
 

國 立 交 通 大 學 
 

物理研究所 
 

碩 士 論 文 

 

 

 

 

Bianchi type I 宇宙模型探討 

 
A study on the Bianchi type I model universe 

 

 

 

 

 

 

                研 究 生：陳俊憲 

                指導教授：高文芳  教授 

 

 

 

 

 

中 華 民 國 九十九 年 六 月 

 

  



   

 

       Bianchi type I 宇宙模型探討 

 

               A study on the Bianchi type I model universe 

 

 

 

 

 

           研 究 生：陳俊憲          Student：Chun-Hsien Chen 

           指導教授：高文芳          Advisor：W.F. Kao 

 

 

 

國 立 交 通 大 學 

物 理 研 究 所 

碩 士 論 文 

 

 
A Thesis 

Submitted to Institute of Physics 

College of Science 

National Chiao Tung University 

for the Degree of  

Master 

in 

 

Physics 

 

June 2010 

 

Hsinchu, Taiwan, Republic of China 

 

 

中華民國九十九年六月 

  

 

  
 



Bianchi type I ��!�¢�

x��sÊ² ��Y��Ø�³ Y�

�Ë¤�'xi��v@©ëí

XXX ���

��x¶þ6	c��8x��¨9��!�vB�LºZ���WI�îMò

å Bianchi z����à¯f!�ê�ÿ³y�ýÏ�ö�������������
Gû�G�� de Sitter space Bz� é���(ØýÏ�Ér�Zîc�¼/	��
x¶�e�Ø!ò���îcé���!��&~0��G����¨9ã���

�¢W|þ��6/i�����s0Ë9 Wald 	Ü�������<��¨�G
-������wË¼ Bianchi type I z��(�e�Ø!�Í�!���	ûq0~
ú� de Sitter z�ã�cº�G�z�ã� ����å®þ�¹�Iæ���G
�ã�º/i���

i



A study on the Bianchi type I model universe

Student�Chun-Hsien Chen Advisor�Prof. W.F. Kao

Institute of Physics

Nation Chiao Tung University

ABSTRACT

Robert Wald showed that anisotropically expanding universes will evolve to a stable
de Sitter space for a large class of Einstein gravity models with a positive cosmological
constant under certain energy conditions. A detailed review is presented in this paper. It
is also found that a class of Bianchi type I expanding solutions exist in the presence of the
higher derivative corrections. We provide a detailed derivation of the field equations, and
solve for the expanding solutions in a systematic manner. This class of anisotropically
expanding soltuions are shown to be unstable by perturbating the field equations in the
presence of the expanding background solution.
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Chapter 1

Introduction

��ºá��	��í«� �¨9B�����¨9������ïåª/�	

8xMý��Ï4���_ïåª/�ê6LX(��Í��Ø!�!�����v

(��!�����/& ��8Ñ0¨Ñ¼ de Sitter ¦�/��Í��²L���
�²L���HßW Robet M. Wald ����*îc���!��¢�[1]�

�H���»�ã�ºU(��é�Á	´2_6����*��´<��

Ë�ö�1ý��0��þX����'è�Ü¼��!���v�ý/G-(

Friedmann-Robertson-Walker symmetry (Gû�G�)�2L�	º(�� supercooled
B�(øI�B�)��x¨9|��ÅÁ��|þ�´2� ����L%}� �v
false vacuum fú� stress energy �_(Õ�x¹�
"�����'���8x Λ
��. Friedmann-Robertson-Walker !����L� äº�,���ïý«¤�\
(Gû�G��±+WþX���(*N´<��Ë�ö�

�����^G����!�ú|����¨B�����_1/�����Ö�

/^ Friedmann-Robertson-Walker ���!�/&�|�´2��/(ò�	´2
�MÐ��^ Friedmann-Robertson-Walker ���/&�«És�

Ü¼å
�	��x¶Ðú����ó�@	(c��8x��¨9��!���

8Ñ�¨�¼ de Sitter Bz�

�WI���ó����I�d� type IX � Bianchi Bz����!���¨�
¼��� de Sitter Bz�� type IX � Bianchi Bz����!��(��8x Λ  
'�_�/�d�F���Z type IX Ë9����P����/�����B�Þ
0 de Sitter Bz��ó�

��n Bianchi ���Õ�x���ï�1 Einstein ¹��

Gab = −Λgab + 8πTab (1.0.1)

Gab /ÏðBzPË�~U5Ï�Tab /Ïðiê�H�ýÏÕÏ5Ï�v- Tab

��/1 nonvacuum (´2B�¢{�����G- Tab Å�&�;ýÏ�ö�7ý

Ï�ö1}�

;ýÏ�ö�@	 timelike ta �� Tabt
b / timelike � null� Tabt

atb ≥ 0 �ø
¼7ýÏ�ö�G/ (Tab − 1

2gabT )tatb ≥ 0�

¥����(0��Ë<P6¹�(Einstein 4¹�)�

0 = Gabn
anb − Λ− 8πTabn

anb (1.0.2)
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v-�na /Gû�sb�Õ�Ï�

�ïå1gèZ trace ��ë��

0 = Rabn
anb + Λ− 8π(Tab −

1
2

gabT )nanb (1.0.3)

v-�Gabn
anb � Rabn

anb ïå«Gû�òb�	~U�dòb
��ò� Kab

h:��Hº�¹¿����ã Kab �v trace K � trace-free σabièý�

Kab = 1
3

Khab + σab (1.0.4)

v-�

K ≡ Kabh
ab (1.0.5)

hab /z�¦��hab ≡ gab + nanb � hab /v inverse�σab / shear ((�á/vé
c hab �^Ò�)�

(�(å
¹�������(0 Raychaudhuri ¹��

K̇ = −1
3

K2 − σabσ
ab + ωcaωca −Rcdncnd (1.0.6)

ïå�0G¼�òb
� K � K̇ �

K2 = 3Λ + 3
2

σabσ
ab − 3

2
(3)R + 24πTabn

anb (1.0.7)

K̇ = Λ− 1
3

K2 − σabσ
ab − 8π(Tab −

1
2

gabT )nanb (1.0.8)

(3)R /Gû�sb��Ïò�� K̇ / K  proper time �®��(3)R ï1z�
1¤�Nãx�PË8x5Ï Ca

bc f��

(3)R = −Ca
abC

c b
c + 1

2
Ca

bcC
c b
a −

1
4

CabcC
abc (1.0.9)

¥��� (3)R (æ��b�h:����vÍ1�'ê Cc
ab = −Cc

ba � Ca
ab h

:��

2



Cc
ab = M cdϵdab + δc

[aAb] (1.0.10)

v- Aa ≡ Cb
ba�Mab ≡ 1

2ϵacd(Cb
cd − δb

cAd) � M cd = Mdc
�¼/�ïå(5Ï Mab

� vector Aa ����

�0 (3)R �

(3)R = −3
2

AbA
b − (MabM

ab − 1
2

M2) (1.0.11)

��� (3)R /cx�GÅ�u� MabM
ab < 1

2M2
�6���1��ê	 type IXM

�&� MabM
ab < 1

2M2
�àd�d type IX K��@	� Bianchi !����	�

(3)R ≤ 0 (1.0.12)

þ(����n^ type IX � Bianchi !���;ýÏ�ö�7ýÏ�ö�I�
(1.0.12) (¼ K2

�K̇ �

K̇ ≤ Λ− 1
3

K2 ≤ 0 (1.0.13)

1 K2 ≥ 3Λ ïå�ú K (���N�-���Nö�_1/ K (ÐB�/'¼
ö�G�ô'¼ö�»(ÐB����/¨9�G��ô¨9�»)�_1/�

K ≥ (3Λ)
1
2 (1.0.14)

6��¹�� (1.0.13) _±+��

1
K2 − 3Λ

dK

dτ
≤ −1

3
(1.0.15)

��I�M����ïå�0�

K ≤ (3Λ) 1
2

tanh( τ
α
)

(1.0.16)

v-�α ≡ ( 3
Λ) 1

2�

¼/�K <�Ë¼�P (3Λ) 1
2 �B�:¦ α å�x¥Ñ¼(3Λ) 1

2 �
P
(3Λ)

1
2

tanh( τ
α

) �

��@�g�¼/���|þ K <�ë��¥Ñ (3Λ) 1
2 �Þ0 K2 ����¹��

(1.0.16) �0�
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σabσab ≤
2
3

(K2 − 3Λ) ≤ 2Λ
sinh2( τ

α
)

(1.0.17)

1
�_ïå�ú shear �ë��¥Ñ¼ö�ø�0�K2 �¹�� (1.0.16) _±+
�iêýÏÆ¦«P6�

Tabn
anb ≤ Λ

8π

1
sinh2( τ

α
)

(1.0.18)

¼/1 sinh2( τ
α
) ïå�ú�@	� Tabn

anb �ë��¥Ñ¼ö�

Tab → 0

σab → 0

K → (3Λ)
1
2

���v σab → 0 B K → (3Λ) 1
2 ��ö�±+W��B�	Ü�z�¦��b�(

��B���Ñ<¼�

hab(τ) = e
2(τ−τ0)

α hab(τ0) (1.0.19)

�/��	Ô�� ��¦��6��{�ôz�ò� (3)Rab �¨�¼ö�¼/�

�PÖú��Ë¨9^ type IX� Bianchi���(��B� τ ≫ αÅÁ����¨�
¼å8x¨9� K = (3Λ) 1

2 G�0¨9���sf�z�(	Ô�� �¦��{ý�
ôz�sÑ�ï��¹�ò�G�)�_1/¥Ñ¼ de Sitter Bz���!7¿���
(��B�Å/ de Sitter �F��{�0/ de Sitter �PÖ�¼/ Wald PÖú�
&�;ýÏ�ö�7ýÏ�ö� Einstein ��!����'è�^G��Bz(Bianchi
I-VIII)��� de Sitter Bz�

�æ
�Wald ò�G-ýÏÕÏ5Ïó�&�Ð.b��F/�&h:@	�
ýÏÕÏ5Ï�i(�y%0�vò��!�«�e0ã©øÖ Lagrangian áB�
��°�K�ã( Λ > 0 B��|�[12]���ã�^G�'�´2��(��B�
¨Ñ¼ de Sitter Bz��±+�����B� de Sitter ��,�(Ø!��e�ïý
�úþÍ�����

íð����ó�¢W�-Ö�1 EinsteinÍ�!����!Û��ª�( Bianchi
I-VIII z���iê��u�7ýÏ�ö�G��(�����B���� de Sitter
Bz[6]�ÍN�ª���u�dýÏ�ö���!Û���ý«I��_ïýú
þÍ��

���ÕÊå\�ìå��îc����!�( Bianchi type space �c��8x
��fú�ã�6��dã�/ de Sitter _�/8Ñ�¨Ñ¼ de Sitter ��Ö
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�ò���!�f��4¹��!å
B��®��"��G�ã�NG�

ãïå«G�/!i��©��àº�(�Ö�P6K��@å�@	ãú��ã�

/Ï�ý	i��©��dÇá���I��É1®þ�ã�P6�BH ^G�¨9
ã/i���

(Ø!��Í�!�����,�¹Õ»Ö�KÕ¹�á�i�'Ç
/ðã��

��¡(��.�!�!Ü�¹Õ»Ö�4¹���^G��®þ_àdô¹�«÷

L�

���e_�����

(i) (���!�!Ü�¹Õ��04¹��(d4¹��&�
	�
¹ÕÖ��4¹��)�� BH �ã�&�d¹Õ�4¹���

(ii) ^G��®þïåô¥(d4¹��
«÷L����ïå�0�
!�!Ü�®þ�Ú'!x�¹���

(iii)( BH ¦���®þ¹���ïåô¥0«Ö����å����
¹�«Hþ�

(iv)����~0�i��!��@å�BH �ã(^G�®þ�/
i���
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Chapter 2

