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Real-Time Analytical Volumetric Shadows Algorithm

Student: Jan Weng Advisor: Prof. Zen-Chung Shih

Institute of Multimedia Engineering
National Chiao Tung University

ABSTRACT

In this thesis, we propose an-analytical approach to compute the radiative
transport equation of volumetric shadows. Our approach.can achieve a more realistic
result than using numerical methods. In this approach, a new sampling method is
applied to the shadow region, which can reduce-the computation for the analytical
radiative transport equation. A scene can be considered as consisting of two parts,
with and without participating media respectively. We only need to downsample the
past with participating media, and calculate its radiance by using the simplified
analytical radiative transport equation. Finally, we combine these two parts by using a
bilateral filter. Compare to other techniques, our algorithm relies neither on
pre-computation nor on storage. For a scene with anisotropic participating media, we
can achieve interactive frame rate. For a scene with isotropic participating media, its

performance can be real-time.

II



Acknowledgements

First of all, I would like to thank my advisors, Dr. Zen-Chung Shih for their
supervision and helps in this work. Then I want to thank all the members in Computer
Graphics & Virtual Reality Laboratory for their comments and instructions. I want to
dedicate the achievement of this work to my family. Without their support, I couldn’t

fully on my study.

III



Contents

B B e, I
N 0] 2 2 T2 II
ACKNOWIEd@EMENTS. ...\ttt I
L0511 41 2t v
LSt Of FagUICS. .ottt e VI

Chapter 1 Introduction............ocviiuiiiiiiiiii it e e ]

| LY (751215 ) s D 1
L 0 205 ¥ T P 3
1.3 Thesis Organization............c.eeueerteneenreenteteaneatenteaeeeeieensaneeennns 6
Chapter 2 Related Work........ ..o 7
2.1 Volumetric ShadOows. ... . oooeii i i e e e i et 7

PRI T 1115 01 11O e S v s SO P UUUOPRPPPPPRPRRRNE

Chapter 3 Background Knowledge. ... ....c.iiii ot i, 11
R BN 010 4 0110 ) D S S SRS 12

3.2 OUL-SCAEIING. . oot tettt ettt e et et e et e re e e e e e nee e 14

3.3 IN-SCAtEIING. .. c.eeet et e 15
Chapter 4 AlOrithm..........cooiiiii i e 18
4.1 Shadow RegION. ......ouiiiii i 19

4.2 Radiative Transport €qUation. .........o.ueeuriiieeenneeeteenneeeteiaeeenneennans 25

4.3 Analytical Approach to Scattering..............ccoceiiiiiiiiiiiiiiiiniiienn 26
4.3.1 First Analytical Formulation..................ccoiiiiiiiiiiiiiieene. 27

4.3.2 Second Analytical Formulation..................ooooiiiiiiii.. 29

4.3.3 Combined Formulation...............coeieiiiiiiiiiiiiiiiiiieeeene 30

4.4 Reformulation .........cooouiiiiiiii e 32

v



Chapter 5 Implementation and Results..............ooevniiiiiiiiiiiiiiiieean,

Chapter 6 Conclusions and Future Works. ...,

References

v

\ 796




List of Figures

Figure 1.1 The region between d,and ds istoo dark..................... . 2
Figure 1.2 Ray marching produce aliasing...............ooeviiiiiiiiiiiiiiiniiiienneenennn, 2
Figure 1.3 The SyStem OVEIVIEW........c.ovuiinuiieiiiiitt e eee e 3

Figure 1.4 (Left) Only render participating media effects, (Right) a general scene....4

Figure 1.5 Shadow region..........coieiiiiiiiii i 5
Figure 1.6 Samples in a shadow region .............cooeviiiiiiiiiiiiiiiiiiiineennens, 5
Figure 2.1 The result of Dobashi et al. [8]..........ccoiiiiiiiiiii . 7
Figure 2.2 The result of Biri et al. [11].......coiiiiiiiiii e 9
Figure 2.3 Visualization of the absolute error mapped to hue (from blue to red)...... 10

Figure 3.1 Absorption and out-scattering reduce radiance, emission and in-scattering

add 1adianCe. ... ..o e T 11
Figure 3.2 Absorption effect...... .t et 12
Figure 3.3 Microcosmic light effect. i et 13
Figure 3.4 The out-scattering effect..............ooeiiiiiiiiiiii e 14
Figure 3.5 The light ray shots to a particle and reflects to eyes........................ 15
Figure 3.6 A single inScattering €VeNt...........vvuviiuiirieitiiitetanieaeeiteaneeeennnn 16
Figure 4.1 Types of @ sample........coooiiiiiiiii e 19
Figure 4.2 General SCENE........c.uiieiiiitiii i e 20
Figure 4.3 A sampling STtUAtION. .........oitiiiiiii i e 22
Figure 4.4 Three types of @ ray......covivuiiiiiiiii i e 22
Figure 4.5 Lit 1egions Of @ 1ay.......ooeiitiiiiiii e 23
Figure 4.6 Single-SCattering. ... ....o.uvuieniitiit ittt et 23
Figure 4.7 Shadow vOIUME..........oouiiiiiiii i 24

