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Abstract

Subspace method for blind channel identification of communication channels usually

require that the channel order is known. This requirement is not realistic in practice. We

propose algorithms for the determination of channel order, when only an upper bound of the

channel order is known, so that the subspace method can be used for channel identification.
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�ùı Ô−‡�—ä˛Èj¶

Ô−‡�u‚à�|mUí$lÔ4Ñ–õ,%¬ø©�íRûD«�,®A¦−¡b,¿í|�

ñí� ÛD, ˛�óçÖ�íj¶\T|, àJj²Ô−‡�½æ� ¥_ı�, ø�Üø�±Ñä˛È

íj¶ (subspace method), …í!…-ZuUà�|íù¼$lÔ4–óÉä³ (autocorrelation

matrix), Ê_çícq‘K-, â�|íóÉä³}j)s_ä˛È, ‚à¥s_ä˛È�^íÔ4,

VTÜÔ−‡�½æ [1]�

2.1 Ô−‡�íbç_�

5?ø_bP¦mÍ$, ¦−_bÑL� ¦−¼bÑM , à-��äFý

yi(n) =

M
∑

k=0

hi(k)x(n − k) + wi(n) , i = 1, ..., L (2.1)

w2 yi(n) Ñ� i _¦−í�|, x(n) Ñ�p, wi(n) ÑÆm, I hi = [hi(0) · · ·hi(M)] Ñ� i _

¦−5¡b�

ø L _¦−í�|§Aø_W²¾ y(n) = [y1(n) · · ·yL(n)]T , † y(n) [ýà-

y(n) =

M
∑

k=0

h(k)x(n − k) + w(n) (2.2)

h(k) =







h1(k)
...

hL(k)






, w(n) =







w1(n)
...

wL(n)







QO, Yåø N _vÈíF�¦−í�|#Là YN(n) = [y(n) · · ·y(n − N + 1)]T

YN(n) = τN (h)XM+N(n) + WN(n) (2.3)

XM+N(n) =







x(n)
...

x(n − M − N + 1)






,WN =







w(n)
...

w(n − N + 1)







2



τN(h) =













h(0) · · · h(M) 0 0 0

0 h(0) · · · h(M) 0 0
...

. . .
. . .

. . .
. . .

. . .

0 0 0 h(0) · · · h(M)













Êä˛Èj¶íÔ−‡�½æ2, ¦−¡b„ø� �pmUyuk‹J½�íñ™, ñø˛ø/

ª‚àí’m, c��| y(n) � øOíd¶u‚à5‡T£í¦−�|#L7Aí YN(n) , l�

YN(n) 5óÉä³ (autocorrelation matrix), Ry = E[ YN(n)YH
N (n) ] , J�| YN(n) íù

¼$lÔ4ÇáOG� ä˛Èj¶íÔ−‡�£uJ&�Ñ LN × LN í Ry ä³Ñ!��

ÊÇáTÜÔ−‡�½æ5‡, ¦�}�-�ícq

H1) �pmU x(n) DÆm w(m) �óÖ
, ∀m, n �

H2) wi(n) uø_�ÌMÑÉ, ‰æ[b σ2 íëHÆm, i = 1, ..., L �

H3) �|½Líb¾.â×k¦−í¼b, ¹ N > M �

H4) h(z) =
∑M

k=0 h(k)z−k, h(z) 2í©ø_jÖ, .?æÊó°íÉõ, ¹ h(z) 6= 0 , ∀z 6= 0 �

�7,H‘K5(, ZªJâ�|íù¼$lÔ4Çá, ø¥ø¥%-RÆ

YN(n) = τN (h)XM+N(n) + WN(n)

Ry = E[ YN(n)YH
N (n) ]

= τN (h)Rxτ
H
N (h) + Rw (2.4)

w2, Rx = E[ XM+N(n)XH
M+N(n) ] , Rw = E[ WN(n)WH

N (n) ]

;W H2 , Rw = σ2 · I Ñ&� LN × LN íä³, 7 Ry ª[ýÑ

Ry = τN (h)Rxτ
H
N (h) + σ2 · I (2.5)

Rx u�pmU XM+N(n) íù¼$lÔ4, uø_&� (M + N) × (M + N) ½�Ôä³, /x

�£ì (positive definition) íÔ4, ¦�8”-cqÑÅ–Ou„ø�
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ìÜ1: Jä³ τN(h) Å—-�‘K, †ä³ τN(h) ÑÅ– [1]�(Ì�„p~¡Î [2])

1. h(z) 2í©ø_jÖ, ³�u°íÉõ�

2. N .â×k¦−¼b M �

3. h(z) 2Bý�ø_jÖw¼bÑ M �

2.2 ä˛Èí}j

úkø_ SIMO íÔ−‡�½æ, ¦−¼b M , ‹, H3 £ H4 ícq, AÍÅ—ìÜ1í

ú_‘K, FJ τN (h) Ñø_WÅ–íä³, w&�Ñ LN × (M + N) , –b M + N � ��h

ô (2.5) 2 τN(h)Rxτ
H
N (h) í A, Rx Å–, –b M + N ; τN (h) ÑWÅ–, –b?Ñ M + N

, FJ, τN (h)Rxτ
H
N (h) @u&�LN × LN , –b M + N íä³, 1x�š£ì (semi-positive

definition) íÔ4, /Ñ½�Ôä³�

;W,¨5ÅH, ªø τN(h)Rxτ
H
N (h) }jà-

τN (h)Rxτ
H
N (h) = E diag(λ′

1 · · ·λ
′

M+N 0 · · ·0) EH

= EΛEH (2.6)

w2, λ′

1 ≥ · · · ≥ λ′

M+N > 0 , E Ñóú@íÔ�²¾FZAíä³� ø (2.5) ZŸÑ

Ry = EΛEH + σ2 · I

= E(Λ + σ2 · I)EH

Ry = E























λ′

1 + σ2

. . .

λ′

M+N + σ2

σ2

. . .

σ2























EH (2.7)
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hô (2.7) , âk λ′

1 ≥ · · · ≥ λ′

M+N > 0 , ªJú Ry íÔ�MTJ-ícq, I

λi = λ′

i + σ2, i = 1, · · · , M + N

λ1 ≥ · · · ≥ λM+N > σ2

λM+N+1 = λM+N+2 = · · · = λLN = σ2

QO, øóú@kÔ�M λ1, · · · , λM+N 5Ô�²¾IÑ s1, · · · , sM+N , Yå§Aä³ S = [ s1 · · · sM+N ]

, ó°Ë, óúkÔ�M λM+N+1, · · · , λLN 5Ô�²¾, IÑ g1, · · · , gLN−M−N , Yå§Aä³

G = [ g1 · · ·gLN−M−N ] , Jä³ S íF�W²¾Ñ!�F�ô7Aí˛È, ˚5ÑmUä˛È

( signal subspace ), w&� M + N � Jä³ G íF�W²¾Ñ!�F�ô7Aí˛È,˚5ÑÆ

mä˛È ( noise subspace ) , w&� LN − M − N�

YÎ,ÞíÅH, ªø (2.7) ZŸà-

Ry = [ S G ]























λ1

. . .

λM+N

σ2

. . .

σ2























[

SH

GH

]

(2.8)

š‹G<†.ØêÛ, Ry ?uø_½�Ôä³, Ä¤ä³ S íF�W²¾Dä³ G íF�W²¾ó

�£>, ?¹mUä˛ÈDÆmä˛È�Ñ£>^Õ, 7/, mUä˛È6uä³ τN (h) íW²¾F

�ô7Aí(4˛È, ²Æuz, τN (h) íW²¾?uZAmUä˛Èíø !�, ¹ Range(S) =

Range(τN (h)) , w ŸÄzpà-, ;W (2.6)

τN (h)Rxτ
H
N (h) = S diag ( λ′

1 · · ·λ
′

M+N ) SH

ÄÑ SHS = I , si°v¬
 S

τN(h)Rxτ
H
N (h) S = S diag ( λ′

1 · · ·λ
′

M+N )
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y‹, λ′

1 ≥ · · · ≥ λ′

M+N > 0 , úiä³ diag ( λ′

1 · · ·λ
′

M+N ) íLä³æÊ, siy°v¬


diag ( λ′

1 · · ·λ
′

M+N )−1

τN(h)Rxτ
H
N (h) S diag ( λ′

1 · · ·λ
′

M+N )−1 = S

;W H3 � H4 DìÜø, ä³ τN (h) WÅ–, –bÑ M + N , ä³ S í&�Ñ LN × (M + N)

� –b?u M + N , â,�5Rû, ä³ S íW²¾ª[ýÑä³ τN (h) W²¾í(4 ¯,

Range(S) = Range(τN(h)) )}� ¢ÄÑmUä˛ÈDÆmä˛È�Ñ£>^Õí4”, ªJ¦!

|ä³ τN (h) D G íW²¾ó��òí!‹, ¤!‹Êä˛Èj¶íÔ−‡�2uø_óç½bí

Éœ�

2.3 ä˛Èj¶í¦−,¿

‚àä³ τN(h) íW²¾DÆmä˛È2íF�²¾�ó�òí4”, ª)ƒà-í�ä

gH
i τN (h) = 0, i = 1, · · · , LN − M − N (2.9)

;W (2.9), yI

J =

LN−M−N
∑

i=1

| gH
i τN(h) |2

J =
LN−M−N

∑

i=1

gH
i τN (h)τH

N (h) gi (2.10)

Ô−‡�íñíÊk¦−¡bí,¿, hô (2.10), ¦−¡b\¨ÖÊä³ τN (h) 2, k* (2.10)

òQ‡�|VN˛1.ñq, FJ, .âø (2.10) í!Z‹J^Z, é¦−¡b?DÖ
|V, JZ

¦−¡bí‡��

ùÜ 1 : v(0), · · · ,v(N−1) u N _&�Ñ L×1 íL<²¾, 1ø v(0), · · · ,v(N−1) #L

A&� LN×1 íW²¾ V = [ vT (0) · · ·vT (N−1) ]T , yI νM+1 Ñ&� L(M +1)×(M +N)
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íä³

νM+1 =







v(0) · · · v(N − 1) 0
. . .

. . .
. . .

0 v(0) · · · v(N − 1)







Jä³ τN(h) DW²¾ V qíjÖîÑõb, †ä³ τN (h) DW²¾ V }�-�í!ZÉ[

VT τN(h) = HT νM+1 , H = [hT (0) · · · hT (M)]T

„p : I�²¾ P = VT τN(h) , &� 1 × (M + N)

P = [ vT (0) · · ·vT (N − 1) ]







h(0) · · · h(M) 0
. . .

. . .
. . .

0 h(0) · · · h(M)







I vT (i) = ṽ(i) , i = 0, . . . , N − 1

P = [ ṽ(0) · · · ṽ(N − 1) ]







h(0) · · · h(M) 0
. . .

. . .
. . .

0 h(0) · · · h(M)






(2.11)

��hô (2.11) í ṽ(0) D h(j) , êÛù6x�Â¯	}í��, ø (2.11) ¦ Z �²ª)

P(z) = ṽ(z) h(z)

ṽ(z) =
N−1
∑

i=0

ṽ(i)z−i

h(z) =

M
∑

j=0

h(j)z−j

ÄÑÂ¯	}x�>²
, ªø(2.11) í ṽ(i) D h(j) iHó�ú| (2.11) ªZŸà-

P = [ h̃(0) · · · h̃(M) ]







v(0) · · · v(N − 1) 0
. . .

. . .
. . .

0 v(0) · · · v(N − 1)






(2.12)

h̃(j) = hT (j) , j = 0, . . . , M

â (2.11) D (2.12), VT τN (h) = HT νM+1 )}�
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°Ü, 5?ä³ τN(h) DW²¾ V qíjÖÑµbí8$, τN (h) D V x�-�íÉ[

VH τN(h) = HH νM+1 , H = [hT (0) · · · hT (M)]T

;WùÜ 1 ,

| gH
i τN(h) |2 = gH

i τN(h)τH
N (h) gi

= HH ΓiΓ
H
i H

gi =







gi(0)
...

gi(N − 1)






, Γi =







gi(0) · · · gi(N − 1) 0
. . .

. . .
. . .