Bianchi type I space

2.1 Metric tensor

¦�z�/(metric space)��Æ��(v-ïå�©(��Æ��C K��Ýâ
��õ�z��~U'ê�ô¼@xÇ�¦�(metric)��N�(��¦�ïåË 
��~U�vx���P�ûq xi �¦�5Ï gµν ïå(éch:�

Bianchi type I �¦�º�

ds2 = −b2(t)dt2 + a2
1(t)dx2 + a2

2(t)dy2 + a2
3(t)dz2 (2.1.1)

G� B(t) ≡ 1
b2(t) �gµν ( Bianchi type I �éch:º :

gµν =


− 1

B
0 0 0

0 a2
1 0 0

0 0 a2
2 0

0 0 0 a2
3

 (2.1.2)

vÍéc� gµν ( Bianchi type I �h:º :

gµν =


−B 0 0 0
0 1

a2
1

0 0
0 0 1

a2
2

0
0 0 0 1

a2
3

 (2.1.3)

v- determinant º�
√
−g = a1a2a3√

B
(2.1.4)
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2.2 Christoffel symbol

2L��B�(0KÌ¯X»>&_(Christoffel symbol) ���¦��ÜÂ/ :

Γa
bc = 1

2
gad (∂bgcd + ∂cgbd − ∂dgbc) (2.2.1)

�© Hi ≡ ȧi

ai
for i = 1 ∼ 3 �KÌ¯X»>&_( Bianchi type I h:º :

Γ0
µν =


− Ḃ

2B
0 0 0

0 Ba2
1H1 0 0

0 0 Ba2
2H2 0

0 0 0 Ba2
3H3

 (2.2.2)

Γ1
µν =


0 H1 0 0

H1 0 0 0
0 0 0 0
0 0 0 0

 (2.2.3)

Γ2
µν =


0 0 H2 0
0 0 0 0

H2 0 0 0
0 0 0 0

 (2.2.4)

Γ3
µν =


0 0 0 H3
0 0 0 0
0 0 0 0

H3 0 0 0

 (2.2.5)

7



2.3 Components of Riemann tensor

Îü5Ï (Riemann tensor) /¦���!®��(KÌ¯X»>&_�h:º :

Rd
cba = −∂aΓd

bc − Γe
cbΓd

ae − (a←→ b) (2.3.1)

ÐG��s��¹¿�� :

Rab
cd = gbeRa

ecd (2.3.2)

( Bianchi type I space �, @	^ö�Îü5Ï�Ïº :

Rti
tj = 1

2
[
HiḂ + 2B

(
Ḣi + H2

i

)]
δi

j (2.3.3)

Rij
kl = HiHjBϵijmϵmkl (2.3.4)

����xÇ B = 1 � Ḃ = 0 �Gïåh:� :

R01
01 = Ḣ1 + H2

1 (2.3.5)

R02
02 = Ḣ2 + H2

2 (2.3.6)

R03
03 = Ḣ3 + H2

3 (2.3.7)

R12
12 = H1H2 (2.3.8)

R23
23 = H2H3 (2.3.9)

R31
31 = H3H1 (2.3.10)
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2.4 Components of Ricci tensor

Ricci tensor/ Riemann tensors�
�.u (contraction)�( Bianchi type I space
��@	^ö�ÌG5Ï�Ïº Rµ

v = Rµα
vα :

R0
0 = 1

2
Ḃ(3H) + B(H2

1 + H2
2 + H2

3 + Ḣ1 + Ḣ2 + Ḣ3) (2.4.1)

R1
1 = 1

2
ḂH1 + B[H1 (H1 + H2 + H3) + Ḣ1] (2.4.2)

R2
2 = 1

2
ḂH2 + B[H2 (H1 + H2 + H3) + Ḣ2] (2.4.3)

R3
3 = 1

2
ḂH3 + B[H3 (H1 + H2 + H3) + Ḣ3] (2.4.4)

v-�3H = H1 + H2 + H3�º���¹¿�ä B = 1�

R0
0 = H2

1 + H2
2 + H2

3 + Ḣ1 + Ḣ2 + Ḣ3 (2.4.5)

R1
1 = H1 (H1 + H2 + H3) + Ḣ1 (2.4.6)

R2
2 = H2 (H1 + H2 + H3) + Ḣ2 (2.4.7)

R3
3 = H3 (H1 + H2 + H3) + Ḣ3 (2.4.8)

(4¹��������@(0�ý�/ B = 1�

9



2.5 Scalar curvature

(Îü~U-��Ïò� (scalar curvature) /��ÎüAb�!®�ò��x�
ÎüAb�Ï�Þ��Ïò�/rÞDÑ~U���æx�

�Ïò�h:º R = Rµ
µ�/ Ricci tensor � trace�( Bianchi type I space �h:

��

R = Ḃ(3H) + 2B
(
H2

1 + H2
2 + H2

3 + Ḣ1 + Ḣ2 + Ḣ3 + H1H2 + H2H3 + H3H1
)

(2.5.1)

º���¹¿�ä B = 1�

R = 2
(
H2

1 + H2
2 + H2

3 + Ḣ1 + Ḣ2 + Ḣ3 + H1H2 + H2H3 + H3H1
)

(2.5.2)

(4¹��������@(0�ý�/ B = 1�

10



Chapter 3

Field equations

3.1 Least action principle

��\(��� (Least action principle) ïåúË�.ú,�KÕ¹���(Í�
¹b�ÏðÍ�� Einstein field equation ïå1��\(����ú�ê�\(
(action) ���1ïå�0KÕ¹���(D�á	�s0� Einstein field equation ¨
��� introdution @ª����(� Lagrangian � eò���!��

Action�

S = 1
2

∫
d4x
√
−g

[
R + αR2 + βRµ

vRν
µ − 2Λ

]
(3.1.1)

Lagrangian�

L =
√
−gL =

√
−g

[
R + αR2 + βRµ

vRν
µ − 2Λ

]
(3.1.2)

Largrangian density�

L = R + αR2 + βRµ
vRν

µ − 2Λ (3.1.3)

v-�α�β �_ïª/iê�\(�

Action  gµν �����0îcN��!�ò�� Einstein field equation :

Rµν − 1
2Rgµν − 1

2αgµνR2 − 1
2βRσρRσρgµν + 2α (RRµν + gµν�R−∇µ∇νR)

+2β(Ra
νRaµ −∇a∇νRa

µ + 1
2�Rµν + 1

2gµν∇a∇bR
ab) = 0

(3.1.4)
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3.2 Field equations

� Einstein 4¹�����ºïå�0�º�KÕ¹���F/��� Einstein 4
¹���Ë»���q��mG1�q�®��0¹�� ����ðã'(I/�0
Ðy�b�� Einstein 4¹���1Å�Z�û��)�¥�������(���!
®�¹Õ�ô¥\(á@	��xZ���_1/� Euler equation ú|�ïå�0
B�è��4¹�� Friedmann equation �z�è��4¹������á���x
(��xºÈ/ factor Hi�Í°1Kº B equation � ai equation�å�º¨� :

�H���Å���å0ä B(t) = 1 Ö6ïå!����_ïå¹���úB
z�1'�F/_�z1�Bz���Ç
(á-�@å��Å�H� B(t) ��
��v\/����x�(¨�óÐ��¦�1ïå�� B(t) = 1 ãe���e
Lagrangian �Bz1'����0 B equation (B equation �+W B(t) �	�Ç

�/� non-redundant ¹���¡K�Bã�/~�i�KýÅ��(�	��
ª���ïå�© Einstein 4¹��º Hµν ≡ Gµν + Tµν �1 DµTµν = 0 � Bianchi F
I� DµGµν = 0 �ïå�ú DµHµν = 0�_1/ (∂t + 3H) Htt + HiHii = 0 �(ê	
	��x{	Û�¹������$·	��¹��/����G���òå Htt �

H11 � H22 /ö�G1å H33 _/ö���òå9� H11 � H22 � H22 �êýåS

Htt /�� constant ��ö�f�����/��Htt ïýe�_1/ B equation /
� non-redundant ¹��)�

HÔ�0��Ë��	�x B(t)�Ḃ(t)�ai(t)�ȧi(t)�äi(t) �� action  B(t) Z
�� ��0��4¹�� :

∂L

∂B
− d

dt

∂L

∂Ḃ
= 0 (3.2.1)

� Lagrangian ë� :

∂
√
−gL

∂B
− d

dt

∂
√
−gL

∂Ḃ
= 0 (3.2.2)

� Lagrangian density �ÔMè��� :

L∂
√
−g

∂B
+
√
−g

∂L
∂B
− d

dt

(
√
−g

∂L
∂Ḃ

)
= 0 (3.2.3)
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v-�
√
−g = V√

B
�V ≡ a1a2a3�®���� :

LV
(
− 1

2B
3
2

)
+
√
−g

∂L
∂B
− V̇√

B

∂L
∂Ḃ

+ Ḃ

2B
3
2
V

∂L
∂Ḃ
− V√

B

d

dt

∂L
∂Ḃ

= 0 (3.2.4)

�X −2B
3
2

V
:

L − 2B
∂L
∂B

+ 2B (3H) ∂L
∂Ḃ
− Ḃ

∂L
∂Ḃ

+ 2B
d

dt

∂L
∂Ḃ

= 0 (3.2.5)

� B(t) -º 1 :

L − 2 ∂L
∂B

+ 2 (3H) ∂L
∂Ḃ

+ 2 d

dt

∂L
∂Ḃ

= 0 (3.2.6)

¥���e Lagrangian �Bz1'Zå��ãÛ :

∂L
∂B
−→ Hi

2
∂L
∂Hi

+ Ḣi
∂L
∂Ḣi

∂L
∂Ḃ
−→ Hi

2
∂L
∂Ḣi

�d�!�!Ü�¹Õ�ïå�04¹�����_1Kº B equation �v-
i = 1 ∼ 3 :

L+ Hi

(
d

dt
+ 3H

)
Li −HiLi − ḢiLi = 0 (3.2.7)

v- 3H ≡ H1 + H2 + H3 Li ≡ ∂L
∂Hi

Li ≡ ∂L
∂Ḣi

æ���� action  ai(t) Z����0æ��4¹�� :

∂L
∂ai

− d

dt

∂L
∂ȧi

+ d2

dt2
∂L
∂äi

= 0 (3.2.8)

ãe :

L = a1a2a3L (3.2.9)

@å�0 :

13



L
ai

+ ∂L
∂ai

−
(

d

dt
+ 3H

)
∂L
∂ȧi

+
(

d

dt
+ 3H

)2
∂L
∂äi

= 0 (3.2.10)

G-��ò� Largrangian density (È/ factor Hi � Ḣi h:��sW����

x_�ÿÛ :

∂L
∂ai

= ∂L
∂Hi

∂Hi

∂ai

+ ∂L
∂Ḣi

∂Ḣi

∂ai

= − 1
ai

HiLi −
1
ai

(
Ḣi −H2

i

)
Li (3.2.11)

∂L
∂ȧi

= ∂L
∂Hi

∂Hi

∂ȧi

+ ∂L
∂Ḣi

∂Ḣi

∂ȧi

= 1
ai

HiLi −
2
ai

HiLi (3.2.12)

∂L
∂äi

= ∂L
∂Hi

∂Hi

∂äi

+ ∂L
∂Ḣi

∂Ḣi

∂äi

= 1
ai

Li (3.2.13)

