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Abstract

The insurance contract with-guaranteed withdrawals has become more popular
recently. This product can meet the customer’s investment and insurance requirements
so the customer can deal with the retirement financial plan better. This paper extends
Milevsky and Salisbury (2006) assumptions,- by pricing the Guaranteed Minimum
Withdrawal Benefit (GMWB) with Hull-White Stochastic Interest Rate. To fit the real
world market better, we construct a three-dimensional trinomial-tree structure to
pricing the GMWB and the policyholder receives withdrawal benefits not
continuously but discretely. In our model, we can also discuss the effect of

accumulation period on pricing GMWB.
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Default Boundary, Variable Annuity
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2
o
(rt)-a)-—-

2 —p(g(t)_arz(t)) » %38 X(t) chdrift 38 > A(t) B4 41* Hull and
nl-p

a(t+1)—a(t)
At

o1-p’

White (2005) #% 2! 9 +a-a(t+1) km3t> 2 ¢ o(t) 5 Hull-White tree
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ST 0 AR RS 4T A

(0) a(l) a(2) a(3)

0.029985 0.029950 0.029934 0.029930

d &

PE N EO(t) AT

0(0) o) 0(2)
0.002961 0.002977 0.002989

%ﬁd W R LR FIF A T sl R RS A R 5 E ()t E 0
iE T X(t)yeh drift 7 > 3T 4eT £

11 3 BLeo drift 78
R(0,0) 0.050591
R(1,1) 0.095640
R(1,0) 0.050919
R(1,1) 0.006198
R(22) 0140626
R(2:1) 0.095904
R(2,0) 0.051183
R(2,-1) 0:006462
R(2,-2) -0.038260

Bt E X(Ofens LS B0 Z g X(O) A R E 4 ¢ f%ﬂ:—:& e drift 78 -
L RarddEanT - Pk P EHETR T B ZREITORF B S X(t)A 2
e gk, AR AT - RIFESTAABLSL > RS2 ;‘**ﬁﬁf‘.—?\!’« s U
Cramer’s Rule iy f8 » L 45 o

12 R(0,0) 43 F ek o JI 5 F kS i 3] R(L1)e0g: Rk B b -

R(0,0)4F + ehBh 2 F — B2 X A5 05 R(0,0041F drift 5% 5 0.050591 »
1028 040.05059 1= 0.050591 » i 455 R(1,1)45 + 45 kit gk » 3 R(L1)
1+ ehboundary » }F % = # 0 % 0] 5-5.226877+3%2=0.773123 > pL BT 5 =
i FEEL L o b e T - k) A W E_2.773123~-1.226877 0 51 = B A A B
g » i 1 * Cramer’s Rule &5 » L 5 (¥ +4 B 2.2) :

B=0.773123-0.050591=0.722532
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a=B+20 VAt =2.722532

v=PB-20, /At =-1.277468

A=(B-a)y-a)y-p)=-16.000000
A, =(B-y+o dt)(y - B)=-0.153977
A, =(a-y+oldt)(a-y)=-9.911788
Ay =(a-f+cldt)(f-a)=-5934236

P =

u

P =

m

P,

B>
=1

g

A

H 24
7~

4 02 3 chrd SEEILE A4

PSS A

50 :
R(0,0)4LF + egk

¥ 14

R(0,0)tr+ F @by 5 b ik {5 i 45 T

I

=0.009624

= = 0.619487

0.370890

L= ok 2L 5 N\ 4 .
P EE A A

5 By e ™

X BeiE

Sl
g
~a
=
@

100

ROLDES 2 Bt s i1 2 @ de -

*j‘;fif"z‘*” W |xgme | PRER [2dnn4 id%ﬁéﬁ
3 Wi |fERSWE|ERSNXE
Gk | A(LL) | 0009624 | 2773123 | 156922373 | 123589 | 1.540018
#3 | B(1,1) |0.619487 | 0773123 | 106.532798 | 73.19947 | -1.164736
T | C(1,1) | 037089 |-1.226877| 72.323895 | 38.99056 | -4.417363

