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Bit-wise Decomposition of M-ary Symbol Metric

Student: Chia-Wei Chang Advisor: Dr. Po-Ning Chen
Department of Communication Engineering
National Chiao-Tung University
Abstract

In this thesis, we present a systematic approach for bit-wisedecomposition of
M-ary symbol metric. The decomposed bit metrics can be applied to improve the
performance of a system where the ‘information sequence is binary-coded and
interleaved before M-ary modulated. A Straightforivard receiver designed for certain
system is to de-map or quantize the received M-ary symbol into its binary
isomorphism to facilitate the subsequent bit-based manipulation, such as
hard-decision decoding. In stead, witha bit-wise decomposition of M-ary symbol
metric, a soft-decision decoder canibe readily used to achieve a better system
performance. The proposed approach is to decompose the symbol-based
maximume-likelihood (ML) metric by equating a number of specific equations that are
drawn from squared-error criterion. Systematic solutions for exemplified 16QAM,
64QAM, 256QAM and 1024QAM are then established. Simulation results based on
|IEEE 802.11a/g system setting show that at the bit-error-rate of 10, the proposed
bit-wise decomposed metric can provide 3.0 dB, 3.9 dB, 5.1 dB and 6.3 dB
improvement over the concatenation of binary—demapper/deinterleaver/hard—decision
-decoder for 16QAM, 64QAM, 256QAM and 1024QAM symbols, respectively under
the AWGN channel. Further empirical study on system imperfection implies that the
proposed bit-wise decomposed metric also improves the system robustness against
gain-mismatch and phase-noise. A realization structure for our proposed systematic
recursive formula then is established. Different from conventional structure where
de-interleaver and decoder are separate circuits, our structure de-interleaves and
decodes at the same time; and hence, memory space and processing latency can be
reduced.
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Chapter 1

Introduction and Background

1.1 Problem Formulation

The state-of-the-art wireless transmission techuigue of IEEE 802.11a/g [11, 12] incorporated
high QAM into OFDM to achieve ,a highidata rate: “In order to make a better use of the
error correcting capability of the adapted (2,1,6) convolutional code, the standard specified a
two-step bit-wise interleaver, wheresthe first step maps‘adjacent code bits onto non-adjacent
sub-carriers, and the second step permutes-the code bits alternately onto less and more
significant bits of the QAM constellation. Such an interleaver design, although straight and

simple in concept, may restrict the potential structures of a receiver in practice.

For a system where the binary information sequence is coded and interleaved before M-
ary modulated, a straightforward receiver design is to de-map or quantize the received M-
ary symbol into its binary isomorphism to facilitate the subsequent bit-based manipulation
(cf. Fig. 1.1). From Figure 1.2, it seems that mapping the two consecutive convolutional code
bits directly to a QAM quadrature component and transforming the bit-wise interleaver
to a quadrature-component-wise interleaver at the transmitter may improve the receiver
performance by taking advantage of the soft-decision Viterbi. However, such an approach

cannot be in general used when multiple data rates are implemented through varying QAM



M-ary Bitwise Convolutional Code
Symbol Demapping Deinterleaving (Viterbi) Decoding

Figure 1.1: An exemplified receiver design.

level and code punctuation, such as 2/3 and 3/4 code rates are resulted from punctuation
of a (2, 1, 6) convolutional code together with the selection of 16QAM and 64QAM. In
addition, for symbol-based interleaving, one QAM symbol error may render consecutive
code bit errors (or burst errors), which the convolutional codes suffers most; hence, the
performance may still degrade even if a soft-decision decoding is employed. Question is with
a bit-wise interleaving, multi-rate support through varying QAM level and code punctuation,
can soft-decision decoder still be empldoyed for a better system performance? The answer
is affirmative, if the ML metric cofresponding to the received vector due to QAM symbol
transmission can be bit-wisely divided. The concern then becomes “How much improvement
over the hard-decision decoding can’be yielded?” and.“Can it be implemented with feasible

system complexity?” We will investigate these two issues in the next section.

1.2 Objective of the Research

Take IEEE std. 802.11a as an example (cf. Fig. 1.2), the 4 bits for a 16QAM symbol are
interleaved such that the 2 bits for a convolutional code branch in a trellis are constituted
by the least significant bit of one QAM quadrature component and the most significant
bit of another QAM quadrature component. After de-interleaving (cf. Fig. 1.3, Fig. 1.4),
the two code bits, ¢; and ¢y, that decide a trellis branch of (2,1,6) convolutional code will
respectively come from the least significant bit of 16QAM quadrature component r; and the

most significant bit of 16QAM quadrature component ;. The dependence of a single trellis



branch on two time-inconsecutive QAM symbols somehow implicitly and directly suggest
that the received M-ary symbol should be hard-mapped before decoding, since other receiver
structure such as one with soft-decision decoding may require a branch metric that can
be determined by two distant and non-orderly M-ary symbols. Such a soft-decision-based
receiver will become more involved, when a receiver structure that also supports multi-rate

transmission through code punctuation is further considered.

Tra 12

br1(0) | | br2(0)

bra(l) | | bra(1)

Ab.1 O3 phi (6,

b b (1)

¢ ol $QY

Figure 1.2: The relation between the bits for 16QQAM mapping and the bits for a branch in
the (2,1,6) convolutional code trellis specified in IEEE 802.11a. (r71,791) and (rr2,7¢2)
represent the received vectors for two 16QAM symbols, respectively. The 4 bit-pairs
that constitute convolutional code branches in a trellis are [b;1(0),b;2(1)], [br1(1),br2(0)],

[66.1(0), bg 2(1)] and [bg.1(1), bq.2(0)].

In order to design a general receiver for use of M-ary symbol transmission of coded and
interleaved information sequence, researchers have proposed several heuristic methods to
perform bit-wise decomposition of M-ary symbol metric [4, 5, 6]. With a bit-wise decom-
position of M-ary symbol metric, a better system performance can be achieved by adopting
a soft-decision decoder, even if code punctuation for dynamic rate transmission is incorpo-

rated. Even though some of them perform well in practice, there is still lack of a systematic



method for bit-wise decomposition of M-ary symbol metric. In this thesis, we propose a
systematic approach for bit-wise decomposition of M-ary symbol metric. The proposed ap-
proach is to approximate the symbol-based maximum-likelihood (ML) metric by equating
a number of specific equations that are drawn from squared-error criterion. Notably, when
all the listed equations can be simultaneously satisfied, the squared error between symbol-
based ML metric and its bit-decomposed approximation reduces to zero, which means that
the performance of the symbol-based ML metric can be achieved by taking the proposed
bit-wise decomposed metrics. This optimistic result of zero square error however could not
be obtained in general due to the bit-wise interleaving. A suboptimal bit-decomposition
metric in terms of maximal subset of simultaneously satisfiable equations is then proposed.
Exemplified study on QAM modulation interestingly yields a systematic recursive bit metric
formula. It is worth mentioning that.the recursive bit: metric formula can also be applied to
some previous work on bit reliabilitypstudy with different initial condition [5]. Details are

given in Section 2.3.2.

Empirical study under the system setting of IEEE 802.11a/g and additive white Gaussian
noise (AWGN) channel showed that, at bit error rate (BER) = 107°, the proposed bit-
decomposed metric has 3.0 dB, 3.9 dB, 5.1 dB and 6.3 dB gains over the hard decision
system for 16QAM, 64QAM, 256QAM and 1024QAM, respectively. Also, only 0.13 dB
performance degradation is resulted by introducing 32-level quantization for 1I6QAM signals.
The quantization impact for 64QAM signals under 64-level uniform quantization can even
be reduced to 0.07 dB. No further performance degradation, in addition to that due to
quantization, can be observed, when mismatch of AGC gain is limited to be within +40%.
The robustness of the proposed bit-decomposed metric against phase noise is also examined.
When the phase drift increases up to +6°, the BER due to our bit-decomposed metric will
increase from 107° to around 4 x 107° at E,/Ny = 6.7 dB for 16QAM modulation. This



phase drift tolerance reduces to £4° at E,/Ny = 9.7 dB for 64QAM modulation, where

Ey /Ny is chosen so that the no-phase-drift BER is approximately 107.

Some previous works on bit reliability study are summarized below. In [6], Zehavi pro-
posed a decoding scheme that consists of a Log-Likelihood-Ratio (LLR) demapping for sub-
sequent use of path metric computation of Viterbi decoder. Later, Pyndiah [4] provided a
pragmatic algorithm based on LLR to Turbo codes associated with high QAM modulation,
and showed that the block turbo-coded QAM modulation outperforms Trellis-Coded Modu-
lation (TCM) scheme by at least 1dB at BER of 107°. Tosato and Bisaglia [5] adapted the
Pyndiah’s algorithm to COFDM system, and proposed a simplified bit reliability decompo-
sition for 16QAM and 64QAM constellations. Their simulations showed that for 64QAM
constellation, adopting their bit reliabilitys decomposition results in 8.5dB gain at BER =

10~* over a hard-decision-based receiver under HIPERLAN /2 system model.!

1.3 Organization of-the Thesis

This thesis is organized in the following fashion. Chapter 2 provides the analysis of the
proposed bit-decomposed metric, followed by its comparisons with other soft-demapping
schemes. Chapter 3 summarizes the simulation results over the AWGN channel and those
over the Rayleigh flat fading channel. Chapter 4 examines the robustness of the proposed bit-
decomposed metric against system imperfection. Chapter 5 uses puncture to obtain different
coding rate and compares their performances under both AWGN and Rayleigh flat fading
channels. Chapter 6 provides a realization structure for our previously proposed systematic
recursive formula for bit-wise decomposition of M-ary symbol metric. Concluding remarks

appear in Chapter 7. Appendix A is the analysis and general formula of bit-wise metric

!Similar to IEEE std 802.11a/g, the scrambled input sequence of HIPERLAN/2 [10] is convolutionally
encoded with rate 1/2 and constraint length 7 before bit-wise interleaving and QAM modulation. The
technique is often referred to as BICM (Bit-Interleaved Coded Modulation) [16].
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Figure 1.3: The received 16QAM quadrature components are indicated by a solid-lined
upright rectangular; each column consists of 6 quadrature components. The de-interleaver
should then exchange (the weights of) the least significant bit and the most significant bit

of the quadrature components for those columns indicated.

for soft-decision decoding of coded high QAM - 64QAM, 256QAM, 1024QAM. Appendix
B gives an intuitive soft-demapping decoding for coded high QAM. Appendix C describes
theoretical performances and simulations of QAM modulation over AWGN and Rayleigh flat

fading channels that includes symbol error rate and bit error rate, as well as distributions of

bit errors given symbol errors.
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Chapter 2

Systematic Bit-wise Decomposition of
M-ary Symbol Metric

2.1 Analysis of Bit-wise Metric for Soft-decision De-
coding of Coded High QAM

Denote by r = (r1,79,...,7x) the real-valued received vector when M-ary symbols s =
(s1, S2, ..., Sk) that are mapped- from+an~interleaved version of encoding output ¢ =
(c1,¢,...,cn) € {0,1}Y are transmitted.- A§an example, M = 2, K = 96, and N = 192 in
Fig. 1.3. Assume that the M-ary symbol transmission suffers additive white Gaussian noise
(AWGN), ny, ng,ns, ..., ng, with single-sided noise power per hertz Ny. The received vector
r then satisfies

Tz‘:SZ’—i‘ni

for 1 <i < K. For AWGN channel, the maximum-likelihood decision upon the receipt of r

is given by:



dML<’r) = argrgeagipr{rla"'vrf(|817"'asK}

1 s (ri — 8;)?
= arg I?EE):LSX —(WNQ)K/Q exXp {— ; —No }
K

= arg Isnelél A (r; — 8:)%, (2.1)
i=1

where S represents the set of all possible mappings from the convolutional codeword in C to its
respective symbol word. Due to the non-linear (e.g., interleaving) relation between codeword
c and transmitted symbol s, Eq. (2.1) cannot be equivalently transformed to the sum of code
bit metrics. An approximation is therefore necessary to perform soft-decision decoding. Our
goal then becomes to find a sequence of function A = (Ay, Ag, ..., Ay) such that the sum of
all code symbol metrics, Zfil(m — s;)23¢an be wellfapproximated by Zfil Ai(ci, ) for every

mapping pair (¢, s) and the received vector 7, where functions Ay, Ao, ..., Ay can be distinct

bit-metric functions.

For clarity, we use the 16QAM modulation in Fig: 1.3 and Fig. 1.4 as an example for the
presentation of our subsequent derivation in this section. The general results for 64QAM

and 256QQAM will be given later.

Let s(-, ) be the 16QQAM mapping from code bits to the transmitted symbol. Since code
bits ¢y, ¢o, ¢17 and c15 only depend on r; and r7, their contribution to the summation in
(2.1) is equal to [r1 — s(c1, c17)]? + [r7 — s(c1s, ¢2)]?, where the reverse in order of ¢, and cyg is
owing to the interleaving procedure. As ry, ..., r9s are nothing to do with ¢; and c;7, we can
simplify our goal to the finding of functions \; and A7 such that A\ (c1, 1)+ Ai7(c17,71) well-
approximates [r; —s(cy, ¢17)]? for all legal ¢; and ¢;7 in the codebook. For the same reasoning,
we wish to determine functions A;g and Ay such that Aig(cis, 77)+A2(ce, r7) well-approximates
[r7 — s(c1s, c2))? for all legal ¢y and c15 in the codebook. Since function pairs (Aj, A;7) and

(A1, A2) are determined according to independent and identical statistical structures, it is

9



reasonable to presume that they are equal, i.e., Ay = Az = f; and A\;7 = Ay = f5 for some

functions f, and fy.!

We next address the criterion of “well-approximation” adopted in this thesis.

2.2 Bit-wise Decompositions of 16QAM, 64QAM and
256QAM Symbol Metrics

The criterion we adopt is the minimization of average square error, namely,

min E [ (fi(e.r) + fo(er) = Ir = s(e,0)) (2.2)

To separate the function finding problem from the convolutional code employed, we re-
define the cost by assuming uniform prior as:

W(fi, f2) & = ZZ/ (filre) + fo(ire) — [t — s(c, )] ) dPr(r|c, ), (2.3)

c=0 ¢c=0

where the expectation is taken over<the statistics of e, ¢ and r. Without loss of generality,

we can re-write f; and f, as?:

1 1
fl (C; ’T‘) = 57’2 + a1,.crT + bl,c,r and f2(67 T) = §T2 + A2erT + bQ,E,T

This transforms (2.2) into:

min FE [{(al,c,r + a2z r + 25(0, 5)) r+ (bl,c,'r + bg@r - 82(0, E)) }2i| . (24)

al,c,r7a2,6,r,bl,c,'me,E,'r

It is neither practical nor analytically tractable to consider general coefficient functions,

1 cry Q2.r, D1y and by z,, for continuous r. Instead, we consider a piece-wise simplification

LAs a consequence, the number of distinct functions among Ai, Mg, ..., Ay is logy(M), which will be
denoted by fi1, fa, ..., flog,(n) in the sequel. These bit metric functions, f1, f2,..., fiog,(ar), Will be applied
to decompose the symbol metric for every QAM quadrature symbol received.

2The optimal f;(c,r) can apparently be re-expressed as (1/2)r? + (f;(c,7)/r —r/2)r + 0. Therefore, as
long as the coefficient a; ., and b; ., are allowed to be r-dependent, the taken form of (1/2)T2—|—a1,07r7‘+b1,c7,~
covers the optimal solution.

10



of them by setting ai.,, aszr, b1, and byz, equal to constants for r in each interval

Z, = (Ap—1,A,], where 1 < p < g, \g = —00 and A\, = oo. For notational convenience, we use

A1,cp; 2,60, b1,cp and byz, to denote the constant values specified for each interval. Then

the mean squared error between the soft bit metrics and soft symbol metric is given by

W(fla f2)

1

q A
AT N, - _Q)]2 g(rH3)? /N
44/T Ny (Z/ [(a1,0,p + a20,0 = 6)r + (b10,p + b20, —9)| € odr

q A
+ Z/ [(al,O,p +az1, — 2)r + (bl,O,p + b1, — 1)]2 e~ /No gy

p=1 Ap—1

P
+ Z/ [(al,l,p +agi, + 2)r + (bl,lm + b2, — 1)]2 e~ ("= /Moy

q A 2
+ Z/ [(a1,1,0 + @z, + 6)r + (b1 + bog, — 9)]7 e 9 /Nodr>

2 —(r+3)?
4\/7T_NO Z </ (a1 9,4 a20p = 6)t + (b10,p+ 2o, —9)] € (r+3)%/No ;-

Ap
/ (a0, + asayp 420+ (big, +021, — 1) e D/ Nogy
A

+
p—1
v 2 1)2/N
T [(a1,1,p + a2,1,0 + 2)FFUb1 1,y + b21,p — 1)] e~ (r=1%/No gy
Ap—l
v 2 3)2 /N
+ / [(aLl»p + a2,0,p + 6)’/“ + (b1717p + b270,p - 9)] e_(’"_ )2/ odr : (25)

where N, is the single-sided noise power per hertz.

Intuitively, if more coefficients of r in (2.5) can be made zero, a smaller squared error

should be obtained. We then list and number the coefficients of r in (2.5) according to

ascending value of s(c, ¢) for all possible ¢ and ¢, and let them be zero. For example, if s(c, ¢)

is taken to be the Gray code mapping to 16QAM quadrature component, and ¢ and ¢ are

11



binary, then the coefficient equations listed for each p are:

5(0,0) = =3 = aiop+ a0, —6=0, big,+bao,—9=0 (2.6a)
s0,1)=—1 =  ayo,+asn,—2=0, bio,+by,—1=0 (2.6b)
s(,1)=+1 =  ap,+an,+2=0, by, +by,—1=0 (2.6¢)
s(1,0) =+3 =  api,+ase,+6=0, bii,+bro,—9=0 (2.6d)

It can be verified that at most three of (2.6a)—(2.6d) can be made valid simultaneously. In
addition, in order to minimize the squared error, it is not necessary to equate coefficient
equations with non-contiguous equation numbers (because the squared error can be reduced
by replacing the non-contiguous numbered equation with one having contiguous equation
number), or to equate only part of the threeiequations that can be made simultaneously valid.
This suggests that we should take, for the above example, ¢ = 2, for which p = 1 corresponds
to the validity of (2.6a)—(2.6¢), and'p = 2 realizes (2:6b)—(2.6d). By experimenting over
64QAM and 256QAM, we found that similarobservations can also be made. This motivates
us to propose a systematic approach te define a-bit-decomposition of M-ary symbol metric

as follows.

Step 1. List and number the coefficient equations in ascending value of symbol mapping

function value s for all possible code bit combinations.

Step 2. Find all set of coefficient equations that can be simultaneously satisfied, and that
are also contiguous in equation number. Remove those sets of coefficient equations
that are subset of others. (In this step, the coefficients that validate each set are

also determined.)

Step 3. Let q be the number of coefficient equation sets remained in Step 2. Determine

the optimal A = (\y,..., ;) that minimizes the average squared error in (2.4).

12



Notably, the solution obtained from the above procedure may be only suboptimal in the
minimization of average squared error over all legitimate fi(c,r) and f5(¢,r). However, we
will show later that the soft-decision decoding performance by using the bit-decomposed

metric above is already close to the optimal but “non-achievable” symbol-based ML perfor-

mance® in (2.1). Specifically, the proposed bit-decomposed metric is only 0.6 dB, 0.8 — 0.9

dB, or 1.4 dB worse than the symbol-ML performance at BER = 1075,

For completeness, a specific algorithm to exhaust all coefficient equation sets that are

not subsets to each other (and hence ¢ is determined) is addressed in the following.

(Algorithm Q)

Initialization: Input L ordered equations with indices 1, 2, ..., L.
Step 1. For each 1 < p < L, find the largest set. A, of equations

e that can be simultaneously satisfied by some solutions, and
e that are contiguous in their equation numbers, and

e that contains equation p (namely, the equation whose index equals p).

Step 2. Delete all duplicate sets among Aj, Ay, ..., Ap. (Let q be the number of sets

remained. )

Step 3. Output the remaining q (distinct) sets.

Applying Step 1 of Algorithm Q to (2.6a)—(2.6d) results:

3As mentioned earlier, with a nonlinear mapping between code word ¢ and symbol word s, a receiver
can no longer implement (2.1). However, by turning off the interleaver, which in turn linearizes the relation
between ¢ and s, a M-ary modulated (2,1,6) convolutional codeword can be decoded by forming the trellis
of equivalent (log,(M),log,(M)/2) code trellis in which each branch metric is determined by one received
symbol; hence, performance of (2.1) can be simulated. Since a disabled interleaver is not a system option,
we therefore term this performance non-achievable, and only illustrate it for comparison.
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A = {(2.6a), (2.6b), (2.6¢)}
A, = {(2.6a), (2.6b), (2.6c)}
Ay = {(2.6b), (2.6¢0), (2.6d)}
Ay = {(2.6b), (2.60), (2.6d)}

Notably, A;, Az, A3 and A, must respectively contain equation (2.6a), (2.6b), (2.6¢) and
(2.6d) according to the algorithm. Since A; = Ay and A3 = Ay, Step 2 yields ¢ = 2. The

coefficients that validate the equations in sets A; and As are respectively:

.
1,01 = 2— 21,1

aii11 = -2 - 21,1
Ai(p=1) - aso1 =4+ asi

b1,0,1 = b1,1,1 =1- 52,1,1
bao1 =8+ b211

1,02 = 2 - 21,2

112 = -2 - 21,2
A3(p = 2) : a27072 = —4 + 21,2
bioo=bite=1—0bs12
byo2 =8 +b212

~\/

\

Accordingly, with uniform distributed ¢ and-¢; the average squared error becomes:

1 >\1 2 2 >\2 2
W) = I —(r=3)"/Noy / — &) = (r+3)*/No g )
N = = (o e [ e :

16 M >
= — (/ r26_(r_3)2/N0d7“+//\ T26_(T+3)2/N0d7“) ) (2.7)

By (2.7), we only need to determine A;. The derivative of (2.7) with respective to Ay is

equal to:

8>\1 N 7TN0 !

—e

Y

6W()\) 16 )\267(/\f+9)/N0 (66A1/N0 76)\1/N0)

the derivative with respective to A; then concludes that the optimal A\; that minimizes W (X)

is zero. Consequently, the average squared error is reduced to:

32 ’ 2 _—(r—3)2/No
W(fi, f2) = re dr

\% 7T]V’O —00
3 48+/ Ny { 9 }
— ————exp .

— (18 + Ny) erfc <\/_N_O) 2 2

14

(2.8)



We summarize the derivation above as follows:

- {1, if reZ;orr <O0;

p 2, freZyorr>0
1 1
fl(T, C) = 57“2 + al,c,pr + bl,c,p = 57’2 + [2(1 — 20) — a271,p]7‘ + (]. — b271,p)
1 1
fa(r,e) = 57"2 + Qg o + boep = 57“2 + lag1,, — 4(1 —¢) - sgn(r)]r + [be1, + 8(1 — ¢)],
where
1, ifr>0;
sgn(r) =< 0, if r=0;
-1, if r<0

By the nature of Viterbi algorithm, only those terms that depend on c affect the decoding

behavior. Hence, the equivalent soft-demapping functions are:

14 (r ) = 2= 20)r

S3(r, o) = =4l —o)|r] & 8(1 — ¢).

Since we can remove the constants in Zfil filc;, ) without affecting the decoding result
(namely, we can keep only those terms that depend on c¢), and since a universal scaling on
all bit-decomposed metric functions also preserves the decoding result, the bit-decomposed

metric functions can be equivalently reduced to:

1N e, r) = clr| - sgn(—r)

P er) = e(lr] - 2).

As a result, we approximate [r; — s(c1, c17)]2 by f1°¥M(ry, 1) + £5YM (1 e17) = el -
sgn(—r)+ci7(|r1| —2) for ¢1, c17 € {0, 1} for which a decoding algorithm like Viterbi decoding
becomes applicable. It is clear that the above fl1 6QAM nd f21 6QAM: can be applied to all ¢;

and ¢; in s(¢;, ¢;), respectively.

