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University, 1001 Ta Hsueh Road, Hsinchu, 30050, Taiwan

(Received 30 September 1996, revision received 28 January 1997)

Abstract. A simple algebraic algorithm is proposed as a computational tool
for the thin-lens design of a triplet which consists of a singlet and a cemented
doublet. The triplet is required to yield specified amounts of lens power,
primary spherical aberration, central coma, longitudinal chromatic aberration
and secondary spectrum. The three element powers of the triplet are first
obtained by solving the simultaneous linear equations of the total lens power,
longitudinal chromatic aberration and secondary spectrum. A quadratic equa-
tion is obtained by combining the equations of spherical aberration and central
coma, and the lens shapes are then obtained by solving this quadratic equation.
'The solving process is purely algebraic and is therefore easy to calculate and
guarantees that all the solutions can be found.

1. Introduction

Optical design problems in which the system will be designed from primary
aberration theory normally begin with two stages. First, the first-order layout is
given to determine the lens powers K and locations of the system components.
Thus, for each component, the ray heights at the principal planes and the slope
angles before and after refraction of both paraxial marginal and chief rays are also
determined. Second, there is a thin-lens aberration design stage. During this stage
a set of aberration targets is specified for each component. Then, according to the
possibility of satisfying these aberrations, the component is replaced by a suitable
thin lens which may be a singlet, doublet, triplet or even a complex assembly of
many elements. The work at this stage is to solve the constructional parameters of
the lens to meet the required power and aberration targets, and then to use the
solutions as starting points for future thickening and optimization. The primary
aberration targets of thin lenses are normally three in number: the Seidel
coefhicients Sy, Syc and CL, representing spherical aberration, central coma and
longitudinal chromatic aberration respectively. Central coma is defined as the
coma value for the case of the stop located at the lens. There is no need for the
targets of the other primary aberrations: astigmatism Sj, field curvature S,
distortion S5 and lateral chromatic aberration Cr, since they can be expressed as
combinations of K, Sy, Suc and CL, by using the well known stop—shift formulae of
aberration theory.

Hence, systematic thin lens design methods of various lens types are useful
tools and have been the subject of research by several workers. For example, the
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Figure 1. The cemented triplets with two glass types [2, 6] are obtained from dividing
either the flint lens or the crown lens of the cemented doublets into two parts. The
triplets have the same values of K and Cp, as the doublet, they also produce the
same kind of secondary spectrum. For two chosen glass types, they may have at
most two thin-lens solutions which meet the targets of K, S;, Sac and CL.

thin-lens designs of various doublet types have been provided by Dreyfus et al. [1],
Kingslake [2], Khan and Macdonald [3], Smith {4] and Chen et al. [5], among
many others.

Triplets are also elementary and have been widely used in many optical
systems. Cemented triplets which have four surfaces as constructional degrees of
freedom can meet the targets K, S1, Sac and CL. Conrady [6] (see also [2]) has
given a study of thin-lens design of cemented triplets which are produced by
dividing one element of a cemented doublet and thus have the same glass type for
the first and third elements (figure 1). The method has three steps. First, the
powers K and Kp of the two elements of a cemented doublet are determined to
meet the targets K and C|,. Second, the flint element of the cemented doublet is
divided into two so that the total power is equal to the power of the original flint
element, and the two components placed either side of the crown element to make
a cemented triplet. The new triplet has the same K and C, as the original doublet.
Of course, the crown element could also be divided in this way. Third, in
performing the Conrady’s G sum analysis, the spherical aberration formula is a
quadratic, while the central coma formula is linear. Hence there may be two
solutions to the problem. Since the triplet is obtained from dividing a doublet, they
produce the same amount of secondary spectrum Cprp (defined later). If the
secondary spectrum is expected to be reduced, triplets with three different glass
types are preferred because the secondary spectrum may be reduced by using two
of the glass types to match the third glass type [7].

