
國 立 交 通 大 學 
 

物理研究所 

 

碩 士 論 文 

 

 

 

 

來自伽瑪射線爆之微中子 

 

Neutrinos from gamma-ray burst  

 

 

 

 

研 究 生：周禹廷 

指導教授：林貴林  教授 

 

 

中 華 民 國 一百 年 一 月 



 

來自伽瑪射線爆之微中子 

Neutrinos from gamma-ray burst 

 

 

 

 

 

研 究 生：周禹廷          Student：Yu-Ting Chou 

指導教授：林貴林          Advisor：Guey-lin Lin 

 

 

 

國 立 交 通 大 學 

物理研究所 

碩 士 論 文 

 

 
A Thesis 

Submitted to Institute of Physics 

College of Science 

National Chiao Tung University 

in partial Fulfillment of the Requirements 

for the Degree of  

Master 

in 

 

Physics 

 

January 2011 

 

Hsinchu, Taiwan, Republic of China 

 

 

中華民國一百年一月 

 



i 

 

來自伽瑪射線爆之微中子 

 

   

 

學生：周禹廷 

 

指導教授：林貴林 

國立交通大學物理研究所碩士班 

摘 要       

本論文研究來自伽瑪射線爆的微中子其流量以及味組成，首先考慮典型的伽

瑪射線爆。其次計算不同磁場大小對微中子流量以及味組成的影響，並探討流量

以及味分布以及與不同光學能譜之伽瑪射線爆之關連性。我們主要探討是否有純

粹由中子衰變的微中子流。動機來自於 Mohara and Gupta 發表的研究。我們的結

果將與 Mohara 此篇作比較。 
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Neutrinos from gamma-ray burst 

 

 
student：Yu-Ting Chou 

 

Advisors：Dr. Guey-Lin Lin

Institute of Physics 

National Chiao Tung University 

ABSTRACT 

In this thesis we predict the neutrino flux and flavor composition from gamma-ray 

bursts (GRBs). At first we consider typical gamma-ray bursts. We calculate the 

magnetic field effects on GRBs with different magnetic field strength. We also 

consider the flux and flavor composition dependencies on photon spectra indices for 

different gamma ray bursts. We aim to look for a pure neutron beam. This thesis is 

motivated by a study by Moharana and Gupta. We compare our result with that of 

Moharana and Gupta.  
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Chapter 0

Introduction

Neutrinos are generated by photon interacting with proton in the uni-

verse. These neutrinos are so-called astrophysical neutrinos. Astrophysical

neutrinos have different flavor compositions, and flavor compositions could

change from the source to the earth. Different gamma-ray burst(GRB) and

active galactic nuclei (AGN) models are proposed to be the leading source

candidates to accelerate the protons and hence produce neutrinos. The neu-

trino detection will be the key to verify these astrophysical models.

In this thesis we predict the neutrino fluxes and flavor compositions before

oscillation from gamma-ray bursts. We first consider typical gamma-ray

bursts. We then focus on the magnetic field effects and the dependence on

observed photon spectra indices from different kinds of gamma ray bursts.

We are motivated by a study by Moharana and Gupta [28]. Moharana

and Gupta suggest a pure neutron beam source (pure (anti-)electron-neutrino

before oscillation) from typical gamma-ray bursts. They argued that such

beams were caused by the magnetic field synchrotron effects on pion [28].

However this argument is not self-consistent in our view. We will discuss the

problems and compare our result with that of Ref. [28].
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In Chapter 1, we introduce the ultra high energy cosmic ray, the possi-

ble acceleration mechanism and possible astrophysical source candidates. In

Chapter 2, we discuss the astrophysical neutrino production. We discuss the

basic interactions and the possibility of neutrino fluxes coming from Active

galactic nucleus and gamma-ray burst. We argue that gamma-ray burst is

the more probable source. In Chapter 3, we review the gamma ray burst

model and introduce the method for calculating neutrino flux. We set the

magnetic field strength and the index of photon spectrum as the main pa-

rameters in general GRBs. We then discuss special GRB source and look for

a pure neutron beam source. Quantitative results such as predicted fluxes

on Earth are presented in Chapter 3 as well. Chapter 4 is the conclusion.
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Chapter 1

Ultra high energy cosmic ray

Ultra high energy cosmic rays (UHECRs), are particles from universe

with very high energies, up to 1020 eV. UHECR has been an important

research topic since 1950’s, after the constructions of Volcano Ranch (USA)

and Moscow University (USSR) arrays. At present, data from Yakutsk [15],

AGASA [6, 14], HiRes [24], and Pierre Auger [18] confirm an observed power

law spectrum dI
dE ∝ E

−αob with αob ' 2.7 of the flux in the main energy region

(E < 5× 1019 eV).

Since the energies of these particles are very high, it is natural to ask:

what is the acceleration mechanism and what are the origins of the UHECRs.

Extensions of Fermi acceleration mechanism can explain the acceleration

mechanism. Gamma-ray bursts and active-galactic nuclei models are the

leading source candidates. Neutrinos flux and flavor compositions may be

the key to verify these models. Our main concern is the neutrinos coming

from gamma-ray burst.
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Figure 1.1: The cosmic ray spectrum expands 12 decades of energies. This

figure is assembled by several measurements [9, 17].

1.1 Fermi acceleration mechanism

Fermi (1949) constructed the basic acceleration mechanism of UHECR

[1]. He argued that charged particles can be accelerated when reflected by a

magnetic mirror. This is thought to be the primary mechanism by which par-

ticles gain energy beyond the thermal energy in astrophysical shock waves.

The basic model was constructed with a non-relativistic shock. Fermi’s the-

ory was extended for a relativistic shock [4], which can be applied to explain

GRBs and AGNs as the origins of UHECR. The resulting energy spectrum of

this process (assuming that they do not influence the structure of the shock)

turns out to be a power law spectrum dI
dE ∝ E

−αso with αso ' 2.0− 2.3 at the

4



sources. Some diffusing models [22] can accont for αob becoming ' 2.7 after

cosmological evolutions of UHECR are considered.