We can similarly obtain the equivalent bit-decomposed metric functions for 64QAM

(where the images of symbol mapping include —7, -5, -3, —1,1,3,5 and 7) and 256 QAM
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(where the images of symbol mapping include —17, —15,...,15,17) under the IEEE 802.11a

system setting? as:

ﬁiﬁﬁ«a r) = C<1|gQ;M4| +|r| +|r + 4] — 8) - sgn(—r)
264QAM(C’ T) - llﬁQAM(C’4 N |T|)
SIQAM( 1y = pIQAM(, () )
and

f256QAM(C’ r) = c(jr =8|+ |r—4| +|r| +|r+4| +|r +8| —24) - sgn(—r)

256QAM(67 T) _ E4QAM(C, ] — ’T|)

f256QAM(C, T) _ 264QAM(C, |T’| . 8)

A A
PO r) = M8 )

We end this section by noting that the above result suggests a recursive bit-metric decom-
position formula. Specifically, for M-ary amplitude modulation (or equivalently, M2QAM)

with amplitude spacing u,>

{ M) = o s (Sl yir + 2uil — [2uil))

FPer) = £ (PR 2 u= ) for2< 5 < m,

where m = log,(M) > 2 and fl(l)(c, 7) :' —cr. Noté that m is respectively 2, 3 and 4 for
16QAM, 64QAM and 256QQAM. Consequently, after specifying the first-bit metric f;, the
subsequent bit-metrics are alternately the left-shift mirror f](flf 2 (¢, 2™ 2u — |r|) and right-
shift fj(ﬂ_ 2 (¢, |r| — 2™ 2u) of the bit-metrics for one-less m. Such bit-metric assignment
somehow even the bit reliability for decoding. The more detailed descriptions are included

in Appendix A.

4The IEEE 802.11a standard did not specify the interleaver for 256QAM transmission. Here, we simply
extend its design philosophy for 16QAM and 64QAM transmission to obtain an extension interleaver for
use of 256QQAM transmission. To be specific, 96 256 QAM quadrature components are tabularized in the
same fashion as in Fig. 1.3, where each component is now composed of four bits instead of two bits, and
circular shift (from bottom to top) is repeated (7 — 1) times for those bits belonging to the same quadrature
component that locates at ¢th column.

Su is 2 for all QAM considered in this thesis.
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2.3 Alternative Structures for Receiver with Soft-decision
Decoding

In this section, we briefly describe two existing structures of receiver design for M-ary mod-
ulated interleaved code. Performance comparisons of our bit-decomposed metric with these

existing schemes will be provided in the next chapter.

2.3.1 Soft-demapping for Bit-interleaved Coded Modulation

An intuitive approach to soft-demap bit-interleaved coded modulation signals is to directly
quantize the received vector according to the inverse of modulation mapping function [3]. For
example, when Gray code mapping is applied to 16QAM modulation, where s(0,0) = —3,
s(0,1) = —1, s(1,1) = 1 and s(1,0)s= 3, the inverse mapping for the first bit position is
byt (=3) =0, by*(—1) = 0, by *(1)2=_1 and bs' (3)= 1, and similarly the inverse mapping
for the second bit position can be-obtained as by '(—3) = 0, b;'(—1) = 1, b;*(1) = 1 and
b;'(3) = 0. According to these spécified inverse mapping values, we can then form two

continuous demapping functions as:

0, for r < —3;
0, for r < -1, (34+7)/2, for —3<r<—1,;
bol(r)=<¢ (1+7)/2, for —1<r<1; and b'(r)=1 1, for —1<r<1,;
1, forr > 1 (3—=r)/2, for1<r<3;
0

, for r > 3.

Fig. 2.1 shows a mapping metric value of 16QQAM. Based on the differentiate distribution
of the Gray code, we can use weighting to derive better performance. A more detailed

discussion refers to Appendix B.
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Figure 2.1: The metric values of Soft-demap for 16QQAM.

2.3.2 Bit Metrics Recursively Generated from Other First-bit Met-
ric

In 2001, Tosato and Bisaglia [5] propesed and examined a simplified soft-output demapper
for binary interleaved COFDM with application to HIPERLAN/2 [10].° We interestingly
found that their proposed bit metrics {g](m)(-, Y h<j<mms1 for 22™-QAM can be equivalently

expressed in terms of our recursive formula as:

ggm)(c,r) = c¢(—-r) form=1,2.3,...

g (e,r) = g™ (e, (1Y@ Pu—1r])) for2<j<m.

The bit metrics {g](-m) (-, ) }1<j<m, m>1 are actually simplified from the bit metrics {gj(.m) (-, ) hi<j<m, m>1
derived from the bit-based log-likelihood ratio (LLR) decision [5]. Note that the above for-

mula are different from our approach on the initial values. In our approach, instead of being

In fact, their simplified soft-output demapper has appeared in a book published in 1997 [7]. In the
book, the soft-output demapper is heuristically obtained through a direct derivation, as opposed to the
simplified-from-LLR-decision approach taken by Tosato and Bisaglia.

18



a constant for all levels of modulations, the initial value g%m) (c,r) is related to m, which is

determined by the level of modulation. For example, our systematic recursive formula are

with initial conditions:
(2[r]) - sgn(—r)

(Ir =2|+2|r|+|r+2|—4) sgn(—r)

(Ir =6+ |r—4|+|r=2|+2|r|+ |r+ 2|+ |r+4| + |r + 6] —24) - sgn(—r)

N RN RN~

This suggests that by varying the first-bit metric, variants of bit-decomposed metrics can be

resulted through the recursive formula we established.

As anticipated, with fl(m) = g%m) foetm = 1, 2, our bit decomposed metric coincides with
that proposed in [5] for 1I6QAM, but is different for 64QAM and 256(QAM modulations. In
Fig. 2.2, we compare the mapping metric value for I6QAM of our approach named Soft-
proposed and the one given in [5] named*Soft-TB. After simplifying the metric of Soft-TB,
we can derived the same metric as Soft-proposed. Actually the original metric for 64QAM

of Soft-TB is more complex than ours as shown in proposed Fig. 2.3.
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Figure 2.2: The metric values of Soft-TB; éirm'plni'ﬁéd Soft-TB, and Soft-proposed for 16QAM.
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Chapter 3

Performance Evaluation over the

AWGN Channel and the Rayleigh
Flat Fading Channel

3.1 Simulation Results for.-the ! AWGN Channel

Fig. 3.1 to Fig. 3.3 summarizes the simulated performances under the AWGN channel for
symbol-based ML decision in (2.1), theproposed bit=decomposed metrics, the soft-demapping
in section 2.3.1, the simplified bit metrics in chapter 2.3.2 and the straightforward hard-
decision decoding system. They are respectively abbreviated as Symbol-ML, Soft-proposed,
Soft-demap, Soft-TB and Hard in all subsequent figures. From these figures, we observed
that at BER = 107° and under BPSK, QPSK modulation, Soft-demap has 2.0 dB gain
over Hard; Soft-proposed (equivalently, Soft-TB) has 2.3 dB gain over Hard, but is 0.12 dB
inferior to the ideal Symbol-ML. At the same rate under 16QAM modulation, Soft-demap
has 2.3 dB gain over Hard; Soft-proposed (equivalently, Soft-TB) has 3.0 dB gain over Hard,
but is 0.7 dB inferior to the ideal Symbol-ML. At the same BER, the superiority of Soft-
proposed and Soft-TB over Hard is extended to 3.9 dB for 64QAM, where Soft-demap only
provides 2.9 dB gain over Hard. Note that although Soft-proposed and Soft-TB use different

bit metrics under 64QAM modulation, they have comparable performance. More advantage
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can be obtained under 256QAM, where the gain of Soft-proposed and Soft-TB over Hard is
enlarged to 5.1 dB, yet the gain of Soft-demap over Hard remains around 3.0 dB. Similarly,
under 1024QAM, the gain of Soft-proposed and Soft-TB over hard is more than 6.3 db,
yet the gain of Soft-demap over hard still around 3.4 db. This indicates that the intuitive
Soft-demap can only provide limited improvement over Hard. Even though Soft-TB has
similar performance to the proposed bit-decomposed metrics on the AWGN channels, the
superiority of the latter over the former on the fading channels will be demonstrated in the

next section.

3.2 Simulation Results for Rayleigh Flat Fading Chan-
nel

In section 2.2, we obtained a recursive bit-decomposed metric formula through the approx-
imation of symbol-based Euclidean metric under the AWGN channel. In this section, we
want to adapt our recursive bit-decomposed metric formula for Rayleigh flat fading channel
as shown in Fig. 3.4 . Assume that the:Mr:ary ‘symbol transmission suffers Rayleigh flat
fading with aq, as, as, ..., ak, and with single-sided noise power per hertz Ny. The received

vector r then becomes:

TP = Q% S; + 1Ny

for 1 <4 < K. For flat fading Rayleigh channel, the maximum-likelihood decision upon the
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receipt of r is given by:

dyp(r) = argrggchr{rl,...,rK |y * 81, .., * Sk }
K
1 (T‘Z'—Oéi*Si)z
= arg rggg{ —(WN())K/Q exXp {_;—No }
K
—_— 3 PR— . . 2
= argmin - (ri — oy % 8;)7, (3.1)

where S represents the set of all possible mappings from the convolutional codeword in C
to its respective symbol word. The criterion we adopt is the minimization of average square

error, namely,

%HfIQIE [(fl(c, r)+ fa(C,r) — [r — axs(c, E)]Q)Q} : (3.2)

Without loss of generality, we can yé-write fy and fs> as:

1 1
2 2 - 2 2
fi(e,r) = 57‘ + oy x e + ik brey  and folc,r) = 57" + oy x e, +af xbygy

What we need to adapt is the coeefficient a. Specifically, for M-ary amplitude modula-
tion (or equivalently, M?QAM) with amplitude spacing u, the former recursive bit-metric
decomposition formulas then become,

{ fl(m)(c, r) = c-sgn(-r) <Z?i:2(m—2)(|a 17 + % 2ui] — |a? 2m|)>

[Per) = 5 (e (C17 Rru— ) for2 < <m,
where m = log, (M) > 2 and fl(l)(c, r) = —a x cr. Note that m is respectively 2, 3 and 4 for

16QAM, 64QAM and 256QAM.

As mentioned before, our recursive formula can also be applied to the bit reliability pro-
posed by Tosato and Bisaglia with different initial function [5]. We subsequently compare
the performances of our Soft-proposed metric, Soft-TB, Soft-demap and Hard. As antici-
pated, Soft-proposed and Soft-TB perform better than Soft-demap, which in turn is superior
to Hard.
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The superiority of our proposed bit-decomposed metric over Soft-TB becomes a little
more apparent under fading environment. For example in 1024QAM at BER=10"°, Soft-
proposed gains 0.5 dB over Soft-TB (cf. Fig. 3.7). Also, we can observe from Fig. 3.5 to
Fig. 3.7 that in a fading environment, the performance superiority of Soft-proposed and
Soft-TB over Hard respectively extends to 7.7 dB, 8.1 dB, 8.5 dB and 9.1 dB under 16QAM,
64QAM, 256QAM and 1024QAM modulations at BER=1075.
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Figure 3.1: System performances under the AWGN channel for BPSK, QPSK, and 16QAM
modulations.
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Figure 3.2: System performances under the AWGN channel for 64QAM and 256QAM mod-
ulations.
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Figure 3.3: System performances uidler the AWGN channel for 1024QAM modulation.
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Figure 3.4: Block diagram of a frequency-nonselective slowly fading channel with perfect
channel knowledge, which can be described as r = o - s + n, where s and r are respectively
channel input and output symbols, « is Raileigh distributed channel attenuation that can
be perfectly estimated, and n denotes the additive white Gaussian noise.
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Figure 3.7: System performances under the Rayleigh flat fading channel for 1024QAM mod-
ulation.
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Chapter 4

Robustness Against Imperfect System
Parameters

4.1 Effect of Quantization

Figures 4.1, 4.3, 4.5, 4.7 illustrate the performance impact of uniform quantization under the
AWGN channel. Similar to [1, 2],:the received scalar is first multiplied by the appropriate
normalization factor in order to make the average QAM symbol power equal to unity, and
then is quantized with the step size equal to 2x w divided by the number of quantization levels,
where u = 2 is the amplitude spacing for QAM signals. Another intuitional quantization is
employed on Soft-demap since Soft-demap has imposed a quantization on the metric it uses

(cf. Appendix B).

For example, for 8-level (3 bit) quantization in 16QAM as shown in Fig. B.2, it only
quantizes 3 interval values. We observed from these figures that, under 16QAM modulation,
adopting 32-level quantizer to Soft-proposed and Soft-TB only yields 0.13 dB performance
loss at BER = 107°. The performance loss due to 16-level quantization is around 0.11 dB at
BER = 107° for Soft-demap. Under 64QAM modulation and BER = 107°, the performance
loss can be reduced to 0.07 dB for Soft-proposed/Soft-TB by taking 64-level quantization.

The performance loss due to 16-level quantization is around 0.13 dB at BER = 1075 for
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Soft-demap.

Under 256QAM modulation and the same BER, the performance loss of 64-level quan-
tization is restricted within 0.20 dB for Soft-proposed and Soft-TB. The performance loss
due to 16-level quantization is around 0.15 dB for Soft-demap. At the same BER under
1024QAM modulation, the performance loss of 128-level quantization is around 0.20 dB
for Soft-proposed and Soft-TB. The performance loss due to 16-level quantization is about
0.17 dB for Soft-demap. These figures conclude that for 16QAM, 64QAM, 256QAM and
1024QAM modulations, it is sufficient to take 5-bit, 6-bit, 6-bit and 7-bit quantizations
for the proposed bit-decomposed metrics to perform close to the system without perform-
ing quantization. Same conclusion can be made on Tosato/Bisaglia’s bit metrics and for

Soft-demap approach in Section 2.3.1.

Figs. 4.2, 4.4, 4.6, 4.8 illustrate|the performance impact of quantization under the
Rayleigh flat fading channel. We adjust quantization of Soft-proposed and Soft-TB to fit the
new assumed channel. By assuming known fading-coefficient o, we divide the received value
with the known-fading factor and then‘applythe adopted uniform quantizer of Lloyd-Max
algorithm to the metric. When BER = 107° under 16QAM modulation, adopting 32-level
quantizer to Soft-proposed and Soft-TB only yields 0.11 dB performance loss. The perfor-
mance loss due to 16-level quantization is around 0.08 dB for Soft-demap. Under 64QAM
modulation and BER = 107°, the performance loss is still 0.11 dB for Soft-proposed/Soft-
TB by taking 64-level quantization. The performance loss due to 16-level quantization is
around 0.1 dB at BER = 107° for Soft-demap. Under 256 QQAM modulation and the same
BER, the performance loss of 64-level quantization is restricted within 0.27 dB and 0.35 dB
respectively for Soft-proposed and Soft-TB. The performance loss due to 16-level quanti-
zation is around 0.12 dB for Soft-demap. At the same BER under 1024QAM modulation,

the performance loss of 128-level quantization is around 0.16 dB and 0.34 dB respectively
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for Soft-proposed and Soft-TB. The performance loss due to 16-level quantization is about
0.14 dB for Soft-demap. We then proceed to examine the robustness of these quantized bit
metrics in terms of the above quantization levels against gain mismatch and phase noise in

later sections.
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4.2 Effect of Imperfect Automatic Gain Control

Coded systems that quantize the matched filter output to more than two levels for use of
subsequent digital manipulation require an analog-to-digital converter, whose level thresholds
should depend on a correct measurement of the noise variance. Usually, the level-setting is
effectively controlled by the automatic gain control (AGC) circuitry in a modem. In this
section, we are interested in the sensitivity of decoder performance to an inaccurate (or

drifting) quantized AGC signal.

Our performance comparisons between Soft-proposed, Soft-TB, Soft-demap and Hard are
employed at BER=107°. Due to different BER performances, different Ej/Ny’s are accord-
ingly used for each bit-decomposition approach. Specifically, under 16QAM modulation, we
use 6.8 dB, 7.5 dB, 9.7 dB for Soft-proposed, Soft-demap and Hard, respectively, to obtain
the required BER under the AWGN. channel. .The. taken values of E,/Ny under 64QAM
modulation are listed in Fig. 4.11 to Fig. 413. The step size without AGC drift is taken as
2 x u divided by the number of quantization levels.{1, 2] which are employed except Soft-
demap because it has its own step-size already. A drift to the above value is then caused by

an inaccurate AGC circuitry.

From Fig. 4.9 to Fig. 4.13, we found that the performances of Soft-proposed ,Soft-TB,
and Soft-demap are quite insensitive to wide range of variation in AGC gain based on the
same step-size. The resultant BER remains between 1.0 x 1075 and 1.4 x 10~° over a step-size
range of 0.075~0.175 for 32-level! quantized 16QAM signals under the AWGN channel. This

allows an AGC gain margin? of

10.075 — (0.075+ 0.175) /2| [0.175 — (0.075 + 0.175) /2|

= 40%.
(0.075 + 0.175) /2 (0.075 + 0.175) /2 %

! As mentioned before, the step size is 2 x u divided by 32 equal to 0.125
2When AGC-drift goes up to 60%, the BER increases from 1.0 x 107> to 3.1 x 1075,
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For 16-level quantized Soft-demap?® under the AWGN channel, if we allow BER to increase

up to 1.8 x 107, the AGC gain margin will be

0.2 —0.125]  ]0.05 — 0.125]
0.125 N 0.125

= 60%.

But for Hard, even if we allow BER to increase up to 1.0 x 1074, the AGC gain margin is

only

0.1375 — 0.125]  ]0.1125 — 0.125]

= 10%.
0.125 0.125 0%

A similar calculation for 64-level quantized 64QAM signals under the AWGN channel of Soft-
proposed and Soft-TB yields a gain margin® of [0.0375 —0.0625| / 0.0625 = |0.0875 — 0.0625|
/ 0.0625 = 40% for BER ranging from 1.7 x 107 to 2.0 x 107°. Similarly, if we allow BER
ranging from 8 x 107¢ to 1.2 x 107° for,L64level:quantized Soft-demap yield 60% AGC gain
margin and the BER allowance from'1 x 1077 inereasing up to 1 x 10~* for Hard only leads
to 11% AGC gain margin. At the:same time we can find that all of these bit-decomposed
methods can get better tolerance of AGC driff under the Rayleigh flat fading channel than
the AWGN channel. Fig. 4.14 to Fig. 4.16.shows the impact of AGC performances of Soft-
proposed, Soft-TB, Soft-demap and Hard for 256QAM modulation under the AWGN and
the Rayleigh flat fading channels. For 128-level quantized 256QQAM signals under the AWGN
channel of Soft-proposed and Soft-TB yields a gain margin of |0.04375—0.03125| / 0.03125 =
|0.03125—0.01875| / 0.03125 = 40% for BER ranging from 1.2x 107 to 1.4 x 107°. Similarly,
if we allow BER ranging from 7 x 107% to 1.1 x 107° for 16-level quantized Soft-demap yield
50% AGC gain margin and the BER allowance from 1 x 107> increasing up to 1 x 10~ for

Hard only leads to 3% AGC gain margin.

3See Appendix B, the step size is 2 divided by 16 equal to 0.125
4The BERs for step-size 0.0375, 0.0625 and 0.0875 are respectively 2.0 x 1072, 1.8 x 10~ and 1.7 x 107°.
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7.5 dB and 9.7 dB. The non-drift step-size is 0.125
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Figure 4.12: Sensitivity to gain-mismatch for 64QAM. The taken values of Ej/Ny for Soft-
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Figure 4.13: Sensitivity to gain-mismatch for 64QAM. The taken values of E,/Ny for hard
are respectively 13.5 dB and 21.7 dB under the AWGN and the Rayleigh flat fading channels.
The non-drift step-size is 0.0625
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4.3 Effect of Phase Noise

In all previous simulations, perfect synchronization without phase noise is implicitly assumed.
However, the real systems often suffer certain degree of uncompensated oscillator instabilities

and Doppler shifts even a carrier phase tracking circuitry is implemented at the receiver.

A common way to compute the average symbol error rate under phase noise is as follows:
fphase-noise :/ f (7 Cosz(¢)) dp (¢)7

where function f(7) characterizes the symbol error rate with respect to the symbol signal-

to-noise ratio v, and P (-) denotes the distribution of the phase imperfection ¢. This result

is obtained under the assumption that the received symbol energy is degraded by a factor

of cos?(¢) for a phase error ¢. For thie second-ordér phase-locked loop, the distribution of

phase imperfection can be set to [9; 2]

dP (o) Wk
do 22711 (a)

exp{a- cos(¢)},

where [j(+) is the modified Bessel function of the first kind of order zero, and « is a system
constant which is often much larger than unity. The above approach however cannot be
applied to determine the bit error rate for any system in which the relationship between the
symbol error and the bit error cannot be explicitly formulated. By introducing an interleaver
before modulation, no general expression between the symbol error and the bit error can be

obtained.

Accordingly, we obtain the bit error rate as a function of phase error ¢ by computer
simulations. Note that both quantization imperfection and gain mismatch are eliminated in
the simulations of Fig. 4.17 to Fig. 4.20. Under perfect gain control and no quantization,
the signal-to-noise ratios per information bit (FEj/Ny) under the AWGN channel that can
achieve the required BER of 107° then become 6.7 dB, 7.5 dB and 9.7 dB respectively for
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Soft-proposed /Soft-TB, Soft-demap and Hard under 16QAM modulation, 9.7 dB, 10.7 dB
and 13.5 dB respectively for Soft-proposed/Soft-TB, Soft-demap and Hard under 64QAM
modulation, 13.2 dB, 15.0 dB and 18.0 dB respectively for Soft-proposed/Soft-TB, Soft-
demap and Hard under 256QQAM modulation, and 16.4 dB, 19.2 dB and 22.5 dB respectively
for Soft-proposed/Soft-TB, Soft-demap and Hard under 1024QAM modulation. Similarly
Under perfect gain control and no quantization, the signal-to-noise ratios per information bit
(Ey/No) under the Rayleigh flat fading channel that can achieve the required BER of 107°
then become 11.0 dB, 16.5 dB and 18.5 dB respectively for Soft-proposed/Soft-TB, Soft-
demap and Hard under 16QAM modulation, 14.2 dB, 20.2 dB and 21.7 dB respectively for
Soft-proposed /Soft-TB, Soft-demap and Hard under 64Q AM modulation, 17.5 dB, 23.0 dB
and 25.5 dB respectively for Soft-proposed/Soft-TB, Soft-demap and Hard under 256QAM
modulation, and 21.0 dB, 26.8 dB and 29.0 dB.xespectively for Soft-proposed/Soft-TB, Soft-
demap and Hard under 1024QAMmedulation.

