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基 因 離 群 變 異 分 析 

 

      學生：鄭秌煒                       指導教授：陳鄰安 博士 

 

國立交通大學統計學研究所 

 

摘  要 

 

    在基因分析的研究中，尋找致病基因觀察值中的離群樣本是很重要的。離

群和或離群平均可以檢測離群值分配的集中趨勢，但無法偵測其他特性如離中

趨勢等。我們提出用離群變異數來做一個基因分的工具。我們推倒了離群變異

的大樣本分配並由此建立一個檢定方法。這個檢定方法與離群平均也一起比較

他們的檢力表現。另外我們提出由分位值來建立一個離群變異，這個離群變異

量可以省去估計機率密度的困難。 
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Outlier Variance for Gene Expression Analysis

SUMMARY

Discovering the existence of outliers in samples of in�uential genes is a very

new and important approach for gene expression analysis� The outlier sum

or outlier mean technique can detect the shift in central tendency for the

outlier data but not other characteristics such as spreadness for the outlier

data� We propose the outlier variance to measure the spreadness of the

outlier data as an alternative tool for gene expression analysis� Large sam�

ple theory for this outlier variance is then developed and a test based this

outlier variance is then compare with the outlier mean for their power per�

formances� To avoid the ine�ciency in estimating densities at tail quantiles

for an estimate of asymptotic variance of the sample outlier variance� we

further consider using the empirical quantile function as the sample cuto�

point to propose an alternative outlier variance based test�

�� Introduction

DNA microarray technology� which simultaneously probes thousands of

gene expression pro�les� has been successfully used in medical research for

disease classi�cation 	Agrawal et al� 	
��
�
 Alizadeh et al� 	
����
 Ohki et

al� 	
�����
 Sorlie et al� 	
������ Among the existed techniques in di�eren�

tial genes detection� common statistical methods for two�group comparisons

such as t�test� are not appropriate due to a large number of genes expressions

and a limited number of subjects available� Several statistical approaches

have been proposed to identify those genes where only a subset of the sam�

ple genes has high expression� Among them� Tomlins et al� 	
���� observed

that there is small number of outliers in samples of di�erential genes and

then introduced a method called cancer outlier pro�le analysis that identi�es

outlier pro�les by a statistic based on the median and the median absolute

deviation of a gene expression pro�le� With this observation� a sequence of

approaches then concentrated on detecting di�erential genes based on out�

lier samples while Tibshirani and Hastie 	
���� and Wu 	
���� suggested to

use an outlier sum� the sum of all the gene expression values in the disease

Typeset by AMS�TEX
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group that are greater than a speci�ed cuto� point� The common disad�

vantage of these techniques is that the distribution theory of the proposed

methods has not been discovered so that the distribution based p value can

not been applied� Recently Chen� Chen and Chan 	
���� proposed a new

version of outlier sum and its corresponding outlier mean and developed its

large sample theory that allows us to formulate the p value based on the

asymptotic distribution� In speci�c� they considered the parametric study

by specifying the normal distribution and performed simulation studies and

data analysis for gene expression analysis�

According to Tomlins et al� 	
����� gene expression analysis should con�

sider to verify if the distributions of variables of disease group subjects and

normal group subjects on the region excessing a speci�ed cuto� point are

identical� The outlier mean approach of Chen� Chen and Chiang 	
���� can

detect if the excessive means are di�erent� We know that summarizing the

outlier data by outlier mean or outlier sum may be e�cient when the central

tendencies of two outlier distributions on the excessive region are strongly

di�erent� However� it is known that it is not enough to detect just the shift

in distributional mean when there exists of a distributional shift� So� it

requires to measure other characteristics other than the central tendency of

the outlier data as alternatives for detection of in�uential genes� Here� in

this paper� we consider the measurement of outlier variance to detect the

shift in distributional spread or dispersion as an alternative� Interestingly

this study shows that using outlier variance in detection of in�uential genes

is much more e�cient than the outlier mean test�

In Section 
� we introduce the population outlier variance as a character�

istic for detection of distributional shift� In Section �� we study large sample

property of the sample outlier variance and� in Section �� we compare the

power performances between the tests based on outlier mean and outlier

variance� In Section �� we propose an alternative outlier variance based test

that avoids the estimation of densities and extreme quantiles for computing

the test statistic�



�

�� Population Outlier Variances

Let X and Y be expression variables for group of normal subject and

group of disease subject� respectively� with distribution functions FX and

FY � In a study that consists of n� subjects in the normal control group and

n� subjects in the disease group� suppose that there are m genes to be inves�

tigated� Their gene expression can be represented as Xij� i � �� 
� ���� n�� j �

�� ����m for normal control group and Yij � i � �� 
� ���� n�� j � �� 
� ����m for