0 gi(0) · · · gi(N − 1)







FJ, (2.10) ªJZŸà-

J =

LN−M−N
∑

i=1

HH Γi ΓH
i H

= HH (
LN−M−N

∑

i=1

Γi ΓH
i ) H

J = HH Q H, Q =

LN−M−N
∑

i=1

Γi ΓH
i (2.13)

5? (2.13), JÊÜ;8”-, ªJ)øõÒíóÉä³ Ry , † J = HH Q H = 0 , Q uø

_–bÑ L(M + 1) − 1 íä³, Å— J = 0 í²¾ H ¹Ñöõí¦−¡b, CuD5ÏøIb�

Ou, õÒí8”, óÉä³ Ry Ì¶ü~)ø, ¦�íd¶uUà R̂y = 1
T

∑T
n=1 YN(n)YH

N (n)

V¡N Ry , T B×, H[ R̂y ¨Öí’e¾B×, BQ¡õÒí Ry , mÍ R̂y u¡NM, â R̂y

FðÞíÆmä˛ÈqíF�²¾ ĝi ?cÑ¡NM, FJ, (2.9) .}�ß�kÉ²¾, ä³ Q í–

b.yu L(M + 1) − 1 , 7u J 6= 0 , O J ≈ 0�

5?‚à¡Ní R̂y VTÜÔ−í½æ, â R̂y íÆmä˛È¦ø_²¾ ĝi

ĝH
i τN (h) ≈ 0

J =

LN−M−N
∑

i=1

| ĝH
i τN (h) |2 ≥ 0

J = HHQ̂H ≥ 0 (2.14)
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õÒ8”-, J ≈ 0 , U) J B�¡kÉí Ĥ , }uBßí¦−¡b,¿, Ou, Ĥ íÅ�?}˝

¬ J íM, 1/Ñ7fn Ĥ = 0 íêÞ, #8 Ĥ Å��k 1 íÌ„, ¹ || Ĥ || = 1 , k¤Ì„

‘K5-, v©ø Ĥ , Å— J = HH Q̂ H Ñ|ü, v Ĥ ÿuÔ−‡�½æFk,¿|í¦

−¡b, CuóÏøÓ¾Ib α �

hô (2.14), ÄÑõÒ¦−¡b H .ÑÉ²¾, ¹ H 6= 0 , )ø Q̂ Ñš£ì, /uø_

½�Ôä³, ª£>úi“, F�Ô�²¾˛¤Ö
1�ò, Ô�Mî×kC�k 0 , â (2.14), Ê

|| Ĥ || = 1 íÌ„-, péªJõ|, Å— J = HHQ̂H Ñ|üMí Ĥ , .âuä³ Q̂ í|ü

Ô�MFú@íÔ�²¾, /Å��k 1 �

*øÇá, �
�pmU%¦−, 1§Æmß×B�|mUíbç�, ¦−_b L D¦−¼b M

˛ø, #8 H1 ∼ H4 û_cq, c‚à�|mUíù¼$lÔ4 Ry , }|s_�Ñ£>^Õí

ä˛È, wøÑmUä˛È, ÇøÑÆmä˛È, ‚às_ä˛Èó�£>íÔ4, 1Ê_ç‘KíÌ

„5-, ªJ,¿|ø ¦−¡b Ĥ , Ĥ Döõ¦−¡b H óÏøÓ¾Ib α �

Ĥ =







ĥ(0)
...

ĥ(M)






, H =







h(0)
...

h(M)






= α Ĥ

2.4 ä˛Èj¶í‰�

ä˛Èj¶Î7‚àÆmä˛Èqí²¾D τN (h) íW²¾ó��òíÔ4VTÜÔ−‡�5

Õ, þª‚àmUä˛Èqí²¾Ñ τN (h) íW²¾(4 ¯7AíÔ4, ø (2.10) š‹ZŸ

J̃ =
M+N
∑

i=1

| ŝH
i τN (h) |2

=

M+N
∑

i=1

ŝH
i τN(h)τH

N (h) ŝi

=
M+N
∑

i=1

HH Θ̂iΘ̂
H
i H
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ŝi =







ŝi(0)
...

ŝi(N − 1)






, Θ̂i =







ŝi(0) · · · ŝi(N − 1) 0
. . .

. . .
. . .

0 ŝi(0) · · · ŝi(N − 1)







J̃ = HH (
M+N
∑

i=1

Θ̂iΘ̂
H
i ) H

= HH Q̂ H (2.15)

ó°í, #8 || Ĥ || = 1 íÌ„‘K, ä³ Q̂ í|×Ô�MFú@íÔ�²¾¹u,¿í¦−¡

b, Å�Ñ 1 , 1Döõ¦−¡bóÏøÓ¾Ib, H = α Ĥ �

Ĝ uø_WÅ–íä³, Ë� LN −M −N _˛¤(4Ö
íW²¾, âä³ Ĝ F�ôíÆm

ä˛Èuø_ LN −M −N &í˛È, Ê (2.14) íRû¬˙2, ‚à7ä³ Ĝ íF�W²¾VZ

Aä³ Q̂ , ªeÑ* LN −M −N &íÆmä˛È2²¦7 LN −M −N _(4Ö
²¾Vê

A (2.14), °Ü, (2.15) u* M + N &ímUä˛È2²¦7 M + N _(4Ö
²¾Rû7),

s�¨Ö7êcíÆmDmUä˛Èí’m� Í7, ä˛Èj¶.âxeêcíÆmCumUä˛È

í’mn?TÜÔ−‡�í½æý? ��u.øì, Ê_çí‘K5-, cÛbä˛Èq¶}�_Ö


í²¾, ZªJ®ƒ¦−¡b,¿íñí�

cqâä³ Ry 5Æmä˛Èq, L<¦|ø_ LN × 1 í²¾ g0 , g0 Dä³ τN (h) íW²

¾˛È�ò, ¢;WùÜ 1

gH
0 τN (h) = HH Γ0 = 0 (2.16)

g0 =







g0(0)
...

g0(N − 1)






, Γ0 =







g0(0) · · · g0(N − 1) 0
. . .

. . .
. . .

0 g0(0) · · · g0(N − 1)







ÄÑ τN(h) –b M + N , (2.16) ¨Ö7 M + N _(4j˙�D L(M + 1) _„øb, à

‹M + N < L(M + 1) , †Ì¶)ƒñøj, ¹Ì¶ñø,¿|¦−¡b� y*Æmä˛È2²

¦ P − 1 _(4Ö
í²¾, ©ø_Æmä˛Èqí²¾·ªJDä³ τN (h) [ýA (2.16) í�
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�, ªJTX M + N _(4j˙�, Éb P (M + N) ≥ L(M + 1) , ÿªJñø²ì|ø ¦

−¡b,¿, Döõí¦−¡bóÏøÓ¾Ib α � 'ògí, Uàb¾BÖí(4Ö
²¾FR)

í (2.14) C (2.15), âkF¨Öí’mBêc, F,¿|Ví¦−¡b6ÿBÄü�

2.5 ä˛Èj¶íÌ„Dÿõ

B¤, ×_�Ü7ä˛Èj¶àkÔ−‡�í!…-Z, Í7, Êl‡Rû¬˙2, �OÆm w(n)

.âÑëHÆmíÌ„, ¹ Rw = σ2 I , KJÊõÒÔ−½æ2, Æm1ÝàëHÆmà¤ÀÓí

u, vàSTÜá? 5?Æmíù¼$lÔ4 Rw = σ2 Rw 6= σ2 I , 7/ Rw Å–1˛ø (ª

óÏøÓ¾Ib) í8”, I Ww = R−1/2
w , (2.4) ª‚à Ww Í\ËøÆm¶}“AëHÆm,

Ry = WwRyW
H
w

= WwτN(h)Rxτ
H
N (h)WH

w + σ2 I (2.17)

ÄÑä³ Rw Å–, † Ww 6uÅ–íä³, FJ WwτN (h) ?Å–, –b M + N , ;Wl‡í

Rû, cq g
i
, i = 1, . . . , LN − M − N uä³ Ry ú@Æm¶}íÔ�²¾, g

i
D WwτN(h)

íW²¾}�ó�ò

gH

i
WwτN (h) = 0 (2.18)

(2.18) D (2.9) x�óNí-Z, (2.9) í gi D (2.18) í WH
w g

i
rÆó°íiH, Q-Ví¥	,

ÿDëHÆmíÜ;8”5Rû¬˙óéN� Oúk Rw „øCx�wF��í8”, ä˛Èj¶ª

?}Ì¶TÜ, CuÛbT_çí^ZD‰“,¥¶}.u…dí½õ, /˛�¶}d.T¥jÞí«

n, à [8], ø.Ê¤;H�

y6, ¦−¼b M .â˛øuä˛Èj¶íÇø_Ì„, OÊõÒíÔ−,¿½æ2, ¦−¼b

��Ì¶)ø, ¥¶}í«n, øk-øı«H�
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�úı ¼b¬,¿íä˛Èj¶Ô−‡�

úkÔ−‡�½æ, ä˛Èj¶uø_.˜íj�, ªJ)ƒóçÄüí,¿!‹, Ou, ¦−¼

b M .âü~ø−u…íÿõ5ø, øOÊTÜÔ−‡�½æ5‡, }lø„øí¦−¡b,¿|

V, y‚àä˛Èj¶Vd¦−¡bí‡�� Ê¥_ı�, ø�Üø_.Ûb9l,¿¼bíj¶,ø

ÇálWcq¦−¼bÑ M ′ , Éb M ′ > M , ˚Ñ¬,¿ (overestimation), ZªJø¥ø¥

ø¦−¼bâ M ′ ´ŸÑ M , 7)ƒø ¼bÑ M í¦−¡b,¿ [7]� ¤j¶u‚àä˛Èj¶

í!…-Z1š‹Z‰�

3.1 ¼b¬,¿ä˛Èj¶íùÜRû

5?ø_ SIMO íÔ−‡�½æ,¦−_b L ,¦−¼b M O„ø, N > M ,#8 H1 ∼ H4

ícq, Í$bç�à�ùıFý

YN(n) = τN (h)XM+N(n) + WN(n)

Ry = τN(h)Rx τH
N (h) + σ2 I

ó°í, â�|íóÉä³ Ry })ÆmDmUs_ä˛È, L<¦|Æmä˛Èqíø_²¾ g ,

g = [ gT (0) · · ·gT (N − 1) ]T , I

gH = g̃

[ gH(0) · · ·gH(N − 1) ] = [ g̃(0) · · · g̃(N − 1) ]

FJ g̃ Å—

g̃ τN (h) = 0 (3.1)

(3.1) �¦ Z �²

g̃(z) h(z) = 0 , ∀ z 6= 0 (3.2)
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g̃(z) =
N−1
∑

k=0

g̃(k) z−k , h(z) =
M

∑

k=0

h(k) z−k

øF�&�Ñ 1 × L í}���ƒb (rational transfer function) F A5Õ¯ìÑ F , F

uø_ L &í²¾˛È, yøF�Å— p(z)h(z) = 0, ∀z 6= 0 /&� 1 × L í}���ƒb p(z)

 A5Õ¯ìÑ B , † B u²¾˛È F íø_ L − 1 &ä˛È�

âkÆmä˛Èí!�D B q&� 1×L � ¼bükC�k N − 1 í g̃(z) x�øúøíÉ[,

FJ, Éb N > M í‘KA
, ä˛È B .ÍæÊø Öá�²¾í!�, ¼b|×Ñ N − 1 ,

6ÿuz, J N > M , ‚à Ry íÆmä˛ÈªJ²ì| B �

y6, ø²¾˛È F 2Çø_ä˛ÈìÑ S , S D B �Ñ£>^˛È, uø_ 1 &íä˛È�

ä˛È S uF�&� L × 1 í}���ƒb f(z) 5Õ¯, f(z) Å—

g̃(z) f(z) = 0 , ∀ g̃(z) ∈ B , ∀ f(z) ∈ S (3.3)

ªœ (3.2) D (3.3), .ØêÛä˛È S qí²¾D h(z) x�(4É[

S = { r(z) h(z) | r(z) uø_Ó¾}���ƒb }

âkä˛È S ª*ä˛È B R), B ?ªâ Ry íÆmä˛È²ì, Ä¤, Ry íÆmä˛ÈªJ

ñø²ì|}���ƒb h(z) F˘kíø&ä˛È S , Q-V, É”-*ä˛È S 2v| h(z) í

	T�

ì2 1 : Êä˛È S 2, à‹?vƒñøø (ªóÏøÓ¾Ib) |ü¼bíÖá�²¾ f(z)

, Å— f(z) 6= 0 , ∀ z 6= 0 í‘K, †˚¤ Öá�²¾ f(z) Ñä˛È S í|üÖá�!�� ä

˛È S qíF�Öá�²¾·ª[ýA

S = { r(z) f(z) | r(z) uø_Ó¾Öá� }

h(z) Ñä˛È S qíø_Öá�²¾, ¢;W H4 , h(z) 6= 0 , ∀z 6= 0 , FJ h(z) ¹u S

í|üÖá�!�� ä˛È S qíF�²¾îª[ýA

S = { r(z) h(z) | r(z) uø_Ó¾Öá� }
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ùÜ 2 : Ê H4 A
/ N > M í‘K-, à‹ M ′ = deg ( f(z) ) > M

g̃ τN (f) = 0 (3.4)

f(k) =









f1(k)
...

fL(k)









, τN(f) =









f(0) · · · f(M ′) 0
. . .

. . .
. . .