From Fig. 4.17, we observed that, for{16QANsignals under the AWGN channel, if BER
is allowed to increase (from 1.0 x 1072) up to.4:0.x 107> then Soft-proposed can tolerate
up to £6° phase drift, while Soft-demap and Hard only allow +5° and 4+4° phase drifts,
respectively. Under the same BER degradation range, for the Rayleigh flat fading channel,
the tolerant phase drifts for Soft-proposed/Soft-TB, Soft-demap and Hard are increase to
+7° £8° and +£8°, respectively. From Fig. 4.18, under the same BER degradation range
and 64QAM modulation, the tolerant phase drifts for Soft-proposed/Soft-TB, Soft-demap
and Hard are reduced to 4+4°, +3° and £2° under the AWGN channel, and £+5°, +6° and
+4° under the Rayleigh flat fading channel. These results conclude that Soft-proposed
and Soft-TB are less sensitive to phase drift than Soft-demap and Hard under the AWGN
channel. However, under the Rayleigh flat fading channel, although all of them can get better

tolerableness than under the AWGN channel, Soft-demap is the least sensitive to phase drift
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instead of Soft-proposed/Soft-TB. From Fig. 4.19 and Fig. 4.20, we also can observe that,

along with the high-QAM modulation, the tolerance of phase drift declines.
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Figure 4.17: Performance impact of the phase noise. The values of E,/N, taken for Soft-
proposed /Soft-TB, Soft-demap and Hard are respectively 6.7 dB, 7.5 dB and 9.7 dB under
the AWGN channel, 11.0 dB, 16.5 dB and 18.5 dB under the Rayleigh flat fading channel.
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Figure 4.18: Performance impact of the phase noise. The values of E,/N, taken for Soft-
proposed /Soft-TB, Soft-demap and Hard are respectively 9.7 dB, 10.7 dB and 13.5 dB under
the AWGN channel, 14.2 dB, 20.2 dB and 21.7 dB under the Rayleigh flat fading channel.
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Figure 4.19: Performance impact of the phase noise. The values of E,/N, taken for Soft-
proposed /Soft-TB, Soft-demap and Hard are respectively 13.2 dB, 15.0 dB and 18.0 dB
under the AWGN channel, 17.5 dB, 23.0 dB and 25.5 dB under the Rayleigh flat fading

channel.
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Figure 4.20: Performance impact of the phase noise. The values of E,/N, taken for Soft-
proposed /Soft-TB, Soft-demap and Hard are respectively 16.4 dB, 19.2 dB and 22.5 dB
under the AWGN channel, 21.0 dB, 26.8 dB and 29.0 dB under the Rayleigh flat fading

channel.
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Chapter 5

Performance Evaluation Over the
Punctured Codes

5.1 Description of the Puncture Procedure

The DATA field of IEEE 802.11a/g [11, 12}, composed of SERVICE, PSDU, tail, and pad
parts, shall be coded with a convolutional encoder ‘of desired coding rate R = 1/2, 2/3, or
3/4. The convolutional encoder is implemented according to the industry-standard generator
polynomials, go = 133g and ¢g; = 171g, of rate Ri="1/2, as shown in Fig. 5.1. The bit denoted
as 7A” is output from the encoder before the bit denoted as B. Codes with higher rates are
derived from this mother code by employing puncturing. Puncturing is a procedure to omit
some of the encoded bits in the transmitter (thus reducing the number of transmitted bits
and increasing the coding rate) and inserting a dummy ”zero” metric into the convolutional
decoder on the receiver in the positions of the received vector corresponding to that of the
omitted bits. The recommended puncturing patterns are illustrated in Fig. 5.2 and decoding

by the Viterbi algorithm is recommended.
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Figure 5.1: The convolutional encoder (k = 7).

5.2 Performance of Punctured Codes

Fig. 5.3 and Fig. 5.4 summarize the'simulated performance of codes with different cod-
ing rates under the AWGN chanuel for symbol-based-ML decision in (2.1), the proposed
bit-decomposed metrics, the soft-demapping-in Chapter 2.3.1, the simplified bit metrics in
Chapter 2.3.2, and the straightforward hard-decision-decoding system. As stated in the pre-
vious chapter, they are respectively abbreviated as Symbol-ML, Soft-proposed, Soft-demap,
Soft-TB and Hard in all subsequent figures. Under 16QAM modulation and at BER = 1075,
for coding rates 1/2, 2/3, and 3/4, Soft-proposed (equivalently, Soft-TB) has 3.0 dB, 2.7 dB,
and 2.6 dB gain over Hard respectively. Under 64QAM modulation and at BER = 10~°, for
coding rates 1/2, 2/3, and 3/4, Soft-proposed (equivalently, Soft-TB) has 3.9 dB, 3.0 dB,
and 2.8 dB gain over Hard respectively. Under 256 QQAM modulation and at BER = 1075,
for coding rates 1/2, 2/3, and 3/4, Soft-proposed (equivalently, Soft-TB) has 5.1 dB, 3.7 dB,
and 3.3 dB gain over Hard respectively. One can see that, with the higher puncture cod-
ing rate, the coding gain reduces. Furthermore, the three soft-decision decoding algorithms

considered have similar performance when higher puncture coding rates are employed.
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Figure 5.2: An example of the bit-stealing and bit-insertion procedure (r = 3/4, 2/3).
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Figure 5.3: System performance of punctured codes with different coding rates under the
AWGN channel for 16QAM and 64QAM modulations.
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Figure 5.4: System performance of punctured codes with different coding rates under the
AWGN channel for 256 QAM modulation.

There are several rate-dependent parameters recommended in the standard of TEEE
802.11a/g [11, 12] (see Table 5.1). However, there are still some alternatives. For example,
the punctured code with coding rate 1/2under64QAM modulation has the same information
bit rate as the punctured code with coding rate 3/4 under 16QQAM modulation that is
recommended in the standard. Furthermore, the punctured code with coding rate 1/2 under
256QAM modulation has the same information bit rate as the punctured code with coding
rate 2/3 under 64QAM modulation that is recommended in the standard. In the following
we will investigate the BER performance of all codes recommended in the standard under

16QAM and 64QAM modulations and the above two alternatives.

Fig. 5.5 illustrates the BER performance of punctured codes for Hard and Soft-demap
under the AWGN channel for 16QAM, 64QAM, and 256QAM modulations. Under 16QAM
modulation and at BER = 107°, the punctured code with coding rate 3/4 has 0.9 dB and

0.56 dB gain over the code with coding rate 1/2 under 64QAM modulation for Hard and Soft-
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Table 5.1: Rate-dependent parameters in the std. of IEEE 802.11a/g

Date — rate | Modulation | Coding | Coded — bits | Coded — bits Data — bits
rate per per — OFDM | per — OF DM
subcarrier symbol symbol
(Mbits/s) (R) (Nspsc) (Nesps) (NpBps)
6 BPSK 1/2 1 48 24
9 BPSK 3/4 1 48 36
12 QPSK 1/2 2 96 48
18 QPSK 3/4 2 96 72
24 16QAM 1/2 4 192 96
36 16QAM 3/4 4 192 144
48 64QAM 2/3 6 288 192
54 64QAM 3/4 6 288 216

demap, respectively. At the same bit érror rate, under 64QAM modulations the punctured
code with coding rate 2/3 has 2.6 dB and 24 dB gain over that with coding rate 1/2 under
256QAM modulation for Hard and:Soft-demap, respectively. Hence, the code with rate 1/2
under 64Q AM modulation can be replaced by the ¢ode with coding rate 3/4 under 16QAM
modulation. Similarly, the code with coding Tate 1/2 under 256(QQAM can be replaced by
the code with code rate 2/3 under 64QAM modulation. These results reveal that the codes
recommended in the standard indeed superior to the above two alternatives for Hard and

Soft-demap.

Fig. 5.6 presents the BER performance of punctured codes for Soft-proposed and Soft-
TB under the AWGN channel for 16QAM, 64QAM, and 256QAM modulations. At BER
= 107°, under 64QAM modulation the code with coding rate 1/2 has 0.33 dB gain over
that with coding rate 3/4 under 16QAM modulation for Soft-proposed and Soft-TB. This
indicates that, when employing Soft-proposed or Soft-TB, the code with coding rate 1/2
under 64Q AM modulation is preferred to the code with rate 3/4 under 16QAM modulation

recommended in the standard. At the same bit error rate, the code with code rate 2/3
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under 64QAM modulation recommended in the standard still has 0.67 dB gain over that

with coding rate 1/2 under 256 QQAM modulation for Soft-proposed and Soft-TB.

Fig. 5.7 summarizes the BER performance of punctured codes with different coding
rates under the Rayleigh flat fading channel for Symbol-ML, Soft-proposed, Soft-demap,
Soft-TB and Hard. Under 16QAM modulation and at BER = 1075, for coding rates 1/2,
2/3, and 3/4, Soft-proposed (equivalently, Soft-TB) has 7.7 dB, 10.4 dB, and 13.0 dB gain
over Hard respectively. Under 64QAM modulation and at BER = 107°, for coding rates
1/2, 2/3, and 3/4, Soft-proposed (equivalently, Soft-TB) has 8.1 dB, 10.7 dB, and 13.3 dB
gain over Hard, respectively. In contrast to the cases under the AWGN channel, with the
higher puncture coding rate the coding gain increases under the Rayleigh flat fading channel.
Furthermore, unlike the cases under the AAWGN. channel, the three soft-decision decoding
algorithms considered have quite different, pérformance when higher puncture coding rates

are employed under the Rayleigh flat'fading channel.

Fig. 5.8 and Fig. 5.9 illustrate the BER performance of punctured codes for Hard, Soft-
demap, Soft-proposed, and Soft-TB under the Rayleigh flat fading channel for 16QQAM and
64QAM modulations. Under 64QAM modulation and at BER = 107°, the punctured code
with coding rate 1/2 has 9.3 dB, 8.3 dB, and 5.1 dB gain over the code with coding rate 3/4
under 16QAM modulation for Hard, Soft-demap, Soft-proposed, and Soft-TB, respectively.
This indicates that, when under the Rayleigh flat fading channel, employing not only Soft-
proposed or Soft-TB but also Soft-demap and Hard, the code with coding rate 1/2 under

64QAM modulation is preferred to the code with rate 3/4 under 16 QAM modulation.
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Figure 5.5: System performance of punctured codes with different coding rates under the
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Figure 5.6: System performance of punctured codes with different coding rates under the
AWGN channel for Soft-proposed and Soft-TB.
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Figure 5.7: System performance of punctured codes with different coding rates under the
Rayleigh flat fading channel for 16QAM and 64QAM modulations.
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Figure 5.8: System performance of punctured codes with different coding rates under the

Rayleigh flat fading channel for Hard and Soft-demap.
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Chapter 6

Realization of the Systematic Bit-wise
Decomposition Metric

6.1 Preliminary

Traditionally, realization of the Viterbi decoder can be divided into three units [13, 14], as
shown in Fig. 6.1. The input datais used in-the branch metric unit (BMU) to calculate the
branch metrics for each new time stép: These metries are then fed to the add-compare-select
unit (ACSU), which accumulates the branchimetrics as the path metric (PM) stored in the
path metric memory (PMM) according to the ACS-recursion. The survivor memory unit
(SMU) processes the decisions which are being made in ACSU, and outputs the estimated
path with a latency of at least D, called the survivor depth. Other than the combination
design of interleaver and decoder, we will provide a dual-mode (Soft-proposed/Soft-TB)

system architecture for BMU.

6.2 Architecture of Branch Metric Unit

In this section, we will provide a systematic architecture for BMU, which avails the recur-

siveness nature of the proposed bit metric decomposition formulas. Our architecture only
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Figure 6.1: A simplified block diagram of the Viterbi decoder

requires the first-bit function table, and can be applied for 2°™-QAM modulations for every

2 <m < Mpax, if (Mpax — 2) metric transition units (MTUs) is serially connected.

Under the setting of IEEE 802.11a/g, an OFDM signal consists of 96 22™-QAM symbols,
and each 2?"-QAM symbol was mapped from m coded-and-interlaved bits. The decoding
sequences from left to right can be dividedlintio 6-rows, where each row consists of 16 QAM
quadrature symbols. For example, the first. row in Figs 1.3 contains {ro, rs, 712, ..., 790}, and
the symbols in {ry, 7,713, ..., 791 } form the second row. An internal control variable, named
Index_c, is used to keep the record ef which Golumn of QAM quadrature symbol in Fig. 1.3-
block the BMU is currently used. Consequently, Index_c is initially zero for each new 96
QAM symbol block, and is updated according to the rule of Index_¢ = (Index_c+1) mod 16.
Another internal control variable, Sym_bit, is used to adjust the demapped bit number in
each QAM symbol according to the interleaver rule. It is equal to (6 x m — 1) initially for
each new 96 QAM symbol block, and is reduced by one when Index_c equals 0. We also
record the position of the QAM quadrature component (in the 96 QAM symbol block) that
is currently used. As a result, position = 6xIndex_c+5 — [Sym_bit/m |, where |-| denotes
the floor function. All the internal control variables are periodically updated at the time a
new QAM quadrature symbol enters the BMU. Notably, for 22"-QAM demodulation, each
QAM quadrature symbol has to be re-accessed m times; for example, the BMU needs to

generate 192 = 2 x 96 soft bit metrics for 16QAM demodulation in Fig. 1.4.
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if(Index c=0) Symbit = Symbit-1;
position = 6*Index_c+5- |Sym bit/m|;
q (I'ndex_c+Symbit) nod m
n m 1-q;

Figure 6.2: A dual-mode BMU architecture with (mmax —2) serially connected MTU’s can perform
the bit metric evaluations for 22"-QAM, where 2 < m < Mmax. Here, mmax = 5. All the constants
in the formulas of Index_c, Sym_bit and position, such as 5 (= 6—1), 6 and 16, are chosen according
to the 6 x 16 interleaver block used in IEEE 802.11a/g standard.
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One can easily combine the implementation of both the proposed and Tosato/Bisaglia
metrics by providing two first-bit metric function tables. As shown in Fig. 6.2, two metric

calculation modes are set as:

“Metric-mode = 17 is for Soft-proposed, and
“Metric-mode = 07 is for Soft-TB.

A forth internal control variable, ¢ = (Index_c+Sym_bit) mod m, is used to determine
the bit metric function number. When ¢ is decided, either function fl(q+1)(-, -) or function
g§q+1)(-, -) is used, depending on the Metric-mode. The last internal control variable, n, is

simply m — 1 — ¢. This dual-mode BMU architecture is depicted in Fig. 6.2.

Our BMU requires two external input signals, which are (i) the received QAM quadrature
symbol r that are derived from the proper position of the 96 symbol block, and (i) m =
log, (M) if what has been received i§ M2-QAM symbol.

Finally, since the soft bit metri¢ equals zero when the branch bit ¢ is zero, the BMU only
evaluates bit metric values for ¢ = 1. The case for ¢ = 0” is then handled by a check box

appended at the output end of the BMU.
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Chapter 7

Concluding Remarks

In this thesis, we obtained a recursive bit-decomposed metric formula through the approx-
imation of symbol-based Euclidean metric. We subsequently compare the performances of
the proposed soft bit-decomposed metric, the simplified bit metrics proposed in [5] and
the straightforward hard-decision decodinglsystem: As anticipated, the proposed soft bit-
decomposed metric and the simplified bit-metrics in J5] perform better than Hard in all
respects. A realization of the proposed soft bit-decomposed metric is also presented that can

perform all bit metric evaluation for 22™-QAM; where 2 < m < 5.

The superiority of our proposed bit-decomposed metric over the simplified bit metrics
proposed in [5] is a little more apparent under a fading environment and a higher QAM
modulation. By assuming a Rayleigh flat fading channel with perfect channel knowledge
, the performance difference between these two methods is a little larger (than that under
the AWGN channel). Also, we observed that in a fading environment, the performance
superiority of Soft-proposed and Soft-TB over the Hard extends to 8.5 dB under 256QAM

modulation at BER = 107°.
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Appendix A

Detailed Derivation of Bit-wise Metric
for Soft-decision Decoding of 64QAM,
256 QAM, 1024QAM Modulations

Define a bit-wise soft-demapping metric for an M-ary.rectangular QAM symbol by

Fi(rye) = (1/2)r* + aj it by, fordi< j < (1/2)1og,y (M), (A1)

where r is the real-valued received QAM symbol, ;7 indexes the soft bit-functions, ¢ is the
binary label on the decoding trellis, and p = p(r) designates the dependence of the coefficients

@jcp and bj., on 7.

The dependence of a; ., and b; ., on 7 is defined as follows. The range of r (i.e., the real
line R) is partitioned into ¢ contiguous sub-ranges 7y, Zo, ..., Z,, where Z, = (X1, A,], and
Ao = —oo and A\, = oco. Also both a;., and b; ., remain constants in sub-range Z,. Hence,
the true soft ML metric is approximated by

(1/2) logy (M)

Z fi(r,c).

J=1
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A.1 Derivation of Bit-wise Metric of 64QAM Modula-
tion

Suppose that Gray code mapping is employed for 64QAM mapping, i.e., —7, =5, —3, —1,
+1, 43, +5 and +7 respectively map to 000, 001, 011, 010, 110, 111, 101, and 100. Also,
assume that each codeword is transmitted over the AWGN channel. Then the squared error

criterion (or cost function) is given by

Wi = g7 71rN < T AR 0) 4 a(r,0) + fo(r,0) — (14 7)2]7 e T Nogy
0 —oc0
+/ [fl r,0) + fo(r,0) + f3(r, 1) — (T+5)2}26_(T+5)2/N0d7*
o[ [£1(r, 0) 4 o, A ke s (7)) — (1 + 3)%] e~ 49 /Nogy

[f1(r, O) 4 falr, DA falr, 0F— (r + 1)2]7 =+ /Nogy.

_l’_
—
88

+ fl r 1 +f2(T 1) T fg(?“ 0) (7” B 1)2]26—(r—1)2/N0d7,
+ N f1 r, 1)+ fo(r, 1) + f3(r, 1) — (r 3)2]26_(T_3)2/N0dr
+ N f1 r, 1)+ fo(r,0) + f3(r,1) — (r 5)2]26_(T_5)2/N0dr

88

+ [fi(r,1) + fo(r,0) + f3(r,0) — (r 7)2]26—<T—7>2/N0dr) ,

—0o0
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where Nj is the single-sided noise power per hertz. Substituting (A.1) into the above cost

function, we obtain

W(f1, f2. f3)

q )\p
/ [(ar0, + a0, + az0, — 14)7 + (bro,p + b,y + s,y — 49)]7 e~ Nogy

1
N 8\/7TNO <p—1 )\;)71

4 A,
+) / (@10, + 20, + a1, = 1007 + (bro, + bag,y + b,y — 25) e/ Nodr

p=1 )‘P*1

q Ao
+ Z / [(CZLQ,,; + a2.1,p + as1,p — 6)’/“ + (bl,O,p + b271,p + b371,p — 9)]2 6_(T+3)2/N0d7"
p=1 7 Ap—1

e,
+ Z / (@10, + a1, +aso, — 2)r + (bro, + b21,p + 030, — 1)]2 e~ (D /No g

p:l )‘Pfl

4 e,
+> / (@11, + 2,1, + a3.0,, A2 Wigs,y, + bo1p + s, — 1))> e D Nogy

p:l )‘P_l

4 e,
+2 / (@110 + s, + 31 GO A by Fbo,1, + b3, — 9 e Nodr
p=1 Ap—1

A,
" Z / (@11, + 2,0, + @315 10)7 + (basp + oo,y + a1 — 25)] e~ =2/ Nody
p=1 Ap—1

q A
+ Z / [(a1,1,p + 2,0, + a0, + 14)7r + (b11, + bogp + b3, — 49)]? 6_(r_7)2/NOdT) |
p=1 7 Ap—1
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For each p, we can list the equations involving in the above cost function as follows:

a1,0,p + G20, + @30, — 14=0
a1,0,p + G20, +as1, —10=0
a10,p,+ 21, +asz1, —6=0
a10,p+ 21, +a30, —2=0
a1,1,p + A21,p + a3, +2 =0
1,1, + a21,p + a3, +6=0
a1, + ago,p +asi,+10=0

a1,1,p + 20, + ago, +14 =0

broy + bao, + bso, — 49 = 0
b0, +bopp+b31,—25=0
biop+b21p+031,—9=0
biop+b21p+030,—1=0
biip+bo1p+b30,—1=0
biip+boip+b31,—9=0
biiy +baop+b31,—25=0

biap+bapp+b30,—49=0

Then applying the Algorithm Q to Egs. (A.2a)—(A:2h) yields:

iteration :
1

(A.2a);

(Ai2h),

(A.2b), (A.2¢),

(A.24),

(A.2d), (A.2e),

: (A.2d), (A.2f),
: (A.2d), (A.2f), (A.2g),

0 3 O Ut i~ W N

Therefore, ¢ is equal to 4.

Then, the solutions for each set are:

sced
(A.2a), [ (A.2b), (A.2¢), (A.2e) :
(A12B).  (A.2¢), (A.2e)
(A.2¢)," (A.2d), (A.2e)
(A2d), (A.2e)
(A.2e), (A.2f), (A.2g)
(A.2f), (A.2g)
(A.2g), (A.2h)
(A.2h)
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: set

(A.2a)
(A.2b)
(A.2¢)
(A.2d)
(A.2¢)

(A.2f)



\/

\/

N\~

a1,0,1
a1
a2,0,1
a3,0,1
b1,0,1
51,1,1
52,0,1
b3,0,1
a1,0,2
a1,1,2
20,2
as,0,2
b1,0,2
52,0,2
b3,0,2
a1,0,3
ai1,3
12:0,3
as 0,3
b1,0,3
52,0,3
b33
a1,0.4
Qy,1,4
2,04
a3,0,4
51,0,4
51,1,4
b2,0,4
53,0,4

=6— 21,1 — 31,1
= —6— 21,1 — 43,11

=4 + a21.1

=4+ asq;

=9 —0by11—0b311

= =23 —bo11 — 31,1
=16 + b271,1

=24 + b3’1’1

=06 2,12 — 31,2
=2- a2,1,2 — 31,2
=4+ 21,2

= —4+ 31,2
=b112=9—Do12— 031
=16+ 212

= =84 0312
=—2—az13— 0313
=—6—ag13—az13
== + 21,3

=1 -+ @3:1,3
biis=9—byi3—bsi3
=:1.6 S b271’3

= —8 + b3’1,3

TS A4 — 4314

= —6.4 214 — A3,1,4
=c4"+ a1

=—4 + 31,4

= =23 —by14—b314
=9 —by14— 0314

== 16 + b2’1,4
=24+b314
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For ¢ = 4, the cost function can be further written as:

W(A)

1 g
) <;/‘ (@100 +azon + 500 = 1) + (broa + oo + baoa — 49)] "7 Noay

8\/ 7TNO o

A1
+/ [(a101 4+ @201+ as11 — 10)r 4+ (b1o1 + bao1 +b311 — 25)]2 o~ (T45)2/No .
A

0
A1
+/ [(avo1 + az11 + asy — 6)r + (broy + bagy + by — 9)]° e Nogy
A

0
A1
—l—/ [(a101 4+ a211 +aso1r —2)r+ (b1o1 +b211+bso1 — 1)]2 o~ (r+1)2/No .

>

0
A1
+/ (@111 +ag11 +aso1+2)r+ (bi1a+b211+bso1 — 1)]2 o~ (r=12/No g,

>

0
A1
/ (@111 +ag11+as11+6)r+ (b1 +ba11+0bs11 — 9)]2 o~ (r=3)2/No .

+
>

+

0
A1
/ (@111 + azo1 + as1,n 10y S IOEA S o + bs11 — 25)]° e /Mgy

>

_|_

0
A1
/‘ (@100 + az01 + ago.1 #14) b+ bags + bsox — 49)" ™77/ Modr

>

_|_

0
A2
g/[@“+@M+%w—MV+@m+®m+%m—wW€WW%m

>

+

1
A2
/ [<a1,0,2 + 2,0,2 + as1,2 — 10)7’ -+ (b1,0,2 + b2’0’2 + b3’1’2 _ 25)]2 e—(r+5)2/N0dr

>

1
A2
+/ [<a1,0,2 +ao10+ a1 — 6)r + (b1,0,2 + by + by1as — 9)]2 o~ (r+3)2/No .

>

+/ [(al,O,Q + 21,2 + as,0,2 — 2)7’ + (b170’2 -+ 62’172 + b37072 . 1)]2 e—(r+1)2/NOdr
+/ (@112 4+ a212+aso2+2)r+ (br1a+be12+bsoo — 1)]2 o~ (r=12/No g,

[(a1,12 +az12 +asa2+6)r + (b2 + ba12 + b310 — 9)]2 e (r=3)/No gy

A
/
+/ [(a112+ @202 +as12+ 10)r + (b1 12+ bog2 +bs10 — 25)]2 o~ (r=5)2/No g,.
A
/ (@112 + @202 + asoz+ 14)r 4+ (b1 12+ bog2 + bsoa — 49)]2 o~ (r=T12/No g,
A
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&

[(a103 + asps +asps — 14)r + (b1os + baos + b33 — 49)]2 e~ (D /No gy

> N
w

[(a103 + asps +asis —10)r + (b1os + baos + b313 — 25)]2 e~ (9 /No gp.