R(0,0)tr+ F ehghq | 5 35 T {2 g 3% 7

R(1,0)#+ + BRerfd s 5 1 & (4o °

3+ I B EEER G- N AT -
1 gt ﬁlﬁ.ﬁ‘ X e F‘/l ‘Jﬁ? "f}ﬁ?

g Wi |fROWE[FERSAXE
Sl A(1,0) 0.065645 | 2.325909 | 156.922373 123.589 1.092805
FT B(1,0) 0.73105 | 0.325909 | 106.532798 73.19947 -1.611949
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T | C(1,0)

0.203305 | -1.674091 | 72323895 | 38.99056 | -4.864577

R(0,0)4LF F ehghf 5 T 8 32 7] R(1,-1)HF F Zheh¥t pid 5 10 2 4o

ﬁfi% e | se e i?g% iﬁ%ﬁ% iﬁ%ﬁg

3 Wi |3RAWE|ERNXE

1k | A(L-1) | 0171667 | 1.878696 | 156.922373 | 123589 | 0.645591

#3 | B(1-1) |0.742613 | -0.121304 | 106.532798 | 73.19947 | -2.059163

T | C(1-1) | 008572 | -2.121304 | 72.323895 | 38.99056 | -5.311790
$ 2%

R(I,DHF F ehBh ] & b ikt @ £ 5] RQ2)HTF F Bherdt R 5 2 Ed4eT ¢

3 b oe O - R S P - Ry
g W AW E| R PX &
PR | A(22) |0.250542 | 3.219914 | 156.922372 | 123.589 1.986810
A(LD [T | B22) |0.706789 | 1219914 | £106.532798 | 73.19947 | -0.717944
TR | C(22) |0.042669:-0:780086 | . 72323895 | 38.99056 | -3.970572
F#& | B(22) |0.063188 ) 1219914 | 106.532798 | 73.19947 | -0.717944
B(L,1) [T | C@2,2) |0.729118 1-0.780086 | 72323895 | 38.99056 | -3.970572
T | D22) |0.207693 | -2.780086 [ 49.099862 | 15.76653 | -8.646194
R | D(2,2) |0.265853 | -2.780086 | 49.099862 | 15.76653 | -8.646194
C(LLD) [T | E@22) |0.697476 | -4.780086 | 33.333333 Default
T | FQ2) |0.036671 | -6.780086 | 22.629618 Default