0 f(0) · · · f(M ′)









Å— (3.4) íj, .ìÑ f(z) = r(z)h(z) í��, / r(z) uø_Ó¾Öá�, ¼b M ′ − M ,

¹ deg ( r(z) ) = M ′ − M [6]�

„p : (⇒) cq (3.4) A
, ¦ Z �²à-

g̃(z)f(z) = 0 , ∀z 6= 0 (3.5)

â (3.5), g̃(z) D f(z) x�£>íÔ4, / g̃(z) uä˛È B qíÖá�²¾, ¼bükC�k

N − 1 , ¢ S D B �Ñ£>^˛È, Ä¤, f(z) .ì˘kä˛È S

f(z) = r(z)h(z)

w2, r(z) u¼b M ′ − M íÓ¾Öá��

(⇐) à‹ f(z) uä˛È S íø_Öá�²¾, f(z) = r(z)h(z) , ¢ g̃(z) u˘k B

/¼bükC�k N − 1 íÖá�²¾, âk B Ñ S í£>^˛È, g̃(z)f(z) = 0 , %¬L�²

5(, ZªJ)ƒ g̃ τN (f) = 0 �

3.2 ¼b¬,¿ä˛Èj¶í¼˙

âk¦−¼b M „ø, Ì¶²ì (2.3) 2ä³ τN (h) í&�, ÊõÒí«�,, �ùı�Ü

íä˛Èj¶1.ªW� FJ, .â½h�
ø_��k (2.3) íbç_�� ½h5?Ô−‡�½æ

à-, ¦−_b L , cìø_˛øí M ′ çT¦−¼b , J M ′ ¦H M , à‹ M ′ < M , Ê�

Zbç_�v, ÄÑ/¶}¦−¡b’eí¼Ü, ¨A.ªLíú;, û_¦−¡bÌ¶,¿� 7J
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M ′ > M , �Z|íbç_�qÖF�¦−¡bí’e, é N ×k M ′ , øÔ−‡�íbç�ZŸ

à-

YN(n) = τN (f)XM ′+N(n) + WN(n) (3.6)

f(k) =









f1(k)
...

fL(k)









, τN(f) =









f(0) · · · f(M ′) 0
. . .

. . .
. . .

0 f(0) · · · f(M ′)









;WùÜ 2 , ¬,¿í¦−¡b f Döõí¦−¡b h x�-�É[

f(z) = r(z)h(z) (3.7)

f(z) =

M ′

∑

k=0

f(k)z−k , h(z) =

M
∑

k=0

h(k)z−k

w2í r(z) u¼b M ′ − M íÓ¾Öá�, ?¹ f(z) íF�jÖÈ, �O M ′ − M _u°íÉ

õ, ;W [2], ä³ τN(f) 1ÝWÅ–, –bÑ M +N , x� M ′−M &íÉ˛È (null space)�

ó°í, â�| YN(n) íù¼$lÔ4 Ry OG

Ry = τN (f) Rx τH
N (f) + Rw

= τN (f) Rx τH
N (f) + σ2 · I (3.8)

óÉä³ Rx &� (M ′ +N)× (M ′ +N) , ¦�8”-ÑÅ–� £ìí½�Ôä³, –b M ′ +N

, Oä³ τN (f) –b M + N , FJ, τN(f) Rx τH
N (f) &� LN ×LN , –b M + N , uø_

š£ìí½�Ôä³� ø (3.8) ZŸà-

Ry = [ S G ]























λ1

. . .

λM+N

σ2

. . .

σ2























[

SH

GH

]
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w2, λ1 ≥ · · · ≥ λM+N > σ2 , ä³ S = [ s1 · · · sM+N ; ] &� LN × (M + N) , 7ä³

G = [ g1 · · · gLN−M−N ] &� LN × (LN − M − N) �

Ê¦−¼b¬,¿íÔ−‡�½æ2, °šªJâ Ry }j|s_ä˛È, S íW²¾F�ôí

mUä˛È, J£ G íW²¾�ôíÆmä˛È, s˛È�Ñ£>^˛È� Ou, âk¦−¼b M

„ø, Ì¶üì S D G í&�, .¬, ªJüìíu, ä³ τN (f) FË�í M + N _(4Ö


W²¾, ?umUä˛Èíø !�, ¹ Range(τN(f)) = Range(S) � FJ, Æmä˛ÈqíF

�²¾}£>kä³ τN(f) íW²¾, ª)ƒ

gH
i τN(f) = 0 , i = 1, . . . , LN − M − N (3.9)

YÎ�ùı¦−¼b˛øí8”íT¶, I

J =
LN−M−N

∑

i=1

| gH
i τN (f) |2

=

LN−M−N
∑

i=1

gH
i τN(f)τH

N (f) gi

J =
LN−M−N

∑

i=1

FH ΓiΓ
H
i F

= FH (
LN−M−N

∑

i=1

ΓiΓ
H
i ) F = FH Q F (3.10)

F = [ fT (0) · · · fT (M ′) ]T , Q =
LN−M−N

∑

i=1

ΓiΓ
H
i

Ou, Ê M „øí8”-, (3.10) Ì¶TÜ, F�, Ê_ç‘K5-, k‚à (3.10) ‡�|¦−

¡b F 1ÝøìbUàä³ G íF�W²¾, Ä¤, ø(3.10) í M J M ′ ¦H, ZŸà-

J = FH (

LN−M ′
−N

∑

i=1

ΓiΓ
H
i ) F

= FHQF , Q =
LN−M ′

−N
∑

i=1

ΓiΓ
H
i (3.11)

âkä³ τN(f) í–b M +N , hô (3.9), ª)ƒ M +N _(4j˙�/�� L(M ′ +1)

_„øb, cq*ä³ G 2¦| P _²¾, ©_²¾·ªJ[ýAà (3.9) íÉ[�, ,uªT
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X P (M + N) _(4j˙�Vj L(M ′ + 1) _„øb, Éb P (M + N) ≥ L(M ′ + 1) , ÿª

J‚à (3.11) V‡�¦−¡b� ÄÑ N > M ′ , M ≥ 1 , † (M + N) ≥ (M ′ + 1) , 'péí,

à‹ P ≥ L , øìªÅ— P (M + N) ≥ L(M ′ + 1) � 6ÿuz, Éb LN − M ′ − N ≥ L ,

(3.11) ÿªàJTÜ¦−¡b¬,¿íÔ−‡�½æ�

3.3 ‚à¬,¿¼b M ′ ´Ÿ¦−¼b M

�èø-, Ê¦−¼b¬,¿íÔ−‡�½æ2, ¬,¿í¦−¡b f Döõí¦−¡b h x

�(3.7) íÉ[, ¹ f(z) = h(z) r(z) , w2 r(z) u¼b M ′ − M íÓ¾Öá� [6]� ¦wL�

², [ýà-

f(n) =
M

∑

k=0

h(k) r(n − k) (3.12)

h(k) = 0 , ∀k > M

r(k) = 0 , ∀k > M ′ − M

‚à (3.12) íÂ¯	}É[, ø F ZŸ

F =













f(0)

f(1)
...

f(M ′)













=

























h(0) 0

h(1) h(0)
... h(1)

. . . h(0)

h(M)
...

. . . h(1)

h(M)
. . .

...

0 h(M)





































r(0)

r(1)
...

r(M ′ − M)













(3.13)

ø (3.13) 2â h(i) , i = 1, . . . , M F Aíä³IÑ Φ , ä³ Φ í&�Ñ L(M ′+1)×(M ′−

M + 1) , 'péí, Φ ÑWÅ–, ¢ r(0), . . . , r(M ′ − M) u M ′ − M + 1 _�b (random

variable), Ä¤, F�ª?í F ªJZAø_ M ′ − M + 1 &í˛È, ¤˛ÈqíF�²¾·}

Å— (3.11) �kÉ , J = FHQF = 0 , ²Æuz, ä³ Q Ë�ø_ M ′ − M + 1 &íÉ˛È,

dim(null(Q)) = M ′ − M + 1 �
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I&� L(M ′ + 1) × (M ′ − M + 1) íä³ Q0 Ñä³ Q íÉ˛È

Q0 = [ q0 · · ·qM ′
−M ] =













q0(0) q1(0) · · · qM ′
−M(0)

q0(1) q1(1) · · · qM ′
−M(1)

...
... · · ·

...

q0(M
′) q1(M

′) · · · qM ′
−M(M ′)













qi, i = 0, . . . , M ′ − M u&� L(M ′ + 1) × 1 í²¾, 7 qi(j), i = 0, . . . , M ′ − M, j =

0, . . . , M ′ u&� L × 1 í²¾� ä³ Q0 2í©_W²¾ qi ·ª[ýA (3.13) í��

qi =









qi(0)
...

qi(M
′)









=



















h(0) 0
...

. . .

h(M)
. . . h(0)
. . .

...

0 h(M)



























ri(0)
...

ri(M
′ − M)









(3.14)

��hô (3.14) í!Z, êÛä³ Q0 2í©ø_²¾ qi í|� L _jÖF$Aí²¾, ·

}�k h(M) 
,/_Ib, ¹ qi(M
′) = h(M) ri(M

′ − M) , ‚à¥_Ôõ, I

κH =
qH

M ′
−M(M ′) [ q0(M

′) · · ·qM ′−M−1(M
′) ]

qH
M ′

−M(M ′)qM ′
−M(M ′)

(3.15)

Q∗

1 = [ q0 · · ·qM ′
−M−1 ] − qM ′

−M · κH (3.16)

κH H[íu²¾ q0(M
′), . . . ,qM ′

−M−1(M
′) }�Ê qM ′

−M(M ′) ,íI	¾D qM ′
−M(M ′) Å

�íªM, 7 Q∗

1 uø²¾ q0, . . . ,qM ′
−M−1 }�pÎ qM ′

−M 
,óú@íªM κH 7), F

J, Q∗

1 }uø_&� L(M ′ + 1) × (M ′ − M) íä³, /|� L �íjÖîÑÉ, QO, �Î¥

ä³ Q∗

1 |� L _jÖîÑÉí�, F)íä³IÑ Q1 , &� LM ′ × (M ′ − M) , ·<, ä³

Q1 í©_W²¾YHx� (3.14) í!Z, ª[ýA



















h(0) 0
...

. . .

h(M)
. . . h(0)
. . .

...

0 h(M)



























r̃i(0)
...

r̃i(M
′ − M − 1)








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½µ (3.15) D (3.16) í¥	 M ′ − M Ÿ, 1Ê©øŸí¬˙2ø|� L _É�“¥, |(ø

)ƒ

QM ′
−M =









h(0)
...

h(M)









r̃(0) (3.17)

²¾ QM ′
−M &� L(M + 1) × 1 , £u¦−¼b¬,¿ M ′ í8”-, |�,¿)ƒíø ¼b

Ñ M í¦−¡b, 1Döõí¦−¡bóÏø„øíÓ¾Ib r̃(0) [7]�

Í7, Êä³ Q0 2, 1Ýc�F�W²¾í|� L _jÖFAí²¾x�ªWÉ[, w|� L

_jÖFAí²¾?x�éNíªWÉ[, °šªâ (3.14) hô)5� Ä¤, (3.15) D (3.16) ª

J^Zà-

κH =
qH

M ′−M(0) [ q0(0) · · ·qM ′
−M−1(0) ]

qH
M ′

−M(0)qM ′
−M(0)

(3.18)

Q∗

1
= [ q0 · · ·qM ′

−M−1 ] − qM ′
−M · κH (3.19)

w2, Q∗

1
uø_&� L(M ′ + 1)× (M ′ −M) íä³, w|� L �íjÖîÑÉ� øä³ Q∗

1
í

|� L _É�“¥(IÑ Q
1

, w&�Ñ LM ′ × (M ′ − M) � ó°í, Q
1

í©_W²¾Ex�

éN (3.14) í!Z, °ší, ½µ (3.18) D (3.19) í¥	 M ′ − M Ÿ, 1Ê©øŸí¬˙2

 Î¥|� L _É�, òƒ×)

Q
M ′

−M
=









h(0)
...

h(M)









r̃(0) (3.20)

(3.20) D (3.17) óéN, &� L(M + 1) × 1 í²¾ Q(M ′ − M) ?u,¿F)íø ¼bÑ

M í¦−¡b, 1Döõí¦−¡bóÏø„øíÓ¾Ib r̃(0) �

ÊÔ−‡�½æ2, à‹¦−¼b M „ø, ÀÓíä˛Èj¶Ì¶TÜ, �7lWcq¦−¼b

M ′ , M ′ > M , J M ′ V¦H M , ˚Ñ¬,¿� â (3.11) D (3.13), )ø (3.11) í Q Ë�

M ′ −M + 1&íÉ˛È Q0 = [ q0 · · ·qM ′
−M ] , öõí¦−¡b h(0), . . . ,h(M) Z¿ˆÊW²

¾ q0, . . . ,qM ′
−M íÔy!Z2� âkä³ Q0 ©ø_W²¾í|�C|� L _jÖF$Aí&
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� L × 1 ²¾˛¤Èx�ªWÉ[, øä³ Q0 |(ø_W²¾ qM ′
−M ¦|, ‚à²¾ qM ′

−M

Dwìí²¾ q0, . . . ,qM ′
−M−1 dW«�, U) q0, . . . ,qM ′

−M−1 |�C|� L �jÖîÑÉ,

1ø|�C|� L _É��Î, )ƒø_&� LM ′ × (M ′ − M) íhä³, ¥_hä³í©ø_

W²¾|�C|� L _jÖF$Aí²¾È?æÊªWÉ[, ½µ,Hí¥	 M ′ −M Ÿ, ©½µ

øŸ, &�¹ÁýøW£ L �, òƒ°)ø_&� L(M + 1) × 1 í²¾, ¹Ñ,¿F)5 M ¼

í¦−¡b, AŠíø¬,¿¼b M ′ ´ŸAöõí¼b M �

3.4 ´Ÿ¦−¼b M j¶í‰$

5?¼b¬,¿ M ′ D M óÏœ×í8”, J‚àl‡T£íj¶, øŸc¾  L �, b®ƒ

ø¬,¿¼b M ′ ´ŸA M íñ™, ‘.b%¬ÖŸ½µú¾í¥	� ÊõÒíWä2, ú¾í¬

˙.ì}�ÏÏßÞ, ÖŸ½µú¾¥	íd¶ì}¨AÏÏíM/Ú	, ª?}û_,¿F)5¦

−¡b¬�R×öõ¦−¡bíÕ”�

��;;, âä³ Q0 Çá, ‚à|(ø_W²¾TW«�, øwì²¾í|� L _jÖ‹ÁÑ

É, 1“¥|� L íÉ�, )ƒhä³ Q1 , ½µ M ′ − M Ÿ¥ší¥	, òƒ°) QM ′
−M =

[ hT (0) · · ·hT (M) ]T r̃(0) , ,Hí¬˙ªJ[ýÑ













q0(0) q1(0) · · · qM ′
−M(0)

q0(1) q1(1) · · · qM ′
−M(1)

...
... · · ·

...

q0(M
′) q1(M

′) · · · qM ′
−M(M ′)

























γ0

γ1

...