+

> N
w

_I_

[(a103+ G213+ as13—6)r+ (bros+ba13+b313— 9)]2 e 3%/ No gy,

> N
w

[(a103+ag13+asos —2)r+ (bios +b213+ b33 — 1)]2 e~ (D /No gy,

_l_

> N
w

+

[(a113+ @213+ asos+2)r + (br1s+bois+bsos — 1)]2 e~ (=D /No gy,

> N
w

[(CLLl’g + 21,3 + a3,1,3 + 6)7” -+ (b17173 -+ b271’3 + 63’173 — 9)]2 67(T73)2/N0d7“

+

> N
w

_I_

[(CL17173 + 20,3 + a3,1,3 + 10)7" + (b171’3 + b2’073 + b37173 — 25)]2 67(r75)2/N0d7'

> N
w

[(a113 4+ @203 + asos + 14)p 4 (biis.+ baos + bsos — 49)]2 e~ (r=D/No gy

> N
'

+

+
S T T T T T T S S T T T S S

w

[(a1,074 + a204 + G304 14)7‘ e (b1,0,4 n b270,4 + 53,074 — 49)]2 6_(T+7)2/N0d7"

> @
'S

[(a1,04 + @204 + as1 4~ 10)7F(bigd +booa + bs14 — 25)]? e~ (T+9)*/No gy

+

> @
'S

+

[(a1,04 + a21.4 + as1a — 6)r + (0104 + bota + bs14 —9))° e~ (r+3)%/No g,.

@
'S

[(a1,0,4 + a2,174 + a37074 - 2)’/’ + (b17074 + b271’4 —|— b3’074 — 1)]2 6_(T+1)2/N0d7«

+

> w
'S

+

[(CL171’4 + a2,1,4 + az o4 + 2)’/’ + (b1,174 + b271?4 + b3’074 — 1)]2 6_(T_1)2/NOdT

> w
'S

[(CL171’4 +as14+asia+ 6)7’ + (61,174 + b271,4 + b3’174 — 9)]2 6_(r_3)2/NOdT

_l_

> w
'S

+

[(CL171’4 -+ CL270,4 -+ Cl3,1,4 + 10)7‘ + (b171’4 -+ b2’0,4 + b3,1’4 — 25)]2 67(T75)2/N0d7’

+
cf\y

[(a1,1,4 -+ CL27074 -+ a3,0,4 + 14)7’ + <b171’4 -+ 62’074 + b3,074 — 49)]2 e(r7)2/N°d7’)
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8 M 2 2 M 2 /N,
_ (r+4) etV /Nog,. 4 16e~(r=3)*/No -
vV 7TNO </ oo
A1 2 A1 9 )
_|_/ —(r 5) /NOdT + / 4 (7, _ 2) e—(r—?) /Nod,r
)\2 _)\2 )
A1 A1

+

2 A2
/ Ap2e= (1= /No g —i—/ 4(r —2)2 e = /Nogy
A1 A1l

A
+/ 34 (r+2) 2em (D) /N"dr—i—/ 347“26_(7"+5)2/N0dr

A2 A2
3 A3
+/ r2e=(rt3) /Nodr+/ (r —4)? e~ (r=12/No .
A2 A2
+/ 4(r+2)%e*7) */No e +/ (r+4) e~ (r+5)*/No .
A3
+/ 16e~(r+3)*/No g,. + /00 (r — 4)2 e_(r_l)Q/NOdr)
)\3 /\3

The partial differentiations of the above cost function with respect to A\i, Ay and A3 are:

= (0 bty D o+ 16e om0/

)\1 vV 7TNO

+ (A1 — AP 4 () — 2)% e am T/ Mo

_ ()\1 + 4)2 e—(/\1+7)2/N0 _ /\%6_()\1_3)2/1\[0

_4N2em a9 No g (), — 2)2 6—(>\1—7)2/N0>

)\2 \/7TN0
HANGem (2B N0 g (), — 2)7 e (2N

OW () 8 <(>\2+4)2 e~ PatT)?/No | \2,=(Xa=3)*/No

—4 ()\2 + 2)2 e—(A2+7)2/N0 _ 4)\36—()\2-%5)2/]\70

2o~ QeI /No (), 4)? e—(A2—7)2/No>
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OWA) = . <4 (A3 + 2)2 e~ (s t7)?/No o 4)\:2;)6_(/\3+5)2/N0

)\3 vV 7TNO

FAZe et /N0 | (3, 4)2 e=(Ra=T?/No

—4 (A3 + 2>2 e~ (As+7)?/No _ (s + 4)2 o~ (As+5)?/No

_1667()\3+3)2/N0 _ ()\3 _ 4)2 e*(}\gfl)z/]\%) .

By setting the above equations to be zero we have \; = —4, Ay = 0, and A3 = 4 which

minimize the cost function. Consequently, the cost function is reduced to

_4 4
W(fi, fa, f3) = \/fT (/ (r+ 4)2 e~ (r+1)?/No gy 4 / 16e—(=3)%/No g,
0 —00 — 0o

_4 _4
+/ (r—4)? e ="/ Nogyp 4 / 4(r —2)2 e =D /MNogy

o0 —00

0 0
+ / (r+4)% e 7 MNogy 4 / r2e=(=3)*/No gp.
—4

—4

+

0 0.
/ Ar2e— =302/ No gz +/ 4 (e 2>2 o~ (r=7)*/No q,.

—4

|
I

4

0

O\“>
=~

+

4 4
/ r2e=(r+3) Nugpy / (r— 4)2 e~ (r=1?/No gy,
0 0
+/ A(r+2)% e 0D Nogy 4 / (r +4)% e 49)/Nogy.
4 4

_ﬁ/mme“memuﬁ/m&—4fe“1W%m>

4 4

88—]\706*81/]\70 _ 112 v NO 6749/N0 o 160\/ NO 6725/1\/’0 . 72\/ NO 6*9/NO
T e VT s

3 )
12(18 + Np) erfe | ——= 16(50 + Np) erf
e et () #1600+ et ()

> — 12(66 + Np) erfc (\/LN_()) :

7
8(98 + Np) erfi
+8(98 + o)erc<\/ﬁ0

We summarize the bit-wise metrics as follows.

1, if r < —4;
) 2, i —4<r <0
P=Y 3, if0<r<4;
4, ifr>4
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1
fi(r,e) = —r? 4 a1,cp" + b1cp

3
= %r2 + [—ag1, —az1, —2(1 —2¢) +8(1 —2¢) - 1{(1 = 2c)r <0V (1 — 2¢c)r > 4}]r
+[(9 = b2y —b31,) —32-1{(1 —2¢)r > 4}]
fa(r,c) = érQ + agcpr + boc,p
_ %7‘2 +fasn, — 4(1 = ¢) - sgn(r)]r + (b, + 16(1  0)
fa(r,c) = %7"2 +agc,r + bsep
= %7”2 + a1, — (4 =8 u(=[r|- (|r| = 4)))(1 = ¢) - sgn(r)]r

"—[bg’ljp + (—8 + 32 - u(]r| — 4))(1 — C)]

By the nature of Viterbi algorithm, only those terms that depend on ¢ affect the decoding

behavior. Hence, the equivalent bit-wiSe metrics are:

Trye) = =21 —2¢)r +8(1 —2¢)r- {(1 —2¢)r <OV (1 —2c)r >4} —32-1{(1 — 2¢)r > 4}
s (rye) = —4(1 —o)|r| 4+ 16(1 —e¢)
5(re) = —(A=8-u(=[r| (Ir| — 4NA=e)rl+ (-8 +32-u(lr| —4))(1 — ¢).

Since the branch metric of Viterbi algorithm can be the relative metric between information

bits 0 and 1, the above metrics can be further reduced to

M e c(|r — 4|+ |r[ + |r + 4] = 8) - sgn(—r)

1
f§4QiM(c, r) = c(|4=1r[l)-sen(lr| - 4)
3 M er) = e(llr] = 4] - 2)

Finally, we can use the nature of recursive from 16QAM’s metrics to represent 64QAM’s

metrics.

M) = c(fr — A+ [r] + |+ 4] — 8) - sgn(—7)
64QAM 16QAM
264ZAM c,r) = %GZAM(CA —|r])
¢ (c,r) = f, (c,|r| —4)
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A.2 Derivation of Bit-wise Metric of 256 QAM Modu-
lation

Suppose that Gray code mapping is employed for 256QAM mapping, i.e., —15, —13, —11,
-9, =7, =5, =3, —1, +1, +3, +5, +7, +9, +11, +13 and +15 respectively map to 0000,
0001, 0011, 0010, 0110, 0111, 0101, 0100,1100, 1101, 1111, 1110, 1010, 1011, 1001, and 1000.

Then the squared error criterion (or cost function) is given by

36



W ([, fo, [, fa)

N 16—\/17rN (/OO [f1(7,0) + fa(r,0) + fa(r,0) + fu(r,0) = (r + 15)2]2 o~ (r1+15)2/No g,.
0 \Jooo
+/°° [F1(r,0) + fo(r, 0) + f3(r,0) + fa(r, 1) — (r + 13)%]% =01 +18)/Nogy.

g

+

[f1(r,0) + fo(r,0) + f3(r,1) + fa(r,1) — (r + 11)2}2 o (r1+11)2/No g,.

3

[f1(r,0) + fo(r,0) + f3(r,1) + fa(r,0) — (r +9)*] 2 ~(r+9)?/No g,.

+
3

[1(r,0) + fo(r, 1) + fo(r, 1) + fa(r, 0) = (r 7)) e 0"/ Nogy

+
3

+

[f1(7,0) + for, 1) + fa(r, 1) + fa(r,1) = (r + 5)2}2 e~ (r1+5)%/No .

3

[fl(r’ 0) + fa(r, 1) + fo(mO)y + falrid).— (r + 3)2}2 e~ (ri+3)?/No 7.

+
3

[fl('f’, 0) -+ fg(?”, ].) -+ '](.3(7“7 0) B f4(7~, 0) R (7,, + 1)2}2 e—(r1+1)2/N0dT

+

|
8

[A1(r, 1) + fo(r, 1) + fa(r OV ELILE0) < (r — 1)2]% e~ (1D /Nogy

g

[fl(r, 1)+ fo(r, 1) 4 fa(r, 0 ify(r, 1) — (r — 3)2]2 o~ (r1=3)2/No g,.

_I_
3

2

[0, 1) + folr, 1) + fa(r,1) + fu(r, 1) = (r = 5)2]% e~ (19 Nogy.

_I_
3

_|_

[fi(r, 1) + fo(r, 1) + f3(r, 1) + fa(r,0) — (r — 7)2]2 o~ (1=1)/No g,.

3

[A1(r, 1) + fo(r,0) + fa(r, 1) + fa(r,0) — (r — 9)?]% e~ (1=9*/Nogy

_I_
3

[F1(r 1) + fa(r,0) + fa(r, 1) + fa(r, 1) = (r — 11)2}2 e~ (r—11)?/No g,.

_I_
3

+

+
—
83

LAi(r, 1) + fa(r,0) + fa(r,0) + fa(r,1) — (r — 13)2}2 o~ (r=13)?/No .

_|_

[fl(T, 1) + fo(r,0) + f5(r,0) + fa(r,0) — (r — 15)2}2 e_(”_15)2/N0d7“) ,

—00
where Ny is the single-sided noise power per hertz. substituting ( A.1) into the above cost

function, we obtain
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1 1 Ao
Wi fa, f5, /1) = —F—== / (@10, + az0, + azpo, + as0, — 30)7
164/ Ny ; - P P P o
+ (b0, + baop + bao,p + bag,, — 225)2e 1 Nogy
q Ao
+ Z / [(a1,0,p + a0, + asop + as1, — 26)r
p=1 Ap—1
+(b1707p + bg?()’p + b3,0,p + b4’17p _ 169)]26—(7'4-13)2/N0dr
A,
+ Z / (@10, + 20, + a3, + as1, — 22)r
p=1 Ap—1
+<b1,0,p + bQ,O,p + b3,1,p + b4,1,p — 121)]267(T+11)2/N0dr
q A
+ Z / [(al,O,p + a20,p + 031, + G40, — 18)7’
p=1 )‘p—l
—(r49)2
+<b1,0,p + bQ,O,p + bg’lyp + b4707p — 81)]26 (r+9) /NOdT
q Ap
T Z / [(ayopeb @ 154 a31,, + as0, — 14)r
p=1 4Ap1
+(bl’07p + b271:/’ + b3,1,p + b4707,0 - 49)]26_(T+7)2/N0dr
q A
+ Z / [((1170,;: Fasptasnp+aq1, — 10)r
p=1 Aot
+(b1,07p + b2,1,p + b3’17p + b4,1,p — 25)]26_(T+5)2/N0d7’
A,
+ Z / [(a1,0,p + @210 + @30, + a1, — 6)r
p=1 Ap—1
+(brop + barp + byop + by, — 9)]2e T Nogy
q A
+ Z / [(a10,p +a21,p + asop+ as0, — 2)7
p=1 )‘p—l
(10, + baip + bao,p + bag, — 1)2e 0 Nogy
q Ap
+ Z / [(al,l,p + a2.1,p + as.0,p + a4,0,p + 2)7«
p=1 Apfl
+(bl,1,p + b2,1,p + b3,0,p + b4,0,p — 1)}26_(T_1)2/N0d7‘
q Ao
+ Z / (@11, + a2, + azp, + as1, + 6)r
p=1 Ap—1
+<b1,17p + bQ,l,p -+ b3,0,p =+ b4,1,p — 9)}26_(7'_3)2/N0dr
A,
+ Z / [(al,l,%g a/2,1,p + a3717p —|— a4’17p + 10)r
p=1

)‘p—l

+<b1717p + bQ,l,p + b3’1,p -+ b471,p — 25)]267(7"*5)2/]\706”



e,
+ Z /}\ [(a11,p+as1,+asy,+ aso, + 14)r
p=1 p—1

+<b1,17p + bQ,l,p + b3’1,p -+ b4707p — 49)]267(7"*7)2/1\706”.
q Ap
* Z / [(am,p + 20, +A31,p T Q40 T 18)r
p=1 )‘p—l
+(61717P + bQ,U,p + b3,1,p + b4,0,p — 81)]26_(T_9)2/N0dr

q A
+ Z /}\ [(CLLLP + a2.0,p + asi,p + a4.1,p + 22)7“
p=1 p—1

+(bray + bagp + bs1, + a1, — 121)2e~ 1D /Nogy

q A
+ Z /}\ [(CLLLP + CL2707p + a3,0,p + a471,p + 26)’/‘
p=1 p—1

+<bl,1,p + bg,(]’p + b3’0,p + b471’p — 169)]26_(T_13)2/N0d7’

A,
+> /A [(a1.1, +asgpitaaso, + aso, + 30)r
p=1 p—1

b1y + boo g o n H BA G 225)]%*(’“*15)2/%6170) ,
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a1,0,p + G20, + a30, + as0, —30=0
a1,0,p + a20p+ a30,p + a4,1,p — 26=0
a1,0,p + a2.0,p + asi,p + aq1,p — 22=0
ai1,0,p + a2,0,p + as,p + Qa4,0,p — 18=0
ai1,0,p + a2.1,p + a3.1,p + a4.0,p — 14=0
a1,0,p + a2.1,p + a31,p + A41,p — 10=0

a10,+ 21, +azo,+as1,—6=0

a10,+ 21, +az0,+ a0, —2=0

a1, + a1, + a3pp + aso, + 250

a1,1,p + 21, + a30,p + Q41,76 =0
11, + 21, + 31, + a4, +10 =0
11+ A1,y + 031, + asp, + =0
a1, + a0, + a3, + as0, + 18 =0
1,1, + G20p + 31+ Q41+ 22=0
11,0+ A20,p +A30,p + Qa1 +26 =0

CI/LLP + aQ,O,p + a’3,0,p + a4,0,p + 30 - 0

bin, +b21,+b30p+ b1, —1=0

90

For each p, we can list the equations involving in the above cost function as follows:

biop + b2o,p+ b30, + bao, — 225 = (A.3a)
b10.p + 020, + b30, 4 ba1, — 169 = (A.3D)
biop+b20p+b31,+ a1, — 121 = ((A.3c)
biop + 020, + 031, + b1o, — 81 =0(A.3d)
biop + b2, + b3+ bag, —49 =0 (A.3e)
biop+ba1p+b31,+bai, —25=0 (A3f)
biop+bo1p+b30,+0ba1,—9=0 (A3g)
biop+ 21,4+ b3, +bio,—1=0 (A.3h)
(A.31)
bia,p + boip+b30p+bs1,—9=0 (A3j)
bi1p,+bo1,+bs1,+bar,—25=0(A3k)
bidy + b21,p+b31,+ bao, —49 =10 (A.3])
biip+b20,p+ 031, + bag, — 81 = 0(A.3m)
biip+b20p+b31,+bs1, — 121 = (A.3n)
bi1p+ b, + b0, + ba1, — 169 = (A.30)

bl,l,p + b2,0,p + b370,p + b4,0’p — 225 = QASP)

Then applying the Algorithm Q to Eqgs. (A.3a)—(A.3p) yields:



iteration :

1

2 (A.3a),
3 (A.3b),
4 (A.3b), (A.3c),
5 (A.3d),
6 (A.3d), (A.3e),
7 (A.3d), (A.3f),
8 : (A.3d), (A.3f), (A.3g),
9 ; (A.3h)
10 : (A.3h), (A.31),
11 : (A.3h), (A.3)),
12 : (A.3h), (A.3j), (A.3k),
13 : (A.3h), (A.31),
14 : (A.3h), (A.31), (A.3m),
15 : (A.3h), (A.31), (A.3n),
16 : (A.3h), (A.3]), (A.3n), (A.30),

Therefore, ¢ is equal to 8.

Then the solutions for each set*are:

91

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

A.3c), (A.3e), (A.31)
A.3d), (A.3e), (A.3i)
A.3e), (A.31)

A3f), (A.3g), (A.3i)
A.3g), (A.3i)

A.3h), (A.3i)

A.3i)

A.3j), (A.3k), (A.3m)
A.3k), (A.3m)
A.31), (A.3m)
A.3m)

A.3n), (A.30)

A.30)

A.3p)

: set
A.3b), (A.3¢), (A.3e), (A.3i) :



a1,0,1
a11,1
20,1
a3.0,1
a4.0,1
51,0,1
b1,1,1
52,0,1
53,0,1
54,0,1
a1,0,2
a1,1,2
a2,0,2
a3,0,2
44,0,2
51,0,2
b1,1,2
b2,0,2
b3,o,2
b4,0,2
@1,0,3
a1,1,3
2,03
ag0,3
4,0.3
51,0,3
51,1,3
b2,0,3
bs,o,s

\/

\7”

\ b4,0,3

=10 - G211 — Q31,1 — Q41,1
=—10 - 21,1 — 31,1 —A41,1
=12 + a21.1

=4+asq;

=4 + Q41,1

=T —by11—0b31,1— b4,
= —103 —ba1,1 — b31,1 — ba1n
- 128 + b2’1’1

=48+ b311

=564 b4 11

=18 — G212 — Q312 — Q412
=—-2- 21,2 — G31,2 — (4,12
=4 -+ 21,2

=4+asqo

=—4+asp

=89 —bo12—b312—Dba12
=T —bo12—0b312—bs12
=13204.02 1 2

== 48 + b3,1’2

T+ —40 -|- b47172

=104 agn 3% a313 — 413
=—-2- a2,1,3]— 43,1,3 — A4,1,3
=71 jich a2 1.3

= —4+4a3i3

=4dtas3

=20 —by13—b313—bais
=—T—"bo13—0b313—bs13
= 32 + b2’173

= —].6 + b3,173

=24+0by13
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\7

N\

a1,0,4
a1.1,4
12,0,4
a3,0,4
Q4.0,4
b1,0,4
bi14
b2,0,4
53,0,4
54,0,4
a1.0,5
a1,1,5
a2,0,5
as,0,5
Q40,5
b1,0,5
bi15
52,0,5
bs,o,5
b4,o,5
a1,0,6
ai1,1,6
a2.0,6
a3,0,6
44,06
bl,(),6
bi16
b2,0,6
b3,0,6
b4,0,6

=10 —agy14— G314 — Q4,14

=06-— 21,4 — Q31,4 — Q41,4
=12 + 21,4

=—4+azi

=—4 + Q41,4
=25—by14—b314—bs14
=25 —ba14— 0314 — a1
- 64 + b2’1’4

=—16 + b37174

= —8+4bs14

=—6— G215 — Q315 — Q415
=—10 — A215 — Q3,15 — Q41,5
= —12 + as15

=4+azys

=4+ as15

=25 —Dbo15—b315—baip
=25—by15—b315—bs1s
=164r+.00 1 5

= —16 +bs,15

= -8+ b471,5

=2 216 = 0316 — Q4,16
==10— Q216 — 3,16 — Q4,16
AT 1241,6

=4 + a3.1,6

=rdtase

—T7—b216— 0316 —ba1s
=25 —by16— U316 —ba
=32+ b2’176

= —-16 + b371,6

=244 by
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ai 0,7
a1.1,7
a2,0,7
a3,0,7
a4.0,7
b1,0,7
bi1,7
b2,0,7
53,0,7
54,0,7
a1,0,8
a1,1,8
a2,0,8
a3,0,8
4,08
b1,0,8
bi1g8
b2,0,8
b3,0,8

\/

D8

=2—ag17— 31,7 — Q41,7
=18 — Q21,7 — Q31,7 — Q41,7
=—4d+4az7

=—4+aziy7

=4+ as17

=—T7—bo17—b317—Dba1y
=89 —by17—bz17—baay

- 32 + b2’1’7

=48 + b317

=—40+4 by 7

=10 - A218 — Q318 — Q418
=—10— 21,8 — 31,8 — 0418
= —12 + 21,8

=—4+4as18

=—4+as1g

= —103 —ba18 —b318 —baig
=—T—"Dbo18—b318—bsig
=128+ by 1 g

=48 + b3,1’8

i 56 L b47178
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For ¢ = 8, the cost function can be further written as:

1
16+/7 Ny

[(a101 + @201 + aso1 + as01 — 30)r + (b1 + bao1 + b301 + bao1 — 225)]26_(r+15)2/N0d7‘

=
2
I

>
et

+
g\y

_l_
— T T s T s T T > — — —

(=

[(a101 + asp1 +asp1 +asn1 —26)r + (b1o1 + b2o1 + b301 + ba11 — 169)]26_(T+13)2/N0d7"

> O
[y

[(a101 + agp1+asi1+asns —22)r+ (bio1 +b2o1 +b311 +ba11 — 121)]26_(T+11)2/N0d7”

+

_|_
> <
furt

[(a101 + agp1+asi1+asor — 18)r 4+ (bio1 + b2o1 + 311 + bao1 — 81)]26_(T+9)2/N0d7“

> o
it

[(a101 4+ 211+ as11+ asor — 14)r + (bro1 +ba11 +b311 + bao1 — 49)]267(”7)2/]\[0(17”

_|_

+
> ©
et

[(a101 +agi1+asi1+asss —10)r 4+ (bior +b211 +b311 + a1 — 25)]267(”5)2/%657”

> O
et

(132
[(a101+ 211+ ason + aag1—6)7 +(bro1 2 b1+ bso1 +ba11 — 9)]26 (r+3)%/No gy

+

> O
it

(r41)2
[(a101 4+ 211+ aso1 +@ao1 + 27+ (b1o1 F b1+ 301+ baor — 1)]26 (r+1)%/No gy

_|_

> O
it

(r—1)2
(111 4+ @211 + asoq + asor #2)r (b1 + ba11 +b301 + bao1 — 1)]26 (r=1)%/No g

> O
it

(@111 4+ @211+ asoq +asn1 +6)r+ (brag+ba11 +b301+bag1 — 9)]26_(T_3)2/N°d7’

+

> O
it

(@111 4+ ag11+asig+ass1 +10)r + (biag+ba11 + 0311+ b1 — 25)]28_(T_5)2/N0d7"

+

» ©
it

(111 +asp1+assy+asor +14)r + (biag +b211 +b311 + baos — 49)]26_(T_7)2/N0d7“

+

RS
=

[(a11,1 +agp1+ass1+asor + 18)r + (bia1 +b2o1 +b311 + bao1 — 81)]26_(T_9)2/N0d7“

+

> O
[y

[(a11,1 +agp1+asy1+asns +22)r+ (biag +b2o1 +b311 +ba1g — 121)]26_(T_11)2/N0d7’

+

> O
it

[(al,m + ag01 +asop1 + as11 + 26)7’ + (bl,Ll + b270,1 + b3,071 + b471’1 — 169)]26_(r_13)2/N0dT

_|_

>
et

[(a11,1 + az01 +asp1 + a1 +30)r + (bia1 + b201 + b301 + bao1 — 225)]267(“15)2/]\/%7”

+
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+
&

[(a102 + azp2 + asps + aso2 — 30)r + (b1o2 4+ bao2 + b3 o2 + bio2 — 225)]2 e~ (rH19)*/No gy,

o=
]

[(a102 + azp2 +aspe + asio —26)r + (b1o2 + bao2 + 302+ ba12 — 169)]2 e~ (rH13)*/No gy,

+

+
> 2
[\V)

[(al,og -+ a2.0,2 + a3 1,2 + 41,2 — 22)7’ + (6170’2 + bg’o,g + b3,1,2 -+ b471,2 — 121)]2 6_(T+11)2/N0d7“

=
[¢]

[(a102 4+ 202+ as12+ aspo — 18)r + (b1 o2+ baga + b312 + big2 — 81)]2 e (9 /No gy,

_|_

-
> 2
[ V]

[(CLLO,Q +ag12+a312+ Q402 — 14)7” + (bl,O,Z + b271,2 + 63,172 + b470’2 _ 49)]2 e*(r+7)2/N0dr

=
€]

(452
[(a102+ 212+ asi2+ag12 — 10)r + (b1o2+boyo +b312+ bi12 — 25)]2 e~ e /No gy

+

+
>/>—‘
V]

(432
[(a102+ G212+ aso2+ as12 —6)r + (b1o2 +bo12+bsoo +ba1o — 9)]2 e~ 37/ No gy

S =
€]

—(r41)?
[(a102+ G212 + az02 + as02052)F 4+ br02 + b212 + b3 o2 + bag2 — 1)]2 e~ (rHD/No gy

_I_

> =
€]

[(a112 + as12+asps +@ape + 2)0r =+ (6142 F bo12+ 302+ bag2 — 1)]2 e~ (=D /No gy

> =
€]

(1124 G212 + aso2 + aay o F O Fb] 194 ba1 2+ 302+ bag2 — 9))? e~ (=3 /No gy

+

_|_
> =
]

[((a112+aspo+asio+asie+ 10)r =+ (bi1o +bo1o+b312+ ba12 — 25)}2 e~ (=9 /No gy

> =
€]

[((a112+aspo+asio+asoe+ 14)r + (biao +bo12 +b312+ bag2 — 49)}2 e (=% No gy

+

_I._
— T T T T T T T T T T T

-
> 2
V)

[(a112 + azp2+asie+ asoe + 18)r + (bia2 + b2 + b312 + bag2 — 81)}2 e~ (r=9%/No gy,

=
[¢]

[(a112 4+ @202 +as12+ agyo+ 22)r + (br12+ baoo +b312+ by1o — 121)]2 o~ (=11)2/No 7.