VI



Figure 4.8 Light’s projection onto @ ray.........coeevrieieiriirieianieaeenneaneeeennnn 31

Figure 4.9 Combined formulation.................coiiiiiiiiiiiiiiiii 32
Figure 4.10 Complex-valued exponential integral...................cooiiiiiiiiiinn. 32
Figure 4.11 Reformulation............cooiiiiiiiiiii e 33
Figure 5.1 Final results-1.......cooiiiiiiiiiii e 35
Figure 5.2 Final 1results-2. .. ..ot 36
Figure 5.3 Final results with a anisotropic phase function............................... 37
Figure 5.4 Dark and light regions are interlaced......................ocoiiiin.. 38

vl



Chapter 1
Introduction

1.1 Motivation

Realistic rendering is of concern to the movie and gaming industries. However,
efficiently simulating accurate radiance transport in participating media is a
challenging task until today. Computer graphics make simplifying assumptions about
scenes to maintain interactivity. One common assumption limits light interactions to
surfaces, ignoring contributions. from light scattered by particles in the air, which
means that radiance is constant along rays between surfaces. However, there are many
real-world situations where" this assumption is inaccurate, like scattering from

particles in the air, fog, a shaft'of light or volumetric shadows.

Recently introduced interactive methods, Sun et al. [1], more realistically
account for single scattering effects. However, these approaches ignore volumetric
shadowing where occluders block light from scattering in shadow regions. Volumetric
effects have been well studied in the context of offline rendering. While Monte-Carlo
techniques or volumetric photon mapping produces volumetric effects, these methods
require extensive computation. Wyman et al. [2] propose an algorithm to obtain
volumetric shadows, and compute radiance by Sun et al. [1]. Compare to Sun et al. [1],
Pegoraro et al. [3] produce a robust result. Pegoraro et al. [3] present a novel
analytical approach to single scattering in isotropic participating media. Furthermore,

Pegoraro et al. [4] present an analytical approach to single scattering in anisotropic



participating media. However, the computation of the analytical approach is more

expensive than other approaches in volumetric shadows.

In our approach, based on Wyman et al. [2] and Pegoraro et al. [3] [4], we
propose a new sampling method in the shadow region and reduce analytical radiative
transport equation. The FPS of Pegoraro et al. [4] is low in the volumetric shadowing
scene which contains anisotropic media. In our approach, the performance can be
interactive in the same situation. Compare to other real-time approach, our approach
sacrifices few performance to obtain a better result, but it is still real-time in isotropic

media, interactive in anisotropic media.

Researchers have proposed. a number of methods for interactive volumetric
shadows. These methods fall into three categories, based on shadow volumes, ray
marching, or volume slicing. The methods based on shadow volumes may produce an
artifact as shown in Figurel.l.  The methods based on volume slicing and ray

marching produce aliasing as shown in Figurel.2.

Figurel.1 The region between Figurel.2 Ray marching
d; and ds is too dark produce aliasing



Our approach uses shadow volume to detect shadow regions. Then we use ray
marching to avoid the artifact as shown in Figurel.l, and reduce ray marching costs
by using our sampling method and simplified analytical radiative transport equation.
The performance is real-time in most scenes. The result is better than other real-time

volumetric shadowing techniques.

1.2 System Overview

Render
Shadowvolume - scattering

effect

(down sample)
Bilateral
Shadowmap l filter
Renderscene |

Figurel.3 The system overview

Figure 1.3 gives an overview of our system. First, user creates shadow map
from the light view, and shadow volume. The Shadow volume is not tradition; user
just creates the frontmost shadow polygon and the final shadow polygon from the eye
view. To enter the core of our system, the scene is considered into two parts, “Render
Scene” (No participating media, a general scene) and “Render Scattering Effect”

(Only render participating media effects) as shown in Figure 1.4.



Render
scattering
effect
(down sample)

Renderscene

Figure 1.4 (Left) Only render participating media effects, (Right) a general scene

The “Render Scattering Effect” step is the core of our algorithm. First, we
downsample the scene, because the way can reduce radiative computation. Second,
we shot rays like ray marching. Third, we use the shadow volume data to determine
the shadow region as shown in Figure 1.5. Fourth, especially for the sample in the
shadow region, we use shadow map to determine whether the sample is in the shadow

or not, as shown in Figure 1.6.