γM ′
−M













=













h(0)
...

h(M)

0













· α (3.21)

6ÿuz, æÊø [b γ = [ γ0 · · ·γM ′
−M ]T , U) q0, . . . ,qM ′

−M |� L(M ′ − M) _jÖ

$Aí²¾%(4 ¯(ÑÉ²¾









q0(M + 1) · · · qM ′
−M(M + 1)

... · · ·
...

q0(M
′) · · · qM ′

−M(M ′)

















γ0

...

γM ′
−M









= 0 (3.22)
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â (3.22) °j|v [b γ , ¹ª)ø ¼bÑ M í¦−¡b,¿à-









q0(0) · · · qM ′
−M(0)

... · · ·
...

q0(M) · · · qM ′
−M(M)

















γ0

...

γM ′
−M









=









h(0)
...

h(M)









· α (3.23)

àS‚à (3.22) V°j γ = [ γ0 · · ·γM ′
−M ]T , I

QT =









q0(M + 1) · · · qM ′
−M(M + 1)

... · · ·
...

q0(M
′) · · · qM ′

−M(M ′)









QT γ = 0 ⇒ γH QH
T QT γ = 0

ä³ QH
T QT æÊø_Ô�MÑÉ, wFú@íÔ�²¾¹ªçTv [b γ , Å— (3.22)�

°Ü, â Q0 Çá, %â M ′ − M Ÿ½µø|� L �‹ÁÑÉ1�Îí¬˙ªJ[ýÑ













q0(0) q1(0) · · · qM ′
−M(0)

q0(1) q1(1) · · · qM ′
−M(1)

...
... · · ·

...

q0(M
′) q1(M

′) · · · qM ′
−M(M ′)

























γ
0

γ
1
...

γ
M ′

−M













=













0

h(0)
...

h(M)













· α (3.24)

FJ, °šæÊø [b γ = [ γ
0
· · ·γ

M ′
−M

]T , U) q0, . . . ,qM ′
−M |� L(M ′ − M) _jÖ

F$Aí²¾%(4 ¯(Ñ 0








q0(0) · · · qM ′
−M(0)

... · · ·
...

q0(M
′ − M − 1) · · · qM ′

−M(M ′ − M − 1)

















γ
0
...

γ
M ′

−M









= 0 (3.25)

â (3.25) °)¤ [b γ , ¦−¡bª,¿à-









q0(M
′ − M) · · · qM ′

−M(M ′ − M)
... · · ·

...

q0(M
′) · · · qM ′

−M(M ′)

















γ
0
...

γ
M ′

−M









=









h(0)
...

h(M)









· α (3.26)

°ší, ‚à (3.25) °j γ = [ γ
0
· · ·γ

M ′−M
]T , I

QH =









q0(0) · · · qM ′
−M(0)

... · · ·
...

q0(M
′ − M − 1) · · · qM ′

−M(M ′ − M − 1)








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QH γ = 0 ⇒ γH QH
HQH γ = 0

ä³ QH
HQH æÊø_Ô�MÑÉ, wFú@íÔ�²¾¹ªçTv [b γ , Å— (3.25)�

Uà SV D íj�V°j[b γ C γ , ÖÍ SV D l�¾×, y‹, M ′ D M Ï�B×í

u, FÛíl�¾¢}B×, Ou, âkcÛøŸíl�¼˙ÿªJø¼bâ M ′ ´ŸB M , )ƒ

ø ,¿í¦−¡b, øªfnÏÏ\½µÚ	í8$êÞ, )ƒœÄüí,¿!‹�
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�ûı ‡i¦−¡b,¿!‹£ü4íj¶

úk¦−¼b M „øíÔ−‡�½æ, TÜíj¶˛k�úızp, w2, ø¬,¿í¼b M ′

´ŸB M íÉœ, Êk (3.11) 2ä³ Q íÉ˛È Q0 , Ê Q0 &�²ìí°v, ¦−¼b M

6©�\²ì� à‹, F²ìí Q0 &�£ü, øªJ)ƒø ¼bÌÏí¦−¡b,¿, OJ Q0

í&�‡i˜Ï, }¨A,¿F)í¦−¼bD9õ.¯, ¹Ï‡ií8”êÞ�

ÊÜ;Õ”-, ª/qíâä³ Q )ƒwÉ˛È Q0 , OÊõÒl�¬˙2, £üí²ì Q0 1

.ñq/�}Éœ, É˛|(,¿!‹í£üD´� FJ, Q-VøúàS‡� Q0 í£ü4, ?¹

¦−¡b,¿í£ü4Vn��

4.1 ¦−íqì

#8ø ˛øí¦−¡bà-:

• ¦−_b L = 4

• ¦−¼b M = 4

• ¦−¡b

h1 = [ (−0.049, 0.359), (0.482,−0.569), (−0.556, 0.587), (1.0, 0.0), (−0.171, 0.061) ]

h2 = [ (0.443,−0.0364), (1.0, 0.0), (0.921,−0.194), (0.189,−0.208), (−0.087,−0.054) ]

h3 = [ (−0.211,−0.322), (−0.199, 0.918), (1.0, 0.0), (−0.284,−0.524), (0.136,−0.19) ]

h4 = [ (0.417, 0.030), (1.0, 0.0), (0.873, 0.145), (0.285, 0.309), (−0.049, 0.161) ]

5?ø_ëH�pÄ (white source) x(n) , %¬¤¦−1§ƒëHÆm w(n) íß×, )ƒ�

| y(n) � �7¦Ê�| y(n) íi�Võ½æ, cq¦−_b L = 4 , ¦−¡b h1,h2,h3,h4 „
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ø, H1 ∼ H4 A
, à‹¦−¼b M ˛øÑ 4 , ª‚à�ùı«Híä˛Èj¶, ,¿)ø ¦

−¡b, D h1,h2,h3,h4 óÏøÓ¾Ib� J¦−¼b M „ø, lWcqø_¬,¿¼b M ′ ,

M ′ .â×k M , ‚à�úıíj¶, Éb²ì|£ü Q0 í&�, ÿªø M ′ ´ŸA M , )ƒ

ø £üí¦−¡b,¿, Bk, àS‡i Q0 &�u´£üá? J-ø�Üs�é�í‡ij¶,

}�k 4.2 £ 4.3 zp5�

4.2 ‡ij¶—�øé

;W (3.14), ä³ Q0 qF�²¾í|� L _jÖF$Aí²¾D h(M) AªW, Ä¤,

ç Q0 í&�²ì£üv, ª)ƒø ¦−¡b,¿ Ĥ = [ ĥT (0) · · · ĥT (M) ]T , ĥ(M) D

q0(M
′), . . . ,qM ′

−M(M ′) }æÊªWÉ[ [7]�

cq²¦ø_,lÉ˛È Q̂0 , w&�Ñ L(M ′ + 1)× b , ç b > M ′ − M + 1 , âk Q̂0 í

W²¾_b¬Ö, û_½µ¬ÖŸíW«�¾Á¥	, ú;7Ÿ�éN (3.14) í!Z4, F)í¦

−¡b,¿5¼b}ük M , /|� L _jÖ$Aí²¾D q0(M
′), . . . ,qM ′

−M(M ′) íªWÉ

[.+æÊ� ç b = M ′ − M + 1 , â Q̂0 ªj)ø ¦−¡b,¿, ¼bÑ M , / ĥ(M) D

q0(M
′), . . . ,qM ′−M(M ′) ssAªW� 7ç b < M ′ −M + 1 v, Q̂0 íW²¾_b.—, ,¿7

)¦−í¼b}×k M , öõí¦−¡bRkw2, x�à-í!Z

Q̂b−1 =



















h(0) 0
...

. . .

h(M)
. . . h(0)
. . .

...

0 h(M)



























r̃(0)
...

r̃(M ′ − M − b + 1)









âk Q̂b−1 í|� L íjÖ�k h(M) · r̃(M ′ − M − b + 1) , ¢ q0(M
′), . . . ,qM ′

−M(M ′) ?

D h(M) ssAªW, FJªWÉ[YHæÊ� ã¯J,ín�, ø Q0 &�£ü4í‡�j¶c

Ü� zpà-�

5?ø_Ô−‡�½æ, ¦−_b L , ¦−¼b M O„ø, Uà¬,¿¼b M ′ ¦H M , )

24



ƒä³ Q , wË� M ′ − M + 1 &íÉ˛È, IÑ Q0 = [ q0 · · ·qM ′
−M ] , Ou M „ø, õ

Ò8”-Ì¶üì Q0 í&�� 7Ê_Ò¬˙2, ‹pÆm	àí5?, /óÉä³ Ry Ì¶Äü)

ø, ¦�J,¿M R̂y = 1
T

∑T
n=1 YN(n)YH

N (n) V¡N, FJ, 1Ì¶)ƒ Q Ë� M ′ − M + 1

_Ô�MÑÉíÜ;!‹, û_7²ìä³ Q íÉ˛È Q0 í.üì4� QO, â²¦ä³ Q í

É˛ÈÇá, ð„£üD´, òƒj)ø ¼b M ¦−¡b,¿í¬˙, }Ñû_¥	

¥	ø: øä³ Q íÔ�Mâüƒ×§�, vƒ� b + 1 _Ô�Mpé×k‡Þ b _Ô�M, é

Í� b + 1 _Ô�M1Ýú@É˛ÈíÔ�M, b + 1 > M ′ − M + 1 , ø‡Þ b _Ô�

MFú@íÔ�²¾Yå§�AÑä³, IÑä³ Q í,lÉ˛È Q̂0 = [ q0 · · ·qb−1 ] ,

%¬ b − 1 Ÿ½µ (3.15) D (3.16), 1k©øŸ¬˙2“¥|� L _É�, )ƒø&�

L(M ′ − b + 2) × 1í²¾ Q̂b−1 , Q̂b−1 = [ Q̂b−1(0)T · · · Q̂b−1(M
′ − b + 1)T ]T �

¥	ù: I

δ =
Q̂b−1(M

′ − b + 1)H q0(M
′)

Q̂b−1(M ′ − b + 1)H Q̂b−1(M ′ − b + 1)
(4.1)

E =
| q0(M

′) − Q̂b−1(M
′ − b + 1) · δ |

| q0(M ′) |
(4.2)

‚à (4.1) £ (4.2) V�ð Q̂b−1(M
′ − b + 1) D q0(M

′) AªWD´� à‹ E �¡kÉ,

† Q̂b−1(M
′ − b + 1) D q0(M

′) xªWÉ[, H[ b = M ′ − M + 1 , W²¾ Q̂b−1 ¹u

ø ¼bÑ M í¦−¡b,¿, ¥	T¢� ¥5, J E .�¡É, † Q̂b−1(M
′ − b + 1) D

q0(M
′) ÌªWÉ[, H[ b > M ′ − M + 1 , ./ªW¥	ú�

¥	ú: ø Q̂0 íF�W²¾2, óú@ä³ Q 5Ô�M|×íµ_²¾“¥, )ƒhí,lÉ˛

È Q̂0,−1 = [ q0 · · ·qb−2 ] , â Q̂0,−1 ªj|øW²¾ Q̂b−2 , �ð Q̂b−2 |� L _jÖ

$A5²¾D q0(M
′) íªWÉ[, ø (4.1) £ (4.2) 2 Q̂b−1(M

′ − b + 1) à Q̂b−2 |

� L _jÖ¦H, ° E , ªW¥	û�

25



¥	û: J E �¡kÉ, † b − 1 = M ′ − M + 1 , Q̂0,−1 uä³ Q í M ′ − M + 1 &É˛È,

ªj)ø ¼bÑ M í¦−¡b,¿ Q̂b−2 , ¥	T¢� KJ E .�¡É, ½µ¥	ú, ò

ƒ E �¡Év, ¥	T¢� cq¥	ú½µ� a Ÿv, ²¦ Q̂0,−a = [ q0 · · ·qb−a−1 ] Ñä

³ Q í,lÉ˛È, â Q̂0,−a j)øW²¾ Q̂b−a−1 , )ƒ E �¡kÉí!‹, †¼bÑ

M í¦−¡b,¿£uW²¾ Q̂b−a−1 �

ø,Hí‡�¥	ìÑ‡ij¶ø� 7úk¬,¿¼b M ′ D M óÏœ×í8”, Ñ7fn

½µÖŸ (3.15) D (3.16) í«�F¨AíÏÏÚ	, ‚à (3.22) D (3.23) V¦H½µªW

(3.15) D (3.16) «�í¶}, øwìÑ‡ij¶ù� .âzpíu, ÊÜ;Õ”-, ‚à (3.22)