Recently, we have derived an algorithm for solving the structures of thin-lens
cemented triplets which consist of three different glass types and have the given
target values of K, S;, Syc and CL [8]. The formulae for the aberrations are
combined with the power formula into a fifth-order polynomial equation in one
variable, whose roots can all be solved by a combination of numerical and algebraic
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Figure 2. Cemented triplet with three glass types. The performance of the secondary
spectrum is usually better than that of the triplet with two glass types as shown in
Fig. 1. For three chosen glass types, they may have at most five thin-lens solutions
which meet the targets of K, S, Sa¢c and CL [7].

methods. Compared with cemented triplets with two glass types, cemented triplets
with three glass types may have at most five solutions to the problem rather than
two solutions. Although glass choice is usually used to affect the secondary
spectrum, glasses cannot be considered as continuocus variables because the
characteristics (refractive index, Abbe number and partial dispersion) on the
glass map are discontinuous. Cemented triplets have only four surface curvatures
as degrees of freedom; they cannot meet the five targets of K, Sy, Syc, CL and CLp
at the same time; lenses with five surfaces are necessary for the task.

Consider the thin-lens triplet shown in figure 3; this consists of a singlet and a
cemented doublet and is widely used as a component in many optical systems. The
triplets use three different glasses and have five surfaces as constructional degrees
of freedom which may be used to meet the specified amounts of K, Sy, Sy¢, CL
and Crp. Also, they usually provide smoother surfaces than cemented triplets so
that the higher-order aberrations can be reduced. The powers of the three
elements can be easily calculated by solving the simultaneous linear equations
for K, Cr, and CLp. However, to our best knowledge, no simple method has been
proposed for solving the S and Sy¢ targets of triplets consisting of a singlet and
cemented doublet.

In this paper, we derive a simple algebraic algorithm to solve the triplets with
targets not only for K, C, and Cprp, but also for Sy and Syc. After the three
element powers have been obtained by solving the equations for K, CL, and Cpp,
the lens shapes are obtained by solving the simultaneous equations for Sy and Syc.
By combining the aberration equations of Hopkins and Rao (see also [3]) for a
cemented doublet with the equations for a singlet, the Sy and 5S¢ equations for the
triplet become quadratic and linear respectively. Hence the two equations can be
combined to obtain a quadratic equation which can easily be solved and may have
at most two solutions. The algorithm is purely algebraic and hence is easy to
calculate, and all the solutions can be found.

2. Method

There are two triplet types, singlet leading and doublet leading, as shown in
figure 3. Because the algorithms of solving both types are similar, we only propose
the singlet-leading type. The notation is defined as follows.

(1) K is the power which is the inverse of the focal length f.

(2) k is the marginal ray height. A ray height is positive if it is above the axis.

(3) h is the principal ray height.
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Figure 3. The scheme of the two thin-lens triplet types: singlet leading and doublet
leading. These triplets have five surfaces as degrees of freedom to yield specified
amounts of K, Sy, Syc, CL, and CLp. The surfaces of these triplet types are usually
smoother than those of the cemented triplets as shown in figure 2. Because the
algorithms for solving both types are similar, only the algorithm for solving the
singlet-leading type is proposed. As a result, there are at most two thin-lens
solutions for three chosen glass types.

(4) uis the slope angle of the marginal ray. A ray angle is regarded as positive if
a clockwise rotation of the ray brings it parallel to the optical axis.

(5) u is the slope angle of the principal ray.

(6) ¢ denotes the surface curvature.

(7) n is the refractive index.

(8) K;= (n; — 1)(¢i — ciy1) is the power of element enclosed between the
surfaces 7 and 7 4+ 1.

9) A; = n;i_1(he; + ui—1) = n;(he; + u;) is the refraction invariant for surface 7.

(10) H = hu — hii is the optical invariant.

2.1. Determining the element powers by solving the equations for K, Cy,, and Cpp
For completeness, the algorithm for solving the element powers is first
reviewed. Let s, Am and AL be the short, middle and long wavelengths
respectively over the band of interest, and ng, ny and n, be the corresponding
glass refractive indices. The equations for K, CL, and CLp of the triplet can be

expressed as [2, 4, 10]:
Ki+K;+Ky=K, (1)
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K, K; K.
Ble—+—=+-2)=C

(Vl + 72 + V4) L) (2)

P1 P3 P4
Pl— K +—=K;+— K4 | = Crp, 3
<V1 1+V3 3+V4 4) LP (3)

where

y=rm—l )

ng — ny,

denotes the Abbe number; P is the partial dispersion ratio defined as

p=15T""M (5)
ng — ny,
Consider that
E_ns—nMns—nL_ 1 (6)

V_ns—nL nM—l —(nM—l)/(ns—nM)'

