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摘            要 

    藉由偵測病體樣本中的離群值而找出具有影響力的基因已是一種非常新

且重要的基因分析方法。透過離群和或是離群平均可以偵測出離群資料中的

集中趨勢是否有所改變，但是卻無法偵測出偏度等其它特徵量數。因此，我

們希望可以提供一個容易實行且有較高檢定力的統計檢定，以作為基因分析

的另一項替代選擇方法。我們將提出離群值比例的觀點，以離群值比例的近

似分配為基礎，發展出一項統計檢定。此外，我們也將更進一步地比較離群

值比例和離群平均兩者的檢定力表現。而為了避免估計尾端機率點的密度函

數之困難，進而造成檢定力較低的缺點，因此我們將採用經驗分位數當作切

點。 
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Abstract 

Discovering the influential genes through the detection of outliers in 

samples of disease group subjects is a very new and important approach 
for gene expression analysis. The outlier sum or outlier mean technique 

can detect the shift in central tendency for the outlier data but not other 

characteristics such as spreadness or others for the outlier data. It is 
desired to provide a test that is easy to implement and efficient in power 

performance as an alternative tool for gene expression analysis. We 

propose the concept of outlier proportion for developing a test based on 
asymptotic distribution of this statistics. We further compare it with the 

outlier mean for their power performances. To avoid the inefficiency in 

estimating densities at tail quantiles involved in estimation of outlier 
proportion variance, we further consider applying the empirical quantile 

as the cutoff point for an alternative outlier proportion based test which 

shows satisfactory role in gene expression analysis from the point of 
power performance. 
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Outlier Proportion Based Gene Expression Analysis

SUMMARY

Discovering the in�uential genes through the detection of outliers in samples

of disease group subjects is a very new and important approach for gene

expression analysis� The outlier sum or outlier mean technique can detect

the shift in central tendency for the outlier data but not other characteristics

such as spread or others for the outlier data� It is desired to provide a

test that is easy to implement and e�cient in power performance as an

alternative tool for gene expression analysis� We propose the concept of

outlier proportion for developing a test based on asymptotic distribution

of this statistic� We further compare it with the outlier mean for their

power performances� To avoid the ine�ciency in estimating densities at tail

quantiles involved in estimation of outlier proportion variance� we further

consider applying the empirical quantile as the cuto� point for an alternative

outlier proportion based test which shows satisfactory role in gene expression

analysis from the point of power performance�

�� Introduction

DNA microarray technology� which simultaneously probes thousands of

gene expression pro�les� has been successfully used in medical research for

disease classi�cation �Agrawal et al� �	

	�� Alizadeh et al� �	


�� Ohki et

al� �	

��� Sorlie et al� �	

���� Among the existed techniques in di�eren�

tial genes detection� common statistical methods for two�group comparisons

such as t�test� are not appropriate due to a large number of genes expressions

and a limited number of subjects available� Several statistical approaches

have been proposed to identify those genes where only a subset of the sam�

ple genes has high expression� Among them� Tomlins et al� �	

� observed

that there is small number of outliers in samples of di�erential genes and

then introduced a method called cancer outlier pro�le analysis that identi�es

outlier pro�les by a statistic based on the median and the median absolute

deviation of a gene expression pro�le� With this observation� a sequence of

approaches then concentrated on detecting di�erential genes based on out�
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lier samples while Tibshirani and Hastie �	