ðÞ|ä³ QH
T QT , ²Ïä³ QH

T QT �kÉíÔ�MFú@íÔ�²¾Ñ[b γ ; Í7, õÒ

8”, ä³ QH
T QT @J,¿M Q̂H

T Q̂T [ý, 7wÔ�M1.}|Û�ß�kÉíM, @‰íd¶

u²Ïä³ Q̂H
T Q̂T |Q¡ÉíÔ�MFú@íÔ�²¾çT[b γ̂ �

%â‡ij¶øC‡ij¶ùí¥	, ªúF²ìíä³ Q í,lÉ˛ÈT£üD´í‡i, à

‹£ü, âF²ìí,lÉ˛Èj)5W²¾¹uø ¼b M í¦−¡b,¿; à‹.£ü, ø}

ø¥ø¥%£üíÉ˛ÈªW^£, |�)ƒø M ¼í¦−¡b,¿�

4.3 ‡ij¶—�ùé

âkä³ Q íÉ˛È Q0 qí©ø_W²¾·x� (3.14) í!Z, ª%â (3.15) £ (3.16)

íW«�ø|� L �¾ÁÑÉ1 ¥, ½µÖŸ,Hí«�, òƒj)ø_W²¾, ¤W²¾¹uø

 ,¿í¦−¡b, DõÒ¦−¼bóÏøÓ¾Ib� ó°, ä³ Q0 ?ª%â©Ÿ½µ (3.18) £

(3.19) íW«�ø|� L �¾ , òƒj)ø_W²¾, ?Ñø ,¿í¦−¡b, /DõÒ¦−

¡bóÏøÓ¾Ib�

cq²¦,lÉ˛È Q̂0 í&� L(M ′ + 1)× b , %½µ b − 1 Ÿ (3.15) D (3.16) í«�

5(, )ƒøW²¾, IÑ Q̂L,b−1 , %½µ b − 1 Ÿ (3.18) D (3.19) í«�(, ?)ƒøW²
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¾, IÑ Q̂U,b−1 � à‹ b = M ′ − M + 1 , †

Q̂L,b−1 =









h(0)
...

h(M)









αL , Q̂U,b−1 =









h(0)
...

h(M)









αU

Q̂L,b−1 =
αL

αU

Q̂U,b−1

FJ, ²¾ Q̂L,b−1 D Q̂U,b−1 �W, xªWÉ[� à‹ b > M ′ − M + 1 , }ÄÑ½µ¬ÖŸ

íW«�, ú;7Ÿ�éN (3.14) í!Z, ²¾ Q̂L,b−1 D Q̂U,b−1 .�W, .xªWÉ[� 7ç

b < M ′ − M + 1 v

Q̂L,b−1 =



















h(0) 0
...

. . .

h(M)
. . . h(0)
. . .

...

0 h(M)



























r̃L(0)
...

r̃L(M ′ − M − b + 1)









Q̂U,b−1 =



















h(0) 0
...

. . .

h(M)
. . . h(0)
. . .

...

0 h(M)



























r̃U(0)
...

r̃U(M ′ − M − b + 1)









âk r̃L(0), . . . , r̃L(M ′ −M − b + 1) D r̃U(0), . . . , r̃U(M ′ −M − b + 1) .ì.}êró°, ²

¾ Q̂L,b−1 D Q̂U,b−1 .�W, .xªWÉ[�

ã¯J,ú�8”ín�, à°4.2øš, 5?ø_Ô−‡�½æ, ¦−_b L , ¦−¼b M O

„ø, cq¬,¿¼b M ′ , ø¦−¡b,¿!‹£üD´í‡ij¶, }¥	zp:

¥	ø: øä³ Q íÔ�Mâüƒ×§�, vƒ� b + 1 _Ô�Mpéª‡Þ b _Ô�M×, éÍ

� b + 1 _Ô�M1Ýú@É˛ÈíÔ�M, b + 1 > M ′ −M + 1 , ø‡Þ b _|üíÔ�

Mú@íÔ�²¾Yå§Aä³, IÑ Q í,lÉ˛È Q̂0 = [ q0 · · ·qb−1 ] � â Q̂0 %¬

½µ b − 1 Ÿ (3.15) D (3.16) í«�(, )W²¾ Q̂L,b−1 , â Q̂0 %¬½µ b − 1 Ÿ

(3.18) D (3.19) í«�(, )W²¾ Q̂U,b−1 �
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¥	ù: I

δ =
Q̂H

U,b−1 Q̂L,b−1

Q̂H
U,b−1 Q̂U,b−1

(4.3)

E =
| Q̂L,b−1 − Q̂U,b−1 · δ |

| Q̂L,b−1 |
(4.4)

° E � J E �¡kÉ, ²¾ Q̂L,b−1 D Q̂U,b−1 óÏøÓ¾Ib, b = M ′ − M + 1 , W²

¾ Q̂L,b−1 C Q̂U,b−1 £uø ¼bÑ M í¦−¡b,¿, ¥	T¢� J E .�¡kÉ, †

ªW¥	ú�

¥	ú: ø Q̂0 |(ø_W²¾ ¥, ßÞø_hí,lÉ˛È, IÑ Q̂0,−1 = [ q0 · · ·qb−2 ] , ä

³ Q̂0,−1 %¬½µ b − 2 Ÿ (3.15) D (3.16) í«�(, )W²¾ Q̂L,b−2, ä³ Q̂0,−1

%¬½µ b − 2 Ÿ (3.18) D (3.19) í«�(, )W²¾ Q̂U,b−2, z (4.3) D (4.4) í

Q̂L,b−1 D Q̂U,b−1 à Q̂L,b−2 D Q̂U,b−2 ¦H, ° E �

¥	û: à‹ E �¡kÉ, † Q̂L,b−2 C Q̂U,b−2 £uø ¼bÑ M í¦−¡b,¿, ¥	T

¢� à‹ E .�¡É, ½µ¥	ú, òƒ°) E �¡Éí!‹, ¥	T¢� cq¥	ú½µ

� a Ÿv, ä³ Q í,lÉ˛È Q̂0,−a = [ q0 · · ·qb−a−1 ] , ªj)W²¾ Q̂L,b−a−1 D

Q̂U,b−a−1 , ø (4.3) D (4.4) í Q̂L,b−1 D Q̂U,b−1 à Q̂L,b−a−1 D Q̂U,b−a−1 ¦H, )ƒ

E �¡kÉí!‹, † Q̂L,b−a−1 C Q̂U,b−a−1 £uø ¼bÑ M í¦−¡b,¿�

ø,Hí¥	ìÑ‡ij¶ú� 7úk¬,¿¼b M ′ D M óÏœ×í8”, Ñ7fnÏÏí

½µÚ	, ‚à (3.22) D (3.23) V¦H½µªW (3.15) D (3.16) í«�, ‚à (3.25) D

(3.26) ¦H½µªW (3.18) D (3.19) í«�, øwìÑ‡ij¶û�

°ší, %â‡ij¶úC‡ij¶ûí¥	, ?ª£üí²ì|ä³ Q íÉ˛È, )ƒø ¼

bÑ M í¦−¡b,¿�
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�üı _Ò!‹

‚à4.1¦−_b L = 4 , ¦−¼b M = 4 íWä, #8øëH�pÄ%¬¤¦−, 15?

§ƒëHÆmí	à, )ƒ�|mU� Êcq¼b„øí8”-, I¬,¿¼b M ′ , M ′ > M ,

N > M ′ , â�|mUÇáªWÔ−‡��Tí_Ò� _Òí½õÊkªœ,¿¼b£üD,¿¼b

.£üvíÏæ, ñíÊkð„4.2D4.3í‡ij¶, u´ö?ü\Ê¦−¡b,¿¬˙2, ¦−¼

bªJâ M ′ ´ŸB M , )ƒø ¼bÌÏí,¿!‹�

_Ò¬˙2, �| y(n) íóÉä³ Ry uà R̂y = 1
T

∑T
n=1 YH

N (n)YN(n) V¡N, T B×,

H[F¨Öí’e¾BÖ, R̂y }B¡N Ry , ,¿!‹}BÄü, OóúíFÛl�¾}B×� y

6, Æmí×ü, ?}ú_Ò!‹¨A	à, mUÆmª (signal to noise ratio,SNR) H[m

UóúkÆmíªM, mUÆmªB×, Æm¨AíÏÏ˙�Bü, ¥5, mUÆmªBü, Æm}¨

AB×˙�íÏÏ� ø SNR ì2à- [4]

SNR = 10log10
E[ || YN(n)||2 ]

E[ || WN(n)||2 ]

J-, J[����| T = 500 D T = 1000 }�ú@ SNR M 10dB , 20dB ¸ 30dB ,

úk.°í¬,¿¼b M ′ , J£F²¦íä³ Q í,lÉ˛È&�‰�8$-í_Ò!‹� [�

2í�ø�, H[.°í¬,¿¼b M ′ , 7�øWí +4 ∼ −4 , H[íu²¦í,lÉ˛Èí&

�D M ′ − M + 1 íÏM, IÑ d , 7wìíjÖ, £uúk®�.°‘K-F°)í E M�
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5.1 ‡ij¶øí_Ò!‹

M’ 5 6 7 8 9
d

+4 0.95989 0.99413 0.98172 0.92818 0.95399

+3 0.97421 0.89375 0.93246 0.96991 0.9579

+2 0.61342 0.74359 0.77083 0.78183 0.7154

+1 0.31243 0.26924 0.60082 0.6859 0.75354

0 0.045311 0.056013 0.080231 0.09385 0.11492

-1 0.055935 0.072733 0.089704 0.098017

-2 0.056537 0.11241 0.13193

-3 0.054014 0.10549

-4 0.057225

[5.1.1 N = 10, T = 500, SNR = 10dB

M’ 5 6 7 8 9
d

+4 0.9987 0.99361 0.98769 0.96609 0.95127

+3 0.95275 0.96764 0.99093 0.96593 0.96549

+2 0.52685 0.72243 0.68994 0.72045 0.70994

+1 0.27451 0.22462 0.6669 0.90613 0.9248

0 0.0093657 0.014315 0.01794 0.02462 0.028609

-1 0.012204 0.022559 0.027079 0.030599

-2 0.014385 0.031483 0.04645

-3 0.016838 0.040724

-4 0.016969

[5.1.2 N = 10, T = 500, SNR = 20dB

M’ 5 6 7 8 9
d

+4 0.99894 0.99423 0.98916 0.97742 0.95665

+3 0.93377 0.95365 0.9686 0.97531 0.97039

+2 0.4943 0.76768 0.74885 0.65541 0.7249

+1 0.27464 0.22166 0.65358 0.94722 0.9492

0 0.0030337 0.0052483 0.0062292 0.0078557 0.0090741

-1 0.0038638 0.0077332 0.0084259 0.0099575

-2 0.0051144 0.010383 0.013401

-3 0.0051591 0.01374

-4 0.0080428

[5.1.3 N = 10, T = 500, SNR = 30dB
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M’ 5 6 7 8 9
d

+4 0.99429 0.99589 0.9599 0.9477 0.96087

+3 0.99038 0.91678 0.96849 0.96544 0.9728

+2 0.54823 0.8068 0.70183 0.72983 0.74584

+1 0.31114 0.25815 0.56367 0.78886 0.80573

0 0.025359 0.038633 0.053065 0.060381 0.081314

-1 0.028583 0.053618 0.061528 0.063297

-2 0.034779 0.082982 0.10832

-3 0.040514 0.087299

-4 0.053526

[5.1.4 N = 10, T = 1000, SNR = 10dB

M’ 5 6 7 8 9
d

+4 0.99873 0.99753 0.99214 0.97666 0.95055

+3 0.94444 0.9612 0.99001 0.95213 0.97436

+2 0.48595 0.81136 0.6741 0.7239 0.72973

+1 0.27392 0.26081 0.6337 0.91651 0.90895

0 0.0073328 0.011246 0.012819 0.017421 0.018162

-1 0.0085557 0.01554 0.018976 0.022084

-2 0.0090582 0.025197 0.030549

-3 0.013355 0.025925

-4 0.017666

[5.1.5 N = 10, T = 1000, SNR = 20dB

M’ 5 6 7 8 9
d

+4 0.99827 0.99587 0.99139 0.96287 0.96623

+3 0.93424 0.95827 0.98637 0.94411 0.97316

+2 0.53538 0.76488 0.78893 0.69216 0.74748

+1 0.25446 0.2273 0.66095 0.92553 0.9294

0 0.0022046 0.0038161 0.003862 0.005564 0.0063724

-1 0.0027165 0.0050064 0.0057501 0.0072258

-2 0.0029323 0.0077683 0.0092865

-3 0.0036974 0.0080778

-4 0.0042852

[5.1.6 N = 10, T = 1000, SNR = 30dB
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M’ 10 11 12 13 14
d