1.2 The origin of UHECR

The origin of UHECR is one of the most exciting questions in high energy

astrophysics. It is a challenge to model the acceleration of highest energy

particles in astrophysical sources. Among many proposed models, gamma-

ray bursts (GRBs) and active galactic nuclei(AGNs) are the most prominent

candidate sources of the UHECR [22, 19]. The protons (or heavy nuclei)

in these objects are typically assumed to be accelerated in the relativistic

outflow together with electrons and positrons by Fermi shock acceleration.

The accelerated protons interact with photons, leading to the production of

neutrinos.

1.2.1 Gamma-ray burst

Gamma-ray bursts(GRBs), first observed in the late 1960s by the U.S.

Vela satellites, are flashes of (∼ 10 keV to ∼ 100 MeV) photons.

At first GRB was thought to be nearby sources within the Milky Way

Galaxy. The Burst and Transient Source Experiment (BATSE [12, 13]) pro-

vided crucial data indicating that the distribution of GRBs is isotropic to-

wards any particular direction in space, such as toward the galactic plane or

the galactic center. Because of the flattened shape of the Milky Way Galaxy,

sources within our own galaxy would be strongly concentrated in or near the

galactic plane. The absence of such a pattern in GRBs provides a strong

evidence that gamma-ray bursts must be a cosmological event coming from

places beyond the Milky Way.
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GRB is the most luminous photon flux (∼ 1052 erg/s ) explosions (if

treated as cosmological events) known to occur in the universe. Bursts

can last from 10ms to 1000s typically [21]. Several models for the origin

of gamma-ray bursts postulated that the initial burst of gamma rays should

be followed by slowly fading emission at longer wavelengths created by col-

lisions between the burst ejecta and interstellar gas. This emission is so

called the ”afterglow”. A long- duration burst (& 2s) is usually followed by a

longer-lived ”afterglow” which emits low-energy photons (X-ray, ultraviolet,

optical, infrared and radio). On the contrary, no afterglow is detected from

short-duration (. 2s) bursts generally.

Related to the observations of afterglow, long bursts are believed to be

associated with a rapidly star-forming galaxy. Short bursts are believed to

be no star formation, including large elliptical galaxies and the interstellar

medium.

The true nature of GRBs remains unknown. On the causes of gamma ray

bursts, there is a speculation that GRB is produced by the merger of two

compact objects such as neutron stars or black holes. Another view is that

GRB is from the evolution of massive stars to the black hole. In 1998, a high-

energy supernova SN1998bw, is discovered to be connected with the burst

GRB980425. This relation between (long duration) GRBs with supernovae

indicates a connection between GRBs and the deaths of very massive stars

[11].

1.2.2 Active galactic nucleus

An active galactic nucleus (AGN) is a compact region at the centre of a

galaxy. AGN has a higher luminosity (∼ 1043 − 1048 erg/s) than the other

part of the galaxy in almost all ranges of the electromagnetic spectrum. Such

6



excess emission has been observed in the radio, infrared, optical, ultra-violet,

X-ray and gamma-ray wavebands. A galaxy hosting an AGN is called an

active galaxy. The radiation from AGN is believed to be resulting from

accretion of mass by the super massive black hole at the centre of the host

galaxy.
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Chapter 2

Astrophysical neutrinos

2.1 Production of neutrinos

High energy neutrinos produced in astrophysical sources, are mainly com-

ing from the photon-pion interaction. High energy protons and photons in-

teract with each other via ∆+ resonance

p+ γ → ∆+ → p+ π0 . (2.1)

p+ γ → ∆+ → n+ π+ . (2.2)

Neutrinos are produced by the decays of neutrons (beta decay) and charged

pions in the scenario (2.2).

For the latter case, the secondary muon from pion decays can decay into

an anti-muon neutrino and an electron-neutrino. Hence the pion decay chain

is described by

π+ → µ+ + νµ , (2.3)

and

µ+ → e+ + νe + ν̄µ . (2.4)
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The neutron beta decay simply produce an anti-electron-neutrino, i.e.,

n→ p+ e− + ν̄e . (2.5)

2.2 GZK cutoff and GZK neutrinos

There is a cut-off in UHECR spectrum in the energy region E > 5 ×

1019 eV. This phenomena is possibly related to the 2.7K cosmic microwave

background. Greisen, Zatsepin and Kuzmin proposed a model to explain the

above-mentioned (GZK) cut-off of UHECR spectrum. They treated UHECR

as protons, and considered their interactions with CMB photons as Eq.(2.1)

and Eq.(2.2). Since the 2.7K photon is at the low energy, the proton energy

should be higher than 5 × 1019eV to reach the maximum cross-section at

∆-resonance. Such a threshold energy exactly corresponds to the cutoff of

UHECR spectrum. The GZK neutrino flux is small and have not yet been

detected. This model is controversial. Some theories (e.g. Berezinsky [25])

suggest an upper-limit on the acceleration of UHECR, and therefore the cut-

off is caused by the acceleration limit, not by the interactions with CMB.

2.3 GRB and AGN neutrinos

As mentioned in Chapter 1, the leading candidates of UHECR are GRB

and AGNs. The accelerated proton or nuclei may interact with photons in

those sources as Eq.(2.1) and Eq. (2.2). Such interactions produce neutri-

nos. In the GRB fireball model, the observed gamma-rays are produced by

synchrotron emission of the co-accelerated electrons in the expanding shock.

The GRB neutrino production is our main subject, and will be discussed

later in Chapter 3.
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In AGN-jets models, AGN jets produce the observed gamma-ray back-

ground. Secondly, high energy photon emission is due to decays of neutral

pions. The predicted neutrinos flux from AGN-jets models is higher than

those of other source candidates (comparing with neutrinos from GRB for

Eν > 1015eV).

