycle generator
N(@2) <0 /| Non-cycle generator
ur <0 // Unknown
m«0 // Loop index
repeat
mee—m+1
C'(m)
C(2) « C(2) U C(m)
N*(m)
until m == 12

repeat
pick B € N*(12)
N*(12) « N*(12) \ {B}
if time is acceptable and P(B) # 0 then
C(2) « C(2) U {B}
else if time is acceptable and (B) = 0 then
N(2) « N(2) U {B}
else
U* « U* U (B}
end if
until | N*(12) |==

15



5 Conclusion

According to the modified algorithm, if | U* |[= 0and X(B) = @ VB € N(2),
then Wang’s conjecture is true for hexagons with two colors, i.e.

if Y(B) # 0 then P(B) # 0.
Unfortunately, there are three cases we can’t decide.
1. 241520215659
2. 21520253538
3. 21520253556

Since T, and Y, is too large to compute for n is sufficient large ( 6 ),
another method for these three cases is introduced in the following.
Method:

1. Find all possiblesituations that:can tile like the graph above, and
then record the informations.of colored edges.

2. Use the informations to tile the planewith the'width is 8 tile.

3. If all possible cases is checked and can’t tile the plane with some
height, then the set X(B) = 0.

The last three cases are shown.
1.241520215659(8,17)
2.21520253538(8,15)
3.21520253556(8,13)
Theorem 5.1. Given B C 7 (2).
if Z(B) # 0 then P(B) # 0.

The other cases are decided and show in Table 1. Only show [C,,(2)] in
Table 1 since [Nj(2)] are too many to append.

16



A Tablel

[Cu(2)]

TileNum

}
}

{ 2 5 41

{

3tile

2 3 25

2 55 }

{
{

}
}

2 29 35
2 11 53
4 13 49

{
{

)
)

2 11 25

{

}
}

4 29 57

229 43

{
{

)

3 Samad

254 FUSH b5V
VARRNEN B
2 5 1158

{
{

4tile

)
)

{
{

)

}
)
)

4 SELIGRZ T -
211 22 59
2¥ A e
2 4 29 59
2 3 21 59
2 4 29 41

{
{

{
{

}
}

{

)

{
{

)
)

4 11 22 57

4 11 21 58
2 5 60 63

2 22 43 63
2 11 56 61
4 15 54 57

{
{

}

}
}

{
{

}

{

Continued. . .

17



[Cu(2)]

TileNum

2 20 47 61 }

{

}

8 15 50 57
2 5 11 57
2 11 30 41
2 3 21 57
2 7 25 36
2 5 43 58

{
{

}

)

{
{

)
)

{
{

)

}
}

2 11 21 59
2 21 36 63
2 5 43 57
2 o KRR,

{
{

}
}

{
{

}

2 11 29 41
2Ty 0%
e A -

{
{

}

}

{

}

21 2% 60
2 O T
2.5 17 43

{
{
{

}

}

}

2 o Plrmd 8—nil
8 29 43 50
2 11 24 57
2 11 31 41
2 11 22 41
2 8 25 43
2 7 25 51
2 7 41 62
2 7 25 60
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