+4 0.96311 0.94848 0.95058 0.95783 0.95762

+3 0.93337 0.94763 0.95381 0.8809 0.91114

+2 0.7953 0.77666 0.83224 0.79294 0.73563

+1 0.66512 0.71599 0.64085 0.7368 0.66774

0 0.18682 0.28194 0.33017 0.37042 0.34295

-1 0.11579 0.12116 0.1466 0.16706 0.23468

-2 0.1612 0.16388 0.18968 0.16395 0.22245

-3 0.1661 0.17493 0.23308 0.19346 0.235

-4 0.12877 0.16149 0.22134 0.1937 0.23139

[5.1.7 N = 15, T = 500, SNR = 10dB

M’ 10 11 12 13 14
d

+4 0.97318 0.9586 0.96123 0.96671 0.96271

+3 0.96009 0.95936 0.94161 0.96054 0.93416

+2 0.59855 0.70964 0.75203 0.6763 0.73927

+1 0.91063 0.89795 0.91791 0.88291 0.88464

0 0.026369 0.036518 0.094523 0.27482 0.26908

-1 0.034008 0.034693 0.039333 0.045766 0.049095

-2 0.046781 0.049917 0.06545 0.078476 0.079319

-3 0.036854 0.070635 0.087979 0.11829 0.096031

-4 0.037613 0.076385 0.052692 0.12141 0.10936

[5.1.8 N = 15, T = 500, SNR = 20dB

M’ 10 11 12 13 14
d

+4 0.96402 0.96836 0.96626 0.94787 0.95944

+3 0.9787 0.9477 0.95504 0.94106 0.95583

+2 0.65696 0.66124 0.73149 0.63869 0.80524

+1 0.94973 0.91005 0.90265 0.90805 0.89776

0 0.0086522 0.0094914 0.011937 0.021491 0.034677

-1 0.010476 0.010085 0.013485 0.013975 0.014907

-2 0.018612 0.020232 0.017257 0.017899 0.023352

-3 0.014593 0.029469 0.029879 0.031455 0.041523

-4 0.010426 0.014776 0.018545 0.037245 0.059038

[5.1.9 N = 15, T = 500, SNR = 30dB
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M’ 10 11 12 13 14
d

+4 0.94356 0.96644 0.95509 0.95171 0.96507

+3 0.95039 0.94887 0.94784 0.92157 0.92675

+2 0.69448 0.75515 0.71822 0.77549 0.69288

+1 0.79548 0.77357 0.80094 0.75169 0.77908

0 0.1087 0.22377 0.34242 0.42402 0.39297

-1 0.065322 0.078366 0.081494 0.10965 0.14064

-2 0.13924 0.13421 0.12198 0.16083 0.14218

-3 0.073697 0.14132 0.14441 0.20517 0.16788

-4 0.082106 0.10131 0.14506 0.1607 0.18467

[5.1.10 N = 15, T = 1000, SNR = 10dB

M’ 10 11 12 13 14
d

+4 0.95551 0.94622 0.96607 0.96085 0.96

+3 0.9752 0.94838 0.94751 0.94765 0.95457

+2 0.74135 0.7101 0.67155 0.70337 0.78326

+1 0.89987 0.90979 0.88058 0.89443 0.88813

0 0.021387 0.024357 0.032602 0.095815 0.25487

-1 0.021615 0.024275 0.027708 0.030993 0.036948

-2 0.032713 0.040001 0.038283 0.051184 0.060437

-3 0.031617 0.039873 0.082971 0.088069 0.076563

-4 0.025242 0.044483 0.048648 0.076933 0.067934

[5.1.11 N = 15, T = 1000, SNR = 20dB

M’ 10 11 12 13 14
d

+4 0.94288 0.9581 0.9552 0.94147 0.96751

+3 0.94562 0.94735 0.96622 0.944 0.94963

+2 0.64602 0.73977 0.7584 0.66963 0.69134

+1 0.93638 0.91664 0.91104 0.89798 0.90633

0 0.0064439 0.0067744 0.0076128 0.009835 0.024874

-1 0.0063447 0.0080632 0.0087294 0.010706 0.011892

-2 0.0095593 0.011276 0.015694 0.015769 0.015464

-3 0.014457 0.014617 0.02167 0.021043 0.027429

-4 0.0079224 0.01193 0.013818 0.024695 0.023673

[5.1.12 N = 15, T = 1000, SNR = 30dB
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5.2 ‡ij¶ùí_Ò!‹

M’ 10 11 12 13 14
d

+4 0.95988 0.94957 0.962 0.95314 0.95727

+3 0.97548 0.94771 0.94039 0.91176 0.91852

+2 0.74992 0.75668 0.75766 0.75152 0.73855

+1 0.08711 0.091767 0.086092 0.12341 0.10628

0 0.068486 0.090722 0.089057 0.1053 0.11019

-1 0.082097 0.08884 0.099893 0.10271 0.1081

-2 0.099893 0.15956 0.11487 0.14132 0.15752

-3 0.096566 0.17128 0.16243 0.14519 0.14422

-4 0.12055 0.18635 0.12993 0.15697 0.21107

[5.1.13 N = 15, T = 500, SNR = 10dB

M’ 10 11 12 13 14
d

+4 0.95007 0.94663 0.94473 0.94183 0.94199

+3 0.98526 0.97891 0.96845 0.95901 0.94704

+2 0.78577 0.78597 0.78252 0.78418 0.78399

+1 0.030558 0.034477 0.036477 0.033038 0.034555

0 0.019596 0.02535 0.030206 0.02817 0.032353

-1 0.020205 0.027526 0.026967 0.028494 0.029214

-2 0.030123 0.034919 0.036723 0.04228 0.048965

-3 0.038038 0.058502 0.045841 0.064064 0.070657

-4 0.04003 0.039876 0.048263 0.068457 0.076901

[5.1.14 N = 15, T = 500, SNR = 20dB

M’ 10 11 12 13 14
d

+4 0.94842 0.94553 0.94449 0.94293 0.94088

+3 0.98901 0.98223 0.9698 0.95488 0.94363

+2 0.78872 0.78745 0.78816 0.78565 0.7874

+1 0.023298 0.023179 0.020995 0.021543 0.025676

0 0.0067948 0.0076891 0.0080446 0.010041 0.0098445

-1 0.0076252 0.007389 0.011105 0.0081648 0.0094138

-2 0.01027 0.011018 0.014208 0.012744 0.013558

-3 0.019801 0.012143 0.015696 0.019174 0.012066

-4 0.010414 0.0097429 0.011694 0.021588 0.020507

[5.1.15 N = 15, T = 500, SNR = 30dB
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M’ 10 11 12 13 14
d

+4 0.95327 0.95142 0.94867 0.95048 0.94712

+3 0.97612 0.95548 0.94237 0.93513 0.93346

+2 0.7699 0.76318 0.76672 0.76776 0.76819

+1 0.06242 0.065912 0.071453 0.069298 0.076063

0 0.048155 0.055496 0.065977 0.071611 0.076655

-1 0.046659 0.055326 0.055885 0.06981 0.075294

-2 0.085613 0.099645 0.087468 0.099729 0.10437

-3 0.13989 0.09795 0.12398 0.13281 0.099318

-4 0.073546 0.09306 0.10557 0.13933 0.13447

[5.1.16 N = 15, T = 1000, SNR = 10dB

M’ 10 11 12 13 14
d

+4 0.94865 0.94613 0.94322 0.94397 0.94339

+3 0.9878 0.98147 0.97139 0.95528 0.945

+2 0.78607 0.78709 0.78567 0.78637 0.78446

+1 0.028276 0.026696 0.027346 0.026834 0.031817

0 0.019976 0.019847 0.018659 0.021053 0.023222

-1 0.016261 0.015719 0.020016 0.020524 0.025892

-2 0.023259 0.027144 0.028362 0.028162 0.030168

-3 0.029416 0.034903 0.046735 0.036508 0.040687

-4 0.033854 0.033984 0.029784 0.055415 0.059742

[5.1.17 N = 15, T = 1000, SNR = 20dB

M’ 10 11 12 13 14
d

+4 0.94857 0.94578 0.94466 0.94513 0.94224

+3 0.98761 0.98044 0.97177 0.96195 0.94363

+2 0.7884 0.78774 0.78776 0.7875 0.78802

+1 0.023387 0.020635 0.01966 0.022046 0.02166

0 0.0049324 0.0057077 0.006425 0.006139 0.0059645

-1 0.0049023 0.0055715 0.0063288 0.0068057 0.0071203

-2 0.0074079 0.0079894 0.0077516 0.010222 0.008342

-3 0.007869 0.010851 0.012188 0.011294 0.015925

-4 0.0085786 0.0086014 0.016143 0.015309 0.015143

[5.1.18 N = 15, T = 1000, SNR = 30dB
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M’ 15 16 17 18 19
d

+4 0.96281 0.96323 0.95545 0.95919 0.95197

+3 0.84545 0.84395 0.83051 0.78434 0.82553

+2 0.74255 0.73882 0.74134 0.73933 0.73901

+1 0.10439 0.094031 0.10712 0.10941 0.11875

0 0.12692 0.11186 0.11568 0.10042 0.12672

-1 0.10305 0.10396 0.088813 0.13318 0.11082

-2 0.12944 0.12632 0.12407 0.13485 0.15219

-3 0.12711 0.14504 0.17116 0.17906 0.14443

-4 0.15013 0.16539 0.19607 0.19268 0.17856

[5.1.19 N = 20, T = 500, SNR = 10dB

M’ 15 16 17 18 19
d

+4 0.94683 0.94714 0.94801 0.946 0.94639

+3 0.87294 0.86888 0.85972 0.86139 0.8543

+2 0.78039 0.78188 0.78155 0.78141 0.77964

+1 0.036581 0.030656 0.043339 0.042264 0.039802

0 0.027578 0.02857 0.035093 0.031743 0.032629

-1 0.029295 0.031874 0.030463 0.0277 0.032569

-2 0.035601 0.03304 0.040879 0.039593 0.032995

-3 0.04398 0.046204 0.050596 0.057006 0.052894

-4 0.069093 0.070728 0.057206 0.073575 0.060567

[5.1.20 N = 20, T = 500, SNR = 20dB

M’ 15 16 17 18 19

d

+4 0.94668 0.94615 0.94669 0.94404 0.94406

+3 0.87499 0.86925 0.86529 0.8585 0.86301

+2 0.7842 0.78448 0.78406 0.7833 0.78355

+1 0.017968 0.017133 0.018991 0.021938 0.021066

0 0.010584 0.012569 0.011004 0.010207 0.010891

-1 0.0077208 0.0092956 0.0078766 0.011324 0.012704

-2 0.011181 0.0123 0.01602 0.013024 0.012502

-3 0.026039 0.017016 0.017228 0.016234 0.019621

-4 0.022935 0.028511 0.023115 0.0234 0.025647

[5.1.21 N = 20, T = 500, SNR = 30dB
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M’ 15 16 17 18 19
d

+4 0.95459 0.94991 0.94627 0.9484 0.95087

+3 0.8521 0.85503 0.84477 0.85402 0.83364

+2 0.76839 0.75298 0.75972 0.75806 0.76012

+1 0.074133 0.077453 0.089788 0.080785 0.090645

0 0.06736 0.053448 0.070397 0.085746 0.089756

-1 0.06807 0.069387 0.080326 0.084972 0.096997

-2 0.085431 0.095652 0.10241 0.11999 0.10713

-3 0.12656 0.088754 0.11889 0.12317 0.11154

-4 0.1228 0.11447 0.1209 0.14873 0.13793

[5.1.22 N = 20, T = 1000, SNR = 10dB

M’ 15 16 17 18 19
d

+4 0.94659 0.94595 0.94622 0.94719 0.94526

+3 0.8765 0.87016 0.86346 0.86001 0.85594

+2 0.78381 0.78227 0.78297 0.77862 0.78051

+1 0.023556 0.029039 0.026951 0.027796 0.031097

0 0.020669 0.020607 0.025017 0.020779 0.026123

-1 0.018651 0.021122 0.022075 0.028928 0.030159

-2 0.02654 0.026901 0.027347 0.02668 0.027356

-3 0.039754 0.037274 0.04791 0.042197 0.056219

-4 0.066284 0.049855 0.062408 0.043624 0.053021

[5.1.23 N = 20, T = 1000, SNR = 20dB

M’ 15 16 17 18 19
d

+4 0.94569 0.94609 0.94618 0.94485 0.94472

+3 0.87608 0.87103 0.86035 0.86217 0.86248

+2 0.78416 0.78475 0.78348 0.78448 0.78466

+1 0.015411 0.016978 0.017218 0.01941 0.016989

0 0.0071508 0.0075155 0.005557 0.0072823 0.0082876

-1 0.0071865 0.0055209 0.0073819 0.0073069 0.0082829

-2 0.0063839 0.0081549 0.0087494 0.0089918 0.012347

-3 0.011909 0.012133 0.011827 0.013069 0.012329

-4 0.021463 0.017797 0.017783 0.017717 0.020431

[5.1.24 N = 20, T = 1000, SNR = 30dB
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‡ij¶øD‡ij¶ùíÉœÊkF²¦íä³ Q í,lÉ˛È&�ükC�k M ′−M +1

v, ,¿7)í¦−¡b|� L _jÖ, @DÉ˛ÈqLø²¾|� L _jÖxªWÉ[, ¹ E �

¡kÉ; 7JF²¦í,lÉ˛È&�×k M ′ −M + 1 v, wªWÉ[\ú;, E .�¡kÉ� c

q#8‡i E �¡ÉD´í@ä™Ä, J E ≤ 0.03, †z E �¡kÉ, J E ≥ 0.1 , †z E .