ïå�01Kº ai equation �_1/æ��4¹��v- i Öz¼ ai ��� :

L+
(

d

dt
+ 3H

)2

Li −
(

d

dt
+ 3H

)
Li = 0 (3.2.14)

v- 3H ≡ H1 + H2 + H3 Li ≡ ∂L
∂Hi

Li ≡ ∂L
∂Ḣi
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3.3 B equation and ai equation in Bianchi type I space

� B equation � ai equation :

L+ Hi

(
d

dt
+ 3H

)
Li −HiLi − ḢiLi = 0 (3.3.1)

L+
(

d

dt
+ 3H

)2

Li −
(

d

dt
+ 3H

)
Li = 0 (3.3.2)

v- 3H ≡ H1 + H2 + H3 Li ≡ ∂L
∂Hi

Li ≡ ∂L
∂Ḣi

� B equation � ai equation ë� :

L+ Hi

(
d

dt
Li + 3HLi

)
−HiLi − ḢiLi = 0 (3.3.3)

L+ d2

dt2L
i + 3H

d

dt
Li + d

dt

(
3HLi

)
+ 9H2Li −

(
d

dt
Li + 3HLi

)
= 0 (3.3.4)

�úi¹��Ï�èý� Largrangian density ( Bianchi type I space ��Ï �v
- i ̸= j �s�� i′ = 1 ∼ 3 :

L = R + αR2 + βRµ
vRν

µ − 2Λ (3.3.5)

Li = 2 (3H + Hi) + 4αR (3H + Hi) + 2β
(
2R0

0Hi + Ri′

i′Hi′ + 9H2Hi

)
(3.3.6)

Li = 2 + 4αR + 2β
(
R0

0 + Ri
i

)
(3.3.7)

L̇i = 2
(
3Ḣ + Ḣi

)
+ 4α

(
3HṘ + HiṘ + 3ḢR + ḢiR

)
+ 2β(Ṙi′

i′

Hi′ + Ri′
i′Ḣi′ + 9H2Ḣi + 2Ṙ0

0Hi + 2R0
0Ḣi + 18HḢHi)

(3.3.8)

L̇i = 4αṘ + 2β
(
Ṙ0

0 + Ṙi
i

)
(3.3.9)

L̈i = 4αR̈ + 2β
(
R̈0

0 + R̈i
i

)
(3.3.10)
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� Largrangian density � Ricci tensor � scalar curvature (È/ factor h: :

Ṙ = 2
(
2HiḢi + Ḧi + ḢiHj

)
(3.3.11)

R̈ = 2
(
2Ḣi

2 + 2HiḦi + H
(3)
i + ḦiHj + ḢiḢj

)
(3.3.12)

Ṙ0
0 = 2HiḢi + Ḧi (3.3.13)

R̈0
0 = 2

(
Ḣi

2 + HiḦi

)
+ H

(3)
i (3.3.14)

Ṙi
i = 2

(
HiḢi + ḢiHj

)
+ Ḧi (3.3.15)

R̈i
i = 2

(
Ḣi

2 + HiḦi + ḦiHj + ḢiḢj

)
+ H

(3)
i (3.3.16)

v- 3Ḣ ≡ Ḣ1 + Ḣ2 + Ḣ3�
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B equation in Bianchi type I space :

(����������}� B equation ZÂx�����^ (! α�β ��èý
h:*îc�Bz5Ï�Ï�	 α�β ��èýh:Ø� Ricci � scalar îcÍ��Ö
�îc�) :

B0 + α(Bα
−4 + Bα

16 + Bα
8 + Bα

24) + β(Bβ
−2 + Bβ

2 + Bβ
4 + Bβ

8 )− 2Λ = 0 (3.3.17)

v- ( i�j�k = 1 ∼ 3 � i ̸= j )�

B0 = HiHj

Bα
−4 = −(2H2

i −HiHj)(2H2
i + HiHj)− 4Ḣi

2

Bα
16 = 8ḢiHjHk

Bα
8 = 4

(
2H2

i Ḣi + 18ḦH − ḢiḢj

)
Bα

24 = 24HiḢiHj

Bβ
−2 = − (2H2

i −HiHj) H2
i

Bβ
2 = −2Ḣi

2 − ḢiḢj + 2ḦiHj

Bβ
4 = 2(2H2

i Ḣi + ḢiHjHk + ḦiHi)

Bβ
8 = 8HiḢiHj

17



ai equation in Bianchi type I space :

(����������}� ai equation ZÂx�����^ (! α�β ��èý
h:*îc�Bz5Ï�Ï�	 α�β ��èýh:Ø� Ricci � scalar îcÍ��Ö
�îc�) :

ai(0) + α(aα
i(4) + aα

i(8) + aα
i(12) + aα

i(16) + aα
i(20) + aα

i(24) + aα
i(32))

+β(aβ
i(2) + aβ

i(4) + aβ
i(6) + aβ

i(8) + aβ
i(10))− 2Λ = 0

(3.3.18)

v- ( i�j�k = 1 ∼ 3 � i ̸= j )�

ai(0) = 2H2
j + 2Ḣj + HiHj

aα
i(4) = 4

(
H4

j −H4
i −H2

i H2
j

)
aα

i(8) = 8
[
−H3

i Hj + H3
j Hk −H2

i Ḣi + H2
j Ḣi − 1

2H2
i HjHk

+HiHjḢi + HiHjḢj + HiHjḢk + HiḦj + 3H(3)

]

aα
i(12) = 12

(
Ḣi

2 + 1
2H2

j H2
k

)
aα

i(16) = 16
(

H2
j Ḣk + 1

2ḢiHjHk + 3HḦi + ḢiḢj + HkḦj

)
aα

i(20) = 20Ḣj
2

aα
i(24) = 24

(
H2

j Ḣj + 1
2ḢjḢk + HjḦj

)
aα

i(32) = 32HjḢjHk

aβ
i(2) = 2

[
−H4

i + H4
j −H3

i Hj −HiH
3
j + H3

j Hk + 1
2H2

i HjHk −HiH
2
j Hk

+H2
j Ḣi + H2

i Ḣj −HiHjḢj + HiHkḢj + HiḦj + H
(3)
j

]

aβ
i(4) = 4

(
1
2H2

j H2
k + H

(3)
i −H2

i Ḣi + H2
j Ḣk + HjḦk

)
aβ

i(6) = 6
(
3Ḣ2 + ḢiḢj + HjḦj

)
aβ

i(8) = 8
(
H2

j Ḣj + 3HḦi + 3
2ḢHjHk

)
aβ

i(10) = 10HiḢiHj

3H(3) = H
(3)
1 + H

(3)
2 + H

(3)
3

3Ḣ2 = Ḣ2
1 + Ḣ2

2 + Ḣ2
3

D�á���	 B equation � ai equation �s0���_� Bianchi type I space
6e0
	��4¹���¹Õá�� B equation � ai equation ZWI��ïåIæ
B equation � ai equation ºæ/4¹���
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3.4 Solutions of field equations

��G�ã�b�º�x8xB�!¹¨9���«�1dº BH ¦� (ê¹
¿����x8xB�!¹�-���e�1hµ� B equation �ai equation ( Hi

º8x�#P�@åãú��ã�hµ��������#P) :

a1 = eat a2 = ebt a3 = ect

Hi�Ḣi�Ḧi�H
(3)
i �� :

H1 = a H2 = b H3 = c Ḣi = Ḧi = H
(3)
i = 0

��e BH ¦���¹�����

B equation :

2 (ab + bc + ca)− 4α(a2 + b2 + c2 − ab− bc− ca)(a2 + b2 + c2 + ab

+bc + ca)− 2β (a2 + b2 + c2 − ab− bc− ca) (a2 + b2 + c2)− 2Λ = 0
(3.4.1)

a1 + a2 + a3 equation :

2 (2a2 + 2b2 + 2c2 + ab + bc + ca)− 4α (−a2 − b2 − c2 + ab + bc + ca)

(a2 + b2 + c2 + ab + bc + ca)− 2β (−a2 − b2 − c2 + ab + bc + ca) (a2+

b2 + c2)− 6Λ = 0

(3.4.2)

º�¹¿����© :

X ≡ a2 + b2 + c2 Y ≡ ab + bc + ca

B equation :

Y + 2α
(
−X2 + Y 2

)
+ β

(
−X2 + XY

)
= Λ (3.4.3)

a1 + a2 + a3 equation :

2X + Y + 2α (X − Y ) (X + Y ) + βX (X − Y ) = 3Λ (3.4.4)

ïåãú X = −1−8αΛ
2β

Y = 1+8αΛ+4βΛ
2β

�#�DG��ã�

(v-æ�Dã X = Λ �Y = Λ º de Sitter space �ã)
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3.5 Energy conditions

9Ú Wald ��à�G�ýÏÕÏ5Ï&�;ýÏ�ö�7ýÏ�ö�G��B�
�/�� de Sitter space �¼/��¥���WI���ýÏÕÏ5Ï�//&��
#P��ö�

ýÏÕÏ5Ïïåh:��écèý :

Gµ
v + Λgµ

v = −Φµ
v =


−ρ 0 0 0
0 p1 0 0
0 0 p2 0
0 0 0 p3

 (3.5.1)

v-�7ýÏ�ö�;ýÏ�ö�Iù¼ :

Strong energy condition : ρ + P ≥ 0 ρ + pi ≥ 0

Dominant energy condition : ρ ≥ |P |

Weak energy condition : ρ + P ≥ 0 ρ ≥ 0

Null energy condition : ρ + P ≥ 0

¥�����(���ûqBz��ýÏ�ö��$����ûqBz/&&��

B equation � a1 + a2 + a3 equation :

Y + 2α
(
−X2 + Y 2

)
+ β

(
−X2 + XY

)
= Λ (3.5.2)

2X + Y + 2α (X − Y ) (X + Y ) + βX (X − Y ) = 3Λ (3.5.3)

1 X = −1−8αΛ
2β

� Y = 1+8αΛ+4βΛ
2β

��ïå�0�

X + Y = 2Λ (3.5.4)
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� Gµ
v + Λgµ

v ��ïåã� :

ρ = Y − Λ (3.5.5)

P = −2X − Y + 3Λ (3.5.6)

Strong energy condition :

ρ + P = −2X + 2Λ

= −2X + (X + Y )

= −X + Y

= −a2 − b2 − c2 + ab + bc + ca < 0

��SsG'¼~UsG�a ̸= b ̸= c	

Dominant energy condition :

ρ− |P | = Y − Λ− |−2X − Y + 3Λ|

= Y − Λ−
∣∣∣−1

2 (a2 + b2 + c2) + 1
2 (ab + bc + ca)

∣∣∣
= Y − Λ− 1

2 (a2 + b2 + c2) + 1
2 (ab + bc + ca)

= − (a2 + b2 + c2) + (ab + bc + ca) < 0

��SsG'¼~UsG�a ̸= b ̸= c	

Weak energy condition :

ρ + P = −2X + 2Λ

= −2X + (X + Y )

= −X + Y

= −a2 − b2 − c2 + ab + bc + ca < 0

ρ = Y − Λ

= ab + bc + ca− 1
2 (a2 + b2 + c2 + ab + bc + ca)

= −1
2 (a2 + b2 + c2 − ab− bc− ca) < 0
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��SsG'¼~UsG�a ̸= b ̸= c	

Null energy condition :

ρ + P = −2X + 2Λ

= −2X + (X + Y )

= −X + Y

= −a2 − b2 − c2 + ab + bc + ca < 0

��SsG'¼~UsG�a ̸= b ̸= c	

Energy conditions ýÿ³�_1/9Ú Wald ��à�ýIæ/&/ de Sitter
�¼/�±+W��B�	ïý/G��F�¥�����Z®þ�¢W�#P�

ªÕ�
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Chapter 4

Perturbation

¥�����ó�~ú Bianchi type I space �i��ã�¼/ B equation �
ai equation ®þ (q 4 �¹��)�Bianchi identity J4�� ai equation -	1'�
ïå�ev-��¹���@å���®þ� equation i�	��º�¹¿����
�x(vÚ'D��B equation � a1 equation � B + a1 + a2 + a3 (trace) equation �
Z®þ�

4.1 Perturbation and the set

dÀ���º��0 B equation � a1 equation �®þ¹���� Lagrangian U
���áb� Hi ZþÕ�6�Ö(v��®þ�¹����#P���Ï/ãx
�

U� (D�	�0 perturbation equations �e_) :

�Hº�¹¿�����G�®þº���xb�(BH �b�) :

ai(t) = eAi(t)

δAi ≡ kie
vt

v-�1�#�-��§���îpïå« ki 86��_/�G��®þ��

v @ãh�/®þ�i��&(v > 0 ãhþÕ�¨B��1�_ãh�ê�B� 
w�G��ã1��	_��0�#P�þÕK�1/i�)�

δHi ®þ :

Hi = Ȧie
Ai

eAi
= Ȧi ⇒ δHi = δȦi = vkie

vt = vδAi

� B equation � ai equation á�È/8xÛ� :

Hi → Hi + δHi = Hi + vδAi

Ḣi → Ḣi + δḢi = Ḣi + v2δAi

Ḧi → Ḧi + δḦi = Ḧi + v3δAi

H
(3)
i → H

(3)
i + δH

(3)
i = H

(3)
i + v4δAi
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���e_���� B equation Zå�®þ�Ö��®þ��»*®þ�èý�(

 BH ¦��U��è�¼D�K- :

Hi → Hi + vδAi�Ḣi → Ḣi + v2δAi�Ḧi → Ḧi + v3δAi

_1/�

Dfirst−order(BH)
µ L(X + δX)−DµL(X) = 0 (4.1.1)

���HHH������úúú B perturbation equation :

2A + α
[
−4 (B − A) (B + A)− 4C + 16G + 8 (D + E − F ) + 24I

]
+β[−2 (B − A) B + 2 (−C − F ) + 2M + 4 (D + G + O) + 8I]− 2Λ = 0

(4.1.2)

v- :

A = 1
2(Hi + vδAi)(Hj + vδAj)

B = (Hi + vδAi)2

C =
(
Ḣi + v2δAi

)2

D = (Hi + vδAi)2(Ḣi + v2δAi)

E =
(
Ḧi + v3δAi

)
(Hi + vδAi)

F = 1
2

(
Ḣi + v2δAi

) (
Ḣj + v2δAj

)
G = 1

2

(
Ḣi + v2δAi

)
(Hj + vδAj) (Hk + vδAk)

I = (Hi + vδAi)
(
Ḣi + v2δAi

)
(Hj + vδAj)

M =
(
Ḧi + v3δAi

)
(Hj + vδAj)

O =
(
Ḧi + v3δAi

)
(Hi + vδAi)
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�#�� ai equation å�U���U��è�¼D�K- :

Hi → Hi + vδAi�Ḣi → Ḣi + v2δAi�Ḧi → Ḧi + v3δAi�H
(3)
i → H

(3)
i + v4δAi

���úúú ai perturbation equation :

2P + α[−4 (Q + R) (B + A) + 8 (S + T + U) + 24
(
C̄ + D̄ + Ē

)
+ 16(X + Y +

Z + Ā + B̄) + 12V + 20W + 32F̄ ] + β[−2 (Q + R) B + 2
(
Ḡ + H̄ − Ī

)
+ 2(J̄+

K̄ + L̄) + 4(M̄ − N̄ + Y + Ē) + 6
(
C + F + Ē

)
+ 8

(
C̄ + Ā + Ō

)
+ 10H] + 2Λ = 0

(4.1.3)

v- :

P = (Hj + vδAj)2 +
(
Ḣj + v2δAj

)
+1

2 (Hj + vδAj) (Hk + vδAk)

Q = (Hi + vδAi)2 − (Hj + vδAj)2

R = (Hi + vδAi) (Hj + vδAj)− 1
2 (Hj + vδAj) (Hk + vδAk)

S =
(

3Ḣ + 3v2δA
) (

Hj + vδAj

) (
Ḣi + v2δAi

)
T = (Hi + vδAi)

(
Ḧj + v3δAj

)
U = −

(
Ḣi + v2δAi

)
(Hi + vδAi)2 + (Ḣj + v2δAj) (Hj + vδAj)2

V =
(
Ḣi + v2δAi

)2

W =
(
Ḣj + v2δAj

)2

X = 1
2

(
Ḣi + v2δAi

)
(Hj + vδAj) (Hk + vδAk)

Y = (Hj + vδAj)2
(
Ḣk + v2δAk

)
Z =

(
Ḣi + v2δAi

) (
Ḣj + v2δAj

)
Ā = (Hi + vδAi + Hj + vδAj)

(
Ḧi + v3δAi

)
B̄ = (Hj + vδAj)

(
Ḧk + v3δAk

)
C̄ = (Hj + vδAj)2

(
Ḣj + v2δAj

)
D̄ = 1

2

(
Ḣj + v2δAj

) (
Ḣk + v2δAk

)
Ē = (Hj + vδAj)

(
Ḧj + v3δAj

)
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F̄ = (Hj + vδAj)
(
Ḣj + v2δAj

)
(Hk + vδAk)

Ḡ = H
(3)
j + v4δAj

H̄ = (Hi + vδAi) (Hj + vδAj)
(
Ḣk + v2δAk

)
Ī = (Hi + vδAi) (Hj + vδAj)

(
Ḣj + v2δAj

)
J̄ = (Hi + vδAi)2

(
Ḣj + v2δAj

)
K̄ =

(
Ḣi + v2δAi

)
(Hj + vδAj)2

L̄ = (Hi + vδAi)
(
Ḧj + v3δAj

)
M̄ = H

(3)
i + v4δAi

N̄ = (Hi + vδAi)2
(
Ḣi + v2δAi

)
Ō = 1

2

(
3Ḣ + 3v2δA

)
(Hj + vδAj) (Hk + vδAk)

3δA = δA1 + δA2 + δA3
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4.2 First-order perturbation equations for BH metric

¥�����Ö®þN�� B perturbation equation�ai perturbation equation �
��®þ δA1�δA2�δA3 ���� BH ¦� 6e�¼/1ïå�0 BH ¦���
first-order B perturbation equation � first-order ai perturbation equation (���x(
�/ i = 1 �®þ¹��)�

BH ¦¦¦��������� first-order B perturbation equation :

Bp
A1 + Bp

A2 + Bp
A3 + α(Bpα

A1 + Bpα
A2 + Bpα

A3) + β(Bpβ
A1 + Bpβ

A2 + Bpβ
A3) = 0 (4.2.1)

v-�

Bp
A1 = 2v (b + c) δA1

Bp
A2 = Bp

A1 (a↔ b b↔ c c↔ a)

Bp
A3 = Bp

A1 (a↔ c b↔ a c↔ b)

Bpα
A1 =

[
8v3 (a + b + c) + 8v2 (a2 + 3ab + 2bc + 3ca)
−8v (2a3 + b2a− b2c + c2a− c2b− 2abc)

]
δA1

Bpβ
A1 =

[
2v3 (2a + b + c) + 4v2 (a2 + 2ab + bc + 2ca)− 2v(4a3−
b3 − c3 − 3a2b− 3a2c + 4b2a− b2c + 4c2a− c2b− 2abc)

]
δA1

Bpα
A2 = Bpα

A1 (a↔ b b↔ c c↔ a)

Bpα
A3 = Bpα

A1 (a↔ c b↔ a c↔ b)

Bpβ
A2 = Bpβ

A1 (a↔ b b↔ c c↔ a)

Bpβ
A3 = Bpβ

A1 (a↔ c b↔ a c↔ b)
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BH ¦¦¦��������� first-order a1 perturbation equation :

ap
1(A1) + ap

1(A2) + ap
1(A3) + α(apα

1(A1) + apα
1(A2) + apα

1(A3)) + β(apβ
1(A1) + apβ

1(A2) + apβ
1(A3)) = 0 (4.2.2)

v-�

ap
1(A1) = 0

ap
1(A2) = 2v (a + b + c) δA2

ap
1(A3) = ap

1(A2) (b↔ c)

apα
1(A1) =

[
8v4 + 16v3 (a + b + c) + 8v2(−a2 + b2 + c2 + ab + 2b
c + ca) + 8v (−2a3 − b2a− 3ba2 − 3ca2 − c2a− 2abc)

]
δA1

apα
1(A2) =

[
8v4 + 8v3 (a + 3b + 2c) + 8v2(ab + 3b2 + ca + 4bc+
2c2) + 8v(−a3 − b2a + 2b3 − ca2 + 3b2c + 3bc2 + c3)

]
δA2

apα
1(A3) = apα

1(A2) (b↔ c)

apβ
1(A1) =

[
4v4 + 3v3 (a + b + c) + 2v2(−2a2 + 5ab + b2 + 4bc + c2 + 5ca)
+2v(−4a3 − b3 − c3 − 3a2b− 3a2c− b2c + 2c2a− c2b + 2abc)

]
δA1

apβ
1(A2) =

[
2v4 + 2v3 (a + 3b + 2c) + 2v2(a2 − ab + 4b2 + ac + 4bc + 2c2)
+2v(−a3 − 3ab2 + 4b3 + a2c− 2abc + 3b2c− c2a + 4c2b + c3)

]
δA2

apβ
1(A3) = apβ

1(A2) (b↔ c)

����0 first-order a2 perturbation equation ê� :

a→ b�b→ c�c→ a

����0 first-order a3 perturbation equation ê� :

a→ c�b→ a�c→ b
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4.3 Perturbation B + a1 + a2 + a3 (trace) equation

¥����º�¹¿�Ö� trace field equation ���¡( [5] Barrow equation
(2�3�4)�d¹����ºô¥ gµν ���

Gµν + Φµν + Λgµν = 0 (4.3.1)

v-�

Gµν = Rµν −
1
2

Rgµν (4.3.2)

Φµν = 2αR(Rµν − 1
4Rgµν) + (2α + β)(gµν�−∇µ∇ν)R

+β�(Rµν − 1
2Rgµν) + 2β(Rµσνρ − 1

4gµνRσρ)Rσρ

(4.3.3)

B + a1 + a2 + a3 equation (1[5] Barrow equation (2�3�4) Z trace ��) :

−R + 2 (3α + β)�R + 4Λ = 0 (4.3.4)


�®þ�

−δR + 2 (3α + β) δ�R = 0 (4.3.5)

v-�

δR = 4HiδHi + 2δḢi + 2HjδHi (4.3.6)

δ�R = −2
[

HiδḦi + δH
(3)
i + HjδḦi + 6H

(
2HiδḢi + δḦi + HjδḢi

) ]
(4.3.7)

ãeδHi = vδAi�δḢi = v2δAi�δḦi = v3δAi�δH
(3)
i = v4δAi

( BH ¦�Åb�� δ�R ��� :

δ�R = −v (v + a + b + c) δR (4.3.8)

t�ú perturbation B + a1 + a2 + a3 (trace) equation :

[−1− 2 (3α + β) v (v + a + b + c)] δR = 0 (4.3.9)
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�ïå�ú−1− 2 (3α + β) v (v + a + b + c) = 0 � δR = 0�

1 −1− 2 (3α + β) v (v + a + b + c) = 0 Hãú 2 � v (v =
−a−b−c±

√
(a+b+c)2− 2

(3α+β)

2 )
�!�����K���@(� trace equation 1( δR = 0 ãÿsï�

º��À��¹¿���� δR = 0 ë��

δR = Rp
A1 + Rp

A2 + Rp
A3 = 0 (4.3.10)

v-�

Rp
A1 = 2(v2 + 2av + bv + cv)δA1

Rp
A2 = 2(v2 + av + 2bv + cv)δA2

Rp
A3 = 2(v2 + av + bv + 2cv)δA3
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4.4 Solve perturbation equations

1
~À����0� B perturbation equation � ai perturbation equation �
perturbation trace equation (( δR = 0 ãhsï)�

First-order B perturbation equation :

Bp
A1 + Bp

A2 + Bp
A3 + α(Bpα

A1 + Bpα
A2 + Bpα

A3) + β(Bpβ
A1 + Bpβ

A2 + Bpβ
A3) = 0 (4.4.1)

First-order a1 perturbation equation :

ap
1(A1) + ap

1(A2) + ap
1(A3) + α(apα

1(A1) + apα
1(A2) + apα

1(A3)) + β(apβ
1(A1) + apβ

1(A2) + apβ
1(A3)) = 0 (4.4.2)

Perturbation trace equation ���

δR = Rp
A1 + Rp

A2 + Rp
A3 = 0 (4.4.3)

�	��_/��xÇ�ã�oË¹���0d���ïåH�,�ã� v �x
î�B perturbation equation / v 	!¹���a1 perturbation equation / v Û!¹�
��δR = 0 / v �!¹���@åi�=qÉr	 9 Dã�

¥��º�!������� Bp
A1 + Bp

A2 + Bp
A3 � ap

1(A1) + ap
1(A2) + ap

1(A3) X


fαβ ≡ −4α (a2 + b2 + c2 + ab + bc + ca)− 2β (a2 + b2 + c2) = 1����Pïå� X + Y
�0�_/ BH ã�P6�

�ã�º	�oË¹�� :

 F1 F2 F3
F4 F5 F6
F7 F8 F9


 δA1

δA2
δA3

 =

 0
0
0

 (4.4.4)

v-�

F1 = Bp
A1fαβ + αBpα

A1 + βBpβ
A1

F2 = Bp
A2fαβ + αBpα

A2 + βBpβ
A2

F3 = Bp
A3fαβ + αBpα

A3 + βBpβ
A3

F4 = ap
1(A1)fαβ + αapα

1(A1) + βapβ
1(A1)

F5 = ap
1(A2)fαβ + αapα

1(A2) + βapβ
1(A2)
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F6 = ap
1(A3)fαβ + αapα

1(A3) + βapβ
1(A3)

F7 = Rp
A1

F8 = Rp
A2

F9 = Rp
A3

àº��G��®þb� δA1�δA2�δA3 ºö�ºö�q1�	®þ�¼/

det

 F1 F2 F3
F4 F5 F6
F7 F8 F9

 = 0 //���ö�ïåã�@	 v < :

v = 0 (ÛÍ9) �	®þ

v = −a− b− c (	Í9) v- 0 = ak1 + bk2 + ck3

v = −1
2

(
a + b + c±

√
9a2 + 9b2 + 9c2 − 6ab− 6bc− 6ca

)
v-�

k2

k1
= − (2a2 − 2b2 + 2c2 − 2ab− 2bc + 2ca + av − 2bv + cv)

2a2 − 2b2 − 2c2 + 2ab− 2bc + 2ca + 2av − bv + cv

k3

k1
= − (2a2 + 2b2 − 2c2 + 2ab− 2bc− 2ca + av + bv − 2cv)

2a2 − 2b2 − 2c2 + 2ab− 2bc + 2ca + 2av − bv + cv

ïå�ú k1 /��ïå¿§�à �<��Ð�/�
k2
k1
á�����ýß k3

k1
á

���î�� _�ïå�ãºG�Ð¹��'Ô�ë�q��	��ê6�_6�

�b����æ��¹��'�

º�º�i�ã���ïå�I��

4 (a− b)2 +4 (b− c)2 +4 (c− a)2 =
(
9a2 + 9b2 + 9c2 − 6ab− 6bc− 6ca

)
−(a + b + c)2 > 0

(4.4.5)

¼/� √
9a2 + 9b2 + 9c2 − 6ab− 6bc− 6ca > a + b + c (4.4.6)

a + b + c−
√

9a2 + 9b2 + 9c2 − 6ab− 6bc− 6ca < 0 (4.4.7)

�0 v = −1
2

(
a + b + c−

√
9a2 + 9b2 + 9c2 − 6ab− 6bc− 6ca

)
> 0 /����i

�ã�
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Chapter 5

Conclusions

6	c��8x� Einstein !����������/ de Sitter space ���G
û�G��z���ó�( Bianchi space ��6	c��8x� Einstein !����
�_��d�F/�6	c��8x� Einstein !���(�:¦�Å�Zîc�¼
/��x¶�e�ò��Ø!��îc��!��&|þ������	ïý�"�

�å�øá�P����B�G�����

��d�Z�¢W�Iæ�#���G��ã/U(��i��ÀK�B�

G�����/�	ïý|����� G-����U(��Gû�G��z�á

-�x(� Bianchi type I space ��e�Ø!�Í�!��ãú� de Sitter �ã�^
de Sitter �ã��f�®þ���Iæ�d��!�®þ�G��ã/i���
(�áÐ���G�ã�i�K_ò�æ�	��x¶~ú�N���¡(�

¹Õ��

�����A��

(i) (���!�!Ü�¹Õ��04¹��(d4¹��&�
	�
¹ÕÖ��4¹��)�� BH �ã�&�d¹Õ�4¹���

(ii) ^G��®þïåô¥(d4¹��
«÷L����ïå�0�
!�!Ü�®þ�Ú'!x�¹���

(iii)( BH ¦���®þ¹���ïåô¥0«Ö����å����
¹�«Hþ�

(iv)����~0�i��!��@å�BH �ã(^G�®þ�/
i���

�,�ª�ó��0ýÏÕÏ5Ï�Ö�Bz�¦�($v/Ø�ò�îc�
Largrangian )�/	����Ü¦��F���( Bianchi type I space ���(�
���!�!Ü�¹Õ�ïåå�N�ã¦�04¹��(ãx���¹�)�_~0�
^ de Sitter �ã�6�ô2�e��»IæãK-Á	i�K��.¹ÕÅë�
�	H�ôcº�ªÕ/ïå��	����Ü¦ûI(q�®�Û��,O®�)(_
1���ãx����Fd�Ü¦ï¤�ûf��.¹Õ���_�!®(��hT

ú)�ddK����!�!Ü�y'�_ïå����(Ý��!���~
��ýÏÕÏ5Ï�

��~0�i�K�Ö6�ý�h�&z����(��B�G�(Ð���
x¶��Õ)�F/ó�Ð����/�f���� de Sitter ��¹�@åtÇ�v�
P�º���~0� de Sitter ã�^ de Sitter �ã��ÈI��^ de Sitter �ã/
i���(��ê6L�iý���¼i���óÕ������B�/ de Sitter �
�ªÕ��ý�ºøá�
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DDD��� A

A.1 Derive the introduction

��ºá��	��í«� �¨9B�����¨9������ïåª/�

	8xMý��Ï4���_ïåª/�ê6LX(��Í��Ø!�!����à

d��v(��!�����/& ��8Ñ�¨Ñ¼ de Sitter ¦�1/��Í��
²L����²L���HßW Robet M. Wald ����*îc���!��¢��

�H����ã�ºU(��é�Á	´2_6����*��´<��

Ë�ö�1ý��0��þX����'è�Ü¼��!���v�ý/G-(

Friedmann-Robertson-Walker symmetry (Gû�G�)�2L�	º( supercooled B
�(øI�B�)(¨@¨9�·{���iê�w�ø���.ø��¸#·{B�
ÝPN��4�ÝúN�ø<��KU(¼v|�(ôú,��Pdb
)��x
¨9|��ÅÁ��|þ�´2� ����L%}� �v false vacuum fú�
ÏP4;§� stress energy �_(Õ�x¹�
"�����'���8xΛ��.
Friedmann-Robertson-Walker ¦����L� ��sW��ïý«¤�\(Gû�G
��_±+WþX���(*N´<��Ë�ö�

�æ
��å^ Friedmann-Robertson-Walker �Ë�ö�����	´2�_
å´2|���^Gû�^G��«És���ýZ�1ê/���^Gû�^G�

���!�ú|����¨B�����

��!7¿�����Ö�/^ Friedmann-Robertson-Walker ���!�/&
�|�´2��/(ò�	´2�MÐ��^ Friedmann-Robertson-Walker ���/
&�«És��èý	��x¶Ðú����ó�@	(c��8x��¨9��!

���8Ñ�¨�¼ de Sitter Bz����Z�1/WI���ó�����d�
type IX � Bianchi Bz����!�ú|�(�x¨9�ÅÁ�����¨�¼��
� de Sitter Bz�� type IX � Bianchi Bz����!��(��8x Λ  '�_
�/�d�F���ZË9������P����/�����B�Þ0 de Sitter
Bz��ó�

��n Bianchi ���Õ�x���ï�1 Einstein ¹��

Gab = −Λgab + 8πTab (A.1.1)

Gab /ÏðBzPË�~U5Ï� Tab /Ïðiê�H�ýÏÕÏ5Ï�v- Tab

��/1 nonvacuum (´2B�¢{���d�Å�&�;ýÏ�ö�7ýÏ�ö
���	*�v�G-�

;ýÏ�ö�@	 timelike ta�� Tabt
b / timelike � null�Tabt

atb ≥ 0�ø¼
7ýÏ�ö�G/ (Tab − 1

2gabT )tatb ≥ 0�
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¥����1 Einstein 4¹�\( nanb �0��Ë<P6¹��

0 = Gabn
anb − Λ− 8πTabn

anb (A.1.2)

v-�na /�òb
�®MÕ�Ï�&��

nana = −1 (A.1.3)

1 trace (A.1.1) −R = −4Λ + 8T ãe0 (A.1.2)�

0 = Rabn
anb + Λ− 8π(Tab −

1
2

gabT )nanb (A.1.4)

Gabn
anb � Rabn

anb ïå«Gû�òb�	~U�dòb
��ò� Kab h:(Ï
ðdòb
�ÞÕ�Ï����Ïð@Le��èBzAb�Nò¹�)(àºGû'
�ÜÂ��òb
Ï���öUý	�#�Æ¦ÊÓ7�spacetime ò�_��d)��
Hº�¹¿����ã Kab �v trace K � trace-free σab ièý�

Kab = 1
3

Khab + σab (A.1.5)

v-�K ≡ Kabh
ab

hab /z�¦��hab ≡ gab + nanb� hab /v inverse� σab /�^B~�c¤�Gû

�sb� shear (1/véc hab �^Ò�)(Ïð,0Ú_�z�*b(ÔM��"
�b��¨â)�

¥�������Ë<P6¹�� Raychaudhuri ¹��0G¼�òb
� K � K̇
((n��x-��ãz��Õ�xOL�����f�@���Ë�ö�s�DÕ�
x�ÏÊvB��x(�ËB;�z��H�ã©øÖÕ�x-��<OL���

1/f���^z�òb Σ Êv
ÿ³�_�ö� hij� Kij Êiê�H�Bã hij �

Kij (t�BzAb
��H)�1
�ï��

Rabcdhachbd = Rabcd(gac + nanc)(gbd + nbnd) = R + 2Racn
anc = 2Gacn

anc (A.1.6)