2.4 The cosmic ray limit

Figure 2.1: Comparison of the muon neutrino intensities [8] predicted by

different models. The dash-dotted lines state the upper bound. The lower

line is obtained by assuming no evolution, and the upper line assuming rapid

evolution similar to the evolution of the quasi-stellar object.

To determine whether GRB or AGN is the dominating source of UHECR,

Waxman and Bahcall derived a limit for predicted neutrino flux. This limit

is derived from the injection spectrum of UHECR. Comparing each predic-

tion, Waxman and Bahcall argued that GRB is a proper origin of UHECR,

10



because predicted neutrino flux from AGN-jets exceeds the limit by two or-

ders of magnitude. In this case, one may try to observe the neutrinos in the

GRB-dominating spectrum region (. 1015 − 1016eV) instead of AGN-jets-

dominating region (& 1015 − 1016eV). Differing from jets-model, a hidden

core model in AGN, with proton photo-meson optical-depth, can not be lim-

ited by this bound.

This limit is controversial. Another limit suggest by Ref. [20] allows

AGN-jets to be the dominating UHECR origin.

2.5 Neutrino flavor ratio at the astrophysical

sources

Different astrophysical source may lead to different neutrino flavor ratio

in different energy region. In the flavor ratio discussion we do not distinguish

anti-neutrinos from neutrinos, but only distinguish the neutrino flavor.

The following typical classes of neutrino sources are considered:

Pion beam

Neutrinos are produced by the charged pion and secondary muon as

Eq. (2.3) and (2.4), leading to a flavor ratio

φνe : φνµ : φντ = 1 : 2 : 0 .

Muon damped source

In the magnetic field, charged pions and muons lose energies by syn-

chrotron emission. Comparing synchrotron loss time scale and decay time

scale for each particle, muons may lose energy before decay in some energy

11



region, while the same effect on pion is not obvious. This leads to a flavor

ratio

φνe : φνµ : φντ = 0 : 1 : 0 .

Neutron beam source

Anti-electron neutrinos from the neutron β-decay may be dominating in

some cases. In the region that the synchrotron losses of the pions and muons

are so large (i.e., the magnetic fields are very strong), relatively high energy

neutrinos from neutron decays may give more important contributions.

On the other hand, depending to the photon spectra indices, one may

find a neutron beam dominance in the low energy region as well. Another

potential source of neutron beam is for photo-dissociation of heavy nuclei

[26]. The flavor type of neutron beam is

φνe : φνµ : φντ = 1 : 0 : 0 .

Mixed beam sources

In some energy region, neither the neutron beam source (1:0:0) or the

pion beams (1:2:0) can be distinguished. The beam is mixed of the two. An

example of a mixed beam is

φνe : φνµ : φντ = 1 : 1.5 : 0 .

2.6 The neutrino oscillation

The neutrino flavor eigenstates (νe, νµ, ντ ) are not identical to the mass

eigenstates (defined as ν1, ν2, ν3 commonly). This fact leads to the neutrino

oscillation. For example, one may produce an electron-neutrino and find that

12



the electron neutrino could become a muon neutrino when making detection

of this neutrino some distance from the production point.

For the oscillation of the astrophysical neutrinos, the initial flux φ
(i)
νx (at

astrophysical source) is related to the final flux φ
(f)
νx (on earth) by the prob-

ability matrix P .


φ

(f)
νe

φ
(f)
νµ

φ
(f)
ντ

 = P


φ

(i)
νe

φ
(i)
νµ

φ
(i)
ντ

 =


Pee Pµe Pτe

Peµ Pµµ Pτµ

Peτ Pµτ Pττ



φ

(i)
νe

φ
(i)
νµ

φ
(i)
ντ

 , (2.6)

where Pxy is a simplified notation for the probability of flavor transition

P (νx → νy). To simplify, the probability can be approximated by

P (νx → νy) =
∑
i

|Uxi|2|Uyi|2 (2.7)

within the condition that the oscillation lengths of the astrophysical sources

neutrinos are averaged.

Here U is the Pontecorvo-Maki-Nagakawa-Sakata mixing matrix [7]

U =


c12c13 s12c13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 (2.8)

where cij = cos θij, sij = sin θij, and δ is the CP violating phase.
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Chapter 3

Neutrinos from GRB

The frames

Here we use quantities with a prime ′ in the GRB shock rest frame S ′,

quantities with a star ∗ in the GRB source centre frame S∗, and quantities

without special marks in the observer’s frame S. S∗ relates to S ′ by a Lorentz

boost factor Γ, while S relates S∗ by a red-shift (1 + z). The red-shift z can

be determined by the distance between GRB source and Earth. To simplify,

we neglect the red-shift effect, i.e., z = 0. In this condition we can treat

S∗ = S.

Figure 3.1: The relations of three frames
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The calculations is based on models in Refs.[8, 10, 13, 19, 21, 28]. We

use the formulae in SI units. The formulae may appear differently in these

references due to different systems of unit employed.

3.1 Relativistic fireball

The GRB centre is a compact source of massive material. The leading

model for the electromagnetic radiations observed from GRBs is based on

the relativistic fireball created in the core collapse or merger. A gravita-

tional collapse leads to the release of the ultimate high energy. The energies

transform into e±, gamma-rays and baryons expands relativistically, as a

”fireball”. The optical depth in the centre is very high. That leads to pair

productions. The fireball expansions reduces the optical depth: If the fireball

expands with a Lorentz factor Γ, the energy of photons in the fireball frame

is relatively small, with a factor 1/Γ, and therefore most photons may be

below the pair production threshold. This consideration of the optical depth

yields the lower limit of the Γ factor

Γ & 100 .

As the fireball expands, a fireball shell could collides with another fireball

shell. This collision leads to a (internal) relativistic shock. The protons are

accelerated in the shock according to Fermi’s model.