the disease group�

An important observation by Tomlins et al� 	
���� from a study of

prostate cancer� outlier genes are over�expressed only in a small number

of disease samples� With de�ning a cuto� point �� determined from the

data of the variable X� Tibshirani and Hastie 	
���� and Wu 	
���� con�

sidered the sum of variables Y �i s that are over higher cuto� point �� given

by
Pn�

i�� YiI	Yi � ��� as a test statistic for detection if the disease group

distribution is di�erent from the normal group distribution� Latter Chen�

Chen and Chan 	
���� developed the asymptotic distribution for its aver�

age� called the outlier mean� �Yout � 	
Pn�

i�� I	Yi � ������
Pn�

i�� YiI	Yi � ���

for constructing a distribution based p value� Let � be the population coun�

terpart of the sample cuto� point ��� Basically the idea in this series of study

is to verify if the unknown population outlier means as follows

�X�out � E	XjX � �� and �Y�out � E	Y jY � �� 	
���

are the same� From now on� we suggest the population cuto� point of the

form � � 
F��X 	� � �� � F��X 	��� For stimulating the approach of outlier

variance� we show that testing equality of outlier means are not su�cient

for verifying equality of two distributions on excess region�

Consider the following distribution settings�

X � N	�� ��� Y � ���N	�� �� � ���N	�� 	��� 	
�
�

For given � and �� we display� in the following table� the parameter values

of � that induces �X�out � �Y�out�



�

Table �� Table of parameter � making �X�out � �Y�out when 	 � ���

� � � ���� ����� ���
� ���
� ����
� � ���� ����
 ����
 ����
 ����
 ����

� � ��� ����
 ����
 ����
 ����
 ����

� � ��
 
�
�� 
�
�� 
�
�� 
�
�� 
�
��
� � ��� ����� ����
 ����� ����
 �����
� � ��� ��

� ��
�� ��
�� ��
�� ���
�

The existence of equal population outlier means indicates that the outlier

mean approach can not solve this problem that two distributions on regions

exceeding � are de�nitely un�equal�

Known not enough to detect the di�erence in outlier means� a natural

alternative is to infer population outlier variance

	�Y�out � 
��Y Ef	Y � �Y�out�
�I	Y � ��g 	
�
�

for variable Y where 
Y � P 	Y � ��� This is to measure the degree to

which outlier observations are 	or are not� clustered around the outlier mean

�Y�out� This measure of a truncated dispersion do not take every observation

into account� The idea behind this approach is to verify if 	�Y�out is di�erent

from the population outlier variance for variable X as

	�X�out � 
��X Ef	X � �X�out�
�I	X � ��g 	
���

where 
X � P 	X � ���

We design situations that the population outlier means are identical for

comparing their corresponding population outlier variances� For the follow�

ing distribution setting�

X � N	�� �� and Y � ���N	����� �� � ���N	�� 	��� 	
���

we choose parameters 	 and � so that their corresponding outlier means

are identical and then to compute the ratios 	�X�out�	
�

Y�out� The results of

population outlier variances are listed in Table 
�

Table �� Ratio of population outlier variances 	�X�out�	
�

Y�out when popula�

tion outlier means are identical



�

� 	� � ���� ���� ����
���� ����� ����� ��
��

	� � ������ 	� � ������ 	� � ������
��� ����� ����� �����

	� � ������ 	� � ������ 	� � ������
��
 ���
� 
���� �����

	� � 
����� 	� � 
����� 	� � 
�����
��� ����� 
���� �����

	� � 
����� 	� � ������ 	� � ������
��� ����� ����� ��
�


	� � ������ 	� � ������ 	� � ���
��

When the ratio is �� the population outlier variances are also identical and

there is no chance to detect a distributional di�erence through outlier vari�

ance approach� Interestingly� the computed ratios in Table 
 for that their

corresponding outlier means are identical are all larger than � indicating

that a test based on outlier variance has an addtional chance for observing

distributional di�erence�

�� Sample Outlier Variance Based Gene Expression Analysis

Let �F��X be the empirical quantile function for estimating population

quantile function F��X and we estimate the cuto� point � by �� � 
 �F��X 	��

��� �F��X 	�� for some � � � � ���� We propose a sample outlier variance as

S�Y�out �	

n�X

i��

IfYi � 
 �F��X 	�� ��� �F��X 	��g���

n�X

i��

	Yi � �Yout�
�IfYi � 
 �F��X 	�� ��� �F��X 	��g 	����

This statistic using those observations from disease group exceeding the

sample cuto� point does provide a concise summary of dispersion for the

outlier data�

Let us now display the asymptotic properties of the outlier variance

S�Y�out� A Bahadur representation of S�Y�out and its asymptotic distribution

are stated in the follwoing theorem�

Theorem ���� Suppose that assumptions 	A�� and 	A�� in the Appendix

are true�



�

	a� A Bahadur representation of the outlier variance is

n
���
�

	S�Y�out � 	�Y�out�

���	�� ��af��X fF��X 	��g� 
�af��X fF��X 	�� ��g�n
����
�

n�X

i��

IfXi � F��X 	��g

� ��af��X fF��X 	��g� 
�af��X fF��X 	�� ��g�n
����
�

n�X

i��

IfF��X 	�� � Xi � F��X 	�� ��g

� ��af��X fF��X 	��g � 
	�� ��af��X fF��X 	�� ��g�n
����
�

n�X

i��

IfXi � F��X 	�� ��g

� 
��Y n
����
�

n�X

i��

f	Yi � �Y�out�
� � 	�Y�outgI	Yi � �� � op	���

where

a � 
��Y f	� � �Y�out�
� � 	�Y�outgfY 	��


���
xy

	b� n
���
�

	S�Y�out � 	�Y�out� converges in distribution to N	�� vY � where

vY ����	�� ��af��X fF��X 	��g� 
�af��X fF��X 	�� ��g��

� 	�� 
����af��X fF��X 	��g� 
�af��X fF��X 	�� ��g��

� ���af��X fF��X 	��g � 
	�� ��af��X fF��X 	�� ��g��

� 
��Y E�f	Y � �Y�out�
� � 	�Y�outg

�I	Y � ����

Following Theorem ���� the following variable

n
���
�

v
����
Y 	S�Y�out � 	�Y�out�

converge to N	�� �� in distribution� For testing if the distributions of Y

and X by outlier variance� we are testing this hypothesis by comparing two

outlier variances 	�Y�out and 	�X�out and then we should choose �	�X�out� an

estimate of 	�X�out and an estimate �v to form a test statistic

n
���
�

�v����	S�Y�out � �	�X�out� 	��
�



	