R(LDHF b B 545 T 3@ 5] RS ¢ et 5 00 2 gde

e+ gk Wi | X g EFER A HREAE| A FREA
Bk W iE MERDOWE| FRADXE
Fik | AQ2,1) |0.433827 | 2.772701 | 156.922372 123.589 1.539596
A(LD) |[#F | B(2,1) |0.563825| 0.772701 | 106.532798 73.19947 | -1.165158
TE | C(2,1) |0.002348 | -1.227299 |  72.323895 38.99056 | -4.417786
+i#& | B(2,1) |0.167679 | 0.772701 | 106.532798 73.19947 | -1.165158
B(1,1) [#T | C(2,1) |0.743743 | -1.227299 |  72.323895 38.99056 | -4.417786
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TR D(2,1) | 0.088578 | -3.227299 49.099862 15.76653 -9.093407
ok D(2,1) | 0.453903 | -3.227299 49.099862 15.76653 -9.093407
C(1,1) [# T E(2,1) | 0.544983 | -5.227299 33.333333 Default
T F(2,1) | 0.001114 | -7.227299 22.629618 Default
R(1,1)4F F eh2h )5 T 2 158 45 5] RQ,0)4F F BEerf s 5 11 2 @d4eT™
y+ + 8 EFER AR A
JERS . %3 XA 2 ) "f/ﬁ? I‘J/ﬁP
gk W & FERAWE|ZERANX B
1k A(2,0) | 0.012026 | 4.325487 231.146006 | 197.812673 | 3.521306
A(L1) |#F T B(2,0) | 0.631035 | 2.325487 156.922372 123.589 1.092382
TR C(2,0) | 0.356939 | 0.325487 106.532798 73.19947 -1.612372
ok C(2,0) | 0.322171 | 0.325487 106.532798 73.19947 -1.612372
B(1,1) |[# < D(2,0) | 0.658367 | -1.674513 72.323895 38.99056 -4.864999
R ES E(2,0) | 0.019462 | -3:674513 49.099862 15.76653 -9.540621
1k D(2,0) | 0.015558 -1.674513 72.323895 38.99056 -4.864999
C(1,1) |[#F =< E(2,0) 0.64528 | -3.674513 49.099862 15.76653 -9.540621
TR F(2,0) | 0.339162 |-5.674513 33.333333 Default
R(1,0)4F + enghf & b ks @ 45 RQ, DT F Bhendt i F 0 2 4o
13 1B Ay R A | ARk
-+ FE s X Bt i B , n‘ﬂi’t,;' = AR
gt W & FRAWE | ERDX B
1k AQ2,1) | 0.234964 | 2.772701 156.922372 123.589 1.539596
A(1,0) [##F-T B(2,1) | 0.715585 | 0.772701 106.532798 73.19947 -1.165158
= C(2,1) | 0.049451 | -1.227299 72.323895 38.99056 -4.417786
ik B(2,1) | 0.055489 | 0.772701 106.532798 73.19947 -1.165158
B(1,0) |# < C(2,1) |0.722156 | -1.227299 72.323895 38.99056 -4.417786
R D(2,1) | 0.222355 | -3.227299 49.099862 15.76653 -9.093407
1k D(2,1) | 0.249798 | -3.227299 49.099862 15.76653 -9.093407
C(1,0) |# = E(2,1) |0.707225 | -5.227299 33.333333 Default
R ES F(2,1) | 0.042977 | -7.227299 22.629618 Default
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R(1,0)4LF F enghA| F T (53 37 RQ,0)HF F ZEe¥t i 2 2 (EdeT ¢

[EAg W | X gl ERER iﬁ%ﬁé ;O REAR
g W iE RAOWIE|FRDXE
ik B(2,0) |0.413249 | 2.772701 156.922372 123.589 1.092382
A(1,0) [#F-T C(2,0) | 0.582622 | 0.772701 106.532798 73.19947 | -1.612372
RS D(2,0) 0.00413 | -1.674513 72.323895 38.99056 -4.864999
Fak | C(2,0) | 0.15498 | 0.325487 | 106.532798 73.19947 | -1.612372
B(1,0) 4T D(2,0) 0.74678 | -1.674513 72.323895 38.99056 -4.864999
T E(2,0) |0.098239 | -3.674513 |  49.099862 1576653 | -9.540621
ik E(2,0) | 0.432848 | -3.674513 49.099862 15.76653 -9.540621
C(1,0) [#-E F(2,0) | 0.564732 | -5.674513 |  33.333333 Default
R G(2,0) 0.00242 | -7.674513 22.629618 Default

R(1,0)4+ F enghf| & T (8 @2 PR, - D+ F B RS F 0 2 G4 T ¢

(ERL oo o\ X AR EFE R |2 a;#&g e ﬁ;ﬁéﬁ
o WiE [ffRAWE|FRNXE

i | A(2,-1) | 0.008808 | 3:878273"| 231.146006 | 197.812673 |  3.074092

A(1,0) &= | B(2,-1) | 0.61511 | 1.878273 | 156.922372 | 123.589 0.645169
T | C(2,-1) |0.376082 | -0.121727 | 106.532798 | 73.19947 | -2.059585

Fik | C(2,-1) | 0304471 | -0.121727 | 106.532798 | 73.19947 | -2.059585

B(1,0) [#¥F | D(2,-1) |0.671405 | -2.121727 | 72.323895 | 38.99056 | -5.312213
T | EQ2,-1) |0.024124 | -3.227299 | 49.099862 | 15.76653 | -9.987834