Shadowregion

Figure 1.5 Shadow region Figure 1.6 d;~d;, d3~d4 : in shadows

d,~d; :not in shadows

So, a ray can be separated mto two. parts, in and out a shadow region
respectively. Every ray computes radiance by simplified radiative transport equation,

and combines our sampling method in the shadow region.

The “Render Scene” step 4s a general rendering, like phong lighting model.
The “Bilateral filter” step combines the image of the “Render Scattering Effect” step

and the image of the “Render Scene” step by using a bilateral filter.

The major contributions of this thesis are as follows: First, we apply a new
sampling method to volumetric shadows to speed up the radiative computation.
Second, we speed up the algorithm to real-time in most scenes. Third, our approach

has a better result than other approaches for interactive volumetric shadows.



1.3 Thesis Organization

The rest parts of this thesis are structured in the following manner. Chapter 2
reviews the related work in volumetric shadows and scattering. Chapter 3 introduces
background knowledges of the radiative transport equation. Chapter 4 describes the
major concept of our real-time analytical volumetric shadows algorithm. Chapter 5
provides the implementation details. Chapter 6 shows the result of our algorithm and
comparison with previous works. We also give some discussion in this chapter.

Finally, we conclude our work and propose some future works in the Chapter 7.



Chapter 2
Related Works

In this chapter, we survey previous works on volumetric shadows and scattering.

2.1 Volumetric Shadow

Shadow and fog play an important role in computer graphics. Volumetric
shadow is an effect which combines shadow and fog. Crow [6] proposes a concept
about the shadow polygon. Cowley [7] combines shadows and fog to produce the
shafts of light through the trees; or the god-rays from the clouds. Dobashi et al. [§]
propose a solution that sample the scene, using quads parallel to the image plane, to
generate volumetric type effects as shown in Figure 2.1. These quads cut through a
3D representation of the participating media. However, using fewer quads increases
aliasing as shown in Figure 1.2. Imagire et al. [9] solve the problem by averaging

illumination over regions near each quad.

Figure 2.1 The result of Dobashi et al. [§]



Max [10] presented an approach which used the shadow volume geometry to
determine the regions of lit and unlit atmosphere and used depth sorted shadow
volumes to accumulate in scatter along each eye-pixel ray. Methods using shadow
volumes [11, 12, 13] identify shadowed segments of viewing rays that do not
contribute to in-scattering. But the methods do not guarantee correct results when the
shadow geometry used overlaps, as shown in Figure 1.1. To solve the problem, it
requires repeated depth peeling to sort shadow quads. However, the way adds sorting
costs to the rendering time. Wyman et al. [2] propose an algorithm that combine Sun
et al. [1] with ray-marching. This method can handle light-shafts and anisotropic light

distributions.

2.2 Scattering

Scattering effects arise from participating media, such as smoke, haze, and fog.
Several techniques have been proposed in computer graphics for rendering
participating media. Cerezo et al. [14] provide a survey of the methods for scattering.
Blinn [15] introduces an analytical model for homogeneous media. Max [10] proposes

to evaluate the air-light integral by fitting Hermite cubic polynomials.

Nishita et al. [16] propose a method based on ray-marching. Dobashi et al. [8]
propose a method based on volume-slicing. These methods are based on Riemann
sums prompt to under-sampling artifacts. Willis [17] presents a simple model for
homogeneous media considering a constant in-scattering term. Hoffman et al. [18]
present a simple model for single atmospheric scattering of directional sun light in the

constant and exponentially decreasing media respectively. Considering point light



sources in homogeneous media, Lecocq et al. [19] present an angular formulation of
the radiative transport equation (RTE). The resulting RTE is expanded into a Taylor
series. Our approach only expands the phase function into a Taylor series. Biri et al.
[11] combine the angular formulation of the RTE and volumetric shadows as shown

in Figure 2.2.

Figure 2.2 The result of Biri et al. [11]

Sun et al. [1] rederive Lecocq [19]’s RTE using a different notation and perform an
additional linear change of variable to simplify it further. The air-light integral value
stores a table via precomputation. Pegoraro et al. [20] propose a closed-form solution
to the air-light integral in anisotropic media and a combined formulation of the
air-light integral which allows both anisotropic phase functions and light distributions.
The method can implement on shaders. Compare to Lecocq et al. [19] and Sun et al.

[1], the quality of the results is better as shown in Figure 2.3.