�1¹�� (A.1.2) � (A.1.6)�

Gabn
anb = Λ + 8πTabn

anb = 1
2

(R + 2Racn
anc) (A.1.7)

(
 Gauss-Codacci ¹���
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(3)R d
abc = h f

a h g
b h k

c hd
jR

j
fgk −KacK

d
b + KbcK

d
a (A.1.8)

G- b = d�

(3)R b
abc =(3)Rac

=h f
a h g

b h k
c hd

jR
j

fgk −KacK + KbcK
b

a

=h f
a (g g

b + nbn
g)h k

c (gb
j + nbnj)R j

fgk −KacK + KbcK
b

a

=h f
a h k

c (R b
fbk + R j

fbknbnj + R b
fgknbng −R j

fgkngnj)−KacK + KbcK
b

a

=h f
a h k

c (R b
fbk + R j

fbknbnj)−KacK + KbcK
b

a

=(g f
a + nanf )(g k

c + ncn
k)(Rfk + R j

fbknbnj)−KacK + KbcK
b

a

=Rac + Rakncn
k + Rfcnanf + Rfknanfncn

k + R j
abcnbnj

+ (R j
abkncn

knbnj + 2R j
fbcnanfnbnj)−KacK + KbcK

b
a (A.1.9)

(A.1.9) �X gac �0�

(3)Racg
ac = (3)R = R + 2Raknank −K2 + K a

b K b
a (A.1.10)

(A.1.10) 9ë��

R + 2Raknank = (3)R + K2 −K a
b K b

a (A.1.11)

(A.1.11) ãe (A.1.7)�

2Gacn
anc = (3)Rac + K2 −KabK

ab (A.1.12)

1 (A.1.12) �(
¹�� (A.1.2)�
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K2 = 2Λ + 16πTabn
anb + KabK

ab − (3)R

= 2Λ + 16πTabn
anb + (1

3
Khab + σab)(

1
3

Khab + σab)− (3)R (A.1.13)

v- habh
ab = 3 � σabh

ab = 0 �0 K2 �

K2 = 3Λ + 3
2

σabσ
ab − 3

2
(3)R + 24πTabn

anb (A.1.14)

K̇ ���ï1 Raychaudhuri¹� K̇ = −1
3K2−σcaσca + ωcaωca−Rcdncnd � (A.1.4)

�ú�

v-�Raychaudhuri ¹�/ expansion scalar θ ¨ proper time ��� (expansion
scalar θ Ïð,0Ú/Æ�|c�¨â)((��,Ç-�@�Ö���ÅÁ/ θ = K )�

K̇ = Λ− 1
3

K2 − σabσ
ab − 8π(Tab −

1
2

gabT )nanb (A.1.15)

(3)R /Gû�sb��Ïò�� K̇ / K  proper time �®�(¿W��xAÔ�
�LÚ)� (3)R ï1z�1¤�Nãx�PË8x5Ï Ca

bc f������

(3)R = −Ca
abC

c b
c + 1

2
Ca

bcC
c b
a −

1
4

CabcC
abc (A.1.16)

¥��� (3)R (æ��b�h:����vÍ1�'ê Cc
ab = −Cc

ba � Cc
ab h

:��

Cc
ab = M cdϵdab + δc

[aAb] (A.1.17)

v- Aa ≡ Cb
ba�Mab ≡ 1

2ϵacd(Cb
cd − δb

cAd) � M cd = Mdc
� MabAb = 0 �¼/�ï

å(5Ï Mab � dual vector Aa ����

�¹�� (A.1.17) ãe¹�� (A.1.16) ����0 (3)R�
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(3)R =− Ca
abC

c b
c + 1

2
Ca

bcC
c b
a −

1
4

CabcC
abc

=− AbA
b + 1

2
(Madϵdbc + δa

[bAc])(M cfϵ b
fa + δc

[aAb])

− 1
4

(M d
a ϵdbc + δa[bAc])(Mafϵ bc

f + δa[bAc])

=− AbA
b + (1

2
MadM cfϵdbcϵ

b
fa −

1
4

M d
a Mafϵdbcϵ

bc
f )

+ (1
2

δa
[bAc]δ

c
[aAb] − 1

4
δa[bAc]δ

a[bAc])

+ (1
2

Madϵdbcδ
c
[aAb] + 1

2
M cfϵ b

faδa
[bAc] −

1
4

M d
a ϵdbcδ

a[bAc] −
1
4

Mafϵ bc
f δa[bAc])

=− AbA
b + (A) + (B) + (C)

v- (A)�(B)�(C) º�

(A) =1
2

MadM cfϵdbcϵ
b

fa −
1
4

M d
a Mafϵdbcϵ

bc
f

=1
2

MadM cf (−δdfδca + δdaδcf )− 1
4

M d
a Maf (2δdf )

=1
2

(−MadMad + Ma
aM c

c)−
1
2

MafMaf

=−MadMad + 1
2

(Ma
a)2
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(B) =1
2

δa
[bAc]δ

c
[aAb] − 1

4
δa[bAc]δ

a[bAc]

=1
8

(δa
bAc − δa

cAb)(δc
aAb − δc

bA
a)− 1

16
(δabAc − δacAb)(δabAc − δacAb)

=1
8

(
AaAa − AbA

b − δa
aAbA

b + AaAa − 1
2δa

a

AcA
c + 1

2AaAa + 1
2AaAa − 1

2δc
cAbA

b

)

=− 1
2

AaAa

(C) =1
4

[Madϵdbc(δc
aAb − δc

bA
a) + M cfϵ b

fa(δa
bAc − δa

cAb)]

− 1
8

[M d
a ϵdbc(δabAc − δacAb) + Mafϵ bc

f (δabAc − δacAb)]

=1
4

(MadϵdbaAb −MadϵdbbA
aM cfϵ a

faAc −M cfϵ b
fcAb)

− 1
8

(M d
a ϵdacAc −M d

a ϵdbaAb + Mafϵ ac
f Ac −Mafϵ ba

f Ab)

=(1)(Í1) = 0
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���0�

(3)R = −3
2

AbA
b − (MabM

ab − 1
2

M2) (A.1.18)

��� (3)R /cx�GÅ�u� MabM
ab < 1

2M2
�6���1 Mab ����ê	

type IX M�&� MabM
ab < 1

2M2
�àd�d type IX K��@	� Bianchi !���

�	�

(3)R ≤ 0 (A.1.19)

þ(����n^ type IX � Bianchi !���;ýÏ�ö�7ýÏ�ö�I�
(A.1.19) (¼ K2

� K̇ �H1¹�� K2 = 3Λ + 3
2σabσ

ab − 3
2

(3)R + 24πTabn
anb �ú�

��

3
2

σabσ
ab = K2 − 3Λ + 3

2
(3)R− 24πTabn

anb ≤ K2 − 3Λ (A.1.20)

⇒ 0 ≤ σabσ
ab ≤ 2

3
(K2 − 3Λ) (A.1.21)

K̇ = Λ− 1
3

K2 − σabσ
ab − 8π(Tab −

1
2

gabT )nanb ≤ Λ− 1
3

K2 ≤ 0 (A.1.22)

K̇ ≤ Λ− 1
3

K2 ≤ 0 (A.1.23)

1 K2 ≥ 3Λ ïå�ú K (���N�-���Nö�_1/ K (ÐB�/'¼
ö�G�ô'¼ö�»(ÐB����/¨9�G��ô¨9�»)�_1/�

K ≥ (3Λ)
1
2 (A.1.24)

6��¹�� (A.1.23) _±+��

1
K2 − 3Λ

dK

dτ
≤ −1

3
(A.1.25)

��I�M����ïå�0

K ≤ (3Λ) 1
2

tanh( τ
α
)

(A.1.26)
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v-�α ≡ ( 3
Λ) 1

2

(3Λ)
1
2 ≤ K ≤ (3Λ) 1

2

tanh( τ
α
)

0 ≤ σabσab ≤
2Λ

sinh2( τ
α
)

0 ≤ Tabn
anb ≤ Λ

8π

1
sinh2( τ

α
)

(3)R→ 0

¼/� K <�Ë¼�P (3Λ) 1
2 �B�:¦ α å�x¥Ñ¼ (3Λ) 1

2 �
P
(3Λ)

1
2

tanh( τ
α

) �

��@�g�¼/���|þ K <�ë��¥Ñ (3Λ) 1
2 �Þ0 K2 ����¹��

(A.1.21)� (A.1.26) �0�

0 ≤ σabσab ≤
2
3

(K2 − 3Λ) ≤ 2Λ
sinh2( τ

α
)

(A.1.27)

1
�_ïå�úGû�òb� shear�ë��¥Ñ¼ö�ø�0�¹�� (A.1.14)
�¹�� (A.1.26) _±+�iêýÏÆ¦«P6�

Tabn
anb = 1

8π
(1
3

K2 − Λ− 1
2

σabσ
ab + 1

2
(3)R) ≤ 1

8π
(1
3

K2 − Λ) ≤ Λ
8π

1
sinh2( τ

α
)

(A.1.28)

Tabn
anb ≤ Λ

8π

1
sinh2( τ

α
)

(A.1.29)

¼/1 sinh2( τ
α
) ïå�ú�@	� Tabn

anb �ë��¥Ñ¼ö�

Tab → 0

σab → 0

K → (3Λ)
1
2

���v σab → 0 B K → (3Λ) 1
2 ��ö�±+W�B�	Ü�z�¦�(��B�

��Ñ<¼�
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Kab ≡
1
2

∂hab

∂τ

=1
3

Khab + σab

→1
3

(3Λ)
1
2 hab

hab(τ) = e
2(τ−τ0)

α hab(τ0) (A.1.30)

�/��	Ô�� ��¦��6��{�ôz�ò� (3)Rab �¨�¼ö�¼/�

�PÖú��Ë¨9^ type IX � Bianchi ���(��B� τ ≫ α ÅÁ��vz�

���¨�¼å8x¨9� K = (3Λ) 1

2 G�0¨9���sf�z�(	Ô�� �
¦��{ý�ôz�sÑ�ï��¹�ò�G�)�_1/¥Ñ¼ de Sitter Bz���
!7¿���(��B�Å/ de Sitter �F��{�0/ de Sitter �PÖ�
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A.2 Field equation

S = −
∫

d4x
√

gL (A.2.1)

v- g = −det gµν�L = 1
2ϵϕ2R + 1

2∂a∂aϕ + αR2 + βRµνRµν

δS = −
∫

d4x



+δ
√

g
[

1
2ϵϕ2R + 1

2∂a∂aϕ + αR2 + βRµνRµν
]

+ √g


−ϵϕRδϕ + ϕ2Rµνδgµν + ϕ2gµνδRµν

+∂aϕ∂aδϕ + 2αR (Rµνδgµν + gµνδRµν)

+β (RµνδRµν + RµνδRµν) + δ (∂aϕ∂aϕ)





v- δ (∂aϕ∂aϕ) = (δ∂aϕ) (∂aϕ− ∂aϕ) = 2 (δ∂aϕ) (∂aϕ)�δ
√

g = −1
2
√

ggµνδgµν

= −
∫

d4x



−1
4ϵϕ2R

√
ggµνδgµν − 1

2α
√

ggµνR2δgµν − 1
2βRσρRσρ

√
ggµνδgµν − 1

4
√

ggµν∂aϕ∂aϕδgµν + ϵϕ
√

gRδϕ

+1
2ϵ
√

gϕ2Rµνδgµν + 1
2ϵ
√

g (Rµν�ϕ2 −∇µ∇νϕ2) δgµν

+2α
√

gRRµνδgµν + 2α
√

g (gµν�R−∇µ∇νR) δgµν

+β (RµνδRµν + RµνδRµν)− ∂a

(√
g∂aϕ

)
δϕ


= 0 (A.2.2)

v- −∂a

(√
g∂aϕ

)
δϕ = −√gDa∂aϕδϕ

ϵϕR−Da∂aϕ = 0 →  ϕ ��
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1 RµνδRµν = δgµν
(
−∇a∇νRa