3.1.1 The total energy of internal shock

The acceleration region size ri is constrained by the gamma factor and

the variability time tv (the time difference between each shell of the shock),

ri ∼ 2Γ2ctv . (3.1)

15



In this model the observed energy Eγ is from the synchrotron emission of the

charged electrons and positrons. The electrons (positrons) take a fraction ξe

of total energy of the shock Lint and transfers energy into the photon energy.

We have Lγ = ξeLint. The magnetic field takes a fraction ξB of the total

energy.
2πr2

i cΓ
2B′2

µ0

= ξBLint =
ξBLγ
ξe

. (3.2)

There is an assumption that the fraction is equal-partitioned ξe = ξB.

The value of each fraction can not be determined by any model. Following

Refs. [13, 28] we choose

ξe = ξB = 0.3 .

3.1.2 The photon break energy

The GRB photon spectrum is fitted with the Burst and Transient Source

Experiment (BATSE) data in the energy domain 20 keV to 2 MeV. The

photon has a broken-power-law spectrum:

Eγ
dIγ
dEγ

(Eγ) ∝

 E−α1
γ if Eγ ≤ Eγ,br
E−α2
γ if Eγ ≥ Eγ,br

, (3.3)

where the indices α1 ≈ 0, and α2 can be up to 4. On the average, α2 is

between 1.0 and 1.2 . We note that, Eγ = ΓE ′γ.

The characteristic photon energy is determined by the strength of the

magnetic field

E ′γ =
~Γ2

eeB
′

me

, (3.4)

which implies

Eγ =
Γ~Γ2

eeB
′

me

. (3.5)

where Γe ≈ ξe(mp/me) is the Lorentz factor of electron-comoving frame

relative to the shock frame.
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3.2 Prediction of the neutrino spectrum from

GRB

3.2.1 The spectrum of proton

In the calculation of the neutrino spectrum, the maximum energies of π,

n, νµ, νe are all constrained by the maximal proton energy Ep,max. Hümmer

et al. [23] suggest the following proton spectrum:

dIp
dEp

(Ep) ∝

 E−2
p if Ep ≤ Ep,max

0 if Ep ≥ Ep,max
, (3.6)

which has an artificial step function cut-off in the energy spectrum.

The step function is not realistic in our view. We consider a proton spectrum

which is exponentially suppressed after the maximum energy,

dIp
dEp

(Ep) ∝

 E−2
p if Ep ≤ Ep,max

exp(− Ep
Ep,max ) if Ep ≥ Ep,max

. (3.7)

Eq. (3.7) is employed by Ref. [20].

The maximum of proton energy

The above mentioned maximum energy in the observer’s frame relates

to a maximum in the shock frame. In the case that the red-shift effect is

negligible, we have

Ep,max = ΓE ′p,max .

The maximal proton energy in the shock frame can be derived by comparing

the acceleration time t′acc and the proton synchrotron loss time t′sync of proton.

The acceleration time scale is given by Refs [5, 23].

t′acc =
E ′

ηc2ZeB′
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where Z is the number of unit charges such that Z = 1 for proton and Z = 26

for iron, E ′ is the energy of the accelerated particle, and η is the acceleration

efficiency, which is set to be 1.

The synchrotron time scale t′sync,p is defined as

t′sync,p =
9πε0m

4
pc

5

|q|4B′2E ′

where ε0 is the permittivity of free space.

E ′p,max is the energy when t′sync/t
′
acc = 1. Therefore

E ′p,max =

√
9πε0m4

pc
7

|e|3B′
. (3.8)

Likewise, we can determine the acceleration limit of iron too:

E ′Fe,max =

√
9πε0(56mp)4c7

(26|e|)3B′
' 23.7E ′p,max .

3.2.2 The neutrino spectrum from the pion source

Let us recall the photon-pion reaction:

p+ γ → ∆+ → p+ π0 . (3.9)

The enhanced reaction cross section at the ∆ resonance is reflected by the

energy break of photon E ′γ (in shock frame). The proton energy must satisfy

the condition [13]

E ′p ≥
m2

∆c
4 −m2

pc
4

4E ′γ
(3.10)

where m∆ is the ∆ mass. We can derive the break-energy in the observer’s

frame:

Ep,br = Γ2
m2

∆c
4 −m2

pc
4

4Eγ,br
. (3.11)
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In the photon-pion reaction pion takes about 20% of the proton energy and

the muon-neutrino takes about 25% of the pion energy. The break energies

of pion Eπ,br and that of the muon neutrino Eνµ,br are

Eπ,br ≈ 0.2Γ2
m2

∆c
4 −m2

pc
4

4Eγ,br
(3.12)

and

Eνµ,br ≈ 0.05Γ2
m2

∆c
4 −m2

pc
4

4Eγ,br
(3.13)

respectively. Without considering the synchrotron effect and the existence

of maximal proton energy, we have the following pion and muon neutrino

energy spectrum

E2
π

dIπ
dEπ

(Eπ) ∝

 Eα2
π if Eπ ≤ Eπ,br
Eα1
π if Eπ ≥ Eπ,br

(3.14)

and

E2
νµ

dIνµ
dEνµ

(Eνµ) ∝

 Eα2
νµ if Eνµ ≤ Eνµ,br
Eα1
νµ if Eνµ ≥ Eνµ,br

. (3.15)

These break energies are related to Γ and B′ as given by Eq.(3.5).

We note that the synchrotron loss effect of the pion should be considered

as well. The characteristic synchrotron loss energy is derived by equating the

decay time scale t′decay,π to the synchrotron loss time scale t′sync,π of charged

pion. Since t′sync,π = 9πε0m4
πc

5

e4B′2E ′π
and t′decay,π = E ′πτ0,π

mπc2
, we have

Eπ,sync =

√
9πε0m5

πc
7

B′2e4τ0,π

(3.16)

where τ0,π ≈ 2.6× 10−8 is the life time of charged pion at rest.