Lecocq et al. [19] Sun et al. [1] Pegoraro et al. [20]

Figure 2.3 Visualization of the absolute error mapped to hue (from blue to red)

Dobashi et al. [8] and Pegoraro et al. [20] show methods for achieving scattering
effects at interactive rates. These methods are quite powerful but too slow to be used
in games. The method which Hoffman et al. [18] proposed is appropriate for use in
games. However, the accuracy of the result is lower than Dobashi et al. [8] and

Pegoraro et al. [20].
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Chapter 3
Background Knowledge

In this chapter, we will introduce some background of the radiative transport
equation which is related to our work. Radiative transfer is the physical phenomenon
of energy transfer in the form of electromagnetic radiation. The propagation of
radiation through a medium is affected by absorption, emission and scattering
processes. The radiative transport equation describes these interactions

mathematically.

A particle can interact with light hitting it in one of two ways: the particle can

scatter the light or it can absorb it. Particles may also emit light on their own — we will

ignore this phenomenon. Light interact-with particles as shown in Figure 3.1

\ \\ W]

emission absorption out-scaftering in-scattering

Figure 3.1 Absorption and out-scattering reduce radiance, emission and

in-scattering add radiance

11



Absorption — the reduction in radiance due to the conversion of light to another form

of energy, such as heat
Emission — energy that is added to the environment from luminous particles

Scattering — how light heading in one direction is scattered to other directions due to

collisions with particles

3.1 Absorption

A particle’s absorption of light can be quantified by its absorption cross

sectionc'?’ . We can see in Figure 3.2, the particle effectively behaves like a sphere.

Figure 3.2 Absorption effect

Looking at the cross section of this sphere, we have an area which absorbs the

incident irradiance at each point. The total absorbed flux is the incident irradiance

integrated over the cross section area, o't . We define the absorption

coefficient: 87 = p,,c'V), p,, isa certain volume density of particles.

a

12



We define a box with an area “4” perpendicular to the light ray direction, and a

small depth dx in the ray direction as shown in Figure 3.3.

Figure 3.3 microcosmic light effect

The Volume of this box is Adx, so the aggregate absorption cross section area in the
box is 37’ Adx . We assume that 4L” is the amount of radiance which is absorbed,
L' is the radiance traveling a‘distance dx through the media. We can derive a
proportional relation.
_dL? BY Adx
v 4

The radiance 1”(x) can be found by solving the differential equation in Eq. 1.

(1)

D () = [D i)
L7 (x)=L"e"™ ()
LY is the radiance at point 0.

Eq. 2 assumes that ,BLEZ) is constant. If it is spatially variant, we can derive the

following.

X
—.[ ﬁ% )x'dx

LY (x)=Le * 3)

13



3.2 Qut-Scattering

Similar to absorption, a particle’s out-scattering of light can be quantified by its

scattering cross section 622) We can see in Figure 3.4, the particle scatter light out of

a ray and reduce its radiance.

Figure 3.4 The out-scattering effect

As we did for absorption, we define the scattering coefficient: fj )= ,OSCO'S) P, 1sa

certain volume density of particles. Like a situation for absorption, we can derive a

proportional relation.

AL AP Adx
T T
L 4 4)

If we assume that B is constant, we can derive the following.

_py
IP(x)= Lgl)e 5)

If B'Y is spatially variant, we can derive the following.

X

_| g»

sc

LP(x)=Le *

xdx

(6)

14



Because absorption and out-scattering decrease radiance, we can add the coefficients

for absorption and out-scattering. The result is the extinction coefficient,

2 Y 2
B =Bs + B

3.3 In-Scattering

There is one important thing, i.e. a scattered photon has to go somewhere. Some
photons that are scattered from other place can add light to a ray. The phenomenon is
in-scattering, where light which was originally headed in a different direction is

scattered into the path of a light ray and adds to its radiance.

Just as there are a wide variety of BSDF models to describe scattering from

surfaces, the scattering phase function ®(0) gives the probability of scattered light

going in the direction (9) to the viewing direction as shown in Figure 3.5.

|

i
Ty

D

Viewingray

N,
- \
Particles \

hY

N

Figure 3.5 The light ray shots to a particle and reflects to eyes

Since this is a probability function, integrated over the entire sphere of directions is 1.
j D(O)dw =1 (7)
Ly 4

15



Looking at a single inscattering event as shown in Figure 3.6.

cyce )
Y event particle

Figure 3.6 A single inscattering event

The solid angle patch of incoming.directions «dw is infinitesimal. ®(f) is a
phase function and LEA) i1s ' the incoming -radiance- from the patch. We get

LY (0)D(0)dw which is the inscattered radiance from.the patch. We can derive the

total radiance added by this inscattering event.

[ ©@)@(O)do (8)

4z

Considering the situation of Figure 3.3, the result is that the radiance added due to

inscattering over an infinitesimal path dx is:

ar’)

inscatter

= BPdx j LP(O)D(O)dew 9)

BPdx is the volume that catches the inscattering radiance, and dL) .  is the

inscatter

amount of radiance which is added by inscattering.