µ + 1
2�Rµν + 1

2gµν∇a∇bR
ab
)

�ú field equation :

1
2ϵϕ2Rµν − 1

4ϵϕ2Rgµν − 1
2αgµνR2 − 1

2βRσρRσρgµν − 1
4gµν∂aϕ∂aϕ

+1
2ϵ (Rµν�ϕ2 −∇µ∇νϕ2) + 2α (RRµν + gµν�R−∇µ∇νR) + 2βRa

νRaµ

+2β(−∇a∇νRa
µ + 1

2�Rµν + 1
2gµν∇a∇bR

ab) = 0

(A.2.3)

d�P�ò�ïåÿ�Z���v-�è��IÛ�_ïå�0 [5] Barrow equa-
tion (2�3�4)�

Field equation for µ = ν = 0 :

1
2ϵϕ2

(
R00 − 1

2Rg00
)

+ 1
2αg00R

2 − 1
2βRσρRσρg00 − 1

4g00ϕ̇
2+

1
2ϵ (R00�ϕ2 −∇0∇0ϕ2) + 2α (RR00 + g00�R−∇0∇0R) +

2βRa
0Ra0 + 2β(−∇a∇0R

a
0 + 1

2�R00 + 1
2g00∇a∇bR

ab) = 0

(A.2.4)

if 1
2ϵϕ2 = 1

 e Λ ���
���/��� B equation�

Field equation for µ = ν = 1 :

1
2ϵϕ2

(
R11 − 1

2Rg11
)

+ 1
2αg11R

2 − 1
2βRσρRσρg11 − 1

4g11ϕ̇
2+

1
2ϵ (R11�ϕ2 −∇1∇1ϕ2) + 2α (RR11 + g11�R−∇1∇1R) +

2βRa
1Ra1 + β(−∇a∇0R

a
0 + 1

2�R00 + 1
2g11∇a∇bR

ab) = 0

(A.2.5)

if 1
2ϵϕ2 = 1

 e Λ ���
���/��� a1 equation
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A.3 B equation and ai equation

B equation�

L+ Hi

(
d

dt
Li + 3HLi

)
−HiLi − ḢiLi = 0 (A.3.1)

HU�Ï� Lagrangian �~Uh: :

1. L = R + αR2 + βRµ
vRν

µ − 2Λ

2. Hi

(
d
dt
Li
)

= Hi

[
4αṘ + 2β

(
Ṙ0

0 + Ṙi
i

)]

3. Hi (3HLi) = 3HHi [2 + 4αR + 2β (R0
0 + Ri

i)]

4. −HiLi =−Hi

[
2 (3H + Hi) + 4αR (3H + Hi) + 2β

(
2R0

0Hi + Ri′
i′Hi′ + 9H2Hi

) ]
v-�i′ = 1 ∼ 3�

5. −ḢiLi =−Ḣi [2 + 4αR + 2β (R0
0 + Ri

i)]

�� Bianchi type I space z�'êãeÏ�~Uh:á�
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�úÏ�èý� Largrangian density ( Bianchi type I space ��Ï �v- i ̸= j �
s�� i′ = 1 ∼ 3 :

L = R + αR2 + βRµ
vRν

µ − 2Λ (A.3.2)

Li = 2 (3H + Hi) + 4αR (3H + Hi) + 2β
(
2R0

0Hi + Ri′

i′Hi′ + 9H2Hi

)
(A.3.3)

Li = 2 + 4αR + 2β
(
R0

0 + Ri
i

)
(A.3.4)

L̇i = 2
(
3Ḣ + Ḣi

)
+ 4α

(
3HṘ + HiṘ + 3ḢR + ḢiR

)
+ 2β(Ṙi′

i′

Hi′ + Ri′
i′Ḣi′ + 9H2Ḣi + 2Ṙ0

0Hi + 2R0
0Ḣi + 18HḢHi)

(A.3.5)

L̇i = 4αṘ + 2β
(
Ṙ0

0 + Ṙi
i

)
(A.3.6)

L̈i = 4αR̈ + 2β
(
R̈0

0 + R̈i
i

)
(A.3.7)

� Largrangian density � Ricci tensor � scalar curvature (È/ factor h: :

Ṙ = 2
(
2HiḢi + Ḧi + ḢiHj

)
(A.3.8)

R̈ = 2
(
2Ḣi

2 + 2HiḦi + H
(3)
i + ḦiHj + ḢiḢj

)
(A.3.9)

Ṙ0
0 = 2HiḢi + Ḧi (A.3.10)

R̈0
0 = 2

(
Ḣi

2 + HiḦi

)
+ H

(3)
i (A.3.11)

Ṙi
i = 2

(
HiḢi + ḢiHj

)
+ Ḧi (A.3.12)

R̈i
i = 2

(
Ḣi

2 + HiḦi + ḦiHj + ḢiḢj

)
+ H

(3)
i (A.3.13)

v- 3Ḣ ≡ Ḣ1 + Ḣ2 + Ḣ3

t�
b��èý�����	 α�β �>(�w�1/,	à@�ú� B equa-
tion�
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¥���� ai equation in Bianchi type I space �

ai equation�

L+ d2

dt2L
i + 3H

d

dt
Li + d

dt

(
3HLi

)
+ (3H)2 Li −

(
d

dt
Li + 3HLi

)
= 0 (A.3.14)

U���

L+ d2

dt2L
i + 2 (3H) d

dt
Li + Li d

dt
(3H) + (3H)2 Li − d

dt
Li − 3HLi = 0 (A.3.15)

�� :

1. L = R + αR2 + βRµ
vRν

µ − 2Λ

2. d2

dt2Li = 4αR̈ + 2β
(
R̈0

0 + R̈i
i

)

3. 2 (3H) d
dt
Li = 6H

[
4αṘ + 2β

(
Ṙ0

0 + Ṙi
i

)]

4. Li d
dt

(3H) = 3Ḣ [2 + 4αR + 2β (R0
0 + Ri

i)]

5. (3H)2 Li = (3H)2 [2 + 4αR + 2β (R0
0 + Ri

i)]

6. d
dt
Li = 2

(
3Ḣ + Ḣi

)
+ 4α

[
Ṙ (3H + Hi) + R

(
3Ḣ + Ḣi

)]
+

2β(Ṙi′
i′Hi′ + Ri′

i′Ḣi′ + 9H2Ḣi + 2Ṙ0
0Hi + 2R0

0Ḣi + 18HḢHi)

7. −3HLi =−6H
[

3H + Hi + 2αR (3H + Hi) + β
(
2R0

0Hi + Ri′
i′Hi′ + 9H2Hi

) ]

G- i = 1�t�
b�����	 α�β �>(�w�1/,	à@�ú� a1
equation�
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A.4 B perturbation equation and ai perturbation equation

(��Z®þ�¹Õ-���(� Euler perturbation �¹Õ�� B equation� ai

equation á�È/ factor ZþÕ��0���b��w2¹��F/��ïå)(�
��ê�Æ��ó����@åe_/)(��ë��Zãx
��Û��)(��

6Æ������¼/��1ïåë���0®þ¹����ë��0®þ¹��w

à�ýãw¼���4¹�)(���¹Õ�Û����ãx¹��Åô����

Ü�q�®��()(��B_!����¼(ê�Zãx�Û��Æ)�

� B equation � ai equation Zå�U��1��0 B perturbation equation � ai

perturbation equation :

Hi → Hi + vδAi�Ḣi → Ḣi + v2δAi�Ḧi → Ḧi + v3δAi�H
(3)
i → H

(3)
i + v4δAi

B perturbation equation :

(����������}� B perturbation equation Z��®þ�����^
(! α�β �h:*îc�Bz5Ï�Ï��	 α�β �%h:Ø� Ricci � scalar î
c�Í��Ö�îc) :

Bp
Ai + 1

2Bp
AiAj + α(Bpα

Ai + 1
2Bpα

AiAj + Bpα
Ai2 + Bpα

Ai3 + Bpα
Ai2Aj + Bpα

A1A2A3 + Bpα
Ai4

+1
2Bpα

Ai2Aj2 + 1
2Bpα

Ai2AjAk) + β(Bpβ
Ai + 1

2Bpβ
AiAj + Bpβ

Ai2 + Bpβ
Ai3 + 1

2Bpβ
Ai2Aj + Bpβ

A1A2A3

+Bpβ
Ai4 + 1

2Bpβ
Ai2Aj2 + Bpβ

Ai3Aj + 1
2Bpβ

Ai2AjAk) = 0
(A.4.1)

v-�

Bp
Ai = v HjδAi

Bp
AiAj = v2 δAiδAj

Bpα
Ai =

 +12v3H + 4v2
(
H2

i + 3HiHj + HjHk − 3Ḣ
)

−4v(2H3
i + H2

j Hi −H2
j Hk − 2H1H2H3

−3HjḢi − 3HjḢj − 2HiḢi − 2HkḢj − 3Ḧ)

 δAi

Bpα
AiAj =

[
+4v4 + 4v3 (3Hi + 3Hj + 4Hk) + 4v2(3Ḣi+
3Ḣj + 2HiHj + 2HiHk + 2HjHk + 2Ḣk + H2

k)

]
δAiδAj

Bpα
Ai2 =

[
2v4 + 4v3 (2Hi + 3Hj) + 2v2(−6H2

i −H2
j + HjHk + 2Ḣ1)

]
δA2

i

Bpα
Ai3 =

[
4v4 − 8v3Hi

]
δA3

i
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Bpα
Ai2Aj =

[
12v4 + 4v3(Hk −Hj)

]
δA2

i δAj

Bpα
A1A2A3 =

[
24v4 + 24v3H

]
δA1δA2δA3

Bpα
Ai4 = −2v4 δA4

i

Bpα
Ai2Aj2 = −2v4 δA2

i δA2
j

Bpα
Ai2AjAk = 4v4 δA2

i δAjδAk

Bpβ
Ai =

 +v3 (3H + Hi) + v2
(
2H2

i + 4HiHj + HjHk − 2Ḣi − Ḣj

)
+v(−4H3

i + H3
j + 3H2

i Hj − 4H2
j Hi + H2

j Hk + Ḧj + 2H1
H2H3 + 12HḢ + 4HjḢiḦi + 2HkḢj)

 δAi

Bpβ
AiAj =

[
+v4 + 12v3H + v2(4Ḣi + 4Ḣj − 8HiHj+
3H2

i + 3H2
j + 2HiHk + 2HjHk + 2Ḣk + H2

k)

]
δAiδAj

Bpβ
Ai2 =

[
v4 + 12v3H + v2(−6H2

i + 5Ḣi + 3HiHj − 2H2
j + 1

2HjHk)
]

δA2
i

Bpβ
Ai3 =

[
2v4 + v3 (−4Hi + Hj)

]
δA3

i

Bpβ
Ai2Aj =

[
4v4 + v3(3Hi − 4Hj + Hk)

]
δA2

i δAj

Bpβ
A1A2A3 =

[
6v4 + 6v3H

]
δA1δA2δA3

Bpβ
Ai4 = −v4 δA4

i

Bpβ
Ai2Aj2 = −2v4 δA2

i δA2
j

Bpβ
Ai3Aj = v4 δA3

i δAj

Bpβ
Ai2AjAk = v4 δA2

i δAjδAk

3HḢ = H1Ḣ1 + H2Ḣ2 + H3Ḣ3
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ai perturbation equation :