The neutrino energy corresponding to Eπ,sync is then given by

Eνµ,sync = 0.25

√
9πε0m5

πc
7

B′2e4τ0,π

. (3.17)
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With synchrotron loss effect taken into account, we arrive at the following

expectation

E2
νµ

dIνµ
dEνµ

(Eνµ) ∝


Eα2
νµ if Eνµ ≤ Eνµ,br
Eα1
νµ if Eνµ,br ≤ Eνµ ≤ Eνµ,sync
Eα1
νµ E

−2
νµ if Eνµ ≥ Eνµ,sync

. (3.18)

To derive the neutrino spectrum more realistically, we follow the treat-

ment in Ref. [19] while imposing the maximal proton energy (which does not

appear in [19]). We consider the pion spectrum before taking the synchrotron

effect on pions and with a maximal pion energy (from the proton maximal

energy imposed). φπ behaves as

φπ(Eπ) ∝


Eα2
π E−2

π if Eπ ≤ Eπ,br
Eα1
π E−2

π if Eπ,br ≤ Eπ ≤ Eπ,max
exp(− Eπ

Eπ,max ) if Eπ ≥ Eπ,max

. (3.19)

Here Eπ,br is given by Eq. (3.12) and Eπ,max can be derived by Eq. (3.8), i.e.,

Eπ,max ≈ 0.05Γ

√
9πε0m4

pc
7

|e|3B′
. (3.20)

After taking the synchrotron effect, the final muon neutrino spectrum should

be
dIνµ
dEνµ

(Eνµ) = − ∂

∂Eνµ

∫ ∞
4Eνµ

dEiφπ(Ei)Pπ(Ei, 4Eνµ) (3.21)

where φπ(Ei) is flux of pions produced at the source with energy Ei.

Pπ(Ei, Ef ) is the decaying probability of a particle which is losing energy from

the initial energy Ei to the final energy Ef .

P (Ei, Ef ) = 1− exp

(
−E2

π,sync

(E (−2)
f − E (−2)

i )

2

)
. (3.22)

This probability is obtained for particles which lose energy by the synchrotron

effect (see the appendix, taking n = 2).
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We calculate Eq.(3.21) numerically to obtain the spectrum of muon neu-

trinos arising from pion decays.

3.2.3 The neutron beam spectrum

The spectrum of anti-electron neutrino from the neutron β-decay is simi-

lar to the pion spectrum. However the neutron is not affected by the magnetic

field, so that the anti-electron neutrino spectrum is only constrained by the

break energy and the maximal energy:

φνe =
dIνe
dEνe

∝


Eα2
νe E

−2
νe if Eνe ≤ Eνe,br

Eα1
νe E

−2
νe if Eνe,br ≤ Eνe ≤ Eνe,max

exp(− Eνe
Eνe,max

) if Eνe ≥ Eνe,max

. (3.23)

In the photon-pion reactions the neutron takes about 80% of the proton

energy. The anti-electron neutrino takes about 0.1% of the neutron energy

in the β-decay. The break energies of anti-electron neutrino Eνe,br and Eνe,max
(from Eq. (3.8)) are given by

Eνe,br ≈ 0.0008Ep,br = 0.0008Γ2
m2

∆c
4 −m2

pc
4

4Eγ
, (3.24)

and

Eνe,max ≈ 0.0008Ep,max = 0.0008Γ

√
9πε0m4

pc
7

|e|3B′
. (3.25)

3.2.4 The normalization

To get the expected neutrino intensity on Earth, we refer to the fluence

Fγ measured by the BATSE data. We choose the average Fγ = 10−5 erg/cm2.

The normalization factor Fνµ of muon-neutrino from pion decay is given

by Ref. [13].

Fνµ ≈
1

8

1

ξe
0.2Fγ

Lγ,52

Γ4
2.5tv,−2(Eγ,br/MeV)

(3.26)
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where Γ2.5 = Γ/102.5, Lγ,52 = Lγ/(1052erg/s), and tv,−2 = tv/(0.01s).

The anti-electron neutrino from the neutron β-decay takes a less energy

fraction (0.0008) of proton comparing to the fraction (0.05) of the muon

neutrino taken by (from pion decay). The normalization in neutron beam

should be less by the factor (0.05/0.0008)−2. Hence Fνe ≈ (0.05/0.0008)−2×

Fνµ . This is caused by different shifting factors from the proton spectrum,

as illustrated by Fig. 3.2. We note that the exponent -2 is from the proton

spectrum.

Figure 3.2: The sketch of spectrum shifting

The normalization factors Fνµ and Fνe are for single GRB. Taking the

expected 300 GRBs a year (365×86400 seconds) in the full sky survey (4π

solid angle), the expected flux is F ×300/365/86400/4π×φ (unit energy per

unit area per second per solid angle). Here F = Fνν , Fνe and φ = φνν , φνe

respectively.

To determine the dominating source, we have to compare the integrated
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flux in the observable energy region. The integrated flux is given by

Iν =

∫ Eex,max

Eex,min

dIν
dEν

dEν . (3.27)

Here we choose the region Eex,min = 1011eV and Eex,max = 1015eV such as the

IceCube experiment region. The synchrotron effects on muon is neglected.

In this condition we can regard the νµ from π as the pure pion beam source

(φνe : φνµ : φντ = 1 : 2 : 0) and ν̄e from n as the pure neutron beam source

(φνe : φνµ : φντ = 1 : 0 : 0). The result is the composition of the two. We

present the ratio Iνe/Iνµ in this region.

3.3 Our settings and results

We assume pure protons (with no heavy nuclei) to be accelerated in the

source.