�� and Wu �	

�� suggested to

use an outlier sum� the sum of all the gene expression values in the disease

group that are greater than a speci�ed cuto� point� The common disad�

vantage of these techniques is that the distribution theory of the proposed

methods has not been discovered so that the distribution based p value can

not been applied� Recently Chen� Chen and Chan �	
�
� considered the

outlier mean �average of outlier sum� and developed its large sample theory

that allows us to formulate the distribution based p value� In speci�c� they

considered the parametric study by specifying the normal distribution and

performed simulation studies and data analysis for gene expression analysis�

According to Tomlins et al� �	

�� it is desired to verify if the variables

for disease group subjects and normal group subjects on the region excessed

a cuto� point are identical� The outlier mean approach of Chen� Chen and

Chan �	
�
� can detect if the excessive means are di�erent� We know that

summarizing the outlier data by its sum or mean �average� may be e�cient

when the central tendencies of two distributions on excessive region are sig�

ni�cantly di�erent� However� it is known that it is not enough to detect just

the shift in mean while there may have a shift other than the central ten�

dency� So� it requires to measure other characteristics showing in the outlier

data as an alternative for detection of in�uential genes� Here� in this paper�

we consider the proportion of outlier data� called the outlier proportion� to

detect the in�uential genes� Interestingly this study shows that outlier pro�

portion technique provides a technique very simple in computation but it is

also much more e�cient than the outlier mean test in detection of in�uential

genes�

In Section 	� we introduce the concept of population outlier proportion

and study the adequacy for using it in detection of distributional shift�

In Section �� we study large sample property of the outlier variance and

we compare the power performances between the tests based on outlier

mean and outlier proportion� In Section �� we propose an alternative outlier

proportion based test that avoids the estimation of densities on extreme

quantiles for construction of test statistic�



�

�� Outlier Proportion

In a study that consists of n� subjects in the normal control group and n�

subjects in the disease group� suppose that there are m genes to be investi�

gated� Their gene expression can be represented as Xij � i � �� 	� ���� n�� j �

�� ����m for normal control group and Yij � i � �� 	� ���� n�� j � �� 	� ����m for

the disease group�

For theoretical development� let us �x a gene and we drop the index j�

Let X and Y be expression variables with expression Xi� i � �� ���� n� for

group of normal subject and Yi� i � �� ���� n� for group of disease subject�

respectively� with distribution functions FX and FY �

An important observation by Tomlins et al� �	

� from a study of

prostate cancer� outlier genes are over�expressed only in a small number

of disease samples� With de�ning a cuto� point �� determined from the

data of the variable X� Tibshirani and Hastie �	

�� and Wu �	

�� con�

sidered the sum of variables Y �i s that are over higher cuto� point �� given

by
Pn�

i�� YiI�Yi � ��� as a test statistic for detection if the disease group

distribution is di�erent from the normal group distribution� Latter� Chen�

Chen and Chan �	
�
� developed the asymptotic distribution for its aver�

age� called the outlier mean� LY � �
Pn�

i�� I�Yi � ������
Pn�

i�� YiI�Yi � ���

for constructing a distribution based p value� Let � be the population coun�

terpart of the sample cuto� point ��� The idea behind the outlier mean

approach considers a test based on LY to verify if its corresponding pop�

ulation outlier mean ��Y � E�Y jY � �� varied from the same population

outlier mean when FY � FX as ��X � E�XjX � ���

We consider here to establish a test based on the sample outlier propor�

tion� a tail probability estimator� as

��Y � n��
�

n�X
i��

I�Yi � ���� �	���

Hence� the idea behind this sample percentage is to verify if its corresponding

population outlier proportion

�Y � PfY � �g �	�	�



�

varied from the same population outlier proportion when FY � FX as �X �

PfX � �g�
To verify if this consideration is appropriate� we suggest the population