However� in literature� there are two choices for �v� it can be an estimate of

vY or an estimate of vX with

vX ����	�� ��af��X fF��X 	��g� 
�af��X fF��X 	�� ��g��

� 	�� 
����af��X fF��X 	��g� 
�af��X fF��X 	�� ��g��

� ���af��X fF��X 	��g � 
	�� ��af��X fF��X 	�� ��g��

� 
��X E�f	X � �X�out�
� � 	�X�outg

�I	X � ����

Hence there are two tests available based on outlier variance as

rejecting H� if n
���
�

�v
����
Y 	S�Y�out � �	�X�out� � z�� 	����

and

rejecting H� if n
���
�

�v
����
X 	S�Y�out � �	�X�out� � z�� 	����

where �vY and �vX are� respectively� estimates of vY and vX �

But how good are these two tests� An important part for an evaluation

is to verify its power performance when there exists positive outlier in data

of disease group�

�� Power Performance Evaluation

We evaluate the powers of test 	���� for several distributional settings�

An approximate power function for this test may be derived as follows�

pvy � PFY fn
���
�

�v
����
Y 	S�Y�out � �	�X�out� � z�g

� PFY fn
���
�

v
����
Y 	S�Y�out � 	�Y�out� � v

����
Y 	z��v

���
Y � n

���
�

	�	�X�out � 	�Y�out��g

� PfZ � v
����
Y 	z��v

���
Y � n

���
�

	�	�X�out � 	�Y�out��g

� PfZ � z� � n
���
�

v
����
Y 		�X�out � 	�Y�out�g 	����

Similarly� the test of 	���� has an approximate power as

pv � PfZ � z�	
vX
vY

���� � n
���
�

v
����
Y 		�X�out � 	�Y�out�g 	��
�






We are ready to study asymptotic powr for comparison with outlier mean

where the following distributional settings

Normal� X � N	�� ��� Y � N	�� 	��

Mixed normal� X � N	�� ��� Y � ���N	�� �� � ���N	�� 	��

Mixed �� � X � N	�� ��� Y � ���N	�� �� � ���	��	��� � ��

are considered where pm and pv represent� respectively� the powers for outlier

mean and outlier variance�tests�

Table �� Power performances of outlier mean and outlier variance tests

� � � 
 � � � � � �
Normal

� � ���� pm ����� ����� �
pv ����� ����� �����

� � ��
� pm ���
� ����� �
pv ����� ����� �����

� � ���� pm ����� � �
pv ����� ����� �����

� � ���� pm ����� � �
pv ����
 ����� �����

Mixed normal
� � ���� pm ��
�
 ���
� �����

pv ��
�� ����
 �����
� � ��
� pm ��
�
 ����
 ���
�

pv ����� ����� ����

� � ���� pm ��
�
 ���
� �����

pv ����� ����� �����
� � ���� pm ����� ��
�� �����

pv ����
 ����� ���
�
Mixed ��

� � ���� pm ���
� ����� �����
pv ����� ����� �����

� � ��
� pm ���
� ����� �����
pv ����� ����� �����

� � ��
�� pm ����� ���
� �����
pv ����� ����� �����

� � ���� pm ����� ����� �����
pv ����� ����� �����

We have several comments for the results in this table�



�

	a�� The power increases as location parameter � increses indicating that

when there are more wide outliers the outlier means and the outlier variance

are more e�cient in detection the existence of distributional di�erence�

	b�� Consider the location shift models 	Normal� Laplace and t distribu�

tions�� The outlier means and outlier variances with cuto� point of larger

percentage � are relatively more powerful� Hence� choosing smaller cut�

o� point 	larger �� is advisable for application when there is a di�erence

in location parameter� However� in this distributional settings� the outlier

variance with smaller � 	���� is not a poweful one�

	c�� For a distributional di�erence of only a small proportion of sample

points 	Mixed normal�� the outlier mean with all percentages are ine�cient

with small powers� However� the outlier variances are relatively more pow�

erful especially for larger ��s�

	d�� In an over all comparison� since there is speci�c distribution being