_|_

-
> 2
[\V)

[(al,LQ + a2.0,2 + a3,0,2 + 41,2 + 26)7’ + (b171’2 + b2’072 + b3,0,2 -+ b471’2 - 169)]2 67(T713)2/N0d7”

=
€]

[(a112 + 202 + aso2 + asp2 +30)r + (br12 + baoa + b3o2 + bao2 — 225)]2 e~ (=190 /No g

+

it
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+
&

[(a103 + as03 +asos + asos —30)r + (b1os + baos + b33+ bios — 225)]2 e~ (rH19)*/No gy,

> N
w

[(a103 + az03 +asos +ass —26)r+ (b1os + baos + 303+ ba1s — 169)]2 e~ (rH13)*/No gy,

+

+
>,l\3
w

[((11,073 -+ a2.0,3 + 31,3 + 41,3 — 22)7’ + (bl70’3 + bg’o,g + b3,173 -+ b471,3 — 121)]2 6_(T+11)2/N0d7“

> N
w

[(a1,03 + G203+ as13 + ag03 — 18)r + (b1os + baos + bs13 + bags — 81)]° o~ (r+9)2/No .

_|_

-
>,l\3
w

[(a103 4+ a213+as13+ asos — 14)r + (b1os + bo13+ b313+ bags — 49)]2 e~ (r+1)?/No .

> N
w

—(r45)2
[(a103+ 213+ as13+as1s — 10)r + (b1os+bo1s+b313+ba1s— 25)]2 e~ e /No gy

+

+
>/l\3
w

(432
[(a103+ a213+ asos+as1s —6)r + (b1os+bo1s+bsos+ba1s— 9)]2 e~ 37/ No gy

> N
w

—(r41)?
[(a103+ 213 + a303 + as,037=2)F +br03 + b213 + b3o3 + baos — 1)]2 e~ (rHD/No gy

_I_

> N
w

[(a113+as1s+asos +@uog + 2)r =+ (0143 + bo13+ 303+ baos — 1)]2 e~ (=D /No gy

PR
w

(@113 + ag13 + asos + aay 3+ 6 F(bi 154 ba13 + 303+ bags— 9))? e~ (=3 /No gy

+

-
> N
w

[(a113+asis+asis+asns+ 10)r=+ (biis+bo1s+bs1s+bais— 25)}2 e~ (=9 /No gy

PR
w

[(a113+asis+asis+asos+ 14)r+ (biais+bo1s+b313+ baos — 49)}2 e~ =T No gy

+

_I._
— T — T T T T T s s o T T T s o

-
>,l\3
w

[(a113 +asos+asis+asos+ 18)r+ (bias + boos + b33+ baos — 81)}2 e~ (r=9%/No gy

> N
w

[<a1,173 + a2.0,3 + 31,3 + 41,3 + 22)7‘ + (b171,3 + b2’073 + b3,1’3 + b4’1,3 — 121)]2 6_(T_11)2/N0d7”

_|_

-
>,l\3
w

[<a1,1,3 + a2.0,3 + as,0,3 + a4,1,3 + 26)7’ + (b1,1,3 + b2’0’3 -+ b3’0’3 + b471’3 — 169)]2 67(7“*13)2/N0dr

> N
w

[(a11,3 + az03 +asos + asos +30)r + (bias + baos + b33+ baos — 225)]2 e~ (=190 /No g

+

€]
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+
z

[(a104 + a204 + aspa + asoa —30)r + (b104 + b2oa + b3 04 + bios — 225)]2 e~ (rH19)*/No gy,

> W
'S

[(a1,04 + a204 +asoa+ asa —26)r + (b1oa + b2oa + 304+ ba14 — 169)]2 e~ (rH13)*/No gy,

+

> W
i

_|_

[(a1,0,4 + @204+ Q314+ Q414 — 22)r + (b1o.4 + b2o4+b314+ baga — 121)]2 o~ (r+11)2/No ..

> W
i

[(a104+ G204+ az14+ asoa — 18)7 + (b1oa + booa + 314+ bsos — 81)]2 e (9 /No gy,

_|_

> W
'Y

+

[(a1,0,4 + 214+ a314+ Q404 — 14)7” + (b17074 + b271,4 + 63,174 + b470’4 _ 49)]2 e*(r+7)2/N0dr

> W
=

—(r45)2
[(a104+ @214+ as14a+as1a—10)7 + (b1oa+boga+ 0314+ bs1a— 25)]2 e~ (rH8 MNo gy

+

> W
=

_|_

(r43)2
[(a104+ 214+ a304+ as14—6)r + (b1o4 +bo1a+bsos+ba14— 9)]2 e~ 37/ No gy

> W
'

, a1y
[(a1,04+ G214 + a304 + a1,04952)F 4+Ub1,04 + b214 + b3 04 + baoa — 1)]2 e~ rF /No gy

_I_

> W
'

[(a114+ as14+ asoa +@apa + 2004 (6134 F bo14+ 304+ baoa — 1)]2 e~ (=D /No gy

> W
'

(114 + 214 + a304 + aay 4+ GV FD] 14+ ba1a + D304+ baga— 9))? e~ (=3 /No gy

+

> W
'

+

[((a114+aspa+asia+asna+ 10)r =+ (br1a+bo1a+b314+ba1a— 25)}2 e~ (=9 /No gy

>
-

[((a114+aspa+asia+asos+14)r + (braa +bo1a +b314+ baoa — 49)}2 e~ =T No gy

+

_I._
— T T T T T T s o o T T T o o

> W
'S

+

[(a11,4 + ag04+asia+ asos+ 18)r + (br1a + b4 + b314 + baoa — 81)}2 e~ (r=9%/No gy,

> W
'S

(@114 + @204+ az1a+ aga+22)r + (braa+ boos +b314+bs1a— 121)]2 o~ (=11)2/No 7.

_|_

> W
i

+

[(a1,174 +ag04 + 304 + G414+ 26)7’ + (b171’4 + b2’0,4 + b3,0,4 -+ b471,4 — 169)]2 67(T713)2/N0d7”

> W
'Y

(@114 + 204 + as04+ asa + 30)7 + (br1a + baoa + b304 + baoa — 225)]2 e~ (=190 /No g

+

w

98



+
&

[(a105 + az05 + asos + asos — 30)r + (b1os + b2os + bsos + bios — 225)]2 e~ (rH19)*/No gy,

> B
<

[(a105 + a205 +asos +asis —26)r + (b1os + baos + 305 + ba1s — 169)]2 e~ (rH13)*/No gy,

+ o+
&,»&

[(a105 4+ @205 + as1s+asas — 22)r + (b1os + boos + 0315+ bars — 121)]2 e~ (1D /No g

S
at

[(a1,05 + G205+ as15 + as05 — 18)r + (bros + baos + bs1s + bags — 81)]° o~ (r+9)2/No .

_|_

-
S
at

[(a1,05 + @215+ as1s+ asos — 14)r + (b1os + bo15 + 0315+ baos — 49)]2 e~ (r+7)%/No g,

P
at

—(r45)2
[(a105+ 215 +as1s+as1s — 10)r + (b1os +bais +b315 + bais — 25)]2 e~ (rH8 MNo gy

+

+
P
at

(432
[(a105+ 215 + aso5 + as15 —6)r + (b1os + b5+ bsos + ba1s — 9)]2 e~ 37/ No gy

P
ot

, ra1y?
[(a105+ @215 + a305 + a4,05552)F 4+ Abr05 + b5 + b3 o5 + baos — 1)]2 e~ rF /No gy

_I_

P
ot

[(a115 +as1s + asos +@aps + 20 =+ (b15F bo15+ 0305 + baos — 1)]2 e~ (=D /No gy

P
o

(@115 + 215 + asops + aa 54 O FLD] 154 ba15 + 305 + bags — 9))? e~ (=3 /No gy

+

+
pOIES
ot

[(a115 +asis+asis+asas+ 10)r=+ (bias +boas +b315+ bars — 25)}2 e~ (=9 /No gy

I
ot

[((a115 +asis+asis+asos + 14)r + (bias +bei1s +b315 + baos — 49)}2 e (=% No gy

+

_I._
— T T T T T T T o o o o o o o

-
> B
at

[(a115 +asos +asis + asos + 18)r + (bias + boos + b315 + baos — 81)}2 e~ (r=9%/No gy

>
ot

[(a1,175 + a2.0,5 + a3 1,5 + Q41,5 + 22)7‘ + (b171’5 + b2’075 + b3,1’5 + b4’1,5 — 121)]2 6_(T_11)2/N0d7”

_|_

-
S
at

[<a1,1,5 + a20.5 + as,0,5 + 4,15 + 26)7’ + (b171’5 + b2’0’5 -+ b3’0’5 + b471’5 — 169)]2 67(7“*13)2/N0dr

S
at

[(a115 + az05 +asos + asos +30)r + (bias + boos + b305 + baos — 225)]2 e~ (=190 /No g

+

'
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+
&

[(a106 + a206 + as06 + as06 — 30)7 + (b1o6 + b206 + D306 + bios — 225)]2 e~ (rH19)*/No gy,

> o
(=]

[(a1,0,6 + a206 + as06 + as16 — 26)r + (b1oe + b206 + b306 + D116 — 169)]2 e~ (rH13)*/No gy,

+

+
>/O"
(=2}

[((11,076 -+ a2.0,6 + a3 1,6 + 41,6 — 22)7’ + (bl,O,ﬁ + b2’0’6 + b3,176 -+ b471,6 — 121)]2 6_(T+11)2/N0d7“

> O
(=]

[(a1,06 + a206 + as16 + @06 — 18)r + (broe + baos + bs16 + baos — 81)]° o~ (r+9)2/No .

_|_

-
>/U‘
(=2}

[(a1,06 + a21,6 + as16+ aso6 — 14)r + (b1o6 + b216 + b31,6 + baos — 49)]2 e~ (r+1)?/No .

> 9
(=]

—(r45)2
[(a106+ 216+ as16+ as16 — 10)r + (b1os + ba16 + 0316 + baie — 25)]2 e~ e /No gy

+

+
>,Cn
(=]

(432
[(a106+ 216 + a306 + as16 — 6)r + (b1oe + b6+ bso6 + ba1e6 — 9)]2 e~ 37/ No gy

> o
o

—(r41)?
[(a106 + 216 + a3,06 + a1,067=2)F +(br06 + b216 + b306 + baos — 1)]2 e~ (rHD/No gy

_I_

PO
(=2}

[(a116 + a216 + aso6 +@aoe + 2=+ (0116 F b216 + 0306 + baos — 1)]2 e~ (=D /No gy

> o
(=2}

(@116 + G216 + a306 + @a 64O Fb] 164 ba16 + 0306 + baie — 9))? e~ (=3 /No gy

+

-
> o
(=2}

[(a11,6 +az16+asie+ asie+ 10)r =+ (brie + b216 + 316+ ba1e — 25)}2 e~ (=9 /No gy

o
(=]

[(a11,6 +az16+asie+ asoe + 14)r + (biae + b216 + b316 + baos — 49)}2 e~ =T No gy

+

_I._
c— — T T T T o o o T T T o o o

-
>/U‘
(=2}

[(a11,6 + a206 + asie + asoe6 + 18)r + (biae + 206 + 31,6 + baos — 81)}2 e~ (r=9%/No gy

> o
(=]

[(al,m + a2.0,6 + a3 1,6 + 41,6 + 22)7‘ + (bl,l,ﬁ + b2’076 + b3,1’6 + b4’1,6 — 121)]2 6_(T_11)2/N0d7”

_|_

-
>/U‘
(=2}

[(al,l,ﬁ + a2.0,6 + as,0,6 + a4.1,6 + 26)7’ + (bl,l,ﬁ + b2,0,6 -+ b3,0,6 + b4,1,6 — 169)]2 67(7“*13)2/N0dr

> O
(=]

[(a11,6 + a206 + aso6 + as,06 + 30)r + (bi16 + 206 + 306 + baos — 225)]2 e~ (=190 /No g

+

o
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+
X

[(a107 + aso7+asor+ asor —30)r + (b1o7 + bao7 + bsor + baor — 225)]2 e~ (rH19)*/No gy,

> O
3

[(a107 +asor+asor+asr —26)r + (b1o7 + baor + b7+ ba1z — 169)]2 e~ (rH13)*/No gy,

+

> O
i<

_|_

[((11,077 -+ as.0,7 + a3 1,7 + Qq1,7 — 22)7’ + (bl70’7 + b2’0,7 + b3,177 -+ b471,7 — 121)]2 6_(T+11)2/N0d7“

> O
i<

[(a1.07 + a207 + as17 + agor — 18)r + (bror + baor + bs17 + bagr — 81)]° o~ (r+9)2/No .

_|_

> O
e

+

(@107 + as17 +asi7+ asor — 14)r + (b1o7 + b7+ bs17+ bagr — 49)]2 e~ (r+1)?/No .

> O
i<t

—(r45)2
[(a107+ ag17+asiz+as17— 10)r + (b1o7 +bos7 +bs17+ ba17 — 25)]2 e~ e /No gy

+

> O
i<t

_|_

(r43)2
[(a107 4+ ag17 +asor+as17—6)r + (bror +bo17+bsor +ba1z — 9)]2 e~ 37/ No gy

> O
i<t

(412
[(a107 + @217 + as o7 + as,07452)r+4br07 + b7+ bso7 + baor — 1)]2 e~ (rHD/No gy

_I_

> O
i<t

[(a117 +as17+asor +@apz + 20+ (b1a74 bo17+ 307+ baor — 1)]2 e~ (=D /No gy

> O
3

(@117 + 217 + asor + aay 7o O FLb] 174 ba17 + D307+ bag7 — 9))? e~ (=3 /No gy

+

+
> &
3

[((a117 +asp7r+asar+asar+ 10)r =+ (bia7 +boi7 +b317+ bar7 — 25)}2 e~ (=9 /No gy

> O
3

(117 +aspr+asyr+asor+14)r+ (biazr +bo17 +b317+ baor — 49)}2 e~ =T No gy

-
> &
E

+

[((a11,7 +asor+asyr+asor +18)r + (biai7r +boor + b317 + baor — 81)}2 e~ (r=9%/No gy

> O
i<

[<a1,177 +asp7+asiy+ as17+ 22)7‘ + (b171’7 + b2’077 + b3,1’7 + b4’1,7 — 121)]2 6_(T_11)2/N0d7”

_|_

_I._
— T T T T T T o T o T T o o

+
>
it

[<a1,177 —+ CL2,0’7 -+ CL370,7 -+ Cl4’177 + 26)7’ + (b171’7 -+ b2’0,7 + b3,0,7 + b471,7 — 169)]2 6—(7’ — 13)2/N0d7"

> O
i<t

[(a11,7 + az07 +asor+ asor +30)r + (b1 +boor + bso7 + baor — 225)]2 e~ (=190 /No g

+

(=)
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+
&

[(a17078 + 20,8 + a3,0,8 + Q4,08 — 30)7“ + (b1,078 + b27078 + b37()78 + b470,8 — 225)]2 6_<T+15)2/N0d7“

>
oo

[(a17078 + a2.0,8 + CL3’078 + a47178 — 26)7“ + (bl,0,8 + bgjoyg + 637078 + b47178 — 169)]2 6_(T+13)2/N0d7“

+

+
>
oo

[((11,078 -+ a2.0,8 + a3 1,8 + 41,8 — 22)7’ + (bl,0,8 + bg’o,s + b3,178 -+ b471,8 — 121)]2 6_(T+11)2/N0d7“

>
oo

[(a10,8 + az0s +asis+ asos — 18)r 4+ (b1og + b2os + 318+ baos — 81)]2 e~ (9% /No gy,

_|_

>
oo

+

[(a108 + G218+ as1s+ asos — 14)r + (b1os +ba1s + 318+ bios — 49)]2 e~ (D /No gp.

>
oo

—(r45)2
[(a108+ a218 +as1s+as1s — 10)r + (b1os +ba1s + 318+ ba1s — 25)]2 e~ e /No gy

+

+
>
oo

(432
[(a108 + G218+ asos +as1s —6)r + (b1os +bo1s+bsos+ba1s — 9)]2 e~ 37/ No gy

>
oo

—(r41)?
[(a1,0,8 + az18 + asos + as08:22)r (o5 + b21s + b3 o5+ baos — 1)]2 e~ (rt U /No gy

-
>
o}

_I_
— T T s T — s T o o T s T o T

[(a118 +as1s+ asos +@aos + 2=+ (b1s+ bo1s+ 308+ baos — 1)]2 e~ (=D /No gy

>
oo

(@118 + a218 + asos + aay s F G FIb] 184 ba1s + D308+ bais — 9))? e~ =3/ No gy

+

-
>
oo

[(a118 +asis+asis+asis+ 10)r=+ (biis+bo1s+b31s+ baig— 25)}2 e~ (=9 /No gy

>
oo

[(a11,8 +as1s+asis+asos+ 14)r + (bias +bo1s +b318+ baos — 49)}2 e (=% No gy

+ o+
0%/\1

[(a11,8 +az0s +asis+ asos + 18)r + (bias + boos + b318 + baos — 81)}2 e~ (r=9%/No gy

>
oo

[<a1,1,8 + 20,8 + 31,8 + Q41,8 + 22)7‘ + (bl,l,S + b2,0,8 + b3,1,8 + b4,1,8 — 121)]2 e_(T_H)Q/NOdT

_|_

>
oo

+

[(al,LS + a2.0,8 + as,,8 + 4,18 + 26)7’ + (bl,l,B + bQ,O,S -+ b3,0,8 + b4,1,8 — 169)]2 67(7“*13)2/N0dr

>’\1
oo

+ / [(a118 + 208 + asos + asos +30)r + (br1s + baos + b3os + baos — 225)]2 €(T15)2/N0d7“> .
A7

By substituting all equations obtained in A;(p = i), 1 < i < 8, into the above equation
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we have

1 )\1 )\1
W) = NI (/ (8r -+ 96)2 = +9)*/No gy —i—/ (—32)2e=(r+5)*/No gy
)\1 )\1
+/ (8r + 32)2~ 43 Nogy. 4 / (161 + 96)2e~(+D*/No gy
_>\1 5 )\1 - )
+/ (—64)%~ (=3 /Nodr—f—/ (—128)2e= =2 /No gy
+/ (87" . 96)26—(r—7) /NOdT’ + / (247,)26—(7'—9) /Nod’f’
i e |
—|—/ (241 — 96)%e~ 1/ No gy +/ (32r — 96)2e~(r=18)"/No g,
= 2 -
+ [ (40r — 96)%e= "1/ No gy
_>\2 5 A2 5
+ [ (=8r —96)%e B Nogy / (8 4 64)2e= (5 /No gy
1 A1
A2 9 A2 5
+ [ (16r + 128)% () Aogy / (167 4 96)%e~ " +1"/No gy
A1

—-
> 2
[\V)

A2
(8r 4 32)2e > Nogp 4 / (8 — 32)2e (=9 /Nogy
A1

-
> 2
[\

A2
(8r — 96)%e~ "IN gy 4 / (16r — 96)%e~"=9"/Nogy
A1

-
> 2
[ V]

A2
(24r — 96)%e =1 /Nogy / (32r — 96)2e "1 /Nogy-
A1

o
€]

(32r — 192)2¢= (= 19)"/Nogp.