We combine the Eq. 1, Eq. 4 and Eq. 9. Considering absorption, out-scattering,

and in-scattering, we derive the following.

16



dL(/l)
=LY+ ALY [LP©O)0(O)de (10)
X

4z

The solution to which is:

—X ﬂe(;“)x'dx'
[P(x)=LPe T 4
of -[adna . (11)
e B [ LP(0)0(0)da
0 4

X is the distance along the ray at which we are evaluating the radiance. The
formulation has two parts — one multiplicative (extinction) and one additive

(in-scattering).

L(l) (x) = L(()A)Partextinction + Partinscattering (12)

17



Chapter 4
Algorithm

We develop a novel real-time analytical volumetric shadows algorithm based on
Wyman et al. [2] and Pegoraro et al. [3] [4]. A new sampling method is applied to the
shadow region. We use a simplified analytical radiative transport equation to speed up
the algorithm. We first create the frontmost shadow polygon and the final shadow
polygon from the eye view and shadow map from the light view. Next, the scene is
separated into two phases: “Render Scene” (No participating media, a general scene)
and “Render Scattering Effect” (Only tender participating media effects), as shown in
Figure 1.3. In this way, we can avoid expensive radiative computation in the original

scene.

We can compute the radiance and volumetric shadowing effects in the
downsampling scene of the “Render Scattering Effect” phase. When we compute
volumetric shadows, we use ray-marching in the shadow region. Then we use the
shadow map to identify illuminated samples, as shown in Figure 1.6. Finally, we use
the simplified analytical radiative transport equation and the proposed sampling
method for each light sample (such as the samples between d, and d; in Figure 1.6).
The “Render Scene” phase is a general rendering process, which includes soft

shadows.

18



As a result, we upsample the image in the “Render Scattering Effect” phase and
combine it with the resulting image of the “Render Scene” phase by using a bilateral

filter.

The following sections are structured as follows. In Section 4.1, we describe
types of samples in a scene and the details of our sampling method. In Section 4.2, we
derive the radiative transport equation. In Section 4.3, we derive the analytical
formulation of radiative transport equation. Finally in Section 4.4 we describe the

detail of reformulation of analytical radiative transport equation.

4.1 Shadow Region

A sample has three types, type-1-: not in a shadow region, type 2: in a shadow
region and in the dark region of a shadow region, type 3 : in a shadow region and in

the illuminated region of a shadow region, as shown in Figure 4.1.

Region R,

o>
d,

Figure 4.1 Region R, : Shadow Region,
samples between d; and d, : in the dark region of a shadow region,
samples between d; and ds: in the illuminated region of a shadow region,

samples between d; and dy : in the dark region of a shadow region.

19



Considering a ray from an eye-pixel, we first use the shadow volume data to
determine whether the ray passes through shadow regions or not. If not, we just

compute radiance from the surface point to the eye as shown in Figure 4.2.

Figure 4.2 We'do not sample in this situation, we only get the
position of the surface point and the eye, then compute radiance by

our simplified radiative transport equation.

If a ray passes through the shadow region, the radiance is the summation of
three parts : the radiance from the eye to the frontmost shadow polygon, the radiance
in a shadow region, and the radiance from the final shadow polygon to a surface point,
as shown in Figure 4.4. In this thesis, we want to compute the radiance in a lit region
for a ray. We get two intersection points of a lit region and a ray. Then we compute
radiance by our proposed simplified radiative transport equation as shown in Figure

4.5. As a result, the final radiance is the summation of all orange segments of a ray.



In order to determine the lit regions in a shadow region, we use ray marching.
Then we apply shadow map to identify lit samples(between d, and d;) as shown in
Figure 1.6. Finally, we use our sampling method to determine the lit regions by these

samples.

Now we describe our proposed sampling method. There are four sampling
situations when a ray passes through the shadow region, as shown in Figure 4.3. We
define “startPos” as the first sample of a lit region, “endPos” as the final sample of a
lit region, “litType before” as the type of the previous sample, and “litType current”
as the type of the current sample. We do the following steps repeatedly until the ray
passes out the shadow region. Then we obtain all lit regions ([startPos,endPos]

represents a lit region) in the shadow region.