(����������}� ai perturbation equation Z��®þ�����^
(! α�β �h:*îc�Bz5Ï�Ï��	 α�β �%h:Ø� Ricci � scalar î
c�Í��Ö�îc) :

ap
i(Aj) + 1

2ap
i(AjAk) + ap

i(Aj2) + α(apα
i(Ai) + apα

i(Aj) + apα
i(AiAj) + 1

2apα
i(AjAk) + apα

i(Ai2)

+apα
i(Aj2) + apα

i(Ai3) + apα
i(Aj3) + apα

i(Ai2Aj) + apα
i(AiAj2) + apα

i(Aj2Ak) + apα
i(A1A2A3)

+apα
i(AjAk3) + apα

i(Ai3Aj) + apα
i(Ai4) + apα

i(Aj4) + apα
i(Ai2Aj2) + 1

2apα
i(Aj2Ak2) + 1

2apα
i(Ai2AjAk))

+β(apβ
i(Ai) + apβ

i(Aj) + apβ
i(AiAj) + 1

2apβ
i(AjAk) + apβ

i(Ai2) + apβ
i(Aj2) + apβ

i(Ai3) + apβ
i(Aj3)

+apβ
i(Ai2Aj) + apβ

i(AiAj2) + apβ
i(Aj2Ak) + apβ

i(A1A2A3) + apβ
i(Ai4) + apβ

i(Aj4) + 1
2apβ

i(Aj2Ak2)

+apβ
i(Ai3Aj) + apβ

i(AiAj3) + apβ
i(Aj3Ak) + 1

2apβ
i(Ai2AjAk) + apβ

i(AiAj2Ak)) = 0

(A.4.2)

v-�

ap
i(Aj) = 3vH δAj

ap
i(AjAk) = v2 δAjδAk

apα
i(Ai) =

 +4v4 + 24v3H + 4v2(−H2
i + H2

j + HiHj + HjHk

+6Ḣ + Ḣi) + 4v(−2H3
i −H2

j Hi − 3HjH
2
i − 2H1H2

H3 + HjḢi + HjḢk + HjḢj − 2HiḢi + 3Ḧ + Ḧi)

 δAi

apα
i(Aj) =



+4v4 + 4v3 (Hi + 3Hj + 2Hk) + 4v2(HiHj + 3H2
j

+HkHi + 4HjHk + 2H2
k + 2Ḣi + 5Ḣj + 3Ḣk)

+4v(−H3
i −H2

j Hi + 2H3
j −HkH2

i + 3H2
j Hk

+3HjH
2
k + H3

k + 2HjḢi + 2HkḢi + HiḢj

+4HkḢj + HiḢk + 4HjḢk −HiḢi + 6HjḢj

+4HkḢk + 2Ḧi + 3Ḧj + 2Ḧk)


δAj

apα
i(AiAj) =

[
+20v4 + 4v3 (Hi + 3Hj + 3Hk) + 4v2(−3H2

i

−2HiHj − 2HkHi + 3Ḣ)

]
δAiδAj

apα
i(AjAk) =

[
+28v4 + 8v3 (Hi + 4Hj + 4Hk) + 4v2(−H2

i

+3H2
j − 6HjHk + 3H2

k + 2Ḣi + 4Ḣj + 4Ḣk)

]
δAjδAk

apα
i(Ai2) =

[
+14v4 + 4v3 (−2Hi + Hj) + 2v2(−6H2

i − 6Hi

Hj −H2
j −HjHk − 2Ḣi)

]
δA2

i
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apα
i(Aj2) =

[
+22v4 + 4v3 (Hi + 6Hj + 4Hk) + 2v2(−H2

i

+6H2
j + 6HjHk + 3H2

k + 2Ḣi + 6Ḣj + 4Ḣk)

]
δA2

j

apα
i(Ai3) =

[
−4v4 − 4v3(2Hi + Hj)

]
δA3

i

apα
i(Aj3) =

[
12v4 + 4v3 (2Hj + Hk)

]
δA3

j

apα
i(Ai2Aj) =

[
4v4 − 4v3 (3Hi + Hj + Hk)

]
δA2

i δAj

apα
i(AiAj2) =

[
8v4 − 4v3Hi

]
δAiδA2

j

apα
i(Aj2Ak) =

[
24v4 + 12v3 (Hi + Hk)

]
δA2

jδAk

apα
i(A1A2A3) =

[
16v4 − 8v3Hi

]
δA1δA2δA3

apα
i(AjAk3) = 4v4 δAjδA3

k

apα
i(Ai3Aj) = −4v4 δA3

i δAj

apα
i(Ai4) = −2v4 δA4

i

apα
i(Aj4) = 2v4 δA4

j

apα
i(Ai2Aj2) = −2v4 δA2

i δA2
j

apα
i(Aj2Ak2) = 6v4 δA2

jδA2
k

apα
i(Ai2AjAk) = −4v4 δA2

i δAjδAk

ap
i(Aj2) = v2 δA2

j

apβ
i(Ai) =


2v4 + 12v3H + v2(−2H2

i + 5HiHj + H2
j + 2HjHk

+6Ḣi + 3Ḣj) + v(−4H3
i −H3

j − 3H2
i Hj −H2

j Hk+
2H1H2H3 + 5HjḢi + 2HiḢj + HkḢj + 4Ḧi + Ḧj−
4HiḢi −HjḢj)

 δAi

apβ
i(Aj) =



v4 + v3 (Hi + 3Hj + 2Hk) + v2(H2
i −HiHj + 4H2

j

+HiHk + 4HjHk + 2H2
k + 3Ḣi + 6Ḣj + 3Ḣk)+

v(−H3
i − 3HiH

2
j + 4H3

j + H2
i Hk − 2H1H2H3 + 3H2

j

Hk −H2
kHi + 4H2

kHj + H3
k + 2HjḢi + 4HkḢi −HiḢj

+4HkḢj + HiḢk + 4HjḢk + 4Ḧi + 3Ḧj + 2Ḧk

+5HiḢi + 8HjḢj + 4HkḢk)


δAj

apβ
i(AiAj) =

[
+8v4 + v3 (7Hi + Hj + 5Hk) + v2(−3H2

i − 3H2
j

+2HiHk − 2HjHk −H2
k + 5Ḣi − Ḣj + Ḣk)

]
δAiδAj
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apβ
i(AjAk) =

[
+7v4 + 2v3 (H1 + 4H2 + 4H3) + v2(H2

1 − 2H1H2
+3H2

2 − 2H1H3 + 8H2H3 + 3H2
3 + 12Ḣ)

]
δAjδAk

apβ
i(Ai2) =

[
+7v4 + v3 (−4Hi + 5Hj) + v2(−6H2

i − 3HiHj+
1
2HjHk − 2Ḣi + Ḣj)

]
δA2

i

apβ
i(Aj2) =

[
+6v4 + v3 (−Hi + 8Hj + 4Hk) + v2(−3HiHj + 6
H2

j −HkHi + 3HjHk + 2H2
k + Ḣi + 4Ḣj + 2Ḣk)

]
δA2

j

apβ
i(Ai3) =

[
−2v4 − v3(4Hi + Hj)

]
δA3

i

apβ
i(Aj3) =

[
4v4 + v3 (−H1 + 4H2 + H3)

]
δA3

j

apβ
i(Ai2Aj) =

[
6v4 + v3 (−3Hi + Hj)

]
δA2

i δAj

apβ
i(AiAj2) =

[
−v3 (Hj + Hk)

]
δAiδA2

j

apβ
i(Aj2Ak) =

[
6v4 + v3 (−Hi + 3Hj + 4Hk)

]
δA2

jδAk

apβ
i(A1A2A3) =

[
6v4 + 2v3 (Hi −Hj)

]
δA1δA2δA3

apβ
i(Ai4) = −v4 δA4

i

apβ
i(Aj4) = v4 δA4

j

apβ
i(Aj2Ak2) = 2v4 δA2

jδA2
k

apβ
i(Ai3Aj) = −v4 δA3

i δAj

apβ
i(AiAj3) = −Hiv

4 δAiδA3
j

apβ
i(Aj3Ak) = v4 δA3

jδAk

apβ
i(Ai2AjAk) = v4 δA2

i δAjδAk

apβ
i(AiAj2Ak) = −v4 δAiδA2

jδAk
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A.5 Bianchi type I metric

Bianchi space /�Gû�F���z��9( Bianchi space�_ãz FRW space
/&ýÝZ�û�OL�

Bianchi!��Ö�1�KÕ¹��z�/wÀ¼#P��H�Hª�UºKÕ�
(�� Riemannian space á�_1/(z� M á�û�Þ P ý	��¦� g(p) �ï
å�rÞ�ûi��Ï µ�ν �0æxz��¦� z��z��~U'ê���¦
�ãh�� Riemannian space �f�¦��z�áM	Ýâ��ni� Riemannian
space (M , g1) � (N , g2)�i�K�	�� � f : M −→ N�f ÿ³ :

g2(f(µ), f(ν)) |f(P )= g1(µ, ν) |P ∀µ, ν ∈M (A.5.1)

1\ÝÝ ��M�N G1\�,�G�d �º f : M −→ M�G1d � f
ºz��KÕ��� : f : (x, y) −→ (x + 2, y) 1ïóZ�z�@	�Þ�� x ¹�¨ 2
�ú,®M�}Ï/Þ(z�-KÕ��

����©û�	z��¦� :

ds2 = gijdxidxj (A.5.2)

�©KÕ�& :

X(f) = ξif,i (A.5.3)

vz�A1��KÕ X B���z�« X \(�9��ë�xxb� :

X(ds2) = 0 (A.5.4)

U� :

X(ds2) = X(gij)dxidxj + gijdX(xi)dxj + gijdxidX(xj)

=
[
gij,kkξk + gkjξ

k
,i + gikξk

,j

]
dxidxj = 0 (A.5.5)

�0 :

gij,kkξk + gkjξ
k
,i + gikξk

,j = 0 (A.5.6)
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d�P1º Killing equation�

þ(���(	z���sb :

ds2 = dx2
1 + a22dx2

2 + 2a23dx2dx3 + a23dx2
3 (A.5.7)

��	(a)ξ1 = 0�v- (a)ξi ãh Xa � ξ Âx�1 Killing equation ï�ú :

a22
(a)ξ2

,1 + a23
(a)ξ3

,1 = 0 (A.5.8)

a23
(a)ξ2

,1 + a33
(a)ξ3

,1 = 0 (A.5.9)

àº a22a33 − a2
23 ̸= 0�ïå�0 (a)ξ2

,1 = (a)ξ3
,1 = 0�_1/ (a)ξi � X1 !Ü�

�n�.KÕ [X1, X2] = 0, [X2, X3] = 0, [X3, X1] = 0 �_1/ Bianchi type I space
-A1�KÕ�v-�( [X2, X3] = 0 ÅÁ��ä X2 = ∂2 � X3 = ∂3 �G Killing
equation �fú aij,2 = aij,3 = 0��ãh aij êïý/ x1 �ýx� x2 � x3 !Ü��

������ï$��( [X1, X2] = 0, [X2, X3] = 0, [X3, X1] = 0 ÅÁ�� aij � x1 �

x2 � x3 !Ü��nB�¦�q�Bianchi type I ¦�h:º :

ds2
I = −B(t)dt2 + a2

1(t)dx2 + a2
2(t)dy2 + a2

3(t)dz2 (A.5.10)
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