cuto� point of the form � � 	F��X ��� �� � F��X ��� and make a numerical

comparison of two outlier proportions� We consider the following setting

Normal �X � N�
� �� and Y � N��� ���

Mixed normal�X � N�
� ��� Y � 
��N�
� �� � 
��N��� 	���

Population outlier proportions for variables X and Y under the above set�

tings are displyed in Table � with the speci�ed ��s and ��s�

Table �� Population outlier proportions �	 � ��

� �X
� � �
�Y

� � �
�Y

� � 
�Y

FX � N�
� �� FY � N��� ��

�
� ����E � �	 ���	E � � ����E � � 
�
	��

�
 ��
�E � � ����E �  
�

�� 
�	�


�� ��
�E �  
�

		 
�
�	 
����


�	 
�

� 
�
��� 
�	��� 
�����

�	 
�
	� 
���
 
���
� 
����

�� 
��	�� 
����
 
��

� 
�����

�� 
���
 
����� 
����� 
�����

Mixed Normal

�
� ����E � �
 ����E � � 
�

	�

�
 ��	E � � ����E � � 
�
	�

�� 	���E � � 
�

�� 
�
���

�	 
�
�� 
�
�� 
��
�

�	 
�
��� 
�
��� 
����	

�� 
��	 
���� 
�	���

�� 
����� 
���	 
�����

Conceptually the bigger the di�erence �Y � �X � the easier to establish

a test in detection of distributional shift� From Table �� we expect that

larger ��s make the detection by outlier proportion more powerful� We will

evaluate this point in the subsequent sections�

�� A Test Based on Asymptotic Distribution of Sample Outlier

Proportion



�

The sample outlier proportion is de�ned by

��Y �
�

n�

n�X
i��

I�Yi � ���

where cuto� point estimator is �� � 	 �F��X ������ �F��X ��� and where �F��X �
�

is the 
th empirical quantile based on sample Xi� i � �� ���� n��

To construct a distribution based test statistic by this outlier proportion�

we state an asymptotic distribution for this statistic in the following theorem

where its proof is given in Appendix�

Theorem ���� Suppose that assumptions �A�� and �A�� in the Appendix

are true� Then n
���
�

� ��Y � �Y � converges in distribution to N�
� 	��� where

	�� � ���b�������b�������	�����b��b������������b���b�����Y ����Y ��

Here we let

b� �	�fY ���f
��
X �F��X ��� ����

b� ��fY ���f
��
X �F��X �����

This theorem indicates� under H� � Fx � Fy� the following

PH�
fpn��

��Y � �X

	�
� � zg �

Z z

��
��z�dz

for z � R where � represents the probability density function of N�
� ���

Suppose that we have estimates �	� and ��X � a test based on the sample

outlier proportion is

rejecting H� if n
���
�

�
��Y � ��X

�	�
� � z�� � �����

The test tries to see if outlier proportion for disease group subjects is di�er�

ent from it for normal group subjects� As a nonparametric approach� this

test statistic involves the estimation of some density points fX and fY �



�

Having this sample outlier proportion based nonparametric test� it is

desired to verify the power performance of this test when there exists dis�

tributional shift for the disease group distribution� An approximate power

with signi�cant level �� may be derived as bellows

pp � PFY f
p
n��

��Y � ��X
�	�

� � z��g

� PFY f
p
n��

��Y � �Y

	�
� � p

n��

z�� ���p
n�

� ��X � �Y

	�
�g

� PfZ � z�� �

p
n���X � �Y �

	�
g� ���	�

Considering the following distributional settings�

Normal� X � N�
� ��� Y � N��� ��

Laplace distribution� X � Laplace�
� ��� Y � Laplace��� ��

t distribution �X � t��� Y � t�� � ��

we display the powers pm� for outlier mean based test� and pp� for outlier

proportion based test� in Table 	�

Table � Approximate powers of outlier mean and outlier proportion



	

� � � � � � 	 � � �
Normal

� � 
��� pm 
�	� 
���� �
pp 
��
� � �

� � 
��� pm 
���� 
���� �
pp 
��� � �

� � 
�	� pm 
�
�� 
�	�� 
����
pp 
�	�	 
���	 
����

� � 
��� pm 
�
	 
���� 
���
pp 
��		 
��� 
���

Laplace
� � 
��� pm 
�	�� 
���� �

pp 
���� � �
� � 
��� pm 
�

 
���� 
����

pp 
���
 � �
� � 
�	� pm 
�

 
�	 
���


pp 
�	�� 
���� 
����
� � 
��� pm 
�

 
�
 
�



pp 
��	� 
���� 
�	�

t�distrib

� � 
��� pm 
���	 
���� �
pp 
���� � �

� � 
��� pm 
�
�� 
���� 
����
pp 
��� � �

� � 
�	� pm 
�
�� 
�
	 
���
pp 
���	 
��� 
����

� � 
��� pm 
�
�� 
�
	� 
�
��
pp 
�	
� 
��	� 
����

How surprisingly the outlier proportion performs much better than the out�

lier mean in these three location distributional shifts�

According to Tomlins et al� �	

�� it is desired to verify the power

performance of the outlier proportion when there is only a small percentage

of outliers in the data of Y � For this� we consider the following distributional