Eq.(3.2) can be written as

8πc3t2vΓ
6B′2

µ0

=
ξBLγ
ξe

,

which can be recasted as the condition f(B′,Γ, tv, Lγ) = constant. Note that

ri = 2Γ2ctv, by Eq.(3.1). tv is a fixed parameter in our calculation. A com-

mon choice [13, 28] which we do not use is to take Lγ and Γ as independent

variables, and treat B′ as a response variable. However, we are interested in

magnetic effects on Eπ,sync and Eνe,max. In that case we vary B′ and Γ inde-

pendently, and therefore the photon luminosity Lγ is the response variable.

The neutrino flux spectra depend on the measured photon spectrum slope

indices α1 and α2 as shown in Eq. (3.3). α1 ≈ 0 is fixed while α2 is a variable.

First of all, we summarize the physical range of each parameter here.
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Limits on measurement

The most typical measured Eγ,br from GRB is in the range

0.1 MeV . Eγ,br . 0.3 MeV .

The full range of Eγ,br is

10 keV . Eγ,br . 100 MeV .

The ranges for photon spectra indices are

α1 . 0, and α2 . 4,

In most of all GRBs, we have α2 = 1.0− 1.2 .

The range for GRB luminosity is

1050−51 erg/s . Lγ . 1053−54 erg/s .

Here the lower limit can be less for X-ray candidates , i.e., bursts with photon

energy in the X-ray region. Lγ is determined from other measurement and

models, like the afterglow observation. It is model dependent. It is hard to

say whether Lγ is a measurement or a model parameter.

Model parameters Γ and B′

Typical values of these parameters at GRBs are

Γ ≈ 300 ,

B′ ≈ (3− 30) Tesla ,

which correspond to

Lγ ∼ (1051 − 1053) erg/s .
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The full ranges of GRB model parameters are

100 . Γ . 1000

and

0.1 Tesla . B ′ . 103 Tesla .

Fixed parameters

The variability time is held fixed, i.e.,

tv = 10 ms .

The energy fractions taken by electrons and magnetic field from the total

GRB luminosity are

ξe = ξB = 0.3 .

The photon spectrum index (before break) is

α1 ≈ 0 .

3.3.1 The neutrino spectra given by different Γ and B′

We survey the full magnetic field range B′ = 0.1−1000 Tesla for Γ = 100

(lower limit), Γ = 300 (typical value) and Γ = 1000 (upper limit). Note that

Lγ ∝ Γ6B′2. A higher B′ implies a lower Γ to make Lγ not exceeding the

limit of Lγ. The spectrum index α2 = 1.2 is also held fixed here.

The resulting neutrino spectra are given in Fig. 3.4, 3.5 and 3.6, The

expected measurements are given by Table 3.1.
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3.3.2 The neutrino spectra resulting from different α2

indices

Here we fixed Γ = 300 and B′ = 10 Tesla for a typical GRB. The spectrum

index α2 = 1.0, 1.2, 2.0, 3.0 is the only variable here. The resulting spectra

are given by Fig. 3.8, 3.9, 3.10, and 3.11. Expected measurements are given

by Table 3.2.

3.4 Discussion and summary

The existence of pure neutron beam

Moharana and Gupta [28] suggest a pure neutron beam source dominating

for Eν > 1018 eV. The calculation is based on a synchrotron loss effect caused

by the magnetic field on charged pion π+. On the contrary the uncharged

neutron n is not affected by the magnetic field. Their result is shown in

Fig. 3.3.

Our result

The synchrotron effect

Our results as shown in Fig. 3.4, which do not agree those in Ref. [28].

Our result does not confirm the existence of a pure neutron source at higher

energy range for typical GRB parameters. Note that the green curves in

Fig. 3.4 correspond to the pair of curves with (L = 1052erg/s) in Fig. 3.3.

It is possible to find a pure neutron beam from GRB with extremely high

magnetic field. However, this result is arguable on two points. The first one

is the choice of the proton spectrum cut-off. The neutrino fluxes resulting
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from different choices of proton spectrum cut-off are shown in Fig. 3.7. Our

cut-off choice allows a dominant neutron beam source at high energy while

the cut-off choice made by Ref. [23] does not allow this dominance. At this

moment we do not know the behaviour of proton flux beyond Ep,max. The

other point is that the flux with high magnetic field strength may exceed

the cosmic ray limit. This implies that the neutron beam source is very rare

even if it truly exists. Furthermore, a neutron beam source with such a high

energy (& 1017eV) may be mixed with a pion beam from GZK neutrino.

Therefore it is not possible to isolate the neutron beam source (& 1017eV)

from observations.

Dependence on the photon spectrum index

We do not find pure neutron beam for typical choices α2 = 1.0− 1.2. On

the other hand, for GRBs with steeper spectra α2 ≥ 2, there may be a pure

neutron beam in the lower energy region, as shown in Fig. 3.10 and 3.11.

For α2 & 3 we obtain a pure neutron beam in the IceCube energy region

(1011− 1015)eV for some special GRBs. GZK pion beam does not affect this

low-energy region.

The expected neutrino flux on Earth

For the (1011 − 1015)eV energy region, we find that for typical GRB,

Iνe/Iνµ ≈ 0.63, as shown in Table 3.1, i.e., φνe : φνµ : φντ ≈ 1 : 1.59 :

0 (without oscillation) in the region (1011 − 1015)eV. We then suggest a

mixed beam instead of a pure-pion beam for typical GRB. Table 3.1 show

the tendency that for GRBs with larger B′, one may obtain a smaller Iνe/Iνµ

ratio in the energy region (1011−1015)eV. Table 3.2 shows the tendency that

larger α2 produces a larger Iνe/Iνµ ratio.
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Γ = 100, α2 = 1.2