Algorithm 4.1

While (current sample.pass out the shadow region)
{

= |itType before=litType current

Current sample = next sample

= |itType current = the type of Current sample

= |f (litType before is lit and litType current is dark)
¢ endPos = Current sample
o Store [startPos,endPos]

= |f (litType before is dark and litType current is lit)
o startPos = current sample

21



(a) dark to lit (b) lit to lit

(c) lit to dark (d)dark to dark

Figure 4.3 P, point:; previous sample, P, point : Current sample

The frontmost The final
shadow shadow

polygon N polygon

Figure 4.4 L, line: the part of the eye to the frontmost shadow polygon,
L, line: the part in a shadow region,

L; line: the part of the final shadow polygon to a surface point

22



Figure 4.5 The orange segment represents lit region of a ray, these colorful

points are intersection points of lit regions and a ray

1t

Zr

w

Participating Media

V

Figure 4.6 We shot a ray from the eye X, to the surface point Xj, 4 is the distance

from the light to the given ray and X}, is the coordinate of its projection onto it



We use the shadow volume data to determine whether a ray passes through
shadow regions or not. In implementation, we define the distances: “front distance” :
the distance between the eye and the P; point, as shown in Figure 4.7, distance “final
distance” : the distance between the eye and the P, point and distance “surface
distance” : the distance between the eye and the P; point. Then, we use the Algorithm

4.2 to determine the situation of a ray.

Algorithm 4.2

L}

= |f {front distance <surface distance)
h I

n
(D

= Assume a certain sampie, “A” on a ray

= |f(frontdistance <the distance between the eyeand “A” <‘inal distarice )

7 Thaecamnl

I MAY i it
AT SH IS = HE

o hoshadow r

(I

il

’

Figure 4.7 P;: the intersection point of the frontmost shadow polygon
P,: the intersection point of the final shadow polygon

Ps: the intersection point of the surface
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4.2 Radiative Transport Equation
In this section, we derive the formulation of radiative transport equation.

Consider Eq. 11. We change symbols to fit the Figure 4.6.

xp
—fﬂ”(x)dx
L(x,,x,)=L,e ™ +

X —Iﬂa(x')dx'

f[le*  B.O|L$0)D@)dw dx

Xa

13
$=180—0 =

where Ly is the original light intensity.

Because we focus on single-scattering, we only consider light radiance of the light

source in a certain angle.

L(x,,x,)=Le """ + j[e_r(x“’x)lcs (X)L:(¢, x)CD(¢)]Jx

K,(x) = f.(x),k,(x) = B, (x),7(x,,x,) = IKz (x)dx (14)

We derive L, (@, x) , the incoming radiance from the light to the point X as shown in

Figure 4.6.
L(¢ x) — e*K[DISTANCE(x,lig/’lt) I
e DISTANCE(x, light)*
_ e—K,,lh2+(x—xh )? 1 (]5)
W+ (x—x,)

25



where /4 is the distance from the light to the given ray and X, is the coordinate of its

—i,dis tan ce(x,light )

projection onto it. e is the ratio of light radiance that is decreased by

absorption and out-scattering.

Defining L,, as the medium radiance, Eq. 14 becomes

L(x,,x,)=Le ™)

oK (x4 h?+(x=x,)?) _
ex € xX—x,
Ik e I 5 ——® (arctan(
YW hT+(x—x,) h
Lin(Xa,Xb)

This is the final formulation of a radiative transport equation.

T
+-)d (16)
) 2) X

4.3 Analytical Approach to Scattering

We rewrite variables , = *Z%r. and H =« k4 Ly of Eq. 16 becomes
h

L (x,,x,)=

Xp —Xp

h e—H(u+\/1+u2)

K _ u
J =5 ") O (- du
h xajx,, 1+M2 C( ‘V1+1/l2 )
! (17)

assume D(P) =D, (cos(p))

We rewrite variables v=u++1+4”> and w=u—-+1+4> based on Pegoraro et al.
[20]. Then we get two reformulations of Eq. 17 and a combined formulation.
According to the relation of X,, X, and a light position as shown in Figure 4.6, we

choose the fit formulation to compute radiance.
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4.3.1 First Analytical Formulation
Let v=u++1+u> where ve(0,1,0), then Eq. 17 becomes

Hv 1—V2

L,(x,,x,)= I%e’(’(x“x”@j{ c o ( )}dv

1+v> 1+

(18)

v, =V(x,),v, =v(x,)

2
Assume the phase function is isotropic, ¢ (I_V2 )= 1 Then Eq. 18 becomes
C1+v7 Az

K ~ 2 Vi e—Hv
L (x ,x,)=1—2e" ) = dv
(X% h 47Z'J.|:1+V2j|

Vq

(19)
Based on Pegoraro et al. [20],-we derive the following,

av

I 1 i 3 dv =sin(a)R(Ei(av +ta)) =cos(a)I(Ei(av+ta)) (20)

=iy(a,v)
where t° =-1, Ei is the exponential integral-fiinction, where R and J is the real
and imaginary part respectively.
Using the Eq. 20, Eq. 19 can be rewritten as follows

Lm (xa’xb) = [&el(t(xu_le) iIO (_Hﬂva’vb)
h 4r

21
where [1,(-H,v,,v,)=i,(-H,v,)—1,(-H,v,)
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If the phase function is anisotropic, we use an expansion into a Taylor series.