�¡kÉ�

YÎ,Hí™Ä, %â‡ij¶øí¥	, úk M = 4, 5 ≤ M ′ ≤ 10, T = 500, SNR =

20dB í8”, ªàã‚íT|£üí‡�, JTò T MC SNR M, y?Tò¡��� y6, ªœ

‡ij¶øDj¶ùÊ M ′ D M óÏœ×íÕ”-í[Û, hôÊ M = 4, M ′ = 13C14, T =

1000, SNR = 20dB í8”, j¶øÊä³ Q íÉ˛È&�²ì£üv, F°)í E M1.�

¡kÉ, Ï‡i8$êÞ, ŸÄ£u M ′ D M óÏ¬×, ½µ¬ÖŸl�í¬˙, û_ÏÏøŸŸ

M/Ú	�B¬×7¨AÏ‡i; 7‡ij¶ùÊÉ˛È&�²Ï£üv, °)í E M�¡kÉ, ð

„7‡ij¶ùªfnÏÏ\½µÚ	íiõ�

ªu, ��hôâ‡ij¶ù)ƒí!‹bW, Ÿ… +1 hPqí E M@vu.�¡kÉí, º

|Û7Q¡ÉíbM, Ã½û_¼bÏ‡ií8$êÞ� BkÏ‡iêÞíŸÄ, R¿uä³ Q Ý

ú@É˛ÈíÔ�M2|üíø_Dú@É˛ÈíÔ�M2|×íø_, wbM1ÌpéíÏ�, J

²¦,lÉ˛È&� M ′ − M + 2 , ªõÒÉ˛È×ø_&�, Ýú@É˛È5|üÔ�Mú@í

Ô�²¾}\¨ÖÊ,lÉ˛È2, %â (3.22) D (3.23) í«�, ‚à SV D °j[b γ , v

Ô�²¾DõÒÉ˛ÈíÏæ\}Úƒ[b γ í©ø_jÖ , âkÏæ1.×íí], ¨AÝú@

É˛Èí|üÔ�M\Ï‡Ñú@É˛ÈíÔ�M, Ä7û_É˛ÈíÏ‡�

ãh‡ij¶øD‡ij¶ùí_Ò!‹, ‡ij¶øÊ M ′ D M Ï� 6 J-, #8 T =

500, SNR = 20dB í‘K, ÿu_Gßí‡iœ„, JÓ‹ T MCTò SNR , y?ÄÑÏÏí

±Q7_àk M ′ yòí8”, ¥5, Ê SNR = 10dB í8”, âkÆmíß×œ×, F¨AíÏ

ÏÊl�¬˙2\½µÚ	, �B¬×7Ü ‡i?‰� Bk, Ÿ…tÇàJTÜ M ′ D M óÏœ

×8$í‡ij¶ù, ÄÑÉ˛ÈÏ‡íêÞ, û_‡i?‰ùÜí!‹�
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5.3 ‡ij¶úí_Ò!‹

M’ 5 6 7 8 9
d

+4 0.22534 0.40471 0.43142 0.38664 0.34293

+3 0.82795 0.62138 0.62677 0.65228 0.5343

+2 0.62643 0.46461 0.61424 0.451 0.45295

+1 0.22559 0.24487 0.48346 0.63946 0.62806

0 0.25781 0.50588 0.63727 0.66849 0.68596

-1 0.13599 0.13046 0.13731 0.18605

-2 0.53495 0.49537 0.27968

-3 0.43552 0.52687

-4 0.49756

[5.2.1 N = 10, T = 500, SNR = 10dB

M’ 5 6 7 8 9
d

+4 0.36616 0.40735 0.23607 0.4823 0.38861

+3 0.62812 0.5103 0.5394 0.54097 0.434

+2 0.70052 0.58026 0.63817 0.48226 0.55788

+1 0.23659 0.22829 0.52434 0.9061 0.93762

0 0.033079 0.029705 0.038245 0.038922 0.03638

-1 0.055666 0.092281 0.076829 0.083158

-2 0.72384 0.3151 0.17192

-3 0.41119 0.51227

-4 0.46829

[5.2.2 N = 10, T = 500, SNR = 20dB

M’ 5 6 7 8 9
d

+4 0.48811 0.37327 0.23363 0.45172 0.34475

+3 0.66858 0.53033 0.41408 0.58236 0.44797

+2 0.73306 0.56 0.58247 0.53452 0.54318

+1 0.23624 0.23001 0.59073 0.94773 0.93252

0 0.005683 0.0062767 0.0068362 0.0070725 0.0077726

-1 0.056793 0.12196 0.070626 0.060407

-2 0.63637 0.22266 0.1956

-3 0.42384 0.55858

-4 0.38751

[5.2.3 N = 10, T = 500, SNR = 30dB
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M’ 5 6 7 8 9
d

+4 0.14343 0.54139 0.501 0.46258 0.42224

+3 0.79655 0.69859 0.60537 0.63753 0.49888

+2 0.72425 0.51347 0.36947 0.50374 0.46841

+1 0.24706 0.23445 0.55141 0.78922 0.76598

0 0.09355 0.13907 0.46824 0.67799 0.78986

-1 0.086924 0.11761 0.086698 0.096066

-2 0.57862 0.3691 0.21164

-3 0.31501 0.53618

-4 0.48841

[5.2.4 N = 10, T = 1000, SNR = 10dB

M’ 5 6 7 8 9
d

+4 0.37557 0.3685 0.22955 0.43648 0.34281

+3 0.6651 0.44622 0.5862 0.64227 0.42406

+2 0.67296 0.56601 0.53552 0.48953 0.59671

+1 0.25127 0.22715 0.5975 0.95652 0.94709

0 0.019006 0.021195 0.021967 0.02358 0.023442

-1 0.053013 0.092326 0.091802 0.076449

-2 0.82317 0.33763 0.21482

-3 0.25378 0.49825

-4 0.37267

[5.2.5 N = 10, T = 1000, SNR = 20dB

M’ 5 6 7 8 9
d

+4 0.40507 0.373 0.19508 0.52676 0.36464

+3 0.60721 0.49854 0.51295 0.6203 0.49116

+2 0.73227 0.60357 0.67678 0.52674 0.55526

+1 0.23239 0.23263 0.58508 0.96639 0.96184

0 0.0040895 0.0044777 0.0046276 0.0050045 0.0050402

-1 0.044248 0.10903 0.06798 0.086893

-2 0.51169 0.26349 0.27137

-3 0.31754 0.46434

-4 0.45047

[5.2.6 N = 10, T = 1000, SNR = 30dB
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M’ 10 11 12 13 14
d

+4 0.38514 0.44289 0.39045 0.42006 0.4383

+3 0.70208 0.68161 0.72658 0.68306 0.67269

+2 0.46382 0.23208 0.38549 0.37261 0.37151

+1 0.55687 0.55384 0.6006 0.55102 0.39425

0 0.67842 0.75731 0.82429 0.7605 0.64442

-1 0.62491 0.84255 0.81692 0.8626 0.82019

-2 0.24209 0.46397 0.60089 0.6635 0.71165

-3 0.52259 0.61635 0.69653 0.71377 0.66322

-4 0.3725 0.32365 0.45081 0.66291 0.63755

[5.2.7 N = 15, T = 500, SNR = 10dB

M’ 10 11 12 13 14
d

+4 0.45957 0.42778 0.39874 0.4265 0.42037

+3 0.65553 0.67959 0.70665 0.67965 0.7617

+2 0.59936 0.50295 0.5301 0.53856 0.40812

+1 0.93427 0.93307 0.89151 0.79399 0.78871

0 0.03417 0.041411 0.067736 0.31517 0.3292

-1 0.090076 0.073244 0.072494 0.10888 0.098889

-2 0.17553 0.24575 0.33441 0.29844 0.38641

-3 0.51886 0.69652 0.82468 0.49499 0.62629

-4 0.40277 0.35253 0.36655 0.62486 0.73797

[5.2.8 N = 15, T = 500, SNR = 20dB

M’ 10 11 12 13 14
d

+4 0.50082 0.54358 0.44789 0.39546 0.48627

+3 0.72793 0.72942 0.58407 0.67592 0.76274

+2 0.5865 0.48689 0.62052 0.44676 0.38482

+1 0.95982 0.97233 0.95861 0.94151 0.93032

0 0.0074561 0.008124 0.0089848 0.01294 0.015234

-1 0.063547 0.062511 0.042396 0.038034 0.043224

-2 0.20854 0.16311 0.13528 0.23499 0.38009

-3 0.70127 0.61053 0.48406 0.6139 0.48609

-4 0.48492 0.42397 0.56345 0.61206 0.65818

[5.2.9 N = 15, T = 500, SNR = 30dB

41



M’ 10 11 12 13 14
d

+4 0.45105 0.38997 0.4021 0.45772 0.41737

+3 0.63999 0.6992 0.68451 0.69076 0.6868

+2 0.46107 0.37246 0.3935 0.36583 0.51056

+1 0.69991 0.73245 0.62702 0.59936 0.59658

0 0.81383 0.86903 0.92013 0.89845 0.82149

-1 0.16622 0.3527 0.43217 0.65762 0.80963

-2 0.23046 0.25046 0.35789 0.47053 0.5814

-3 0.58183 0.43864 0.56467 0.6883 0.65267

-4 0.34626 0.47557 0.45152 0.65849 0.61639

[5.2.10 N = 15, T = 1000, SNR = 10dB

M’ 10 11 12 13 14
d

+4 0.53406 0.43846 0.39375 0.48437 0.41393

+3 0.74518 0.74186 0.62286 0.70932 0.70258

+2 0.39409 0.54768 0.40737 0.37995 0.53772

+1 0.95694 0.93371 0.92862 0.87403 0.83383

0 0.02602 0.026256 0.029118 0.046578 0.18283

-1 0.044011 0.053285 0.053944 0.074259 0.090944

-2 0.18173 0.13705 0.14754 0.21422 0.29666

-3 0.76911 0.74666 0.57239 0.58619 0.55881

-4 0.33987 0.3884 0.49048 0.52101 0.65976

[5.2.11 N = 15, T = 1000, SNR = 20dB

M’ 10 11 12 13 14
d

+4 0.44107 0.46789 0.44239 0.44622 0.3927

+3 0.84616 0.73591 0.61272 0.70465 0.69813

+2 0.54744 0.60127 0.51222 0.48901 0.55964

+1 0.97303 0.94419 0.91417 0.9284 0.91153

0 0.0048498 0.005204 0.0053294 0.0057758 0.0098878

-1 0.050075 0.052052 0.039761 0.070551 0.053546

-2 0.11609 0.13845 0.12407 0.13112 0.22831

-3 0.51342 0.46442 0.55122 0.46428 0.62601

-4 0.40875 0.47238 0.44094 0.60956 0.60117

[5.2.12 N = 15, T = 1000, SNR = 30dB
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5.4 ‡ij¶ûí_Ò!‹

M’ 10 11 12 13 14
d

+4 0.12962 0.12695 0.11796 0.10942 0.1352

+3 0.30234 0.3155 0.27148 0.24609 0.23302

+2 0.054946 0.056472 0.065213 0.065333 0.066626

+1 0.039331 0.04382 0.043958 0.055214 0.04979

0 0.067299 0.090978 0.12608 0.22368 0.27951

-1 0.24551 0.29093 0.36398 0.2487 0.30767

-2 0.49923 0.40474 0.44535 0.40229 0.66819

-3 0.58667 0.56335 0.64216 0.72435 0.65642

-4 0.39354 0.51277 0.63824 0.65842 0.63876

[5.2.13 N = 15, T = 500, SNR = 10dB

M’ 10 11 12 13 14
d

+4 0.16835 0.17081 0.18547 0.18358 0.2049

+3 0.56199 0.52502 0.50078 0.4398 0.38537

+2 0.049146 0.047711 0.047282 0.047599 0.046183

+1 0.029041 0.024587 0.02117 0.020999 0.02036

0 0.017386 0.016132 0.021104 0.019972 0.023983

-1 0.35774 0.2952 0.30133 0.38866 0.33772

-2 0.36264 0.41754 0.40424 0.31766 0.51007

-3 0.51215 0.47357 0.47882 0.55055 0.65208

-4 0.46511 0.60024 0.48262 0.60319 0.56031

[5.2.14 N = 15, T = 500, SNR = 20dB

M’ 10 11 12 13 14

d

+4 0.17928 0.18007 0.19004 0.1939 0.19776

+3 0.58161 0.54277 0.48624 0.45955 0.40274

+2 0.051783 0.050076 0.049237 0.049969 0.050081

+1 0.03144 0.027071 0.024572 0.023367 0.021641

0 0.0020906 0.0023284 0.0021723 0.0018755 0.0017852

-1 0.34748 0.34524 0.34108 0.33511 0.25573

-2 0.37428 0.32048 0.50843 0.52656 0.38859

-3 0.44235 0.41482 0.47821 0.44776 0.62072

-4 0.41798 0.53701 0.5443 0.58545 0.63716

[5.2.15 N = 15, T = 500, SNR = 30dB
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M’ 10 11 12 13 14
d