& | D2,-1) |0.011863 | -2.121727 | 72.323895 | 38.99056 | -5.312213

C(1,0) [# = | E(2,-1) |0.630308 | -4.121727 | 49.099862 | 15.76653 | -9.987834

T | F(2,-1) |0.357829 | -6.121727 | 33.333333 | Default

R(L-D)f5 b gl % b 3k 5 @ 5 5] RQO)LS B ch$ b 11 2 4o

SR 13

B

X A E

LR R

P

3
A
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g W e BEROWE | FFRDXE
G+ | B(2,0) |0.219885 | 2.325487 | 156.922372 |  123.589 1.092382
A(l-1) [#T | C2,0) |0.723382 | 0.325487 | 106.532798 | 73.19947 | -1.612372
T | D(2,0) |0.056733 | -1.674513 | 72.323895 | 38.99056 | -4.864999
R | C(2,0) | 0.04829 | 0.325487 | 106.532798 | 73.19947 | -1.612372
B(l,-1) |[#T | D@2,0) |0.714193 |-1.674513 | 72.323895 | 38.99056 | -4.864999
T | EQ2,0) |0.237516 | -3.674513 | 49.099862 | 15.76653 | -9.540621
G+ | B(2,0) |0.234243 | -3.674513 | 49.099862 | 15.76653 | -9.540621
C(1,-1) ¥ | F@2,0) |0.715974 | -5.674513 | 33.333333 Default
T | G(2,0) |0.049783 | -7.674513 | 22.629618 |  Default

R(L-Df b anpfl 42

BT RQ-DIS SR s 1 2 e

o+ gk W | xomiie - R ES LRSS T
5L WiE [HARSWE|FFRDXE
+ik | B(2,-1) | 0393170 1.878273 |156.922372 | 123.589 0.645169
A(l-1) |[#FE | C@2,-1) |0.600418 | -0.121727 | 106532798 | 73.19947 | -2.059585
T | D2,-1) |0.006412| -2:121727 | 72.323895 | 38.99056 | -5.312213
Fik | C(2,-1) |0.142781 | -0.121727 | 106.532798 | 73.19947 | -2.059585
B(1,-1) |[# % | D(2,-1) |0.748818 | -2.121727 | 72.323895 | 38.99056 | -5.312213
T | EQ2,-1) |0.108401 | -4.121727 | 49.099862 | 15.76653 | -9.987834
Fik | EQ2-1) |0.412293 | -4.121727 | 49.099862 | 15.76653 | -9.987834
C(1,-1) [#* | F(2,-1) |0.583481 | -6.121727 | 33.333333 | Default
T | G(2,-1) |0.004226 | -8.121727 | 22.629618 | Default

R(1-1)f b Bl S ™ % i3 2 5] RQ,2) 4+ ¢ Bhenth o 5 10 2 4o

3 +oEL PO — FEae R |2 if}’;‘ai!téﬁ Y
3 Wi |[ERHWE|3ERENX &
Fik | A2,2) | 0.00609 | 3.43106 | 231.146006 | 197.812673 | 2.626878
A(l,-1) |[#T | B(2.-2) |0.598185 | 1.43106 | 156.922372 | 123.589 | 0.197955
TR | C((2,-2) | 0395725 | -0.56894 | 106.532798 | 73.19947 | -2.506799
dik | C(2-2) |0.287272 | -0.56894 | 106.532798 | 73.19947 | -2.506799
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B(l,-1) |#F-T D(2,-2) | 0.683443 | -2.56894 | 72.323895 | 38.99056 | -5.759426
Tk E(2,-2) | 0.029285 | -4.56894 | 49.099862 | 15.76653 | -10.435048
ik D(2,-2) | 0.008669 | -2.56894 | 72.323895 | 38.99056 [ -5.759426

C(l,-1) [#=<T E(2,-2) | 0.614336 | -4.56894 | 49.099862 | 15.76653 | -10.435048
T % F(2,-2) | 0.376995 | -6.56894 | 33.333333 Default

- P2 sFTHE

B i

)
-~

‘ P AR SRR GRS BTN ST A
Frlfl 3 Fefamk Lz 2T %G a=0 #1385 O ke 2§ &
% 106.244439 > 5 d B 3.9 ¥ 4w /154 Bisection 17 F M- T RF o B o 1
AP A 2l T T RF gk o
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