Comparing this with the definition of ¥ shows that CLp denotes the longitudinal
chromatic aberration between Ag and Ay, If C, = Cp = 0, the foci of the three
wavelengths are common and the triplet is apochromatic. It is usual to normalize
the lens so that the corresponding normalized lens is of unit power and unit
aperture [3, 9]. To achieve this, the following dimensionless normalized para-
meters are defined:

~ 1
Kizs= X K34,

.1 .
i

c,-=1—<c,-, =1,...,5,
() = e (), §= 1,15
ul7u1 _hK ul7ul7l_ L | k)
21,~=LA,-1'=1...5 (7)
hK 3 b ) b
~ 1
S1=p S
1
=R >
~ 1
(CL,Crp) =K (CL,CLp).
Equations (1)—(3) can now be rewritten as
Ki+ K+ Ky=1, (8)
! i+ LR+l R =¢ (9)
7, Bty Ret g Ke=Co,
P, . Py . P,

— K1+ K3+ —=K4=Cyrp.
7, 1+V3 3+V4 +=CLp (10)



Downloaded by [National Chiao Tung University ] at 06:01 28 April 2014

1284 C.-H. Chen et al.

These dimensionless normalized equations are independent of K and 4 and can be
solved for the three powers by standard matrix algebra. Having determined K 34,
the value of #; is calculated from

iy = it — K, (11)
and the values of the conjugate factors of the singlet and the doublet are

wtu u+u
U —u 122—12’

Yy
(12)
_u'+u2 _l.t'-f-ﬁz

Yp =— =
uw—-—u u—w

These values will be used in the following section.

2.2. Determining the curvatures by solving S, and Syc formulae
The spherical aberration and central coma of the front singlet are [10]

rK}
(S1)1 =— L [My(m) X} — My(m)X1 Y1 + My(m) Y7 + Ms(m)],  (13)
~HRK?
(82c) = ——— [Ma(m)X; — Ms(m) Y1), (14)
where Mo(n) to Ms(n) are functions of refractive index and are defined as follows:
n+2
Mo(n) = —F2
o) n(n—1)*
_4(n+1)
Mi(m) = n(n—1)’
In+2
My(n) = ;
§ (15)
n o\2
M3(n) - (n 1) )
n+1
M4(7l) - n(n — 1)7
2n+1
MS(") - n )
and
x =ate_ata (16)
1 — € G — 0
is the shape factor. The normalized forms of (Sy), and (Sac), are
~ S
(S1), = L}g =g X +8X1 +8, (17)
2 (Sxc)s
(S20), = K= g8+ X1 + gs, (18)
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where the coefficients g; to g5 are as follows:

3
& =TIM0("1),
i3
&= _TIMI("I)YI,
K} 2 19
g =7 [Ma(m) Y + Mi(m)), (19)
KZ

84 = -TIM4(711),

IZZ
8 = —zLMs(ﬂl) Y.

The Hopkins—Rao [9] expressions (see also [3]) for the spherical aberration and
central coma of a cemented doublet are

S
% = <N0("3)

+ [Nl(ng)(#>2——N1 (n4)(%>2+(p— YD)}a
+ [Nz(m) <#)  Nam) (1%”) 3

— N3(n3) (#)2 YDz— Ly Namy) (%) 2%] (20

1+p

1-
+ No(ns) 2 £ 1)‘12

(S2c)p _ <N4(n3) ! -;p+N4("4) 1 ;p+ l)a

HW? K},
1+p\° 1-p\* p—Yp
+ | Ns(m3){ —— ] —Ns(ns) + ; (21)
2 2 2
where Ng(n) to Ns(n) are functions of refractive index and are defined as follows:
2
No(n) ==
0(") n7
3
N1 (n) = ;
n—1
Na(n) = ——,
(n—1)
(22)
Ni(n) = ——,
n—1
1
N. =-
s(n) =,
1
Ns(n) =
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The subscript D in equations (20) and (21) denotes ‘doublet’, and

Kp
Kp=K;+ K4 Kp=— X =K; + K,

K3—K4 Kg—IZ‘;
- =3 2
P="Kp %o, (23)
1 1
o= Ay ==2A4
WK ' Rp t

Kp is the power of the doublet, p describes the power distribution, and

A4 _-}E(_A4 = n3(64+u3) (24)
The normalized forms of (S1)p and (S;)p, are
(S =SUD a2 0 d, 4 (25)
1)p = h4K3 {3 87414 T &8,
- (S?.C) -
(S2c)p = _FWI?DZ = g9Aas + £10, (26)

where

et el
£+ 1),

g10= ~R} [Ns("3)(l * ”) —Ns(m)(l ;”)2#’ ‘2YD] .