+
> =
w

A3
(—167 — 160)2e~ (19" /Nogy- 4. / (—16r — 128)%e~ 137/ No gy
A2

2
A3 A3
+ [ (=8 — 64)%e T Nogy / (8r + 32)%e~ DY/ Nogy
2 A2
>\3 9 )\3 )
+ (—32)2e=(r=3"/No gy +/ (81 — 32)2e~ (=) /Nogy.
A2

> N
w

+

A3
(16r — 32)%e~(=D*/Nogy 4 / (241 — 32)2e~(r=9*/No g,
A2

> N
w

+

+
S~ T T T T T T T T T T T T

A3
(241 — 96)2e (1D /Nogy. / (247 — 160)2e (= 13*/No gy,
A2

N
w

(32r — 192)%= (=19 /No g
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+
z

A4
(—16r — 160)%e~ 197/ Nogy 4 / (—8r — 96)2e~ 13" Nogy
A3

> @
'S

_|_

A
(—32)26_(T+11)2/N0d7“ + / 4(—87’ — 32)26_(r+7)2/N0dr
A3

»> @
'S

+

A
(87“)26_(T_3)2/N0dr+/ 4(167“)26_(T_5)2/N0dr

-
>/O"
[}

A6
(—32)%e~ (9" Nogy 4 / (—8r + 32)%e /Moy
A

5

> ©
[

A6
(87 — 64)2e~ (1D /Nogy 4 / (167 — 128)2~=13/Nogy.
As

+

P
[}

(161 — 160)%e~ ("= 19)*/No g

+

/
/
/A\g )\3
v ) A4 )
+ / (16r — 32)%e~ (=D /Nogy 4 / (32r)2e~ =9 /Nogy
)\3 )\3
A ) Ay )
+ / (40r — 32)2e~ =1V /Nogy 4 / (40r — 96)2e~—19%/No .
)\3 )\3
A4 )
+ / (40r — 160)%e~ "= 19)"/Nogy.
A3
As 9 A5 2
+ / (—40r — 160)%e~(r+197°/Nogy 4. / (—40r — 96)2= 13/ Nogy.
)\4 /\4
As ) As 5
+ / (—40r — 32)2~ (LMo e / (—32r)2e= T FO/No gy
)\4 )\4
As 3 A5 )
+/ (=167 — 32)%e =0 -7 Aoy +/ (=167)2e~ )7/ No gy
A4 A
>\5 2 >\5 2
+/ (_8r)26—(r+3) /Nodr +/ (87‘ m 32)26—(7’—7) /NOdT
)\4 )\4
A5 ) A5 )
+/ (—32)2e=(r=1VY/No gy +/ (8 — 96)2e~ (=13 /Nogy-
)\4 )\4
As )
+/ (16r — 160)2%e~ "= 19)"/Nogy.
A
A6 9 A6 2
+ / (=321 — 192)%e~r+15 /Nogy / (=247 — 160)%e=(r+137/Nogp.
/\5 )\5
A6 ) A6 )
+ / (—24r — 96)%e~ (" HI Nogy 4 / (—24r — 32)%e= "+ /No gy
)\5 )\5
A6 ) A6 )
+ / (=167 — 32)%e "+ /Nogy 4 / (—8r — 32)2~ 9/ Nogy.
A As
/.
/.
/

<
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L
-

i
L
L
N
/.
o).
o,
o).
"

_I_
>4

>4 >/

_|_
> >
8@

>
8\1

8\1

8\1

A7
—32r — 192)%e~ "+ /Nogy 4 / (—32r — 96)2e = +13*/No gy
A6

A7
—24r — 96)%e "+ /Nogy 4 / (—167 — 96)%e ="+ /No gy
A6

A7
—8r — 96)%e~ "t Nogy 4 / (—8r — 32)%e "+ Nogy
A6

A7
—8r +32)% T Nogy 4 / (—167 + 96)%e~ D"/ Nogy
A6

A7
—16r + 128)%e "=/ Nogp 1 / (—8r + 64)2e~ (= /Moy
A6

(8 —96) 2= (r=15)%/No ;.

—40r — 96)%e~ 19"/ Nogy / (=321 — 96)2e- 1 gy
A7

—24r — 96)%e~ "I (Nodp et /oo(—247’)26_(r+9)2/N°dr
A7

— 96)2e~ WDV Nol - / m(—128)2e—“+5>2/N0dr
A7

—64)%e "+ /Nodr+/ (=161 4:96)2~ (=1 /No gy
A7

—8r + 32)%e =V oy 4 / S(-a2)e 5 Mgy
A7

+ / (—8r + 96)%e ("9>2/N0dr).
A7

The partial differentiations of the above cost function with respect to Ai,A2,A3,A4,A5, A6,
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and A\, are:

WA 1
oM 167N,
F(8A 4 32)2eMFIH N0 (16, 4 96)2e DN

((8)\1 + 96)26*(>\1+9)2/N0 4 (_32)26*(>\1+5)2/N0

(—64)2e M1=3/No 4 (_128)2e~(M=5)*/No

(81 — 96)%e~ =T /No t (94),)2e~ M1=9)*/No

+(24) — 96)%e N7 1 (32 — 96)%em TN
(40X, — 96)26_(’\1_15)2/N° — (—8)\; — 96)26—(,\1+15)2/N0
—(8A; + 64)2e= Mt /No _ (1), + 128)%e~(M1+3)"/No
—(16A; + 96)2e~ M+ /MNo _ g\ 4 32)2e~(N1=3)*/No
—(8); — 32)%e {AEBRMDAL (8 — 92/
—(16\; — 96)PeTOEANUL (91, — 96)2e~—1D*/No

— (32/\1 _ 96)26_(>\1—13)2/N0 L= (32)\1 . 192)26—()\1—15)2/N0> 7
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oW (A 1
( ) — ((—8)\2 _ 96)26—()\2+15)2/N0 + (8)\ + 64)26_(/\2+5)2/N0
g 16+/7 Ny 2

_|_(16)\2 + 128)26*(>\2+3)2/N0 + (16)\2 + 96)267(>\2+1)2/N0

+(8Mg + 32)267(/\2*3)2/% + (8 — 32>267(>\275)2/N0

+(8)g — 96)2e~ P21 /No (16}, — 96)2e~(A279?/No
(24X — 96)2e~ P2 1/No 439\ _ 96)2e(2—13)*/No
(32X — 192)2e” (2719 No (16, — 160)%e (219" /N0
—(—16Xg — 128)2e~ 213 /No _ (_g), — 64)2e~(2+11)*/No
— (8o + 32)2eA2HD/No _ (_39)2e=(A2=3)"/No

—(8)\g — 32)2e~W2m9/No _ (16, — 32)2e~(A2=7*/No

— (24 — 32)% Qegiiuie, (243, — 96)2e~ 21D/

— (240 — 160 TR (822, — 10)% a1/
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oW (A) 1
- ((—16)\3 — 160)2e~ Qa1 /No L (_16)g — 128)2e~ (s 13/ No

O3 164/7 Ny

(—8Ag)2e” PatIDP/No 1 (g, 4 39)2e~ (Mot 1)*/No

4 (—32)2e~PMe=3)*/No 1 (8); — 32)2e~(Rs—5)*/No

+(16X3 — 32)%eMs=T*/No 4 (24, — 32)%e~(Pa=9%/No
(24X — 96)2e~Pa=1D/No 4 (94); — 160)2e~(A—13)*/No
+(32)\3 _ 192)26703715)2/%

— (=163 — 160)26_(’\3“5)2/1\70 — (—8)\3 — 96)26—(>\3+13)2/N0
_(_32)26—(>\3+11)2/N0 — (=8 — 32)26—(,\3+7)2/N0
—(8A3)2e~ W3 /No _ (16)5)2e~(Aa=5)"/No

—(16X3 — 32)26—@3—7)2/% T (32/\3)26—(>\3—9)2/N0

— (40X — 32)%e~ TIPANL_(0) 12 96)2e~ (N3~ 13)*/No

— (40); — 160)26_(’\3_15)2/N°)
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OW(A)

1
O\ 16V,
_'_(_32)26*()\44’11)2/]\[0 + (_8)\4 _ 32)267(/\4+7)2/N0

((—16)\4 - 160)26_()‘4+15)2/N0 + (=8 — 96)26—(A4+13)2/N0

+(8)\4)267(>\4—3)2/No 4 (16)\4)267()‘475)2/]\]0

+(16Ag — 32)%e” M7 /Moy (32),)2e~ (M=9)*/No

+(40X4 — 32)%e” MDA (40, — 96)2em eI/
1(40A; — 160)2e~(4=19)°/No

—(—40As — 160)°e™ MDD — (40X, — 96)%e~ A HI/N
—(—40), — 32)26_(’\4“1)2/1\70 _ (_32)\4)26—(>\4+9)2/N0
—(—16)y — 32)%e” AT No (1) )2 Mt/ No
—(—8q)2e” M+ /No cay@ie; 302~ (Ma=T)*/No
—(—32)2e~Ma—15/Ny—ygh L 196 )2 ~ (A —13)*/No

— (16X, — 160)26_(’\4_15)2/N°) 7
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oW

1
s 16y/7Ng
+(—40)5 — 32)26*(>\5+11)2/N0 + (_32)\5)26—(/\5+9)2/N0

((—40&, — 160)%e~ (/N0 4 (— 4005 — 96)%e~ (o 18/ No

+(—16X5 — 32)%e” Pt DN 4 (_16);)2e~(As+5)*/No
+(—8A5) e AN (8 — 32)%e~ AT /No
+(—32)2% Qs 1?/No 4 (8)\g — 96)2e~ (A5~ 13)°/No

H(16)5 — 160)2~(Ra=12)"/No

—(—32X5 — 192)2e” Mo H YN0 (942 — 160)%e~ (A5 F18)/No
—(—24X5 — 96)2e~ P TI*/No _ (_9g)\, — 32)2e~ (s +9)*/No
—(—16X5 — 32)2e~ Mt /No _ (_g)\ — 32)%e~ (As15)*/No
_<_32)26—(>\5+3)2/N0 AL T 32)26—(/\5—1)2/No

—(8Xs)2e” MmN (6N S 128)2e (Vo1 /N

— (16)s — 160)26—@5—15)2/%) ,
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aW()\) — 1 ((_32)\6 . 192)26—()\6+15)2/N0 + (_24>\6 o 160)26—()\6+13)2/N0

OXg 16v/7 Ny

+(—24Xg — 96)2e~ Pt/ No y (_94\s — 32)2e (e +9)*/No

+(—16Xg — 32)%e~CetD?/No | (_g)\s — 32)2e~(et9)*/No
F(—32)2e~ Qo8 /No | (_g\s 4 32)2e~ (o= 1)*/No

+(8hg — 64)%e~ Qo1 /No o (16)5 — 128)%e~ (Ao 13)°/No
+(16)g — 160)2e~(Re=12)/No

—(—32Xg — 192)2e~Aet19)*/No _ (39— 96)2e~(Ae+13)°/No
— (=24 — 96)2e~ A+ /No _ (_16)s — 96)%e~ Aot/ No
—(—8Xg — 96)26—(>\6+7)2/No — (=8¢ — 32)26—(>\6+5)2/N0

— (=8 + 32)%e Qe 3N (2216 )\ + 96)%e~ o1 /No
—(—16Xg + 128)2&Pe=37No 18X, + 64)%¢(Ne=5)*/No

— (8 — 96)26—@6—15)2/%) :
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oW

1
O\ 16y/7Ng
+(=24A7 — 96)2e~ AT/ No (16, — 96)2e~ A7 +9)*/No

((—32)\7 — 192)26—(A7+15)2/No +(=32\ — 96)26—(/\7+13)2/N0

+(=8A7 — 96)2e~ AT /No 4 (_8), — 32)2e~ (M7 H5)*/No
+(—8A7 + 32)%e” M43 /No (16, 4 96)2~ (N7 —1)*/No
(=167 + 128)2e~7=31/No | (_8\; 4 64)2¢~A7=5)*/No
+(8\7 — 96)%e~ (A7 —15)°/No

—(—40A7 — 96)%e” ATHIVN0 — (3207 — 96) ¢ eI/
— (=247 — 96)2e=ATHID*/No _ (g )\ )2~ (ArH9)*/No
—(=8A7 — 96)%eATHD/No _ (_128)2e= (A7 +5)*/No
_<_64)26_(>\7+3)2/N0 . (_16)\7 + 96)26_(>\7_1)2/N0

—(—=8A\7 + 32)26—()\7—3)2/% [ (_32)26—(,\7—5)2/1\/0

—(—8\r + 96)%‘“7—9)2/%) :

By setting the above equations to be‘zero we have'A; = —12, Ay = —8, A3 = —4, \y = 0,
As = 4, \¢ = 8, and A\; = 12 which minimize the cost function. Consequently, the cost

function is reduced to:
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We summarize the bit-wise metrics as follows.

(1, if r < —12;
2, if —12<r<—8;
3, if —8<r < —4
_ 4, if —4<r<0;
P=Y 5 if0<r<d
6, if4d<r<8g;
7, if 8 <r <12
| 8, ifr>12
1 2
fl (’f’, C) = gr + QA1,c,pT + bl,c,p
1
= y2+k@mfﬁ@M—zu—2@+&1—%y1ﬂy—%y§ovu—2@rz@h
+[(9 - b2’17p — b3’1’p) —32- 1{(1 — 26)7” 2 4}]
1
f2<7ﬂ, C) = ZT2 + A2.c,pT + b2,c,p
1
= ;17”2 + [az1, — (4 + 8- A((|nf =B =([r}= 12)))(1 — ¢) - sgn(r)]r

+lb2a,p + (32 4 (8 + (12— 4) =32)ul(|r| = 4)(|r| +4))

+(8* (12 +4) — 32)u((|r}=.12)(|r| £42)))(1 — ¢)]

f3(r,c) :iﬁ+%wwwmp
= 1 Flasny — (=8 u(=lrl - (] 8)(1 — 0) -seu(r)lr
+[b31,, 4+ (=16 + 64 - u(|r| —4))(1 — ¢)]
fa(r,c) :iﬁ+%wwwwp
= 1 Flaany — (=8 u(=lrl - (] = 8) + 8- u(~(ir] ~ 8)(Ir| ~ 12)))(1 ~ ) - san(r)]r

+[ba1,+ (=8 +32-u(|r| —4) — 64 -u(|r| —8) + 96 - u(|r| — 12))(1 — ¢)]

By the nature of Viterbi algorithm, only those terms that depend on ¢ affect the decoding
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behavior. Hence, the equivalent metrics are

Tre) = =2(1—=2¢)r+8(1 —2¢)r-1{(1 —=2¢)r <0V (1 —2¢)r >4} —32-1{(1 — 2¢)r > 4}
2 (re) = =48 u((lr] =4) - (jr] =12)))(1 = ¢)|r]
+[32+ (8 (12 — 4) — 32)u((|r| — 4)(|r| +4))
(8% (12 +4) — 32)u((|r] — 12)(|r] + 12)))(1 - ¢)
3(re) = —(4=8-u(=r|-(Ir| = 8)))(1 = lr| + (=16 + 64 - u(|r| = 4))(1 = ¢)
i) = —(=8-u(=lr|-(|r] = 8)) + 8- u(=(|r] = 8)(|r| = 12)))(1 = ¢)Ir|

+[-8+32-u(|r| —4) — 64 -u(|r| —8) + 96 - u(|r| — 12)](1 — ¢),

Since the branch metric of Viterbi algorithm can be the relative metric between information

bits 0 and 1, the above metrics can he further redueed to

(e,r) = c(|r — 8+ | =4 +1r| + |r+ 4| + |r + 8| — 24) - sgn(—r)
A (c,r) (|4 — [P 18 =PI |12 |r|| — 8) - sgn(—r)
F309 e ) = (|4 — [ = B{sen(llr] — 8 — 4)
(c,r) (18 =r|| — 4] =2)

c

Finally, we can use the nature of recursive from 64QAM’s metrics to represent 256 QAM’s

metrics.

(e,r) = c(|r =8|+ |r—4|+|r|+|r+4|+ |r+ 8 —24) - sgn(—r)
FIOQAM y  BIQAM gy

(e,r) = £ ¥ (e, |r| - 8)

(c,7) 5 M (e, 8 — Ir|)
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A.3 Derivation of Bit-wise Metric of 1024QAM Mod-
ulation

Suppose that Gray code mapping is employed for 256(QQAM mapping, i.e. —31, —29, —27,
—25, =23, —21, —19, —17, —15, —13, —11, =9, -7, =5, =3, —1, +1, +3, +5, +7, 49, +11,
+13, +15, +17, +19, +21, +23, +25, 427, +29 and +31 respectively map to 00000, 00001,
00011, 00010, 00110, 00111, 00101, 00100, 01100, 01101, 01111, 01110, 01010, 01011, 01001,
01000, 11000, 11001, 11011, 11010, 11110, 11111, 11101, 11100, 10100, 10101, 10111, 10110,
10010, 10011, 10001, and 10000. Then the squared error criterion (or cost function)is given
by
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W( 17f27f37f47f5)

88

+ 4+ o+ o+ 4+ o+ o+ 4+ o+ o+ o+ o+ o+ o+ o+
88 88 88 88 88 88 88 88 88 88 88 88 88 88 88 88

8

1
2\/ 7TNO

fl r1,0 +f2 1, )+f3(r170) +f4(T170) —i—f5<7’1,0) -

fl r1,0 +f2 71, )—|—f3(7’1,0)—i—f4<7’1,0)+f5(7’1, )

fl r1, 0 +f2 71, )—|—f3(7’1,0)—i—f4<7’1,1)+f5(7’1, )

[f1(r1,0) + fo(r1,0) + f3(r1,0) + fa(r1, 1) + fs(r1,0) —
[f1(r1,0) + fo(r1,0) + f3(r1, 1) + fa(r1, 1) + fo(r1,0) —
[f1(r1,0) + fo(r1,0) + f3(r1, 1) + fa(r1, 1) + fo(r1, 1) —
[f1(r1,0) + fo(r1, 0) + f3(ragd) + falrii0) + fo(ri, 1) —
[f1(r1,0) + fo(r1, 0) + falrug )+ falris 0)+f5(r1, 0) —
[f1(r1,0) + fo(re, 1) + fslm, D FFlT0) £ f5(r1, 0) —

fl r1,0 +f2 71, )—|—f3(7“1,1) —l—f4(7“1,0) —i—f5(7”1,1) -

f1 71,0) + fo(r, 1) + fa(ri, 1) + fa(ri, 1) + f5(r1,1)

f1 71,0) + fa(r1, 1) + f3(re, 1) + fa(ri, 1) + f5(r1,0) —

f1 71,0) + fa(r1, 1) + f3(ry, 0) + fa(ry, 1) + f5(r1,0) —

f1 r1,0) + fo(r1, 1) + f3(r1,0) + fa(re, 1) + f5(r1, 1)

[f1(r1,0) + fo(r1, 1) + f3(r1,0) + fa(r1,0) + f5(r1,1) —

[f1(r1,0) + fo(r1, 1) + f3(r1,0) + fa(r1,0) + f5(r1,0) —

fl 7117 +f2 71, )+f3(r170) +f4(7’1,0) +f5(7"1,0)

[f1(r1, 1) + fo(r1, 1) + f3(r1,0) + fa(r1,0) + f5(r1,1) —
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[f1(r1, 1) + fa(r1,0) + folrg 0V falry, D fo(r1,0) — (1 — 25)%]7 e~ 1729 /Nogy,
[f1(r1, 1) + fo(r1,0) + fa(r1,0) + fa(ry, 1) + f(r1, 1) — (1 — 27)%] e 1720 /Moy,

[f1(r1, 1) + fa(r1,0) + fa(r1,0) + fa(ry,0) + f(ry, 1) — (1 — 29)%]7 e~ 1729*/Nogp,

[f1(7“1, 1) + fa(r1,0) + f3(r1,0) + fa(r1,0) + f5(r1,0) — (ry — 31)2}2 e_(”_?’l)Q/NOdrl) ,
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For each p, we can list the equations involving in the above cost function as follows:

a1,0,p + 02,0, + a3,0,p + 40, + A50,p —

a1,0,p T 20,0 T A3,0,p + A40,p + 5,1

a1,0,p T A2,0,p T 3,0, + Aa1,p + 51, —
a1,0,p T A2,0,p T A3,0,p + Aa1,p + 50,0 —
a1,0,p T A2,0,p T A3,1,p + Aa1,p + 50, —
a1,0,p T A2,0,p T A31,p + Aa1,p + 51,0 —
a1,0,p + G20, T a3,1,p + A40, + 51, —
a1,0,p + G20, T a3,1,p + A40,0 + 50, —
ar0,p + G210 T A31p + 10,0t 50, —
a1,0,p + Q2,1,p 7 3,15 A=0alo pk U51,p —
a1,0,p + A2,1,pF 31} Ala1p + A5, —
a1,0,p T A2,1,p TA31,p + Q41,0 4050, —
a1,0,p T a2,1,p T a30,p + Aa1,p + 50, —
a1,0,p T A2,1p T A30,p + Qa1 + 51, —

a1,0,p T A2,1,p + a30,p + A10,p + 51, —

62

— 58

54

50

46

42

38

34

30

26

22

18

14

10

6

a10,p + Q21,0+ A30,p + Q10 + G50, — 2
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(A.4a)
(A.4b)
(A.4e)
(A.4d)

(A.de)

(A4f)



11, + 21, + 30, + Qa0 + a50, + 2

a1,1,p + a2.1,p + as,o,p + Q4,0,p + as5.1,p + 6
a1, + 21, + a30,p + G471, + as1, + 10
a1,1,p + 21, + a30,p + a1, + a50, + 14
11, + Q21,p + 31, + G471, + a50, + 18
11+ Q21,p + 31+ Qa1+ a5, + 22
11, + G21,p + 31, + G40, + as1,, + 26
al,l,ﬂ + a2,1’p + a3,1,p + a4,0,p + CL570’p + 30
1,1, + 20,p + 31, + a0, + a50, + 34
A1,1,p + a20,p + a3 1.p Wi Q505 + a5.1,p + 38
a1.1,p + a2.0,p 4 341, (= A41.p + as.1,p + 42
ai,1,p + a0, 574 A31,p + a1, + asg, + 46
ay1,, + G20, @305+ 011, +a50, + 90
ai,1,p + 20, + azo, = @sh,, +as1, + 54
ai,1,p + a2,0,p + a3,0,p + a4,0,p + as.1,p + 58

a,1,p + G20, + 3,00 + a0, + a5, + 62
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bi,0,p + b2,0,p + 030, + ba0,p + b50, — 961
bi,0,p + 20, + 030, + bao, + b51, — 841
bi0,p + 20, + 30+ bs1,p +b51, — 729
bi0,p + 020, + 030, + bs1,p+ bs50, — 625
bi0,p + 020, + 031, + bs1,p+ bs50, — 529
bi0,p + 020, + 031, + ba1,p+ 051, — 441
bi,0,p + 20, 4 b31,p+ bag, + b51, — 361
bio,p + 020, + 031, + bao,+ bs0, — 289
biop+b21p+ 031, +bao,+bso, — 225
bio,+ o, + b3,17p +ibaop + 051, — 169
bio,p+ 021, 0304 Daapt b5,1,p — 121
bi0,p + 215 031, +ba1,+ bsg, — 81
b1,0,p + 21,k 50 +br1, +b50, — 49
bi,0,p + 021, + 30, +0s1, + 051, — 25
b0+ b21p+ 030, + b1, +b51,—9

bi0,p + 021, + 030, + bap,+b50, —1
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(A.4a)
(A.4b)
(A.4c)
(A.4d)
(A.de)
(A.4f)
(A.4g)
(A.4h)
(A.4i)
(A.4j)
(A.4K)
(A.41)
(A.4m)
(A.4n)
(A.4o0)

(A.4p)



biiy+b21,p+ 030, +bio,+bs0,—1
bii,+b21,p+ 030, +bio,+b51,—9
biip+b21,p+030,+baip+bs1,—25
bia,+ba1p+bso,4bai,+ 50, —49
bia,+baip,+bs1,+ba1,+b50,— 81
biip,+boip+b31p+bay,+bs1,— 121
biip+ba1,+ 031+ bag,+ b5, — 169
biip +ba1,+ 031+ bag,+ bso, — 225
bi1,p + baop + baiip+ b4,6,p 4050, — 289
b1y + bao,p 4 bs by FBi0 oty — 361
bi1,p + baopat b3 1 p +baa et sy — 441
biip + b2, + 085, + bs1, +b50, — 529
bi1,p+ 020, + 030, + ba1,p+bso, — 625
bi1,p+ 020+ 030+ bs1p+bs51,— 729
bi1,p+ 020, + 030, + bao,+ 051, — 841

bl,LP + b2’07p + b3’07p + b470,p + b570’p — 961

Then applying the Algorithm Q to Eqgs. (A.4a)—(A.5p) yields:

124



. (A.4h), (A.4j), (A4k

© 00 1O Ui W N =

: (Ada), (A4b), (A4c
: (A4b), (Adc), (A4d
(A.4d), (Ade), (A.4f),
© (Ad4d), (A.4f), (Adg), (A.4h
: (A.4h), (A.4i), (A4j), (A.4k), (A.
(A.4l), (

);
: (A.4h), (A.41), (A.4m),
: (A.4h), (A.4]), (A.4n), (A.40),
: (Adp), (A.ba), (A.5b), (A.5c),

(
(A.de
(

(A.4n),

10 : (A.4p), (A.5b), (A.5c), (A.5d
11: (A.dp), (A.5d), (A.5e), (A.5f), (A.bg
12 (A.dp), (A.5d), (A.5f), (A.5g), (A.5h), (A.5i
13: (A.dp), (A.5h), (A.51), (A.5)), (A.5k), (A.bm
14 : (A.dp), (A.5h), (A.5)), (A.5k), (A.5l), (A.bm
15 : (A.4p), (A.5h), (A.5]), (A.5bm), (A.5n), (A.50
16 : (A.4p), (A.5h), (A.51), (A.5n), (A.50), (A.5p

Therefore, ¢ is equal to 16.