setting�

X � Laplace�
� ��� Y � 
��Laplace�
� �� � 
��Laplace��� 	�

Table � Approximate powers of outlier mean and outlier proportion for

Laplace mixture






�
pm

�� � ��
pp

pm
�� � �

pp
pm

�� � �
�
pp

	 � �
� � 
�� 
���� 
��
� 
�	� 
���� 
���� 
���
� � 
�� 
���� 
���� 
�	�� 
��� 
��	
 
����
� � 
�	 
���
 
���� 
�	�� 
��� 
�
 
����
� � 
�� 
��
 
��� 
�	 
���
 
���	 
����
� � 
�
 
��
 
���� 
���
 
���	 
��� 
����

This computation shows that the outlier proportion is still a satisfactory

one in this case of mixed distribution� This further support the use of outlier

proportion in gene expression analysis�

�� An Outlier Proportion Test With Empirical Quantile as Cuto�

point

We have observed that the outlier proportion may have satisfactory power

performance when we have consistent estimators ��X and �	� to construct test

in ������ However� �	� involves estimations of density points fY and fX while

estimation of density function at tail quantile points is extremely di�cult in

practice� Without an alternative proposal avoiding this density estimation�

the outlier proportion based test won�t be practically powerful in detection

of in�uential genes unless n� and n�� the numbers of disease group subjects

and number of normal group subjects� are very large�

In this section� we choose cuto� point �� � �F��X ��� for some �  
� For

not being confused� we denote the outlier proportion as

���Y �
�

n�

n�X
i��

I�Yi � �F��X ����

for estimating ��Y � P �Y � F��X ����� We �rst study the di�erences of two

population outlier proportions under the following distribution setting�

X � Laplace�
� ��� Y � 
��Laplace�
� �� � 
��Laplace��� 	��

Table �� Population outlier proportions



�

	 �X
� � �
�Y

� � 
�Y

� � �

�Y

� � 
��
	 � � 
�	
� 
��� 
���	 
���
	 �  
�	
� 
���� 
���� 
����
	 � �
 
�	
� 
��� 
���� 
����
� � 
��
	 � � 
���� 
���� 
���
 
���
	 �  
���� 
���� 
���� 
����
	 � �
 
���� 
��	 
���� 
����

It is seen that the di�erences between two population proportions are quite

signi�cant when the quantile percentage � is 
�� or 
��� This shows that

using quantile as cuto� point in detection of outliers is quite satisfactory�

A large sample theory for this quantile based outlier proportion is stated

below�

Theorem ���� Suppose that assumptions �A�� and �A�� in the Appendix

are true� Then� n
���
�

� ���Y ���Y � converges in distribution to N�
� 	���Y � where

	���Y � ���� ���xyf
�

Y �F
��
X ����f��X �F��X ���� � ��Y ��� ��Y ��

To construct a test statistic based on the above theorem� we still face the

problem of requiring estimation of 	���Y that involved prediction of density

points fY �F
��
X ���� and fX�F

��
X ���� which is di�cult unless there is huge

sample� However� under H� we may replace fY by fX and then 	���Y is

induced as

	���X � ���� ���xy � ��Y ��� ��Y ��

In this setting� we need only to �nd estimates ���Y and ���X to build the outlier