+4 0.137 0.14387 0.15144 0.16152 0.17134

+3 0.4505 0.41069 0.37085 0.32795 0.27192

+2 0.040753 0.040975 0.044185 0.042957 0.042471

+1 0.02448 0.021652 0.026752 0.02666 0.033967

0 0.057295 0.062756 0.060515 0.040293 0.073567

-1 0.27036 0.27915 0.28882 0.32 0.27467

-2 0.38819 0.4556 0.40002 0.55239 0.54913

-3 0.47009 0.55326 0.65776 0.64288 0.6617

-4 0.32957 0.5521 0.53727 0.72186 0.721

[5.2.16 N = 15, T = 1000, SNR = 10dB

M’ 10 11 12 13 14
d

+4 0.16727 0.17433 0.19046 0.18823 0.19217

+3 0.58107 0.52584 0.48929 0.42526 0.40194

+2 0.051861 0.050068 0.051178 0.049702 0.048639

+1 0.031618 0.026229 0.023002 0.022497 0.021177

0 0.0090606 0.0088787 0.01076 0.0093219 0.010499

-1 0.32549 0.2804 0.33998 0.31011 0.28211

-2 0.29972 0.41751 0.45121 0.44719 0.37457

-3 0.44023 0.3891 0.43481 0.5685 0.55416

-4 0.31118 0.51256 0.57183 0.61597 0.58716

[5.2.17 N = 15, T = 1000, SNR = 20dB

M’ 10 11 12 13 14
d

+4 0.17334 0.1776 0.18476 0.1955 0.18817

+3 0.58231 0.57069 0.49629 0.45675 0.4089

+2 0.054474 0.049792 0.049003 0.04968 0.050211

+1 0.032959 0.027719 0.025239 0.023251 0.022521

0 0.0012747 0.0010608 0.0010505 0.0010903 0.0010449

-1 0.32355 0.32131 0.32982 0.34906 0.31555

-2 0.44799 0.37593 0.56137 0.45855 0.42963

-3 0.46098 0.34519 0.39656 0.45599 0.45682

-4 0.35312 0.47747 0.56768 0.62258 0.60556

[5.2.18 N = 15, T = 1000, SNR = 30dB
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M’ 15 16 17 18 19
d

+4 0.08876 0.083226 0.093911 0.093572 0.093041

+3 0.099447 0.084632 0.096012 0.10263 0.082961

+2 0.091507 0.094876 0.10837 0.079211 0.10222

+1 0.079791 0.073732 0.079765 0.083836 0.087985

0 0.33654 0.37916 0.33681 0.42983 0.37838

-1 0.43849 0.34122 0.37155 0.36981 0.43264

-2 0.67395 0.63472 0.62811 0.57902 0.62886

-3 0.73812 0.74438 0.64685 0.71624 0.72516

-4 0.65974 0.73642 0.71875 0.78912 0.79052

[5.2.19 N = 20, T = 500, SNR = 10dB

M’ 15 16 17 18 19
d

+4 0.13078 0.1339 0.13706 0.13299 0.13652

+3 0.12592 0.12501 0.12051 0.11133 0.11202

+2 0.035018 0.033947 0.034544 0.034736 0.035994

+1 0.01298 0.013392 0.013332 0.013793 0.014232

0 0.026355 0.025915 0.026514 0.029385 0.022337

-1 0.28818 0.32696 0.35429 0.33045 0.27678

-2 0.57014 0.4901 0.38002 0.48239 0.49959

-3 0.56099 0.5367 0.63832 0.68816 0.72789

-4 0.74222 0.74251 0.67321 0.70335 0.69444

[5.2.20 N = 20, T = 500, SNR = 20dB

M’ 15 16 17 18 19
d

+4 0.13125 0.13666 0.14089 0.13676 0.14377

+3 0.15062 0.13986 0.12596 0.133 0.11311

+2 0.032201 0.032653 0.032432 0.034299 0.033815

+1 0.013564 0.012856 0.013343 0.014032 0.013531

0 0.0024615 0.0025713 0.0022019 0.0025056 0.0025296

-1 0.3737 0.2696 0.34838 0.22707 0.36002

-2 0.4576 0.39917 0.22983 0.39951 0.31831

-3 0.51201 0.46653 0.47609 0.55704 0.4369

-4 0.6712 0.52448 0.80193 0.67093 0.53797

[5.2.21 N = 20, T = 500, SNR = 30dB
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M’ 15 16 17 18 19
d

+4 0.10607 0.10355 0.10354 0.11118 0.10668

+3 0.082428 0.085815 0.076437 0.081596 0.081797

+2 0.060466 0.062102 0.059656 0.057566 0.057797

+1 0.044708 0.046804 0.045695 0.054788 0.043082

0 0.13605 0.18526 0.21277 0.20277 0.25253

-1 0.27917 0.32636 0.33915 0.36044 0.28824

-2 0.52739 0.651 0.57497 0.58278 0.59641

-3 0.70025 0.75031 0.74811 0.70146 0.76227

-4 0.65501 0.7302 0.7829 0.74449 0.74074

[5.2.22 N = 20, T = 1000, SNR = 10dB

M’ 15 16 17 18 19
d

+4 0.12879 0.13819 0.14146 0.14067 0.13635

+3 0.14921 0.14035 0.1179 0.12366 0.1227

+2 0.031805 0.033393 0.033014 0.033967 0.035528

+1 0.013009 0.012997 0.013307 0.01355 0.013729

0 0.014442 0.012496 0.013978 0.012699 0.011428

-1 0.32404 0.34999 0.2842 0.34208 0.38149

-2 0.44345 0.58189 0.48642 0.26479 0.34187

-3 0.44535 0.61763 0.47476 0.57175 0.68427

-4 0.69152 0.73411 0.69813 0.7002 0.75023

[5.2.23 N = 20, T = 1000, SNR = 20dB

M’ 15 16 17 18 19
d

+4 0.13283 0.13739 0.13165 0.14255 0.1384

+3 0.13593 0.13315 0.12498 0.12554 0.11073

+2 0.031581 0.032279 0.033874 0.034271 0.034057

+1 0.014001 0.013484 0.013529 0.013667 0.013903

0 0.001155 0.0011701 0.0012584 0.0011557 0.001111

-1 0.34751 0.33962 0.36852 0.35151 0.35067

-2 0.52019 0.48532 0.53268 0.30106 0.29087

-3 0.58041 0.54407 0.51385 0.50672 0.49223

-4 0.68198 0.65942 0.71974 0.74855 0.57962

[5.2.24 N = 20, T = 1000, SNR = 30dB
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‡ij¶úD‡ij¶ûíÉœÊkâF²¦íä³ Q íÉ˛È, %â(3.15) D (3.16) J£

(3.18) D (3.19), Cu (3.22) D (3.23) J£ (3.25) D (3.26) í«�, ®°)øW²¾, c

JF²¦íÉ˛È&��ß�k M ′ − M + 1, âsW²¾°)í E M}�¡kÉ� ó¥í, J²

¦íÉ˛È&�.�k M ′ − M + 1 , })ƒ.�¡kÉí E M�

‡ij¶úÊ‡i¥	2, à°‡ij¶øÛ%¬ÖŸ½µ (3.15) D (3.16) í«�, )ƒø

W²¾, y‹,.âÖŸ½µ (3.18) D (3.19) í«�, °)ÇøW²¾, â¥s_W²¾Vl�

E M, âk«�íŸbóú‰Ö, ÏÏ\½µÚ	í8”çÍB‹Ã½, FJ, °š._àk M ′ D

M óÏœ×í8”, /‡�í^?}œ‡ij¶øÏ�

7â‡ij¶ûí_Ò!‹2êÛ, É˛ÈÏ‡í8$YHæÊ, 7/y‹Ã½� O5?²¦í,

lÉ˛È&�Jük M ′ −M + 1 , ¹[2 −1 ∼ −4 íhP, w°)í E M[Û£�, .�¡k

É, º¯,lÉ˛È&��k M ′ − M + 1 v)ƒ E M�¡Éí!‹, ‚à¥s_.°8”- E

MpéíÏæ, ¹ªTÑø_Gßí‡iœ„, FJ, ø‡ij¶ûí‡�¥	^Zà-

¥	ø: øä³ Q íÔ�Mâüƒ×§�, vƒ� c + 1 _Ô�Mpé×k‡Þ c _, éÍí�

c + 1 _Ô�M1Ýú@É˛ÈíÔ�M, c + 1 > M ′ − M + 1, ²¦ø_�k 1 D c 5È

ícb b, 1 < b ≤ c , ø� 1 ƒ� b _Ô�MFú@íÔ�²¾Yå§�Aä³, IÑä³

Q í,lÉ˛È Q̂0 = [ q0 · · ·qb−1 ] , N¬ (3.22) D (3.23), ªâ Q̂0 °)øW²¾,

IÑ Q̂L,b−1 , ; N¬ (3.25) D (3.26), ªâ Q̂0 °)øW²¾, IÑ Q̂U,b−1 �

¥	ù: I

δ =
Q̂H

U,b−1Q̂L,b−1

Q̂H
U,b−1Q̂U,b−1

(5.1)

E =
| Q̂L,b−1 − Q̂U,b−1 · δ |

| Q̂L,b−1 |
(5.2)

° E � J E �¡kÉ, † b ≥ M ′ − M + 1 , �ƒ¥	ø, ½h²¦ø_yüícbTÑ

hí b M, ½hÇá‡�¥	� J E .�¡kÉ, † b ª?ük M ′ −M + 1 , ?ª?×k
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M ′ − M + 1 , ªW¥	ú�

¥	ú: *ä³ Q ì-íÔ�M2y²¦ø_|Q¡ÉíÔ�M, øwFú@íÔ�²¾D Q̂0

¯9, )ƒø_hí,lÉ˛È Q̂0,1 = [ q0 · · ·qb−1 qb ] , ‚à (3.22) D (3.23) J£

(3.25) D (3.26), â Q̂0,1 }�°)sW²¾, IÑ Q̂L,b D Q̂U,b , ø (5.1) D (5.2) í

Q̂L,b−1 ¸ Q̂U,b−1 à Q̂L,b ¸ Q̂U,b ¦H, ° E , ªW¥	û�

¥	û: à‹ E �¡É, )ø b < M ′−M +1 , b+1 = M ′−M +1 , W²¾ Q̂L,b C Q̂U,b uø

 ¼bÑ M í¦−¡b,¿, ¥	T¢� à‹ E .�¡É, ½µ¥	ú, òƒ°) E �¡É

í!‹, ¥	T¢� cq¥	ú½µ� a Ÿv, ä³ Q í,lÉ˛È Q̂0,a = [ q0 · · ·qb+a−1 ]

, j)sW²¾ Q̂L,b+a−1 D Q̂U,b+a−1 , )ƒ E �¡Éí!‹, † Q̂L,b+a−1 C Q̂U,b+a−1

¹uø ¼b M í¦−¡b,¿� cJêÞ,lÉ˛Èâ Q̂0 = [ q0 · · ·qb−1 ] Ø"B

Q̂0,c−b = [ q0 · · ·qc−1 ] , î°) E .�¡Éí8$, H[ b > M ′ −M + 1 , �ƒ¥	ø,

½h²¦ø_yüícbTÑhí b M, ½hªW‡�¥	�
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�ýı !�

ã¯ [6]D [7]í�H, T|7øP‡�¥	, ¹‡ij¶ø, ‡úø_¼b„øíÔ−‡�½æ,

Ébcqø_×kõÒ¼bí¬,¿¼b, ÿ?‚àvP¥	, )ƒø ¼bDõÒó¯í¦−¡b

,¿, DõÒí¦−¡bóÏøÓ¾Ib� OvP¥	1._àk¬,¿¼bDõÒ¼bóÏœ×í

8$� FJ, T|7ÇøP‡�¥	, ¹‡ij¶û, Vj²¬,¿¼bDõÒ¼b.?óÏØÖíÌ

„, ÖÍ, G|7l�¾Ó×íHg, ºAŠí)ƒ7Gßí‡iœ„�

Í7, ç¬,¿¼bDõÒ¼bóÏB×, ÊªW‡�¥	í¬˙2, l�¾íÛ°B×, U)Ô

−‡�½æÊ«�jÞíŠVB$‹½, FJ, àS?�^Áýl�¾1\�ŸVí‡�œ„, uM

)./›‰íj²�
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