Then, the solutions for each set.are:
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)
);
Adg),
);

), (Ade),
)

)
),
)

(
(

(
(
(
(A.

A.4i)
A4i),
A 4i),

4i),

4m)

A.

A.dp),
(A.5e
(A.5e

Y

Y

A.4m),
4o),

);
);
)
)

(A.5a
(A.5a
(A.5a
(A.5a
(A.ba
(A.5a
(A.5a
(A.5a

(A.5i

(A.5i
, (A5

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)



\ 7

a1,0,1
11,1
20,1
a3.0,1
Q40,1
as5.0,1
51,0,1
51,1,1
52,0,1
b3,0,1
54,0,1
55,0,1
@a1,0,2
aii,2
2,0,2
as3,0,2
G4,0,2
as5.,0,2
51,0,2
b1,1,2
bz,o,2
b3,0.2
54,0,2
55,0,2

=22 - Q211 — Q31,1 — Q41,1 — Q51,1
=22 21,1 —a31,1 — Q41,1 — 51,1
=20 + az1,1

=12+ a3 1,1

=4+ aq1,

=4+ 51,1

=—7— 52,1,1 - b3,1,1 - b4,1,1 - 55,1,1
= —551 — 52,1,1 - 53,1,1 - b4,1,1 - b5,1,1
=416+ by 11

== 320 + b37171

=112 + b47171

=120 + b571,1

=30 — A21,2 — a3,1,2 — A4,1,2 — A51,2
=—6— A212 — Q31,2 — Q4,12 — 051,2
=20+ ag2

=4 + 31,2

=4+ 41,2

= sditiasa o

=217 — 52,1,2 7 53,1,2 - b4,1,2 - b5,1,2
= —103 = b2,1,2 2 53,1,2 - b4,1,2 - b5,1,2
= 416 = b271’2

=96+ 0312

= 112 1= b47172

— —104 + b5,1,2
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Aq(p

4)

\ 7

a1,0,3
a1,1,3
a2,0,3
a3,0,3
a4.0,3
a5,0,3
51,0,3
51,1,3
52,0,3
b3,0,3
54,0,3
55,0,3
a1,0,4
a1,1,4
a2,0,4
a3,0,4
44,04
5,04
51,0,4
51,1,4
bz,o,4
b3,0,4
54,0,4
55,0,4

=30—ag13—a313— Q413 — 4513
=—0—ag13—0a313— 413 — 513
=124 az;13

=4+as;13

=—4+as13

=4+as13

=217 —bg13 —b313 —bs13— 0513

—103 —b213 —b313 —ba13— 0513

— 224+ by 5
= 96 + bz, 3

= 80+ bys

= 88+ by

=38 —a214— G314 — G414 — Q514
=—06—ag14— Q314 — Q414 — 514
=4+ azia

=12+4as 4

= -4+ as14

= sditiasa 4

=377 —by1a=b313—ba13— 513
= 103 =bo 14~ b313—by13— 0513
=64+ by
= 956+ by | 4
— 80+ byis
= —72+ bsia
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\7

a1,05 = 22 — Q215 — Q315 — Q415 — A515
a115 =2— Q15— a315 — A415 — 515
asos =4+ azis

asops = —12+as 15

g5 =4+ as15

asos =4+ as15

bios =121 —bo15 —b315 —ba15 — bs15
biis =25 —ba1s—b315— b5 —bs515
b5 = 64+ b215

bsos = —128 + b3 1 5

bios =48 4+ by 15

bs05 = 56 + b515

ai,0,6 — 22 — a216 — a3,1,6 — Q4,16 — 45,1,6
a116 =2 —az16 — 03,16 — 44,16 — 05,16
a206 = 12+ as16

asoe = —4+as 6
ag06 =4+ as16
as06 =erditas 6

biog = 121 — boyg— b316 — ba16 — bs16
biie =29+ 0216 =b316 —bii6— 516
b270,6 =160 + b2’176

b306 = =32+ b316

baps = 4811k

bsog = —40 + bsie
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N7

a1.0,7
ai 1,7
a2,0,7
aso,7
Q40,7
as5.0,7
b1,0,7
bi,7
52,0,7
b3,0,7
ba,0,7
bs,0,7
a1,0,8
ai1,1,8
20,8
a3,0,8
a4,0,8
as,0,8
b1,0,8
b1,1,8
b2,08
b3
baos
bs0.8

=14 —as17—az17— Q17— 51,7
=2—ag17—az1y — Qa7 — Q51,7
=20 + as 17

=—4+as17

=—4 + Q41,7

=4+ as.1,7

=57 —by17— 317 —ba17—bs17
=25 —by17—b317—ba17—bs17
=224 + 627177

= =32+ b3z

= —16 + b47177

=24+ bs517

=22 —ap18 —a318 — Aa18 — U518
=18 —ag18 —az18 — Aa1,8 — U518
=20+ ag138

=12 + 31,8

= —4+ a4,1,8

=ditias 1 5

=389 — by18 b318 —ba1g— bs18
=89+ baig =b3is—bsig—bs1s
=224 + b2’178

— —64 + b37178

Fa —16 gicy b4,1’8

= —8 + b5’1,8
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N\~

a1,0,9 = —18 — a219 —a3,1,9 —A419 — A51,9
a11,9 = —22 — @19 — a31,9 — Q419 — A519
az09 = —20+az 19

aspo =12+ as9

ag09 =4+ as19

asp9 =4+ asq1g

b1,09 =89 —b219— 0319 —ba19—b51,9

bi,19 =89 —by19—b319—ba19— 519

baoo =224+ ba1 g

b9 =—644b319

bioo = —16+by19

bs00 = —8+bs19

@1,0,10 = -2 - a2,1,10 — a3,1,10 — A4,1,10 — 45,1,10
aii,10 = —14 — 21,10 — @3,1,10 — A4,1,10 — 451,10
az,0,10 = —20 + az.1,10

a0 =4+ asq 10

ag010 =4+ as 1,10

as0,10 = ditas4 10

b1,0,100= 25 — b 1,10 % 031,10 — ba,1,10 — bs,1,10
bi,isi0 = 5T = ba 1,10~ b3,1,10 — ba,1,10 — 5,110
boGaop= 224 + 034 10

bsgi0 = 324+ b3 1 10

ba,oa0 = 167D 10

bs.0,10 =24 + b5 1 10
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a1,0,11
a11,11
a2,0,11
a3,0,11
4,011
a5.0,11
51,0,11
b1,1,11
52,0,11
53,0,11
54,0,11
b5,0,11
a1,0,12
a1,1,12
2,0,12
a3,0,12
44,0,12
@5,0,12
51,0,12
b1,1,12
52,0,12
53,0,12
b4,0,12
55,0,12

=—-2- Q21,11 — @3,1,11 — A4,1,11 — A51,11
=22 — a21,11 — 31,11 — A4,1,11 — G5,1,11
= —12 + as1.11

=4+ asq 11

= —4+ as111

=4+ a5

= 25— b2,1,11 - 53,1,11 - b4,1,11 - 55,1,11
=121 — b2,1,11 - b3,1,11 - b4,1,11 - b5,1,11
= 160 + b271711

=32+ b1

= 48 + b471711

= —40 + b571’11

= —2— (2112 — a3,1,12 — A4.1,12 — A51,12
=22 - a21,12 — 31,12 — A4,1,12 — G5,1,12
= —4+ a2

=12 + a3,1,12

= —4 4+ ag1,12

= mditias,12

=125 — 52,1,12 - 53,1,12 - b4,1,12 - 55,1,12
= 1215 52,1,12 b b3,1,12 - b4,1,12 - 55,1,12
= 64 = b2’1,12

— —128 + b3’1712

= 48 i b4,1,12

== 56 + b5’1712
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Au(p = 14)

N\~

a1,0,13
a1,1,13
2,0,13
a3,0,13
(4,0,13
50,13
b1,0,13
b1,1,13
52,0,13
53,0,13
54,0,13
b5,0,13
a1,0,14
a1,1,14
20,14
a3,0,14
44,0,14
a5,0,14
b1,0,14
b1,1y14
b2,0,14
53,0,14
b4,o,14
b5,0,14

=6— (21,13 — @3,1,13 — A4,1,13 — 451,13

= —38 — 421,13 — a3,1,13 — (4,1,13 — 451,13
= —4+ a3

=—12+as1,13

=4+ ag7,13

=4+ asq13

= —103 — b2,1,13 - b3,1,13 - 54,1,13 - b5,1,13
=377 — b2,1,13 - b3,1,13 - b4,1,13 - b5,1,13
=64 4 b21,13

= 256 + 53,1,13

- —80 + b471,13

- —72 —|— b571’13

=6— (2114 — A3,1,14 — A4,1,14 — 451,14
=30 — (21,14 — 431,14 — Q41,14 — 451,14
=—12+az 1,14

=—4+as14

=4+ a4

= mdies4,14

=—103 — 52,1,14 - b3,1,14 - 54,1,14 - 55,1,14
= 215 b2,1,14 b b3,1,14 - b4,1,14 - 55,1,14
== B b2,1714

== 96 A b3’1’14

= —80 P b4’1’14

= 88 + b5’1714
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( a10,15 = 6 — Q21,15 — @3,1,15 — A4,1,15 — 451,15
a1,1,15 = —30 — a21,15 — A31,15 — A4,1,15 — @5,1,15
a20,15 = —20 + az1 15
aso,15 = —4+ as 15
4015 = —4+ a1 15

Ass(p = 15) b — ! 103 b 1s— b b b
1,015 = — —b2115 — 031,15 — 041,15 — 051,15
biiis =217 — bay15 — b3 1,15 — baji1i5 — 51,15
b2,0,15 = 416 + b2 115
b3 0,15 = 96 + b3.1,15
bio1s = 112 4 ba 15

(050,15 = —104 + b51.15

( a1,0,16 = 22 — 21,16 — @3,1,16 — A4,1,16 — 51,16
a11,16 = —22 — (21,16 — A3,1,16 — A4,1,16 — 51,16
a0,16 = —20 + az.1.16
as 16 = —12 + as1.16
ag016 = —4 + a41,16

Awlp=16) - (b15,0,16 = mdibasa 6
1,016:= —9551 — baii6 — 31,16 — ba1,16 — bs5.1,16
bisie = =7 = o116 = 031,16 — ba1,16 — 5,116
boGop= 416 + 051 16
b = 3204 b3 16
ba,one = 1127106
L 050,16 =120 + b5 116

By taking a similar procedure demonstrated in previous subsections we obtain the optimal
thresholds are -28, -24, -20, -16, -12, -8, -4, 0, 4, 8, 12, 16, 20, 24, and 28. By substituting

these thresholds into the above equations we have
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Ay(—28 < 1 < —24)

As(—24 < r < —20)

As(—16 < r < —12)

Ag(—12 <7 < —8)

7\

7\

[ fi%r,c) = —1lc-r — 136¢
53(r,c) = =5c -1 — 104c
s3(r,¢) = =3¢ r —80c
r,e)=—c-r—28¢

[ f5'(r,c) = —c-r —30c

( fi%r,c) = —9c-r — 80c
14(r,c) = =bc - r — 104c
s (r,c) = —c-r—24c
s3(r,c) = —c-r —28¢

L fi'(r,c) =c-r 4 26¢

( fi%r,c) = —9c-r — 80c
14(r,¢) = =3¢ - r — 56¢
s (r,c) = —c-r—24c
si(r,c) =c-r+20c

| fil(r,¢) = —c-r —22¢

([ fi4r,c) = —1lc-r — 120c
T4(r,¢) = —c-r—16¢
5 (r,c) = =3¢ r — 64c
5 (rge) = c-r+20c

| il ef=c-r+ 18¢

( [i4(r;c) = —5c-r — 24c
1(ryc)=—c-r—16¢
52, ¢) = 3c- T+ 32
sime) = —c-r—12c

i c) = —c-r — 14c

[ fi%(r,c) = —5c-r — 24c
T4(r,c) = =3c-r —40c
s (r,e)=c-r+8¢
si(ryc) = —c-r—12c

| fi'(r,¢) =c -1+ 10c
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—4)
(-8<r<
Aq(—

0)
(-4 <r<
Ag(—

— )

—_— )

4 <
8 <

2( < S
1
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c

—3c-r— 65366
y ne- —bc-r
1qET 0 r—+ 8¢
o . 4c
() = e
() = o
%Q(T7 C) : e ) 56C
Z(Leq(r, C) = o s
| i T+
eQ(T’, _ 30 4C
() = L
() = cr
%q(r, C; = o N
4 - . 6¢
fq(r,g) L 7
eq(r’ = + 4c
%q(r, c) = e i
() = ik
%q(r, C; = s 5
4 ~ . 7" J—
T, z) o "
BQ(T’ - 4C
1 C) _ -r+
e‘l(r7 - 6C
%q(r, €) = - _T -
?éq(r, c; — o 2
4 3 -
@ 2) - r+ 8¢
eq(r’ . 12¢
]éq(T7 C) : . _—I— 100
%Q(r, C) = o o
3 0 5¢-r
eq(r, . 16¢
“(r, ) = Sy
| C) _ 3c-r
eq(r’ . 12¢
(r.0) = e
() = o -
(1 ) =
4



= —1lc-r+120c
=c-r—16
—3c r — 64c

= —c-r—+ 20c

=—c-r+18c

= —9c-r+80c

A3(16 < r < 20)

\/

A14(20 <r< 24)

A15(24 <r< 28)

= —c-r+ 26¢

= —1lc-r + 136¢
=bc-r— 104c
=3c-r—80c

=c-r—28c

A16(28 < 7") : i

\

Since the branch metric of Viterbi algorithm can bethe relative metric between informa-

tion bits 0 and 1, the above metrics can-be further reduced to

(RO Y = (| — 28] + [ — 20 = 16] + | — 8] + | — 4| + |1 + |r + 4]
+|r + 8|+ |r + 16| + |r + 20| + | + 28] — 136) - sgn(—r)
fmnter) = s8Il -2l 6=l 0+ A 20 s 10
fmnier) = ol 161 415 116+ 2 168 sl 161
Aimnen) =l 10—l —8l) (ol -5l =
¢,r) = c(|[8 = [[r] = 16]| — 4] = 2)

\

Finally, we can use the nature of recursive from 256(QAM’s metrics to represent 1024QAM’s

metrics.

([P (e r) = e — 28]+ |r — 20| + [ — 16] + |r — 8] + |7 — 4] + |r] + |r + 4|
+|r + 8| + [r + 16| + |r + 20] + |r + 28| — 136) - sgn(—r)
1024QAM(C, T) _ 256QAM(C 16 — ’7”‘)
1024QAM(C T) _ 256QAM(C | ‘ . ].6)
1024QAM(C7 ’I“) _ 256QAM(C 16 — |T‘|)
1024QAM c7 r) 256QAM( ‘7"‘ . 16)

\
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Appendix B

An Intuitive Soft-demapping
Decoding for 16QAM and 64QAM
Modulations

B.1 Soft-demapping Metric.of 16QAM Modulation

An intuitive approach to soft-demap bit-interleaved coded modulation signals is to directly
quantize the received vector according to the inverse of modulation mapping function [3].
According to the constellation of 16QAM (cf. Fig. B.1), when Gray code mapping is applied
to 16QAM modulation, where s(0,0) = —3, s(0,1) = —1, s(1,1) = 1 and s(1,0) = 3, the
inverse mapping for the first bit position is by'(=3) = 0, b;'(=1) = 0, b;'(1) = 1 and
by '(3) = 1; Similarly, the inverse mapping for the second bit position can be obtained as
by'(=3) =0, b; (1) =1, b;'(1) = 1 and b;*(3) = 0. According to these specified inverse

mapping values, we can then form two continuous demapping functions as:

0, for r < —3;
0, for r < —1; (3+71)/2, for —3<r<—1;
bol(r)=<¢ (1+7)/2, for —1<r<1; and b;'(r)=1 1, for —1<r<1,;
1, forr >1 (3—=r)/2, forl<r<3;
0, for r > 3,

which is shown in Fig. 2.1.
A finite-level soft-demapping is simply a stair-cased approximation of by*(-) and b;*(-)
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Figure B.1: 16QAM consteéllationith Gray code applied in 802.11a/g.

that combines the metric with quantizatiom:mAn example of stair-cased approximation for
eight-level quantization is illustrated in'Fig. B.2; where values of demapping function have
been multiplied by seven for implementation convenience (3-bit quantization). In this case,

0 and 7 represent the code bits 0 and 1, respectively, in the calculation of Euclidean metrics.

B.2 Soft-demapping Metric of 64QAM Modulation

According to the constellation of 64QAM (cf. Fig. B.3), when Gray code mapping is applied
to 16QAM modulation, where s(0,0,0) = =7, s(0,0,1) = =5, s(0,1,1) = —3, s(0,1,0) =
-1, s(1,1,0) = 1, s(1,1,1) = 3, s(1,0,1) = 5 and s(1,0,0) = 7, the inverse mapping for
the first bit position is by *(=7) = 0, by ' (=5) = 0, by (=3) = 0, by (1) = 0, by *(1) = 1,
by'(3) = 1, by'(5) = 1 and by '(7) = 1; Similarly, the inverse mapping for the second
bit position can be obtained as b;*(=7) = 0, b;'(=5) = 0, b;'(=3) = 1, by (~1) = 1,
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Figure B.2: 8-level stair-case approximation to by'(-) and b;'(-).

byY(1) = 1, b7'(3) = 1, by'(5) = 0 and B (7)s= 0, and for the third bit position as
bgl(_’?) = 07 b51<_5) = 17 bgl(—?)) = 17 b2_1(_1) = 07 bgl(l) = 07 651(3) = 17 651(5) =1
and b,*(7) = 0. According to these specified inverse mapping values, we can then form three

continuous demapping functions as:

0, for r < —5;
0, for r < —1; (5+47r)/2, for =5 <r< =3;
bol(r)=<¢ (1+47)/2, for —1<r<1; and b'(r)=1 1, for —3 <r <3;
1, forr > 1 (5—r)/2, for3<r<b;
0, for r > 5.
(0, for r < —7;
(7+7r)/2, for —7<r< -5
1, for —5<r < —3;
(=1—r)/2, for —3<r<—1,;
by'(r) =14 0, for —1<r<1,;
(=1+4+7r)/2, for 1 <r<3;
1, for 3 <r < b;
(7—r)/2, for5<r<T,
L 0, for r > 7,
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which is illustrated in Fig. B.4.

A finite-level soft-demapping is simply a stair-cased approximation of by*(-), b;*(+) and
by '(-) that combines the metric with quantization. An example of stair-cased approximation
for eight-level quantization is illustrated in Fig. B.5, where values of demapping function
have been multiplied by seven for implementation convenience (3-bit quantization). In this
case, 0 and 7 represent the code bits 0 and 1, respectively, in the calculation of Euclidean
metrics. Similar design rule can be easily extended to the higher QAM modulations and

other modulation signal mapping such as 256(QQAM and 1024QAM modulations.
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Figure B.3: 16QAM constellation with Gray code applied in 802.11a/g.
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Figure B.4: The metrie values of 'Soft-demap for 64QAM.
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Figure B.5: 8-level stair-case approximation to by '(-) , by *(-) and by ().
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Appendix C

Theoretical Performances and
Simulations of QAM Modulation over

AWGN and Rayleigh Flat Fading
Channels

In this appendix, we discuss the:performance with QAM modulation without coding to
assure that our system is consistent with theoretical performance of QAM modulation under
AWGN and Rayleigh flat fading channels:7Then we want to figure out the relationship
between bit error rate and symbol error rate under the AWGN and Rayleigh flat fading

channels.

C.1 Theoretical Performances of QAM Modulation over
AWGN Channel

For rectangular signal constellations in which M = 2% where k is even, the QAM signal
constellation is equivalent to two PAM signals on quadrature carriers, each having v M =
2k/2 signals points. Since the signals in the phase-quadrature components can be perfectly
separated at the demodulator, the probability of error for QAM is easily determined from

the probability of error for PAM [8]. Specifically, the probability of a correct decision for the
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M-ary QAM system is

Peorrect = (1 - j:)\/ﬂ)2

where P ;7 is the probability of error of an v/ M-ary PAM with one-half the average power
in each quadrature signal of the equivalent QAM system. By appropriately modifying the

probability of error for M-ary PAM, we obtain

1 3 K
) - Q( mﬁo)

Es
No

the M-ary QAM is

where is the average SNR per symbol. , Therefore, the probability of a symbol error for

Psymbol =71 — (1 _-P\/]W)2

Note that this result is exact for M = 2% when k is odd, there is no equivalent v/ M-ary
PAM system. If we employ the optimum detector that bases its decisions on the optimum
distance metrics, it is relatively straightforward to show that the symbol error probability is

tightly upper-bounded as:

Puymbol = 1—[1—2(1_\/%).@( MB_1%)]2
< 1—[1-2Q( M?’_l%)]z
< 40 %%)
= 4Q( Mgfl%)
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Figure C.1: Symbol error probability versus E,/Ny for QAM modulations under the AWGN
channel.

% is the average SNR per bit. The probability of a symbol error

For any k£ > 1, where
is plotted in as a function of the average SNR per bit. Fig. C.1 shows the symbol error rate

probability of theory and our simulations.

C.1.1 Bit Error Probabilities from Symbol Error Probabilities un-
der AWGN Channel

In this subsection, we want to discuss the relationship between symbol error rate and bit

error rate [9]. To compute an equivalent bit error probability, or bit error rate (BER), from
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a symbol error probability, two approaches may be taken depending on the structure of the

signal space and the mapping of the signal space points into equivalent bit sequences.

In the first case, we assume that in going from one signal point to an adjacent signal
point, only one bit in the binary word representing the signal point changes. Such is the
case, for example, with M-ary PSK if a Gray code is used to identify the signal points, or in
the case of QAM as shown with the mapping in Fig. B.1 and Fig. B.3. Since the probability
of mistaking an adjacent signal point for the actual signal point is a more probable error than
is that of mistaking it for a nonadjacent signal point, assuming P; is small, it follows that the
most probable number of bit errors for each symbol error is one. Since there are k = log, M
bits represented by each symbol in an M-ary system, it follows that the bit error probability

is related to the symbol error probability ferisystems where the above assumptions hold by

P

Py
| log; M

Another intuitive approach is to record the' distribution of the numbers of error bits in
each error symbols. If we know the distribution of these numbers of error bits, we can use

formula to derive the bit error probability from the symbol error probability.