Then Eq. 18 becomes

K Ktx -xj, 't
Ly (xox) =177 h | )222 I{1+\’ }

1_V2 N-1 (22)
O =>» cV"
c(1+v2) nZ(; n

Based on Pegoraro et al. [20] and using Eq. 20, we derive the following,

av

| 1 i —vdv = cos(a)R(Ei(av +ta)) + sin(a)3(Ei(av + ta))
A%

=i (a,v)
o di 23
Jie =" Seta, o+ (1) e -
1+
) n—=2—j ”’J(l+]) 11+1
where c(a, j,n)= Z( ) )
1 (n22 J)%2

Using the Eq. 23, Eq. 22 can be rewritten as follows

L (x,x)= ] K gritn x”)2Zc

n—2

Z (e_HV” v,{ — e v[{ Y(-H, j,n)+

Jj=0
n%~4

(_1){ ? J (n%z)( H,v,,v,)

where ](Cl, asvb):ll(aavb)_il(aava)

(24)
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4.3.2 Second Analytical Formulation

Let w=u—+1+u*> where we(—0,-1,0), Eq. 17 becomes

H

2
Lm(xa,xb):l K K, x, —xh)2J‘ cI)C(Wz 1) I
h 1+ w? w +1 25)

w, =w(x,), w, = w(x,)
Similar to Eq. 20 and Eq. 23, we can derive the following,
Jo(a, w) = —sin(a)R(Ei(< + ta)) + cos(a) I(Ei(= + ta))

w w

(26)
ji(a,w)= cos(a)‘B(Ei(% +ta)) + sin(a)S(Ei(% +ta)) - Ei(%)

We assume that the phase function is isotropic, ¢ (Kz;l) __1 By using Eq. 26,
Wikl 4

Eq.25 becomes

Lm(xaaxb):Iﬂe’q(%ﬁh)iJo(_H’Waswb)
h 4 27)
where J,(—H,w,,w,)=j=H,w,)— j(=H,w,)

If the phase function is anisotropic, we use an expansion into a Taylor series. Similar

to Eq. 23, we can derive the following,

a

Ilfiv "dw_—eujzzwmd(a Jsn)+ (= 1){ Jf(nm(a w)

+ Ei(%)ad (a,0,n) .
" _ n2j & ; / J! i

where d(a,j,n)= iﬁ+(_"2;/)(/2 D m( @)
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Using the Eq. 28, Eq. 25 can be rewritten as follows

K N-1
L,(x,,x,)= Ife"’(x“""’)ZZdn
n=0

H

n—2 E el
- Z(ev” wit —e w/™d(H, j,n) +
=0

n

(—1)LJ woiy (W, w,) +J (H,w,,w,)Hd (H ,0,n)

where J](aawaawb):jl(aawb)_jl(aﬂwa)’ (29)

J,(H,w,,w,) = Ei(ﬂ) — Ei(ﬁ)
Wb Wa

d, :Taylor coefficient

4.3.3 Combined Formulation
We split the L,, of Eq.16,

L (x,x)=L (x,x)+L (x,x)

:{Lm (x,,x; )} Em (x,, X, j

First Part SecondPart (30)

The first part uses the second formulation to compute radiance, the second part uses

the first formulation.
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According to the coordinate of light’s projection onto a ray, we determine

which formulation we use, as shown in Figure 4.8.

G (©

\
-

: ‘
‘Qxa 0

Xh, Xh,

ParticipatingMedia

Figure 4.8 X7, :.a coordinate 1s smaller than X, and X},
Xh;: a coordinate between X, and X,

Xh;: a coordinate is bigger than X, and X},

If it is X%, we use the second formulation (Eq. 27 or Eq. 29), or it is Xh3; we use the

first formulation (Eq. 21 or Eq. 24), or it is XA,, we use the combined formulation
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4.4 Reformulation
In this section, we focus on the combined formulation. The combined
formulation requires four evaluations of the complex-valued exponential integral Ei

with the parameters V,, V, W5, and W), as shown in Figure 4.9.

h

i 7 %
"TU(_H:VFHVa)_lU( H7Va' J/U(_‘L‘Z:]’)

TA=FH v, v Y= =7 v YA (=27 1)
4i% 9V qs aI_;l\ _‘i‘aj Cl\ --i—.rJ
doliz, Wy, W ) Jolé awai“ JoléiZz 1)

FETT ,\_ LT N Y LY

HCH , w L, w ) = (H L w ik (A1)
\ J J

Figure 4.9 Each square represents an evaluation of the complex-valued

exponential integral Ei.

In Figure 4.9, the detail of each square show 1n Figure 4.10.