B′ Eγ,br Lγ I of π beam (1:2:0) I of n beam (1:0:0) Iνe/Iνµ

(Tesla) (MeV) (1052erg/s) cm−2s−1sr−1 cm−2s−1sr−1

1000 3.5 13.54 1.01× 10−11 8.08× 10−13 0.54

300 1.05 1.21 9.80× 10−13 1.00× 10−13 0.55

100 0.35 0.14 1.11× 10−13 1.33× 10−14 0.56

Typical GRBs, Γ = 300, α2 = 1.2

B′ Eγ,br Lγ I of π beam (1:2:0) I of n beam (1:0:0) Iνe/Iνµ

(Tesla) (MeV) (1052erg/s) cm−2s−1sr−1 cm−2s−1sr−1

30 0.32 8.89 7.49× 10−15 1.49× 10−15 0.60

10 0.11 0.99 6.68× 10−16 1.75× 10−16 0.63

3 0.032 0.089 4.72× 10−17 1.57× 10−17 0.67

Γ = 1000, α2 = 1.2

B′ Eγ,br Lγ I of π beam (1:2:0) I of n beam (1:0:0) Iνe/Iνµ

(Tesla) (MeV) (1052erg/s) cm−2s−1sr−1 cm−2s−1sr−1

1 0.035 13.54 3.31× 10−18 1.21× 10−18 0.68

0.3 0.011 1.21 2.34× 10−19 8.57× 10−20 0.68

0.1 0.0035 0.14 2.09× 10−20 7.64× 10−21 0.68

Table 3.1: The expected neutrino integrated flux (right from the vertical

line) on Earth, for Γ = 100, 300, 1000. The neutrino oscillation is not taken

into account here.
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Γ = 300, B′ = 10Tesla

α2 I of π beam (1:2:0) I of n beam (1:0:0) Iνe/Iνµ

cm−2s−1sr−1 cm−2s−1sr−1

1.0 2.16× 10−15 2.96× 10−16 0.57

1.2 6.68× 10−16 1.75× 10−16 0.63

2.0 3.34× 10−17 7.07× 10−17 1.56

3.0 2.39× 10−18 5.20× 10−17 11.38

Table 3.2: The expected neutrino integrated flux on Earth. The neutrino

oscillation is not taken into account here.

29



Figure 3.3: Neutrino flux from pion decay (dashed line) and neutron β-decay

(solid line) in GRB with L = 1052, 1051, 1050 erg/s, Γ = 300, tv = 10ms.

(Moharana and Gupta 2010) [28]

Figure 3.4: Typical GRB neutrino spectra, with Γ = 300, B′=3(red),

10(green), 30(blue) Tesla. The solid line is νµ flux from pion decays ((1:2:0)

source), and the dashed line is ν̄e flux from neutron β-decays ((1:0:0) source).
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Figure 3.5: Γ = 1000, B’=0.1(red), 0.3(green), 1.0(blue)Tesla. The solid line

is νµ flux from pion decays ((1:2:0) source), and the dashed line is ν̄e flux

from neutron β-decays ((1:0:0) source).

Figure 3.6: Γ = 100, B′=100(red), 300(green), 100(blue) Tesla. The solid

line is νµ flux from pion decays ((1:2:0) source), and the dashed line is ν̄e flux

from neutron β-decays ((1:0:0) source).
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Figure 3.7: The vertical (black-dashed) line results from the cut-off suggested

by Hümmer et al. [23] as given by Eq. (3.6). The red-dashed line results from

the cut-off we choose as given by Eq. (3.7).

Figure 3.8: Γ = 300, B’= 10 Tesla, α2 = 1.0
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Figure 3.9: Γ = 300, B’= 10 Tesla, α2 = 1.2

Figure 3.10: Γ = 300, B’= 10 Tesla, α2 = 2.0
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Figure 3.11: Γ = 300, B’= 10 Tesla, α2 = 3.0
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Chapter 4

Conclusion

To study the properties of the UHECR sources, the neutrino flux and its

flavor composition are the keys. The neutrino flavor composition has been

regarded as a pure pion beam. The neutrino from neutron β-decay has been

neglected before.

We take gammay-ray bursts as the leading candidate of UHECR. We

predict the GRB neutriono flux before oscillation. Moharana and Gupta

argued that there exists a pure neutron beam (before oscillation) in the high

energy range (Eν > 1018 eV) for a typical GRB. This result is inconsistent in

our view.

Our calculation focus on the magnetic field effects on energy losses of

protons and pions. The other parameter considered is the photon spectrum

index α2. We choose z = 0, take the source as pure proton, and neglect the

muon energy loss. Our result does not take into account neutrino oscillations.

The experimentally measured mixing parameters can be applied to calculate

expected neutrino flavor ratio on Earth.

In summary, we predict the neutrino fluxes for typical GRBs. We also

calculated neutrino fluxes the GRBs with larger magnetic field strength and
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the GRBs with different photon spectra indices.

We present the expected flux in the full energy range (1011 − 1021) eV.

For an experimental consideration, the flux is also integrated in the IceCube

energy range(1011 − 1015) eV.

For a typical GRB the prediction for neutrino flavor composition is given

as follows. The neutrino flavor composition behaves as that from a mixed

source φνe : φνµ : φντ ≈ 1 : 1.5 : 0 in the low energy region, and behaves

as that from a pure pion beam in the higher energy range φνe : φνµ : φντ ≈

1 : 2 : 0. The pure neutron beam does not generally occur for relatively

high energy. Even for extremely high magnetic field, the chance for a pure

neutron beam is quite small.

For large photon spectra indices, such a pure neutron beam source may

exist in the lower energy region. This certainly depends on the fitting of the

photon spectrum.

We conclude that the pure neutron beam do not occur for typical GRBs.