P
_ _S § ; k
Pb - L pa v* Perror (Cl)

(C.2)

Table C.1 to Table C.5 record the simulation results and the theoretical values, we can
find that the bit error rates derived from symbol error rates really can simplify (C.2) to

P, = P;/logaM in AWGN channel.
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Table C.1: Symbol error rates of theory and simulation are consis-
tent, and the bit error rate of simulation result also conforms to the
distributions of the bit error numbers in the error symbols. Formula

Pb:(l*Plbit +2>(<P2bit

error

error

)*Ps/2

Qpsk under AWGN channel
Theory Simul. Stmul. 1bit 2bit Formula.
Eb/NO Ps Ps Pb Perror Perror Pb

5 0.0118723 0.01177 | 0.005904 0.99670 0.00329 0.005904
5.5 0.00770955 | 0.00768 | 0.003847 | 0.998031556 | 0.001968444 | 0.003847559
6 0.00477088 | 0.004768 | 0.002386 | 0.998871242 | 0.001128758 || 0.002386691
6.5 0.00279765 | 0.00279 | 0.001395 | 0.999586312 | 0.000413688 || 0.001395577
7 0.00154475 | 0.001532 | 0.000767 | 0.999720093 | 0.000279907 | 0.000766214
7.5 0.000797434 | 0.000796 | 0.000399 | 0.999830592 | 0.000169408 | 0.000398067
8 0.000381779 | 0.000378 | 0.000189 | 0.999959639 | 4.03608E-05 || 0.000189008
8.5 0.000167992 | 0.00017 | 0.000085 | 0.999927078 | 7.29217E-05 || 8.50062E-05

9 6.72533E-05 | 0.000066 | 0.000033.14 5, 1 0 0.000033

9.5 2.42176E-05 | 0.000022 | +0.000011 |~ 1 0 0.000011

10 0.00000774 | 0.000008 = 0000004 |+ =1 0 0.000004

10.5 0.00000216 | 0.00000227 0:0000011 1 0 0.0000011

C.2 Theoretical Performances of QAM Modulation over
Rayleigh Flat Fading Channel

The symbol error probability for QAM modulations was found in last subsection to be of

the form :

Psymbol,QAM = 1- (1 - p\/ﬁ)2 (03)

where P 7 is the symbol error probability of v/ M-ary amplitude-shift keying given by
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Table C.2: Symbol error rates of theory and simulation are consis-
tent, and the bit error rate of simulation result also conforms to the
distributions of the bit error numbers in the error symbols. Formula
Pb:(l*Plbit +2*P2bit +3*P3bit _|_4>I<P4bit ) *Ps/4

EerTror error error Eerror

16QAM under AWGN channel
Theory Simul. Simul. 1bit 2bit 3bit Formula.
Eb/NO Ps Ps Pb Perror Perror Perrm" Pb
5 0.160549 0.16004 0.041755 | 0.95637 | 0.0436 | 1.3E-06 || 0.041755
6 0.108378 0.107968 0.027767 | 0.97129 | 0.0287 0 0.0277668
7 0.0667155 0.066512 0.016914 | 0.98278 | 0.0172 0 0.016914
8 0.0366468 0.036504 0.00922 0.99083 | 0.0091 0 0.009209
9 0.0174842 0.017428 0.004376 | 0.99567 | 0.0043 0 0.004376
10 0.00700429 0.006956 0.001742 | 0.99835 | 0.0016 0 0.001742
11 0.00225755 0.002256 0.000564 | 0.99942 | 0.0005 0 0.0005643
12 0.000554558 | 0.000552 0.000138 | 0.99976 | 0.0002 0 0.000138
13 9.69328E-05 | 0.000096 | 0:000024s., 1 0 0 0.000024
14 1.10528E-05 | 0.00001084 000000271, 1 0 0 0.00000271
! 3 L,
Py =2(1- \/_M) 0 mﬁo) (C.5)

For large E}/Ny, the second term in (C.4) is much smaller than the first term, bur we

will include both terms in proper integral expressions are given for both Q(x) and@?(x) as

. /2 12 1 /4 .1'2
Q(z) = —/0 e:ﬁp(—m)dﬁb and  Q*(x) = ;/O ew)(_Qsin2 gb)dqb

then we can obtain the symbol error rate under the Rayleigh flat fading channel:
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Table C.3: Symbol error rates of theory and simulation are consis-
tent, and the bit error rate of simulation result also conforms to the
distributions of the bit error numbers in the error symbols. Formula

Pb:(l*Plf”:t .+2*P2bit +3*P3bit +4>(<P4bit +5*P5bit —|—6*P61,”:t )*P5/6
64QAM under AWGN channel
Theory | Simul. Simul. 1bit 2bit 3bit 4bit Formula.
Eb/NO Ps Ps Pb Perror Perror Perror Perror Pb
5 0.50875 | 0.5082 | 0.1007 | 0.816 | 0.181 | 0.0038 | 2.29E-05 | 0.1006
8 0.28928 | 0.2886 0.052 | 0.915 | 0.0851 | 4.8E-05 0 0.0522
10 | 0.15286 | 0.1524 | 0.0264 | 0.959 | 0.0412 | 6.7E-07 0 0.02641
11 0.09873 0.0985 0.0168 0.974 | 0.0258 0 0 0.01683
12 0.05749 0.0573 0.0097 0.985 | 0.0149 0 0 0.00969
13 0.02945 0.0294 0.0049 0.993 | 0.0076 0 0 0.00493
14 0.01288 | 0.01286 0.00215 | 0.996 | 0.00358 0 0 0.00215
15 0.00463 | 0.004596 | 0.000767 | 0.998 | 0.00130 0 0 0.000767
16 0.00130 | 0.001296 | 0.000216210:999, | 0.00052 0 0 0.0002161
17 0.000267 | 0.000268 | 0.0000448 ] N 0 0 0 0.0000448
18 3.8E-05 | 0.000038 | 0.0000063" |- -1 0 0 0 0.0000063
_ 4 1 w2 1
P Ragtoigh = —(1 — ——= —
1 /4 1
-y | 5o
Vi )y 1+20°B(¢)
where
E, 3 1
20% = A and B(¢) =

0

2(M — 1) sin® ¢

Another way to analyze the symbol error rate under the Rayleigh flat fading channel can

be easier understood as follows. The frequency-nonselective channel results in multiplicative

distortion of the transmitted signal s;(t), the received equivalent low-pass signal in one

signaling interval is
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ri(t) = ae s (t) + 2(t), 0<t<T

where Z(t) represents the complex-valued white Gaussian noise process corrupting the signal.
Let us assume that the channel fading is sufficiently slow that the phase shift ¢ can be
estimated from the received signal without error. In that case, we can achieve ideal coherent
detection of the received signal. Thus, the received signal can be processed by passing it
through a matched filter in the case of M QAM systems. One method that we can use to
determine the performance of the binary communication systems is to evaluate the decision
variables and from these determine the probability of error. However, we have already done
this for a fixed (time-invariant) channel. That is, for a fixed attenuation o we know the

probability of error for M QAM modulation as

Psymbol,QAM(’Yb) =1-= (1 i P\/M(’Yb))2

=P () — Porr(w)

Pan) = 201 = —=) - Q0 57— )

where v, = a?E,/Ny. We view this formula as conditional error probabilities, where the
condition is that « is fixed. To obtain the error probabilities when « is random, we must

average the probability density function of ~,. That is, we must evaluate the integral

Ps,Rayleigh = / Psymbol,QAM(’Yb) : p(%)d%
0

where p(7;) is the probability density function of 4, when « is random. When « is Rayleigh-
distributed, o has a chi-square probability distribution with two degrees of freedom. Con-

sequently, 7, also is chi-square-distributed. It is easily shown that
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where 7, is the average signal-to-noise ratio, defined as

- _ ks
o = FOE(CYQ)

The term E(a?) is simply the average value of a?. Fig. C.3 shows the symbol error rate
probability of theory and our simulations under the Rayleigh flat fading channel. Fig. C.4
shows the symbol error rate probability of theory and our simulations under the Rayleigh

flat fading channel and AWGN channel.

C.2.1 Bit Error Probabilities from Symbol Error Probabilities un-
der Rayleigh Flat:Fading Channel
P,

o3 bo derive-the-bit error rate from already known symbol
g2

Traditionally, we can use P, =
error rate. But after we scrutinize the records about the number of error bits in the error
symbols, we find it is a slight distortion in this method. Table C.6 to Table C.10 record the
simulation results and the theoretical values under the Rayleigh flat fading channel. Fig. C.5
shows the bit error rate probability of traditionally method and our simulations under the
Rayleigh flat fading channel. Finally, we can get such a conclusion about the relationship
between symbol error rate and bit error rate. With the higher of the Ej /Ny, the inferential

lines of bit error rate will get closer to the real simulations.
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Figure C.3: Symbol error probability versus Ej,/Ny for QAM modulations under the Rayleigh
flat fading channel.
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Figure C.4: Symbol error probability versus E,/Ny for QAM modulations under the AWGN

and Rayleigh flat fading channels.
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Bit error probability versus Ej/Ny for QAM modulations under the Rayleigh
flat fading channel.
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Table C.4: Symbol error rates of theory and simulation are con-

sist

ent,

and the bit error rate of simulation result also con-

forms to the distributions of the bit error numbers in the er-

ror

symbols.

error error

Formula P,=(
+5*P5bit _|_6>I<P6bit +7>{<P7bit _|_8*P8bit

Eerror

error

)*Ps/8

error

error error

1*p1bit +2*P2bz‘t +3*P3bit +4>I<P4bit

error

256QAM under AWGN channel

Theory Simul. Simul. 1bit 2bit
Eb/NO Ps Ps Pb Perror Perror
5 0.796408 0.796288 0.159249 | 0.524451866 | 0.363660629
10 0.525592 0.525096 0.078498 | 0.807792762 | 0.188496301
13 0.294254 0.293576 0.039895 | 0.912897653 | 0.087065499
16 0.0967384 0.096488 0.012367 | 0.974652612 | 0.025347388
17 0.0552126 0.054976 0.006969 | 0.985916955 | 0.014083045
18 0.0275839 0.027488 | . 0.00346 0.992863877 | 0.007136123
19 0.0116892 0.011624 0.001457 | 0.996845038 | 0.003154962
20 0.00403837 0.004016 -[70:000502 | 0.999085616 | 0.000914384
21 0.00108161 0.00108 0.000135~ 1 0
22 0.000210678 | 0.000208 0.000026 -, 1 0
23 2.75209E-05 | 0.00002744-0-00000343 1 0
3bit 4bit 5bit 6bit Formula.
Perror Perv'or PET’I"OT' P€7‘7'O'I' Pb
0.09990847 | 0.011483004 | 0.000489566 | 6.46566E-06 | 0.159249356
0.00369191 | 1.90269E-05 0 0 0.07849773
3.68475E-05 0 0 0 0.039894747
0 0 0 0 0.012366715
0 0 0 0 0.006968779
0 0 0 0 0.00346052
0 0 0 0 0.001457584
0 0 0 0 0.000502459
0 0 0 0 0.000135
0 0 0 0 0.000026
0 0 0 0 0.00000343
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Table C.5:

sistent,

and the

Symbol error rates of theory and simulation are con-

bit error rate of simulation result also con-

forms to the distributions of the bit error numbers in the er-

ror

symbols.

Formula

Pb:(

error

error

+5*P5bz‘t +6>}<P6bit +7*P7bit +8*P8bz‘t +9>1<P9bit +10*P10bit

error

error

error

error

error

error

1>|<p1bit +2*P2bit _|_3>|<P3bit +4>|<P4bit

error

error

)¥P,/10

1024QAM under AWGN channel
Theory Simul. Simul. 1bit 2bit
Eb/NO Ps Ps Pb Perror Perror
5 0.930807 0.93078 | 0.21471 | 0.2518 | 0.3526
10 0.814896 0.81463 0.1333 | 0.5022 | 0.3738
15 0.544463 0.54379 | 0.065679 | 0.7965 | 0.1991
17 0.389009 0.38832 | 0.043626 | 0.8768 | 0.1229
20 0.161122 0.16062, | 0.016765 | 0.9579 | 0.0421
23 0.0299324  |40:02982 1:0.003004 | 0.9924 | 0.0076
25 0.00449938:3 0.0044274°,0.000443 | 0.9986 | 0.0014
26 0.00122714 |_0.00123" [+ 0:000123 | 0.9997 | 0.0003
27 0.000244515 [70.00024 | "0.000024 1 0
28 3.28644E-05 | 0:000032--0.0000032 1 0
3bit 4bit S5bit 6bit Thit 8bit Formula.
PGTTOT PET"I'OT PGTT'OT' P@TTOT’ Pe?'TOT PGT'TOT Pb
0.2612 0.108 0.0239 | 0.0023 | 2.94E-05 | 9.0E-08 || 0.214710
0.1097 0.0136 | 0.00065 | 1.1E-05 0 0 0.1333
0.0043 | 2.43E-05 0 0 0 0 0.065679
0.00027 0 0 0 0 0 0.04363
5.29E-07 0 0 0 0 0 0.01674
0 0 0 0 0 0 0.003004
0 0 0 0 0 0 0.0004426
0 0 0 0 0 0 0.000123
0 0 0 0 0 0 0.000024
0 0 0 0 0 0 0.0000032
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Table C.6: Symbol error rates of theory and simulation are consis-
tent, and the bit error rate of simulation result also conforms to the
distributions of the bit error numbers in the error symbols. Formula

P=(

error

1*P1bit +2*P2bit )*PS/Q

error

Qpsk under Rayleigh flat fading channel

Theory Stmul. Stmul. 1bit 20t Formula.
Eb/NO Ps Ps Pb Perror Per’r‘or Pb

) 0.115273 0.115478 | ,0:064282 | 0.88663 | 0.11336 || 0.064284675
6 0.0954077 0.0953711 0.052986+, 0.88878 | 0.11121 || 0.052988928
7 0.0784119 0.078294 - 0.043447 1:0.89024 | 0.10975 || 0.043443673
8 0.0640557 0.063994 0.03543 +|'0:88993 | 0.11006 || 0.035518684
10 0.0421319 0.042121 | 0:02326 0}89514 0.10485 || 0.023268879
13 0.0219135 0.021927 £40:01207 | 0.89884 | 0.10115 || 0.012072564
15 0.0140236 0.014034+. | 0.00772+.40.89988 | 0.10011 || 0.007719519
18 0.00711514 | 0.007116 “{70:003917 | 0.89914 | 0.10085 | 0.003916836
20 0.00451 0.004498 0.002476 | 0.89830 | 0.10169 || 0.002477711
23 0.00226926 0.002243 0.001234 | 0.89935 | 0.10064 || 0.001234376
25 0.0014339 0.001433 0.000788 | 0.90022 | 0.09977 || 0.000787991
30 0.000454217 | 0.000451 0.000248 | 0.90251 | 0.09748 || 0.000247482
35 0.000143714 | 0.000145 0.00008 | 0.90138 | 0.09861 | 7.96496E-05
40 4.54541E-05 |  0.000047 | 0.000026 | 0.90298 | 0.09701 || 2.57797E-05
45 1.43746E-05 | 0.0000144 | 0.0000073 1 0 0.0000072
50 0.000004545 | 0.00000454 | 0.0000023 1 0 0.00000227
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Table C.7: Symbol error rates of theory and simulation are consis-
tent, and the bit error rate of simulation result also conforms to the
distributions of the bit error numbers in the error symbols. Formula

Pb:(l*Plbit +2*P2bz't _|_3*P3bit +4>I<P4bit

error

error

error

Eerror

) *Ps/4

16QAM under Rayleigh flat fading channel

Theory Simul. Sinul . 1bitt-| 2bit 3bit 4bit Formula.
Eb/NO Ps Ps ; Pb ] Pé?t"r'or ; Perror Perror Perror Pb

> 0.3138 0.3138 2 0:10355] '(:):743 0,207 | 0.044 | 0.0067 0.103
10 0.1346 0.13456 = 0.042° 4-0.785 | 0:176 | 0.034 | 0.0051 0.042
15 0.04810 0.0481 | %0.0149m9r0:801 |70.164 | 0.030 | 0.0045 0.0149
20 0.015870 | 0.01587 | 0:00488 | 0.807.F0.159 | 0.029 | 0.0043 | 0.00488
25 0.005088 | 0.00509 0.001567170.8068 | 0.159 | 0.029 | 0.0042 || 0.001563
30 0.001616 | 0.001615 | 0.000496 | 0.808 | 0.158 | 0.029 | 0.0045 || 0.0004963
35 0.000512 | 0.000514 | 0.000158 | 0.809 | 0.159 | 0.028 | 0.0041 || 0.000158
40 0.000162 | 0.000162 | 0.00005 | 0.809 | 0.156 | 0.029 | 0.0054 || 4.99E-05
45 5.12E-05 | 0.0000513 | 0.000015 | 0.808 | 0.157 | 0.031 | 0.0047 || 1.52E-05
50 1.62E-05 | 0.0000161 | 0.000005 | 0.810 | 0.157 | 0.028 | 0.0054 || 4.97E-06
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Table C.8: Symbol error rates of theory and simulation are consis-
tent, and the bit error rate of simulation result also conforms to the
distributions of the bit error numbers in the error symbols. Formula
Pb:(l*Plbit +2*P2bz't +3*P3bit +4*P4bz‘t +5*P5bit +6>!<P6bit )*PS/G

error error error error error error

64QAM under Rayleigh flat fading channel
Theory Simul. Simul. 1bit 2bit

Eb/NO Ps Ps Pb Perror Perror
5 0.586 0.585 0.1534 | 0.5988 | 0.2729
10 0.327 0.3276 0.0767 | 0.7013 | 0.2183

15 0.1376 0.1378 0.0307 | 0.7485 | 0.1885
20 0.0487 0.04868 0.0106 | 0.7655 | 0.1777
25 0.01599 | 0.015968 0.0035 | 0.7713 | 0.1744
30 0.00512 | 0.005117 0.0011 | 0.7728 | 0.1727
35 0.00163 | 0.008626°42,0.00035 | 0.7729 | 0.1730
40 0.000515 | ,0.000515_| .0:00011 | 0.7733 | 0.1729
45 0.000163 J= 0.000161 - ~0:000035 | 0.7761 | 0.1689
50 5.15E-054 0.0000515 ¢ 0.000011 | 0.7738 | 0.1731
95 1.63E-054 0.0000163 | 0.0000037 | 0.7738 | 0.1739

3bit 4bit 5bit 6bit Formula.
PGTTOT‘ P@TT'O'T' PGTT‘OT‘ Perrm' Pb

0.09227 | 0.0290 | 0.00617 | 0.000647 | 0.15337
0.05885 | 0.0173 | 0.00366 | 0.000385 0.0767
0.04621 | 0.0135 | 0.00279 | 0.000291 || 0.03066
0.04198 | 0.0120 | 0.00251 | 0.000211 || 0.01062
0.03996 | 0.0116 | 0.00230 | 0.000253 || 0.003479
0.04008 | 0.0116 | 0.00235 | 0.000264 | 0.001107
0.03978 | 0.0115 | 0.00242 | 0.000251 | 0.000351
0.03990 | 0.0112 | 0.00235 | 0.000214 || 0.0001112
0.04037 | 0.0119 | 0.00225 | 0.000341 || 3.478E-05
0.03892 | 0.0109 | 0.00295 | 0.000210 || 1.11E-05
0.03582 | 0.0142 | 0.00208 0 3.68E-06
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Table C.9: Symbol error rates of theory and simulation are con-

sistent,

and the bit error rate of simulation result also con-

forms to the distributions of the bit error numbers in the er-

ror symbols. Formula Py=(1*PLit 4 oxp2bit | 3k psbit 4 px pabit
+5*Pe5rb7§f)r+6*Pe€¥)ZZr+7*nggér+8*P§rngr>*PS/S
256QAM under Rayleigh flat fading channel
Theory Stmul. Simul. 1bit 2bit
Eb/NO Ps Ps Pb Perror Perror
5 0.8147 0.8142 0.20457 | 0.40587 | 0.3224
10 0.6039 0.6038 0.124213 | 0.57388 | 0.2760
15 0.3357 0.335514 | 0.060935 | 0.68268 | 0.2230
20 0.1403 0.140212 | 0.02409 | 0.73135 | 0.1947
25 0.04948 | 0.049482 | 0.008322 | 0.74988 | 0.1833
30 0.0162 0.01617, .| 0.00271 | 0.75316 | 0.1813
35 0.005197 | 0005208 | “0.000868 | 0.75689 | 0.1798
40 0.0016499 £20.00165/70.000275 | 0.75557 | 0.1802
45 0.000522 =} 0.000521 1 ~0.000087 | 0.76042 | 0.1757
50 0.00016525:f 0.000163°{" 0.000027 | 0.75598 | 0.1772
55 0.0000522 =10.000052+-0:-00000864 | 0.76371 | 0.1697
3bit 4bit bbit 6Dt Thit 8bit Formula.
Pev'rm" PST‘T'OT' PETTOT PET‘TOT’ PST‘TOT' P@?"T’O'f’ Pb
0.1678 | 0.07210 | 0.024518 | 0.006103 | 0.001036 | 9.577E-05 0.20456
0.0987 | 0.03668 | 0.011366 | 0.002756 | 0.000454 | 4.718E-05 0.12421
0.0635 | 0.02206 | 0.006755 | 0.001563 | 0.000265 | 2.197E-05 0.06093
0.0502 | 0.01709 | 0.005086 | 0.001254 | 0.000197 | 2.207E-05 0.02408
0.0454 | 0.01547 | 0.004635 | 0.001050 | 0.000159 | 1.298E-05 0.00832
0.0450 | 0.01474 | 0.004607 | 0.000998 | 0.000151 | 2.269E-05 0.00270
0.0430 | 0.01472 | 0.004203 | 0.001094 | 0.000150 | 1.765E-05 0.00086
0.0440 | 0.01433 | 0.004239 | 0.001132 | 0.000388 | 3.236E-05 || 0.000276
0.0440 | 0.01437 | 0.004132 | 0.001086 | 0.000191 0 8.661E-05
0.0456 | 0.01570 | 0.004591 | 0.000865 0 0 2.726E-05
0.0482 | 0.01324 | 0.004006 | 0.000890 | 0.000222 0 8.6397E-06

161




Table C.10: Symbol error rates of theory and simulation are
consistent, and the bit error rate of simulation result also con-
forms to the distributions of the bit error numbers in the er-
ror symbols. Formula BP,=(1*PLbit 4o%p2bit | 3% p3bit | gx pabit

+5*P5bit +6*P6bit _|_7>I<P7bit +8*P8bit _|_9>|<P9bit —f-lO*PlObit)*Ps/lO

error error Eerror error ETrTor error

1024QAM under Rayleigh flat fading channel

Theory Simul. Simul. 1bit 2bit 3bit 4bit
Eb/NO Ps Ps Pb Perror Pem’or Perror Perror
) 0.93409 0.93452 | 0.249104 | 0.21634 | 0.29135 | 0.24568 | 0.14653
10 0.830626 | 0.830518 | 0.174076 | 0.38368 | 0.31989 | 0.17357 | 0.07949
15 0.63 0.62 0.104901 | 0.55868 | 0.27850 | 0.10275 | 0.04025
20 0.347162 | 0.347162 | 0.051435 | 0.75743 | 0.19155 | 0.04178 | 0.00785
25 0.1457 0.14557 0.02031 | 0.72314 | 0.19776 | 0.05169 | 0.01874
30 0.05148 | 0.051408 | 0.00701 | 0.74331 | 0.18509 | 0.04710 | 0.01665
35 0.0169 0.01685 | 0.002285, | 0.74860 | 0.18076 | 0.04694 | 0.01645
40 0.00541 0.00544 | 000074 1:0:74693 | 0.18337 | 0.04618 | 0.01622
45 0.001718 | 0.001725 4+ 0,000234 4 0.74911 | 0.17974 | 0.04710 | 0.01488
50 0.000544 | 0.000546:| _0.000074" }10.75246 | 0.17900 | 0.04723 | 0.01525
55 0.000173 | 0.000175{ "0-000024" | 0.75143 | 0.18122 | 0.04318 | 0.01567
60 0.0000544 | 0.000054} 0.00000/5-+0.75L36 | 0.18865 | 0.03816 | 0.01672
Sbit 6but Thit 8bit bt 10bit Formula.
P@’I”T’OT’ Perror P@T’T’OT’ P@T’T’OT’ PE'I"TOT’ PCT'T’OT Pb
0.06771 | 0.02408 | 0.00675 0.001305 0.000217 | 1.189E-05 0.24905
0.03040 | 0.00973 | 0.00258 0.000550 8.0586E-05 | 4.78E-06 0.17406
0.01413 | 0.00432 | 0.00108 0.000223 3.119E-05 2.5E-06 0.10485
0.00120 | 0.00015 | 1.59E-05 | 1.827E-06 1.073E-07 0 0.0518
0.00618 | 0.00184 | 0.000512 | 0.000104861 | 1.39E-05 0 0.02031
0.00567 | 0.00162 | 0.000445 | 8.416E-05 9.35E-06 0 0.00700
0.00522 | 0.00147 | 0.000457 | 4.428E-05 2.95E-05 0 0.00228
0.00566 | 0.00135 | 0.000218 | 4.361E-05 0 0 0.00073
0.00707 | 0.00171 | 0.000244 0.000122 0 0 0.00023
0.00438 | 0.00131 | 0.000302 | 5.035E-05 0 0 7.346E-05
0.00591 | 0.00175 | 0.000799 0 0 0 2.365E-05
0.00327 | 0.00109 | 0.000727 0 0 0 7.225E-06
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