— N PR
1o (@, v) = sin{)A (: (av +ta)) cgs(a)_;jgl (av +1ta))
1, {a,v) = cos{a )R Fi{av +ta )Y+ sin{a)I(Ei(av + ta))

N vy

Jola,w) = —sinf@)AE(Z + ta)) + cosia)I(E(Z +£a))
w W
Afa,w)= ::ns(c::)iﬂ(Eil{i +ta))+ sinl[a)ﬁ(.f-ﬂ(i +ta)) - Ei(ij
w M w

Figure 4.10 A blue square represents the same evaluation of ipand i;

An orange square represents the same evaluation of j; and j,
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We want to find a relation to reduce the evaluations of the complex-valued

exponential integral Ei. Consider Figure 4.10. We derive a relation as shown in Eq.

31.

Jola,w) =—i, (a,l)
w

. (31
. . . a
Jila,w) =i(a,—)— Ei(—)

w w
Using the relation, Ei(zZ) = Ei(z) , then Eq. 31 becomes,

. . -1
]O(Cl,W) = lo(_a’_)
M (32)

jia,w) =i (L)
w w

We can reformulate the formulations of Figure 4.9 by using Eq. 32.

v, =Lw, =<1

(-5, v, v,) :Fcl (_Hsva] Ip (_H'sln
HEHvv ) =R A EHD |
ST,y W) :t’DlH Wy JH 4,1

N w,w ) = (w18 CE D) -)E(-H)

Figure 4.11 There are only three evaluations of the complex-valued

exponential integral Ei

We propose a method to reduce one evaluation of the complex-valued

exponential integral Ei, as shown in Figure 4.11. This reduction can speed up our

proposed algorithm.
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Chapter 5
Implementation and Results

Our algorithm works on the screen space. We shot a ray for each pixel, and then
compute the radiance by using our proposed algorithm. Each pixel gets the radiance
by using our algorithm. In this thesis, the complex-valued exponential integral Ei, as
shown in Figure 4.9, is an expensive computation. Based on Pegoraro et al. [20], we
can estimate the value of the complex-valued exponential integral Ei. We use texture-
array to store shadow polygons and texture buffer to store shadow maps, then transfer
them to GPU. Our algorithm-uses them to check light-regions of shadow regions in

GPU.

We implement our algorithm' on-a.desktop PC with Intel Core 2 Quad CPU
2.66GHz, 4G RAM, and NVIDIA Geforce 9800GT video card. All results are
rendered at 1024 x 1024 pixels. Figures 5.1 and 5.2 show four scenes rendered by our
algorithm. Figure 5.1(a) is the result in the “Render Scattering Effect” phase. Figure
5.1(b) is the result in the “Render Scene” phase. Figure 5.1(c) is the final result.

Figure 5.1(d)(e)(f) and Figure 5.2 are similar. Figure 5.3 shows the result about the

anisotropic phase function, we use Rayleigh phase function, @(9)= 5(1 + cos? 9) , and
4

compare with the isotropic phase function.
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Figure 5.1 Final Results (Left) Donut & dragon (Right) Dragon
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Figure 5.2 Final results (Left) YeahRight (Right) Many objects
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Figure 5.3 (Left) Anisotropic phase function (Right) Isotropic phase function
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Table 5.1 shows the performance of our implementation. If the scene

contains many light regions in shadow regions, the computation cost is expensive. For

example, the wire mesh results in the situation as shown in Figure 5.4.

Table 5.1 frame rates with various scenes

scene FPS
Anisotropic phase function Isotropic phase function
Donut & dragon | 6 23
Dragon 12 24
YeahRight 6 17
Many objects 8 18

Blue line:darkregion
Yellowline:lightregion

Figure 5.4 dark and light regions are interlaced
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Chapter 6
Conclusions and Future Work

In this thesis, we propose a novel method of single scattering for volumetric
shadows by using simplified analytical radiative transport equation and our sampling
method. Our result can achieve real-time when we use the isotropic phase function,
interactive when we use anisotropic phase function. We obtain an accurate evaluation
of the radiative transport equation by Pegoraro et al. [20]. And we use the

reformulation in Chapter 4.4 and our sampling method to speed up our algorithm.

There are some limitations. If an object is complex like the wire mesh in a scene,
the computation cost is expensive. Every light region needs the complex computation
of the radiative transport equation, as.shown in Figure 5.4. We use the radiative

transport equation by Pegoraro et al. [20], restricting us to use point light or spotlight.

In the future we would like to apply our method to other types of light source. Other
possible extension would be multiple scattering. One could think about multiple
scattering that use point-spread function (PSF) [21] to generate a practical result.
Hegeman et al. [22] propose a method that produces high quality imagery at

interactive frame rates.
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