The aberration of the triplet is the sum of the aberrations of the singlet and
doublet:

1
£ Nu(na)

S1 = (S1); + (S1)p

Sac = (520)1 + (S'ZC)D-

From equations (17), (18), (25) and (26), the above equations can be expressed as
the following equations in X and A4:

aX; + X + ge A+ g1 As + w1 =0, (29)

(28)
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g+ X1 +g0As +wy =0, (30)
where _
w; =g; +g — S, (31)
w; = gs +g10 — Sac. (32)
From equation (30), we have
—pgods —
X, =85 "% (33)
84
Substituting into equation (29) gives
ngi + m1x44 +my =0, (34)
where
my = g1g% + g386,
my = 2g1g0w — 82848 + £487, (35)
mo = gyw} — gagaw; + gw1.
Since 3
As;=¢3+ 14
3 3 " 2 ) (36)
=n3 (63 + u3),
then we can have the value of A3 from Ay by
- ~ n ~
Ay =As+ 3 K;. (37)
n3 — 1

Finally, it is straightforward to obtain (¢1,¢;) from (X1,Ky) and (&3, &4, 85) from
(43, K3, K4) as follows:

. (Xi+ 1)K,
& = S,
2("1—1)
. _ (X -DE
2(7[1—1) ’
& = Az — iy, (38)
P <
4 = €3 n3_1a
.. K
Cs = C4 — .
114-1

Thus the triplet is solved.

3. Example

As an example in the use of the algorithm, we give the thin-lens designs of a
telescope objective system. The values for derived parameters in the paper are
given sufficiently to enable a user to validate several intermediate steps in the
calculation as well as the final result.
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Table 1. Data for the glasses used in the example.

Triplet

Glass 1 (PK51) Glass 3 (FK51) Glass 4 (LAK31) Prism (BAK1)

i 1-528 55 148656 1-696 73 157250
ng 153333 1-490 56 1705 31 1-579 44
n 1:526 46 1-48480 1:69296 1:56948
14 76:930 84-439 56397 57-526

P 0-695 71 0-694 34 0-69491 0-697 3
Mo(n) 8:26308 — — —

M, (n) 12-5188 — — —
M,(n) 4-30843 — — —
M;(n) 836345 — — —
My(n) 312971 — — —
Ms(n) 265421 — — —
No(n) — 1-34539 1117874 —
Ny(n) — 616575 430584 —
Ny(n) — 6-27929 349531 —

N (n) — 305525 243528 —
Na(n) — 0672694 0-589 37 —
Ns(n) — 205525 1-43528 —

The telescope objective system has a focal length of 300 mm, a relative aperture
of F/3, a field of view of +3° and an image height of 15-72mm (figure 4). The
wavelengths over the band of interest are the hydrogen F line (0:4861 um), the
helium d line (0.5876 um), and the hydrogen C line (0-6563 um). The desirable
primary aberrations for the system as a whole are zero spherical aberration and
coma, and correction of both longitudinal chromatic aberration and secondary
spectrum. The glasses PK51, FK51 and [LAK31 are used for the triplet, and the
glass BAK1 is used for the prism. These glasses are chosen from the Schott
catalogue and their data are listed in table 1.

The prism induces the following aberrations [9]:

2 _ . 2 _
S = —%Du"‘ = _9572_5.)3_1137(_0.1667)4 = —0-040038,
n (1-5725)
i 0-0524
Sy == 81 =— o= 81 = 0:012 59,
Dn-1 , 137 1-5725-1 2 (39)
==y -0-1667)* = —0-015 3223,
CL=-pa 57526 (1-5725)? ( )
PDn—1 , 06973 x 137 1:5725 - 1 2
A e L —-0-1667
Ce = v 57-525  (1-5725)° ( )
=-0-0106811,

where D = 137 mm is the thickness of the prism. Hence, negative values of the
above aberrations are the targets of the front triplet. The values of S; and Sy¢ of
the triplet are equal because the aperture stop is located at the lens. The aberration
targets for the triplet are expressed in three forms in table 2.
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Figure 4.  Gaussian design of the telescope objective system. The aberrations S, S,
CL, and CLp produced by the prism are balanced by the triplet to make the whole
system both aplanatic and apochromatic.