known in nonparametric hypothesis testing and it is supposed to have only

a small proportion of outliers in the in�uential genes� the outlier variance

with cuto� point of � larger than ��
� is recommended�

For veri�cation of the above conclusions� we consider the mixed normal

distribution case with 	 � � to compute the following ratios

�m � ���X�out�Y�out� �v � 	��X�out	Y�out�

Table �� Outlier mean ratio and outlier standard deviation ratio

� � � 
 � � � � � �
� � ����� �m ��
�� ����� �����

�v ����� ����� �����
� � ���� �m ����� ����� �����

�v ����� ��
�� ����

� � ��
� �m ����� ����� 
�
��

�v ���
� ����� ���


� � ���� �m ����� ����� 
��
�

�v ����� ����� ����

� � ���� �m ����� ����� 
���


�v ����
 ����� �����



��

The ratios of population outlier variance are much larger than the corre�

sponding ratios of population outlier means that provides a message for the

e�ciencies in powers obtained from the outlier variance test�

We further consider the following distributional settings for comparison�

Model I� X � Laplace	�� ��� Y � ���Laplace	�� �� � ���Laplace	�� ���

Model II� X � t	���� Y � ���t	��� � ���	��	��� � ��

and the results are listed in Table ��

Table �� Power performances of outlier mean and outlier variance tests

� � � 
 � � � � � �
Model I

� � ���� pm ��

�� ��
�� ������
pv ���
�� ������ ������

� � ��
� pm ��
��
 ��
��� ��
���
pv ������ ������ ������

� � ��
�� pm ��
��� ��
��� ��
��
pv ����� ������ ������

� � ���� pm ������ ��



 ��
���
pv ������ ������ ���
��

Model II
� � ���� pm ����
 ����� �����

pv ���
� ����� ����

� � ��
� pm ����� ���
� ����

pv ���
� ���
� ���
�
� � ��
�� pm ����� ����� �����

pv ����� ����
 �����
� � ���� pm ����
 ����� �����

pv ����� ����� �����
� � ���� pm ����� ����� ����


pv ����
 ����� �����

We have several comments drawing from the results in the above table�

	a� On Model I� the two methods are both not very powerful in detection

of in�uential genes� However� the outlier variance seems to be much more

better�

	b� On Model II� the two methods are more powerful in the purpose� The

outlier means show better in smaller ��s and the outlier variances show bet�



��

ter in larger ��s� This provides a guidence for users in choosing appropriate

outlier mean and outlier variance�

	c� In overall evaluation� the outlier variance method seems to be quite

robust of with powers larger than ��� in all situations� This observation

indicates that the outlier variance approach for gene expression analysis

seems to be desirable in application since� in gene expressions� the underlying

distribution is generally non�normal�

Suppose that an outlier mean test is conducted and it results in accep�

tance of equal outlier means� From Table 
� it is seen that larger values

of 	�Y�out than 	�X�out shows that an left handed one sided outlier variance

based test in this situation is appropriate� We propose the following left

handed outlier variance test�

rejecting H� if n
���
�

�vY
����	S�Y�out � �	�X�out� � �z�

An approximate power function may be derived as follows�

pvB � PfZ � �z� � n
���
�

v
����
Y 		�X�out � 	�Y�out�g�

We list the computed powers for distributions of 	
��� with 	 � � in Table

��

Table �� Power performance for outlier variance B test when outlier means

are identical

� � � ����� ���� ���� ���� ����
pm ���� ���� ���� ���� ����
pvB
���� ����
 ����
 ����
 ����
 ����

��� ����� ����� ����� ����� �����
��
 ���
� ����� � � �
��� ��
�� ��
�� ����� ����� �
��� ����� ����� ����
 ����� �����

This observation shows that when we accept the null hypothesis of equal

outlier means through the outlier mean based test it suggests to further test

the outlier variance by left hand one sided test�



��

�� Outlier Variance With Quantile Based Cuto	 Point

The test based on outlier variance S�Y�out requires to estimate density

points fXfF
��

X 	��g and fXfF
��

X 	� � ��g 		b� of Theorem ����� There is

generally no satisfactory solution for this estimation unless the sample sizes

are large enough� Here we consider an alternative design of the cuto� point

for a new outlier variance� We let � � F��X 	
� and �� � �F��X 	
�� In the

following� we state the large sample theory for this outlier variance�

Theorem ���� Suppose that assumptions 	A�� and 	A�� in the Appendix

are true�

	a� A Bahadur representation of the outlier variance is

n
���
�

	S�Y�out � 	�Y�out�

�� 
��Y f	F��X 	
�� �Y�out�
� � 	�Y�outgfY 	F

��

X 	
��f��X 	F��X 	
��	
xy�
���n

����
�

n�X

i��

	
 � I	Xi

� F��X 	
��� � 
��Y n
����
�

n�X

i��

�	Yi � �Y�out�
� � 	�Y�out�I	Yi � F��X 	
�� � op	���

	b� n
���
�

	S�Y�out � 	�Y�out� converges in distribution to N	�� vY � where

vY �
	�� 
�
��Y f	F��X 	
�� �Y�out�
� � 	�Y�outg

�	fY 	F
��

X 	
��f��X 	F��X 	
����
xy

� 
��Y E�f	Y � �Y�out�
� � 	�Y�outg

�I	Y � F��X 	
�����

We may consider asymptotic variance vY under the assumption that Y

and X have the same distribution setting by

vX � 
��X �
	��
�f	F��X 	
���X�out�
��	�X�outg

�
xy�E�f	X��X�out�
��	�X�outg

�I	X � F��X 	
�����

This variance save the e�ort in estimating unknown density points� An

outlier variance based test may be stated as

rejecting H� if n
���
�

�v
����
X 	S�Y�out � �	�X�out� � z�� 	����

It is interesting to study the power performance of this outlier variance

based nonparametric test for models with only a small proportion of the data



��

in disease group been shifted� Observed from Tomblins et al� 	
����� this

happen in some regular cancer genes� We �rst consider the mixed normal

distribution�

Table 
� Power performances of new outlier mean and outlier variance test

for mixed normal distribution

� � 
 � � � � � �
� � ���


 � ���� pm ���
� ����� �����
pv ����� ����� �����


 � ����� pm ����� ����� �����
pv ����� ����� �����


 � ���� pm ����� ����� ����

pv ����
 ����� �����


 � ����� pm ����� ����� �����
pv ����� ����� �����

� � ��


 � ���� pm ����� ����� �����

pv ����� ����� �����

 � ����� pm ����� ����� �����

pv ����� ����� �����

 � ���� pm ����� ����� �����

pv ����� ����� �����

 � ����� pm ����� ����� ���
�

pv ����� ����
 �����

The use of quantile to construct the cuto� point still shows the advantage

better performance by the outlier variance approach� Also� by comparing

with the results in Table �� the use of quantile for constructing the cuto�

point is competitive with using quantile combination for constructing the

cuto� point�

We further consider the following distribution settings�

Case I� X � N	�� �� and Y � ���N	�� �� � ���	��	��� � ��

Case II� X � t	��� and Y � ���t	��� � ���	��	��� � ��

for investigation and the results are displayed in Table ��

Table �� Power performances of new outlier variance test



��

� � 
 � � � � � �
Case I


 � ���� pm ����� ����� �����
pv ����� ����� �����


 � ����� pm ����� ����� �����
pv ����� ����� �����


 � ���pm ����� ����� �����
pv ����� ����� �����


 � ����� pm ����� ����� �����
pv ����� ����� �����

Case II

 � ���� pm ����� ����� �����

pv ����� ����� ����


 � ����� pm ����� ����� �����

pv ����� ����� �����

 � ���pm ����� ����� �����

pv ����� ����� �����

 � ����� pm ����� ����
 �����

pv ���
� ����� �����

The outlier mean and outlier variance are performed quite well in models

Case I and Case II� This support the observation by Tomlins et al� 	
����

that when outliers exist in in�uential genes the gene expression techniques

should take the outliers into more consideration� The following table is to

display the results with designing the use of vY for constructing the quantile

based outlier variance�

Table �� Power performances of new outlier variance test with implemet

of estimate vY 	� � ����

� � 
 � � � � � �
Case I

 � ��� ����� ����
 �����

 � ���� ���
� ����� �����

 � ��� ����� ����� �����

 � ���� ����� ����� �����
Case II

 � ��� ����� ����� ����


 � ���� ����� ���
� �����

 � ��� ����� ����� ����


 � ���� ����� ����� �����



��

The results showed above are less powerful than the implement of estimate

vX � The test 	���� that is based on vY is not with bene�t of avoiding the

estimation of density points�

�� Simulation study

We consider a simulation study in the comparison of the quantile based

outlier variance with the outlier mean and classical two sample t test� De�n�

ing estimates

�
X �
�

n�

n�X

i��

I	Xi � �F��X 	
��� ��X�out �

Pn�
i��XiI	Xi � �F��X 	
��
Pn�

i�� I	Xi � �F��X 	
��
�

�	�X�out �

Pn�
i��	Xi � ��X�out�

�I	Xi � �F��X 	
��
Pn�

i�� I	Xi � �F��X 	
��
�

Suppose that we have test statistic T � n
���
�

�v
����
X 	S�Y�out � �	�X�out� and

its observation at ith replication is Ti� We search constant c such that

���� �
�

m

mX

i��

I	Ti � cjH� � FY � FX� 	����

and then apply this constant as the cuto� point to evaluate the following

power

�

m

mX

i��

I	Ti � cjH���

In the follwoing tables� we list the simulated probability under H� at the

simulated constant c and the simulated powers under distributions Case I

and Case II�

Table �
� Power performance comparison by simulation 	Case I� n� � n� �

���



��

H� � � 
 � � � � � �

pt ����� ����� ����
 �����

 � ���

pm	c � 
���� ����
� ������ ������ ������
pv	c � ����� ����� ������ ������ ������

 � ����

pm	c � 
�
�� ������ ������ �����
 ������
pv	c � ����� ������ ������ ����� �����


 � ���

pm	c � 
�
�� ������ �����
 ������ ������
pv	c � ����� ������ ������ ������ ������

 � ����

pm	c � 
���� ����
� ���

� ������ ������
pv	c � ���� ������ �����
 �����
 ������

 � ���

pm	c � 
���� ������ ���

� ������ ������
pv	c � ����� ������ ������ ������ ������

 � ����

pm	c � 
���� ������ ���

� ������ ������
pv	c � ��
�� �����
 �����
 ������ ������

 � ���

pm	c � 
���� ����
� ���
�� ������ ������
pv	c � ���� ������ ������ ������ ������

 � ����

pm	c � ���� ������ ������ �����
 ����

pv	c � ����� ������ ������ ����
 ����
�

 � ���

pm	c � ����� ����� ������ ���
� ������
pv	c � 
���� ������ ������ ����� ������

 � ����

pm	c � 
���� �����
 ������ ���
�� ������
pv	c � 
��� ��
��
 ���
�� ������ ���
��

Table ��� Power performance comparison by simulation 	 Case II� n� �

n� � ���



�	

H� � � 
 � � � � � �

pt ����� ����� ����� ����


 � ���

pm	c � 
���� ������ ������ ������ ���
��
pv	c � ����� ���� ������ �����
 �����


 � ����

pm	c � 
��
� ������ �����
 ������ ������
pv	c � ����� ������ ������ ������ ������

 � ���

pm	c � 
���� ������ ������ ������ ������
pv	c � ����� ������ ������ �����
 ������

 � ����

pm	c � 
���� �����
 ����
� ������ ������
pv	c � ����� ������ ������ ������ �����


 � ���

pm	c � 
���� ����� ������ ����� ������
pv	c � ���� ������ ������ ������ �����


 � ����

pm	c � ����� ���� ����
� ������ ������
pv	c � ������ ������ ����
� �����
 �����



 � ���
pm	c � ����� ������ ������ ������ ���
��
pv	c � ������ ������ ������ ���� ������

 � ����

pm	c � ��
�� ������ ����� ������ ������
pv	c � 
���� ������ ���

� ������ ������

 � ���

pm	c � ����� ������ ������ ������ ������
pv	c � ��� ������ ������ �����
 ���
��

 � ����
pm	c � 
�� �����
 ���
�
 ����� ������
pv	c � 
��� ������ ���
�� ���
�� ���
�

We have several comments on these simulated results�

	a� The outlier mean and outlier variance techniques are both more powerful

than the two samples t test showing that applying all data for inferences is

not appropriate�

	b� More interestingly the outlier variance is the most e�cient method in

this comparison�



�



� Appendix

Three assumptions for the two sample outlier variance test are as follows�

ASSUMPTION �� The limit 
 � limn��n���n��
�
n� exists�

ASSUMPTION 
� Pobability density function fX of distribution FX is

bounded away from zero in neighborhoods of F��X 	�� for � � 	�� �� and the

population cuto� point ��

ASSUMPTION �� Probability density function fY is bounded away from

zero in a neighborhood of the population cuto� point ��

Proof of Theorem ���� With Assumption 
� a representation of �F��X 	��

such as

n
���
�
f �F��X 	���F��X 	��g � f��X fF��X 	��gn

����
�

n�X

i��

���IfXi � F��X 	��g��op	���

	����

implies that �� � 
 �F��X 	� � �� � �F��X 	�� satis�es T � n
���
�

	�� � �� � Op	��

	Ruppert � Carroll� ������ First� we can rewrite the sample outlier variance

as

S�Y�out � 	
n�X

i��

I	Yi � �����
n�X

i��

�	Yi � �Y�out�
� � 	�Yout � �Y�out�

��� 	��
�

A Bahadur representation of �Yout in Chen� Chen and Chan 	
���� indicates

that n
���
�

	 �Yout � �Y�out� � Op	�� which leads to the fact that n
���
�

	 �Yout �

�Y�out�
� � op	�� and we may write the sample outlier variance in the fol�

lowing

n
���
�

	S�Y�out � 	�Y�out�

�n
���
�

	

n�X

i��

I	Yi � ������
n�X

i��

�	Yi � �Y�out�
� � 	�Y�out��I	Yi � � � n

����
�

T �� I	Yi � ���

� n
���
�

	

n�X

i��

I	Yi � ������
n�X

i��

�	Yi � �Y�out�
� � 	�Y�out�I	Yi � �� � op	���

	����

With 	A��� Assumptions � and �� and techniques from Ruppert � Carroll

	����� and Chen � Chiang 	������ we may see that

n
����
�

n�X

i��

�	Yi � �Y�out�
� � 	�Y�out��I	Yi � � � n

����
�

T �� I	Yi � ���
	����

� �f	� � �Y�out�
� � 	�Y�outgfY 	��T � op	���



��

The �rst term on the right hand side of 	��
� may be formulated as

n��
�

n�X

i��

I	Yi � ��� � n��
�

n�X

i��

I	Yi � �� � op	��� 	����

Plugging 	���� into 	����� the theorem is followed from 	�����	����� �

The proof of Theorem ��� is quite similar to the above one so tat we skip it�
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