proportion based test as

rejecting H� if
p
n��

���Y � ���X
�	��X

� � z�� � �����



��

An approximate power for outlier proportion based on this quantile cuto�

point at signi�cance level �� may be derived as bellows

PFY f
p
n��

���Y � ���X
�	��X

� � z��g

� PFY f
p
n��

���Y � ��Y
	��Y

� � p
n��

z�� ����Xp
n�

� ���X � ��Y

	��Y
�g

� PfZ � z��
	��X

	��Y
�

p
n���

�
X � ��Y �

	��Y
g� ���	�

where ��X � P �X � F��X �����

It is interested to compare outlier mean and outlier proportion both using

quantile cuto� point in terms of powers� First� we consider the following

two location shift models�

Case ��X � N�
� �� and Y � N��� ��

Case 	�X � Laplace�
� �� and Y � Laplace��� ��

We display the results of power in the following table�

Table � Approximate powers of outlier mean and outlier proportion

Power � � � � � 	 � � �
Case �

�� � 
���pm 
���
 
��� ��

pp 
���� 
���� ��


�� � 
���pm 
��		 
�� ��

pp 
��
� 
���� ��


Case 	
�� � 
���pm 
�

 
���	 ��


pp 
���� 
���� ��


�� � 
���pm 
�

 
�
�
 ��

pp 
�	� 
��� ��


In this location shift models� it still shows that the outlier proportion is

better than the outlier mean� This further indicates the appropriateness of

applying the outlier proportion in gene expression analysis�



��

With observation from Tomlins et al� �	

�� it is interested to further

investigate a power comparison when there is only a small percentage of

outliers in distribution of Y � We evaluate the approximate power for the

following two mixed distributions�

Case A � X � Laplace�
� ��� Y � 
��Lapace�
� �� � 
��N��� ��

Case B � X � t��� Y � 
��t�� � 
��Laplace��� ��

The results are listed in Table ��

Table 	 Approximate powers of outlier mean and outlier proportion

Power � � 	 � � � � � �
Case A

�� � 
���pm 
��
� 
�� 
����
pp 
���� 
��
� 
����

�� � 
���pm 
�
�� 
�		 
�
�
pp 
�� 
��� 
����

�� � 
���pm 
��	 
��� 
�	��
pp 
��	� 
���
 
����

Case B
�� � 
���pm 
��� 
��	� 
����

pp 
���� 
���� 
����

�� � 
���pm 
��� 
���
 
����
pp 
��	� 
��
 
���

�� � 
���pm 
���� 
�	
 
���
pp 
���� 
���� 
���


The approximate powers showing in Table � indicates that the outlier pro�

portion is still a right choice in these distributional settings� Let us further

consider one more distributional setting as

Mixed t � X � t��
�� Y � 
��t��
� � 
�������
� � ��

for comparison� The results are displayed in Table ��



��

Table 
 Approximate powers of outlier mean and outlier proportion for

some mixed distributions

Power � � 	 � � � � � �

�� � 
���pm 
���� 
��� 
��

pp 
���� 
��� 
���


�� � 
���pm 
���� 
���	 
��
�
pp 
��

 
��� 
���


Both methods are with high powers in this distributional setting� however�

the outlier proportion based test is still a better one�

�� Simulations Study

Suppose that now we have estimates ���X and �	��X for ��X and 	��X

respectively� A test based on quantile based outlier probability is stated

in ������ Let ���X � �

n�

Pn�
i�� I�Xi � �F��X ����� ��xy � n�

n�
and �	��X �

��� � ����xy � ��Y �� � ��Y �� A question is that is this practically a level

� test�

Theoretically the critical point z�� is ���� when we expect the signi��

cance level is 
�
� We conduct m � �

� 


 replications to simulate the

following simulated probablity

pp �
�

m

mX
j��

I�n
���
�

�
���Y � ���X
�	��X

� � �� ����

When we set � � ���� ���� represents the probability of type I error� with

some distributions been used and various sample sizes that the results are

displayed in the following table�

Table �� Simulated probability of type I error when z�� � ����



��

sample size N�
� �� t��
� Laplace�
� ��
n � �
 
���� 
����� 
�����
n � 
 
���	� 
���	� 
�����
n � �

 
����� 
���	 
�����
n � 	

 
��	� 
��	�� 
��	��
n � 

 
����� 
��	�� 
�����
n � �


 
��	� 
��	�� 
��	��
n � �
� 


 
��	
� 
��	�� 
��	

n � �

� 


 
����� 
��	
� 
�����

Unfortunately ����� is not practically a level 
�
 test� We now� for each

distribution� choose a constant � such that ���� is approximately equal to


�
 and then further to simulate the power of ���� under case I and case

II distributions as follows

Case I� X � N�
� �� and Y � 
��N�
� �� � 
�������
� � ��

Case II� X � t��
� and Y � 
��t��
� � 
�������
� � ���

The results are displayed in Table � and Table �
�

Table �� Power performance comparison by simulation �Case I�



��

H� � � 	 � � � � � �
� � 
�

pm�c � 	���� 
�
	� 
���
� 
���
� 
�����
pp�c � 	���� 
�
�� 
��	� 
����� 
����	
� � 
�

pm�c � 	�	�� 
�

� 
����� 
����	 
�����
pp�c � 	���� 
�

� 
���� 
���� 
�����
� � 
��

pm�c � 	�	�� 
�

� 
����	 
��� 
�����
pp�c � 	��� 
�

� 
����� 
���	� 
�����
� � 
��

pm�c � 	���� 
�
	� 
��		� 
����� 
�����
pp�c � 	��	� 
�
�� 
����� 
����� 
���
	
� � 
��

pm�c � 	���� 
�
�� 
��		� 
����� 
�����
pp�c � 	��� 
�
��� 
����� 
���	� 
����
� � 
��

pm�c � 	���� 
�
�� 
��		 
����� 
�����
pp�c � 	���� 
�

 
���	� 
����� 
����

� � 
��

pm�c � 	���� 
�
	� 
��	�� 
����� 
�����
pp�c � 	���� 
�
�
 
����� 
����� 
����	
� � 
��

pm�c � ���� 
�

� 
����� 
����	 
���	
pp�c � 	��� 
�
�� 
���� 
����� 
�����
� � 
��

pm�c � ����� 
�
� 
��
�� 
��	� 
�����
pp�c � ����� 
�
��� 
���
 
����� 
�����
� � 
��

pm�c � 	
��� 
�

	 
���
� 
��	
� 
����
pp�c � ���� 
�

� 
����� 
���
 
���	�

Table �� Power performance comparison by simulation �Case II�



��

H� � � 	 � � � � � �
� � 
�

pm�c � 	��� 
�
��� 
����� 
����� 
��	��
pp�c � 	���� 
�

� 
����� 
����
 
����
� � 
�

pm�c � 	��	� 
�

� 
����	 
����� 
���
�
pp�c � 	�	�� 
�

� 
���	� 
����� 
�����
� � 
��

pm�c � 	���� 
�

� 
����� 
���� 
�����
pp�c � 	��� 
�
��� 
���
 
����� 
����
� � 
��

pm�c � 	��� 
�
��	 
���	 
����� 
�����
pp�c � 	��	� 
�

� 
����� 
����� 
�����
� � 
��

pm�c � 	��� 
�
� 
���� 
���� 
�����
pp�c � 	�� 
�
�� 
��
� 
����� 
����
� � 
��

pm�c � ��
� 
�
 
���	� 
����� 
���
�
pp�c � 	��� 
�
�
 
��	
� 
����� 
���


� � 
��

pm�c � ����� 
�
��� 
����� 
���
� 
��	��
pp�c � 	���� 
�
��� 
����� 
����� 
���	
� � 
��

pm�c � ��	� 
�

� 
���� 
��

� 
����
pp�c � 	���� 
�

	 
����� 
���� 
�����
� � 
��

pm�c � ��� 
�

 
����� 
���� 
��
��
pp�c � ��	�� 
�

� 
����� 
����� 
����
� � 
��

pm�c � 	�� 
�

	 
�	�	 
��� 
�����
pp�c � ���� 
�

� 
����	 
���
� 
��
��

The outlier mean and outlier proportion techniques are both powerful in

these settings of distribution� More interestingly the outlier proportion is

the more e�cient method in this comparison�

	� Appendix

Three assumptions for the asymptotic representation of the sample outlier

proportion test are as follows�

�� The limit �xy � limn��n���
n�
n�

exists�

	� Pobability density function fX of distribution FX is bounded away from



��

zero in neighborhoods of F��X ��� for � � �
� �� and the population cuto�

point ��

�� Probability density function fY is bounded away from zero in a neigh�

borhood of the population cuto� point ��

Proof of theorem ����

From the expression of ��Y in ������ we have

n
���
�

� ��Y��Y � � �n����
�

n�X
i��

�I�Yi � ��n
����
�

Tn��I�Yi � ����n
����
�

n�X
i��

�I�Yi � ����Y ��
�����

where

Tn � n
���
�

������ � n
���
�

��	� �F��X ������ �F��X �����	F��X ������F��X ������

With assumption ���� the key in this proof is that

n
����
�

n�X
i��

�I�Yi � � � n
����
�

Tn�� I�Yi � ���

� �����xy fY ���Tn � op��� ���	�

which may seen in Ruppert and Carroll ����
� and Chen and Chiang �������

With the following representation of empirical quantile�

p
n�� �F

��
X ���� F��X ����

� f��X �F��X ����n
����
�

n�X
i��

��� I�Xi � F��X ����� � op���� �����

�see� for example� Ruppert and Carroll ����
��� a Bahadur representation

of the outlier proportion is induced from ����������� as

n
���
�

� ��Y � �Y � �n
����
�

n�X
i��

���b� � ��� ��b��I�Xi � F��X ���� � ��b� � b��

I�F��X ��� � Xi � F��X ��� ��� � ����� ��b� � �b��

I�Xi � F��X ��� ���� � n
����
�

n�X
i��

�I�Yi � ��� �Y � � op����



�	

The asymptotic distribution in Theorem ��� is induced from the Central

Limit Theorem� �
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