Table 2. Aberration targets of the triplet in the example.

Seidel Wave front? Normalized Seidel
Aberration coeflicient (units of Ag) coefficient
. Sy & Sy
Spherical S; =0-040038 1 m: 85173 S =W=0-172965
Sac 5 Sac
Central coma SZC = —0.01259 m =-10-7131 Szc = m =0-1731
Longitudinal chromatic Cy, =0-0153223 ZCTL = 13-038 L= ECZLIIJZ =0-0018396
d
. C ~ C
Secondary chromatic Crp =0-010684 1 Eif =9-0913 Crp = hZ—LIz =0-001283

* g = 0000587 6 mm.

The solving process is shown in table 3. It can be seen that the calculation
process is straightforward. There is a (++ —) power distribution and two
solutions. However, solution 2 is not realizable because the third and fifth surface
radii are too small to satisfy the aperture diameter (22 = 100mm) requirement.
The thin-lens design is now finished.

4. Discussion

A triplet comprising a singlet and a cemented doublet is an important lens type
and is widely used as a component in many optical systems, for example telescope
objective, telephoto, zoom and Petzval lens [7]. It has some advantages over
cemented triplets. First, it is sufficient for satisfying five targets rather than four
targets. Second, it usually offers smoother surfaces to reduce higher-order aberra-
tions and therefore supports higher speed. Hence, a simple method for solving this
triplet type is a useful tool.

In this paper, an algorithm is proposed for solving this triplet type with desired
lens power, primary spherical aberration, coma, longitudinal chromatic aberration
and secondary spectrum. One might consider obtaining the pre-design by a guess.
This may work well for an experienced designer but it is usually difficult for a
beginner. As a comparison, the proposed algorithm is a simple algebraic process



Downloaded by [National Chiao Tung University ] at 06:01 28 April 2014

1290 C.-H. Chen et al.

Table 3. Solving process for the example. The surface radii r3 and 75 of solution 2 are
too small to satisfy the aperture diameter requirement.

Values Note

K=000333,d=0,a = -1

K, =1-41592, Ky = 1-56093, K, = —1-976 85
il = —1-41592, Kp = —0-41592, p = —8-50587
Y, =1, Yp =—58086

g = 586407, g, = —8-884 28, g; = 899288,
g = —3-13728, g5 = 2:66063, gg = ~0-646 057,
g1 =~227073, gg = —4-14461, gy = 0-530989,
g10 = 0-834676

w; = 46753, wy = 3-322118

my = —4-70544, my = —16-4607, my = 18-1405

See equation (7)

By solving equations (8)—(10)
See equations (11) and (23)
See equation (12)

See equations (19) and (27)

See equations (31) and (32)
See equations (34) and (35)

Solution 1 Solution 2 Note
Ay = —437867 Ay = 0880453 By solving equation (34)
X, =0-317841 X = 120796 See equation (33)
Ay = 039035 A; = 564947 See equation (37)
¢ =1-76516 ¢ = 295742 See equation (38)
¢, = —0-913709 ¢, = 0278 544
¢y = 1-80627 ¢3 = 7-065 39
¢y = —1-40182 ¢4 =3-8573
¢s = 1-43551 ¢s = 6:694 63
r; = 169-96 ry =101-44 Non-normalized radius
r, = —328-33 r; = 107703
r; = 166-09 ry = 42-46
ry = —214-01 ry=17177
rs = 208-99 rs = 44-81
1r Unreasonable solution Schematic diagram of the
thin triplet
100 mm

3

that is quick and guarantees to find all the solutions. It is of particular use in setting
up a preliminary system for subsequent optimization.

We have written a computer program and set constraints in it to restrict the
acceptable surface curvatures so that only those solutions within the restriction will
be adopted. One example of thin-lens design of an apochromatic telescope
objective system has been demonstrated.

The algorithm for solving the kind of triplet which consists of a singlet and a
cemented doublet with a finite air space between them and gives a required
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distance of principal planes to adjust the length of optical system, for instance
zoom lens and telephoto lens, and will give more freedom to find more desirable
solutions, will be considered in the future.
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