The pure neutron beam is still not likely to occur in the higher energy range

in GRBs with extremely high magnetic field. The existence of pure neutron

beam in IceCube energy range (1011− 1015) eV is possible, depending on the

photon indices.
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Appendix A

Details of derivations

A.1 The energy loss time

Consider: a moving particle with velocity ~u in S, ~u′ in S ′

S: the lab frame,

S ′: the rest frame of the moving particle,

~v ‖ ~x: the relative velocity between two coordinates.

ax can be derived by the inverse Lorentz transformation:

ux =
u′x + v

1 + v
c2
u′x

.

t = Γ(t′ +
v

c2
x′) .

dux =
du′x

Γ2(1 + v
c2
u′x)

2
.

dt = Γdt′(1 +
v

c2

dx′

dt′
) = Γdt′(1 +

v

c2
u′x) .

ax =
dux
dt

=
1

Γ3(1 + v
c2
u′x)

3
a′x .
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Likewise, we can get ay by same process:

ay =
a′y

Γ2(1 + v
c2
u′x)

2
−
u′yv

c2

a′x
Γ2(1 + v

c2
u′x)

3
.

WLOG, choosing u‖ ‖ ~x, and u⊥ ‖ ~y .

S ′ is the rest frame of the particle, i.e., u′x = u′y = 0

Consequently,

a‖ = ax =
a′‖
Γ3

and

a⊥ = ay =
a′⊥
Γ2

.

Consider the particle to be charged with q, moving ultra-relativistically

in a uniform magnetic field ~B, and hence it will radiate.

The radiation power is referred to the Larmor formula [Landau]:

I = −dE
dt

=
2q2|a′|2

3c3
=

2q2

3c3
(a′⊥

2
+ a′‖

2
) =

2q2

3c3
(Γ4a2

⊥ + Γ6a2
‖) . (A.1)

Substituting a‖ = 0 and a⊥ = quB
mcΓ

into (A.1), we can obtain

−dE
dt

=
2q2

3c3
Γ2 q

2B2

m2c2
u2
⊥ .

−dE
dt

=
2

3

q4

m2c4
cΓ2B2β2

⊥ .

Consider a spherical homogeneous velocity.

The mean square velocity can be derived by averaging over an isotropic

distribution of pitch angles α :

< β2
⊥ >=

β2

4π

∫
sin2 αdΩ
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where the pitch angle is the angle between the magnetic field and the

particle moving direction.

Here we consider uniform ~B ‖ ~z, and then α = θ .

∫ θ=π

θ=0

∫ φ=2π

φ=0

sin2 αdΩ =

∫ θ=π

θ=0

∫ φ=2π

φ=0

sin2 θ sin θdθdφ =
8π

3
,

< β2
⊥ >=

2

3
β2 .

−dE
dt

=
4q2

9c3
Γ2 q

2B2

m2c2
u2 =

4q4B2E2

9m4c7
≡ AE2 .

Synchrotron loss time, defined as

t ≡ (AE)(−1) ,

will be exact as the time it takes the particle to lose half of its energy

due to synchrotron losses in a constant magnetic field.

tsync =
9m4c7

4q4B2E0

(A.2)

where m is the rest mass of the particle, E0 is the initial total energy.

Here we introduce an equivalent common expression of (A.2):

tsync =
3m4c3

4σTm2
eE0UB

where σT is the Thomson total cross section, UB is the magnetic field

energy density.

σT =
8

3
π

(
q2

mec2

)2

.

UB =
B2

8π
.
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The above mentioned formulae are in Gaussian units; furthermore, we

can represent tsync in SI units:

tsync =
9πε0m

4c5

q4B2E0

by the transformation:

q → 1√
4πε0

q

and

B →
√

4π

µ0

B .

A.2 The decaying probability

Consider Ni particles with Ei initial energy, with decay time τi.

The Energy loss by time is

dE
dt

= −AEn . (A.3)

The decay time, a function of Energy, can be written as

τ = τi(E/E0)

where E0 is not the rest energy, but an enegy we choose to set loss time

scale equals to the initial decay time.

t−1
loss(E) ≡ AE (n−1) .

t−1
loss(E0) = τ

(−1)
i = AE (n−1)

0 . (A.4)

Start from an exponential decaying function:
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dN

dt
= −1

τ
N .

∫ Nf

Ni

dN

N
= −

∫ tf

0

1

τ
dt .

∫ Nf

Ni

dN

N
= −

∫ Ef
Ei

1

τ

dt

dE
dE .

log

(
Nf

Ni

)
=

∫ Ef
Ei

E0

τi

1

A
E−n−1dE .

Take exponet both LHS and RHS,

Q ≡ Nf

Ni

= exp

(
−E0

τi

1

A

(E (−n)
f − E (−n)

i )

n

)
.

Q = exp

(
−En0

(E (−n)
f − E (−n)

i )

n

)
.

Here we erase τi and A by substituting (A.4)

Q is the fraction of living particles, so the decay probability is

P = 1−Q = 1− exp

(
−E (n)

0

(E (−n)
f − E (−n)

i )

n

)
.
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Appendix B

Table of symbols

Physical constants

Symbol Definition Numerical value Unit

c speed of light 299792458 m/s

ε0 permittivity 8.85×10−12 Farad/s

µ0 permeability of vacuum 1.26×10−6 H/m

e (Abs.)electron charge 1.60×10−19 C

me electron mass 9.11×10−31 kg

mp proton mass 1.67×10−27 kg

m∆ delta mass 2.20×10−27 kg

mπ (charged) pion mass 2.49×10−28 kg

~ reduced Planck constant 1.05×10−34 J s

τ0,π (charged) pion life time 2.60×10−8 s

Table B.1: Definitions and numerical values of constants
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Parameters

Symbol Description Typical value Unit

Lγ photon luminosity of GRB 1051 − 1053 erg/s

tv variability time of GRB 0.01 s

B′ magnetic field, in shock frame 10-30 Tesla

Γ Lorentz factor, shock frame to observer’s frame 300

Eγ,br ”break” energy of measured photon 0.1-0.3 MeV

Fγ measured GRB photon fluence 10−5 erg/cm2

α1 photon spectrum index 1 0

α2 photon spectrum index 2 1.0-1.2

Table B.2: Descriptions and typical values of parameters
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